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We build a broadband frequency spectrum for geomagnetic dipole intensity variations originating in the core
using results from numerical dynamos. Scaling dipole intensity spectra from numerical dynamos with diverse
input parameters (Ekman, Rayleigh, and magnetic Prandtl numbers) and magnetic Reynolds numbers from
170 to 1985 yields a composite spectrum ranging from ultra-low frequencies (∼100 Myr period) to very
high frequencies (∼1 yr period). The amplitude and shape of our composite spectrum compare favorably
with estimates of the geomagnetic and paleomagnetic dipole moment spectra. Significant power is found
in an ultra-low frequency band fb0.1 Myr−1 that corresponds to geomagnetic superchrons and also in a
low frequency band f=0.1−5 Myr−1 that corresponds to the time scales of geomagnetic polarity chrons.
In higher frequency bands our composite spectrum varies with frequency approximately like f−n. In a tran-
sitional frequency band from f=5 Myr−1 to f=2 kyr−1, characteristic of relative paleointensity variations in
sediments, we find n≃1.8. In a high frequency band with f>2 kyr−1, representing archaeomagnetic and
historical geomagnetic secular variation, we find n≃4 on average, with spectral slope increasing at very
high frequencies to near n≃6 at f=1 yr−1. The secular variation and the secular acceleration spectra for
the dipole field reach their peak values in the high frequency band, close to frequencies where spectra for
the dynamo fluid velocity decrease sharply.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Dynamo processes within the Earth's core induce time variations
of the geomagnetic dipole moment that range over ten orders of mag-
nitude in frequency. The lowest frequency band involves variability
with periodicities longer than 100 Myr, evident in the time interval
between geomagnetic superchrons, for example. Such ultra-low fre-
quency variability might be due to the thermal evolution of the
core-mantle system (Aubert et al., 2009; Driscoll and Olson, 2011;
Glatzmaier et al., 1999), whereas higher frequency fluctuations of
the geomagnetic dipole are usually assumed to reflect intrinsic dyna-
mo processes. The highest frequency dipole moment fluctuations
with a geodynamo origin may correspond to the inertial wave fre-
quency in the outer core, although such short-term variations are
expected to be strongly filtered by the electrical conductivity of the
mantle and have not yet been observed. However, sub-annual varia-
tions of the dipole intensity relative to its historical downward
trend have been observed in the secular variation of the core field
(Jackson et al., 2000; Olsen et al., 2005).

Measurements of the relative geomagnetic field intensity derived
from sediment cores and other paleomagnetic methods commonly
show large amplitude variations, even in global stacks (Guyodo and
Valet, 1999; Valet et al., 2005). Frequency spectra calculated by con-
verting these intensity variations to dipole moment variations
(Constable and Johnson, 2005; Courtillot and Le Mouel, 1988;
Ziegler et al., 2011) reveal that much of the power (variance) in geo-
magnetic dipole intensity fluctuations is distributed over broad fre-
quency bands that correspond to time scales that are far longer than
those usually associated with dynamical processes in the outer core,
such as the convective turnover time, which is of the order of a few
centuries, or the dipole free decay time, which is of the order of a
few hundred centuries. In addition, the geomagnetic spectrum does
not follow a power-lawwith a constant exponent n over its entire fre-
quency range. For example, the geomagnetic dipole moment spec-
trum developed by Constable and Johnson (2005) shows discrete
bands at ultra-low and low frequencies with very small n-values
that correspond to polarity superchron and polarity chron time scales,
respectively, an intermediate or transitional band with an increasing-
ly negative slope that corresponds to the time scales of paleomagnetic
secular variation, and a high frequency band with a very large nega-
tive slope corresponding to the time scales of the archaeomagnetic
and historical geomagnetic records. Fits to the geomagnetic spectrum
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with the form S∝f−n, where S is the spectral variance and f is fre-
quency in cycles per unit time, typically yield n≃2 in the intermediate
or transitional band (Barton, 1982; Courtillot and Le Mouel, 1988)
and n≥11/3 in the high frequency band (Consolini et al., 2002;
Curie, 1968).

Numerical dynamos that are run long enough to produce their full
range of variability, including reversals and excursions, show broad-
band frequency spectra for magnetic field intensity and also for
fluid velocity (Driscoll and Olson, 2009; Sakuraba and Hamano,
2007; Tanriverdy and Tilgner, 2011). The structure of the dipole in-
tensity frequency spectrum can provide information on dynamo pro-
cesses such as convective turnover time, core-mantle interactions,
and oscillations in the core. For example, Sakuraba and Hamano
(2007) fit dipole moment spectra from numerical dynamos with
Ekman number E=1×10−5 and (thermal) Rayleigh number
Ra=4×107 to power-laws with exponents n≃5/3 and n≃11/3 over
frequencies ranging from f=0.05 kyr−1 to f=5 kyr−1, the frequency
in their study being defined in terms of the magnetic diffusion
time scale. Sakuraba and Hamano (2007) determine that the slope
break between these two segments of the dipole spectrum occurs at
a frequency near f=0.5 kyr−1 in their dynamos, and corresponds to
a peak in the spectrum of the azimuthal component of the electric
current density below the core-mantle boundary, which they use to
define an overturn time scale of about 2 kyr for convection in the
core.

These points of similarity between measured geomagnetic dipole
frequency spectra and the dipole spectrum from individual numerical
dynamos suggest it is feasible to build a more general model for the
geomagnetic field spectrum by combining dynamo model results
over a wider frequency range. There are practical problems in doing
this, however. First, all numerical dynamos lie very far from the
Earth in terms of their input parameter values (Christensen and
Aubert, 2006; Olson and Christensen, 2006) so there is ambiguity in
how to properly scale time and frequency when applying numerical
dynamos to the Earth. In addition, the closer a numerical dynamo is
to Earth parameters, the shorter its simulation time (Kageyama et
al., 2008; Sakuraba and Roberts, 2009) and the narrower its frequency
band.

In this paper we propose a method for stacking and scaling fre-
quency spectra from numerical dynamos with diverse input parame-
ters. Applying this method to a suite of numerical dynamos that span
the plausible range of magnetic Reynolds numbers for the core, we
show that frequency defined using the advection time is the better
scale for numerical dynamo spectra, particularly at high frequency.
We then use the dynamo results to derive a composite power-law
model for the dipole spectrum of the core field over eight orders of
magnitude in frequency.

2. Numerical dynamo parameters

We consider numerical dynamos in rotating spherical fluid shells
with the geometry of Earth's outer core, driven primarily by composi-
tional convection originating at the inner boundary. Table 1 summa-
rizes the dynamo cases used in this study in terms of their Ekman
number E, Rayleigh number Ra, magnetic Prandtl number Pm, run du-
ration based on the number of free decay times for the dipole field,
the resulting rms dipole field intensity, and magnetic Reynolds num-
ber Rm based on the rms fluid velocity. The Ekman number is defined
here as

E ¼ ν
d2Ω

ð1Þ

where ν and Ω are the kinematic viscosity of the fluid and angular ve-
locity of rotation, respectively, and d=ro−ri is the fluid thickness in

terms of ro and ri, the outer and inner radii, respectively. Our model
Rayleigh number is defined as

Ra ¼ goFid
2

κ2ρν
ð2Þ

where go, Fi, ρ and κ are outer boundary gravitational acceleration,
anomalous mass flux due to release of light elements and heat at
the inner boundary, fluid density, and thermal diffusivity, respectively.
Other control parameters include the Prandtl number and themagnetic
Prandtl number, which are

Pr ¼ ν
κ
; ð3Þ

and

Pm ¼ ν
η
; ð4Þ

respectively, where η=1/μ0σ is the magnetic diffusivity written in
terms of the permeability μ0 and the electrical conductivity σ. All of
the dynamos in Table 1 use Pr=1 and no-slip velocity boundary condi-
tions at both boundaries. Dynamo case a assumes the electrical conduc-
tivity of the solid inner core is constant and equal to that in fluid. Cases
b–g assume an electrically insulating inner core, set the buoyancyflux at
the outer boundary to zero, and fix the local buoyancy flux at the inner
boundary at Fi/4πri2, which corresponds to pure compositional convec-
tion with a uniform compositional flux on the inner boundary. Case a
assumes a uniform light element concentration boundary condition at
the inner boundary, with spatially uniform but time variable buoyancy
flux at the outer boundary, representing time variations in heatflowout
of the core (Driscoll and Olson, 2011). For this case the initial super-
chron (non-reversing) dynamo stage corresponds to purely composi-
tional convection with zero buoyancy flux at the outer and an initial
buoyancy flux of Fi at the inner boundaries, respectively. The buoyancy
flux at the outer boundary is then increased to amaximumof about 25%
of Fi at themidpoint of the simulation, producing a frequently reversing
dynamo state, and then decreased back to zero at the same rate, return-
ing the dynamo to superchron conditions. The Rayleigh number for case
a in Table 1 corresponds to a time average of this parameter over one
such superchron cycle.

Two important dimensionless output parameters are the magnetic
Reynolds number Rm for the rms fluid velocity, and Bdip, the rms
dipole magnetic field strength on the outer boundary. In terms of
dimensional quantities, these are given by

Rm ¼ Ud
η

; ð5Þ

Table 1
Dynamo cases summary. E = Ekman number; Ra = Rayleigh number; Pm= magnetic
Prandtl number; Rm = magnetic Reynolds number; Trunc. = spherical harmonic
truncation; Time = simulation time in dipole decay times; Revs. = polarity reversal
count; Bdip = dimensionless rms dipole intensity on the outer dynamo boundary
(mean, standard deviation).

Case E Ra Pm Rm Trunc. Time Revs. Bdip

a 5.5×10−3 2×10+6 20 170 42 10000 400 0.59±0.24
b 3×10−4 3×10+7 3 184 64 400 0 0.357±0.08
c 3×10−4 7×10+7 3 375 85 278 5 0.193±0.087
d 1×10−4 5×10+8 2 440 106 5.85 0 0.322±0.045
e 1×10−5 1×10+11 0.8 914 168 0.145 0 0.321±0.027
f 3×10−5 5×10+9 2.5 1030 168 0.4 0 0.222±0.046
g 3×10−5 5×10+9 5 1985 168 0.13 0 0.243±0.056
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and

Bdip ¼ 2σ
ρΩ

� �1=2 μ0m
4πr2o

� �
ð6Þ

where U is the rms fluid velocity and m is the dipole moment.
The dynamo cases in Table 1 were chosen on the basis of satisfying

the “Earth-like” criteria proposed by Christensen et al. (2010) in
terms of their magnetic field structure, while at the same time repre-
senting a wide range of dynamical conditions. No a-priori consider-
ation was given as to whether or not their frequency spectrum was
like the geomagnetic frequency spectrum, and indeed, some of the
models we chose show very different time histories. For example,
case c shown in Fig. 1 has been run for 278 dipole free decay times
and reversed its polarity five times, whereas, case b with a lower
Rayleigh number but otherwise identical parameters did not reverse
during 400 dipole free decay times. Simulation time varies inversely
with model size, so that in general the low resolution models (corre-
sponding to lower Rm-values and large E-values) were run for consid-
erably longer simulation times than high resolution models, which
have larger Rm-values and smaller E-values. The longest simulation
is case a, run for 10,000 decay times with about 400 reversals and
two portions of constant polarity superchrons. These long simulations
show the irregular, large amplitude variations in total field intensity
and dipole field intensity seen in Fig. 1 with polarity reversals and ex-
cursions taking place at times of dipole minima. The shorter simula-
tion cases include just a few cycles of the fluctuations seen in Fig. 1
and were too short to find reversals, but because they have larger
Rm-values their dipole intensity shows more high frequency variabil-
ity than the lower Rm cases.

3. Time and frequency scaling

A major challenge is to compare the spectra of dynamos with
short simulation times and large Rm with spectra from dynamos
with long simulation times and lower Rm. In general it is necessary
to properly scale both the amplitude and the frequency of each spec-
trum before comparing one dynamo to another or to the geomagnetic
spectrum. Referring to the dynamos in Table 1, we note that among
the dynamos run for comparable times, the variances of the dipole in-
tensity are roughly comparable and so are the mean (time average)
dipole intensities. Restricting attention to dynamos with the compa-
rable means and variances simplifies the inter-comparison by

eliminating the need to re-scale their individual spectral amplitudes,
and it also simplifies the comparison of model spectra with the geo-
magnetic spectrum, since the scale factors for this comparison involve
just the means and the standard deviations of their respective dipole
moments. Although the means and standard deviations of the dipole
intensities Bdip in Table 1 are not identical, they are similar enough
to justify omitting a separate re-scaling of the amplitude for each
dynamo case.

The situation is different for the frequencies, however, because the
time scales of the dynamos in Table 1 are vastly different. Our dyna-
mos include several fundamental time scales, including the rotation
period, the free decay time of the magnetic field governed by the
magnetic diffusivity and represented by the dipole free decay time,
the viscous and chemical diffusion times (equal in these dynamos),
and an advective time scale related to the convective overturn time.
The rotation period of the dynamos in Table 1 is unrealistically long,
but this time scale has only an indirect influence on the dipole varia-
tions we are considering here, while the chemical and viscous diffu-
sion times are interrelated, each being proportional to the dipole
decay time through the magnetic Prandtl number Pm. Accordingly,
one plausible choice for the time scaling related to frequency is
based on the dipole free decay time

τd ¼ r2o
π2η

; ð7Þ

which we term diffusive time scaling, and a second choice is based on
the advection time of the fluid motion, defined by

τa ¼
d
U
; ð8Þ

which we term advective time scaling. These two are related by

τd ¼ Rm
ro
πd

� �2
τa: ð9Þ

Denoting the dimensional frequency in units of cycles/time by f,
the corresponding dimensionless frequencies are fa=τa f and
fd=τd f, respectively. The very large differences implied by these al-
ternatives are evident in Fig.1, which shows scale bars corresponding
to 1 Myr of time as defined by (7) and (8) for typical outer core pa-
rameter values. In the following section, we determine which of
these dimensionless frequencies does a better job of scaling the
dynamo spectra.

4. Dynamo frequency spectra for the dipole field

We calculate power spectra from the time series of Bdip, the rms
dipole intensity on the outer boundary for each dynamo model in
Table 1 using the Welch (1967) method with six overlapping
Hanning windows equal to one-half of the record length. We then
apply smoothing filters to the resulting spectra that consist of running
averages of length 3, 7, 11, and 15 points to successive quarter-length
segments of each spectrum. For each spectrum, the dimensionless
frequencies are assigned according to (7) and (8), and the ampli-
tude of the re-scaled spectra are then adjusted so that the total
variance of the original time series is preserved.

Fig. 2 shows the dipole spectra of all the dynamos in Table 1 with
the diffusive time scaling applied to the frequencies, and Fig. 3 shows
the dipole spectra with the advective time scaling applied to the fre-
quencies, each case labeled by its magnetic Reynolds number Rm. It is
clear from the comparison of the two figures that the advective time
scaling does a better job of stacking the spectra, especially in the
higher frequency bands. Fig. 2 shows that the diffusive time scaling
disperses the high frequency portions of the spectra in echelon
order of their Rm-values. In contrast, the high frequency portions of

B di
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rm
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NormalReverse 
1 Myr

τa

τd

b

a

Fig. 1. Time series of (a) rms total field intensity and (b) rms dipole field intensity, both
on the outer boundary, for dynamo case c with Rm=375 in dipole decay time units
(diffusive time scaling). Scale bars denote 1 Myr in the core assuming τd=20 kyr for
the dipole decay time and τa=90 yr for the advective time, respectively. Background
shading indicates the dipole polarity.
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the spectra in Fig. 3 nearly collapse, although there remains some re-
sidual dispersion, most evident at intermediate frequencies. A portion
of the residual dispersion might be removed by a proper re-scaling of
the individual spectrum amplitudes, but as discussed in the previous
section, we have elected not to attempt this here.

At low frequencies, the advective time scaling is nominally better
than the diffusive time scaling, but here the difference between these
choices is less clear-cut, in part because there are only three dynamo
cases (Rm=170, 184 and 375) in this frequency band. Furthermore,
the lowest frequency part of the Rm=170 spectrum is produced by
a periodic variation of the outer boundary heat flow, which involves
an independent external time scale that for this case is more compat-
ible with diffusive time scaling than advective time scaling. Case b
with Rm=184 is somewhat similar to the Rm=170 superchron
cycle case a, but case b does not reverse. The comparison shows
that the lack of reversals diminishes the dipole power at low frequen-
cies but has little effect on its spectrum at higher frequencies.

All of the spectra in Figs. 2 and 3 show power decreasing with fre-
quency, but not at a consistent rate over the entire frequency range.
In Fig. 3 we have divided the spectra into four bands separated by
three frequencies labeled fU, fL, and fH, denoting ultra-low, low, and
high corner frequencies, respectively. We refer to these four as
ultra-low (UF), low (LF), transitional (TF), and high (HF) frequency
bands, respectively. In each of these bands we have fit the dynamo
spectra to power-law models of the form cf−n using least squares,
where c is the coefficient and n is the exponent of the power-law dis-
cussed in Section 1. Table 2 gives best-fitting values of c and n and un-
certainties for n in each band according to advective time scaling, and
Fig. 3 shows their fit to the dynamo spectra. The corner frequencies
were determined from the intersections of the indiviudal power-
law segments. In the UF band we assumed n=0 a-priori. In the LF
band we found n≃0 and in the HF band we found n≃4, so in our
power-law model we fixed the exponents in each band to these inte-
ger values and then recalculated fU and fH for self-consistency.

Table 2 gives percentages of dipole variance in each band accord-
ing to our power-law model. It is clear that most of the dynamo
model variance resides in the UF, LF, and TF frequency bands. The
most energetic is the TF band, which contains about 44% of the vari-
ance according to our power-law model, followed by the LF band
that contains about 35%, and the UF band that contains most of the re-
mainder. In contrast, the HF band contains less than 1% of the total
variance. It is perhaps surprising that dipole fluctuations in numerical
dynamos are so energetic at low frequencies compared to high fre-
quencies, given that the intrinsic time scales in numerical dynamos
driven by convection are relatively short. For example, the dipole
free decay time, which corresponds to fd=1 in Fig. 2, is often as-
sumed to be the fundamental timescale for low frequency geomag-
netic variability, yet most of the variance in our model resides at
frequencies lower than this.

The power-law model exponents in Table 2 depend on the loca-
tion of the spectrum corner frequencies, to some degree on the fitting
method, and also on the selection of dynamo models in the stack. Be-
cause dynamo model selection necessarily involves somewhat arbi-
trary choices, and also because we have not applied separate
scalings to the dipole amplitudes, there is some uncertainty for the
model n-values in Table 2. Nevertheless, it is interesting to note that
the LF band is nearly flat (i.e., n≃0), whereas in the TF band our
power-law model has an exponent n=1.8±0.1, slightly greater
than the n=5/3 value from classical inertial range turbulence and
also slightly greater than the value reported by Sakuraba and
Hamano (2007), a point that we discuss in the next section. In addi-
tion, the n=4±0.2 exponent in the HF band of our power-law
model is reasonably close to although slightly higher than the
n=11/3 value from MHD turbulence that was previously reported
for the historical geomagnetic secular variation (Consolini et al.,
2002).

Close inspection of the HF band in Fig. 3 reveals that the spectra
show an increasingly large negative slope with increasing frequency,
suggesting there may be no unique power-law exponent in the high-
est frequency range of our dynamos. One reason to suspect deviations
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Fig. 2. Dipole power spectra from dynamos at various magnetic Reynolds numbers Rm
with diffusive time scaling for frequency.
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Fig. 3. Dipole power spectra from dynamos at various magnetic Reynolds numbers Rm
with advective time scaling for frequency. Solid lines show composite power-law
model from Table 2 with corner frequencies indicated by dashed lines. Slopes corre-
sponding to power-law model exponents n are shown for reference.

Table 2
Power-law model for dipole frequency spectrum, cfa−n, as shown in Figs. 3–6. Percent-
ages are the relative variance in each band for the dipole (Dp), dipole secular variation
(Sv), and dipole secular acceleration (Ac) spectra.

Spectral
band

Frequency range, fa Coefficient Exponent Variance,%

c n Dp Sv Ac

UF b2.5×10−5 1×102 0 21 ≪1 ≪1
LF 2.5×10−5−8×10−4 5.0 0±0.06 35 ≪1 b1
TF 8×10−4−0.23 1.4×10−5 1.8±0.1 44 46 1
HF 0.23−5.0 5.5×10−7 4±0.2 b1 53 47
VF >5.0 1.4×10−5 6±0.4 ≪1 1 52
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from power-law behavior in this band is the possibility of wave-
induced dipole oscillations. Another reason is the damping effect of
boundary layers, particularly the viscous layer beneath the outer
boundary, which is much thicker in our dynamos compared to its the-
oretically expected thickness in the outer core. To investigate these
possibilities, we extended the frequency range of the Table 1 dynamo
cases c and f (Rm=375 and 1030, respectively) into a very high fre-
quency (VF) band by re-sampling their dipole time series at very
short intervals on the outer boundary and also below the outer
boundary, at depths of 0.0381 d in the Rm=375 case and 0.0096 d
in the Rm=1030 case, respectively. These depths correspond to ap-
proximately 2

ffiffiffi
E

p
d, which is the nominal thickness of the viscous

boundary layer. The resulting dipole spectra are shown in Fig. 4.
Two transitions in spectral slope are evident, the first corresponding
to the high frequency corner fH at fa≃0.23 defined previously, and an-
other very high frequency corner fV evident in all spectra around
fa≃5. In addition, the spectra measured in the dynamo interior are
more energetic in the VF band compared to the spectra on the bound-
ary, supporting the interpretation that the viscous boundary layer has
a damping effect on the dipole fluctuations at very high frequencies.
Note however that the slopes of the spectra on and below the outer
boundary are nearly identical in the VF band. Although n=4 is a suit-
able average for the power-law exponent over the whole band, it is
clear in Fig. 4 that the spectral slope increases with frequency in the
VF band. A least squares fit gives a power-law exponent of n=6±
0.4 for fa>5.

5. Comparison with geomagnetic dipole moment
frequency spectra

Fig. 5 compares our dynamo model spectra with measured spectra
of the geomagnetic dipole moment. In making this comparison we
converted the power-law model in Table 2 to dimensional units
with frequency scaled by the advective time in the outer core accord-
ing to

f ¼ f a
τc

ð10Þ

where τc=dc/Uc is the outer core advection time scale, with dc and Uc

denoting the the thickness and rms fluid velocity of the outer core.
The power-law model amplitudes for S fð Þ in Fig. 5 are scaled so as
to satisfy

∫∞

0
Sdf ¼ �γm2

e ð11Þ

where me=60 ZAm2 is the geomagnetic dipole moment averaged
over the past 7 ka (Korte and Constable, 2005) and �γ is the average
ratio of the variance to mean square dipole intensity of the dynamos
in Table 1. In dimensional form, the power-lawmodel spectra disperse
in proportion to the assumed value of the advection time scale in the
outer core, τc. The magnetic Reynolds numbers Rmc=Ucdc/ηc in
Fig. 5 corresponding to each τc are shown for reference, based on
dc=2260 km for the outer core thickness and ηc=2 m2s−1 for the
outer core electrical conductivity, along with the approximate
locations of the corner frequencies in the power-law model and fd,
the frequency that corresponds to the geomagnetic dipole free decay
time.

The three spectra for the geomagnetic dipole moment in Fig. 5 are
from the SINT2000 relative paleointensity record of Valet et al.
(2005), the composite spectrum by Constable and Johnson (2005),
and a newer composite spectrum PADM2M by Ziegler et al. (2011).
The power-law model conforms to the overall shape and amplitude
of the geomagnetic spectra. In particular, the highly energetic UF
and LF bands in the Constable and Johnson (2005) spectrum are
well represented by the model, and the increasing slope in the TF
and HF bands is also present in the model. In terms of the advection
time scale, the shorter advection time models (i.e., the highest Rmc

models) fit the observations somewhat better than the longer advec-
tion time models (i.e., the lower Rmc models) particularly with regard
to corner frequencies, although observed spectra are probably not
precise enough to strongly favor one τc-value over the others. One po-
tentially significant misfit is that the power-lawmodels have uniform
slope (constant n) in each band, whereas the observed geomagnetic
spectra have some curvature, particularly in the TF band. For example,
the Constable and Johnson (2005) composite spectrum is more
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Fig. 4. High frequency behavior of dipole power spectra from dynamos at two different
magnetic Reynolds numbers Rm with advective time scaling for frequency, measured
on and below the outer boundary, denoted by CMB and sub-CMB, respectively. Solid
lines show composite power-law model from Table 2 with corner frequencies fH and
fV indicated by dashed lines. Slopes corresponding to power-law model exponents n
are shown for reference.
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Fig. 5. Comparison of observed geomagnetic dipole moment frequency spectra (thick
solid lines) with the composite power-law model from Table 2 converted to dipole mo-
ment (thin solid lines), for various outer core advection times τc, the shaded area de-
notes the range of plausible τc-values. Frequency bands UF, LF, TF, and HF, corner
frequencies fU, fL, fH, and fV and corresponding time scales τU, τL, τH, and τV are scaled
using τc. Rmc is the corresponding magnetic Reynolds number and τd is the dipole
decay time, assuming η=2 m2 s−1 in the outer core. Spectral slopes corresponding
to power-law model exponents n are shown for reference.
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strongly curved and its contribution to the variance in the TF band ex-
ceeds that of all the power-law models. This discrepancy could be the
result of too few short events in the dynamo models, but it may also
be partly due to the choice of paleomagnetic relative intensity data
and the methodology used to calculate the spectra, because the
SINT2000 and PADM2M spectra show relatively less curvature and
an overall better fit to our dynamo-based spectra, especially in the
TF band. One potentially significant point of agreement concerns the
low frequency corner fL, most evident in the SINT2000 and
PADM2M spectra. As seen in Fig. 3, the fL corner is shifted toward
lower frequency in dynamos with energetic low frequency dipole
intensity variations and polarity reversals, compared to dynamos
without reversals.

It is worth noting that neither the dynamo-based spectra nor the
geomagnetic spectra in Fig. 5 show much evidence for energetic
lines that might be identified with dipole oscillations. Although
many types of oscillations that involve magnetic field fluctuations
have been proposed for the geodynamo, such as MAC waves and tor-
sional oscillations (Gillet et al., 2010) and external forcing by orbital
variations (Thouveny et al., 2008), periodic oscillations do not seem
to have an observable influence on the geomagnetic dipole intensity
spectra, nor do they appear to produce large peaks in dipole intensity
spectra in the numerical dynamos used in this study. Although our
dynamos lack periodic external forcing, there are several types of nor-
mal modes in these dynamos that could produce dipole oscillations.
In Fig. 4 for example, the inertial frequency for the Rm=375 dynamo
is fa=27 and fa=81 for the Rm=1030 dynamo. No spectral peaks
are evident at or near these frequencies, although it is possible that
very weak lines have been suppressed by our filtering techniques.

6. Dipole secular variation and acceleration spectra

Figs. 6a and b show dipole secular variation and dipole secular ac-
celeration spectra for six dynamo cases from Table 1, obtained by
multiplying their dipole spectra by (2πfa)2 and (2πfa)4, respectively.
The corner frequencies fL, fH, and fV and our power-law model are
shown for reference. The secular variation spectra in Fig. 6a have
their peak power at or slightly below the high frequency corner fH,
as expected, since the average spectral exponent is less than n=2
in the TF band and much greater than n=2 in the HF band. As
shown in Table 2, almost all of the variance in the dipole secular var-
iation lies in the TF and HF bands. The low frequency corner fL corre-
sponds to a slope change in the dipole secular variation spectrum of

the reversing Rm=375 dynamo, but the corresponding slope change
in the non-reversing Rm=184 dynamo occurs at higher frequency,
has reduced power in the LF band, and its spectrum has a smaller
slope in the TF band, compared to the reversing dynamos. These dif-
ferences can be explained by the relatively small amount of long
time scale variability in the Rm=184 dynamo, consistent with its
lack of polarity reversals and offers a possible explanation for why
some dynamo spectra are closer to n=5/3 in the TF band (Sakuraba
and Hamano, 2007).

In contrast to the dipole secular variation spectra, the dipole secu-
lar acceleration spectra in Fig. 6b have their peak power at or slightly
above the high frequency corner fH, with nearly 99% of their variance
in the HF and VF bands. If the dynamo spectra in the HF and VF bands
exactly followed an n=4 power-law, then the acceleration spectra in
Fig. 6b would be flat at frequencies higher than fH and the total vari-
ance would tend to infinity. Instead, all the acceleration spectra
have broad maxima then decrease beyond fH, demonstrating there
is no unique power-law in the HF band, although the nearly symmet-
ric (i.e., balanced) shapes of the acceleration spectra argues that n≃4
is a good approximation to the average exponent in this band. Note
that the secular acceleration spectra in Fig. 6b peak between fH and
fV, with no systematic dependence of the peak frequency on the Rm-
value. Also note that the sub-boundary spectra (denoted by s in
Fig. 6b) are more energetic than their counterparts measured on the
boundary for frequencies higher than fV, although that segment of
the power-law model actually fits the sub-boundary spectra better
than the boundary spectra.

7. Dynamo velocity spectra

Fig. 7 shows frequency spectra for the fluctuations in rms velocity
from four of the numerical dynamos in Table 1, identified by their re-
spective Rm-values. Fig. 7a shows the velocity spectra using diffusive
time scaling, and Fig. 7b shows the results for advective time scaling.
These spectra were calculated from times series of the rms velocity in
the outer core expressed in magnetic Reynolds number units, using
the same methods as for the dipole spectra, with no separate ampli-
tude scaling applied to the individual spectra. As found for the dipole
spectra, the advective time scaling does a somewhat better job of col-
lapsing the high frequency portions of the velocity spectra, whereas
there is little to choose from between the two scalings at low frequen-
cies. In terms of variance reduction however, neither scaling does as
good a job of collapsing these velocity spectra as was found for the
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Fig. 6. Dipole secular variation (a) and dipole secular acceleration (b) spectra for dynamos at various magnetic Reynolds numbers Rm with advective time scaling for frequency.
Cases labeled (s) in panel (b) are spectra measured at sub-boundary (interior) locations as described in the text. Solid lines show composite power-law model from Table 2
with corner frequencies indicated by dashed lines. The trend in the secular variation spectrum that would correspond to a power-law exponent n=5/3 in the dipole power spec-
trum is shown by a dotted line in panel (a).
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dipole spectra. Although all the spectra in Fig. 7 show a distinct corner
frequency that separates a lower frequency band with a negative
slope corresponding to a power-law exponent near n≃0.8 from a
high frequency band with a large negative slope and a power-law ex-
ponent of n=4 or greater, the location of the corner frequency is not
tightly constrained by these spectra, nor is the slope in the high fre-
quency band, which seems to be larger for the low Rm dynamos
than for the high Rm dynamos. Even so, we see that the high frequen-
cy corner fH for the dipole in Fig. 3 is consistent with the corner fre-
quency in Fig. 7b, where the power in the velocity fluctuations
decreases rapidly, indicating that it marks an internal time scale of
the convection.

Additional information comes from the relationship between
power-law exponents for velocity and magnetic field spectra.
Tanriverdy and Tilgner (2011) analyzed magnetic and kinetic energy
spectra in a variety of magnetohydrodynamic systems using simpli-
fied theoretical models as well as numerical calculations and found
that the frequency range that corresponds to our TF band is “colored”,
meaning that it is characterized by a power-law exponent n>0, even
in cases where the kinetic energy spectrum in the same band is white,
i.e. has n≃0. Tanriverdy and Tilgner (2011) also found that in this
particular frequency band the exponents of the kinetic energy and
magnetic energy spectra differ by a factor of δn=2 if the fluid velocity
fluctuations are small (corresponding to laminar flow conditions),
whereas δn=1 for large velocity fluctuations (corresponding to cha-
otic or turbulent flow conditions). For convection-driven dynamos,
they found n≃2 for the (total) magnetic energy in the intermediate
or transitional band, with n≃0 at low Ra and n≃1 at high Ra for the
kinetic energy. For comparison, our dynamos give n≃1.8 for the di-
pole part of the magnetic energy and n≃0.8 for the kinetic energy
in this band, with δn≃1, consistent with the fact that our dynamos
lie in the chaotic regime. Based on this, we conjecture that the fre-
quency spectrum of kinetic energy in the outer core has the same
high frequency corner fH as the dipole, and that the slope of the kinetic
energy spectrum differs from the slope of the dipole spectra in Fig. 5 by
approximately δn≃1 in the TF band.

8. Summary

We find that the frequency spectra of dipole fluctuations from nu-
merical dynamos with highly diverse input parameters collapse into a
consistent trend when the advection time is used for scaling frequen-
cy. Fitting the dipole spectra with this frequency scaling to a power-

law model reveals at least four distinct frequency bands: (1) an
ultra-low frequency band that corresponds to the repeat time be-
tween magnetic superchrons in a dynamo with slowly time-varying
forcing; (2) a low frequency band that corresponds to the duration
of most geomagnetic polarity chrons; (3) a transitional band that cor-
responds to the frequencies often recorded in sediment relative
paleointensities, and (4) a high frequency band covering the histori-
cal geomagnetic secular variation. In the high frequency band the
slope of the dipole spectrum increases with frequency, with the
power-law exponent ranging from n=4 and larger. To account for
this increasing slope we include a very high frequency band in our
power-law model with exponent n=6. Most of the dipole variance
is concentrated in the transitional, low, and ultra-low frequency
bands; in contrast, the high and very high frequency bands contribute
less than 1% to the dipole variance. Consistent with observed geomag-
netic dipole frequency spectra, we find no obvious lines in our dyna-
mo spectra, such as might indicate oscillations in the core that affect
the dipole field intensity. Scaled to the core using realistic parameters,
the amplitude and shape of our dynamo spectra are comparable to
measured geomagnetic dipole moment spectra within the observa-
tional uncertainties.
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