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SUM OF CHI-SQUARE RANDOM
VARIABLES

Define the RV Z,=-Y,. Then the PDF of Z, is given by
P2, (2)=p,(=2),2<0. From the form of p,(y) for central chi-square
RVs, we observe that for n odd, the PDF of Z, is given by the PDF of
Y, with y replaced by z and -o; substituted for 2. For n even, the
PDF of Z, is given by the negative of the PDF of ¥, with y replaced
by z and -o? substituted for o}. From the form of p,(y) for
noncentral chi-square RVs, we observe that in addition to the above
substitutions, —a; must be substituted for a;. For example, for ¥, a
central chi-square RV with 2m, degrees of freedom, the PDF of Z, is
expressible as

_ _ _ ; _ ny—1 4
I)Z2 (Z) = pyz( Z) 2"12 (0_22 )1)12 F(mz) ( Z) Cxp( 20_;)
1 -1 2
_ expl - b 5.1
= _p}'z (Z) a%——)—gzz’ z S 0

that is, we use the expression for the PDF of ¥, (which applies for
y20) but substitute z for y, ~o’ for o}, and then take its negative
and apply it for z<0. Similarly, for ¥, a noncentral chi-square RV
with 2m, degrees of freedom, the PDF of Z, is expressible as



36 PROBABILITY DISTRIBUTIONS INVOLVING GAUSSIAN RANDOM VARIABLES

(my-1)2 3 3
1 (-2 -z2+a, al(—z)
= | — exp| ————= |1 el
pZ2 (Z) 20_; ( a22 ] p( 20_22 J mz-l( O_;;
(mz—l)/Z 2 3
1 V4 z—a, —a;52
= — = expl — I | ——= (5.2)
2<—os>(~a;J "( 2<~a:>) [ (~o;>2J

= ~Dy, (Z)

<
oi—-07’ Z= 0

P —s

A. Independent Central Chi-Square (+) Central Chi-
Square

Define now the RV Z=Y,+Y, =Y, -Z,. Also, for the results of Section
4A, define the notation

py(¥),y<0
p(y)=1 . (5.3)
' {py (y),y=0
Then, it can be shown that the PDF of Z is given by
p;(Z) oloag? Py (Z) ols-g? < 20, n, odd
p,(2)= (5.4)
Pr(2) oy or = Pr(2) s, 020 220, 1, even

Note that since Z only takes on positive (or zero) values, the PDF of
Z is defined only for z20. Similarly, define the notation

_ Py (y), y<0
Py(y) = {P; (y), 20 (5.5)

Then, it can be shown from (5.4) that

B (2)),s, 0 =B (2)|,1, 03> 22 0,m, 0dd

,(2)= (5.6)
PY+ (Z) ol-0? - PY_(Z)l e L ré 2 0, n, even
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Before proceeding, the reader is cautioned that care must be
exercised in applying (5.4) and (5.6) since in some instances the
substitution o) — -0} in the generic form of the PDF of Y might
result in functions with imaginary or undefined arguments. In these
instances, one is better off deriving the result for the chi-square sum
directly from a convolution of the individual chi-square RV PDFs
rather than from the result for the chi-square difference. In this same
regard, a closed-form result for the CDF might exist for the chi-square
sum RV even though it doesn’t exist for the chi-square difference RV.

1. n=n=1

1 o) +0} o) -0}
= expl — 2|l 252,220 5.7
P.(2) 20,0, p[ 4oto? )\ dolo] ot 67
- 22+012 022_012 |02~01|I02+01I
PZ(Z)_1+eXp - 12 22 < 10 40_12 22 Z —2Ql 20_10_2 Z, 20_10_2 Z |
220
(5.8)
112
¥,(0)=|
(1-2jwo})1-2jwo;)
(5.9)

22k+1k! oo 2k+1 2 2 2
E{Z'}= (0.02) B k;1,§+1;1; Z' % , k integer (5.10)

(o2 + aj)k“ 2402

p,(2)= m{exr{— 2;2] - eXp(— Z;ZH, 220 (5.11)

P(z)=1- % Nexpl = || =2 exdl -=2 ] z20  5.12)
“ ol -0} 202 ol -0} 207 )7 '

1
(1-2jwo})(1-2jwo;)

¥, (w)= (5.13)



38 PROBABILITY DISTRIBUTIONS INVOLVING GAUSSIAN RANDOM VARIABLES

22k+2 k+1 1 2k+2 2 _ 2 2
E{Zk}z ( )(GG) ,F £+1’k+3-§- G, 022 , k integer

(02 +02)" 2 7 2 "2\ ot +o?
(5.14)
3. n=n,=2m
of '"E(Z(m—l)—i)!
(m Wol-o;) & il(m-1-i)
( ]m 1- l{ J
. ( ) (5.15)
1 b4 1 ol = (2(m~1)-i)
"0} e""(‘zoZJ(m—w(oz —ZGZJ 2 a1
2 2 ‘A2 1 =0 b :
0‘2 1= i
Z
X I ,220
(03—65) [205]
z 1 m=l i m 1)_‘1)
P(z)=1- _
Z(Z) exp( 20_2)(’,” 1)‘(0‘ _O-] e m l—l)
y 0-22 m-1-i z i-l
o, -0} 207
S 1 o3 g" (2(m-1)-i)!
A" 262 ) m-n\ o707 ) S & -1y(m-1-1)
0-2 m—i-i Z il
X(az—lazj (202 ,220
1 2 2
(5.16)
¥, (w)= < (5.17)
: (1-2jwo;} )(1-2j00;)

Note that when o} =0} =07, then Z simply becomes a central chi-
square RV with 4m degrees of freedom with PDF, CDF, and CF
determined from (2.32), (2.33), and (2.34), respectively, with m
replaced by 2m. The moments of Z are given by
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2% (k+2m+ 1) (0,0,)" "

E{7*} =
{ @m-1)(o? +02)""

2 2\?
X, F m+£,m+k—ﬂ;m+—l—; %, ~9 , k integer
241 2 2 2 2

(5.18)

O, +0,

4., n=n,=2m+1
(2)= N z mex _022+0'le 022_0122
P = 6.0, (m +1/2)| 2Jo; - o7} A a0 ¢ aoier ) (5.19)

220

P(z)=—————- (5.20)
m+1/2
1
¥, (w)= 5.21
@) ((I—ijof)(l—Zja)of)J 621
22(k+m)+1 2 +k ' o 2(k+m)+1
Bz} Qo)
(2m)!(0']2 + 0'22)
, (5.22)
2 _ 2
x ,F m+ﬂ,m+1+£;m+l; 52—122 , k integer
2 2 o, +0,
5. n, =2mn,=2
Using (4.13) in (5.4), we immediately arrive at
(1) =— %\ exf - —exp -
bz 20} |\ 02 -0 P 207 207}
(5.23)

et 2 m—i i
X Zl 20-2 2 - A& 20
=i\ o, -0, 20,

which, of course, reduces to (5.11) when m=1. The corresponding
expression for the CDF can be obtained by using (4.14) in (5.6) with

the result
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R m—l-i i~
z 0_2 m=t i 1 0-2 Z
P.(z)=1+exp ——= : :
(2) P( 20;)(05—G?szzo;(i~l)![0§-03J [203
) (5.24)
o, z >
— - ,z220
(ai—afj e""( 203) )
1

w = 5.25
() (1-2jwo} )" (1-2jwo3) 62)

Note that when o} =0} =07, then Z simply becomes a central chi-
square RV with 2(m+1) degrees of freedom with PDF, CDF and CF

determined from (2.32), (2.33), and (2.34), respectively, with m
replaced by m+1.

6. n,n,

(m-1)2 (m-1)2
p.(2) = 1 : " exp ———
R RN ) 20
2

(5.26)
2
e (020 )
"2’ 2 7 200
P(2)=———-—- (5.27)
1
¥, (w) = PWF] (5.28)

(1-2jwo?)" (1~ 2jwo?)

B. Dependent Central Chi-Square (+) Central Chi-
Square

To simplify the expressions, we introduce the parameters

+_[(022+of)2—4012022(1“;02)]”2 B oy ol +o!
r= olo;(1-p’) ’ -7 _W

(5.29)
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Note that 87 >0 but 5~ <0. Then,

p.(z)= ﬁl_—/—)z—m{—%(ﬁ* - y*)z)lo(iwz), 220 (5.30)

P,(z) =1+6Xp(-l(ﬂ* —y*)z)lo(lfz)
\/cr +0; —=20,0,41~ p \/0' +0; +20'0'1/1 o’

20'0\/1 20'0'J1

_2Q1

z20
(5.31)

) 1 p 1/2
¥, (w) _[(I—Zja)(l— o - 27ai —pz)og)—;f] (5.32)

22 g k+1 k R
E{z})= F, I1; :
{ } 0_10_2\/1_p2(ﬁ+_y+)k+1 2 1( ) 2+ (ﬁ+_y+j J

k integer
(5.33)
2. n=n,=2
1 -
p,(2) Y (o {exr’(—-ﬂ Z)—eXp(-—ﬂ H 220 (5.34)
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B2} - 26 (k4 1)1 Ak k+3‘§_( v Jz
0'120'22(1-——p2)(ﬁ+—)/+)k+2 271 2 ’ 9 72’ ﬁ+_,y+ ’
k integer
(5.37)

3. n,=n,=2m

_ o 1, V& (mti=1) (_2_)1
pZ(Z) (m _ 1)‘[20_120_22(1_ p2 )y+]m Iiexp(é]. ﬁ Z); l'(m —-i— 1)' V+Z

| (5.38)
o L NS (mri=D 2
+HD exP( 4ﬁzjg‘i!(m—i—1)!(y*zj }’ZZO

1

1 1. V'S m—i=l-1
X{{w—exp(zﬁ Z) . (m—i—l—l)!(—ﬁ_ /4)l+lz :I

m=i 1 1 + & 1 m—i—-I-1
Y {(/3*/4)”"" eXp( 4P Zj;(m—i—l—l)!(ﬁ/él)mz ”

z20

(5.39)

- 1-p°
l‘UZ(w)_[(l—zj'w(lwz)of)(l—%w(l—p2)0§)~pzj .

4. n =n,=2m+1

_ ri2 ¢ o _ Ly
pZ(Z) = [2012022 (1 ~ p2 )]m+l/2 F(m 1/ 2) [ (er)z) p( 4 (ﬁ Y )Z)

1
xI | —v*z|,z20
771(4)/ Zj Z
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P(z)=———~—~~ (5.42)
, m+1/2
1-p
v _ !
() [(1—2ja)(1—pz)of)(1—2jw(1—PZ)Gi)‘pZ} o
22(m+k)+| 2m+ k)
E{Zk}= . 2,S+1m . ) L\ 2t

(a,czﬂ) (B =)

. ) . i (5.44)

% zE[m+T’m+1+§;m+l;(ﬁ+ _y+) ],kmteger

C. Independent Noncentral Chi-Square (+) Central
Chi-Square

Define Z=Y,+Y, where Y and Y, are independent noncentral and
central chi-square distributed RVs with n, and n, degrees of freedom,
respectively.

1. n=n,=n
n (n-1)2
(Z)= 1 & | ex _z+a,2
Pa 202\ o, ) \ & P 20!
o . 2 2\ (5.45)
I'(n/2+i) \/—Z—(O'Z—O'l) «/zal
XZ ] 2 In+i—l 2 ’ ZO
“ itr'(n/2) a0, o,
o) < [(n/2+i)( 02 -0? i a, vz )]
P(z)= —L 2 LiIf1-Q | —,—=1|1z=0(5.46
2) (azj Z; i!F(n/2)( o Gl 50 I (5.46)
1 ni2 i 2
Ja,
¥ (w)= expl ————— 5.47
(@) [(1—2ja)af)(l—2ja)0'j)j p[1—2jwof 647)

2. n,=2m,n,=2m,
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2my (m, 1, —l)/2 5
p=g| | | ew] S
’ 20!\ o, al 207

,. (5.48)
oo . 2 2
lei‘(m2+l) «/2(0'2—0'1) I al«iz 220
< ir(m,) a,0} v lo
2m, ir
o) & I(m,+i) 0% -0? a Jz
P = L 2 2 L1f1- =L, —=1,z=20
Z(Z) (0_2] ; l'F(mz) [ 0_22 I Qm,ﬂnzﬂ o_l O_l <
(5.49)
1 jwa’
W a) = i . exp . l (5'50)
() (1-2jwo})"(1-2jwo3)" (1—21600?]
3. n=2mn,=2
For o} > 0o}, applying (5.4) and (5.6) to (4.35) and (4.36) gives
(z)= ! o | exp| ——— |ex 4
bz 20%\ot-02) P 207 P 2(o; -o})
(5.51)

2 2 2
4, 0, Z(GZ _Gl)
Xl_Qm - 2__ 29 2 2 9Z20
O-l 0-2 O-l O-l 0-2

(5.52)

1 jwa!
Y. (w)= — exp L (5.53)
() (1-2jwo?)" (1-2jwo?) [1—2onfj

For the limited case of o, =0} =07, one can use the series expansion
of the generalized Marcum Q-function, namely,
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1-Q, (0, B) = exp(—az ;52)2(5)'4(@) (5.54)

=k

in (5.51) to arrive at the results

1 «/E " 7+a’ a«/g
pZ(Z): 2 (-a—]—) exp(_ 20’21 )]m( L ) ’ZZO (5.55)

20 o

P(z)=1- Q,,,H(%‘,——], 220 (5.56)

These results could also have been immediately obtained by noting
that, for this limiting case, Z is simply a noncentral chi-square RV
with 2(m+1) degrees of freedom and the value of q, is still obtained
from (1.14) since the addition of the central chi-square RV to ¥, does
not change this value.

For o} <o}, the form of the PDF and CDF change with respect
to those given in (5.51) and (5.52). Still we can apply the series
expansion of the generalized Marcum Q-function to these equations
keeping in mind that now the arguments of the Marcum Q-function,
a and B, will be purely imaginary. Carrying out the algebra and

recalling that I,(-x)=(~1)'1,(x), we obtain

(z)— exp( Z+C§‘2Ji(622(;0-‘2j_ {ﬁ) I,(CZ_—z\/ZJ,ZZO(S.Sﬂ

2 O-l I=m 2 al 1

I-m 1
a, vz 2+a’ \ [ ol -o? Nz az
P()=1-Q | =&, —={—exp — L 2 1 === ,722>0
l( ) Qm(o.l O‘l) p[ 20-12 );( 0-22 al [ 0-12

(5.58)

which can also be put into the form

( J 2( Ml Q,,,,m,(al ,%H,zzo (5.59)
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D. Independent Noncentral Chi-Square (+)
Noncentral Chi-Square

Define Z=Y,+Y, where Y, and Y, are independent noncentral chi-
square distributed RVs with n, and n, degrees of freedom,
respectively.

1. n=n,=n

1 p n z (n-1)/2 z 1 a2 az
AD)==—| =" exp| — exp| ——| =+
PA2) 20'12[0'2] (af) p( 20?} p{ 2[0‘12 O'ZH

Xii (n12+i+1)[ Nzaio® [ V(o2 - o?) ’I Vza, 50
i=0 1=0 l‘l'F I’l/2+l) 4 2 nit-1 0_2 y & =

2a,0, a,o,

o S D(n/2+i+l)( do? ) oi-ot)
P =| L €X ) |
@ (GJ p( ]zg‘l'l'l“n/“l)(zaz)( o
X[I—Qﬁ”,(%,gﬂ,zzo
i 1

ni2
1 jwa’ jwa:
¥, () = I oy L2 (562
@) ((1—2jwof)(1—2jwa§)J exP(l—ijaf) Xp(1—2ja)0§ (5:62)

2. n =2m,n,=2m,

1 p 2m, z (mI +mz~l)/2 z 1 a2 a2
7) = —4 — exp| — exp| —=| & +—%
p(c) 205[02) U "( 2ofj P 2(0? osj

& D(my +i+1)( Jzd2o? [ «/E(Gzz—o'f)i za,
2(;21'1‘1" m2+l)( 2 Im,+mz+i+14 pu (5 63)

4
2alo-2 alo-Z 1

z20
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2my > o e . > 9 ! 2 2 i
P(Z)= ﬁ CXp _ a2 22F<m2+l+l) a20'1 0-2_0-]
¢ o, 20; )G I (m,+1)\ 20; o]

1 0 V2
X - le+mz+i+l T
o-l O-l

1 jowa’ jwa;
,P w)= , m €X .l €X . : (565)
) (1-2jwo})" (1-2jwo} )" p(l—zjwdlzj p(l—Z]a)O'zz

(5.64)






