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Calculation of Bit-Error Probability for a Lightwave
System with Optical Amplifiers and Post-Detection
Gaussian Noise

Dietrich Marcuse, Fellow, IEEE

Abstract—This paper is an extension of the analysis presented in a
previous paper [1] which dealt with the bit-error probability of a light-
wave communication system whose noise contribution was exclusively
attributed to spontaneous emission noise of optical amplifiers. In ad-
dition, the earlier theory was based on a nonreturn to zero (NRZ) mod-
ulation format with zero signal power assigned to logical ZEROES. The
present paper extends the earlier theory in several ways. Now, the op-
tical pulses can be much shorter than the bit period (solitons), the power
level of logical ZEROES need not vanish, and the thermal noise of the
post-detection electronic circuit is taken into account.

I. INTRODUCTION

N an earlier paper [1] we outlined the derivation of the bit-

error probability for a lightwave communication system in-
cluding optical amplifiers whose spontaneous emission was the
only source of noise in the system. In addition, we assumed that
logical oNEs filled their time slot of length 7 completely and
that there was no signal present in the time slot of a logical
ZERO.

The present paper is an extension of the earlier paper based
on the same mathematical technique but including Gaussian
noise originating after the optical signal has been converted to
an electrical current. This noise could be thermal noise, shot
noise, or a combination of both. Next, we no longer assume
that the pulse representing a logical oNE fills its time slot com-
pletely. The signal may be much shorter than T, as it would be,
for example, in the case of soliton transmission. Finally, logical
ZEROES need not be represented by the absence of a pulse but
may simply be weaker than pulses representing logical ONES.
The shape and duration of the pulses do not affect the bit-error
rate since only time averages over one bit interval enter the final
results.

As in [1], we express the amplified spontaneous emission
noise as a Fourier series that extends only over the interval T
of one bit. The signal pulse is represented in the same way. This
mathematical device has the advantage that the sine and cosine
functions used for series expansions of signal and noise are or-
thogonal over one bit period, simplifying the analysis of the
““integrate and dump’’ receiver which consists in temporal in-
tegration of the signal and noise over the bit interval 7. *‘Inte-
grate and dump’’ is a special kind of filter which, in many ways,
is analogous to an electrical low-pass filter with a bandwidth,
B, = 1/(2T). A discussion of the approximation involved in
expressing the time functions as Fourier series expansions over
one bit interval is given in the Appendix.
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II. DERIVATION OF THE CHARACTERISTIC FUNCTION

We describe the optical electrical signal as a time function
E. (1) and the amplified spontaneous emission noise as a cor-
responding function e, (7). These functions are to be under-
stood as the real quantities that are present at the input to the
photodetector, such that the short-time averages (indicated by
overbars) of their squares are proportional to the corresponding
optical powers

P, = QE; (1)
and
PLsp = inp (2)

They are also proportional to the photocurrents at the output of
the detector

9 Go)
I, =9 =P, = KE; 3
s ﬂhf Ls 5 ()
and

1.\'[1 = PL&'[) = Kzfp' (4)

1
1 hf
In these equations, 7 is the quantum efficiency of the detector,
h is Planck’s constant, ¢ is the magnitude of the charge of the
electron, and f is the carrier frequency of the pulses. The con-
nection between the constant Q in (1) and (2) and the constant
k appearing in (3) and (4) is

K=n%,Q- (5)

A schematic diagram of the lightwave communication system
envisioned for the purpose of this study is shown in Fig. 1. The
analysis of the bit-error probability simplifies considerably if
we expand the signal and amplified spontaneous emission noise,
appearing at the input to the photodetector, in Fourier series
over the bit-time interval T

E(r)= 2 & (6)

and
e, (1) = _Z c, e’ (7)

with
v, =22 (8)
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Fig. 1. Schematic of a lightwave system with optical amplifiers.

According to the schematic in Fig. 1, the light passes through
an optical filter of bandwidth B, prior to entering the photo-
detector. This filter may be either a real optical device placed
at the end of the transmission system or it may be a virtual filter
representing the band limiting influence of all the amplifiers
present in the lightwave system. For the purpose of this analysis
the filter is modeled as an ideal bandpass whose transfer func-
tion has unit magnitude inside the passband (its phase drops out
of the analysis) and is zero outside of it. In the Fourier series
representation, the filter covers the range from » = v, tov = »,
with

M=v,—v +1=B,"T (9)

Since E(#) and e, (+) are assumed to the real quantities, the
corresponding filtered functions (indicated by a carat) can be
expressed as

E(1) =2 2 &, cos (w,f + ¥,) (10)
and
ép(1) =2 2 ¢, cos (w1 + ¢,) (11)
with the definitions
g, =8 (12)
and
¢, =ce" = ¢, +ic, (13)
and with
I R (14)

We substitute (10) into (3) and take the time average over
one bit period T with the result

I, =2K 2 & (15)

The corresponding time average of the amplified spontaneous
emission noise current (4) is

¢l =2K 2 (ck +cd).

v=uw|

(16)
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However, since the spontaneous emission noise represents a
broad spectrum of random noise we may assume that, on av-
erage, the squares of the real and imaginary parts of the expan-
sion coefficients ¢, are identical and are, furthermore,
independent of the label » in the interval », < v < »,

(er)y = (i) = ol (17)

with ¢2 indicating the variance of the real and imaginary parts
of ¢,. We are thus permitted to write (16) as

1, = 4KMo?. (18)
P

For simplicity, we do not change the notation of I, even though
it is now understood to represent a temporal as well as an en-
semble average.

The output of the ‘“integrate and dump’” circuit is the random
variable

_KST £ 4o Vd 19
y_TO(A'{'er) t+y1h ( )
with
LT
Y = }S 1, (1) dr. (20)
0

The constant K in (19) was introduced in (3) and (4) and [, is
a current that represents the thermal noise contributions of the
electrical circuit and, possibly, shot noise contributed by the
photodetector. For our purposes, 1, is simply a Gaussian ran-
dom variable so that its contribution to the output of the *‘in-
tegrate and dump’’ circuit y,,, is also a Gaussian random variable
[2] with zero mean and with the variance
U,\zvm = (i?h>/T (21)
where (i%) represents the average of the squared (thermal)
noise current per unit bandwidth in units of A*/Hz.
Substitution of (10) and (11) into (19) yields, with the help
of (15)
v2

y=1I +2K 2 [c}, +c}

v=w

+28,(cpcos Y, + ¢, sinY)] + v (22)

The probability density W ( y) of this function is required to
compute the desired bit-error rate. However, it is more conve-
nient to compute the characteristic function, that is the Fourier
transform of the probability distribution [2]

G(§) = g N W,(y)e™ dy. (23)
The characteristic function can be regarded as the average of
the function exp (iy¢). The advantage of using the character-
istic function for computing W( y) consists in the fact that, ac-
cording to the rules of probability theory, the average of exp
(iy¢) can be computed by using the known (Gaussian) proba-
bility distributions of the coefficients ¢,, and ¢;, and the Gauss-
ian probability function of y,. All ¢,, and ¢;, have the same
probability distribution which is completely determined by their
mean values and their variances o2, The Gaussian probability
distribution of y,, is likewise determined by its zero mean and
its variance (21). Since the ¢,,, c,,, and y,, are all statistically
independent, the total probability distribution is the product of
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all the individual probability distributions. These considera-
tions permit us to express the characteristic function as follows:

eil\E

@2m)"" oMo,

G(§) =

o

v2 1 .
. V{[VI {Sim exp [(—Zg + 21K£> c?

+ 4iK8 ¢c, cos %] dc,}

o

v2 1
. pgm {S_m exp 1:(——27‘2 + 2iK£> e}

+ 4iK§ £c; sin ¢,] dc,}

® 2
Vi .

' S exp [_2 : + lgy/h] dyy,. (24)

—> O h
The integrals in (24) can be found in tables [3]. Using (15) and
(18) permits us to write down the following explicit expression
for the characteristic function:

]xlxp 2’
M — inpE i

<1 - AL/IIS”E>

III. APPROXIMATE SOLUTION FOR THE PROBABILITY
DENSITY

exp {—

G(¢) =

(25)

The probability density is obtained as the Fourier inverse of
the characteristic function [2]

L,
« PN\ TM e ¢ >

—oo i M
(1 - A—41Sp£>

W = o |

Qs

1 ;
" exp <—§ of,hé2> R N )
By using the transformation
I
=1-i2 27
u tMé (27)
this integral can be written in the form
M 5’1+iov ‘
W, — F(uy di 28
) = g e (28)
with
M I
F. = = — 3 — —
S (u) I <y u>(u 1) -Mlnu
L/M N 2
+ i <1Tp 0),,;,) (u — 1) . (29)

An exact solution of this integral seems hard to obtain. How-
ever, a very good approximation can be worked out by the well
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known method of steepest descent [4] which requires us to find
the stationary point u, of F(u). Thus, we must solve the equa-
tion dF /du = 0, which can be written in the form

I bi ol
2 Y P s v 2
~—u———+M u—1)=0. 30
ull uI, I lllu( ) (30)

p

As written, all variables have been expressed as ratios relative
to the level I, of the average current of a logical ONE. The sym-
bol I, represents either I, itself or the average current of the
signal level in a logical zErRo. The ratio of /; relative to the
average level of the amplified spontaneous emission noise /, as
measured at the input of the photodetector, represents the op-
tical signal-to-noise ratio

P I,

R=-*=-"
SNR = ot =7

sp

(31)

The third-order equation (30) can be solved exactly. How-
ever, computationally it is actually easier to use the iterative
Newton method for finding the stationary point u = ug. If the
iteration is started with a large value, for example u = 10, con-
vergence to the desired result seems assured. Once the station-
ary point is known, the approximate solution of the integral (28)
is [4]

eF\(uu)

w(y) =2 (32)

L 5 d’F,
" duz u=uo

Instead of expressing g, F,(ug), and (d°F,/du*),-,, as
functions of the random variable y, it is computationally easier
to reverse the situation and express y as well as F| and its second
n-derivative in terms of u,, so that we have

y—Il(rul(z);—: MLOI;—T—M%(%—I)W (33)
F(up) = M[ln— + ”Ou; L é‘““;s D’
_%%(uo— 1)2} (34)

The steepest descent approximation is very accurate. Its re-
sults can be compared with the exact solution of (28) in three
special cases. For 0., = 0 and I, = 0 the solution is listed in
{1]. In this case, the approximation consists in replacing M! by
the first term of Stirling’s formula [5]. For ¢,, = O and I, # 0
the exact solution [6] is listed in the Appendix of [1]. Compar-
ison for a number of representative SNR values has demon-
strated that the percentage error of the steepest descent
approximation is consistently less than 1%. For the special case
that all random fluctuations are provided by thermal noise, I,
=0, I, # 0, the steepest descent approximation yields the exact
Gaussian probability formula.

IV. BIT-ERROR RATE AND OPTIMAL DECISION LEVEL

We use the notation W, ( y) to indicate the probability density
of the average current y for a logical ONE, that is for [, = I,.
The corresponding probability density for a logical zero, I, =
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Iy, is designated as W, ( y). The probability for mistaking a log-
ical oNE for a logical ZERO is

¥d e dy
P = S Wi(y)dy = S <_d~> W (uo) dug  (36)
—oo “d Uy
with y, indicating the (as yet unknown) optimal decision level
of the average detector current y, while u;, = uy(y,). The
probability for mistaking a logical zERoO for a logical ONE is

@ U
Py = S Wo(y) dy = S <_jl> Wo(uo) dug  (37)
Yo [} Ugy
with u,, = uo(y,). The values of u,, and u,, are different from
each other and follow from (33) with I, = I, or I, = [, for a
given value of y = y,.
Using (32) through (37), we can express P, = P, and P, =
P, by the following approximation

M S 21 1 T
P = |— S M — Pl g
s 27 Ju \/ua I, u 2 ¢ o

sp

(38)

F,(uy) is given by (34). The label s assumes the values 0 or 1
in accordance with the association of /; with the average signal
current for a logical ONE or a logical zEro. The integration lim-
its u;, and u,, depend on the label s in accordance with (36)
and (37). We have

Ug) = Ugy, Usy = ) fors = 1

u fors = 0. 39)

s1= 0, u = uy

Assuming equal probability, 1/2, for the occurrence of a log-
ical ONE and a logical zERO, the bit-error rate is

BER = (P, + P,)/2. (40)

The optimum decision level is obtained by requiring that BER
assumes a minimum value. Since the derivatives of P, and P,
with respect to y are just the probability densities W, (y) and
Wy (y), the optimum decision level y = y, is obtained as the
solution of the equation

Wi(ya) = Wolya). (41)

Solving this equation requires that we express W, and W, by
means of (32), using (34) through (35). Next we must search
for values of u,, and u,, such that the corresponding y = y,,
obtained from (33), satisfies (41).

The integral in (38) can probably not be evaluated exactly.
A numerical solution is not hard to compute. However, a sat-
isfactory approximation can be obtained as follows. We write
the integral in the form

M Us2
P, = f— S e dy
271' us1

7.
+ Ly M‘—'h>. (43)

(42)
with
G,(u) = F,(u) + % In <

Since the probability of finding y near the optimum decision
level y, must be low, the exponential function exp [ G, (u)] must
vary rapidly near y = y,, or near one of the corresponding in-
tegration limits, for example, ¥ = u,,. In other words, at the
integration limit, u;, = u,,, the integrand assumes its maximum
value and falls very steeply as the integration variable moves
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away from u,, deeper into the integration range. This means that
the principal contribution to the integral comes from the region
of the immediate vicinity of u = u,,. This permits us to expand

dG,
Gs(”) = Gs(uds) + d— (u - ud.\) (44)
u
and to approximate the integral as
exp | G, (uys
P, = M P[ (d)]. (45)
2 dGs(ud.\')
du
Introducing the abbreviations
I 0_\2-1/. 3
A==2—‘—+ud‘+M—2u’d‘ (46)
I, I,
and
I
B, =3 + uy (47)
sp
we can express the probability P, as follows:
MA, exp | F,(uy)
P, = }2 : LF (e} (48)
U s -1 B,
U s 5 MA\ + s
Uy Uys A

In this formula, the label s is either s = 1 for the probability of
making an error in identifying a logical ONE, or s = 0 for an
erroneous identification of a logical ZERO. The parameter u,, is
the solution of (33) for y = y, where y, must be adjusted to be
the solution of (41). It is thus clear that the evaluation of the
bit-error rate requires a fair amount of numerical computation.
Many of our formulas contain the parameter /, in the denom-
inator. Thus, when we consider the case of pure thermal noise,
I, = 0, it is necessary to evaluate our results as the limit /,, —
0. It is straightforward to show that, in this limit, (32) results
in a Gaussian probability distribution with mean value I and
variance ¢2,. The optimal decision level is found to be

Yo = (I + 1)/2 (49)
and (46) through (48) resuit in
1 )
P, = e (17202 50
= Taro (50)
with
I — 1
0="— (51)
Oyih

These are indeed the results to be expected for random Gaussian
noise.

V. GAUSSIAN APPROXIMATION

The optical electric field of the spontaneous emission noise
has a Gaussian probability distribution. However, after detec-
tion the noise contributions to the detected current consist in
beats between the signal and the amplified spontaneous emis-
sion noise [the terms in ¢,, and ¢;, in (22)] and in noise-noise
beats [the second-order terms in c,, and ¢;, in (22)] of the spon-
taneous emission with itself. Since the signal is not a random
variable, the signal-noise beats retain the Gaussian probability
distribution. But the noise-noise beats by themselves have a chi-
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square distribution which becomes Gaussian only in the limit of
M= o,

Our analysis of the bit-error rate, including rectified optical
spontaneous emission and additive Gaussian noise, shows the
complexity of this problem. Thus, it is tempting to ignore the
true nature of the statistics and pretend that all random fluctua-
tions of the detector current obey Gaussian statistics. This ap-
proach is indeed often followed [7], [8] when only an order-of-
magnitude estimate of the bit-error rate is desired. Since the
Gaussian statistics is uniquely determined by the mean value
and the variance of the time-averaged detected current y, it is
sufficient to know these quantities to be able to formulate the
bit-error rate in the Gaussian approximation. The mean and
variance of y can be obtained from derivatives of the character-
istic function (25) without any further approximation [2]. From
(25) we obtain

3G, ~
(v _1<6£ >s:o I+ 1, (52)
and
2 _ _ N G, _ 2
o= (- o)y = = (58) -
= %4[\/)(215 + Isp) + 0\:th' (53)

We use the symbol s,, for the variance of v to avoid confusion
with the variance of the thermal noise portion of the time-av-
eraged detected current. With these quantities we can write
down the Gaussian approximation of the probability density of
v

Wes(.\') =

Sl <""‘>)_]A (54)

.
253

1
X -
rs. P {

To determine the optimal decision level, we compare the ex-
ponents of W, and W, for y = v, and obtain

(3 )seo + {xo)sa
yy=———.

S0+ S (35)
This value is not quite exact since the variances s, and s, . that
appear in the denominator of (54), are not identical. However,
the exponential function varies so rapidly near v = y, that only
a small error results from our approximation.

Using again the approximation that leads to (45). we obtain
from (40) the following formula for the bit-error rate in Gauss-
ian approximation:

1

BER = -1 °2)Q*
ﬂQe (56)
with
vy = O
Q= Svo T Sy ' (57)

VI. NUMERICAL EXAMPLES

In order to be able to compute numerical values of BER. using
(40) and (46) through (48), we need to know several experi-
mental quantities. The most important quantity is the optical
signal to (spontaneous emission) noise ratio (31) and the ratio

Ry = L/1, (58)
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of the average current in a pulse representing a logical ZERO to
the average current in a logical oNE. These quantities are used
to compute the probabilities P, and P, from (48) and BER from
(40).

So far we have assumed that the spontaneous emission noise
is polarized in the same direction as the signal light. For un-
polarized noise the number of terms in the Fourier expansion
of spontaneous emission noise doubles, since there is now an
additional degree of freedom for each spectral component. This
doubling of noise components does not affect the Fourier ex-
pansion of the signal and it also does not affect the signal-noise
beats since the signal beats only with noise in its own polar-
ization state. It is easy to see that in (25) the quantity M appears
only in connection with noise-noise beats in the combination
I,/ M so that this ratio is actually constant since /,, doubles if
an additional noise component with the opposite polarization is
added. This means that we must modify (9) to read

M=pBy- T (59)

with p = 1 for polarized noise and p = 2 for unpolarized noise.

Finally, it is necessary to know what value to insert for the
variance of the additive Gaussian noise which is introduced after
photodetection. Equation (21) gives a prescription for comput-
ing the variance of the Gaussian noise component in terms of
the square-averaged current associated with this noise per unit
bandwidth and per time interval 7. If there is negligible detector
shot noise, so that ¢, is totally associated with thermal noise,
we may use the Nyquist relation for matched circuits [2]

(i) = kT/R (60)

with & = 1.38 x 107?* J/K and T, indicating the temperature
in degrees Kelvin. R is the impedance of the detector circuit.
For our examples we use R = 50 Q. Thus, we have from (21)

, kT,

U_:r/z -

RT (61)

If instead of an “‘integrate and dump’’ circuit an electrical low-
pass filter of bandwidth B,; is used, we may replace

T=1/(2B,.). (62)

Our choice of R = 50 Q for the impedance of the detector
circuit is, of course. purely arbitrary and by no means an opti-
mum. Good optical receivers have high-impedance *‘front
ends'” which, according to (60). reduce the amount of thermal
noise.

If the additive Gaussian noise of the photodetector includes
significant amounts of shot noise. the variance (61) would have
to be augmented by an additive term to take this into account.
Furthermore, we would need a different value of ¢, for logical
ONESs and logical ZEROES. since the amount of shot noise would
depend on the nature of the received signal. For this reason, we
would have to attach the index s to the variance of the Gaussian
noise and use different values of ¢,,,, for ONES and ZEROES in
(46) and (53).

Because of the large number of parameters it is impossible to
give comprehensive graphical representations of BER for all in-
teresting cases. In [1} we presented graphs of BER as functions
of the normalized signal-to-noise ratio for several values of the
product B, * T. In this paper we want to highlight the influence
of additive thermal noise, since it is the most important new
feature that has been added to the theory. To do this. we plot
the quantities of interest as functions of the average optical sig-
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nal power (averaged over the bit period 7 of a single time slot)
measured at the input to the photodetector. The relation be-
tween optical power and detector current is given by (3). We
use a quantum efficiency of 100%, n = 1. The bit period is T
= 0.4 ns (2.5 Gb/s) and the wavelength is A = 1.55 pm in all
cases. For small optical input powers, thermal noise predomi-
nates, while the curves saturate for large input power.

Fig. 2(a)-(d) show the normalized optimum decision level
(v, — Iy)/(I, — Iy) as a function of the average optical input
power P, (pulse power in a logical ONE averaged over one time
slot) for several values of the optical signal-to-noise ratio. The
value of M = pB,, - T is different for each figure but Ry, =
I,/1, = 0 applies to all figures. In viewing these figures it should
be remembered that the spontaneous emission noise power is
decreasing simultaneously with the light power since SNR is
kept constant. For the same reason the curves level off for large
input power as the amplified spontaneous emission noise over-
whelms the thermal noise. For large SNR the normalized de-
cision level approaches 1/2 as the input power to the
photodetector approaches zero. For small values of SNR the
normalized optimal decision level exceeds 1 /2 since, according
to (52), the spontaneous emission noise makes a significant con-
tribution to the average signal level which is now significantly
higher than /; and /,, so that the decision level is pushed up as
well.

Fig. 3(a)-(d) are similar to Fig. 2, except that now the ratio
of the average current in a ZERO to the average current in a ONE
is I,/I, = 0.1. These curves look very similar to those in Fig.
2. The most important difference consists in the fact that the
level of the normalized curves in Fig. 3 is somewhat higher than
that of the curves in Fig. 2 since we now have significant signal-
noise beats also for the ZERoO level.

The logarithm of the bit error rate is plotted in Fig. 4(a)-(d)
for I,/I, = 0 as a function of the optical power at the input to
the photodetector. The pulse power is averaged over the time
interval of one bit representing logical ONEs.

Let us emphasize that it is important to remember that the
shape and duration of the pulses does not influence the bit-error
rate since only the time average of the pulses, taken over the
bit interval 7. enters the final result.

The value of M = pB,, - T varies from Fig. 4(a) to (d) from
1 to 50. The solid curves represent the result of the full theory
of this paper while the dotted curves represent the Gaussian ap-
proximation. We see that the Gaussian approximation overes-
timates the bit error rate by as much as one order of magnitude
(remember that the logarithm is plotted in the figures).

The rise of the bit-error rate curves for small input powers is
caused by the thermal noise of the detector circuit. The details
of this part of the curves depend in our assumptions of the cir-
cuit impedance (50 Q in our case) and on whether the noise is
of thermal origin or is augmented by shot noise of the photo-
detector, which is not included in our examples. However, as
P, increases, the influence of thermal and shot noise decreases.
The asymptotic values for large P, seen in Fig. 4 (and Fig. 5)
represent the limiting case where the noise is completely dom-
inated by amplified spontaneous emission.

At first glance it may appear odd that much smaller values of
SNR are required to achieve a given bit-error rate as the value
of M = pB,, - Tis increasing. To understand this behavior it
is important to remember that the amount of spontaneous emis-
sion noise arriving at the detector increases linearly with in-
creasing bandwidth of the optical filter so that, for fixed signal
power, SNR decreases with increasing values of M. However,
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Fig. 2. Normalized optimal decision level as a function of light power in
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Fig. 5. Similar to Fig. 4(a) through (d) but for /,/I, = 0.1.

increasing the filter width does not increase the signal-noise
beats, provided all of the frequency components contained in
the signal spectrum can pass the optical filter. The signal beats
with the noise only with those frequency components that carry
signal power. However, with increasing M the noise-noise beats
increase so that the BER becomes relatively poorer even though
noise-noise beats are not as effective as signal-noise beats in
degrading the bit-error rate.

The bit-error rate curves in Fig. 5(a)-(d) are very similar to
those of Fig. 4 except that now I,/I, = 0.1. There are two
important differences between Figs. 4 and 5. If the power level
in logical ZEROES does not go down to zero, I, > 0, a higher
signal power is required in the logical ONEs to achieve the same
bit-error rate. Secondly, the Gaussian approximation is consid-
erably better in this case because signal-noise beats, occurring
also at the ZEro level, have Gaussian statistics and carry more
weight than noise-noise beats.

VII. CONCLUSIONS

We have derived an accurate theory for the bit-error rate of
a lightwave system incorporating optical amplifiers so that the
system noise is a combination of amplified spontaneous emis-
sion and additive thermal (or other Gaussian) noise generated
in the electrical detector circuit. The bit-error calculation is
based on pulse modulated light signals. However, the pulses
need not occupy the entire length of the time slot, their shape
and duration is arbitrary, so that the theory applies, among other
cases, to soliton transmission. The only quantity of interest is
the time-averaged power (averaged over one time slot) appear-
ing at the input of the photodetector. Finally, we permit logical
ZEROES to carry nonvanishing light power.

This theory, an extension of earlier work [1], [9], is consid-
erably more complicated due to its greater generality. Its eval-
uation requires the numerical solution of transcendental
equations, but it does not require numerical integrations.

The results of this theory are compared with the much simpler
Gaussian approximation. We find that the Gaussian approxi-
mation can overestimate the bit-error rate by an order of mag-
nitude if the signal power vanishes for logical ZEROES. The
agreement between the Gaussian approximation and the more
complex theory becomes better when the pulse power of logical
ZEROES does not vanish. However, for given average pulse
power in logical ONES this mode of operation results in a higher
bit-error rate.

The implications of the theory are illustrated by a number of
numerical examples that are plotted in Figs. 4 and 5.

APPENDIX

In this Appendix we discuss briefly and qualitatively the im-
plication of our practice of expanding the time functions (10)
and (11) as Fourier series over the base domain 7, where T is
equal to the bit interval and also the time interval over which
the detected signal is integrated. Inside of this base interval the
Fourier series represents the function correctly (disregarding a
possible Gibbs phenomenon at the boundaries of the domain).
But the Fourier series expansion has the property of forcing the
function that it expresses to become periodic with period T, so
that the autocorrelation function of a random process also be-
comes periodic. As long as we are interested in the function
only within the preselected bit time interval 7, the enforced pe-
riodicity outside of this interval poses no problem. For exam-
ple, if we are dealing with random noise of very large bandwidth
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and a correlation time that is much shorter than 7, the noise
elements in adjacent intervals of length T are statistically in-
dependent, so that we are justified in concentrating on a single
interval. However, if the noise is filtered prior to detection, the
filter enforces correlations on the output signal so that the noise
in one time interval depends on the noise in at least the imme-
diately preceding interval. In that case we may not be allowed
to concentrate on just one time interval.

This discussion makes it clear that we should be concerned
with the correlations existing in filtered random noise. But if
the correlation imposed by the filter turns out to be negligible,
we may concentrate on a single time interval, disregarding
neighboring intervals and expand our function in a Fourier se-
ries over just this time interval.

According to (19) the time-averaged detected current con-
tains two random components (disregarding the additive ther-
mal noise term y,,). One is the noise-noise beat term, ¢, - ¢,
(which we shall mention briefly at the end of this discussion),
the other is the signal-noise beat term, E, . é,,. This latter con-
tribution can be analyzed easily, since E; is a deterministic
function and only the filtered noise, é,,, 1s a random function.
We concentrate on the essential part of this random signal and
investigate the correlation of

1 L+ T
w=r ema (A1)

1

obtained in two adjacent time intervals of length 7. The y func-
tions in the two adjacent intervals are designated as y, and y,.
Since we are concerned with correlations introduced by the op-
tical filter of bandwidth B, we must now use a Fourier series
expansion over a very large time interval 7 which approaches
oo. This analysis consists in substituting the series expansion
(11) into (A1), except that T in (8) is now replaced with the
much larger time interval 7. We use once more the ideal square-
shaped filter that was used throughout this paper. In addition,
we assume that the Fourier coefficients at different frequencies
are mutually uncorrelated. This latter assumption is correct for
unfiltered random noise and is not changed by multiplying the
spectral noise components with the transfer function of the fil-
ter. A straightforward analysis yields the following expression
for the correlation coefficient

Bop* T
2
—5 sin’® (mx) cos (2mx) dx
(nya) SO *

TTTOh O

Bopi - T 1
.2
= dx
SO 3 sin (7x)
(A2)

Fig. 6 represents a plot of the correlation coefficient as a
function of the product B, * T which shows how rapidly the
correlation coeflicient decreases from unity to small values. In
any practical lightwave system we will always have B, - T =
1 so that we can be assured that r < 0.05. Thus, there is very
little correlation between the time-averaged noise contributions
in adjacent time slots which justifies our use of the Fourier ex-
pansion over just a single time slot.

I'have checked the correlation curve in Fig. 6 with computer
simulated experiments and found very good agreement. In ad-
dition, the curve did not change significantly when the ideal
square filter was replaced with a realistic Butterworth filter of
order 4. Finally, I used the computer simulation to compute the
correlation coefficient for the time-averaged noise-noise beats
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Fig. 6. Correlation coefficient for the average noise in adjacent time slots
of length T as a function of B, - 7.

and found that it too decreases rapidly in essentially the same
way as the curve in Fig. 6. These studies do not provide a quan-
titative bound on the error of BER as computed with the anal-
ysis presented in this paper, but they help to build confidence
in the results presented here. In particular, it should be clear
that our results improve with increasing values of M = pB,, T,
because of the rapid decrease of the correlation coefficient with
increasing values of M.
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