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In this paper the unsteady translation of coated microbubbles propelled by acoustic radiation force
is studied experimentally. A system of two pulsating microbubbles of the type used as contrast agent
in ultrasound medical imaging is considered, which attract each other as a result of the secondary
Bjerknes force. Optical tweezers are used to isolate the bubble pair from neighboring boundaries so
that it can be regarded as if in an unbounded fluid and the hydrodynamic forces acting on the system
can be identified unambiguously. The radial and translational dynamics, excited by a 2.25 MHz
ultrasound wave, is recorded with an ultrahigh speed camera at 15�106 frames /s. The
time-resolved measurements reveal a quasisteady component of the translational velocity, at an
average translational Reynolds number �Ret��0.5, and an oscillatory component at the same
frequency as the radial pulsations, as predicted by existing models. Since the coating enforces a
no-slip boundary condition, an increased viscous dissipation is expected due to the oscillatory
component, similar to the case of an oscillating rigid sphere that was first described by Stokes �“On
the effect of the internal friction of fluids on the motion of pendulums,” Trans. Cambridge Philos.
Soc. 9, 8 �1851��. A history force term is therefore included in the force balance, in the form
originally proposed by Basset and extended to the case of time-dependent radius by Takemura and
Magnaudet �“The history force on a rapidly shrinking bubble rising at finite Reynolds number,”
Phys. Fluids 16, 3247 �2004��. The instantaneous values of the hydrodynamic forces extracted from
the experimental data confirm that the history force accounts for the largest part of the viscous force.
The trajectories of the bubbles predicted by numerically solving the equations of motion are in very
good agreement with the experiment. © 2009 American Institute of Physics.
�doi:10.1063/1.3227903�

I. INTRODUCTION

Bubbles in a sound wave translate unsteadily under the
action of an effective force FG�t�=−V�t��p�t�, where V�t� is
the volume and �p�t� is the local instantaneous pressure gra-
dient. In a sound wave �p�t� is oscillatory and the bubble
volume V�t� pulsates, resulting in a force known as acoustic
radiation force, which periodically changes both direction
and magnitude.1 The corresponding motion of the bubble is
an oscillatory translation, at the frequency of the radial pul-
sations, around a position that slowly drifts. The time aver-
age of the acoustic radiation force FBj=−�V�t��p�t��, the
so-called Bjerknes force, is nonzero and results in the net
translation of a bubble. If the sound wave driving such mo-
tion is the secondary wave emitted by a neighboring pulsat-
ing bubble, a mutual interaction comes into effect and two
bubbles pulsating in phase attract each other. The average

force is then called secondary Bjerknes force.
The translation of uncoated bubbles due to acoustic ra-

diation forces has been the subject of numerous studies over
the past decades, only a few of which are mentioned here.
Crum and Eller2 and Crum3 validated expressions for the
primary and secondary Bjerknes forces against experimental
data by measuring the mean terminal velocity of millimeter-
sized bubbles. Good agreement of a time-averaged equation
of motion with experiment was found by balancing the
Bjerknes force with a quasisteady drag force. Indeed, flow
oscillations have no effect on the mean terminal velocity if
the governing equations can be linearized. According to the
analysis of Landau and Lifshitz,4 for a sphere of radius R
oscillating with frequency � and amplitude a, the convective
term �v ·��v is of order �2a2 /R, and therefore it can be ne-
glected compared to �v /�t��2a for oscillations of small
amplitude, a�R, which appears to be the case in the experi-
ments of Crum and Eller2 and Crum.3 Oğuz and Prosperetti5

developed an approximate formulation for the instantaneous
dynamics of two interacting bubbles to investigate the influ-
ence of nonlinear effects. From numerical calculations, a
richer behavior was found than what was predicted by the
linear theory of Bjerknes forces, although viscous effects
were neglected. Reddy and Szeri,6 in a numerical study on
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the propulsion of microbubbles by traveling ultrasound
waves, included viscous effects through the expression ob-
tained by Magnaudet and Legendre7 for shear-free bubbles
with time-dependent radius. The history force was found to
be unimportant, consistent with the criterion given in Ref. 7
that it plays a role only if at least one of the two Reynolds
numbers, Ret and Rer, is smaller than 1. Here Ret=R	U	 /� is

the Reynolds number for the translation and Rer=R	Ṙ	 /� is
the one for the radial dynamics.

History force effects have been shown to be important
for shear-free bubbles, for instance, in single bubble
sonoluminescence.8 It is well known that the history force on
a rigid sphere is much larger than on a shear-free sphere,9

and surfactant molecules adsorbed on the surface of a bubble
change the shear-free boundary condition to a no-slip one.10

For the oscillatory motion of a rigid sphere, an increased
viscous dissipation is to be expected since the vorticity re-
mains confined in an oscillatory boundary layer of thickness
��
� /�, where � is the frequency of the oscillations and �
is the kinematic viscosity of the liquid. The Basset history
integral11 generalizes to an arbitrary velocity the expression
for the drag on an oscillating sphere that was first obtained
by Stokes.12 Stokes’ solution for an oscillating sphere was
also found by Mei13 to reproduce the numerical solution of
the full Navier–Stokes equation in the limit of high fre-
quency of oscillations. An expression for the history force on
a no-slip bubble with time-dependent radius was derived and
validated experimentally by Takemura and Magnaudet14 at
finite Ret.

Bubbles whose surface is immobilized by surfactants are
encountered in a number of contexts and they have proven
particularly beneficial in ultrasound medical imaging. In this
application, contrast enhancement is obtained by injecting in
the blood vessels microscopic gas bubbles,15 ranging in size
from 1 to 5 �m, coated by design with a surfactant mono-
layer to stabilize them against dissolution. Several models
have been proposed to describe the effect of a coating on the
radial dynamics of a pulsating microbubble.16–19 In contrast,
its influence on the markedly unsteady translation in an ul-
trasound field has hardly been treated. Emerging applications
of contrast agent microbubbles in drug delivery and targeted
molecular imaging20–22 demand a deeper understanding of
the behavior on the time scale of competing phenomena, for

instance, the binding to target molecules or the interaction
with the blood vessel walls. These applications ultimately
require a detailed description of the instantaneous translation
of coated microbubbles. The first experimental study on the
instantaneous translation of contrast agent microbubbles in a
traveling ultrasound wave, by Dayton et al.,23 compared
time-resolved optical observations with a dynamical model
which included a finite-Reynolds-number empirical exten-
sion of the quasisteady drag on a no-slip bubble. The authors
observed that such a model systematically overpredicted the
total displacement and ascribed the discrepancy to the fact
that in the experiment, the bubbles were in contact with the
top wall of the sample chamber due to buoyancy, with the
attendant difficulty of quantifying the friction coefficient be-
tween a bubble and the wall.

The purpose of the present paper is to provide a time-
resolved description of the unsteady translation of coated
microbubbles propelled by ultrasound. We consider a system
of two bubbles translating due to their mutual radiation
force, which offers the advantage that the pressure gradient
on one bubble is known with great accuracy from the time-
resolved observations of the radial and translational dynam-
ics of the neighboring bubble. We predict the trajectories of
the two bubbles with the aid of the measured radial dynamics
and investigate the influence of the history force in a range of
parameters �bubble size R0, viscosity of the fluid �, fre-
quency �, and relative radial excursion �R /R0� of interest
for medical ultrasound imaging.

II. EFFECT OF CONFINING GEOMETRY:
MICROMANIPULATION OF BUBBLES

Isolating bubbles from the walls of the container greatly
simplifies the problem of determining the forces acting on
them. Here we use optical tweezers to position bubbles at a
prescribed distance from the sample chamber wall. The ex-
perimental technique is described in Sec. III. As sketched in
Fig. 1�a�, a bubble pair is pushed downward and away from
the wall, with the line of centers parallel to the wall. The
bubbles can be held in the prescribed position for the

FIG. 1. Observations of the dynamics of two coated bubbles in ultrasound. �a� Layout of the experiment �side view�. A microscope objective is used to focus
the laser traps �optical tweezers� and for transmission imaging. The direction of incidence of the ultrasound beam is orthogonal to the line of centers x. �b�
Frames from an ultrahigh speed time series of bubble dynamics �top view�. The recording is taken at 13.4�106 frames /s, corresponding to an interframe time
of 70 ns. Here only every second frame is shown. The black crosses in the first and last frames indicate the initial positions of the bubble centers. The distance
between the bubbles decreases due to the secondary Bjerknes force. White scale bar: 5 �m �enhanced online�.�URL: http://dx.doi.org/10.1063/1.3227903.1�
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duration of the experiment. We therefore avoid the problem,
encountered by Dayton et al.,23 of sliding friction at the wall.

The influence of a rigid wall on the flow field can be
modeled in the inviscid case through the method of images.
The wall is replaced by a virtual particle, which mirrors the
dynamics of the real particle and generates a flow that, by
canceling out the primary flow, satisfies the zero normal ve-
locity condition at the wall. In our experiments the sample
chamber wall is not perfectly rigid; for a partially transparent
wall the following considerations do not strictly hold, but the
effect of a rigid wall can be considered as a limiting case.

The quasisteady drag FQS for a sphere translating near a
rigid boundary can be written as FQS=−6�	
RU, where 
 is
Faxén’s correction factor. Up to third order in the parameter
R /r, where R is the sphere radius and r is the distance from
the boundary, one has24 
= �1−9 /16�R /r�+1 /8�R /r�3�−1.
For R /r�1 /20, the typical value in our experiments, the
drag is increased by less than 5%.

The image of a pulsating bubble also generates a spheri-
cal wave, with the result that an acoustic radiation force
arises between the bubble and the wall through the coupling
of the bubble and its image. The acoustic radiation force
between pulsating bubbles is derived in Sec. IV. The leading
term depends on �R /r�2, and therefore for R /r�1 /20 the net
attraction force to the wall becomes negligible. Incidentally,
this force acts in a direction orthogonal to the line of centers
�see Fig. 1�a�� and would not affect the force balance in the
direction of interest.

By positioning the bubbles at least 20 radii away from
the wall, we therefore minimize the effect of reflections on
the translational dynamics so that the bubbles can be re-
garded as if in an unbounded liquid. In eliminating these
disturbances we can focus on the forces acting on the
bubbles purely due to the interaction with the liquid.

III. EXPERIMENTAL PROCEDURE

The facilities and protocols used in this study to simul-
taneously control the experimental conditions with optical
tweezers and optically record the dynamics of microbubbles
in ultrasound have been presented previously.25 The optical
tweezers setup was based on an upright microscope �Olym-
pus� modified to couple a laser beam into a water-immersed
100� objective lens �Olympus, numerical aperture NA � 1�.
A strongly focused Gaussian beam is known to produce a
three-dimensional optical trap for dielectric microparticles
with a refractive index greater than the surrounding medium.
Since a bubble has a lower refractive index than the sur-
rounding liquid, a suitable optical trap consists in this case of
a laser beam exhibiting a minimum of intensity on the opti-
cal axis, such as a Laguerre–Gaussian beam.26 We produced
the intensity distribution required to generate two traps by
converting a 1064 nm continuous-wave linearly polarized
laser beam �CVI� through a computer-generated phase dif-
fractive optical element. The implementation of diffractive
optical elements on a spatial light modulator device enabled
us to adjust in real time the separation distance between the
traps.27

A suspension of microbubbles of an experimental
phospholipid-coated ultrasound contrast agent �BR-14,
Bracco Research S. A.� was injected in a chamber enclosed
by two optically clear polystyrene matrix membranes �Opti-
cell™, Thermo Fisher Scientific�, which ensure high acoustic
transmission. We selected pairs of bubbles with a size close
to the resonant size for the frequency of the driving ultra-
sound, set the initial distance between the centers, and posi-
tioned them away from the wall using a micropositioning
stage. The chamber was coupled to a single-frequency unfo-
cused ultrasound transducer �Panametrics� by immersion in a
water bath. An eight-cycle 2.25 MHz ultrasound pulse with a
two-cycle Gaussian taper was produced by a waveform gen-
erator �Tabor Electronics� and amplified by a rf power am-
plifier �ENI� before being transmitted by the transducer. The
ultrasound beam overlapped with the focal volume of the
microscope objective and its angle of incidence with the op-
tical axis �z in Fig. 1�a�� was 45° so that the acoustic reflec-
tion from the objective did not reach the bubbles. Further-
more, the direction of incidence of the beam was orthogonal
to the line of centers �x in Fig. 1�a�� to decouple the effects
of the primary acoustic radiation force from the mutual in-
teraction through the secondary acoustic radiation force. The
sample was illuminated from below and the same micro-
scope objective that was used to focus the optical traps was
used to produce a top view transmission image, in conjunc-
tion with a 2� magnifier. The ultrahigh speed digital camera
Brandaris 128 �Ref. 28� recorded the dynamics near 15
�106 frames /s, corresponding to a temporal resolution un-
der 70 ns.

Figure 1�b� shows 28 frames extracted from the movie
of two microbubbles undergoing radial pulsations and expe-
riencing mutual attraction �enhanced online�. The marks in
the first and last frames indicate the initial positions of the
bubble centers. The bubbles remain spherical during the ra-
dial pulsations; we discard the experiments where the
bubbles significantly deviate from spherical symmetry. To
prevent optical forces from interfering with the dynamics,
the laser was briefly blocked during the recording, even
though the magnitude of the optical force in the horizontal
plane ��10−11 N� is four orders of magnitude smaller than
the secondary acoustic radiation force we typically measure.

The radius and position as a function of time are ex-
tracted from the 128 frames of each recording, using the
minimum cost tracking algorithm described in Ref. 29. The
optical resolution is 100 nm/pixel; image analysis results in
subpixel resolution on the extracted quantities, with a typical
accuracy of 30–40 nm for the radius and 70–80 nm for the
distance. The pattern of rings generated in the image plane
by the Mie scattering of light transmitted by a bubble30 in-
troduces an experimental uncertainty in setting the in-focus
position of a bubble. This ultimately leads to a systematic
uncertainty in the determination of the initial bubble radius
for each experimental run, and the edge detected through the
minimum cost algorithm may not correspond to the correct
radius. By conducting a series of control experiments where
the focus of the image was varied, we estimated a maximum
systematic uncertainty of 10%.

The radius- and distance-time curves obtained from im-
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age tracking were resampled using a cubic interpolation and
filtered using a low-pass filter to remove high-frequency
noise. The frequency components of the noise close to the
frequency of oscillations cannot be removed by filtering.
Therefore, we impose the radius before and after oscillations
to be equal to the resting radius, or else the residual noise
would give rise to an apparent acoustic radiation force. The
maximum difference between the processed data and the
measured data points is less than 3%. This is taken as the
maximum error on the radius and distance data, and is used
to estimate the error on the derived quantities. From the re-
sampled and filtered data we compute the radial and transla-
tional velocities and accelerations.

IV. HYDRODYNAMIC MODEL

The system of coordinates is shown in Fig. 2. We take x
along the line of centers of the two bubbles with radii R1 and
R2; the distance between the bubbles is d=x2−x1. Buoyancy
and the primary radiation force act along a direction orthogo-
nal to x and do not affect the translation in the x direction.
From conservation of momentum one has the force balance
in the x direction for a bubble of radius R:

0 = �
4

3
�R3Du

Dt
−

1

2
�

d

dt
�4

3
�R3U� − 6�	RU

− 6��
 �

�


0

t d


�
t R�s�−2ds

d�RU�
d

= FG + FA + FQS + FH. �1�

U= ẋ−u is the velocity of the bubble relative to the fluid and
ẋ is the velocity of the bubble relative to the laboratory
frame, with the dot representing differentiation with respect
to time. d /dt is the time derivative on the particle trajectory,
u is the velocity of the fluid, initially quiescent, generated by
the dynamics of the neighboring bubble, and Du /dt is evalu-
ated on the fluid trajectory.

The first term in the right hand side is the force due to
the acceleration imparted to the fluid by the neighboring
bubble, i.e., the radiation pressure FG due to the secondary
ultrasound wave emitted by a pulsating bubble, the pressure
gradient being �p /�x=−�Du /Dt; if convective effects are
negligible, as is the case here, it reduces to �p /�x
=−��u /�t. The second term is the added mass force FA on a
sphere, which is independent of the boundary condition and
of the Reynolds number.9 Note that since R is time depen-
dent, the added mass force is FA=−1 /2�d /dt�4 /3�R3U�

=−���2 /3R3U̇+2R2ṘU�. The third term, FQS, accounts for
the quasisteady component of the viscous force and the last
term for the unsteady component through the history force,
FH. A boundary condition of no slip is assumed at the bubble
interface, which is fully immobilized by the layer of surfac-
tant molecules. The quasisteady drag only depends on the
instantaneous values of R�t� and U�t�. The modification of
the kernel of the history integral that accounts for time-
dependent radius effects was first introduced by Magnaudet
and Legendre7 for bubbles with shear-free boundary condi-
tion and subsequently extended by Takemura and
Magnaudet14 to the case of bubbles that obey a no-slip con-
dition. The integral is evaluated from the time t=0 when the
bubbles start oscillating. For t�0 the velocity of the bubbles
is zero, and so is the integral for −�� t�0. The velocity of
the fluid generated by bubble j is evaluated at the center of
bubble i �i , j=1,2 , i� j�, assuming that the other bubble is
absent and that the flow is spatially uniform. The frequency
of insonation f =2.25 MHz corresponds to a boundary layer
of thickness ��300 nm, and in this study we only consider
bubbles of radius R�2 �m. When the viscous boundary
layer on the bubble is small with respect to the radius ��
�R or �R2���, as is the case here, we may use inviscid
theory for determining the flow velocity outside the bound-
ary layer. A pulsating and translating bubble generates a fluid
velocity at distance r whose potential has a contribution from
a source of strength q, �s=−q /4�r, due to the radial pulsa-
tions, with the kinematic boundary condition that the veloc-

ity at r=R equals Ṙ, and a contribution from a dipole of
strength p, �p=−p cos � /4�r2, due to the translation, with p
given by the boundary condition that the velocity at r=R is
equal to ẋ. The fluid velocity u is the sum of the two veloci-

ties u=ur+ut= Ṙ cos �R2 /r2+ ẋR3 /r3��=0, ��. If the dis-
tance between the bubbles becomes small, the assumption of
uniform flow breaks down. In addition, if the wall-to-wall
distance between the bubbles becomes comparable with the
thickness of the boundary layer, d− �R1+R2��2�, a descrip-
tion of the viscous dissipation in the boundary layer becomes
necessary. We limit ourselves to the case d− �R1+R2��2�.

By substituting in Eq. �1� for bubble i the fluid velocity
generated by bubble j and retaining terms up to order 3 in
R /d, we obtain two coupled equations of motion, identical to
this order of accuracy to those obtained by other authors
using a Lagrangian formalism.31–33 The difference with pre-
vious models is in the terms that account for viscous effects
since only shear-free bubbles were considered before.

The resulting equation of motion describes the transla-
tion of a no-slip bubble for a given radial dynamics. The
radial dynamics can be modeled through two coupled
Rayleigh–Plesset-type equations31–33 coupled to the transla-
tion equations. For coated bubbles this would introduce at
least two fitting parameters16–19 to describe the viscoelastic
properties of the coating. For most coating materials the pa-
rameters are not known with satisfactory accuracy and may
depend on the dilatational rate.29 Therefore, we use experi-
mental values of R1, R2, and their derivatives as time-
dependent coefficients.

The numerical integration of the history force was

xx1 x2

R1
R2

r1 r2

θ1 θ2

FIG. 2. System of coordinates. Ri �i=1,2� is the radius of bubble i and xi is
its position on the line of centers x. ri denotes the position of a fluid element
relative to bubble i.
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treated in an approximate fashion to handle the singularity
at = t in the kernel of the history integral
�0

t d��
t R�s�−2ds�−1/2d�RU� /d. The integral in the interval

�0, t−dt� can be evaluated using standard numerical
schemes. By defining the nonlinear mapping �=�0

R�s�−2ds,

we write the integral near the singularity as ���t−dt�
��t� d����t�

−��t−dt��−1/2d�RU� /d�. Since in our experiments d�RU� /d�
varies slowly near the singularity, it can be taken as constant
over the interval ���t−dt� ,��t�� and the resulting integral can
be evaluated analytically. We tested our approximation
against the numerical scheme proposed by Chung,34 which is
commonly used to compute the history integral,14,35 and
found the results to agree to within 0.5%.

V. RESULTS AND DISCUSSION

Figures 3�a� and 3�b� show the time evolution of the
radius of the two bubbles and the distance d between their
centers. The radial pulsations are in phase with a relative
radial excursion �R /R0�0.3. The positions of the centers
display small translational oscillations �typical amplitude of
200–300 nm� with the same frequency as the radial pulsa-
tions, around a position that slowly drifts, resulting in the net
attraction expected for bubbles pulsating in phase. When the
external forcing is turned off and the radial pulsations have
damped out �t�3.6 �s�, the bubbles decelerate subject only
to viscous drag. Figures 3�c� and 3�d� show the time evolu-

tion of the Reynolds numbers Rer=R	Ṙ	 /� for the radial dy-
namics and Ret=R	U	 /� for the translation. The values of the
Reynolds numbers during the motion are below 5 for the
translation and below 25 for the radial dynamics. The time
averages are �Ret��0.5 and �Rer��3, respectively. There-
fore, we hypothesize that high-Re effects can be neglected in
the translational dynamics, an assumption that is confirmed a

posteriori. We also expect that effects due to the time-
dependent radius not significantly influence the transport of
vorticity but we use the version of the history force for a
bubble with time-dependent radius for consistency.

Following Takemura and Magnaudet,14 we begin our
analysis by determining the values of FA�t�, FG�t�, FQS�t�,
and FH�t� from the experimental values of R1�t�, R2�t�, d�t�,
and their derivatives. We can then test the expression for the
viscous force FQS+FH against the value deduced from the
force balance, FQS+FH=−�FA+FG�. The comparison is
shown in Fig. 4. The value of the viscous force determined
from experiment is indicated by the dashed line. The error is
calculated from the uncertainties on radius and distance and
is shown for the set of points that correspond to data points
from the experiment. The solid line shows that the zero-Re
expression for FQS+FH shown in Eq. �1� gives a good pre-
diction of the viscous force. The value of FQS is also plotted
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FIG. 3. �a� Time evolution of the radii obtained by image tracking. The solid symbols represent experimental data points and the lines represent the resampled
and filtered radius-time curves. The bubbles oscillate in phase and have relative radial excursions �R /R0�0.3. �b� Time evolution of the distance between the
centers, d=x2−x1. The solid symbols represent experimental data points and the line represents the resampled and filtered distance-time curve. ��c� and �d��
Time evolution of the Reynolds numbers computed from the experimental radial and translational dynamics. Only the values for bubble 1 are plotted for

clarity. The radial Reynolds number Rer=R	Ṙ	 /� is below 25 with a time average �Rer��3. The translational Reynolds number Ret=R	U	 /� is below 5 with
a time average �Ret��0.5.
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cluding only quasisteady drag FQS, neglecting history force, largely
underestimates viscous dissipation.
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�dashed-dotted line� to emphasize how neglecting the history
force would result in a large underestimation of the total
viscous force.

Since the governing equations can be linearized if con-
vective effects are negligible, the velocity can be decom-
posed into its quasisteady and oscillatory components. The
oscillatory component experiences an increased viscous dis-
sipation since the vorticity generated at the bubble surface
does not diffuse away during one period of oscillation and
remains confined to the viscous boundary layer of thickness
��
� /�. The drag force experienced by an oscillating
sphere can be estimated, in the high-frequency limit, as
6�	�1+R /��RU.4 In the range of parameters of our experi-
ments, the drag on the oscillatory component of the velocity
is increased by a factor �1+R /���5 compared to the quasi-
steady value 6�	RU. The Basset expression for the history
force is only strictly valid at zero Reynolds number, or for an
oscillatory motion. The main limitation in the applicability of
this expression to the present case is probably the −1/2 time
decay, which was observed to be too slow for a particle
accelerating from rest36 and is not strictly valid for the qua-
sisteady component of the velocity.

We now proceed to test the performance of the model by
integrating the equations of motion and predicting the dis-
placement of the bubbles. The experimental values of R1�t�,
R2�t�, and their derivatives are substituted in the equations of
motion as time-dependent coefficients, and the equations are
integrated numerically to obtain the time evolution of x1�t�
and x2�t�. The agreement between the predicted displacement
and the experiment is fully satisfactory, as shown in Fig. 5.
The comparison with the result obtained by neglecting the
history force �inset� emphasizes again how crucial the influ-

ence of this force is for coated bubbles as opposed to shear-
free bubbles. As described in Sec. III, for each experimental
run the extracted bubble radii can differ from the true radii
due to the systematic uncertainty in the imaging. To test the
robustness of our findings in this respect, we compute the
numerical solution for two limiting cases, R�5%. The solu-
tion corresponding to the true radii R1 and R2 then lies in the
shaded area in Fig. 5. The prediction remains highly satisfac-
tory and the model can be used to predict the low-Re trans-
lation of coated bubbles of known radius due to acoustic
radiation pressure.

VI. SUMMARY AND CONCLUSIONS

We performed a time-resolved study of the translation of
coated microbubbles propelled by ultrasound radiation pres-
sure in a range of parameters that is relevant for medical
ultrasound imaging. By positioning the bubbles with optical
tweezers we were able to exclude the influence of confining
geometries and to unambiguously identify the contributions
of the several hydrodynamic forces acting on the bubbles.
The use of an ultrahigh speed camera operated near 15
�106 frames /s ensured the required temporal resolution to
characterize the unsteady translation of the bubbles. We de-
veloped a point-particle model to describe the translation of
bubbles subject to secondary radiation pressure due to a
neighboring pulsating bubble and found that the inclusion of
the history force is crucial for a correct description of the
unsteady motion of coated microbubbles. Neglecting this
force results in a large underestimation of the viscous dissi-
pation. This can be understood from the fact that the trans-
lational velocity has an oscillatory component, which expe-
riences an increased dissipation due to the oscillatory
boundary layer that develops around the bubble.

One of the limits of applicability of this model is that the
bubbles should be far enough from each other so that the
approximation of uniform flow holds and dissipative effects
in the boundary layer are unimportant �d− �R1+R2��2��.
Furthermore we restricted ourselves to the case of spherical
bubbles, an approximation that breaks down when the
bubbles get too close. For longer insonation pulses the
bubbles are often observed to lose their spherical symmetry,
with nonspherical oscillations arising as a parametric
instability.37 Viscous effects are then more difficult to ac-
count for.38

Remark on the distribution of tasks of the presented
work: V. Garbin, M. Overvelde, and B. Dollet were primarily
responsible for carrying out the experiments. The optical
tweezers technique was primarily developed by V. Garbin, D.
Cojoc, and E. Di Fabrizio. The development of the Brandaris
128 high speed imaging facility was led by N. de Jong and
M. Versluis. Combining these techniques has been achieved
in a joint effort of the above authors. Primary responsibility
for the data analysis fell to V. Garbin and B. Dollet. Primary
responsibility for the modeling lies with L. van Wijngaarden,
A. Prosperetti, and D. Lohse. V. Garbin was primarily re-
sponsible for the numerical simulations.
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FIG. 5. �Color online� Time evolution of the distance between the centers of
the bubbles. Dashed line: experimental value �after resampling and filter-
ing�. The solid symbols are the measured data points. Solid line: prediction
using the model including history force and quasisteady drag, FQS+FH. The
shaded area represents the tolerance ��5%� on the prediction due to the
systematic experimental uncertainty on the resting radius of a bubble. Inset:
comparison of the model including only the quasisteady drag FQS �dashed-
dotted line� with the model including history force, FQS+FH �solid line�.
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