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BER Performance Evaluation for CPFSK Phase and 
Polarization Diversity Coherent Optical Receivers 

Jerzy Siuzdak and W. van Etten, Senior Member, IEEE 

Abstract-The following methods of CPFSK signals demod- 
ulation are compared for phase and polarization diversity re- 
ceivers: single filter, dual filter, delay and multiply. BER val- 
ues are obtained in each case showing that for negligible laser 
linewidths the delay demodulation method outperforms the 
dual-filter method by approximately 3 dB, and the single-filter 
method by 6 dB. Since the noise bandwidth for MSK and delay 
demodulation is approximately twice as small as for the other 
methods, one should add another 3 dB to get the gain for that 
modulation/demodulation method. The influences of nonzero 
laser linewidth, noise correlation, and non-Gaussian character 
of the probability density functions of the noise at the sampler 
have been taken into account. 

I. INTRODUCTION 
ONTINUOUS phase frequency shift keying (CPFSK) C is potentially a promising technique for coherent op- 

tical signal modulation, since direct modulation of the 
laser current may be employed and the insertion loss of 
an external modulator is avoided [1]-[3]. The perfor- 
mance of such a system using heterodyne demodulation 
has been investigated in numerous papers [3]-[8]. There 
is, however, another approach to the demodulation which 
uses a multiport optical network that provides a means for 
recovering the amplitude and phase of the optical signal. 
It does not require phase locking of optical sources and 
converts an incoming signal directly to baseband. This is 
called phase diversity and is often combined with the in- 
dependent reception of orthogonally polarized compo- 
nents of the optical signal (the so-called polarization di- 
versity). Polarization diversity involves decomposition of 
the input light into two orthogonal polarization states, in- 
dependent detection of the signals in these states and sub- 
sequent electronic processing. A lot of work has been de- 
voted to the investigation of ASK and DPSK systems 
employing phase (and polarization) diversity [9]-[ 121. 
Less is known, however, about CPFSK phase (and polar- 
ization) diversity schemes, especially about schemes that 
employ the delay-and-multiply demodulation technique 
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[ 131. The topics that will be addressed here are dealt with 
in [20] and [21], but the analysis of [20] does not include 
the lasers' phase noise, whereas [21] does not account for 
the non-Gaussian character of the probability density 
functions of the noise at the sampler. Moreover, both pa- 
pers neglect the noise correlation. In this paper, we shall 
calculate bit error rates for various phase and polarization 
diversity demodulation schemes of CPFSK signals. To 
this end, we shall use actual non-Gaussian probability 
density functions (pdf's) of signals at the input of a 
threshold comparator, since the Gaussian approximation 
often leads to inaccurate results [7]. We shall also inves- 
tigate the impact of the laser phase noise and receiver 
noise correlation on the performance of these receivers. 
In this paper we study two types of receivers: 

1) phase diversity receivers in which the polarization 
states of the received and local oscillator signals are 
matched by means of some polarization control 
scheme, and 

2) phase and polarization diversity receivers. 

Our analysis is done under the assumption that the shot 
noise related to the local oscillator laser dominates other 
noise sources (such as the thermal noise). We assume that 
intersymbol interference is absent. The local oscillator in- 
tensity noise is not included in the analysis. There are 
receiver structures that suppress this kind of noise. For 
the sake of clarity some mathematical derivations are 
placed in appendixes. 

11. RECEIVERS PRELIMINARY 
A phase-diversity receiver is shown schematically in 

Fig. 1. It consists of a (2  X 2)  or (3  X 3) optical net- 
work, photodetectors, and a demodulation scheme to be 
described later. The (2  x 2 )  optical network is assumed 
to be a 90" optical hybrid [14], [15], which is not a stan- 
dard 12 x 2)  optical directional coupler. A polarization 
diversity receiver is shown in Fig. 2.  It consists of two 
polarization beamsplitters, two phase-diversity receivers 
of either type, a summing circuit, and a threshold com- 
parator. Both the signal and local oscillator (LO) light are 
fed to polarization splitting couplers, which produce or- 
thogonal polarization components of the incoming light 
which are inputs to the two phase-diversity receivers. The 
polarization plane of linearly polarized LO light is chosen 
so that its power is equally divided between two orthog- 
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Fig. 1. 

Ps s igna l  

polarisation 
controller 
(optional) 

Phase diversity optical receiver: ON-{2 x 2 )  or (3  x 3) optical 
network. 

Fig. 2.  Polarization diversity receiver: PBS-polarization beamsplitter, 
PDR-phase diversity receiver, A-adder, TC-threshold comparator. 

onal polarization states. The outputs of the two multiport 
receivers are then added. 

In the sequel, we treat in detail only the phase diversity 
receivers because, as we shall see, the extension of the 
results for phase and polarization diversity receivers is 
straightforward. 

The signals at the outputs of the photodetectors of either 
phase-diversity receiver are [ 9 ] ,  [ 161 

Uk = R J P , P I  COS [(Y(t) + e(t) + k r / 2 ] ,  k = 0, 1, 

(1) 
U k  = ( 2 / 3 ) R J P , P ,  cos [a ( f )  + d ( t )  + k ( 2 / 3 ) ~ ] ,  

k = 0, 1, 2 .  ( 2 )  
Equation (1) holds for the 12 X 2 )  and ( 2 )  for the (3 x 
3 )  receiver. In the equations above, R is the responsivity 
of the photodetectors, P,  is the power of the received sig- 
nal, P ,  denotes the power of the local oscillator, e( t )  is 
the lasers phase noise, and 

a(t) = 27rfot + ( r h / T )  bk rect (7 - k T )  dr.  

( 3 )  
Herefo is the frequency offset between the lasers, h is the 
modulation index and ( b k }  is the symbol sequence, tak- 
ing on the values - 1 or + 1. The function rect (t) is equal 
to 1 if t E (0, T )  and 0 elsewhere. Here T is the bit du- 
ration. The modulation index h = (5 - f2) T ,  where fi 
and f2 are the frequencies corresponding to “ - 1” and 
“ + 1” symbols, respectively. 

The shot-noise terms at the outputs of the photodetec- 
tors are independent and it is reasonable to assume them 

U0 z - p  (rO1 

LPF n 

(c) 

Fig. 3 .  Different methods of demodulation of CPFSK signals: A) single 
filter, B) dual filter, C) delay and multiply. LPF-low-pass filter, S- 
squarer, A-adder, TC-threshold comparator, BPF-bandpass filter, D- 
delay line, M-multiplier. In the case of the { 3  x 3 )  receiver, there is a 
third branch not marked in figs. A,  B ,  and quadrature signals so, s, are 
obtained from uk.  

to be white and Gaussian. They have the power spectral 
densities 

N2 = q R P l / 2  (4) 

N3 = q R P , / 3  ( 5 )  

when it is assumed P I  >> P,. Here N2 corresponds to the 
( 2  X 2 )  receiver and N3 to the ( 3  x 3 )  receiver. At this 
stage, it is easy to incorporate the thermal noise into the 
analysis, just by adding thermal noise terms to the power 
spectral densities. It will not be done here because the 
shot noise will dominate in a properly designed scheme. 

Let us examine various demodulation schemes depicted 
in Fig. 3 .  Each of the receivers comprises a low-pass or 
band-pass filter to which the signals from the photodetec- 
tors are fed. In  the single filter demodulator (Fig. 3(a)), 
during the transmission of one of the symbols (“ - 1” for 
example) the frequencies of both the lasers are set equal, 
which corresponds to shifting the spectrum to baseband. 
The modulation index is chosen large enough to sweep all 
the frequency components out of the baseband while 
transmitting the symbol “ + 1. ” Thus the signal is present 
at the output of each low-pass filter of this scheme only 
when a “ - 1’’ is transmitted. This is in fact equivalent to 
the ASK demodulation scheme described elsewhere [ 9 ] .  

In the dual-detector scheme of Fig. 3(b), the modula- 
tion index is again chosen large enough to avoid overlap- 
ping of the spectra corresponding to the “ - 1 ” and “ + 1” 
symbols. There are two band-pass filters for each branch, 
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each of them tuned to the frequency of the corresponding 
symbol. Then the outputs of the filters are squared and 
appropriately combined and a decision device selects the 
greater output. 

In the delay demodulation scheme of Fig. 3(c), the fre- 
quency offset between the lasers is zero, so the symbols 
“ - 1 ”  and “ + 1 ”  occupy the same baseband spectrum. 
They may be distinguished only after employing the delay 
and multiply technique [ 131. 

The filters in the demodulation schemes are chosen to 
be ideal rectangular filters with equivalent baseband trans- 
fer function H ( f )  = 1 for - B / 2  < f < B / 2  and 0 else- 
where. Furthermore, it is assumed that the bandwidth of 
these filters is broad enough, so that they do not influence 
the form of the information signal. The filtered shot noise 
power is proportional to B. The value of B is selected to 
pass 95 % of the information signal power. This is a some- 
what artificial assumption, nevertheless it is often used [8] 
and leads to a reasonable receiver bandwidth. 

111. BANDWIDTH REQUIREMENTS 
Each of the signals uk given by ( l ) ,  (2)  may be repre- 

sented in the form 

uk = Re {u(t )  exp [27rf,t + e ( r ) ] }  (6) 
where u(t)  is the equivalent baseband information-bearing 
signal, and the other factor corresponds to the unmodu- 
lated laser signal. It follows from the above that the 
equivalent low-pass signal spectrum CP (f) is the convo- 
lution of the lasers spectrum L ( f )  with the spectrum of 
the signal u(t)  denoted by C P , , ( f )  

@ ( f >  = @u(x)L(f  - 4 k. (7) 
-m 

The low-pass equivalent of the Lorentzian spectrum is 
given by 

where 6l  is the sum of the (FWHM) transmitter and LO 
lasers linewidths, and unit power was assumed. Thus the 
power within the band ( - B / 2 ,  B / 2 )  is given by 

pb = j”2 @(f) df 

+ arctg [E + f )  / €1) df. (9) 

Here E = 6 ,  T/2. We have used (7) ,  (8), normalized the 
frequency to the bit rate and interchanged the order of 
integration. Unfortunately, the form of 9, ( f )  [ 171 (given 
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Fig. 4 .  Normalized 95% low-pass filter bandwidth B T / 2  versus the mod- 
ulation index h:  I )  6 ,  T = 0, 2) 6, T = 5 % .  3) 6 ,  T = 10%. 

i ET’2 

Fig. 5 .  Normalized 95% low-pass filter bandwidth B T / 2  for h >> I 
against 6, T .  

in Appendix 1) is rather complicated, so numerical inte- 
gration was necessary. In Fig. 4, the results are presented 
for a baseband filter, i.e., for a zero frequency offset be- 
tween the lasers. In the case of a bandpass filter, the filter 
passband width is twice as large. We can readily see that 
the bandwidth of the filter increases almost linearly with 
the increase of the modulation index h and depends rather 
slightly on 6 ,  Tfor the given values of this parameter. Such 
a dependence is consistent with Carson’s rule. 

For large modulation indices h >> 1, which are nec- 
essary to avoid overlapping of the spectra of two modu- 
lating frequencies when single or double filter demodu- 
lation is used, the equivalent low-pass spectrum is 
proportional to (Appendix A) 

The bandwidth of the low-pass filter that passes 95% of 
the signal power for the spectrum as above, is given in 
Fig. 5 .  Again, the bandwidth of the bandpass filter is twice 
as large. 

For the near zero laser linewidths the equivalent noise 
bandwidths follow from Figs. 4 and 5 ,  respectively, 

B = 1/T forh  = 0.5 (1 1) 

B = 2 / T  forh  >> 1 .  (12) 

IV. DUAL-FILTER DEMODULATION 
As we have mentioned before, for the same peak pow- 

ers (i.e., for the mean power twice as large), the perfor- 
mance of the single-filter demodulation scheme is fully 
equivalent to that of the ASK demodulation scheme de- 
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scribed elsewhere [9], and those results may be applied 
directly with an appropriate substitution of the noise 
bandwidth. Thus this scheme will not be considered here 
and the reader is referred to [9]. We shall present only the 
final results. 

In the case of the dual-filter scheme let us assume that 
both filters have the same pass bandwidths in each branch. 
Thus, using (4) with the factor 2 (which follows from 
bandpass filtering) taken into account, we get for the noise 
powers at the inputs of the squaring devices 

( n : )  = qRPIB k = 0, 1 (13) 

( n : )  = 2qRPIB/3 k = 0, 1 ,  2. (14) 
Equation (1 3) holds for the { 2 X 2) receiver and (14) for 
the (3 x 3) receiver. Let us consider the (2  x 2)  re- 
ceiver for example and the output of the filter tuned to the 
frequencyfi in the 0-th branch. When the symbol corre- 
sponding to this frequency is actually transmitted, then 
this output reads as follows: 

RJP,P, cos [Q(t)l  + no,(t) cos [Cr(t)l + no,(t) sin [a(t)l 

(15) 
where noc (t) and nos (t) are the quadrature components of 
the noise no(t); they are independent and have the same 
powers as no(t). After squaring and rejecting the double 
frequency terms by the low-pass filters that follow the 
squaring devices, we get at the input of the summing cir- 
cuit 

(J2sNR + nc)2 + n:. (16) 
Here we have normalized the noises to unit variances and 
defined the signal to noise ratio SNR as 

SNR = RP,/(qB). (17) 

The output of the filter tuned to the other frequency ( f 2 )  
is then 

nE2 + ni2 (18) 
where these noises are independent and have unit vari- 
ances. After adding the contribution of the other branch 
of the receiver we readily see that the pdf of the square 
root of the signal is the generalized chi pdf of the fourth 
order (four degrees of freedom, N = 4) [9] and with the 
noncentral parameter A* equal to 2SNR. The general form 
of this distribution is given by 

x > o  (19) 
where I represents the modified Bessel function of the first 
kind. 

On the other hand, the pdf of the square root of the 
noise alone is chi with N = 4 degrees of freedom [9] and 
is given by 

where r is the gamma function. 

It is easy to show for other kinds of receivers that the 
form of the probability distribution functions is also rep- 
resented by (19) and (20) with the noncentral parameter 
unchanged, and with an appropriate change of N 

N = 6 for the (3 X 3) phase-diversity receiver, 

N = 8 for the (2  X 2) phase and polarization diversity 

receiver, and 

N = 12 for the (3 x 3) phase and polarization diversity 

receiver. 

Since we have assumed no frequency overlap, the vari- 
ables x and 5 are independent. As the sign of x - de- 
termines the decision of the threshold comparator, it 
chooses the wrong possibility if > x. When the two 
symbols are equally probable we have due to the sym- 
metry 

Such integrals have been calculated in [9]. Here we pre- 
sent two results only 

BER = 0.5 exp (-SNR) (1 + SNR/4) (22) 

BER = 0.5 exp (-SNR) (1 + 3SNR/8 + SNR2/32) 

for the (2 X 2)  phase-diversity receiver, and 

(23) 

for the (3 X 3) phase-diversity receiver. 
At this point two remarks have to be made. 
1 )  Note that in this case the noise in each arm of the 

receiver consists of a bandpass process, which can be rep- 
resented by two independent quadrature components (n, 
and n,). This is contrary to our former paper [9], where 
the noise terms were lowpass, and it means that there are 
twice as many independent noise terms as arms in the re- 
ceiver. That is why the performance of the present { 3 X 
3) phase-diversity receiver is equivalent to the perfor- 
mance of the former [9] { 3 x 3) phase and polarization 
receiver. 

2) In our former paper [9] the third term of (23) was in 
error; now (23) is correctly presented here. 

The results are shown in Fig. 6 where they are com- 
pared with the single-filter method. One can readily see 
that the dual-filter demodulation requires an SNR which 
is roughly 3 dB less in order to achieve the same perfor- 
mance as the single-filter method. It should be stressed 
however, that from an SNR point of view, the phase-di- 
versity technique is of little advantage in the dual detec- 
tion scheme as the common heterodyning technique with- 
out phase diversity leads to similar sensitivities with a 
simpler implementation. Anyway, phase diversity relaxes 
the h.f. requirements of the i.f. filters and processing 
electronics. The differences between the results here and 
those in [9] are caused by different low-pass filters in the 
demodulation circuits. 
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Fig. 6.  Comparison of the BER for single- and dual-filters demodulation 
methods. Single filter: I )  (2  x 2) phase-diversity receiver. 2)  { 3  x 3 )  
phase-diversity receiver. Dual filter: 3)  { 2 X 2 )  phase-diversity receiver, 
4) ( 3  x 3 )  phase-diversity receiver. 

Another method of detection appears attractive at first 
glance: combining the dual- and single-filter methods by 
shifting one of the filters to the baseband in the dual-filter 
method. In this case however, the threshold is nonzero as 
the receiver is no longer symmetric; it should be opti- 
mized according to the signal and noise statistics and this 
is a main practical disadvantage. In addition, it does not 
offer a substantial BER improvement. To prove this let us 
note that, for the (2 X 2)  phase-diversity receiver for 
example, the statistics of the signal channel is the gener- 
alized chi with N = 2 (baseband) or N = 4 (passband) 
depending on which symbol is sent, whereas the statistics 
of the noise channel is chi with N = 2 or N = 4 ,  accord- 
ingly. 

V. DELAY DEMODULATION 

For this demodulation fo should be zero. Furthermore, 
in order to achieve maximum sensitivity, the values of the 
delay 7 and the modulation index h have to satisfy [4], 
[71 

h = T/(27). (24) 

This ensures the quadrature relation between the delayed 
signals. 

A. The (2  X 2) Receiver 

Let us begin with the 12 X 2 )  phase-diversity receiver. 
When the condition (24) is met the values of the signals 
after delay are 

U k ( t  - 7 )  = R JP,P, COS ~ ~ ( t )  + e ( t  - T )  

_+ 7 ~ / 2  + k ~ / 2 ] ,  k = 0,  1 (25) 

where the sign "+" or "-" depends on which symbol 
was transmitted. Let us consider the "-" sign for ex- 
ample, as the other case is dual. The signal after multi- 

plication and subtraction is at the moment of sampling, t,? 

w = [uI (t.A + n l  (4)1 [uo(t, - 7) + Ms - 7)l 

- [uo(ts) + no(t,)I [U1 (4 - 7) + 111 0, - 711 = 

COS A + n , ~  sin (CY + A )  + n h ~  sin (Y = 

+ noA COS (CY + A )  - n;A COS CY + nlnk - n;no. 

(26) 

(27) 

(28) 

Here 

CY = a(ts) + e(r,) 
A = e(t,T - 7) - e(t,T) 

and ' denotes the delayed version of the corresponding 
noise terms at the moment of sampling. To simplify the 
analysis let us normalize (26) to obtain unit noise vari- 
ances. This does not change the BER values since the 
threshold is zero. In this case 

A 2  = 2SNR. (29) 

Note however, that in this case the bandwidth B may be 
substantially smaller than in the case of the dual-filter de- 
tection as lower values of h may be used (see (11) and 
(12), and Figs. 4 and 5). Furthermore, we have 

(non1) = ( n o n ; )  = (nhnl )  = ( n h n ; )  = 0 (30) 

as the noise terms no and n ,  are independent and 

(non;) = ( n 1 4  ) = p 

P = P ( 7 )  = sin ( Y V Y  

(31) 

(32) 

y = nBT/(2h) (33) 

where p is the noise correlation coefficient given by 

with 

and B is the 95 % bandwidth. Deriving the above we used 
(24). 

The error probability in detecting a bit with the "-" 
sign, which is equal to the BER due to symmetry in this 
case, is the probability that w < 0. It is shown in Appen- 
dix B that this probability for a given A may be expressed 
by (21) where the functions p,(x) and p t  ( E )  are the pdf's 
of the generalized chi distribution of N = 2 

P A X )  = x exp [- (x2 + A:)/21Io(AXx> (34) 

and noncentral parameters 

2SNR [l  + d1 - p2  cos A - p sin A] 
A 2  = (35) 

1 - p 2  

A t  = . (36) 
1 - p 2  

2SNR [ l  - cos A - p sin A] 

Based on the results in Appendix B, it is straightforward 
to show that for the (2  X 2) phase and polarization di- 
versity receiver the BER is also given by (21) with the 
functions p x  (x) and p E  ( E )  being pdf's of the generalized 
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chi distribution of N = 4 and identical noncentral param- 
eters given by (35) and (36), respectively. 

Equation (2 1) together with (35) and (36) give the value 
of BER (A) for a particular realization of the phase-noise 
process A. To obtain the value of BER of an actual re- 
ceiver it is necessary to average BER (A) over all real- 
ization of A. It is usually assumed [ l  I], [18] that A has 
the Gaussian pdf with zero mean and variance 

U 2  = 2 d 1 7  (37) 
i.e., 

exp [-A2/(2u2) 
(38) 

&U . 
PA(A) = 

Thus we have finally 

BER = lm --m dA lom p,(x) dx la pg ( 4 )  d t .  (39) 

The values of the BER are calculated numerically for both 
the receivers and the results shown in Fig. 7, whereas 
Fig. 8 shows the excess of power necessary to obtain BER 
= against the value of h17 for various p.  The fol- 
lowing conclusion may be drawn from the calculations: 

1. Both the (2  X 2)  phase and (2 x 2) phase and 
polarization diversity receivers perform very similarly es- 
pecially for greater laser linewidths. 

2.  The noise correlation cancels to some extent the in- 
fluence of the nonzero laser linewidths, but it does not 
shift the BER floor. 

In the absence of the noise correlation and for zero laser 
linewidths, the expressions for the BER can be obtained 
in a closed form [9] 

BER = 0.5 exp (-SNR) (40) 

BER = 0.5 exp (-SNR)(1 + SNR/4). (41) 

Equation (40) holds for the (2 X 2) phase-diversity re- 
ceiver, whereas (41)-for the (2  X 2)  phase and polar- 
ization diversity receiver. This confirms the well estab- 
lished fact [ 11 that DPSK receivers and CPFSK receivers 
that employ the delay and multiply technique, have the 
same performance. 

In the absence of the noise correlation yet for non- 
negligible laser linewidth our analysis gives identical re- 
sults as are obtained in [ 13, [ 113, 1181. On the other hand, 
our results differ from those obtained in [7] for nonzero 
noise correlation, since the noise correlation was obtained 
there by violating a condition similar to (24). 

B. The ( 3  X 3) Receiver 
In order to apply the delay demodulation scheme, the 

quadrature signals so and sI should be obtained by an ap- 
propriate combination of three signals uk given by (2) and 
which are shifted by 120". Here are a few possibilities 

so = 2uo - U1 - u2, SI = U1 - u2, (42) 

(43) so = U0 - U1 - u2, SI = U1 - u2, 
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log  CBER', 

-7 .  
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-9 .  

-10. 

-11. 

-121- 
10 20 30 40 50 SNR 

Fig. 7. BER for {2 X 2 )  phase-diversity receiver (solid lines), and for {2 
X 2)  phase and polarization diversity receiver (dashed lines) with the delay 
demodulat ion.6,r=O: l ) p = 0 , 2 ) p = O . 5 . 6 , ~ =  1 % : 3 ) p = O , 4 ) p  
= 0.5. 

8L.r 
1 
10 [x0.0011 

Fig. 8. Delay demodulation. Signal power excess, as compared with SNR 
= 20, necessary to obtain BER = against 6 ,  7 with p as a parameter. 
Solid lines (2  x 2)-phase diversity receiver, dashed lines-{2 X 2 )  phase 
and polarization diversity receiver: 1)  p = 0, 2) p = 0.1, 3) p = 0.3, 4) 
p = 0.5. Dotted lines-{3 x 3 )  receivers (the worst case): 5) phase-di- 
versity receiver, 6) phase and polarization diversity receiver. 

so = so, S ]  = U1 - u2. (44) 
It is interesting to note that the method of (42) enables 
one to completely suppress the relative intensity noise 
(RIN), if any exists. We shall treat this case in greater 
detail, whereas only final results for the other two cases 
will be given as the analysis is similar then. 

The quadrature signals and their delayed versions are 
in this case 

$0 = A COS CY + (2no - nl - n2)/3, 

sI = - A  sin CY + (nl - n 2 > / & i  (45) 

s6 = -A sin (CY + A) + (2n6 - n; - n4)/3, 

S; = -A COS (CY + A) + (n;  - n i ) / & i .  (46) 

Here A 2  = (4/3)SNR as we have normalized the noise 
terms to unit variances. The signal at the input of the 
threshold comparator reads 

w = s,s;, - SOS;. (47) 

The error probability, which is equal to the BER due to 
symmetry in this case, is the probability that w < 0. It is 
shown in Appendix C that this probability for a given A 
and a may be expressed by (21), where the functions px (x) 
and pE ( 4 )  are the pdf's of the generalized chi distribution 
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Fig. 9. Delay demodulation. BER values (the worst case) for ( 3  x 3 )  
receivers. Solid lines-phase diversity receiver, dashed lines-phase and 
polarization diversity receiver: I )  6,  T = 0 ,  2) 6 , ~  = 0 . 5 % ,  3) 6 , ~  = 1 % .  

of N = 2 given by (34) and noncentral parameters 

A :  = 2SNR (1 + 0.25[sin2 (a + A) + cos2 a ]  

+ J1.5 cos A} (48) 

- cos A } .  (49) 

A t  = 2SNR (1 + 0.25[sin2 (a + A) + cos2 a] 

Based on the results in Appendix C ,  it is straightforward 
to show that for the (2  X 2) phase and polarization di- 
versity receiver the BER value for a given a and A is also 
expressed by (21) with the functions p x  (x) andpt ( 5 )  being 
pdf's of the generalized chi distribution of N = 4 and 
identical noncentral parameters given by (48) and (49). 

Equation (21) together with (48) and (49) give the value 
of the BER (A, a) for a particular realization of the phase- 
noise process A and a given phase angle a. To obtain the 
value of BER in the worst case it is necessary to average 
BER (A,  a) over all possible realization of A and then 
select that value of a for which the BER has a maximum. 
It is accomplished by means of (38) and (39). 

The values of the BER are calculated numerically for 
both the (3  X 3)  phase (and polarization) diversity re- 
ceivers and shown in Fig. 9, whereas Fig. 8 shows again 
the excess of power necessary to obtain BER = 
against the value of 7. It is readily seen from these fig- 
ures that both receivers perform very similarly, especially 
for wider laser linewidths. Their performance is also very 
similar (slightly better for narrow laser linewidths) to that 
of the (2 x 2) receivers. 

By asymptotic methods similar to that applied in [9] it 
is straightforward to show using (21), (48), and (49) that 
for zero laser linewidths the value of the BER for { 3 X 

3) receivers is proportional to exp ( - SNR). 
In the same way as done for (42), the values of the BER 

may be obtained also for the other two methods of extract- 
ing quadrature signals given by (43) and (44). In these 
cases the BER is proportional to, respectively 

BER - exp (-8SNR/9) 

BER - exp (-2SNR/3) 

i.e., the first method is superior. In the absence of laser 
phase noise, it gives roughly 3-dB gain as compared with 

the dual-filter demodulation method. For low modulation 
indexes h = 0.5, one should add to this gain another 3 
dB as the equivalent low-pass filter bandwidth is twice as 
small as for the delay demodulation (( 11) and (12)). 

VI. DISCUSSION 

Based on the results of the previous paragraphs and 
those of [9] we are able to compare the various demodu- 
lation methods for negligible laser linewidths and zero 
noise correlation. This will be done on the basis of the 
values of the SNR necessary to obtain BER = The 
results are presented in Table I. Note however, that the 
value of the SNR is defined here as the signal to noise 
ratio at the output of the equivalent low-pass filter. There- 
fore, the SNR will be equivalent to the number of photons 
per bit received. The equivalent low-pass filter bandwidth 
requirements are the same for the single- and dual-filter 
demodulation methods, whereas they are not for the delay 
demodulation method as the bandwidth depends then on 
the modulation index h. It follows from spectral consid- 
erations that for low modulation indexes h z 0.5, this 
bandwidth is twice as small as for the other methods, so 
one should add another 3 dB to the gain of the delay de- 
modulation method. 

In this table the figures for the different ideal hetero- 
dyne receivers are related to those derived in [19], where 
the single-filter case is taken 3 dB worse than ASK and 
the delay method is taken to be equal to the PSK case, in 
accordance to (40) and (41). Let us consider the selection 
of the optimum demodulation method for a given value of 
6, T. In the single- and dual-filter demodulation method, 
a nonzero laser linewidth results only in a proportional 
increase of the 95% filter bandwidth according to Fig. 5 .  
The situation is different for the delay demodulation. 
Here, the performance depends on the choice of the mod- 
ulation index h. We shall consider the (2  X 2)  phase- 
diversity receiver as the other receivers perform similarly. 
For a given 6 ,  T and h, the value of 7 may be easily ob- 
tained from (24) and there is a unique value of the 95% 
bandwidth which may be determined from (9). This in its 
turn gives via (32) and (33) the value of p .  The above 
values are sufficient to determine the value of the BER 
from (39). The greater the h the greater the bandwidth B 
is and the greater the noise influence but the less the in- 
fluence of the laser linewidth, on the other hand. This is 
a great advantage of CPFSK over DPSK that by increas- 
ing h we can handle substantial laser linewidths. It fol- 
lows that for a given lil T there is an optimum h which 
gives the smallest BER. 

The calculations described above were actually per- 
formed and the results are shown in Fig. 10. The optimum 
value of h was found for each 61 Tand the excess of power 
necessary to obtain a BER = (as compared with the 
delay demodulation with the filter given by (1 1)) is marked 
in this figure. The same values are depicted for the dual- 
filter demodulation method and heterodyne detection. It 
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APPENDIX A 
For binary signaling, the spectrum with the frequency 

normalized to the bit rate is given by [17] 

+ u ( f )  = A:(f )  + + Bll(f)A:(f) 
0 

2 - 3  a SLT + 2BI’(f)Al(f)A2(f) + B*2(f)A;(f) (AI) 
where [XI 

Fig. I O .  The excess of power necessary to obtain BER = 10 ~’ as com- 

modulation, 2 )  dual-filter heterodyne demodulation, 3) optimum value of 
h.  

pared to SNR = 20: I )  ( 2  x 2 )  phase-diversity receiver with delay de- A I  ( f )  = Sin (Tf Th/2)/(Tf ah/2)  

A2(f) = sin (af - a h / 2 ) / ( ~ f  - 7rh/2) 

(A21 

(‘43) 

(A4) 

(‘45) 

(A6) 

BII (f) = [COS (2af + ah) - COS’ ( ~ h ) ] / D ( f )  
TABLE I 

FOR VARIOUS CPFSK DEMODULATION METHODS 

Single Dual 

THE NUMBER OF PHOTONS PER BIT IN ORDER TO ACHIEVE A BER OF 10- ’ B12(f) = [‘Os (2nf) - ‘Os (ah)1 lD( f )  
&(f)  = [COS ( 2 ~ f  - ah) - cos2 ( ~ h ) ] / D ( f )  

Receiver-Demodulation Method Filter Filter Delay and 

( 2  x 2 )  phase diversity 16 44 20 D(f) = 1 + COS* (ah) - 2 COS (ah) COS (237-7) (A7) 
{3 x 3 )  phase diversity 80 46.5 18.5 
( 2  x 2 )  phase & polar. diversity 82 22 
( 3  X 3 )  phase & polar. diversity 85 19.5 
Ideal heterodyne 12 36 18 

follows from the comparison that the delay demodulation 
is superior up to about T = 4% which corresponds to 
about hopt = 3,  whereas the dual-filter method is better 
for greater values of this parameter. This is similar to the 
results of [3], where the boundary value of h is found to 
be 2 for the heterodyne detection without considering the 
noise correlation. As it should be expected hop[ increases 
when 6, T increases. 

under the condition that h is not an integer number [17]. 
We have dropped in (Al) a constant multiplication factor 
as we are only interested in relative values. For a large 
modulation index h >> 1, there is no overlap of the spec- 
tra related to “ZERO” and “ONE” frequencies (see (A2) 
and (A3)), that is the cross terms in (Al )  are zero. To 
simplify the analysis let us assume that 

h = 2k + a /2 ,  k = 1 ,  2, * * (‘48) 
which gives a compact spectrum near the (normalized to 
the bit rate) frequencies f h / 2 .  After shifting the fre- 
quency to zero we get 

- [sin (.-f>/(.f>I2[1 + cos (2.rrf)l. 049) 

APPENDIX B 
VII. CONCLUSIONS 

We have considered the BER performance of various 
CPFSK demodulation schemes. We have shown that for 

Let us introduce the following random variables: 

= 0.5[(n1 - n ; ) / G  + (no + 4)/=1 
negligible laser linewidths the delay demodulation with h 
= 0.5 (i.e., MSK) outperforms the dual-filter scheme by 
roughly 6 dB as it comes to the signal level requirements. 
Of this 6 dB there stems 3 dB from the delay and multiply 
demodulation method and another 3 dB originates from 
the fact that for MSK the noise bandwidth is roughly twice 
as small as for the larger modulation indexes. The dual- 
filter method in its turn outperforms the single-filter 
method by another 3 dB. There is little sense however, in 
using the dual-filter method with phase-diversity receivers 
as then its main advantage, namely the baseband process- 
ing, is lost. But, nevertheless, it allows the receiver cir- 

x2 = 0.5[(nl - n ; ) / G  - (no + nA)/=] 

X3 = 0.5[(n1 + n ; ) / G  + (no - nA)/=] 

X4 = 0.5[(nl + n ; ) / G  - (no - n A ) / G ]  

-1 < p < 1. (A10) 
They are Gaussian as they consist of sums of Gaussian 

variables. By examining their cross correlations, which 
are zero in each case, it is easy to prove that they are not 
correlated. Thus they are independent. Furthermore, they 
have unit variances. We have then 

no = 0.51(x1 - x 2 ) 6  + (x3 - x4>J1-p l  

= 0.5[(x1 - x2) ,/= - (x3 - x4) , / G I  
n~ = O . ~ [ ( X I  + X2) J1-P + (X3 + x4) G I  
n; = 0.3-  (XI + x2) J1-P + ( ~ 3  + X 4 ) 6 ] .  

cuits to be designed for lower frequencies. When the laser 
linewidths increase, the performance of the dual detection 
scheme is approaching that of the delay demodulation and 
the former method is superior for 6 I T > 4 % . 

It is necessary to stress that CPFSK delay demodulation 
has the same performance as DPSK, but it is more flexible 
and can handle larger values of h1 T. The analysis pre- 
sented may be easily adapted to treat DPSK systems. (‘41 1) 
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Let us insert these values into (26) and multiply it by 
2/- which does not influence its sign. We have, 
after some algebraic manipulations 

w’ = 2w/J( l  - p 2 )  

= (XI + + (x4 + u4)2 

- (x2 + v2)2 - (x3 + v3)2 

where 

[ J 1 - p s i n ( a  + A )  + Jl+p 

cos (a + A) + J1-P cos a] 

1J1-p sin (a + A )  - Jl+p 

cos (a + A )  + J1-P cos a] 

[Jl+p sin (a + A )  - J1-p 

cos a] 

[Jl+p sin (a + A )  + J1-p 

cos a] 

0.5A 
01 = ___ 

+ 

U2 = ___ 

- 

d i q 7  

0.5A 
m 

0.5A 
U3 = ~ J1-$ 

+ J1-P cos (a + A) - 

0.5A 
U4 = ~ JTq7 

- J1-P cos (a + A )  + 

( A W  

sin a 

sin a 

sin a 

sin a 

(A 13) 

Then the probability that w < 0 is equal to the probability 
that 

J(x, + VI)* + (x4 + v4)2 < 4 x 2  + v2)2 + (x3 + v3)2. 

(‘414) 
The pdf of either side of the inequality above is general- 
ized chi with N = 2 and the noncentral parameters 

U: + U :  = A i  

= 2SNR [ l  + J1 - p 2  cos A - p sin A ] /  

(1 - P 2 )  

U: + U ;  = A t  

= 2SNR [2 - cos A - p sin A]/ 

(1 - P 2 >  ( A W  

while the BER is given by (21) [9] with these pdf‘s in- 
serted into it. 

APPENDIX C 
We shall neglect the noise correlation in this section 

and assume that all the noises are uncorrelated, i.e., 
( n , n i )  = (n;n i )  = ( n ; n l )  = 0 fork f i. Let us intro- 
duce the following random variables 

X I  = [(2no - 111 - n,)/2 + (n; - n ; ) / J Z ] / J Z  

x2 = [(2no - nl - n,)/2 - (n; - n ; > / J Z 1 / J Z  

x3 = [(2n;, - n; - n;)/2 + (n1 - n 2 ) / J Z ] / J Z  

x4 = [(2n;, - n; - n;)/2 - (a, - n 2 ) / J z ] / J Z .  

(A16) 

They are Gaussian as they consist of sums of Gaussian 
variables. By examining their cross correlations, which 
are zero in each case, it is easy to prove that they are not 
correlated. Thus they are independent. Furthermore, they 
have unit variances. We have then 

n;  - n; = x I  - x2 

nl  - n2 = x3 - x4 

2no - n l  - n2 = J Z ( x l  + x 2 )  

2n; - n ;  - n; = JZ(x ,  + x4). (A 17) 

Substituting these into (47) and multiplying it by 
3 f i ,  which does not influence its sign, we have after 
some algebraic manipulation 

w’ = 3 f i w  

= (x2 + U 2 ) *  + (x3 + v3)2  

- (XI + ~ 1 ) ~  - ( ~ 4  + ~ 4 ) ~  (A18) 
where 

vl = ( h A / 2 )  [cos (a + A )  - cos a] 

v2 = ( h A / 2 )  [cos (a + A )  + f i  COS a] 

u3 = -(&A/2) [sin (a + f i  sin (a + A)]  

v4 = ( h A / 2 ) [ - s i n a  + f i s i n ( a  + A ) ] .  

(A 19) 

Then the probability that w C 0 is equal to the probability 
that 

J ( x ,  + + (xq + v4)2 > 4 x 2  + u2)2 + (xi + v3I2.  

W O )  

The pdf of either side of the inequality above is general- 
ized chi with N = 2 and $e noncentral parameters 

v i  + U: = A i  

= 2SNR (1 + 0.25[sin2 (a + A )  + cos2 CY] 

+ f i  cos A }  

U: + U :  = A ;  

= 2SNR ( 1  + 0.25[sin2 (a + A) + cos2 a] 

- f i  cos A }  (A211 

while the BER is given by (21) [9] with these pdf‘s in- 
serted into it. 
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