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Abstract

Store-and-forward had been the predominant technique for transmit-
ting information through a network until its optimality was refuted
by network coding theory. Network coding offers a new paradigm for
network communications and has generated abundant research interest
in information and coding theory, networking, switching, wireless com-
munications, cryptography, computer science, operations research, and
matrix theory.

In this issue we review network coding theory for the scenario when
there are multiple source nodes each intending to transmit to a different
set of destination nodes.

A companion issue reviews the foundational work that has led to
the development of network coding theory and discusses the theory
for the transmission from a single source node to other nodes in the
network.
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1

Superposition Coding and Max-Flow Bound

In Part I of this tutorial, we have discussed the single-source network
coding problem in an algebraic setting. Each communication channel
in the network is assumed to have unit capacity. The maximum rate
at which information can be multicast has a simple characterization in
terms of the maximum flows in the network. In Part II, we consider
the more general multi-source network coding problem in which more
than one mutually independent information sources are generated at
possibly different nodes, where each information source is transmitted
to a certain set of nodes in the network. We continue to assume that
the communication channels in the network are free of error.

The achievable information rate region for a multi-source network
coding problem, which will be formally defined in Section 2, refers
to the set of all possible rate tuples at which multiple information
sources can be multicast simultaneously on a network. In a single-
source network coding problem, a primary goal is to characterize the
maximum rate at which information can be multicast from the source
node to all the sink nodes. In a multi-source network coding prob-
lem, we are interested in characterizing the achievable information rate
region.

330
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Fig. 1.1 A network for which superposition coding is suboptimal.

Multi-source network coding turns out not to be a simple extension
of single-source network coding. In the rest of this section, we discuss
two characteristics of multi-source networking coding which differenti-
ate it from single-source network coding. In all the examples, the unit
of information is the bit.

In Part I, nodes are labelled by capital letters. In Part II, since
captical letters are reserved for random variables, nodes will instead be
labelled by small letters.

1.1 Superposition coding

Let us first revisit the network in Figure 1.2(b) of Part I which is
reproduced here as Figure 1.1 in a slightly different manner. Here, we
assume that each channel has unit capacity. For ¢ = 1,2, the source
node i generates a bit b; which is sent to the node ¢;. We have shown in
Example 1.3 of Part I that in order for the nodes t; and ¢5 to exchange
the two bits b; and bs, network coding must be performed at the node .
This example in fact has a very intriguing implication. Imagine that
on the Internet a message in English and a message in Chinese are
generated at two different locations. These two messages are to be
transmitted from one point to another point within the network, and we
can assume that there is no correlation between the two messages. Then
this example shows that we may have to perform joint coding of the
two messages in the network in order to achieve bandwidth optimality!
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Fig. 1.2 A network for which superposition coding is optimal.

We refer to the method of coding individual information sources
separately as superposition coding. The above example simply shows
that superposition coding can be suboptimal.

We now give an example for which superposition coding does achieve
optimality. Consider the network in Figure 1.2. To simply the discus-
sion, we set the capacities of the channels 1u and 2u to infinity so that
the information generated at both source nodes are directly available
to the node u. For all the other channels, we set the capacity to 1. We
want to multicast the information generated at the source node 1 to
the nodes v,w and t, and to transmit the information generated at the
source node 2 to the node t.

Let X; and X5 be independent random variables representing the
information generated respectively at the source nodes 1 and 2 for one
unit time. The rate of the information generated at the source node
s is given by ws = H(X;) for s =1,2. Let U;; be the random variable
sent on the channel ij, where H(U;;) <1 due to the bit rate constraint
for the channel. Then for any coding scheme achieving the prescribed
communication goals, we have

2w + wy = 2H(X1) + H(XQ)

a)
<2H(X1) + H(Upt, Upe| X1)
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Fig. 1.3 The information rate region for the network in Figure 1.2.

b)

< QH(Xl) + H(quaUuw|X1)
<2H(X1) + H(Uw|X1) + H(Uyw|X1)
= H(Uyy, X1) + H(Uyw, X1)

2 H(Uus) + H(Upay)

<2,

where a) follows because X3 is a function of U, and Uy, b) follows
because U, is a function of U,, and U,; is a function of U, and
¢) follows because X7 is a function of Uy, and a function of Uy,.

This region is illustrated in Figure 1.3. To see that the whole region
is achievable by superposition coding, let rl(;) be the bit rate on the
channel ij for transmitting the information generated at the source
node s. Due to the bit rate constraint for each channel ij, the following

must be satisfied:
TS) + rg) <1.
Then the rate pair (wi,w2) = (1,0) is achieved by taking

=) =) =1

and

(1) (2) (2) (2) (2) 0

Twt = Tuy = Tww = Tot” = Twt =
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while the rate pair (0,2) is achieved by taking

K =) = ® — ) — o

uv wt
and
=)= = =1,

Then the whole information rate region depicted in Figure 1.3 is seen
to be achievable via a time-sharing argument.

From the above two examples, we see that superposition coding is
sometimes but not always optimal. Optimality of superposition coding
for certain classes of multilevel diversity coding problems (special cases
of multi-source network coding) has been reported in [17], [14], [21].
For a class of multilevel diversity coding problems (special cases of
multi-source network coding) studied in [8], superposition coding is
optimal for 86 out of 100 configurations. In any case, superposition
coding always induces an inner bound on the information rate region.

1.2 The max-flow bound

In this section, we revisit the two examples in the last section from a
different angle. First, for the network in Figure 1.1, we already have
seen that superposition coding is suboptimal. Now consideration of the
max-flows from t; to 9 and from ¢y to t; gives

wi,we < 1.

This outer bound on the information rate region, referred to as the
maz-flow bound, is depicted in Figure 1.4. Here the rate pair (1,1) is
achieved by using network coding at the node u as we have discussed,
which implies the achievability of the whole region. Therefore, the max-
flow bound is tight.

We now consider the network in Figure 1.2. Consideration of the
max-flow at either node v or w gives

wp <1, (1.1)
while consideration of the max-flow at node ¢ gives

wi +wo < 2. (1.2)
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(1,1)

Fig. 1.4 The max-flow bound for the network in Figure 1.1.

w,

(1,1)

Fig. 1.5 The max-flow bound for the network in Figure 1.2.

Figure 1.5 is an illustration of the region of all (wy,ws) satisfy-
ing these bounds, which constitute the max-flow bound. Comparing
with the achievable information rate region shown in Figure 1.3, we see
that the max-flow bound is not tight. From these two examples, we see
that like superposition coding, the max-flow bound is sometimes but
not always tight. Nevertheless, it always gives an outer bound on the
information rate region. It has been shown in [6][10] that the max-flow
bound is tight for networks with two sink nodes.



2

Network Codes for Acyclic Networks

2.1 Achievable information rate region

In Part I, the capacity of direct transmission from a node to its
neighbor is determined by the multiplicity of the channels between
them. This is to facilitate the discussion of linear codes. In this
section, codes not necessarily linear are considered and we assume
that the capacity of a channel can take any positive real number. We,
however, continue to allow multiple channels between a pair of nodes
to facilitate subsequent comparison with linear codes.

Convention. The following convention applies to every acyclic com-
munication network in this section.

® The set of all nodes and the set of all channels are denoted
by V and FE, respectively.

® The nodes are ordered in a way such that if there exists a
channel from a node ¢ to a node j, then the node ¢ precedes
the node j. This is possible by the acyclicity of the network.

® The capacity of a channel e is denoted by R..

336
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® An independent information source X, is generated at a
source node s.

e A source node has no input channels.

® The set of all the source nodes in the network is denoted by
S, which is a subset of V.

® The set of all sink nodes is denoted by T, where a sink node
receives at least one information source!. The set of informa-
tion sources received by a sink node i is denoted by 3(3).

In the above setup, the decoding requirements are described by the
functions ((i),7 € T. Equivalently, we may think of each information
source X being multicast to the set of nodes

{ieT:sepi)}

We now consider a block code with length n. The information source
X, is a random variable which takes values in the set

Xs = {1727 ) |'2m—s“}

according to the uniform distribution. The rate of the information
source X is 7s. According to our assumption, the random variables
X, s € S are mutually independent.

Definition 2.1. An
(n,(ne - e € E), (75 : s €.5))
code on a given communication network is defined by

1) for all source node s € S and all channel e € Out(s), a local
encoding mapping

ke:Xs— {1, me}; (2.1)
2) for all node i € V'\S and all channel e € Out(i), a local encod-
ing mapping

ke : H {1, na} — {1, ,ne}; (2.2)

deln(z)

I Since a source node has no input channels, it cannot be a sink node.
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3) for all sink node i € T, a decoding mapping

gi: H {1"'and}_) H Xs.
)

deln(i s€B(7)

In a coding session, if a node ¢ precedes a node j, then the encod-
ing mappings l?:e,e € Out(7) are applied before the encoding mappings
ke,e € Out(j). If e,e’ € Out(i), then k. and ke can be applied in any
order. Since a node ¢ precedes a node j if there exists a channel from
the node 7 to the node j, a node does not encode until all the necessary
information is received on the input channels.

Introduce the notation Xg for (X :s € S’), where S’ C S. For all
1 €T, define

A =Pr{gi(Xs) # Xpi) }»

where §;(Xg) denotes the value of g; as a function of Xg. A; is the prob-
ability that the set of information sources Xg;) is decoded incorrectly
at the node i.

In the subsequent discussion, all the logarithms are in the base 2.

Definition 2.2. An information rate tuple
w=(ws:s€S9),

where w > 0 (componentwise), is asymptotically achievable if for any
€ > 0, there exists for sufficiently large n an

(n,(ne:e€ E),(1s:s€19))
code such that
n_llogne < R:.+e¢

for all e € E, where n~!log1, is the average bit rate of the code on the
channel e,

Tg 2> Wg — €
for all s € S, and

Aige
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for all ¢ € T'. For brevity, an asymptotically achievable information rate
tuple will be referred to as an achievable information rate tuple.

Definition 2.3. The achievable information rate region, denoted by
R, is the set of all achievable information rate tuples w.

Remark 2.4. It follows from the definition of the achievability of an
information rate tuple that if w is achievable, then w’ is achievable for
all 0 < w’ < w. Also, for any sequence of achievable rate tuples w®),
k > 1, it can be proved that

w= lim w(k),
k—o0

if exists, is also achievable, i.e., R is closed. It can then be shown by
invoking a time-sharing argument that R is closed and convex.

In this section, we discuss characterizations of the information rate
region of a general multi-source network coding problem. Unlike single-
source network coding which already has explicit algebraic code con-
structions, the current understanding of multi-source network coding is
quite far from being complete. Specifically, only inner and outer bounds
on the achievable information rate region R are known for acyclic net-
works, and only existence proof of codes by random coding technique
is available. The tools we shall use are mainly probabilistic instead of
algebraic.

We note that the definition of a network code in this section does
not reduce directly to the definitions of a network code in Part I when
there is only one information source. It is because in Part I, a network
code is defined in a way such that various notions specific to linear
codes for a single information source (namely linear broadcast, linear
dispersion, and generic network code) can be incorporated. Essentially,
the definition of a network code here is the local description of a network
code for multicast.
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2.2 Inner bound R;,

In this section, we discuss an inner bound on the achievable informa-
tion rate region R for acyclic networks. We start with some standard
definitions and properties of strong typicality, a fundamental tool in
information theory. For proofs and further details, We refer the reader
to [1], [2], [19]. Here, we adopt the convention in [19].

2.2.1 Typical sequences

Consider an information source {Xj,k > 1} where X are i.i.d. with
distribution p(z). We use X to denote the generic random variable, Sx
to denote the support of X, and H(X) to denote the common entropy
for all Xy, where H(X) < co. Let X = (X1, X2, ,X,).

Definition 2.5. The strongly typical set T; X156 with respect to p(z)
is the set of sequences x = (21,2, ,2y) € X" such that N(z;x) =0
for z € Sx, and

L N(@x) - p@)] <, (2.3)

M <

xT

where N (z;x) is the number of occurrences of z in the sequence x, and
0 is an arbitrarily small positive real number. The sequences in T[’)Lq 5
are called strongly §-typical sequences.

Theorem 2.6. (Strong asymptotic equipartition property) In
the following, 1 is a small positive quantity such that n — 0 as 6 — O.

1) Ifxe (ks then

2) For n sufficiently large,
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3) For n sufficiently large,

(1 — §)2rHX)=n) < |T[§(]5| < on(H(X)+n) (2.5)

Next, we discuss strong joint typicality with respect to a bivariate
distribution. Generalization to a multivariate distribution is straight-
forward.

Consider a bivariate information source {(Xy,Y%),k > 1} where
(Xk,Yy) are ii.d. with distribution p(z,y). We use (X,Y) to denote
the pair of generic random variables, and assume that H(X,Y) < oo.

Definition 2.7. The strongly jointly typical set T&Y] 5 With respect
to p(z,y) is the set of (x,y) € X™ x V" such that N(z,y;x,y) =0 for
(xay) ¢ SXY7 and

>

where N(z,y;x,y) is the number of occurrences of (z,y) in the pair

1
EN(w,y;x,y) — p(x,y)| <6, (2.6)

of sequences (x,y), and ¢ is an arbitrarily small positive real number.
A pair of sequences (x,y) is called strongly jointly d-typical if it is in

Tiys:

Strong typicality satisfies the following consistency and preservation
properties.

Theorem 2.8. (Consistency) If (x,y) € Ty)5, then x € Tfy; and
Yy € T[g’/]é.

Theorem 2.9. (Preservation) Let Y = f(X). If
X:<$17x27"'7xn)€ [’,}(}57
then

f(x) = (y1,92,+ ,un) € Ty, (2.7)

where y; = f(x;) for 1 <i <n. ([19], Lemma 15.10.)
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For a bivariate i.i.d. source {(X%,Y%x)}, we have the strong joint
asymptotic equipartition property (strong JAEP), which can readily be
obtained by applying the strong AEP to the source {(X,Y%)}.

Theorem 2.10. (Strong JAEP) Let
(X7Y) = ((X17Y1)7 (X27Y2)a ) (XmYn))7

where (X;,Y;) are i.i.d. with generic pair of random variables (X,Y). In
the following, A is a small positive quantity such that A — 0 as 6 — 0.

1) If (x,y) € T1} then

(XY]s
9 n(HXY)EA) < pix ) < 2 nHXY)-N)
2) For n sufficiently large,

Pr{(X,Y) € T{xys} >1 -4
3) For n sufficiently large,

(1 N 6)2n(H(X,Y)—)\) < ’T&Y]S‘ < 2n(H(X,Y)+/\)'

2.2.2 First example

Consider a point-to-point communication system, the simplest possible
example of a communication network:

V ={l,a}, E={la}, S={1}, T ={a}, B(a) = {1}.

This network is illustrated in Figure 2.1, and we call this network Gj.
By the source coding theorem [15], the information rate w; is achievable
if and only if w; < Ri,. The following theorem can be regarded as an
alternative form of the direct part of the source coding theorem.

e

Fig. 2.1 The network G for the first example.
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Theorem 2.11. For the network G1, an information rate w; is achiev-
able if there exists auxiliary random variables Y; and Uy, such that

HY)) > wr (2.8)
H(U14|Y1) =0 (2.9)
H(U1a) < Ria (2.10)
H(Yi|Ua) = 0 (2.11)

We first note that (2.9) and (2.11) together imply that the random
variables Y7 and Uy, determines each other, so we write

Uta = u1a(Y1)
and
Y1 = y1(Ua),
which imply
Y1 = y1(u1a(Y1))- (2.12)
Moreover,
H(Y1) = H(Ura)-

Then for any w; satisfying (2.8) to (2.11) for some auxiliary random
variables Y] and Uy,, we have

Ry, > H(Ula) = H(Yl) > wiq,

which is essentially the direct part of the source coding theorem except
that the inequality is strict here. By invoking the remark following
Definition 2.3, we see that the rate

Rig = w1

is indeed achievable.
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We should think of Y; and Uj, as random variables representing
the information source X7 and the codeword sent on the channel 1a,
respectively. Accordingly, we have (2.8) as the entropy constraint on Y7,
and (2.10) corresponds to the capacity constraint for the channel la.

Proof of Theorem 2.11. Let § to be a small positive real number
to be specified later. For given random variables Y7 and Ui, satisfying
(2.8) to (2.11), we construct a random code by the following procedure:

1. Generate 2“1 sequences of length n independently according
to p"(y1).

2. If the message is ¢, map it to the ith sequence generated in
Step 1. Denote this sequence by y.

3. Ify; € T[’{,l]é, obtain the sequence

Ulq = Ula(Yl)

(recall the notation f(x) in Theorem 2.9). By Theorem 2.9,
uy, € T[%m] 5 Otherwise, let uy, be a constant sequence in

T .

4. O[g‘lu{;)}flt the index of uy, in T[Tllha] 5 as the codeword and send
on the channel la.

5. At the node b, upon receiving the index of ui, € T[Tllha]é’
recover uj, and obtain

y1= yl(u1a>-

If y1 = y1 and y; is unique among all the sequences generated
in Step 1 of the random coding procedure, then the message
¢ can be decoded correctly.

A decoding error is said to occur if the message i is decoded incorrectly.
Note that the total number of codewords is upper bounded by

T 56l < on(H(Uta)+n)
la
(cf. (2.5)), so that the rate of the code is at most

H(Ula) + n < Rla + n.
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We now analyze the probability of decoding error of this random
code. Consider

Pr{decoding error}

= Pr{decoding error|yy & T}y, }Pr{y1 & T}y, )5}

+Pr{decoding error|y; € Tjy, s}Pr{y1 € Tjy,}5}
<1-Pr{y1 ¢ Tfy,)5} + Pr{decoding error|y; € Tjy,}5} - 1
= Pr{y1 ¢ T}y, )5} + Pr{decoding error|y; € Tfy,;s}.

By the strong AEP,
Pr{y1 & Ty} — 0
as n — o0. So it remains to show that
Pr{decoding error|y; € Tfy, )5} — 0

as n — oo with an appropriate choice of §. Toward this end, we observe
that if y; € T[gl,l]é, then

U1 = U1a(y1)
(instead of being a constant sequence in T ["Ula} 5)» o that
y1 =y1(u1a) = y1(u1a(y1))-
Then from (2.12), we see that
yi=Y1.

In other words, if y; € T[T{/l] 5> @ decoding error occurs if and only if the
sequence yi is drawn more than once in Step 1. Thus,
Pr{decoding error|y; € Tjy, s}

= Pr{y; drawn more than oncely: € Tjy;;s}

= Pr{U#i{obtain y1 in the jth drawing|y; € T[’{/ﬂé}}
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< ZPr{obtain y1 in the jth drawing|y; € Tﬁ/ﬂ(g}
J#i

< 2™t . Pr{obtain y; in any drawing|y; € Tﬁ/ﬂ(g}

< 9w, 9=n(H (Ua)—n)

— 9—n(H(Ura)=w1—7)

= 2~ H)—wi-n)

where we have invoked the strong AEP in the last inequality. Since
H(Y1) >w; and n — 0 as § — 0, by taking 0 to be sufficiently small,
we have H(Y7) — w1 — n > 0, and hence

Pr{decoding error|y; € T{y,;;} — 0

as n — oo.

It appears that Theorem 2.11 only complicates the direct part of
the source coding theorem, but as we shall see, it actually prepares us
to obtain a characterization of the achievable information rate region
for more general networks.

2.2.3 Second example

In the next section, we shall state without proof an inner bound on the
achievable information rate region R for a general acyclic network. We
already have proved a special case of this inner bound in Theorem 2.11
for a point-to-point communication system. In this section, we prove
this inner bound for another network considerably more complicated
than the one in the last section. Although this network is still far from
being general, the proof of the inner bound for this network contains
all the essential ingredients. Besides, the ideas are more transparent
without the overwhelming notation in the general proof.

The second network we consider here is the network in Figure 2.2
with the following specification:

V ={1,2,a,b,¢,d}, E ={la,2b,ab,ac,bc,bd,cd}
S={1,2}, T ={c,d}, B(c) = {1}, B(d) = {1,2}.

Call this network Gs.
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1
a |
» A
2 - b > C |

Fig. 2.2 The network G2 for the second example.

For the network G, we first make the observation that the source
nodes 1 and 2 each has only one output channel. By the source coding
theorem, if either Ri, < wy or Ry < we, the sink node d cannot possi-
bly receive both X; and Xs. Therefore, in order to make the problem
meaningful, we make the assumptions that Ry, > wi and Rgp > wa, so
that we can regard X; and X5 as being directly available to the nodes
a and b, respectively.

Theorem 2.12. For the network G2, an information rate pair (wy,ws)
is achievable if there exist auxiliary random variables Y;,s € .S and
Ue,e € E such that

H(Y1,Ys) = H(Y)) + H(Y2) (2.13)

H(Y;) >ws, s€S (2.14)

H(Uqp, UaeY1) = 0 (2.15)

H (Upe, Upa|Y2,Ugp) = 0 (2.16)
H(Ucd|Uac,Upe) = 0 (2.17)
H(U,) <R., ecE (2.18)
H(Y1|Uge, Upe) = 0 (2.19)
H(Y1,Y2|Upd, Uea) =0 (2.20)
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The interpretations of (2.13) to (2.20) are as follows. Similar to our
discussion on the network in the last section, Y; and U, are random
variables representing the information source Xy and the codeword
sent on the channel e, respectively. The equality in (2.13) says that
the information sources 1 and 2 are independent. The inequality (2.14)
is the entropy constraint on the auxiliary random variable Ys. The
equality (2.15) says that the codewords sent on the channels ab and
ac depend only on the information source X;. The equality (2.16) says
that the codewords sent on the channels bc and bd depend only on the
information source Xs and the codeword sent on the channel ab. The
equality (2.17) says that the codeword sent on the channel cd depends
only on the codeword sent on the channels ac and bc. The inequality
(2.18) is the capacity constraint for the channel e. The equality (2.19)
says that the information source 1 can be recovered (at the sink node
¢) from the codewords sent on the channels ac and be, and finally the
equality (2.20) says that both the information sources X; and X» can be
recovered (at the sink node d) from the codewords sent on the channels
bd and cd.

From (2.15), we see that Uy, and U, are both functions of Y. Thus
we write

Uab = uap(Y1) (2.21)
and
Uae = tac(Y1). (2.22)
In the same way, from (2.16), (2.17), (2.19), and (2.20), we write
Upe = upe(Y2,Uqs) (
Upg = upa(Y2,Uap) (
Ued = ted(Uac, Upe) (2.25
Y1 = 4 (Uae: Vi) (
Y1 = 91” (Usa, Uea) (
Ys = o\ (Upg, Uny). (2.28

In (2.26) to (2.28), the superscript denotes the sink node with which
the function is associated.
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Proof of Theorem 2.12. Let § to be a small positive real number to
be specified later. For given random variables Y;,s € .S and U.,e € £
satisfying (2.13) to (2.20), we construct a random code by the following
procedure:

1. For the information source j (= 1,2),

a) Generate 2™ sequences of length n independently
according to p™(y;).

b) If the message is i;, map it to the i;-th sequence gen-
erated in Step la). Call this sequence y;.

2. Ify; € T[Tllﬁ]’ obtain the sequences

Ugp = Ugp(Y1) € T[?Jab]fs

and

Uge = Uac(yl) € T{(L]acw

(cf. (2.21) for the definition of wug(-), etc, and Theorem 2.9

for the notation f(x)). Here, uas(y1) € Tjf; , 15 and tac(y1) €

T[?]ac] 5 as follow from Theorem 2.8. Otherwise, let uy, and

U, be constant sequences in T[’;] )10 and T[}‘]M] 5> respectively.
3. Output the indices of ug, in T[?]ab} s and uge in T[?]ac} 5 as

codewords and send on the channels ab and ac, respectively.
4. If (y2,ug) € T&U )17 obtain the sequences

Wye = Upe(Y2, Uab) € 177, |

and

Wy = upd (Y2, Uab) € 177, -

Otherwise, let up. and upg be constant sequences in T[?ch] 5
and T[?de} 5> respectively.

5. Output the indices of up,. in T[?ch} 5 and upg in 7| [”Ubd] 5 as code-
words and send on the channels bc and bd, respectively.

6. If (uge,upe) € T[?]abch] 5» obtain the sequence

Ucqd = Ued(Uab, Upe) € T7p -

Otherwise, let u.q be a constant sequence in T[?] 5
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7.

8.

If either i; is decoded incorrectly at the node ¢ or (i1,i2) is decoded
incorrectly at the node d, we say that a decoding error occurs. Note
that for each channel e € E, the total number of codewords is upper

Output the index of u.g in T[?ch] s as the codeword and send
on the channel cd.

At the node ¢, upon receiving the indices of uy. € T[?]M] 5 and
Uy € T[?ch} 5> Uac and up. can be recovered. Then obtain

S’gc) — in) (ua07ubc)- (229)

If jrgc) =y and y; is unique among all the sequences gener-
ated in Step la) for j = 1, then the message i can be decoded
correctly.

. At the node d, upon receiving the indices of uyg € T[’[L]bd] 5

and u.g € T[?J L5 Ubd and u.4 can be recovered. For j = 1,2,
obtain

~ d
59 = 5\ (Upag, uca).

If Sfj(-d) =y, and y; is unique among all the sequences gen-
erated in Step la), then the message i; can be decoded
correctly.

bounded by

[Tigrgs] < 2110

(cf. (2.5)), so that the rate on the channel e is at most

We now analyze the probability of decoding error of this random
code. Analogous to the proof of Theorem 2.11 in the last section, we

have

H(U:) +n< Re+ .

Pr{decoding error}
< Pr{(y1,y2) & T yyy5} + Pr{decoding error|(y1,y2) € Tl 5}
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Since the pair of sequence (y1,y2) is generated according to
p"(y1)p"(y2) = p"(y1,92),
by the strong JAEP,
Pr{(y1,y2) ¢ T&Yg]a} —0
as n — oo, so it suffices to show that
Pr{decoding error|(y1,y2) € T}y, y,5} — 0

as n — oo with an appropriate choice of §. Toward this end, we analyze
the random coding procedure when (y1,y2) € T, vyt

® By Theorem 2.8, we have y; € T["Y]_]é7 7=1,2.
® In Step 2, since y1 € T[’{,l](;, we have

Ugp = Uap(y1) (2.30)
(instead of a constant sequence in 7| o] s) and
Uge = Uac(Y1)- (2.31)
e In Step 4, by (2.30), we have
(Y2, ua) = (¥2,uab(y1))-
Since (y1,¥2) € Tjy,vy)50
(Y2, uab(¥1)) € Ty, 07,16
by Theorem 2.9. Therefore,
Upe = Upe (Y2, Uab) (2.32)

and

Upq = ubd(yg,uab). (233)
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e In Step 6, by applying (2.31), (2.32) and (2.30), we have
(uacaubc) = (Uac(Y1),ch(Y2,Uab))
= (Uac(y1), ube(Y2,uab(y1))).  (2.34)
Again, since (y1,y2) € Ty, vs)s
(Wae; pe) € z}%acch]é

by Theorem 2.9. Therefore,

Ueq = Ucd(uamubc)~
e By (2.26), (2.22), (2.23), and (2.21), we can write
Y = :’AC)(Uac,UbC)
= 4\ (e (Y1), upe (Yo, Uap))
= Y1 (tac (Y1), upe (Y2, uab(1)))- (2.35)
On the other hand, from (2.29) and (2.34), we have
5’56) = ?/50)(ua0=ub0)
= 4 (tac(y1) upe (Y2, uan(y1))).  (2.36)

A comparison of (2.35) and (2.36) reveals that

717 =y (2.37)
Similarly, it can be shown that

59 =y1. (2.38)
and

70 = y,. (2.39)

In conclusion, whenever (y1,y2) € T, vi)5 (2.37) to (2.39) hold. By the
strong AEP,

Pr{(y1,y2) € Tly,y,56t — 1

as n — 0o. Therefore, if (y1,y2) € T&YQ] s> & decoding error occurs if
and only if either y; or ys is drawn more than once in Step la).
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By means of an argument similar to the one in the proof of Theo-
rem 2.11, it can be shown that

Pr{decoding error|(y1,y2) € T}y, y,5} — 0

as n — oo with an appropriate choice of §. The details are omitted here.

2.2.4 General acyclic networks

In this section, we present an inner bound R, on the information rate
region for a general acyclic network. The reader should have no problem
understanding the meaning of R;, after studying the special cases in
the previous two sections. In the sequel, we will use the abbreviations
Ys, Uny(s) respectively for {Y:s € S}, {Ue : e € In(i)}, etc.

Definition 2.13. Let R’ be the set of all information rate tuples w
such that there exist auxiliary random variables Y;,s € S and U.,e € E
which satisfy the following conditions:

H(Ys) =Y H(Y) (2.40)

ses
H(Y;) >ws, s€S (2.41)
H(UOut(s)Dfs) =0, se€8 (242)
HUout(3)|Um@) =0, 1€V\S (2.43)
HWU;) <R, eckE (2.44)
H(Y3()|Um) =0, i€T. (2.45)

Theorem 2.14. R' C R.

The proof of Theorem 2.14 involves a set of techniques originally
developed in [20] and [16]. The proof of Theorem 2.12 in the last section,
though a special case of Theorem 2.16 here, contains all the essential
ingredients necessary for proving Theorem 2.14.

Definition 2.15. Let R;, = con(R’), the convex closure of R'.
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Theorem 2.16. R;, CR.

Theorem 2.16 can readily be obtained from Theorem 2.14 as a corol-
lary by invoking the remark following Definition 2.3. Specifically, by
taking the convex closure on both sides in

R C R,
we have
con(R’) c con(R) = R.

For a complete proof of Theorem 2.16, we refer the reader to [16]
and [19], Ch. 152, The inner bound proved in [16] is for zero-error
variable-length network codes.

2.2.5 7R, recasted

In this section, R;, will be recasted in the framework of information
inequalities developed in [18]. As we shall see, this alternative charac-
terization of R;,, developed in [20] and [16], enables the region to be
described on the same footing for different multi-source network coding
problems.

Let NV be a collection of discrete random variables whose joint dis-
tribution is unspecified, and let

Qv =2M\{0},
the set of all nonempty subsets of random variables in N'. Then
Q| =2V — 1.

Let Hs be the |Qr|-dimensional Euclidean space with the coordinates
labeled by ha, A € Qn. We will refer to Has as the entropy space for
the set of random variables N'. A vector

h=(ha: A€ Qn)cHy (2.46)

2 The proof given in Section 2.2.3 is a simplified version of the proofs in [19] and [16].
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is said to be an entropy function if there exists a joint distribution for
(Z : Z € N) such that

ha=H(Z:Z¢e A)
for all A € Qa. We then define the region
I'\y = {h € Hpr : h is an entropy function}.

To simplify notation in the sequel, for any nonempty A, A’ € Qyr,
we define

hA|A/:hAA/ — ha, (2.47)

where we use juxtaposition to denote the union of two sets. In using
the above notation, we do not distinguish elements and singletons of
N, i.e., for a random variable Z € N/, hyz is the same as h{zy. Note that
(2.47) corresponds to the information-theoretic identity

H(A|A"Y = H(AA") — H(4A)).
To describe R, in terms of the above framework, we let
N={Y;:s€ S;U.:ec E}.

Observe that the constraints (2.40) to (2.45) in the definition of R’
correspond to the following constraints in H s, respectively:

hys =Y by, (2.48)

ses
hy, > ws, s€S (2.49)
hUgulvs =0, s€S (2.50)
Mge) Uty = 0 1 € VAS (2.51)
hy, <Re, eckE (2.52)
hYB(i)|UIn(z‘) =0, €T (2.53)

Then we have the following alternative definition of R’.

Definition 2.17. Let R’ be the set of all information rate tuples w
such that there exists h € I}, which satisfies (2.48) to (2.53).
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Although the original definition of R’ as given in Definition 2.13 is
more intuitive, the region so defined appears to be totally different from
one problem to another problem. On the other hand, the alternative
definition of R’ above enables the region to be described on the same
footing for all cases. Moreover, if [y is an explicit inner bound on 'y,
upon replacing I'}, by Iy in the above definition of R/, we immediately
obtain an explicit inner bound on R;,, for all cases. We shall see further
advantage of this alternative definition when we discuss an explicit
outer bound on R in the next section.

2.3 Outer bound R,

In this section, we prove an outer bound R, on R. This outer bound
is in terms of fj\[, the closure of I'}.

Definition 2.18. Let R,y be the set of all information rate tuples w
such that there exists h € fj\/ which satisfies the following constraints:

hys = ZhYs (2.54)

ses
hy, > ws, s€S (2.55)
hUgyolvs =0, s€S (2.56)
hUOut(i)lUIn(z') =0, ieV\S (2.57)
hy, <Re, eckE (2.58)
hyﬂ(i)|U1n(i) =0, i€T. (2.59)

The definition of R,y is the same as the alternative definition of
R’ (Definition 2.17) except that

1. T\, is replaced by Ty
2. The inequalities in (2.49) and (2.52) are strict, while the
inequalities in (2.55) and (2.58) are nonstrict.

From the definitions of R’ and Ry, it is clear that

R’ C Rout- (2.60)
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It is also easy to verify that the convexity of Ty ([19], Theorem 14.5)
implies the convexity of R,y:. Then upon taking convex closure in
(2.60), we see that

Rin = con(R') C con(Rout) = Routs

where the last equality follows because R,y is close and convex. How-
ever, it is not apparent that the two regions R;, and R, coincide
in general. This will be further discussed in the next section. We first
prove that R,y is indeed an outer bound on R.

Theorem 2.19. R C Rout-

Proof. Let w be an achievable information rate tuple and n be a suffi-
ciently large integer. Then for any € > 0, there exists an

(n,(ne:e€ E),(1s:s€19))

code on the network such that

ntlogn. < Re + ¢ (2.61)
for all e € F,
Ts 2 Ws — € (2.62)
for all s € S, and
A;<e (2.63)

forallzeT.
We consider such a code for a fixed € and a sufficiently large n. Since
the information sources Xg,s € S are mutually independent, we have

H(Xg)=> H(X,). (2.64)
seS

For all s € S, from (2.62),

H(X;) = log|Xs| =1log[2""*] > n7s > n(ws — €). (2.65)
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For e € E, let U, be the codeword sent on the channel e. For all s € S
and e € Out(s), since U, is a function of the information source X,

H(Uout(s)| Xs) = (2.66)
Similarly, for all i € V'\S,
H(Uout(iy|Um()) = 0. (2.67)
From (2.1), (2.2), and (2.61), for all e € E,
H(U,) < log|U.| = log(ne + 1) < n(R +26).  (268)

For i € T, by Fano’s inequality (cf. [19], Corollary 2.48), we have

H(X ) [Ungiy) <1+ Ailog [ [T 1]

s€B(1)
=1+ AiH(Xﬁ(i)) (2.69)
<1+ EH(Xg(Z-)), (2.70)

where (2.69) follows because X distributes uniformly on X5 and X,
s € S are mutually independent, and (2.70) follows from (2.63). Then

H(Xpg3)) = I(Xa3); Um@y) + H(Xp0)|Utn(s))

S
N

< H UIn(z + 1+ EH(Xﬁ(l))

b)

< Z logne +1+6H(Xﬂ())
e€In(s

0

< n(Re +¢€) | +1+ eH(Xga)), (2.71)
eEIn( )

where

a) follows from (2.70);
b) follows from H(Z) <log|Z|, cf. [19], Theorem 2.43;
c) follows from (2.61).
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Rearranging the terms in (2.71), we obtain

H (X)) < 17— ( > <Re+e>+i>

e€lIn(i)

<2n Y (Re+e) (2.72)
e€In(7)

for sufficiently small e and sufficiently large n. Substituting (2.72) into
(2.70), we have

1
H , , l
(X5 [Um@) <n T2 > (Re+e)
e€In(7)
= n(z)l(nv 6)7 (273)

where
oi _ (1 2 R 0
i(n,e) = E_{— € Z( cte | —
e€ln(z)

as n — oo and then € — 0. Thus for this code, from (2.64), (2.65),
(2.67), (2.68), and (2.73), we have

H(Xs) =) H(X,) (2.74)

H(X,) > ne(i €), seS (2.75)
H(Uouy(s)| Xs) =0, s€S (2.76)
H(Uout(iy|Um@) =0, i€V\S (2.77)
H(U,) <n(R.+2€), e€FE (2.78)
H(Xgiy|Um@y) < nei(n,e), ie€T. (2.79)

We note the one-to-one correspondence between (2.74) to (2.79) and
(2.54) to (2.59). By letting Y; = X, for all s €S, we see that there
exists h € I}, such that

hys = Y hy, (2.80)
sES

hy, > n(ws —€), s€S (2.81)
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hUOut(s)lys = 0, se S
hUOut(i)|UIn(i) =0, ieV\S
hy, <n(R. +2), eckE

by, Uy < n@i(nse), i €T

By Theorem 14.5 in [19], fj\/ is a convex cone. Therefore, if h € I'},
then n~'h € T'y,. Dividing (2.80) through (2.85) by n and replacing
n~'h by h, we see that there exists h € fj\/ such that

hys =Y hy,

seS
hy,>ws —€¢, seS
hUOut(s)‘Ys = 0, se S
hUOut(i)|UIn(i) =0, i€V\S
hy, < Re +2, eckE

We then let n — oo and then € — 0 to conclude that there exists h € fj\/
which satisfies (2.54) to (2.59). Hence, R C Rout, and the theorem is
proved. O

2.4 Rrpp — An explicit outer bound

In Section 2.2.5, we stated the inner bound R;, on R in terms of I'},
and in Section 2.3, we proved the outer bound R,,; on R in terms
of fj\[. So far, there exists no full characterization of either I'}, or
fj\/. Therefore, these bounds cannot be evaluated explicitly. In this
section, we give a geometrical interpretation of these bounds which
leads to an explicit outer bound on R called the LP bound (LP for
linear programming).
Let A be a subset of Q. For a vector h € Hys, let

hy=(hz:ZcA).
For a subset B of Hys, let

projs(B) ={ha:h e B}
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be the projection of the set 5 on the coordinates hz,Z € A. For a subset
B of Hys, define

A(B)={h e Hp :0<h<h'for some h’ € B}
and
A(B) ={h € Hp : 0 <h < h' for some h' € B}.

A vector h >0 is in A(B) if and only if it is strictly inferior to some
vector h’ in B, and is in A(B) if and only if it is inferior to some vector
h' in B.

Define the following subsets of Hs:

C1= {hEHN:hYS:ZhYS}

sesS

Co = {h € Huy: hUouc(s)\Ys =0 for all s € S}

Cs = {h € Hy : sy, 1, = 0 for all i € V\S}

Ciy={heHyn:hy, <R forallee E}

Cs = {h € Huy: hyﬁ(i)|UIn(z‘) =0 for all ¢ € T}.
These sets contain points in Hs that satisfy the constraints in (2.48)
and (2.50) to (2.53), respectively. The set C; is a hyperplane in Hy .
Each of the sets Cy, C3, and Cs5 is the intersection of a collection of
hyperplanes in Har. The set C4 is the intersection of a collection of

open half-spaces in Hys. Then from the alternative definition of R’
(Definition 2.17), we see that

R' = A(projy,(Tiy NC1 NC2 N C3NCyNCs)).
and
Rin = con(A(projy,(I'y NC1 NC2 N C3 N CyNCs))).
Similarly, we see that

Rout = A(projy, (Tar N C1 N C2 N C3 N Cs N C5)). (2.86)
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It can be shown that if I'§, N (C1 N C2 N C3 N C5) is dense in fj\/ N
(Cl NCyNCsN C5), i.e.,

T5N(CiNCNC3NCs) =Ty N(CiNC2NC3NCs),
then
Rout = R’ C eon(R') = Rin,
which implies
Rin = Rout-
Note that (C; N C2 N C3 N Cs) is a closed subset of H . However, while
T ACcT,ne
for any closed subset C of H s, it is not in general true that
T nc=Tync

As a counterexample, it has been shown in [22] (also see [19], Theo-
rem 14.2) that T N C is a proper subset of I3 N C, where T denotes
I\ for

N ={X1,Xs, -, Xy}
and
C={hely:hx, +hx, =hix, x,),1 <<k <3},
To facilitate our discussion, we further define
iaar=ha — hya (2.87)
and
iaar)ar = hajar — hajaran (2.88)

for A,A’; A" € Qn. Note that (2.87) and (2.88) correspond to the
information-theoretic identities

I(A; A') = H(A) — H(A|A)
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and
I(A;A'A") = H(A|A") — H(A|A'A"),

respectively. Let I'ar be the set of h € Hs such that h satisfies all the

basic inequalities involving some or all of the random variables in N/,
ie., for all A,A", A" € Qy,

ha>0
haja =20
iaa >0

Z.A;AllA// > 0-

These inequalities are equivalent to the nonnegativity of all Shan-
non’s information measures (entropy, conditional entropy, mutual infor-
mation, and conditional mutual information). The significance of the
region ['ar is that it fully characterizes all the Shannon-type informa-
tion inequalities involving the random variables in A/, namely those
inequalities implied by the above set of basic inequalities. Since the
basic inequalities are satisfied by all joint distributions (i.e., h € I'}
implies h € T'yr) and that T'zr is closed, we have fj\/ C I'yy. Then upon
replacing fj\/ by 'y in the definition of R,,:, we immediately obtain
an outer bound on R,,:. This is called the LP bound, denoted by Rpp.
In other words, Rpp is obtained by replacing fj\[ by I'ar on the right
hand side of (2.86), i.e.,

Rip = A(projy,(Tx NC1NCaNC3NCsNCs)).

Since all the constraints defining Ry p are linear, Ryp can in prin-
ciple be evaluated explicitly, although the computation involved can be
nontrivial.

However, it has been shown in [23] by means of the discovery of what
is known as a non-Shannon-type information inequality that f;; =T,
for n > 4, so there is a potential gap between R,,: and Rpp. In short,
a non-Shannon-type information inequality is an outer bound on I'}
which is not implied by the basic inequalities. Specifically, it is proved
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in [23] that for any 4 random variables X, X, X3, and Xy,

21(X3; Xy) < I(X1;X2) + I(X1; X3, X4)
31X Xa| X1) + I( X3 Xa| Xo). (2.89)

We refer the reader to [19], Ch. 14, for a detailed discussion.

Now return to the question of whether there is indeed a gap between
Rout and Rpp. This important question has recently been answered in
[3], where it is shown by means of the non-Shannon-type inequality
(2.89) that Rrp is not tight for a particular multi-source network cod-
ing problem constructed from matroid theory. This result implies that
Rout is generally tighter than Rpp.

Nonetheless, it has been proved in [19], Ch. 15, and [20] that Rpp is
tight for all special cases of multi-source network coding for which the
achievable information rate region is known. These include single-source
network coding discussed in Part I as well as the models described in
[17][8][14][21][20]. Since Rpp encompasses all Shannon-type informa-
tion inequalities and the converse proofs of the achievable information
rate region for all these special cases do not involve non-Shannon-type
inequalities, the tightness of R p for all these cases is not surprising.



3

Fundamental Limits of Linear Codes

In Part I, we have shown that for single-source network coding, linear
codes are sufficient for achieving asymptotic optimality. It is not clear
whether this continues to hold for multi-source network coding. In this
section, we present a framework for discussion and explore a potential
gap between the asymptotic performance of linear codes and nonlinear
codes.

3.1 Linear network codes for multiple sources

We first generalize the global description of a linear network code in
Definition 2.5 of Part I for multiple sources. As in Part I, to facilitate
our discussion of linear codes, we assume that each channel has unit
capacity. Let I’ be a finite field,

w=(ws:s€59)

be a tuple of positive integers, and

0= Zws.

365
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Consider the space F®2. The information source generated at a source
node s is regarded as an ws-dimensional subspace of F%, denoted by W,
and it is assumed that the subspaces for different information sources
are linearly independent, i.e.,

WsN Wy =0 fors#s, (3.1)

where 0 denotes the zero vector.

As in Part I, the information source generated at a source node s is
modelled by w, imaginary channels terminating at the node s. We adopt
the convention that these channels are labeled by s(1),s(2),---,s(ws).

Definition 3.1. (Global Description of a Linear Network
Code) Let F be a finite field, and w = (ws : s € S) be a tuple of pos-
itive integers. For s € S, let W, be an ws-dimensional subspace of F
such that W, N Wy =0 for s # s’. An w-dimensional F-valued linear
network code on an acyclic network with respect to {WWs} consists of
a scalar kg for every adjacent pair (d,e) in the network as well as an
Q-dimensional column vector f. for every channel e such that:

(7.2) fe= Edeln(i) kg fd, where e € Out(i).

(7.3) For s € S, the vectors f1), fs2), " s fs(w,) for the ws imaginary
channels terminating at the node source node s constitute a
basis for the subspace W.

The scalar kg, is called the local encoding kernel for the adjacent pair
(d,e), while the vector f. is called the global encoding kernel for the
channel e.

We note that in the above definition, for given ws,s € S, the spe-
cific choice of the set of subspaces {W;} is not important. While it is
convenient to choose Wy for s € S and f. for all imaginary channels e
such that the latter form the natural basis for F*, in order to keep
the definition general and to facilitate subsequent discussion, we do
not impose this requirement. In fact, a linear network code as defined
in Definition 3.1 that does not satisfy this requirement can readily be
converted into one by means of a linear transformation.
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Introduce the notations
fs=1Fsy fs2) -+ Ts(w) ] (3.4)
for se€ S and
fEr = [felecr (3.5)

for F' C E. In (3.5), the matrix elements f. are put in juxtaposition.
This convention will be adopted throughout this section.

Definition 3.2. An information rate tuple
w=(ws:s€S9)

is linearly achievable if for some base field F, there exists an w’-
dimensional linear code on the network, where w’ > w (component-
wise), satisfying: For all i € T', for all s € 3(i), there exists an |In(7)| x
w! matrix G;(s) such that

Js= fIn(i) - Gi(s). (3.6)
The matrix G;(s) is called the decoding kernel at the node i for the
information source generated at the source node s.

3.2 Entropy and the rank function

In this section, we establish a fundamental relation (Theorem 3.4)
between entropy and the rank function of matrices. This relation is
instrumental for the discussion in the next section, where we explore
the asymptotic limitation of linear network codes for multiple sources.

Theorem 3.3. Let F' be a finite field, Y be an ()-dimensional
random row vector that distributes uniformly on F*, and A be
an F-valued © x [ matrix. Let Z = g(Y), where g(Y) =Y - A. Then
H(Z) =rank(A)log|F)|.

Proof. Let y € F® and z € F! be row vectors. Consider the system of
simultaneous equations

y-A=z
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with y being unknown and z fixed, and let S, denote the solution set
for a particular z. It is readily seen that Sy, where 0 denotes the zero
vector, is a linear subspace of F<.

For a particular z, S, may or may not be empty. For distinct z1,z2 €
range(g), i.e., both S, and S,, are nonempty, it is readily seen that

Szl n SZ2 = Q) (37)

Now regard the vectors in F together with vector addition as a
group, and hence Sy is a subgroup of F**. For a fixed z such that S, is
nonempty, consider any y € S;. Then it is easy to verify that

S,={y+y:ye€So}

Thus 53 is a coset of Sy with respect to y, and by the Lagrange theo-
rem (see for example [7]), |Sz| = |So|. It follows that |S,| is equal to a
constant for all z € range(g).

Finally, for all z € range(g),

Pr{Z =z} =Pr{Y €5.}
s
||
_ 15l
[P

which does not depend on z. Thus Z has a uniform distribution on
range(g). Since range(g) is a subspace of F! with dimension rank(A),
it follows that

H(Z) = log |F[FK@A) — pank(A4)log| F).

The theorem is proved. O

Before we proceed further, we first define a region in the entropy
space ‘H r which is closely related to the region I'},, where we recall
from Section 2.2.5 that

N={Y;:s€S;U,:e€ E}.

Let  be any integer such that 2 > 1. For each e € F, associate with
the random variable U, an unspecified {2-dimensional column vector
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denoted by vy, , and for each s € S, associate with the random variable
Y an unspecified © x ws matrix denoted by vy, (here vy, is regarded
as a collection of ws Q-dimensional column vectors). The use of these
unspecified vectors/matrices will become clear shortly. For A € Qr, let

VA = [UZ}ZGA-

A vector
h = (hA A€ Q/\/)

as defined in (2.46) is a rank function for a finite base field F' if there
exists a collection of column vectors {vz : Z € N'} in F such that

ha =rank(va) (3.8)
for all A € Qar. We then define the region

U = {h € Hpr : h is a rank function for some base field F’
and some 2 > 1}.

The possible gap between the asymptotic performance between lin-
ear and nonlinear codes, as we shall see, hinges on a gap between the
region W, and I'}, characterized by an inequality on the rank function
known as the Ingleton inequality [9]. We first establish the following
fundamental theorem.

Theorem 3.4. con(V},) C Ty, where con(¥%;) denotes the convex
hull of W3,

Proof. Consider h € U},. Then for some finite base field ' and some
Q2 > 1, there exists a collection of vectors {vy : Z € N'} such that (3.8)
is satisfied. Let

Y=Yy Yo

be an 2-dimensional row vector, where Y;, 1 <17 < are i.i.d. random
variables each distributing uniformly on F, so that Y distributes uni-
formly on F*. Define the random variable

Z =Y vy
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for every Z € N, so that for every A € Qy,

[Z]zea=Y -va.
Then by Theorem 3.3,

H(Z:Z e A) =rank(va)log|F]|. (3.9)
From (3.8) and (3.9), we have
ha =rank(vy) = (log|F|)'H(Z : Z € A),
or
(log|F\)ha=H(Z:Z € A).

This implies that (log|F|)h is an entropy function, or

(log|F|)h € 'y
Since fj\/’ is a convex cone,

heT)y.
Therefore, we conclude that
Ui C Ty
The proof is then completed by taking the convex hull in the above. O
3.3 Can nonlinear codes be better asymptotically?
Recall the notation
e = [fe]eeE/

for E' C E and introduce a similar notation

fS'/ = [fs]sES’

for S’ C S. For a linear code as defined in Definition 3.1, we observe
that the assumption (3.1) is equivalent to

rank(fg) = Zrank(fs),

ses
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while the requirement (7.2) is equivalent to

rank( finiuout(i)) = rank(finey)-
Furthermore, in Definition 3.2, the decoding requirement prescribed in
(3.6) is equivalent to

rank(f3(;um(i)) = rank(fin))-
Letting

Vy, = fs
for s € S and

vy, = fe

for e € E, and following Definitions 3.1 and 3.2 and the foregoing, we
see that an information rate tuple w is linearly achievable if and only
if for some finite base field F', there exists a collection of 2-dimensional
column vectors {vz : Z € N'}, where Q =3 _gws, which satisfies the
following conditions:

rank(vyy) = Zrank(vys) (3.10)

seS
rank(vy,) > ws, s€S (3.11)
rank(vy,,, ., uv,) = rank(vy,), s€S (3.12)
rank (Voy, ;) oou ) = rank(vuy, ), 1 € VS (3.13)
rank(vy, ) < ecE (3.14)
rank(vy, Ut ;) = rank(vUI“(i)), ieT. (3.15)

In other words, there exists h € ¥}, which satisfy the following
conditions:

hys =Y hy, (3.16)
ses

hy.

s

>ws, s€S8 (3.17)
hUOut(s)lys =0, sef ( )
MUty = 05 1€ VAS (3.19)
hy, <1, e€FE (3.20)
(3.21)

hYB(i)|UIn(i) = 0, S T,
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where (3.18), (3.19), and (3.21) follow because these equalities are
equivalent to
hUOut(s)UYS = hYS

hUOut(i)UIn(i) = hUIn(i)

and

Wy WUy = MUy

which correspond to (3.12), (3.13), and (3.15), respectively. If we allow
time-sharing of linear codes, then we simply replace the region W},
by the region con(¥},). The discussion above is summarized by the
following definition and theorem.

Definition 3.5. Let Rjjeqr be the set of all information rate tuple w
such that there exists h € con(V},) satisfying (3.16) to (3.21).

Theorem 3.6. An information rate tuple is achievable by time-
sharing of linear codes, possibly defined on base fields with different
characteristics, if and only if w € Rineqr-

By setting R. =1 in (2.58), (3.16) to (3.21) become exactly the
same as (2.54) to (2.59). Invoking Theorem 3.4, we see that

Rlinear - 7?/oub

which is expected.

The regions R;, and Ry are in terms of I'}, and fj\/, respectively,
while the region Ripeqr is in terms of con(¥},). Let A and B be any
collections of vectors. It is well known that the rank function satisfies
the following properties:

P1. 0 <rank(A) < |A|.
P2. rank(A) <rank(B) if A C B.
P3. rank(A) + rank(B) > rank(A U B) + rank(A N B).
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In addition, a rank function also satisfies the Ingleton inequality [9]:
For any collections of vectors A;,i =1,2,3,4,

rank(Aj3) + rank(Aj4) + rank(Ass) + rank(Agy) + rank(Asq)
> rank(As) + rank(A4) + rank(Aj2) + rank(A134) + rank(Aasg),

where A3 denotes A7 U Ag, etc.

It has been shown in [23] that there exists entropy functions involv-
ing 4 random variables which do not satisfy the corresponding Ingle-
ton inequality for entropy functions. The gap between con(¥},) and
I'\s so implied indicates that for certain multi-source network cod-
ing problems, Ro,+ may be strictly larger than Rpipeqar, Opening
up the possibility that nonlinear codes can outperform linear codes
asymptotically.

In fact, examples have been reported by various authors that non-
linear codes can outperform linear codes [12][13][4][11][5]. In particular,
it is shown in [5] that there exist multi-source network coding problems
for which nonlinear codes can outperform very general forms of linear
codes, including mixtures of linear codes discussed here. This shows
that there is indeed a gap between Rrineqr and Rouyt-



Appendix A

Global Linearity versus Nodal Linearity

In this appendix, we define global linearity and local linearity of a
network code based on the first principle. We shall show that global
linearity implies local linearity. This justifies the generality of the local
and global descriptions of a linear network code on an acyclic network
in Definitions 2.4 and 2.5 of Part 1.

Definition A.1. (Global Linearity) A network code on an acyclic
network is globally linear if the global encoding mappings f.,e € E are
all linear, i.e.,

felarz + asas) = ar fe(z1) + az fe(w2), (A1)

where x1 and x5 are row vectors in F“ and aq,as € F.

Definition A.2. (Local Linearity) A network code on an acyclic
network is locally linear if the local encoding mappings k.,e € E are all
linear.
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It can easily be seen by induction that local linearity implies global
linearity, but the converse is not immediate. We shall prove that this
is indeed the case.

We shall need a few preliminary results. We begin with the following
lemma whose proof is elementary, but we nevertheless include it so that
the reader can compare it with the proof of the next lemma.

Lemma A.3. Let g: F™ — F, where F denotes the linear space
of F-valued m-dimensional row vectors. Then g is linear if and only if
there exists an F-valued m-dimensional column vector a such that

9y)=y-a
for all y € F™.

Proof. 1t is clear that if g(y) =y - a for all y € F™, then g is linear. We
only need to prove the converse. Let u; denote the row vector in F"
such that the kth component is equal to 1 while all other components

Y=Y Ykt
k

where y;, is the kth component of y. Then

9y) =g (me)

k

= Zykg(uk)'
k

Upon letting a be the column vector [g(ug)]|, we have

are equal to 0. Write

9(y) =y - a,

proving the lemma. a

This lemma has the following less trivial generalization.

Lemma A.4. Let g: S — F, where S denotes a subspace of row vec-
tors in F. Then g is linear if and only if there exists an F-valued
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m-dimensional column vector k such that

9y)=y-k
for all y € S.

Proof. Again, it is clear that if g(y) =y - k for all y € S, then g is linear.
So we only prove the converse.

Denote the dimension of S by k. Let {u1,---,us} be a basis for S
and let U be the x X m matrix with the rows being u1,---,u, in this
order. Then y € S if and only if

y=w- U

for some row vector w € F*. Since U is full rank by construction, it’s
right inverse, denoted by U, ! (m x k), exists, and we can write

w=vy- UL
Define a function g : F* — F' such that
g(w) = g(w - V).

Since g is linear, it can readily be verified that so is g. Then by
Lemma A.3,

Jw)=w-a
for some column vector a € F*. Hence,

9(y) =g(w - U)

(w)

Il
Qe

I
g

—~

y-U') -
y- (U - a).

Upon letting k = U,~! - a, we have

9(y) =y k,

proving the lemma. m|

This lemma has the following immediate matrix generalization.
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Corollary A.5. Let g:S — F' where S denotes a subspace of row
vectors in F™. Then g is a linear transformation if and only if there
exists an F-valued matrix K with dimension m x [ such that

gy) =y - K

for all y € S.

Now consider a globally linear network code and any non-source
node i. Let K; be the local encoding mapping at ¢, i.e.,

(fa(x),d € In(0)) = (fe(x),e € Out(i)).

Introduce the notations

Fin(y (@) = [fa(@)aem

and
fn() = [falaem@)

where fln(i) (7) and fi,(;) are row vectors, and recall that f; denotes the
global encoding kernel of the channel d. In a similar fashion, fOut(i) (x)
and foue(;) are defined. It is easy to see that {fln(i) (x) : x € F¥} forms
a subspace (of row vectors) in FI™®! In other words, K; is a mapping
from a subspace of FIl@l o plOut@)],

We now show that encoding mapping K; is linear. Let

i = fu(i) (%)

for j = 1,2. Then for any c1,cs € F,

Ki(ciyr + c2y2) =

=h

i(c1finery(@1) + 2 fin(r) (22))
i(fin(r) (c1m1 + caw2))
out(T)(c171 + caT2)

1foutery (1) + cafousry(@2)
f(i(fln(T)(ﬂfl)) + szfi(fln(T) (72))
ffz(@h) + C2I~Q(y2)-

[ .
5} K""I Nl

C1
1
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Thus K, is linear. Hence, global linearity implies local linearity.
Now since K; is linear, by Corollary A.5, there exists an |[In(7)| x
|Out(7)| matrix K; (encoding kernel for the node ¢) such that

9i(y) =y K;

for all {fln(i) (z) : x € F¥}. Then for any row vector x € F| we have

= Jou ()
f((fm (i) (2))
Fin(i
(

€T - fOut(

) () - K
fIn(z ) A
(fln(z ’ z)'

Since the above holds for every x € F“| it implies that

fOut (?) — fIn - K,
or for every e € Out(T),
Z kd,efe-
den(T)

This justifies Definition 2.5, and we have shown that this definition as
well as Definition 2.4 define the most general linear network code on
an acyclic network.
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