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Intr oduction

In 1969,quite ironically, FrankZerilli statedin the introductionto his Ph. D. thesis:“J oseph
Weberat the University of Maryland hasdetectedeventswhich maywell prove to be pulses
of gravitationalradiation. Dysonhasproposed,probablyonly half seriously, that theseevents
maybetheresultof encountersbetweenstarsandblack holes(that is, collapsedstars)”. Since
thenthesituationhaschangedquitea lot.

Of course,todaythereis morethanjust hopein theexistenceof gravitationalwaves,which
areoneof the main predictionsof Einstein’s theoryof gravity. The measurement,performed
by HulseandTaylor [42], of thedecayof theorbital periodof a compactbinarysystem,PSR
1913+16,hasalreadyprovidedexperimentalevidence(thoughonly anindirectone)for thiscru-
cial predictionof Einstein’stheory. Ontheotherhand,despitetheinitial illusions,thedirectde-
tectionof gravitationalwaveshasprovento beaformidabletask,but finally wecanconfidently
say, thanksto aworldwidejoint experimentaleffort, to bereallycloseto thegoal.Resonantbars
(ALLEGRO, NIOBE, EXPLORER,AURIGA andNAUTILUS) arealreadyin operation;new
resonantdetectors(GRAIL, OMNI-1 andTIGA), calledTIGAs (TruncatedIcosahedralGravita-
tionalArrays),arein project;anearth-basedinterferometer(TAMA) is takingdata,while others
(LIGO, VIRGO andGEO600)will becomeoperative very soon;theprojectfor a space-based
interferometer(LISA) hasrecentlybeenapprovedby NASA andESA. Earth-baseddetectors
will besensitive to gravitationalwavesin thehigh-frequency band( ��� kHz for resonantde-
tectors,andin theregion � Hz �
	�� a few kHz for interferometers).LISA will hopefullybe
ableto detectlow-frequency waves( �
����� Hz ��	���� Hz).

Thanksto the enormousadvancesin observationalastrophysics,the idea of “encounters
betweenstarsand black holes” is no longer regardedas a joke. Indeed,at present,binary
systemscomposedby neutronstarsand/orblackholes(spiralingtogetherto form, eventually,
a new compactobject)areconsideredoneof the mostinteresting(if not the mostpromising)
amongsourcesof gravitationalwavesto bedetectedin thenearfuture([39], [84]).

Thetheoreticalmodelingof binarysystemsis themaintopicof thisthesis.As is well known,
binariescanbe modelledusingvariousapproximationschemes.The simplestapproximation
is theso-calledquadrupoleformula, in which thecomponentsof thebinaryareconsideredas
pointlike particlesfollowing Newtonianorbits,andtheemittedradiationis computedfrom the
timevariationof thequadrupolemomentof thesystem.

A moreaccuratetreatmentcanbeachievedin many differentways. Oneof themostcom-
mon approachesconsidersthe membersof the binary as point particles,but includesPost-
Newtonian(PN) correctionsto theequationsof motion,i.e.,basically, correctionsin powersof����� (where � is the orbital velocity), which areexpectedto be moreandmoreimportantfor
compactbinariesasthey spiral togetherandfinally coalesce.Taking into accountthe internal
structureof themembersof thebinarysystemis, in general,averydifficult task.Accuratethe-
oreticalpredictionsfor the latestagesof a compactbinarycoalescencerequirethe integration
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of thefull Einsteinequationscoupledto hydrodynamicsin strongfield situations,andthis is a
formidablechallengefor today’scomputers.

Themainpointof this thesisis to show thatrelevantinformationon thegravitationalwaves
emittedby binarysystemscanbegainedusingperturbativeapproaches. In this case,thekey
ideais that,whenacomponentof thebinaryhasmassmuchsmallerthantheother( ����� � ),
onecansolve exactly the Einsteinequationscoupledto hydrodynamicsto obtainthe equilib-
rium structureof thelargerbody, andtreatthesmallmass��� asinducingperturbationson the
(known) geometryof space-timeobtainedthroughthisprocedure.Wehaveappliedthismethod
to two classesof astrophysicalbinary systems:extrasolar planetary systemsandcompact
binaries.

Extrasolar planetary systems

Beforeproceeding,wewishto makeapointonterminology. Weshallcall “extrasolarplanetary
systems”bothsystemscomposedof a solar-typestaranda planet,andsystemscomposedof a
solar-typestaranda brown dwarf. In fact, in theastrophysicalcommunity, thevery definition
of a “planet” is still objectof debate(see,e.g.,[57]). Someauthorsdefinea planeton thebasis
of the formationmechanism. Accordingto this point of view, planetsareobjectsformedby
coagulationof smaller, possiblyrocky, bodies,orbiting a muchlarger star;on theotherhand,
starswereprobablyformedby fragmentationof largebodiesinto smallerobjects.Otherauthors
defineaplanetasanobjectwith masssmallerthen13Jupitermasses(theminimummassneeded
to ignite deuteriumin its core);similarly, brown dwarfsareoftendefinedasobjectsthatdo not
burn hydrogenin their core,andthereforehave masseslessthanabout80 jovian masses.We
will follow the latter definition (thoughit is quite a matterof convention),becausethe mass
distribution turnsout to be the distinguishingfeatureeven adoptinga definition basedon the
formationmechanism([57]). In any event,sincethephysicaldistinctionbetweenplanetsand
browndwarfsisnotsosharp,andsincebrowndwarfsarehardlyobservationallydistinguishable,
at present,from planets,we will looselyspeakof “extrasolarplanetarysystems”even when
dealingwith systemscomposedof a starandabrown dwarf.

The first extrasolarplanetarysystem(from now on, EPS)was discoveredin 1992 [89];
sincethena numberof suchsystems,composedof oneor moreplanetsorbiting arounda main
sequencesolar-typestar, hasbeenrevealed(see[64] for a review), andmany otherswill surely
beobservedin thenearfuture. Someof thediscoveredEPS’s arewell characterized,sincethe
massandradiusof thecentralstar, themassof theplanetsandtheir orbital parameterscanbe
deducedfrom observations. With this informationwe have beenableto give a first estimate
of the characteristicsof the gravitational radiationemittedby thesesystems,that, beingat a
distanceof a few tensof parsecs,arevery closeto us. As a first step,we have selecteda set
of EPS’s for which all neededinformationis available,andcomputedthegravitational signal
emittedby eachcouplestar-planetdueto theorbitalmotion,usingthequadrupoleformalism.

Thenwe turnedour attentionon aninterestingmechanismof gravitationalwave emission,
not so directly relatedto the orbital motion of the system. It is known from the theory of
stellarpulsationsthata star, whenperturbedfrom its equilibriumconfiguration,oscillatesin a
setof so-calledquasi-normalmodes. Thesemodeshave complex frequencies;the imaginary
part correspondsto a dampingof the mechanicalenergy of oscillation, due to the emission
of gravitational waves. The stellarquasi-normalmodesareclassified,following a classicpa-
per by Cowling [23], accordingto the prevailing force restoringa displacedfluid elementto



theequilibriumposition. So we term  -modestheonesin which theprevailing force is grav-
ity, and ! -modestheonesin which a dispacedfluid elementis restoredto equilibriummainly
by pressure gradients. The lowestfrequency ! -modeis known as " -mode(for fundamental),
sinceit is presentalsoin extremelysimplestellarmodels,suchashomogeneousincompressible
spheres.Typically, any givenstellarmodelhasaninfinite numberof  -modesand! -modes;the -modeshavedecreasingoscillationfrequencies,the ! -modeshave increasingfrequencies,and
the " -modeseparatesthetwo classes:#$#%#�& 	
')( & 	
'+* & 	-, & 	+.%* & 	+.+( &/#%#%#

Notice,however, thata stellarmodelis endowedwith  -modesonly if thestellarstructure
shows thepresenceof entropy gradients(dueeitherto temperaturegradientsor differencesin
chemicalcomposition).Sothesimplestneutronstarmodelswe shallconsiderin chapter4 (in
which thestaris approximatedasif it wereat zero-temperature)do not show thepresenceof -modes,while theNewtonian,solar-likestarsconsideredin chapter3 do.

Wementionfor completenessthatanew classof modeswith noNewtoniananalogue,essen-
tially relatedto oscillationsof themetricvariables,hasbeenrecentlyshown to exist [47]. These
modeshave beentermed 0 -modes,becausethey are intimately relatedwith the (essentially
relativistic) processof emissionof gravitationalwaves.

An interestingfeaturesof thestellarquasi-normalmodesis thatthey canbeexcitedby tidal
interactionswith theorbiting planet. This problemhasbeenstudiedin the literaturefor solar
type starswith a planetandfor neutronstar-neutronstarclosebinary systemsusingdifferent
approaches,basedessentiallyon thedeformationinducedby thedynamicaltidesraisedby the
companion([1], [82], [46]). In particular, theemissionof gravitationalwavesassociatedwith
theresonantexcitationof themodesof astarhasbeenstudiedby Kojima[45]. Heconsidereda
smallmassin circularorbit arounda compactstar, andintegratedtheequationsdescribingthe
perturbationof the starexcited by the small mass,in the framework of generalrelativity. He
showed thata sharpresonanceoccursif the frequency of the fundamentalmodeof the staris
twice thekeplerianfrequency of theorbiting mass,andthat thecharacteristicwave amplitude
emittedat the resonantfrequency canbe up to �1�%�2� timeslarger thanthat evaluatedby the
quadrupoleformula. Theexcitationof the 0 -modeshaslaterbeenstudiedby Ruoff et al. [73]
througha time-domainevolutionof theperturbationequations.

Motivatedby observations,which have shown thata surprisinglylarge fractionof the ob-
servedplanetsarein close,nearlycircularorbits,wehaveconsideredthepossibilityfor aplanet
to getsufficiently closeto thecentralstarto excite the lowestorder  -modes,andpossiblythe
fundamentalone, without being disruptedby tidal forcesor meltedby the centralstar. We
have shown that for solartypestarsthe resonantexcitation of the low-order  -modesmay, in
principle,bepossible.

Whentheplanetis closeenoughto aresonance,thepowerlostby thesystemin gravitational
wavescanbelarge,andtheorbit tendsto shrinkmorerapidlydueto thisenergy loss.Including
gravitational radiationreactioneffectson theplanetaryorbit tells ushow theorbit evolves: in
this way, wehaveobtainedtypical timescalesfor aplanetto getoff-resonance.

Theinformationon theexcitationof themodeandon thetimescaleof theresonantprocess
canbe usedto estimatehow muchtime a given EPScanspendemitting wavesof amplitude
greaterthan a fixed threshold. The main result of our analysisis that systemscomposedof
a solar-type staranda brown dwarf in resonantconditionscould potentiallybe detectableby
LISA.



Compact binaries

To radiategravitationalwaveswith largeintensityandatfrequenciesaccessibleto ground-based
interferometers,themembersof abinarysystemmustnotonly bemassive: they mustalsoorbit
eachotherat verysmallseparations(a few hundredkilometersor less).

Accordingto theexistingviews,thesemassiveobjectscanonly betheendproductsof stellar
evolution: neutronstarsandblackholes. Sincea large fractionof all starsarein closebinary
systems,the deadremnantsof stellar evolution may containa significantnumberof binary
systemswhosecomponentsareneutronstarsor blackholes,andarecloseenoughtogetherto
bedriveninto coalescenceby gravitational radiationreactionin a time smallerthantheageof
the universe. The binary pulsar1913+16is an exampleof sucha system,andwill coalesce�43 #65�7 �
�98 yearsfrom now. Binariescontainingtwo blackholesor a neutronstaranda black
hole have not beenobserved yet, but we alreadyhave reliable observational dataon binary
neutronstars[53], which will be themainsubjectof this thesis.Anyway, thecurrenttheories
on theformationandrelativeabundanceof variouspopulationsof observedbinariesconsisting
of normal starsand neutronstarspredict neutronstar-black hole and black hole-blackhole
binariesaspossibleoutcomes[39].

By the time a binary entersthe sensitivity window of ground-basedinterferometers(i.e.,
the gravitational wave frequency is larger than about10 Hz) gravitational radiationreaction
hascircularizedthe orbit [65]; so, as the two bodiesin the binary spiral together, they emit
periodicgravitationalwaveswith a frequency which is simply twice theorbital frequency. This
frequency sweepsupward (“chirps”) toward a maximum,which is around1 kHz for neutron
starbinaries,andaround �
�:�<;>= � �<? for black hole binarieswhenthe larger black hole has
mass�<;>= . During thefirst partof thefrequency sweepthewaveformcanbefairly accurately
computedfrom thequadrupoleformalism,but astheobjectsgetcloserPost-Newtonianorbital
effectsandeffectsdueto theextendedstructureof thebodiesbecomemoreandmoresignificant.
In thefinal, mergingphase,thefull equationsof generalrelativity anddetailedhydrodynamical
modelsaredefinitelyneededfor a predictionof thegravitationalwave signalwe mayobserve.
An accuratetheoreticalmodelingof the signal is especiallyimportant,sincecomparisonof
the predictedwave forms with observed onesmay well be the strongesttestever of general
relativity.

We shallattemptto modelthebinaryasa systemin which oneof themembersis anexact
solutionto EInstein’s equations,andthe other is consideredasa pointlike massexciting per-
turbationsin the (known) spacetimecorrespondingto the unperturbedobject. This approach
shouldprovide hints on the natureof the true, fully generalrelativistic two-bodyproblemin
which both objectsare extended. In particular, we want to understandthe differencein the
poweremittedandin thewaveformbetweenasystemin which theextendedobjectis aneutron
starandonein which theextendedobjectis ablackhole.For example,wemayexpectsomeof
theoscillationmodesof thestar(especiallythe  -modes,which have lower frequencies)to be
excitedduringcoalescence.Evenif this is not thecase,thestructureof thestarmustsooneror
laterplaya role in thegravitationalwaveemissionprocess.

Usually the theoreticalmodellingof compactbinariesincludesorbital corrections(but not
correctionsdue to the structure)in the form of Post-Newtonian expansionsof the standard,
Newtonianequationsof motion. In producingthetheoreticaltemplatesusedto extractthesig-
nal from noisein interferometers,only thephaseof thewave (not theamplitude)is corrected
throughttheinclusionof theseeffects,i.e.,oneusestheso-calledrestrictedPost-Newtonianap-
proximation[25]. Wewill show thatthisapproximationignoresacharacteristicbeatingprocess



betweenwavecomponentsof differentangularbehaviour.
Dependingon the stellarstructure,we find that effectsdueto the excitation of the stellar" -modeand/ortheextendedstructureof thestarbegin to show up whenthe testmassorbital

velocity is � ���9@ (where,of course,� is thespeedof light). Moreover, theexcitationof stellar
modesin high-ordermultipoles( ACBED ) mayoccurbefore thequadrupolemodeis excited,and
possiblyplay a role in thebinary’sevolution.

Using the testmasscaseasa testbed,we alsoarguethat,especiallywhentrying to model
neutronstarbinaries,theuseof equal-massPost-Newtonianexpansionsneedsto bepushedto
very high order ( ��F or ��G ) for the expansionto converge with sufficient accuracy; otherwise
thelossin signal-to-noiseratio dueto theinaccuratemodelingof thesystemcouldcompletely
destroy not only thedeterminationof theparametersof thebinary, but alsotheverypossibility
to detectthesignal.

Thesisplan

The first two chaptersof the thesiswill be devotedto a descriptionof the methodwe useto
computethe gravitational wave power spectrumand the shapeof the waveform from binary
systems;in chapters3 and4 we will discusstheapplicationof this methodto extrasolarplane-
tary systemsandcompactbinaries,respectively.

In particular, in chapter1 we concentrate,to have a testgroundfor the inclusionof struc-
tural effects in the signal, on the gravitational wave emissionfrom binary systemsin which
the structureof the bodiesis not taken into account. We start recalling briefly the standard
quadrupoleformalism,andrecover well-known resultsfor the shapeof the spectrumemitted
by a sourcecomposedof two point massesorbiting aroundeachotheraccordingto the New-
tonianlaws of motion. As an original part,we show how to decomposethequadrupolewave
in tensorsphericalharmonics.Thenwe describea slightly differentapproach,which we call
thesemirelativisticquadrupoleapproximation: wecomputetheradiationemittedby atestmass
following geodesicsin theSchwarzschildgeometry(in otherwords,weconsidertheparticleas
moving in curved spacetime),but we computethe emittedradiationby pluggingthis “exact”
orbitalmotionin thequadrupoleformula. In otherwords,wetreattheemissionprocessasif the
systemwereradiatingin flat spacetime.As weshallsee,this methodgivessomeinsighton the
structureof thepower spectrumemittedfrom binariesin which oneof themembersis actually
endowedwith astructure.

In chapter2 wewrite down theperturbationequationsfor anon-rotatingstar. Theamplitude
of the perturbationsin the linearizedEinsteinequations,of course,is not fixed if thereis no
sourceto excite theperturbations.Weshow how to dealwith theexcitationof theperturbations
by a testmass���H� � , where � is the stellarmass,usingan approachbaseddirectly on
theperturbationof themetric functions(thatwe will termtheZerilli formalism). We actually
computedthesourcetermfor perturbationequationsin this “metric” approachonly for circular
orbits,sincethecalculationis quiteinvolved.Lateron,in chapter4,wewill introduceadifferent
but equivalentapproach,basedon theNewman-Penroseperturbationtechnique(the Bardeen-
Press-Teukolsky or BPT formalism),which allows to dealmoreeasilywith the generalcase
of bound,eccentricorbits. In thezero-eccentricitylimit our numericalcodesyield exactly the
sameresultsusingbothformalisms(asthey should!).This is astrongconsistency checkfor our
calculationsin thenon-zero-eccentricitycase.Of course,thespecialcaseof circularorbitshas
greatphysicalinterest,since,aswestatedbefore,radiationreactioncircularizestheorbit of any



compactbinary systemsmuchbeforethe gravitational signalemittedby the binaryentersthe
sensitivity window of earth-basedinterferometers.

In chapter3 wegiveestimatesof theradiationemittedby extrasolarplanetarysystems.We
list the parametersof someof the EPS’s discoveredup to now, as they were deducedfrom
observations,andusethem to computethe gravitational signalemittedby eachcouplestar-
planetdueto theorbitalmotion,usingthequadrupoleformalism.

Thenwe turnour attentionto thepossibilityof anexcitationof theoscillationmodesof the
starby tidal interactionswith theorbitingplanet.Motivatedby observations,whichhaveshown
that a surprisinglylarge fraction of the observed planetsare in close,nearly circular orbits,
we considerthepossibility for a planetto getsufficiently closeto thecentralstarto excite the
lowestorder  -modes,andpossiblythe fundamentalmode,without beingdisruptedby tidal
forcesor meltedby thecentralstar. We show thatfor solartypestarstheresonantexcitationof
thelow-order  -modesmay, in principle,bepossible.

Whentheplanetis closeenoughto aresonance,thepowerlostby thesystemin gravitational
wavescanbelarge,andtheorbit tendsto shrinkmorerapidlydueto thisenergy loss.Including
gravitationalradiationreactioneffects(in theso-calledadiabaticapproximation) wecanunder-
standhow fastthe orbit evolves. In this way, we obtaintypical timescalesfor a planetto get
off-resonance,or, equivalently, estimateson how long the amplitudeof the emittedwave can
gobeyondsomefixed“observability threshold”.Themainresultof ouranalysisis thatsystems
composedof a solar-typestaranda brown dwarf in resonantconditionscould,at leastpoten-
tially, be detectableby the spaceborninterferometerLISA, that hasbeenapproved by NASA
andESA,andshouldfly in a few years.

In chapter4 we apply the perturbative approachto the gravitational wave emissionfrom
compactbinary systems.We first describethe Bardeen-Press-Teukolsky formalism,andthen
apply the formalism to particlesin closed,eccentricorbits arounda star, comparingresults
with thoseobtainedthroughthesemirelativistic quadrupoleformalism.Weshow thatthestellar
structureintroducesqualitatively andquantitatively new effects,amongwhich aretheappear-
anceof anaxial componentin theradiationand,consequently, abeatingbetweenthepolarand
axial components;a significantreductionin thetotal power radiatedin AJI�D ; a greatenhance-
ment in the wave amplitudeif the stellarquasi-normalmodesareexcited. Thenwe consider
the possibility to excite quasi-normalmodesin an astrophysicalbinary coalescence,both for
neutron-starandblack-holebinaries. We show that the excitation of black hole quasi-normal
modescanonly occurin acollapse;for neutronstars,the " -modeexcitationis highly implausi-
ble unlessthestaris rotating.The  -modes,on theotherhand,couldbeexcitedin a frequency
bandrelevantfor earth-basedinterferometers,andwewill explorethis issuein thefuture.Using
theadiabaticapproximation,weconsidertheorbitalevolutionof binarysystemsendowedwith
aneccentricityin ourperturbativeapproach,showing thattheinclusionof structuraleffectsdoes
notaffect thecommonlyacceptedconclusionthatgravitationalradiationreactionactscircular-
izing any binarysysteminitially bornwith a nonzeroeccentricity. Anyway, whentheorbiting
massis closeenough,theemissionfeaturesof a systemin which thecentralobjectis a starare
significantlydifferentfrom thoseof a systemin which the centralobject is a black hole. We
discussthesedifferences,andshow how effectsdueto the equationof stateaffect the power
emittedby thesystemin gravitationalwaves.

Asanext step,wecompareourperturbativeresultswith thoseobtainedin theliteratureusing
Post-Newtonianapproximations,either in the testmassor in the comparablemasslimit. We
computedifferencesin thenumberof cyclesbetweendifferentstellarmodelsandblackholes,
anddiscussthereductionsin signal-to-noiseratio dueto a non-optimalmodelingof thesignal.
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Finally, we give an argumentin favour of the perturbative approximation,showing that fluid
andmetricperturbationsremainsmallup to very little orbital separations.In otherwords,the
perturbativeapproachseemsto besurprisinglygoodup to very latestagesof thecoalescence.



Chapter 1

Gravitational wave emissiondue to the
orbital motion

It is well known thatthegravitationalwaveemissionfrom coalescingbinariescanbemodelled
usingvariousapproximationschemes.Thesimplestapproximationis theso-calledquadrupole
formalism, in which the componentsof the binary are consideredas pointlike particlesfol-
lowing Newtonianorbits,andtheemittedradiationis computedfrom thetime variationof the
quadrupolemomentsof thesystem.In this chapterwe briefly recall somewell-known results
aboutthequadrupoleformalism. Our purposehereis first of all to establishthenotation,and
thento setup a simple theoreticalframework (in which the structureof the membersof the
binary is not taken into account)to usefor comparisonwhen, in the next chapters,we shall
includein thecomputationeffectsdueto theextendedstructureof at leastoneof thebodies.

We start recalling briefly, in section1.1, the well-known quadrupoleformalism; then, in
section1.2we show how to decomposethequadrupolewave in tensorsphericalharmonics(as
far aswe know, this hasnever beendonein thepublishedliterature).In section1.3we recover
well-known resultsfor the shapeof the spectrumemittedby a sourcecomposedof two point
massesorbiting aroundeachotheraccordingto the Newtonianlaws of motion. In particular,
we computethe power spectrumandthe amplitudefor general,eccentricorbits, andthenwe
recover well-known, simple analytic formulasfor the specialcaseof circular orbits. Then,
in section1.4, we describea slightly different approach,which we call the semirelativistic
quadrupoleapproximation. In this approachwe computetheradiationemittedby a testmass
in theSchwarzschildgeometrytaking into accountthe exact geodesicmotion of the mass(in
otherwords,we considerthe particleasmoving in curved spacetime),but thenwe plug the
exactorbitalevolution in thequadrupoleformulas(whichamountsto consideringthesystemas
emitting in flat spacetime).We shall seethat this methodgivessomeinsight on the structure
of thepowerspectrumemittedfrom binariesin which oneof themembersis actuallyendowed
with a structure;in particular, it shows that the spectrumis a discreteone, and that all the
spectralfrequenciescanbeexpressedaslinearcombinations(with integercoefficients)of only
two fundamentalfrequencies,whosemeaningis clarifiedin section1.4.3.

12
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1.1 Quadrupole formalism

In thetransverse-tracelessgauge,thequadrupolewaveisgivenin termsof thereducedquadrupole
moments[77] by:��K�K� �MLON+PRQTS I � (1.1)��K�KUWV LON+PRQTS I D9X� �ZY []\ U_^ \ V)`ba �D \ UWV \ ^c`edgfh ^c` Lji>S
k l+mbn �poq (1.2)

where\pr ^ Its r^ avu r uw^
is usedto project the metric perturbationin the planeorthogonalto the radial unit vector x .
Sinceuwy I{z}|�~����$��z]� , uw� Itz}|�~��Jz}|�~�� and u�� I{�$�2z�� wehave:\ I �� � a z}|�~ ( ���$�2z ( � a z)|�~ ( ��z)|�~��C�$�2z>� a z)|�~����$��z����$�2z]�a z)|�~ ( ��z)|�~��C�$�2z>� � a z}|�~ ( ��z}|�~ ( � a z}|�~����$��z���z}|�~J�a z}|�~��J�$�2z������2zw� a z}|�~������2z���z)|�~�� � a �$�2z ( � ��

(1.3)

We canreformulatethe indicial expressionsin formula (1.2) in termsof matrix productsand
traces:\ U�^ \ V)`�fh ^c` I \ U�^�fh ^c` \ ` V I L \ fh \ S U�V

a �D \ U�V \ ^c`�fh ^}` I a �D \ U�V \ ^c`�fh `�^ I a �D]� Y L \ fh S \ UWV
Now we canfind

� K�KUWV LON+P�QTS throughsimplematrix manipulations.Sinceour goal is to find
theexpressionof thecomponentsof themetricperturbationin sphericalpolarcoordinates,

� K�K���
and

� K�K�$� , wemustalsoperformachangeof basis.Let usdenoteby � thematrixwhoseelements
give thepolarcoordinates�>�%� in termsof thecartesianones��� :� �%�� I � �>� �� � � (1.4)

Considerthepolarcoordinatebasis¡ � � , expressedin termsof thecartesiancoordinatebasis¡ �
by theformula ¡ � � I£¢ yZ¤¢ yZ¥ � ¡ � ; i.e.:¡ � � It� K �� � ¡ � # (1.5)

It is well known thatsuchacoordinatebasisis notorthonormal:¡ � ��¦ ¡ � � It � � � � P (1.6)

i.e.: ¡:§ ¦ ¡:§�I4 9§¨§�I
� , ¡ � ¦ ¡ � I© ��� I Y ( , ¡ � ¦ ¡ � I� �-� I Y ( z}|�~ ( � . We needto projectthe
metricperturbation

�
overa (non-coordinate)orthonormalbasiswhoseelements,denotedby a

hat,are:¡«ª§¬I ¡�§ (1.7)¡ ª� I �Y ¡ �¡­ª� I �Y z}|�~�� ¡ �
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Correspondingly, eachrow of thematrix � K appearingin formula(1.5)hasto bemultiplied by
a factor1 (first row), � � Y (secondrow) or � � Y z}|�~�� (third row) to give the matrix ®� K usedto
switch to our new, orthonormalbasis. Of course,now we mustproject

�
over the vectors¡ �

and ¡ � :\ I �� � � �� � �� � � �� (1.8)

and fh mustbereplacedby ®� K fh ®� .
The tetradcomponentsof the waveform,

� K�K¯ �$° ¯ �%° and
� K�K¯ �$° ¯ �±° , have beencomputedby the

MapleprogramTetradWaveform givenin AppendixH.
Theexplicit expressionsof

� ��� and
� �$� evaluatedby this procedureare� K�KM²¯ �%° ¯ �%° I a � K�KM²¯ �±° ¯ �±° I �Y´³¶µ¸· LjN)S �$�2z ( �H¹»º LjN)S z}|�~�D2�R¼ µ �½¹¾�$�2z ( �w¼�¹ � LjN)S �$�2z ( ��¹»¿ LON)S¶À� K�KM²¯ �%° ¯ �±° I a �Y �$�2z�� ³ · LON)S z)|�~�D2�H¹ÁD9º LjN)S µ � a DÂ���2z ( � ¼ À (1.9)

wherethe
h

standsfor “quadrupole”,and· LjN)S I fh yZy�aÃfh �Ä� P º LON)S I fh yZ� P� LjN)S I fh �)��a fh �¶� P ¿ LON)S I fh �¶�­a fh yZy #
The subscriptindices

L � S$L � S and
L � S�L � S indicatesthat the tensorhasbeenprojectedonto the

orthonormalbasis.

1.2 Projection of the quadrupole waveon tensor harmonics

Thequadrupolewave
� K�KM²¯ � ° ¯ � ° is asymmetrictensor, thatwedenote(to simplify thenotation)by

h. As any symmetrictensor, h canbesplit into anaxialandapolarpart,Å I ÅTÆZÇ ¹ ÅpÈ±É�Ê P (1.10)

andexpandedin thetensorharmonicsdefinedby Zerilli:Å ÆZÇ IEË�ÌOÍ Î h ¯ � °ÌOÍ½Ï ¯ � °ÌOÍ ¹Ð¹ h ÌOÍ Ï ÌOÍ ¹ÒÑ ÌOÍ½Ó�ÌOÍ­Ô P (1.11)Å .+Õ ` I Ë�ÌOÍ£Î�� ¯ � °ÌOÍ½Ö ¯ � °ÌOÍ ¹»� ¯ * °ÌjÍ½Ö ¯ * °ÌOÍ ¹»� ÌOÍ Ö ÌOÍ ¹¹Ø× ¯ � °ÌOÍ�Ù ¯ � °ÌOÍ ¹»× ÌOÍ Ù ÌOÍ ¹ÒX ÌOÍ­ÚbÌOÍ ¹»Û ÌOÍ½ÜÝÌOÍÞÔ # (1.12)

Thecoefficientsof theexpansioncanbefoundasfollowsh ÌOÍ I L Ï ÌOÍ P Å S I/ß ��àÌOÍ �$� ��áZâÞã �$á ã �}â ¿�ä (1.13)I ß (æå� ¿��çß *� * ¿­�$�2z�� ã ��á ã �)â ��àÌOÍ ��� ��á+âI ß (æå� ¿��çß *� * ¿­�$�2z�� ��àÌjÍ ��� � �$� I/ß (æå� ¿��çß *� * ¿­�$�2z�� � à ¯ � ° ¯ � °ÌjÍ � ¯ � ° ¯ � °
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However, sincetheharmonics
L Ö ¯ * °ÌOÍ P Ù ¯ � °ÌOÍ P Ï ¯ � °ÌOÍ S

, arenormalizedto -1, whereasall theothersare
normalizedto 1 (seeAppendixA for a proof), thecoefficients � ¯ * °ÌjÍ P × ¯ � °ÌOÍ P h ¯ � °ÌOÍ will bedefined
with aminussign.

We know that,for example,� à ¯ � ° ¯ � °ÌOÍ I/è ¯ � ° � è ¯ � ° � ��àÌjÍ ��� (1.14)

andsince è ¯ � ° � è ¯ � ° � I{s �� ,è ¯ n ° � I L � P � P � P � S (1.15)è ¯ �±° � I L � P a Y z)|�~�� P � P � Sè ¯ § ° � I L � P � P a � P � Sè ¯ �$° � I L � P � P � P a Y S]é
therefore,the only nonzeroelementsin the tensormatricesprojectedonto the tetradwill be
the sameasthoseof the tensorharmonicslisted in AppendixA. On the otherhand,the non
vanishingcomponentsof

� K�KM²¯ � ° ¯ � ° LON+P Y P � P � S areonly� K�KM²¯ �%° ¯ �$° I a � K�KM²¯ �±° ¯ �±° P and
� K�KC²¯ �$° ¯ �±° I a � K�KM²¯ �±° ¯ �$° #

Consequentlywhenwe take the innerproduct � à ¯ � ° ¯ � °ÌOÍ � ¯ � ° ¯ � ° it givesa nonzerovalueonly if

thematrix � à ¯ � ° ¯ � °ÌOÍ
hasnonvanishing

L � S�L � S a ,
L � S$L � S a or

L � S$L � S a components.This means
that the axial harmonics

h ÌOÍ P h ¯ � °ÌjÍ
and the polar hamonics� ¯ � °ÌOÍ , � ¯ * °ÌjÍ , � ÌjÍ , × ¯ � °ÌOÍ , × ÌOÍ will

automaticallyvanish,andtheonly coefficientsthatremainto becomputedare Ñ ÌOÍ for theaxial
part, X ÌOÍ and Û ÌOÍ for thepolarpart.

With theMapleprogramFlm, given in AppendixH, we find that theonly nonzerocoeffi-
cients(for A�IED , of course)are:

Ûê(¸(ëI/ì]í î9ï5 � L A SY L · a D-ðæº S (1.16)Ûê( � (ëI/ì]í î9ï5 � L A SY L · ¹ÒD9ðæº S I/Û à(¸( (1.17)Ûê(¸�ëI/ì í ï 5 � L A SY L 3 · ¹ � ¹ 5 S (1.18)

wherewerecall that � L A S I �ñ D
A L A­¹ò� S$L A a � S�L AÂ¹ÁD S P
andthatthefunctions· , º and � arerelatedto thequadrupolemomentsby· LjN)S I fh yZy�aÃfh �Ä� P º LON)S I fh yZ�� LjN)S I fh �)��a fh �¶� P ¿ LON)S I fh �¶�­a fh yZy #

In particular, this result implies that the quadrupolewaveis purely polar, since it only
involvestesorharmoniccoefficientsfor which A­¹¾� is even.
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1.3 Newtonian tr eatment

It is known thattwo pointlikemassesrevolving aroundtheircommoncenterof massemitgrav-
itationalenergy becauseof their time varyingquadrupolemoment.Considerfirst thegravita-
tionalemissionby two pointmasseswhosemotionis describedin theframework of Newtonian
gravity. To describetheir motionit is convenientto choosea coordinatesystemwith theorigin
locatedat thecenterof massof thesystem,theorbital planecoincidentwith the � - ó planeand
the � -axisorientedalongtherelativepositionvector, ôöõ Qw÷ a Q . , whenthemass��� is at the
periastron.With this choiceof thecoordinatesystemwehave:Qw÷ I ���� ¹»��� ô é Q .ØI a �� ¹»��� ô (1.19)

Accordingto Newtoniangravity, thevector ô describes,in general,anellipsewith semi-major
axis · andeccentricityè , andits evolution is describedby theparametricequations:ø I · L � a èT�$��z�ù S (1.20)ú I DÂû�ü)��ýcû�~ÿþ [ �½¹Òè� a è d *��æ( ýcû�~ ù D � # (1.21)

Here ø I k ô k , ú is theanglebetweenô andthe � a axis,and ù is theeccentricanomaly, related
to timeby theKeplerequation:� ^ N I{ù a èpz)|�~�ù P (1.22)

where� ^ is thekeplerianorbital frequency� ^ I D ï\ I [ XM� n·�� d *��æ(�� [ X �·�� d *��æ( P (1.23)

and � n I/�g¹ ��� is thetotalmassof thesystem,andthelastexpressionrefersto thetestmass
limit, ����� � . In termsof · , ù and è thecomponentsof ô are:� * I · L ���2z�ù a è S� ( I · L � a è ( S *��æ( z)|�~�ù (1.24)� � I �
To computethequadrupolemomentswe needthe � �¸� a componentof thestress-energy tensor,
which is givenby:� �¸� LON+P�QpS I � (
	 �/s ¯ � ° LOQ a Qw÷2LON)S)S ¹»���Zs ¯ � ° LOQ a Q . LON)S}S��
wheres ¯ � ° L�
�S I/s L�� * S s L�� ( S s L�� � S is the3-dimensionals a function.Fromthegeneralexpression
for thequadrupolemoment:� ^c` LON)S I �� ( ß � �¸� LjN+P��RS ó ^ ó ` ¿ � � (1.25)

wehave then:� ^c` LON)S I ß ³ �/s ¯ � ° L�� a Qw÷9LON)S}S ¹¾���Zs ¯ � ° L�� a Q . LON)S}S À ó ^ ó ` ¿ � � II/�ò� ^÷ LON)S � `÷ LON)S ¹»���c� ^. LON)S � `. LON)S (1.26)
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or, using(1.19):� ^c` I�� � ^ � ` P (1.27)� It����� � L ����¹Ò� S
beingthereducedmassof thesystem.Thereducedquadrupolemoment

is thengivenby:h ^c` I�� [ � ^ � ` a �3 s ^` k ô k ( d (1.28)

Substitutingtheparametricrepresentation(1.24) in the definition (1.28)of
h UWV , andusing

thechainrule for derivatives:¿2�¿ N I ¿2�¿:ù ¦ [ ¿ N¿:ù d � * I � ^� a èT�$��z�ù ¿2�¿:ù (1.29)

we caneasilyobtainthe secondtime-derivative fh UWV of the reducedquadrupolemoment. The
resultis: fh yZy I D9XM� n �3 · L èT�$�2z�ù a � S � ³ L è � a 32è S ���2z � ù ¹ L î a D�è ( S ���2z ( ù a D�èT�$�2z�ùM¹Ò32è ( a 3 À(1.30)fh yZ� I a D�XM� n ��� � a è (· L èT�$�2z�ù a � S � z}|�~�ù ³ èT�$�2z ( ù a D��$�2z�ùM¹Òè Àfh y+� I/�fh �)� I a D�X � n �3 · L èp���2z�ù a � S � ³ L D�è � a 32è S �$��z � ù ¹ L î a @ è ( S ���2z ( ù a èp���2z�ù ¹»32è ( a 3 Àfh �}� I{�fh �Ä� I D9XM� n � èp���2z�ù3 · L èp���2z�ù a � S

Specializingthegeneralresults(1.9) to our case,andusingformulas(1.30)for thesecond
timederivativesof thequadrupolemoments,weget� K�KM²��� L ù P Y P � P � S I D�X ( � n �� � Y · L � a èT�$��z�ù S � 7 (1.31)7 � L è ( a � S�L �½¹»���2z ( � S$L � a D����2z ( � S¹ �$��z ( ù L èp���2z�ù a D S ³ L � a è ( S�L �$��z ( ��¹¾�$�2z ( �J�$�2z ( � a ���2z ( � S¹ �$��z ( ��¹¾�$�2z ( ���$�2z ( � a � À ¹ÒèT�$�2z�ù L �$�2z ( �H¹¾�$�2z ( �����2z ( � a � S¹ D � � a è ( z)|�~��C�$�2z]� L �­¹»���2z ( � S z}|�~�ù L èT�$��z ( ù a D����2z�ù ¹»è S���P

� K�KM²�$� L ù P Y P � P � S I @ X ( � n � �$��z��� � Y · L � a èT�$��z�ù S � 7 (1.32)7 � z}|�~��C�$�2z]� ³ L è ( a D S ���2z ( ù L èT�$�2z�ù a D S a èT�$�2z�ùM¹ÁD L è ( a � S À¹ L D����2z ( � a � S � � a è ( z}|�~�ù L èT�$��z ( ù a D����2z�ù ¹»è S�� #
From theseformulasonecaneasilycheckthat, if the orbit is circular ( è´I � ), the radiation
is emittedat twice the orbital frequency

L ����� I1D � ^ S . But if the orbit is eccentric,waves
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will beemittedat frequenciesmultiple of � ^ , andthenumberof equallyspacedspectrallines
contributing to thesignalwill increasewith theeccentricity1.

1.3.1 Energy flux and characteristic amplitude

Theenergy flux emittedin gravitationalwavescanbeevaluatedin termsof the(01)-component
of thestress-energy pseudotensorof thegravitationalfield:N �}*ÂI ¿ �¿ !Â¿ N I �� î-ï#" Î%$� K�K��� LON+P Y P � P � S Ô ( ¹ Î%$� K�K�$� LON+P Y P � P � S Ô ('& (1.33)

Suppose,first of all, thatoursignalwerenotperiodic.In thiscasewecandefinetheFourier
transformsof themetricperturbationsas:� K�K��� L � P Y P � P � S I �D ï ß)(�*� * � K�K��� LjN+P Y P � P � S è U,+ n ¿ N+P� K�K�$� L � P Y P � P � S I �D ï ß (�*� * � K�K�$� LjN+P Y P � P � S è U,+ n ¿ N+P (1.34)

anduseParseval’s theorem:�D ï ß)(�*� * k " LON)S
k ( ¿ N I{ß)(�*� * k " L � S
k ( ¿ � # (1.35)

Wefind from (1.33):ß (�*� *
[ ¿-�¿ !Â¿ N d ¿ N I �ì ß (�*� * � (/.�00 � K�K��� L � P Y P � P � S 00 ( ¹ 00 � K�K�%� L � P Y P � P � S 00 ('1 ¿ � # (1.36)

Sincethefollowing relationsbetweentheone-sidedspectraldensitiesandthetwo-sidedspectral
densitieshold:ß)(�*� *

[ ¿-�¿ !Â¿ N d ¿ N I ß)(�*� *
[ ¿-�¿2!Â¿ � d ¿ � I �Y ( ß3(�*� *

[ ¿-�¿�ä�¿ � d ¿ � P (1.37)[ ¿-�¿�ä�¿ � d I �D ï [ ¿-�¿�ä�¿�	 d P (1.38)

1Notethat,sincethegeometryof thesystemis symmetricalfor reflectionswith respectto theorbitalplane,the
metriccoefficientshavenicesymmetryproperties:46575�8:9-;=< 4>575?8A@CBD9-;4>5�E28:9-;=< BF4>5�E 8:@GBD9�;
andthefollowing relationshold:HJIKML�NPO 9�QR9TS 4 575 8:UWV�X7V�9YV[Z�;\S ]F<_^ H`Iba ]K L�NPO 9�QR9TS 4 575 8:UWV�X7V�9YV[Z�;\S ]H IKML�NPO 9�QR9TS 4 5�E 8:UWV�X7V�9cV[Zc;dS ] <e^ H Iba ]K L�N,O 9�Qb9�S 4 5�E 8fUWV�X7V�9cV�Z�;\S ]
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wecaneasilyreadoff from equation(1.36):[ ¿-�¿�ä�¿ � d I � ( Y (ì . 00 ��K�K��� L � P Y P � P � S 00 ( ¹ 00 ��K�K�%� L � P Y P � P � S 00 ( 1 # (1.39)

Sinceour signalis periodic,we mustuseinsteada Fourier-seriesversionof Parseval’s the-
orem.Ourconventionson theFouriertransformwill be:g L � S I �D ï ß3(�*� * � LON)S è U,+ n ¿ N+P (1.40)� LON)S I ß3(�*� * g L � S è � U,+ n ¿ � #
Parseval’s theoremreadsthen:�D ï ß)(�*� * k � LjN)S±k ( ¿ N IEß3(�*� * k g L � S±k ( ¿ � # (1.41)

Considernow a time-periodicsignalwith period

\ I�� � 	 . Sucha signalcanbeexpandedin a
FourierseriesratherthanaFourierintegral,� LON)S I (�*Ëh m � * g h è � ( h å U n �ji P (1.42)

wherethecoefficientsof theseriesaregivenbyg h I �\ ß i� � LON)S è ( h å U n �ji ¿ N # (1.43)

Thediscreteequivalentof Parseval’s theoremis:�\ ß i� k � LON)S
k ( ¿ N I *Ëh m � * k g h k ( P (1.44)

andasaconsequence:�\ ß i� 000 $� LON)S 000 ( ¿ N IED *Ë h m � [ D ï u\ d ( k g h k ( # (1.45)

Along thelinestracedfor anon-periodicsignalwecanwrite:�\ ß i� ¿-�¿2!Â¿ N ¿ N I � �� î9ï X \ ß i� " Î $��K�K��� LON+P Y P � P � S Ô ( ¹ Î $��K�K�%� LjN+P Y P � P � S Ô (?& ¿ NI � �ì ï X *Ë h m � [ D ï u\ d (lk 00 g ���h 00 ( ¹ 00 g �%�h 00 (�m
Averagingoveranglesthe u -th Fouriercomponentwefind theassociatedgravitationalflux:Û h I � � L u � ^ S (ì ï X Îjn ®� ¯ h °����o ( ¹�n ®� ¯ h °�%�Wo ( Ô P (1.46)
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wheren ®� ¯ h °��� o ( I �@ ï ß ¿�ä 00 g ���h 00 ( Pn ®� ¯ h °�%� o ( I �@ ï ß ¿�ä 00 g �$�h 00 ( #
Thecorrespondingluminosityis givenby:$� h I�p h I @ ï Y ( Û h I � � L u � ^ S ( Y (D9X Îjn ®� ¯ h °����o ( ¹�n ®� ¯ h °�%�Wo ( Ô # (1.47)

Finally, we candefinea characteristicgravitational-waveamplitude,accordingto formula(50)
in reference[84], as:�cq L u � ^ P Y S I í D3 Îjn ®� ¯ h °��� o ( ¹�n ®� ¯ h °�%� o ( Ô *��æ( P (1.48)

wherethefactor
ñ D � 3 takesinto accountanaverageoverorientation.

1.3.2 A specialcase:circular orbits

For asystemin circularorbit, formulas(1.31)and(1.32)specializeto:� K�KM²��� L � ^ N+P Y P � P � S I a D�X ( � n �� �+Y · L �½¹»���2z ( � SFr]L D����2z ( � a � S �$��z L D � ^ N)S ¹»z)|�~�D2�Cz}|�~ L D � ^ N)Sts� K�KM²�$� L � ^ N+P Y P � P � S I @ X ( � n �� � · Y �$�2z�� r z}|�~�D2�C�$�2z L D � ^ N)S a L D��$�2z ( � a � S z}|�~ L D � ^ N)S s
andwecangetanexplicit expressionfor theFouriercoefficientsof thetwo independentmetric
components:g ���( I a X ( � n �� � · Y L �½¹»�$��z ( � SFr]L D��$�2z ( � a � S ¹»ð:z)|�~�D2� sg �$�( I a X ( � n �� � · Y D����2z�� r a z}|�~�D���¹¾ð L DÂ���2z ( � a � S s #
Fromtheseformulasweobtaintheangularaveragesn ®� ¯ ( °��� o ( I D9ì� 5 X � � (n � (� 8 · ( Y (n ®� ¯ ( °�$�Yo ( I @ 3 X � � (n � (� 8 · ( Y ( P
andwecangettheflux in closedform from (1.46):Û4I ì2X � � (n � ( � (^5 ï �bu · ( Y ( # (1.49)

For theluminosityweget$�©I�pÿI @ ï Y ( Û4I 3:D�X � L �{��� S ( L � ¹»��� S5 ��u · u P
(1.50)

andthis resultagreeswith equation(16) in reference[65].
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Sincein following chapterswe will sometimesneedto comparethis resultwith thoseob-
tainedfrom Post-Newtonianexpansions(which arebasicallyexpansionsin theorbital velocity
of the binary � ) in the test masscase,we note that formula (1.50), when specializedto the
test-masscase����� � andexpressedin termsof theorbital velocity, which for testmassesis
relatedto thekeplerianfrequency by � I L � � ^ S *�� � , becomes:$�wv¾I 3:D5 � (�� ( � *Ý� P (1.51)

wherewehaveusedgeometricunitsandwehave introducedasubscript“ x ”, meaningthatthe
orbital evolution is describedin termsof theNewtonianequationsof motion. Noticealsothat
we canrecover the generalformula for the energy flux from this testmasslimit by a simple
replacementof theparticle’smass��� by thereducedmass� , andof thestellarmass� by the
total massof thesystem� n õ � ¹ ��� . This remarkwill berelevantwhen,in chapter4, we
will try to extrapolatetestmassresults(obtainedtakinginto accountthestellarstructure)to the
comparablemasscase.

Goingbackto thegeneralcaseof comparablemasses,anddefiningthequadrupoleampli-
tudefor asystemin circularorbit as:� ² I �cq L D � ^ P Y S+P (1.52)

wegettheanalyticformula:� ² I ì� � 5 X ( � n �� � · Y I ì� � 5 X� � � Y L � ^zy � S ( � ì� � 5 X� � ���Y L � ^Ry � S ( P (1.53)

where y � is the(constant)radiusof theorbit, � ^ is thekeplerianfrequency of thesystem,and
thelastformulais valid in thetestmasslimit.

Thedominantcoefficientsin theexpansionof thequadrupolewave in tensorsphericalhar-
monics,in thecaseunderconsideration,aregivenbyÛp(¸(�I a ì � D ï� 5 � Y L � ^ty � S ( P Ûp( � (�I/Ûp(¸( # (1.54)

Usingthedefinitionsof thespin-weightedsphericalharmonics{\| ÌOÍ , givenin AppendixG, it’ s
easyto show thatËÍ m�} ( Û ÌOÍ�~" ÌOÍ I �� D ËÍ m�} ( Û ÌOÍ (�| ÌOÍ P (1.55)

sothatwecanwrite thedominantpartof thequadrupoleamplitudein TT-gaugeas� K�KM²��� ¹¾ð � K�KC²�%� I ËÍ m�} ( þ a ì � D ï� �
� � Y L � ^Ry � S ( � (�| ÌOÍ �
� ËÍ m�} ( þ a ì � D ï� �
� ���Y L � ^zy � S ( � (7| ÌOÍ P (1.56)

where(asusual)thelast line refersto thetestmasslimit. TheMaplecodeusedto performthe
calculationsdescribedin this section,NewtonianQuadrupole, is includedin AppendixH.



22 Chapter1. Gravitationalwaveemissiondueto theorbitalmotion

1.4 Semirelativistic quadrupole approximation

Wehaveseenthattheamplitudesof themetricperturbationsin TT-gaugeareexpressedin terms
of thequadrupolemomentsas� K�KM²��� I X� � Y . Î k fh yZy�aÃfh �Ä� m �$�2z ( ��¹ÒD fh yZ� z}|�~��C�$�2z]� Ô µ �ë¹¾�$�2z ( � ¼¹ Î fh �)��aÃfh �¶� Ô ���2z ( ��¹ fh �¶�­aÃfh yZy 1 P (1.57)� K�KM²�$� I a X� � Y . DÂ���2z�� Î k fh yZy�a fh �Ä� m z}|�~��C�$�2z]�H¹ fh yZ� µ � a D��$��z ( � ¼ Ô 1 P
andwehaveexplicitly computedthequadrupolemomentsfor abinarysystemcomposedof two
point massesobeying Newtoniangravity. Now we want to assumethatoneof themembersof
thebinary is a non-rotatingstaror a Schwarzschildblackhole,while theotheris a smallmass
following ageodesicin thebackgroundmetricof thefirst object,andcomputethegravitational
radiationemittedby themass��� becauseof its acceleratedorbital motion aroundthecentral
object.

We arebasicallyusinga semi-relativistic approximation, sincewe areassumingthat ���
movesalonga geodesicof thecurvedspacetime,but radiatesasif it werein flat spacetime.To
computethequadrupolemomentswe mustbriefly recall thepropertiesof thegeodesicmotion
of sucha smallmassin theSchwarzschildmetric.

1.4.1 Geodesicsin the Schwarzschildmetric

Thegeodesicequationsfor a smallmassmoving in theequatorialplanein theSchwarzschild
metricare¿ Y¿ i õ�����I�� ñ � ( a#� L Y S ( P ¿��¿ i I p �Y ( P ¿ N¿ i I �� a (�� § P (1.58)

where� and p � arethe(constant)energy andangularmomentumof themoving body, and � is
thesignof thesquareroot appearingin thefirst equation.Thefirst equationcanbewritten in
theform� ( I $Y ( ¹ � L Y S ( P (1.59)

wheretheeffectivepotential� L Y S õ [ � a D2� Y d [ �½¹ p (�Y ( d # (1.60)

So ��� � L Y S , andthecondition �©I � L Y S correspondsto theorbital turningpoints,for which$Y I/� .
Fromthegeodesicequationswecanalsoobtainthefollowing relations:¿ Y¿ N I � a (�� §� ñ � ( a#� L Y S (¿��¿ N I p � µ � a (�� § ¼� Y (



1.4.Semirelativistic quadrupoleapproximation 23¿ ( Y¿ N ( I ¿¿ Y [ ¿ Y¿ N d [ ¿ Y¿ N d II L Y a D2� S 	 L D2��� ( a 3:� S Y � ¹ L î � ( ¹Mp (� S Y ( aM� Y ��p (� ¹t�
�2� ( p (� �Y F � (¿ ( �¿ N ( I ¿¿ Y [ ¿��¿ N d [ ¿ Y¿ N d I a D'p � L Y a 3:� SY±� � [ ¿ Y¿ N d #
Theeffective potential � L Y S is definedfor Y B©D2� , satisfies� L D�� S I � andhasa maxi-

mum � Í�� y whenY I Y � I p �D2� k p �½a ñ p (� a �±D2� ( m P (1.61)

thendropsto aminimum � Í U h whenY I Y ( I p �D2� k p � ¹ ñ p (� a �±D�� ( m # (1.62)

Asymptotically, � L Y � � S I � .
When � �
D & p � & @ , � Í�� y & � andtheconditionto have closedorbits is � Í U h & � &� Í�� y . On the otherhand,if p � B @ , � Í�� y B � , andthe conditionfor closedorbits becomes� Í U h & � & � . In thelattercase,� I � whenY I Y>� � I p �@ � k p � ¹ ñ p (� a � î � ( m # (1.63)

Noticethatclosedorbitsin theSchwarzschildmetricarequasi-periodic, in thesensethatY LjN ¹�� N)S I Y LON)S+P� L N ¹�� N)S I � LjN)S ¹���� P (1.64)

for some� N . First of all, theradialmotionis periodicbecauseit is determinedby theeffective
potential,whichdependsonly on Y : whenthetestmassgoesbackto theperiastronafteraproper
time � i it will move outwardsagainwith the sameinitial conditions,so the radial motion is
exactly periodic. If we consider

N
and � , on theotherhand,since � n� l and � �� l arefunctionsonly

of Y , in eachperiod � i theparticlewill spanthesameintervals � N , D ï ¹���� . So theoverall
motionis quasi-periodic.

To perform the integration of the geodesicsin the first branch(which, accordingto the
symmetrieswe have just discussed,is theonly onewe need)we make thefollowing changeof
variable:Y L��êS I !]��½¹ÒèT�$��z � # (1.65)

In thepreviousformula, è is theorbitaleccentricityand! is theorbitalsemi-latusrectum.These
parametersarerelatedto theperiastronY i andto theapoastronYt� byèJI Yt� a Y iYt� ¹ Y i P ! I D� Yz�wY iYz� ¹ Y i P (1.66)

Y i I !>��½¹»è P Yt� I !>�� a è # (1.67)
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Theparameter
�

rangesfrom � to D ï in awholeorbit, andfrom 0 to ï to go from theperiastron
to the apoastron.The semi-latusrectumis essentiallya measureof the sizeof the orbit, and
theeccentricityis (of course)ameasureof thedepartureof theorbit from circularity. Notethat�`�tè & � .

Furthermore,the orbital energy and angularmomentumcan be obtainedfrom ! and è
throughtheformulas� ( I L ! a D a D�è S$L ! a D�¹ÒD�è S! L ! a 3 a è ( S P p (� I ! ( � (! a 3 a è ( # (1.68)

Oncewehavefixedthemassof thecentralobject,theorbit is determinedjustby twoparameters.
Givenany coupleof parameters,throughthepreviousrelationswecanobtainany othercouple2.

Whenweswitchfrom thepropertime
i

to
�

, theequationsto integratebecome:¿ N¿ � I ! ( � L ! a D a D�è S *��æ( L ! a D�¹ÁD9è S *��æ(L ! a D a D�èT�$��z �RS�L �½¹ÒèT�$��z �RS ( L ! a î a D�èT�$�2z �êS *��æ( (1.70)¿ i¿ � I ! � �æ( � L ! a 3 a è ( S *��æ(L �½¹»èp���2z �êS ( L ! a î a D�èT�$��z �RS *��æ( (1.71)¿��¿ � I ! *��æ(L ! a î a D�èT�$��z �RS *��æ( (1.72)

To integratethepreviousequationswedon’t needto makeany expansioncloseto theperiastron.
We just useanadaptive Runge-Kutta to stepforward from

� I � to
� I ï , andwe compute��� and � N from:� N I D2�N (1.73)��� I D �� (1.74)

where �N and �� arethevaluesof
N

and � at theapoastron(
� I ï ).

Thegeodesicequationsaresymmetricunderthetransformation
LjN+P � S � L a N+P a � S , sowe

cansolve theequationsfor just half anorbit, e.g. theonewith
N�� ³ � P'� n( À : theotherhalf, withNT� ³ a � n( P � À , canbeobtainedfrom thefirst througha reflection.

Supposethesolutionof thegeodesicequationsfor
NT� ³ � P � n( À (foundby integration)is

" N (� I N � L Y S� (� I/�ê� L Y S # (1.75)

Thenthesolutionfor
N�� ³ a � n( P � À is

" N �� I a N � L Y S� �� I a �ê� L Y S P (1.76)

2For example,wecanfix � and
Xd�

, andthenobtain(e.g.) � and � � throughthefollowing procedure:¡ Fromthefirst of formulas(1.66)wegetXd¢D<£Xd�l¤¦¥ �¤ B � (1.69)

andthesecondrelationfixesthesemi-latusrectum§ .¡ Once � and§ areknown, weuse(1.68)to find � ed �¦� .
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andthegenericbranchof thetrajectorycanbefoundfrom¨©©ª ©©« N (^ L Y S I N � L Y S ¹3¬Y� N� (^ L Y S IE�ê� L Y S ¹�¬Y���N �^ L Y S I a N � L Y S ¹�¬Y� N� �^ L Y S I a �p� L Y S ¹3¬Y��� ¬�I a � P #%#%# P � # (1.77)

1.4.2 Waveamplitude and energy

The expressionsof the secondtime-derivative of the componentsof
h ^c` in termsof Y LjN)S and� LjN)S arefh yZy I ��� L ú �$��z]D2� a®­ z)|�~�D2�H¹Òs � D S]Pfh �)� I ��� L a ú ���2z]D2�H¹ ­ z}|�~�D2�H¹Òs � D SwP (1.78)fh yZ� I ��� L ú z}|�~�D2��¹ ­ �$�2z]D2� SwP fh �¶� I a ����s P

where ú I $Y ( ¹ Y fY a D Y ( $� ( P (1.79)­ I @ Y $Y $�H¹ Y ( f� P s I/D µ $Y ( ¹ Y fY ¼ � 3 #
We shall now computetheFourier transformof thewave emittedby thepointlike particle

becauseof its orbital motion,given in Eq. (1.57),anddiscussthesymmetrypropertiesof the
correspondingspectrum.Theorbit is quasi-periodicin � , but exactly periodicin ( Y P $Y P fY P $� P f� )
sothatwecandecomposetheFouriertransformasasumoverperiods� L � S I �D ï ß *� * � LjN)S è U,+ n ¿ N I (1.80)I �D ï *Ëh m � * ß

¯ h ( *��æ( ° � n¯ h � *��æ( ° � n � LON h I N ��¹ u � N+P � h I{�ê��¹ u ��� S è U,+ n:¯ ¿ N h P
where

LjN � L Y S�P �ê� L Y S}S indicatesthebranchof thetrajectorywhichstartsattheperiastron( Y I Y i )
at
N I4� andendsat theapoastron( Y I Yz� ) at

N I � n( é>L a N � L Y S�P a �ê� L Y S}S indicatesthe“mirror”
branchstartingat Yt� andendingat Y i , with

N°� 	 a � n( P � � . An inspectionof Eqs. (1.57)and
(1.78)showsthattheintegralsareessentiallyof threetypes:± 1) thosecontaining s , say

� * LjN)S , which do not dependon � and thereforeare exactly
periodic;± 2) thosethatcontainaperiodicterm,say

� ( LON)S , times z}|�~�D2� , and± 3) thosethatcontainaperiodicterm,say
� � LON)S , times �$�2zwD2� .

Theseintegralscanbedevelopedin thefollowing way:

� S �D ï *Ëh m � * ß
¯ h ( *��æ( ° � n¯ h � *��æ( ° � n � * LON h S è UP+ n:¯ ¿ N h I �D ï ß � n �æ(� � n �æ( � * LON � S è U,+ n:² *Ëh m � * è U,+ h �

n ¿ N �ëI
I *ËV m � * s L � a � � V S þ �� N ß � n �æ(� � n �æ( � * LjN � S è U,+ n:² ¿ N � � #
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To obtainthis resultwehaveusedtheproperty(�*Ë^ m � * èz³ ^d´ IED ï (�*ËV m � * s L � a D ï¶µ S
andwehavedefined� Í V I D ï¶µ ¹»�£���� N õ µ äë§ê¹¾�Hä � # (1.81)

Noticethatthefollowing symmetrypropertyholds:� � Í � V I a � Í V # (1.82)

Similarly wehave:D S �D ï *Ëh m � * ß
¯ h ( *��æ( ° � n¯ h � *��æ( ° � n � ( LON h S z}|�~�D2� h è U,+ n:¯ ¿ N hI *ËV m � *

· s L � a � � ( V S þ �� N ß � n �æ(� � n �æ( � ( LjN � S è U ¯ + n:² ( ( � ² °D9ð ¿ N � �
¹ s L � a � ( V S þ a �� N ß � n �æ(� � n �æ( � ( LON � S è U ¯ + n:² � ( � ² °D9ð ¿ N � �l¸ #

3 S �D ï *Ëh m � * ß
¯ h ( *��æ( ° � n¯ h � *��æ( ° � n � � LON h S �$��z]D2� h è U,+ n:¯ ¿ N hI *ËV m � *

· s L � a � � ( V S þ �� N ß � n �æ(� � n �æ( � � LjN � S è U ¯ + n:² ( ( � ² °D ¿ N � �
¹ s L � a � ( V S þ �� N ß � n �æ(� � n �æ( � � LON � S è U ¯ + n:² � ( � ² °D ¿ N � �l¸ #

Proceedingalongthis line, wefind thatthewavecomponentscanbewrittenas� K�K��� L � P Y P � P � S I *ËV m � * ËÍ m � (º¹ �º¹ ( s L � a � Í V S g ��� L � Í V P � P � S (1.83)��K�K�$� L � P Y P � P � S I a *ËV m � * ËÍ m � (º¹ ( s L � a � Í V S g �$� L � Í V P � P � S�P
where g ��� L � ( V P � P � S I ���Y Î k�» �( V ¹ » �( V m L �½¹»���2z ( � S�L ���2z]D2�H¹»ð:z)|�~�D2� S Ôg ��� L � � ( V P � P � S I ���Y Î k�» �� ( V a » �� ( V m L �½¹»�$��z ( � S�L �$��z�D�� a ð:z}|�~�D�� S Ôg ��� L � � V P � P � S I 3����Y½¼¿¾V L ���2z ( � a � Sg �$� L � ( V P � P � S I D9���Y �$�2z�� Î k » �( V ¹ » �( V m L z}|�~�D2� a ð:�$�2z]D�� S Ôg �$� L � � ( V P � P � S I D9���Y �$�2z�� Î k�» �� ( V a » �� ( V m L z}|�~�D���¹¾ð:�$�2z]D�� S Ô
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andwehavedefined» �} ( V I �� N ß � n �æ(� ú ���2z L � V } ( N ��À D2�ê� S ¿ N �» �} ( V I �� N ß � n �æ(� ­ z}|�~ L � V } ( N �/À D2�p� S ¿ N �
¼¿¾V I �� N ß � n �æ(� sR���2z L � � V N � S ¿ N � #

Now thatwe know thewave amplitude,we wantto computethetime-averagedquadrupole
energy flux. Werecallthat,accordingto eq. (1.33),¿-� ¯ ² °¿ !Â¿ N I �� î9ï " 000 $��K�K��� LON+P Y P � P � S 000 ( ¹ 000 $�bK�K�$� LjN+P Y P � P � S 000 (�& # (1.84)

For our quasi-periodicsignal,it follows that theaveragepower emittedby thesystemis given
by thelimit$� ¯ ² ° õÂÁ ¿-� ¯ ² °¿ N Ã I Y (� î9ïÅÄ |ÇÆKYÈ * �� ß K� ¿ N ß ¿�ä " 000 $� K�K��� 000 ( ¹ 000 $� K�K�%� 000 ( & é (1.85)

usingParseval’s theorem3 this becomes$� ¯ ² ° I Y (� î9ï *ËV m � * þ ËÍ m � (º¹ �º¹ ( ß ¿�ä � (Í V k g ��� L � Í V P � P � S
k ( ¹ ËÍ m � (º¹ ( ß ¿�ä � (Í V k g �$� L � Í V P � P � S±k ( �
I *ËV m � * ËÍ m � (º¹ �º¹ ( $� ²Í V P (1.86)

where

for � I a D P D $� ²Í V I Y (� î9ï ß ¿�ä ³ � (Í V k g ��� k ( ¹ � (Í V k g �$� k ( À P (1.87)

for � I{� $� ²Í V I Y (� î9ï ß ¿�ä ³ � (Í V k g ��� k ( À #
3Fromeq. (1.83)it follows thattheamplitudein thetimedomaincanbewrittenasa doublesumof theform:428:É�;¶<ËÊÌFÍ Î2Ï Ì Î �RÐ'ÑPÒRÓ�Ô�Õ�Ö

Thedoublesumis equivalentto asimplesumin theproof of Parseval’s theorem:H �K QRÉ-S 4YS ] < ÊÌ×Ì×Ø Î�Î�Ø Ï Ì¶Î ÏÚÙÌ Ø Î Ø H �K � Ð'ÑAÛÜÒ Ó�Ô Ð6Ò Ó Ø Ô ØAÝ Õ QRÉ�<<_Þ ÊÌ×Ì Ø Î�Î Ødß Ì×Ì Ø ß Î�Î Ø Ï Ì Î Ï ÙÌ Ø Î Ø <àÞ Ê Ì Î�S Ï Ì Î S ]



28 Chapter1. Gravitationalwaveemissiondueto theorbitalmotion

In termsof the integrals (1.84), the variouscontributions to the averagepower radiated
appearingin formula(1.86)aregivenby$� ²( V I @ � (�5 L � ( V S ( kd» �( V ¹ » �( V m ( P$� ²� ( V I @ � (�5 L � � ( V S ( kd» �� ( V a » �� ( V m ( P$� ²� V I î � (�5 � (� V µ ¼¿¾V ¼ ( #
UsingEq. (1.82)andthedefinitionsof thevariousintegrals,it is straightforwardto show that:» �� ( � V I » �( V P » �( � V I » �� ( V P» �� ( � V I a » �( V P » �( � V I a » �� ( V P¼ ¾ � V I ¼ ¾V #
Finally, from Eqs.(1.82)and(1.88)we find$� ²� Í � V I $� ²Í V # L � IED P � P a D S (1.88)

Wewill seethatsimilarpropertiesholdfor theenergy flux from abinaryin whichthecentral
objectis a “real” star, endowedwith anextendedstructure:thequadrupolepowerspectrumhas
essentiallythesamefrequency contentandthesamesymmetrypropertiesasthe “relativistic”
spectrumwith á IED and � I a D P � P D , exceptfor the � I�� contribution,which is missing.

1.4.3 Meaning of the fundamental fr equencies

In theprevioussectionwe haveseenthatthesemirelativistic spectrumis a spectrumof linesat
frequencies� Í V I D ï¶µ ¹»�£���� N õ µ äë§ê¹¾�Hä � P (1.89)

which arelinearcombinationsof two “fundamentalfrequencies”,äë§ ed ä � (actually, we have
only seencaseswith � IED P � P a D , but wearegoingto show laterthatsucha formulafor the
spectrallinesholdsin general).We want to discussbriefly themeaningof thesefundamental
frequencies.Obviously, thefrequencyäë§ëI D ï� N (1.90)

correspondsto the(periodic)radialmotion.Being Y LjN)S aperiodicfunction,any functionof Y LjN)S
will beperiodic. Every periodicfunction of this kind, say · LON)S , canbe expandedin a Fourier
series,

· LON)S I *Ë^ m � * · ^ è � U�^�â o
n P

(1.91)

with · ^ I �� N ß � n� · LjN)S è U�^ºâ o n ¿ N # (1.92)
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In particular, the function · LON)S I � �� n is periodicandcanbeexpandedin this way. Integrating
theserieswefind� LjN)S I · � N ¹ *Ë^ m � * º ^ è � U�^�â o

n
(1.93)

with º ^ I ð · ^¬bäë§ ã �2ü ¬åäI{� P (1.94)

while ºZ� is determinedby thecondition� L � S I/� I×æ *Ë^ m � * º ^ It� # (1.95)

Now, it is clearfrom formula (1.93) that,even if � LjN)S is not a periodicfunction, the function� LjN)S a · � N is periodic.This functionis nothingbut theangularpositionof theparticleaccording
to an observer rotatingwith constantangularvelocity · � with respectto a staticobserver at
infinity. Thisangularvelocity is givenby

· �ëI �� N ß � n� · LjN)S ¿ N I �� N ß � n� ¿��¿ N ¿ N I � �� N I/ä � # (1.96)

Soboth Y LjN)S and � LjN)S a ä � N areperiodicfunctionsof
N

with period � N .
Thismeansthat,despitethefactthatthemotionis quasi-periodicfrom thepoint of view of

a staticobserver at infinity, it is exactlyperiodic for anobserver rotatingwith angularvelocityä � . That’s why theenergy spectrumcanbeexpandedin a Fourier seriestotally analogousto
(1.91),but summedover two indices( � and µ ) correspondingto theexistenceof two (notonly
one)fundamentalfrequencies.



Chapter 2

Perturbation equationsfor a non-rotating
star excitedby a massive source

In this chapterwe will give thebasicequationsto dealwith to studytheexcitationof theper-
turbationsof anon-rotating,relativistic starby amassivebodyorbiting thestar.

In section2.1we will shortlyrecall theequationsto integrateto find theequilibriumstruc-
ture of the star. Then, in section2.2 we will write down the basicequationsdescribingthe
perturbationsof themetricandfluid functionsinsidethestar, andtheperturbationsof themet-
ric functionsin thevacuumprevailing outside.Theformalismwe will useto treatthe interior
perturbationsis theonedevelopedby ChandrasekharandFerrari[16], thoughwe have cross-
checkedour resultsusingalsotheequivalentformalismdevelopedby Thorneandcollaborators
in a seriesof papers[85].

The formalismwe usein the exterior wasoriginally developedby ReggeandWheelerto
studythestabilitypropertiesof Schwarzschildblackholes.ReggeandWheelerstudiedonly the
so-calledaxialperturbations;subsequentlyZerilli extendedtheformalismto thepolarperturba-
tions,consideringalsoaparticlein geodesicorbit aroundtheblackholeasapossiblesourceof
excitationof theperturbations.Wewill oftenreferto thisperturbationformalism,baseddirectly
on a first-orderperturbationof themetric functions, astheZerilli formalism. We will seethat
this formalism,after separationof the angularpart of the equationsthroughan expansionin
tensorsphericalharmonics,reducesour problemto a solution(with appropriateboundarycon-
ditions)of two Schr̈odinger-like equationswith source,known astheRegge-Wheelerequation
for theaxial caseandastheZerilli equationfor thepolarcase,respectively.

Hereweonly wantto sketchthebasicequationsthatweshallsolveto computetheradiation
emittedby extrasolarplanetarysystems.Thederivationof thesourcetermsandthesolutionof
theZerilli andRegge-Wheelerequationsin thespecialcaseof aparticlein circularorbit around
thestararequitelenghtyandinvolved;they will bedeferredto AppendixC.
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2.1 The equilibrium configuration

In the following we shall adoptgeometricunits ( ç èêéëè ì ). We shall write the Einstein
equationsin the form çîíðïñèÂò>ó íðï , anddefinetheRiemanntensorasin [14]. Themetric for a
static,sphericallysymmetricdistributionof mattercanbewritten in thestandardform:ô õtö è�÷ ö�ø%ô?ù�öûú ÷ öjütý7ô�þ>öÿú þ6ö � ô��¦ö����	��
cö��¦ô�
Fö����

(2.1)

Inside the star, the functions � and � ö can be determinedby solving the Einsteinequations
coupledto theequationsof hydrostaticequilibrium. We shallassumethatthestaris composed
by aperfectfluid, whoseenergy-momentumtensoris givenbyó���� è ��� ������� � � � ú �! ���#" (2.2)

where
�

and
�

arerespectively thepressureandtheenergy density, thatareassumedto havean
isotropicaldistribution,and

� � is thefour-velocityof thefluid. By definingthemasscontained
insideasphereof radius

þ
as$ � þ%� è &�'(�) þ ö ô�þ " (2.3)

therelevantequationsare��* ' è ú � * '� ��� " (2.4)+ ì ú ò $ � þ,�þ - � * ' è ú � ) � � � + � þ.� $ � þ,�þ ö - " (2.5)

and ÷ öjüzý è + ì ú ò $ � þ,�þ -0/21 � (2.6)

Whentheequationof stateof thefluid is specified,eqs.(2.3) and(2.5) canbesolvednumeri-
cally andthedistributionof pressureandenergy-densitythroughoutthestarcanbedetermined.
Furthermore,equation(2.4)canbeintegratedto give� è ú &�'( � * '� �3� � � ô-þ4� � ( � (2.7)

The constant� ( is fixed by the conditionthat at the boundaryof the star,
þ è65 , the metric

reducesto theSchwarzschildmetric� ÷ ö�ø7� '982: è � ÷ / öjüzý�� '�82: è ì ú ò%;=<,5>" (2.8)

where ; è $ � 5 � is thetotal mass.
OutsidethestarthemetrichasthestandardSchwarzschildform:ô õtö è + ì ú ò%; þ - ô?ù�öÿú + ì ú ò%; þ - /21 ô-þ>öûú®þ6ö � ô��¦ö����	��
2ö?�¦ô@
�ö����

(2.9)
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2.2 Perturbing the equilibrium configuration

2.2.1 Polar perturbations

Let usconsiderfirst thepolar, nonaxisymmetricperturbationsof a sphericallysymmetricstar,
excited by a particle is in circular orbit. The gaugeappropriatefor the descriptionof these
perturbationscanbewritten in thefollowing form [33]ô õtö è ÷ ö�ø�A '�B ô?ù�öÿú ÷ öjüzýCA '9B ô�þ>öûú®þ6ö7ô�� ö�ú þ6ö��C�D
cö���ô@
�ö

(2.10)� E�FHG &=I2J
/ J ô,K ÷ / íMLON�P òRQ:÷ ö�ø�S0T G � ù " þ,�dô?ù ö ú ÷ öjüzý�UVT G � ù " þ,�dô�þ öXWZY#T G � � " 
[�ú ò þ6ö]\ ó T G � ù " þ%�Z��^ T G � ù " þ%�0_ ö_ � ö,` Y#T G � � " 
[�\ô��¦öú ò þ6ö��C�D
cö��a\ ó T G � ù " þ%�Z��^ T G � ù " þ%� + ì�C�D
 ö � _ ö_ 
 ö ��bdc,e���__ � - ` Y#T G � � " 
[�dô@
�öú ò þ6ö�^ T G � ù " þ,� ò \ _ ö_ 
 _ � úfbgc,e�� __ 
 ` Y!T G � � " 
[�dô��¦ô�
ih "

where
Y FjG � � " 
�� are the scalarsphericalharmonics,and the functions

SkT G � K " þ,� , ó T G � K " þ%� ,^ T G � K " þ,� , U�T G � K " þ%� describethe perturbedmetric. The metric functions � � þ,� and � ö � þ,� de-
scribetheunperturbedspacetimeandaredeterminedby numericallyintegratingtheTOV equa-
tionsfor hydrostaticequilibriumfor thechosedequationof state.Theradialfunctions l S "ºó." ^ " U[m
have to befoundby solvingtheperturbedEinsteinequationsoutsidethestar, andinside,where
they coupleto thehydrodynamicalequations.

When a star is perturbed,eachfluid elementsuffers an infinitesimal displacementfrom
its equilibrium position,identifiedby the lagrangiandisplacementno . If we write the Einstein
equations,the hydrodynamicalequationsand the conservation of baryonnumber(see[17],p�p

4 and11) we find that they decoupleinto two sets:thepolar equations, involving thevari-
ables l S "ºó." ^ " U[m and the lagrangiandisplacementno , and the axial equations, involving the
off-diagonalperturbationsof themetric.

We shallassumethat theperturbationstake placeadiabatically, i.e., that thechangesin the
pressureandenergy-densityarisewithoutdissipation.

The equationswhich describethe polar perturbationsare the Einsteinequations,the hy-
drodynamicalequations,and the conservation of baryonnumber. We shall omit the explicit
derivationof theseequations,which canbefoundin theoriginal papers.Herewe only remark
that theangularpartof therelevantequationscanbeseparatedby performinganexpansionof
theequationsin tensorialsphericalharmonics.After theseparation,we areleft with a system
of coupledequationsinvolving thefollowing variables:

S � þ,� " U � þ,� "dó � þ%� " ^ � þ,� , whichdescribe
the radialpartof theperturbationof themetric,and q � þ,� , r � þ,�

, s � þ%� , t � þ,� , which describe
theradialpartof theperturbationof thefluid. Theresultingequationsare:\ ôô-þ � + ìþ ú �%* ' - ` � ò>ó ú�u!^v�/ú òþ U è ú qw" (2.11)� ó úa^x� S � " ' ú + ìþ ú �%* ' - S ú + ìþ � ��* ' - U è y#" (2.12)



2.2.Perturbingtheequilibriumconfiguration 33ìò ÷ / öjü ý \ òþ S * ' � + ìþ � ��* ' - � ò>ó ú�u!^>� * ' ú òþ + ìþ � ò%��* ' - U ` �ìò \ ú ìþ ö � ò{z ó �|u S �}�fK ö ÷ / ö�ø � ò>ó ú�u!^>� ` è s]" (2.13)^ * ' * ' � + òþ � �%* ' ú � ö * ' - ^ * ' � ÷ öjütýþ ö � S � U �Z�fKÿö ÷ öjüzý / ö�ø~^ è y#" (2.14)

r è ú � ó úa^x� U � " (2.15)s è ú ìò Kÿö ÷ / ö�ø r ú � �V� � � S " (2.16)q è l 1ö � K ö ÷ / ö�ø r � * ' � ��� � ì � �%* ' 1ö � K ö ÷ / ö�ø r ��� � � * ' ú �4� * ' � S�m1öR� K ö ÷ / ö�ø ����� ý�� ý øC� �� I%� � � * ' ú �.� * ' ��� " (2.17)

t è � s � ÷ / öjüzýò � �3� � � � � * ' ú �.� * ' � qw" (2.18)

whereu è�� � � � ì � " ò{z_è � � ú ì � � � � ò � è uJú ò�" � è � �V� � �� � " (2.19)

and ��� � �3� � �� + _ �_ � -i� (2.20)

is theadiabaticexponent(thederivativebeingtakenat constantentropy
õ
).

For barotropicstars,theequationof stateis assumedto beof theform:� è �3� ��� " (2.21)

sotheadiabaticexponentis simply� è � �V� � �� + _ �_ � - (2.22)

and
�

reducesto:� è � * '� * ' � (2.23)

While neutronstarsandwhite dwarfsaretypically well describedby a barotropicequationof
state,suchanapproximationdoesnothold for “ordinary”, Newtonianstars.In thiscasewecan
write q , accordingto (2.17),as:q�è �� ��� l�r�* ' � ��� ú ì � ��* ' r m � � � * ' ú �.� * ' �� ��� S

(2.24)

wherewehavedefined� � ìò K ö ÷ / ö�ø " � � ÷ / öjütý �%* 'ò � �3� � � � � * ' ú �.� * ' ��� (2.25)
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The system(2.11)-(2.14)turnsout to be linearly dependentat the origin. To circumvent this
lineardependencewewill replacethevariableó by anew variableç , definedas:ç � �%* ' l � S �a��� * ' � ��* ' � S ú U � m � ìþ ö � ÷ öjüzý ú ì � (2.26)� ìþ ö � ÷ öjü ý ú ì � l � z � ì � S ú z � U � r �Z�f� m ú ÷ öjü ý � �V� � � S �fKÿö ÷ öCAPü ý / ø B \ U �a��� ìò r `
where

� � z ^ . In this wayonegetsthefollowing setof equations:� * ' * ' � + òþ � �%* ' ú � ö * ' - � * ' � zþ ö ÷ öjü ý � S � U �3��Kÿö ÷ öCAPü ý / ø B � è�y#" (2.27)� þ ö ç � * ' è�zZ��* ' � S ú U �!� z þ � ÷ öjüzý ú ì � � S � U �!� þ � ��* ' ú � ö * ' ��� * ' ��K ö ÷ öCAPüzý / ø B þ~� " (2.28)

ú ��* ' S * ' è ú ç � ��* ' l � * ' � �%* ' � S ú U � m � ìþ ö � ÷ öjüzýûú ì � � S ú þO� * ' ú þ>ö ç � (2.29)ú ÷ öjü ý � �3� � � S � ìò Kÿö ÷ öCAPü ý / ø B � S � U � þ öz ç � ìz l þ~� * ' � � ò{z � ì �9� m	¡ "
U * ' � ì úf¢£�¤� U \ + òþ ú �%* ' - ú + ìþ � ��* ' - ¢ ` �a� * ' �a� + ìþ ú ��* ' - ��¢ S * ' (2.30)� S + ¢ ��* ' ú ¢ þ úa¥ - � + ìþ � t>��* ' - \ S ú U � þ öz ç � ìz � þO� * ' �f��� ` è�y �

where¢ è ì ú �ò � � ���¦� " t è ¢ ��� ú ì ��ú � " ¥ è � * ' ú �4� * 'ò � � ���>� � (2.31)

Outsidethestarthevariablesrelatedto thefluid, s and q , vanishandthesystemof equa-
tions(2.11)-(2.14)canbereducedto a singleSchr̈odingerequation,theZerilli equation([90],
[91]): + ô öô-þ ö§ �fKÿö -©¨ T G è ^ ¨ T G " (2.32)

wherethepotentialis givenby^ � þ,� è ò � þCú ò,; �þOª � z þ4��« ; � ö lHz ö � z � ì �\þO¬V��« ;­z ö7þ6ö���® ; ö z þ.��® ; ¬ m � (2.33)

Theradialvariable
þ § is theusual“tortoise” coordinateþ § � þ.� ò%;°¯ c%±R² þò%; ú ì7³ � (2.34)

We show in AppendixB that we canintegratetwo independentsolutionsof eqs. (2.27)-
(2.30)for themetricperturbations,with initial conditionsin

þ è­y givenby therequirementthat
the perturbationfunctionsbe regular at thecenter, andobtainthe generalsolutionby a linear
combinationof thesetwo solutionschosenin sucha way that, at the boundary(

þ è65 ), the
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lagrangianperturbationof thepressureis zero. A moredetaileddescriptionof the integration
procedureusedinside the star is given in AppendixB. Oncewe know, from this numerical
integration,thevaluesof

� " U " � * ' and
U * ' at

þ è´5 , we canconstructthefunctions ¨ � 5 � and¨ * '9µ � 5 � throughtherelations¨ � þ è�5 � è \ þz þ���« ; + « ;z � ú®þ U - `·¶¶¶¶ '�82: (2.35)¨ * '¹¸ � þ è�5 � è + ì ú ò%;5 - \ þz þ.��« ; + « ;z � ú þ U - `·¶¶¶¶ '�82:
Whena particleof mass$ (�º ; orbitsthestar, theZerilli equationhasto bemodifiedto

includeasourceterm » T G :+ ô öô-þ ö¼ �fKÿöûú�^ T -©¨ T G è½» T G � (2.36)

This sourceterm, in the Chandrasekhar-Ferrari gauge(seeAppendix C for a derivation), is
givenby:» T G è ; � þGú ò%; � l � z ��«���þCúa« ; mþ � z þ.��« ; � ö ¾{¿K4À ò � A 1 BT G � � þGú ò%; � öò � z þ.��« ; � ¾{¿K4À ò � A 1 BT G * ' � (2.37)� � þ�ú ò%; � öò � z þ4��« ; � ¾{¿ � T G � � þGú ò%; � öz þ.��« ; ¾O¿Á ò~� � � � ì � � T G úú ì7Â ¿ � þCú ò,; �Á ò~� � � � ì � � � ú ì � � � � ò � ¥ T G ú þ � þGú ò%; � öz þ.��« ; ¾{¿K Á ò~� � � � ì � � A ( BT G * 'Ã' úú � þGú ò%; � � « z þ ö � ì~Ä%; þGúfÅ ;­z þGú ò Å ; ö �� z þ.��« ; � ö ¾O¿K Á ò~� � � � ì � � A ( BT G * ' �� � � þGú ò%; � � z ö þ ö úa« ;�z þGú ì
ò,; þ.� ì%ò%; ö �þ � z þ.��« ; � ö ú K ö þ ¬z þ4��« ; ¡ ¾{¿K Á ò7� � � � ì � � A ( BT G �
Thenotationfor thetensorsphericalharmoniccoefficientsusedhereis thesameasin formula
(1.12),andsincewe areworking in thefrequency domainwe omit, for easeof notation,a tilde
(meaning“Fouriertransform”)overeachof thecoefficients.

2.2.2 Axial perturbations

Theaxial,perturbedline elementcanbewrittenasô õtö è ÷ ö�øtô�ù�öÿú ÷ öjüzý7ô�þ6öûú®þ>ö7ô��¦öûú®þ>ö?�	��
cö��¦ô@
�ö
(2.38)� ò,Æ (T G � ù " þ%�#�	��
Ç� Y#T G * È � � " 
��dô?ù\ô@
� ò,Æ 1T G � ù " þ%�#�	��
Ç� Y#T G * È � � " 
��dô�þ'ô@
ú ð $ ò%Æ (T G � ù " þ,� ì�	��
4� Y#T G � � " 
[�\ô?ù\ôÉ� ú ð $ ò%Æ 1T G � ù " þ%� ì�C��
4� Y!T G � � " 
[�dô�þ6ôÉ�3�
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The equationsfor the axial perturbationcanbe combinedinto a singlewave equationby
introducinga function ¨iÊ�ËFjG � K " þ,� relatedto theaxial functionsby thefollowing equationsÆ (FHG è ú ðK ôô�þ § � þ ¨ ÊXËFHG � " Æ 1FHG è ú ÷ / ö�ø � þ ¨ ÊXËFHG � " (2.39)

where
þ § èÍÌ '( ÷ / ø I üzý ô�þ . The function ¨iÊXËT G � K " þ%� satisfiesa wave equation(cfr. [17], Eqs.

148-149)whosepotentialdependson thedistributionof energy andpressureinsidethestar:ô ö ¨iÊ�ËT Gô-þ ö§ � P K ö ú ÷ ö�øþ ¬�Î � � � � ì ��þ4�#þ ¬ � �ÿú � ��ú Â $ � þ,�9Ï4h ¨ Ê�ËT G è­y � (2.40)

Outsidethe star, where
� è � èÐy , the axial wave equation(2.40) reducesto the Regge-

Wheelerequationwith sourceô ö ¨iÊ�ËT Gô-þ ö§ � l Kÿöûú�^ ÊXË m ¨ Ê�ËT G è�» Ê�ËT G " (2.41)

wheretheRegge-Wheelerpotentialis^ ÊXË è ÷ ö�øþ ¬ l � � � � ì �\þGú Â�; m � (2.42)

If a particleorbitsthestar, theequationmustbemodifiedincludinga sourcewhich is givenby
(seeAppendixC for aderivation)» Ê�ËT G è ì7Â ¿ ðÀ ò Á � � � ú ì � � � � ì � � � � ò � ÷ ö�øþ � þ öwÑ ÷ ö�ø ¢ T GwÒ * ' ú Á � � ú ì � � � � ò �\þ ÷ ö�ø � T G � � (2.43)

In theaxialcasethematchingbetweentheinteriorandexteriorsolutionsis trivial, sincethe
valueof the Regge-Wheelerfunction at the bordercanbe obtainedthrougha straightforward
integrationfrom

þ èÓy of equation(2.40). Theexpansionsrequiredto startthe integrationinþ è�y aregivenin AppendixB.



Chapter 3

Gravitational wave emissionby extrasolar
planetary systems

In thischapterwewill applytheformalismdevelopedin theprecedingchaptersto computethe
radiationemittedby extrasolarplanetarysystems(EPS’s). As we saidin the introduction,we
shalllooselycall “extrasolarplanetarysystems”bothsystemscomposedof asolar-typestarand
aplanet,andsystemscomposedof a solar-typestaranda brown dwarf.

In section3.1wewill list theparametersof someof theEPS’sdiscoveredupto now, asthey
werededucedfrom observations.Then,in section3.2,wewill computethegravitationalsignal
emittedby eachcouplestar-planetdueto theorbital motion,usingthequadrupoleformalism.
After this roughestimate,in section3.3we will turn our attentionto aninterestingmechanism
of gravitational-wave emission,not directly relatedto the orbital motion of the system: the
excitation of the oscillation modesof the star by tidal interactionswith the orbiting planet.
Motivatedby observations,whichhaveshown thatasurprisinglylargefractionof theobserved
planetsare in close,nearlycircular orbits, we have consideredthe possibility for a planetto
get sufficiently closeto the centralstar to excite the lowestorder

 
-modes,andpossiblythe

fundamentalone,without beingdisruptedby tidal forcesor meltedby thecentralstar. We will
show in sections3.4 and3.5 that for solar type starsthe resonantexcitation of the low-order 
-modesmay, in principle, be possible.Whenthe planetis closeenoughto a resonance,the

power lost by thesystemin gravitationalwavescanbelarge,andtheorbit tendsto shrinkmore
rapidly dueto this energy loss. In section3.6 we will includegravitational radiationreaction
effectsto understandhow fasttheorbit evolves. In this way, we will obtaintypical timescales
for a planetto getoff-resonance,or, equivalently, estimateson how long theamplitudeof the
emittedwavecangobeyondsomefixedobservability threshold.

Themain resultof our analysisis thatsystemscomposedof a solar-typestaranda brown
dwarf in resonantconditionscould,at leastpotentially, bedetectableby thespaceborninterfer-
ometerLISA, thathasbeenapprovedby NASA andshouldfly in a few years.
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3.1 Main characteristicsof the extrasolar planetary systems

AmongtheEPS’sdiscoveredupto now, wehaveselectedthosefor which theparametersof the
centralstarandof theplanets,which weneedto estimatethegravitationalemission,havebeen
determinedwith sufficientaccuracy. Theseparametersaretabulatedin table3.1and3.2.

Table3.1: The spectralclassof the centralstar, its mass,; , its distancefrom Earth,
¢

, the

factor Ô Õ2Ö:@×Ø (radÙ s/21 ), andtheratiobetweenthelowerlimit of theestimatedmassof theplanet,$ ( �C�D
 ð , and ; , aretabulatedfor aselectedsetof EPS’s. Strictly speaking,thebodiesorbiting
thestarslistedbelow HD 114762areclassifiedasbrown dwarfsratherthanasplanets.

Star SpectralCl. ; § � ;�Ú � D (pc) Ô Õ2Ö:�×Ø Ù�ì7y ª $ ( �C�D
 ð9<�; ¼
HD Û%Ä?ò ¾ ® [92] Gy V ì � y�Ä ò ¾ �M®{Å Ä ��Å «�� ¾ Ù�ì7y / ªÄ ì Peg[36] GÄ V ì � y�Ä.Ü|y � y ® ì7Ä �M« Â Ä � ìwÜ|y � Û Å#� òkÙ�ì7y / ªÝ And[36] F¾ V ì ��«,Å Ü|y � ì
ò ì «#��Å Û «#� Û.Ü|y � Ä Ä �M« Ù�ì7y / ªì � ÄkÙ�ì7y / ¬«��M« Ù�ì7y / ¬Ä,Ä Cnc[36] G¾ V y ��® Ä.Ü|y � ì7y ì%ò � Ä « Â � Â�Ü�ì � y ¾ � ¾ Ù�ì7y / ªÞ CrB[36] Gò V y � ¾ ® Ü|y � y�Ä ì7Û ��Å%« «#� ¾ Ü|y � Ä ì � ì.Ù�ì7y / ¬HD ò2ì7y�ò%Û,Û [54] Gy V y ��® ò ò ì � ò ® Ä � y ì �M« Ù�ì7y / ¬ì�Â CygB[36] GÄ V y ��® Â�Ü|y � y�Ä ò ì � Â?ò Ä � y�Ü|y � Â ò � y0Ù�ì7y / ¬Gl ¾ Û,Â [76] M

Å
V y ��« Å#� Û,y ì « Â � ÛkÙ�ì7y / ¬Å Û Uma[36] Gy V ì � yYìwÜ|y � y�Ä ì Å!� y ¾ Å!� Ä.Ü|y � Ä ò � òkÙ�ì7y / ¬ì Å Her[54] K y V y � ¾ ì ¾ � ì7Ä ¾ � y «��M® Ù�ì7y / ¬Gl 86[54] K1 V 0.79 10.91 ¾ � y Å#��Å Ù�ì7y / ¬ß Boo[36] FÛ V ì ��« Û.Ü|y � y ® ì7Ä � Â,y Å!� Û.Ü|y � Â «��M« Ù�ì7y / ¬HD ì7Â ¾ Å%Å%« [54] GÄ V y ��®,Å « Û � ¾,¾ Û � ò Ä � ì.Ù�ì7y / ¬Û{y Vir[36] GÄ V ì � yYìwÜ|y � y�Ä ì ¾ � ì'ì ò � Ä.Ü|y � ò Â �M® Ù�ì7y / ¬HD ì?ì Å Û,Â?ò [36] F

®
V y � Û%Ä.Ü|y � ì~Ä Å y � Ä,Û Å!� y�Ü�ì � y ì �M« Ù�ì7y / öHD ì?ì7y ¾ «,« [56] K
«

V y � Û%Ä ì7Û ¾ � ò ò � òkÙ�ì7y / öHD ì?ì
ò%Û%Ä ¾ [56] K y V y � ¾ ì�Â � Ä ¾ � y Å#� òkÙ�ì7y / öHD ò ® Ä ¾ Û [56] Gò V ì � y Å Ä Â � ì «�� ¾ Ù�ì7y / öHD ò ¾ « Û%Ä{y [76] K ò V y � Û%Ä ì�Â � Ä ¾ ��Å Â ��Å Ù�ì7y / öHD ¾ ® Û,y�Û [30] G ì V ì � ò ò,Ä Â � ì Ä � y0Ù�ì7y / öHD ò2ì~Û%Ä ¾ y [56] K
Å

V y � Û ì ¾ ®#� ì ¾ � òkÙ�ì7y / ö
Hereandin thefollowing, datawill begivenwith thecorrespondingerrors,whenavailable

in theliterature.In thefirst columnof table3.1we list theselectedEPS’s with thecorrespond-
ing bibliography, andin column2 thespectralclassof thecentralstars.Mostof thembelongto
aclasssimilar to thatof theSun,which is aG2V star. In column3, 4 and5 wetabulate,respec-
tively, themassof thecentralstar, ; , its distancefrom Earth,

¢
, - taken from theExtrasolar

PlanetsCatalog [76]- andthequantity Ô Õ2Ö: ×Ø , which will beneededin thefollowing. In most

casesthe presenceof planetshasbeendiscoveredby usingaccelerometrictechniques,that is
to say, by measuringthevariationsof the radialvelocity of thestarcausedby its gravitational
interactionwith theplanet.Thesetechniquesdo not allow to determinethemassof theplanet,$ ( , but only theproduct $ ( �C��
 ð , whereð is theanglebetweentheline of sightandthenormal
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to theorbital plane. In column6 we list thevalues$ ( �C�D
 ð for eachplanet,normalizedto the
massof thecentralstar. Fromthedatain table3.1we seethat theclosestsystemis at

Å!� Û,y pc,
thefarthestat

Å Ä pc,whereasthemassof thecentralstarrangeswithin lHy ��« "tì ��« Û m ;�Ú .

Table3.2: Orbitalparametersof theplanetsorbitingaroundthestarslistedin table3.1(1 AU =ì �jÅ�® Ä ® Û ¾ Û,y%ÂiÙ�ì7y 1 ¬ cm).

Star à á � AU
� ÷

HD Û%Ä?ò ¾ ® «�� Ä2ì�y « Ü=y � y�ò «Úô 0.046 y � y�Ä Å Ü=y � y?ò,ÂÄ2ì Peg
Å#� ò?ò ®%« Ü=y � y%yYì?ì ô y � y�Ä?ò,y.Ü�y � y,yYì~Ä y � yYì%ò4Ü=y � y2ìÝ And
Å#� ÂYì7Û,y.Ü=y � y%y%y «îô y � Ä ® ¾ Ü=y � yYì ¾ y � ì7y ® Ü=y � y Åò Å ì � ò4Ü�ì � ì ô 0.83 y � ì ¾ Ü|y � ì?ìì%ò,Â%Â � Â.Ü « y ô 2.50 y ��Å ìwÜ|y � ì?ìÄ%Ä Cnc ì Å!� Â Å ¾ Ü=y � y%y%y ®îô y � ì?ì~Ä?ò4Ü�y � y,y « ¾ y � y�Ä ìâÜ=y � ì «Þ CrB
«,®#� Â Å Ä4Ü=y � y ¾%¾ ô y � ò2ì ® ò4Ü�y � y,y Å ò y � ì~Ä.Ü|y � y «

HD ò2ì7y�ò,Û%Û Å%« Û4Ü�ò%Ä ô 1.097 y ��Å Ä.Ü|y � y ¾ì7Â CygB ¾ y Å Ü�ì?ì � Û ô ì � Â%Â.Ü=y � y�Ä y � Â «{Å Ü=y � y ¾ òGl ¾ Û,Â Â,y � ¾ Ä4Ü=y � ì7Ä ô y � ò2ìâÜ=y � yYì y � ò%Û.Ü|y � y «Å Û Uma
«�� y0ã ò � y ¾ Ü=y � y%Â y � y « Ü|y � y%Âì Å Her ì�ÂYì ® Ü�Û,y ô 2.5 y �M« Ä « Û4Ü=y � y ¾%¾Gl ¾ Â ì7Ä � ¾ «¿ô 0.11 y � y�Äß Boo
«��M« ì%ò ¾ Ü=y � y%y%y�ò ô y � y Å ì « Ü�y � y,yYì y � yYì ¾ Ü=y � y2ì7ÂHD ì7Â ¾ Å,Å�« Ä,Û �M®Úô y � ò%Û%Û y � Ä ÅÛ,y Vir ì'ì7Â � Â.Ü=y � y2ì ô y �jÅ Û4Ü=y � yYì y ��Å Ü|y � yYì

HD ì?ì Å Û{Â�ò ¾ Ä � y « Ü=y � y ¾#ä ô y ��«,Å Ü=y � y Å y �M« Ä.Ü|y � y�Ä
HD ì?ì7y ¾ «%« ò,Û,y � y Å¿ô y � ¾ y � Â ®
HD ì?ì
ò%Û,Ä ¾ ì�y «#� ò?ò ô y ��« Ä y � ì7Â
HD ò ® Ä ¾ Û «�� ì~Ûkã ò � Ä 0
HD ò ¾ « Û,Ä,y ì � Û ®Úô y � y Å y � y�ò
HD ¾ ® Û,y%Û ò ® ¾ �jÅ ¾ ô y ��® ì y �M®%«
HD ò2ì~Û%Ä ¾ y Å Ä,Â �jÅ%Å¿ô ì y � Ä?ò

In table3.2we tabulatetheorbital parametersof theplanetsorbiting aroundthestarslisted
in table3.1, i.e. the orbital period à , the semimajoraxis á , andthe eccentricity ÷ . From the
datain column2 weseethatin somecasestheperiodis veryshort,thatis, theplanetgetsvery
closeto the centralstar: for instance,the periodcanbe asshortas1.79 daysfor the planet
orbiting aroundHD 283750. It is importantto notethat short-periodsystems,which arethe
mostinterestingfrom thepointof view of gravitationalwavedetection,aretypically in circular
or almostcircularorbits.

3.2 Gravitational wave emissionaccording to the Newtonian
quadrupole formula

TheNewtonianquadrupoleformalismhasbeenappliedtocompute,accordingto formula(1.48),
the characteristicwave amplitude Æ!å impinging on Earth, emittedby the set of EPS’s con-
sideredin the previous paragraphand, for comparison,by the binary systemPSR1913+16
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Table3.3: Themaximumcharacteristicamplitudeof thewavesemittedby theselectedsetof
EPS’s andby thebinarysystemPSR1913+16,dueto their orbitalmotion.

Star �~æ ��ç�è � Æ!å G ÊXË � G ÊXË ��çéè �
HD 75289

«#��« Ù�ì7y /@ê ò � ì4Ù�ì7y / ö9ë Â � ÂìÙ�ì�y /@ê51Peg ò � ¾ Ù�ì7y /@ê Å#� ykÙ�ì7y / ö9ë Ä � Ä0Ù�ì�y /@êÝ And ò � ÄkÙ�ì7y /@ê Û �M® Ù�ì7y / ö ê Ä � yìÙ�ì�y /@ê55Cnc Û ��® Ù�ì7y /�í «�� ¾ Ù�ì7y / ö9ë ì � ÂìÙ�ì�y /@êÞ CrB ò ��® Ù�ì7y /�í ì � ÄîÙ�ì7y / ö9ë Ä � ¾ Ù�ì�y /�íHD 210277 ò � Â0Ù�ì7y /@ï ì �M® Ù�ì7y / ö ê Û ��® Ù�ì�y /@ï16CygB ì �jÅ Ù�ì7y /@ï ì � ÂkÙ�ì7y / ö ê Ä � ¾ Ù�ì�y /@ïGl 876 ì ��® Ù�ì7y /�í «�� ÄîÙ�ì7y / ö9ë «#� ¾ Ù�ì�y /�í47Uma ì � ì.Ù�ì7y /@ï Ä �M« Ù�ì7y / ö ê ò � ì�Ù�ì�y /@ï14Her Û � ì.Ù�ì7y /@ð ò � ÛîÙ�ì7y / ö ê ì �jÅ Ù�ì�y /@ïGl 86 Û ��« Ù�ì7y /�í ì � ÂkÙ�ì7y / ö ª ì � Ä0Ù�ì�y /@êß Boo
«#� ÄkÙ�ì7y /@ê Â � ÂkÙ�ì7y / ö ª Û � yìÙ�ì�y /@êHD 168443 ò � y0Ù�ì7y /�í ì � ÂkÙ�ì7y / ö9ë Â � yìÙ�ì�y /�í70Vir
®#��® Ù�ì7y /@ï «�� ÂkÙ�ì7y / ö9ë ò � yìÙ�ì�y /�íHD 114762 ì �jÅ Ù�ì7y /�í ò � ykÙ�ì7y / ö9ë ò � Û0Ù�ì�y /�íHD 110833
Å!��« Ù�ì7y /@ï ò � ÂkÙ�ì7y / ö9ë ò � ì�Ù�ì�y /�íHD 112758 ì � ì.Ù�ì7y /�í «�� ykÙ�ì7y / ö ª ò � ò0Ù�ì�y /�íHD 29587 ì � y0Ù�ì7y /@ï ò �M« Ù�ì7y / ö9ë ò � yìÙ�ì�y /@ïHD 283750 Â � ÄkÙ�ì7y /@ê «�� ÛîÙ�ì7y / ö9¬ ì ��« Ù�ì�y / ëHD 89707
«#��® Ù�ì7y /@ï ¾ ��Å Ù�ì7y / ö9ë «#��® Ù�ì�y /@ïHD 217580 ò � ÄkÙ�ì7y /@ï ¾ � ÄîÙ�ì7y / ö9ë Û � ÂìÙ�ì�y /@ï

PSR1913+16
«#� Â0Ù�ì7y / ë ì � ykÙ�ì7y / ö9¬ ì �jÅ Ù�ì�y / ª

([42] * [81] * [86]). Someresultsareshown in figure1, whereÆ2å is plottedasafunctionof thehar-
monicindex z . It shouldberemindedthatPSR1913+16is composedof two verycompactstars
with masses$ 1 è�ì ��Å%Å ì?ì.;�Ú and $ ö è ì ��« ¾ Û Å ;ñÚ , revolving aroundtheir centerof massin
aquiteeccentricorbit ( ÷Gè­y � Â2ì~Û2ì «%® ), with semimajoraxis áñè ì ��®,Å�® yâÙRì7y 1 ö cm,andkeplerian
frequency �OæCè «#� Ä ¾ « Ù�ì7y / ë Hz. Thebinarysystemis at a distance

¢ è½Ä kpc from Earth. In
theupperpanelof figure1, weshow two systemsin which theplanetmovesin anearlycircular
orbit aroundthecentralstar, HD 283750( ÷`èòy � y�ò ) and ß Boo ( ÷`èòy � yYì ¾ ). As expected,the
emissionis concentratedat twice thekeplerianfrequency, andtheamplitudeis comparableto
themaximumwaveamplitudereachedby PSR1913+16,which is shown for comparisonat the
bottomof the figure. However, the frequency is aboutten timeslower thanthatof thebinary
pulsar. In the lower panelwe show thecharacteristicemissionof two EPS’s with high eccen-
tricity, ì�Â Cyg B ( ÷Úè½y � Â «,Å ) andHD ¾ ® Û{y�Û ( ÷Úè½y �M®%« ). In this casethegravitationalemission
is spreadovera largersetof frequencies,all multipleof �Oæ," asfor PSR1913+16.

In table 3.3 we give the keplerianfrequency, the maximumcharacteristicamplitudeon
Earth,and the frequency correspondingto that maximum,for eachEPS.In the last row the
samedataare listed for PSR1913+16. For mostsystemsthe maximumemissionfrequency
appearsto beextremelylow, in generalsmallerthan ì�y /@ê Hz. An exceptionis HD 283750,for
which � G Ê�Ë è ì �M« Ù�ì�y / ë Hz.
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Figure3.1: The characteristicamplitudecomputedfrom equation(1.48) is plottedversusthe
harmonicindex z for four selectedEPS’s andfor thebinarysystemPSR1913+16.For thetwo
systemsin theupperpanel,HD 283750and ß Boo, theplanetmoveson anearlycircularorbit,
with ÷ è�y � y�ò and ÷ èóy � yYì ¾ , respectively. In this casetheemissionis concentratedat twice
thekeplerianfrequency. Theamplitudeis comparableto themaximumwaveamplitudeemitted
by thebinarypulsarPSR1913+16.In thelowerpartof thefigure Æ2å is plottedfor two systems
with high eccentricity: ì7Â Cyg B ( ÷îè½y � Â «,Å ) andHD ¾ ® Û,y%Û ( ÷Úè½y �M®%« ), andfor PSR1913+16
( ÷_èôy � ÂYì~Û ). The numberof spectrallines (at frequenciesmultiple of �Oæ ) contributing to the
signalincreaseswith ÷ .
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3.3 Conditions for the excitation of stellar pulsations in an
EPS

The numericalintegrationof the perturbedEinsteinequationsshows that a resonanceoccurs
whenever the gravitational-wave frequency of a planetin circular orbit arounda star is equal
to the frequency of oneof the quasi-normalmodesof the star. Therefore,it is interestingto
checkwhethertheresonantexcitationconditionscanbefulfilled in theplanetarysystemslisted
in table3.1. We shallfirst verify whetherthemaximumquadrupoleemissionfrequency of the
planetsof oursetof EPS’s, � G ÊXË (table3.3,column4) is closeenoughto any of thefrequencies
of themodesof thecentralstar.

The oscillation frequenciesof a star can be computedif we make an assumptionon its
internal structure,i.e. on the equationof stateprevailing in the interior. We shall consider,
as an example,a very simple, polytropic stellar model, with polytropic index z è ò . The
oscillationfrequenciesof Newtonianpolytropicstarsareknown to scalewith themeandensity
of the star [24]. In table 3.4 we tabulate the dimensionlesseigenfrequenciesof the modes,� GVõÃö � < � ç];=<,5 ¬� � 1�÷ ö " for thechosenvalueof z . In orderto explicitly computethefrequency of
agivenmodefor agivenstar, theentriesof table3.4haveto bemultipliedby theentriesof table
3.1, column5. For instance,for the starHD 89707the frequency of the ø -modeis given by� è�y � ò ¾iù Â � ì3Ù�ì7y / ª è ì � Û·Ù�ì7y / ª Hz. Thisnumberhasto becomparedwhith � G ÊXË è «#��® Ù�ì7y /@ïHz, given in table3.3 for the samestar, which is muchsmaller. This meansthat the planet
cannotexcite the ø -modeof thecentralstar.

Table3.4: Thedimensionlesseigenfrequenciesof themodesof a polytropicstarsaretabulated
for thepolytropicindex zËè�ò .

mode � GVõÃö � < � ç];=<,5 ¬� � 1�÷ ö mode � G�õ¹ö � < � ç];=<,5 ¬� � 1�÷ ö� 1 ( 2.58 ø 0.28� ð 2.37
 1 0.119� ï 2.15
 ö 0.087� í 1.93
 ¬ 0.068� ê 1.70
 ª 0.056� ë 1.47
 ë 0.048� ª 1.24
 ê 0.042� ¬ 1.01
 í 0.037� ö 0.78
 ï 0.033� 1 0.54
 ð 0.030 1 ( 0.028

By repeatingthesamecalculationfor all systemsandall modes,we find that it is unlikely
that the stellarmodesareexcited in the EPS’s we consider1. This is becausethe angularve-
locities reachedby the planetsaretoo low, andconsequentlythe frequenciesof the radiation
they emitarelower thanthoseof the ø -modeor of thelowest-order

 
-modesof thestar. Higher

order
 
-modescouldbeexcited,but theefficiency in producinggravitational radiationby this

processwouldbetoo low.

1Of course,we alsocheckedthattheconditionsfor resonantexcitationarenot fulfilled for planetsin our solar
system.
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Gravitational-wave frequenciesof satellitesin thesolarsystem

Densities(g Ù cm/ ¬ ) andfrequencies(Hz)Þ Þ < Þ@ú �{û � � Ê N �{û~< � ò%� � Ê N �
Moon
Earth 5.49 4.43 ò � Ä2ì~ÄkÙ?ì�y / ª Å!� ò « ÂkÙ�ì7y /�í 297
M1 Phobos
Mars 3.91 3.15 ò � ì
ò2ì.Ù?ì�y / ª «#� Â�ò ® Ù�ì7y / ë 2.92
J14Adrastea=J16Metis
Jupiter 1.24 1.00 ì � ì ® ÄkÙ?ì�y / ª «#��® ò « Ù�ì7y / ë 1.52
S17Atlas
Saturn 0.62 0.50 y � ¾ Å ÄkÙ?ì�y / ª ì ��® ò « Ù�ì7y / ë 2.20
U13Cordelia
Uranus 1.27 1.02 ì � ò,y ® Ù?ì�y / ª «#�jÅ Ä%ÄîÙ�ì7y / ë 1.75
1989N6
Neptune 1.61 1.30 ì ��« ÂYì.Ù?ì�y / ª Ä ��® Â%ÂkÙ�ì7y /@ê 11.4

Table3.5: AveragedensityÞ , ratioof theaveragedensityto theJoviandensity, frequency of theø ú mode,orbital frequency of theclosestsatellite(s)and �{ûO<?ò%� � Ê N for eachplanetin the solar
system.The ø ú modefrequency �{û is obtainedby a rescalingof thecorrespondingfrequency
for Jupiter.

Wealsotried to understandhow thegravitational-wavefrequenciesof satellitesin oursolar
systemcomparewith frequenciesof the ø ú modesof the planetsthey orbit. To answerthis
questionwe usedtheoreticalmodelsof Jupiteravailablein theliterature[51]. For definiteness,
wechosemodel1 in [51], correspondingto anon-rotatingjovianmodelwithoutaplasmaphase
transition,but this choicedoesnot alter significantlyour results. This modelpredictsfor theø ú modea frequency �{ûü* ú è ì?ì ®#� Äk� Hz. To give a roughestimateof the ø ú modefrequencies�{û for theotherplanetsin thesolarsystem,wesimply rescaledthe ø ú modeof Jupiterwith the
variousaverageplanetarydensitiesÞ :� öû < Þ è�� öû�* ú < Þ@ú è�ý �OûGè � Þ < Þ@ú � 1�÷ ö �Oû�* ú (3.1)

Theaveragedensityof theplanetswascalculatedfrom thevaluesof massesandradii in [50],
while for Uranusweusedthevaluesmeasuredby Voyager2 andreportedin [58] (p. 212).

For eachplanet,we comparedthe ø ú modefrequency obtainedin this way with thegrav-
itational wave frequency of its closestsatellite(notethat Jupiterhastwo closesatellites,J14
AdrasteaandJ16Metis, orbiting at a frequency which is thesamewithin theexperimentaler-
rors);theresultsarein table3.5.Thelastcolumnin thetableis theratio �Oû{<'ò%� � Ê N (whichshould
beequalto 1 for the ø ú modeto beexcited). In thebestcase,correspondingto thesatellitesof
Jupiter, the ratio is 1.52: therefore,satellitesin the solarsystemdon’t seemto be in resonant
conditionswith the ø ú modeof theplanetsthey orbit.

3.4 Tidal disruption

We have just seenthat thequasi-normalmodefrequenciesarehigherthantypical quadrupole
emissionfrequenciesin the EPS’s discoveredup to now. Accordingto recenttheorieson the
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evolution of planetarysystems[36], therecouldexist planetsmoving on orbits evencloserto
thecentralstarthanthoseobserveduntil now. Theseplanetscouldhappento have quadrupole
emissionfrequenciescomparableto the quasi-normalmodefrequencies,thusexciting the os-
cillation modesof thecentralstarandenhancingthegravitationalemissionof thesystem.

That’s why we tried to understandwhetherit is possiblefor a planetto approacha starat
suchashortdistancethatits angularvelocity is highenoughto excitethe ø -mode,or thelowest-
order

 
-modes,without beingdisruptedby tidal forces.We alsowant to imposetheadditional

conditionthatthestardoesnotaccretematterontotheplanet.
In this sectionwe will show that theseconditionsareequivalentto imposethatneitherthe

planetnor thestaroverflow their Rochelobe. We would like to stressthat this limit takesinto
accountonly thegravitationalinteractionbetweentheplanetandthestar. Theremayexist other
processesthatwouldpreventtheplanetto reachtheinnermostorbit allowedby theRoche-lobe
analysis,andwe will consideroneof them(namely, theeffect of heatingby thecentralstar)in
thefollowing.

Weshallassume,for simplicity, thattheplanetfliesonacircularorbit with keplerianangu-
lar velocity

K æ andradius 5 ( , andconsequentlyemitsgravitational radiationat the frequencyK Õ2þ è ò K æ . Let us indicatethedimensionlessfrequency tabulatedin table3.4 multiplied byò ¿ as
u G�õ¹ö � : for instance,

u%ÿ�� è�y � Û%Ä,y � Thekeplerianfrequency of themotionis givenby:K æwè \ ç � $ ( � ; �5 ¬( ` 1�÷ ö (3.2)

Theexcitationconditionfor the
 í ú modeisK3ÿ � è ò K æO" (3.3)

Sincein Newtoniantheorythefrequenciesof modesareknown to scalewith themeandensity,
wecandefineaconstant

u,ÿ � by therelationK3ÿ � è \ çv;5 ¬� u,ÿ � ` 1�÷ ö � (3.4)

Formula(3.3)yieldsa relationbetweentheorbital radius5 ( andthestellarradius 5 � :5 ( è ² ì � $ (; ³ 1�÷ ¬ + Åu,ÿ � - 1�÷ ¬ 5 ��� + Åu,ÿ � - 1�÷ ¬ 5 � � (3.5)

Canaplanetreachtheorbitalseparation5 ( definedby formula(3.5),exciting thecorresponding
oscillationmode,without beingbrokenapartby tidal forcesandwithout accretingmatterfrom
thecentralstar?Theplanetcanbeartidal forceswithoutbeingbrokenapartonly if it lieswithin
its Rochelobe. To definetheRochelobe,considerthereferenceframecorotatingwith thetwo
masses,with origin in their centerof mass.Let the � ú ã planecoincidewith theorbital plane,
andlet the � ú axiscoincidewith theaxisconnectingthetwo masses,orientedfrom $ ( to ; .
In this referenceframe,$ ( hascoordinates���ñè � ú á � "�y � , ; hascoordinates� ¼ è � á ¼ "�y � and5 ( è�á � � á ¼ . Obviously:

á � è ;$ ( � ; 5 ( " (3.6)á ¼ è $ ($ ( � ; 5 ( � (3.7)
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TheNewtonianpotentialdescribingtheinteractionbetweenthetwo massesanda testparti-
cleof mass$ º $ (
	 ; canbewritten, in this referenceframe:q � � � è´q � �}"üã � è ú ç $ (� � ú ��� � ú çv;� � ú � ¼ � ú ìò Kÿöæ � � � ö

(3.8)

wherethelasttermis thecentrifugalpotential.Thetestparticle’senergy is, of course,givenby:t è $�
 öò � $ q � �}"Cã � (3.9)

Theequipotentialsurfacesq�è�t , wherethetestparticle’svelocity 
 è­y , arecalled“Hill’ s
surfaces”,andlie betweenregionswheretheparticle’s motion is allowed( 
 ö�� y , 
 real)and
regionswhereit is forbidden.For large,negativevaluesof t thesesurfaceshave theshapeof
two spheroids,onecenteredon $ ( andtheotheron ; . Within thespheroidsthegravitational
attractionof theplanet(or of thestar)dominates.As theenergy grows, thespheroidsdeform,
andfinally they touchon the axis connectingthe starand the planet. When they touch, the
spheroidsarecalledRochelobes. For still largervaluesof theenergy thespheroidsjoin forming
asinglesurface,andtheorbitsof atestparticlecangetcloseto eachof thetwo masses.Clearly,
a particlewill not overcomethegravitationalattractionof (say)theplanet,only if it lies within
its Rochelobe.

Considerthe intersectionsof the equipotentialsurfaceswith the � ú ã plane. The curve
correspondingto theRochelobesis calledthefirstLagrangiancurve. Theequilibriumpositions
for thetestparticlearecalledLagrangianpoints. It is reasonableto estimatetheRocheradius5 :�� of the planet,definedasthe radiusof the circle centeredon $ ( andtangentto the first
Lagrangiancurve, astheminimumof thedistancesfrom this curve and $ ( alongthe � ú andã ú axes.

Theconditionfor theexcitationof the
 í ú mode,for a fixedstellarmodelanda fixedplan-

etarymass$ ( , hasto becompatiblewith theconditionthattheradiusof theplanetis lessthan
theRocheradius,5 ��� 5 :�� , andthis translatesinto a limit on theaveragedensity:Þ � � Þ :�� (3.10)

If we introducethedimensionlessquantity 5 :�� , definedas:5 :�� è­5 ( 5 :�� (3.11)

from equation(3.5) it follows that:5 :�� è \ Åu,ÿ � ² ì � $ (; ³ ` 1�÷ ¬ 5 :�� 5 ��� + Åu,ÿ � - 1�÷ ¬ 5 :�� 5 � (3.12)

(thelastequalityholdsif $ (Çº ; ). HencetheplanetarydensityÞ � hasto begreaterthan:Þ :�� è $ ( + Å ¿ 5 ¬:��« - /21 è u,ÿ � $ ( <g;Å � ì � $ ( <�; � 5 ¬ :�� Þ ¼ � u,ÿ � $ ( <�;Å 5 ¬ :�� Þ ¼ (3.13)

where,asbefore,thelastequalityholdsif $ ( º ; .
To computenumerically5 :�� wehaveusedthefollowing method.Sinceontheorbitalplane

wehave thefollowing relations:
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� � ú ��� � è Q � � � á � � ö � ã ö W 1�÷ ö� � ú � ¼ � è Q � � � á ¼ � ö � ã ö W 1�÷ ö
thepotentialalongthe � ú axisis simply:q � �}"üy � è ú ç $ (� � � á � � ú çv;� � ú á ¼ � ú ìò K öæ � ö (3.14)

The function q � �}"�y � hasa maximum q :�� in the interval
� ú á � "�á ¼ � , correspondingto thefirst

Lagrangianpoint
U 1 . Thevalueof thefunctionatthemaximumis alsothevalueof thepotential

onthesurfaceenclosingtheRochelobe.Wefind asecondintersectionbetweenthissurfaceand
the � ú axis(moving towardsnegativevaluesof � ) where q � �}"�y � attainsthevalue q :�� .

Analogously, moving alongtheparallelto the ã ú axisthrough $ ( , we will crosstheRoche
lobesurfacewherethefunctionq � ú á � "üã � è ú ç $ (� ã � ú çv;� 5 ö( � ã ö � ú ìò K öæ � á ö� � ã ö ��� (3.15)

is equalto q :�� . Thesmallervalueof the intersectionsobtainedin this way is thevalueof the
Rocheradius.OncetheRocheradiusis known,wecancomputetheratiobetweenthe“critical”
Rochedensityandthestellardensity, Þ :�� < Þ § , for afixedvalueof $ ( <�; ¼ .
Table 3.6: Ratiosof the critical densityof the planet Þ :�� to the centralstar density Þ § for
differentvaluesof themassratio, $ ( <�; , anddifferentoscillationmodesof a polytropic star
with zËè�ò (seetext). $ ( <�;ì�y /@ê ì7y / ë ì7y / ª ì�y / ¬ ì7y / ö ì7y /21ø 7.89 7.95 8.04 - - - 1 1.43 1.44 1.45 1.49 1.58 1.83 ö 0.75 0.76 0.77 0.79 0.83 0.96 ¬ 0.47 0.47 0.47 0.49 0.52 0.60 ª 0.32 0.32 0.32 0.33 0.35 0.41 ë 0.23 0.23 0.23 0.24 0.26 0.30 ê 0.17 0.18 0.18 0.18 0.19 0.22 í 0.14 0.14 0.14 0.14 0.15 0.18 ï 0.11 0.11 0.11 0.12 0.12 0.14 ð 0.09 0.09 0.09 0.10 0.10 0.12 1 ( 0.08 0.08 0.08 0.08 0.09 0.10

Theresultsareshown in table3.6,which hasto bereadasfollows. Supposethat the ratio
betweenthemassof a planetandthatof thecentralstaris $ ( <�; è ì7y / ¬ . The frequency of
thequadrupoleradiationemittedby theplanetwill coincidewith thatof thefirst

 
-modeof the

star, andthe planetwill not be disrupted,only if its densityis higher that ì �jÅ�® Þ ¼ . We have
alsocheckedwhetherthestaroverflows its Rochelobeandaccretesmatterontotheplanet,and
excludedfrom table3.6 thecorrespondingcases.
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It shouldbe remindedthat the ratio betweenthe meandensityof the planetsof the solar
systemandthatof theSunis 3.9for MercuryandtheEarth,3.7for Venus,2.8for Mars,0.9for
Jupiter, etc. A comparisonof thesevalueswith thedataof table3.6suggeststhat,in principle,
therecanexist EPS’s in which the low-order

 
-modescouldbeexcitedby a resonantprocess.

For instance,a planetlike theEarthcouldapproacha polytropicstar( z è ò ) with themassof
the sunat a distancecloseenoughto excite the

 1 -modewithout beingdisruptedby the tidal
interaction,whereasa planetlike Jupitercouldonly beat a distancegoodto excite thesecond 
-mode.

By the Roche-lobeanalysiswe canalsodeduceanotherinterestinginformation. Suppose
that a planetarysystemmadeof a starwith the massof the Sunanda planetin circular orbit
is locatedat a fiducial distance

¢ è ì7y pc. We do not make any assumptionon the internal
structureof thestar, but assignthevaluesof themassandof themeandensityof theplanet.In
particular, we considerfive orbiting bodies:threeof themhave massesanddensitiesequalto
thoseof Mercury, theEarth,andJupiter. The fourth hasa massequalto 13 timesthemassof
Jupiter(thedeuteriumburninglimit; see,e.g.,[75]) andthesamedensityasJupiter;thefourth
is abrown dwarf of 40 jovianmasses.Wewantto answerthefollowing questions:� whatis theminimumradiusof theorbit?� whatis thecorrespondingquadrupoleemissionfrequency � Õ2þ è ò%�Oæ ?� whatis thecorrespondingcharacteristicamplitudeonEarth?

Theansweris in table3.7,wheretherequireddataaregivenfor thefour planetsandthebrown
dwarf. Notethattheminimumradiusof theorbit, in thebrown dwarf case,is determinedby the
conditionof masstransferfromthecentralstar:beingthebrown dwarf quitedense([12]) mass
accretionfrom thecentralstaroccursbeforetidal disruptionof thebrown dwarf.

Table3.7: Wetabulatetheminimumradiusof thecircularorbit, 5 G í��( , thequadrupoleemission
frequency, � Õ2þ , andthe characteristicamplitudeof the correspondingwave emittedby four
planetsorbiting arounda starwith mass;ñÚ andradius 5kÚ . We assumethat theplanetshave
massanddensityequalto thoseof Mercury, EarthandJupiter. Thelastplanethas13 timesthe
massof Jupiterandthesamedensity. The caseof a brown dwarf of 40 jovian massesis also
included. Thesedataareobtainedby imposingthat theplanetsandthecentralstarslie inside
their Rochelobe,andthatthesystemis locatedat

¢ è ì7y pc from Earth.

Typeof planet 5 G í��( (cm) � Õ2þ è�ò,�Oæ Æ2å
Mercury

®#� ÂìÙ'ì7y 1 ( ì � òkÙ?ì�y / ª ì � ¾ Ù�ì7y / ö íEarth
®#� ÂìÙ'ì7y 1 ( ì � òkÙ?ì�y / ª «#� òkÙ�ì7y / ö êJupiter ì � ÂìÙ'ì7y 191 Ä �M® Ù?ì�y / ë Â � òkÙ�ì7y / ö ª13 ù Jupiter ì � ÂìÙ'ì7y 191 Ä � ÛkÙ?ì�y / ë Û �M® Ù�ì7y / ö9¬Brown Dwarf ì � yìÙ'ì7y 191 ì � ì.Ù?ì�y / ª «#� ¾ Ù�ì7y / ö�ö

Fromtable3.7 we seethatsomeplanetscouldemit quadrupoleradiationat a frequency in
thebandwidthof spaceinterferometers,andwith anamplitudewhich couldbeeventen times
biggerthanthatemittedby thebinarypulsarPSR1913+16.In addition,if thequadrupolera-
diation resonateswith a modeof thestar, the amountof emittedenergy couldbe even larger.
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Beforeturning to quantitative estimates,basedon the direct integrationof the Einsteinequa-
tions, of the enhancementin gravitational wave emissiondueto resonanteffects,we want to
discusshow effectsof heatingof theplanetby thecentralstarchangethepicturewe have just
discussed.

3.5 Temperatureeffects

Besidesthetidal interactionwith thecentralstar, other, non-gravitationaleffectscanaffect the
stabilityof aplanetorbiting closeto asolar-likestar. Themostimportantof thesedestabilizing
effects is probablythe possibility of a melting of the orbiting planet,due to heatingby the
centralstar. In this sectionwe will carryout ananalysisof thesetemperatureeffectsvalid for
gaseous,Jupiter-like planets,basedon the correspondinganalysisin [41]. The limits posed
by tidal andmelting effectscanbe expressedasforbiddenregionsin an Hertzsprung-Russell
(luminosity vs. temperature)diagramfor the planet. Sincetheplanet’s temperatureis related
to its distancefrom thecentralstar, for eachgivendistancewe cancomparethedestabilizing
effectsdue to temperatureto thosedue to tidal interactions. We will show that temperature
effectsaretypically negligible, at leastfor agaseousplanet,with respectto thelimits posedby
theRoche-lobecondition.

Take a starof fixedmassandradius, ; and 5 � , anda planeton anorbit of radius 5 ( . The
planetarymassandradius, $ ( and 5 � , arealsofixed. We shallsuppose,for concreteness,that
theplanethasradiusandmasscorrespondingto thoseof Jupiter, andis in a resonantcondition
with the

 1 ( ú mode.Knowing thestellarmass,we cancomputethestellarluminosityfrom the
known value

U Úeè «#� ¾ ò%Û Ù%ì7y ¬9¬ erg/susingthemass-luminosityrelationshipfor main-sequence
stars: U ¼�� ; ¬�� ë7� (3.16)

Thestar’seffective temperature,ó ¼ , canthenbecomputedfrom:U ¼ è Å ¿ 5 ö� � ó ª¼ " (3.17)

where
� è á-éd< Å , á£è Û � Ä%ÛìÙ2ì7y /21 ë erg cm/ ¬ K / ª and é is thespeedof light. Knowing ó ¼ andU ¼ , the planet’s temperatureó � andluminosity

U � (at the orbital radius 5 ( ) canbe estimated
from: ó � è ó ¼ + 5 �ò{5 ( -ì1�÷ ö l�ø � ì ú � � m 1�÷ ª " (3.18)

U � è U ¼ � ì ú � � + 5 �ò,5 ( - ö " (3.19)

assuming,for example,thealbedo� to bethesameasJupiter’s ( � è � ú"! � è�y �M« Ä ). Thefactorø is 1 if theheatof theprimarycanbeassumedto beevenlydistributedovertheplanet,and2 if
only onesidereradiatestheabsorbedheat.For agasgiantsuchasJupiter, it canbetakenequal
to 1 [41].

From theseformulaswe seethat thereis a one-to-onerelationshipbetweenthe planet’s
orbital radius,5 ( , andtemperature,ó � . At eachgiven 5 ( (or, which is thesame,at eachgiven



3.5.Temperatureeffects 49ó � ) we cancomputethe Roche-loberadius 5 :�� usingthe methodsdescribedbefore,andthe
correspondingcritical luminosity

U :�� :U :�� è U ¼ � ì ú � � + 5 :��ò,5 ( - ö (3.20)

Notethattheluminosity, dependingonly on theratio 5 :�� <,5 ( è #5 :�� , doesnot dependon the
orbital radius: the critical line for tidal disruptionin a temperature/luminosity(Hertzsprung-
Russell)diagramis horizontal.

We shallnow dealwith theeffectsof stellarheatingon thestability of theplanetaryatmo-
sphere.At agiventemperature,thegasin thestellaratmospherecanescapeif themeansquare
velocity of the particles(hydrogenatoms)is greaterthan the escapevelocity. This classical
Jeansescapeflux (see,e.g., [13]) canbe shown to be proportionalto the factor ÷ / $ �&% � ì � ,
where% è ç $(' $ (u ó � 5 � (3.21)

( $(' is themassof anhydrogenatom). TheJeansescapemechanismbecomesimportant(ac-
cording to [41]) when

% è % å ' íMN¿è « y . Using formula (3.19), this meansthat the planetary
atmosphereevaporatessignificantlywhen the luminosity is greaterthana critical value,

U*)
,

givenby:U*) è + ç $(' $ (ò u ó � 5 ( % å ' í N - ö � ì ú � � U ¼ � (3.22)

Formulas(3.20)and(3.22)correspondto theanticipatedinstability limits in aHertzsprung-
Russelldiagramfor the planetdue,respectively, to tidal effectsandto the evaporationof the
planetaryatmosphere.We have explicitly computedthecorrespondingcurvesfor a Jovian-like
planetaroundthe zeè «

polytropicstellarmodelconsideredbefore,choosingthecentraldensity
in suchaway that ; è�;�Ú and 5 � è�5kÚ .

In figure3.2 we plot theorbital radius,in AU, versus̄
c%± � U � < U Ú � . Theplot clearlyshows

that tidal interactionsare always more effective than evaporationin destabilizinga gaseous
planetlike Jupiter. For example,a jovian planetorbiting at a radius 5 ( è ì � y ¾ Ù¶ì7y / ö AU èì � ÂYì Ù ì�y ê km (correspondingto the mode

 1 ( ) would have a temperatureó � è ò Å y ® K, and
a luminosity suchthat ¯ c%± � U < U Ú � è úî«���Å�®{Å

. This valueof the luminosity hasto be com-
paredwith acritical “tidal” luminosity ¯ c%± � U :�� < U Ú � è úi«#�jÅ ¾ Â andwith theevenhighervalue¯ c,± � U*) < U Ú � è ú ò � Ä Å Û .

From the previous discussionwe canexpect that temperatureeffectswould be even less
effective in thecaseof rocky planetssuchastheEarth,sincethetemperaturesneededto melt a
rock would almostsurelybehigherthanthoserequiredfor theevaporationof theatmosphere
of agaseousplanet.

Thediscussionof meltingeffectsfor brown dwarfsis muchmorecomplicated.For simplic-
ity, weassumethatabrown dwarf orbitsataradiuscorrespondingto themode

 ª , andthatit has
thesamevaluesof ø and � asJupiter. Thenwe get,for thetemperatureof a brown dwarf due
to heatingby thecentralstar, a value ó � è « y�ò,Â K, which is muchhigherthantheequilibrium
temperatureó � è Å�« Â K predictedby modelsof isolated,evolved, 40 jovian-massesbrown
dwarfs [12]. This meansthatdealingwith theevaporationof thebrown dwarf requiresanun-
derstandingof the detailsof its atmosphere.Thesedetailsarequite uncertain.Brown dwarfs
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Figure3.2: Hertzsprung-Russelldiagramfor agaseousplanetorbitingasolar-typestar. Thedot
correspondsto aplanetlikeJupiterin acircularorbit correspondingto themodeg 1 ( . Thedashed
line limits theregion excludedby tidal disruption,thesolid onelimits theregion excludedby
meltingeffects.

have high surfacegravities and low effective temperatures,so their atmosphereis composed
mostlyof moleculesandcondensedgrains[12]. Weexpectthehighsurfacegravity to increase
theescapevelocity, thusdecreasingtheeffectsof Jeansevaporation,but a detailedcalculation
woulddefinitelyberequired.

3.6 Resonantemissionamplitudes and timescales

Having checkedthat,at leastin principle,theexcitationconditionscouldbemetin realEPS’s,
wehave turnedto theintegrationof theEinsteinequations.

For this purposewe have chosenthe samestellarmodelconsideredin [32]. It is a simple
polytropicmodel,i.e., theequationof statehastheform� è � (,+ � I 1 " � è � (-+ � " (3.23)

but it is quite well suitedto reproducethe propertiesof a solar-type star. The model is non-
barotropic(asit shouldbe,sincethetemperaturein a normalstaris not constant),andwe have
fixedtheadiabaticcoefficient to be � èóÄ%< « . We have chosena ratio betweencentraldensity
andpressure(in geometricunits!) . ( è � ( < � ( è�Ä � Ä « Ùzì7y ë , closeto thecorrespondingvaluefor
thesun,anda polytropicindex zåè «

. We have alsofixedthecentraldensityto be Û,Â g Ù cm/ ¬ .With this choice,our polytropicstellarmodelhasamass; è�;�Ú anda radius5 è�5kÚ .
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Table 3.8: Ratiosof the critical densityof the planet Þ :�� to the centralstar density Þ § for
different oscillation modesof a polytropic star with z è «

and for massratios: ��/ Ê ' N10�è;2/ Ê ' N10O<�;�Úëè «�� yìÙ2ì�y /@ê , � ú"! � è ; ú"! � <�;�Úëè ®#� Â Ù2ì�y / ª ��354�è ;6354·<�;�Úëè «#� ¾ Ù ì7y / ö . In
boldface,themodelswhoseexcitationis allowedby theRoche-lobeanalysis.Seetable3.6 for
comparison.

ø  1  ö  ¬  ª  ë  ê  í  ï  ð  1 (��/ Ê ' N10 20.8 12.5 7.21 4.64 3.24 2.38 1.83 1.45 1.17 0.97 0.82��354 - - - - 3.68 2.71 2.08 1.65 1.34 1.11 0.93� ú"! � 21.7 13.0 7.49 4.82 3.37 2.48 1.90 1.51 1.22 1.01 0.85

WehavecarriedouttheRoche-lobeanalysisfor threeorbitingbodies:aplanetwith thesame
massandradiusasthe Earth,a planetwith thesamemassandradiusasJupiter, anda brown
dwarf with mass;6354 è Å y�; ú . The correspondingcritical ratiosfor eachoscillationmode
areshown in table3.8; we have evidentiatedin boldfacethemodesfor which theexcitationis
not excludedby theRoche-lobeanalysis.An Earth-likeplanet(having Þ / Ê ' N10O< Þ ÚËè «#��®

) could
excite modesof ordergreaterthan3. The sameis true for a brown dwarf: an evolvedbrown
dwarf of 40 jovian masses,accordingto themodelsin [12], would have a radius 5 è Ä ��® Ù ì�y ðcm,anda valueof Þ < Þ Ú è½Â Å , but it would accretematterfrom thecentralstarbeforeexciting
themode

 ¬ . A Jupiter-like planet( Þ@ú < Þ Ú è y �M® ), on theotherhand,couldonly excite modes
of ordergreaterthan9, withoutbeingdisruptedby tidal interactions.

Table3.9: Frequenciesof gravitational-waveemission(in � Hz) for differentoscillationmodes
of asolar-masspolytropicstarwith zËè «

, andcorrespondingquadrupoleamplitudesat
¢ è ì7y

pc for aplanetlike theEarth,aplanetlikeJupiterandabrown dwarf of 40 jovianmasses.Only
themodesnotexcludedby theRoche-lobeanalysisareshown.

� Õ2þ Æ87 * 9 Æ87 * 354 Æ87�* ú"! � ª 112.5
«#� y0Ù�ì7y / ö ê «��M® Ù?ì7y / ö�ö - ë 96.6 ò � ÛkÙ�ì7y / ö ê «�� ÄkÙ?ì7y / ö�ö - ê 84.7 ò � ÄkÙ�ì7y / ö ê «�� òkÙ?ì7y / ö�ö - í 75.4 ò ��« Ù�ì7y / ö ê «�� y0Ù?ì7y / ö�ö - ï 67.9 ò � òkÙ�ì7y / ö ê ò � ¾ Ù?ì7y / ö�ö - ð 61.8 ò � y0Ù�ì7y / ö ê ò � Â0Ù?ì7y / ö�ö - 1 ( 56.7 ì ��® Ù�ì7y / ö ê ò ��Å Ù?ì7y / ö�ö Â � ì�Ù�ì�y / ö ª

For eachoscillationmodeallowedby theRoche-lobeanalysiswegive,in table3.9,thegrav-
itationalwave frequenciesandthecorrespondingquadrupoleamplitudesat a fiducial distance¢ è ì7y pc.

As anticipated,the integration of the Einsteinequationsshows that resonancesoccur at
frequenciescorrespondingto thequasi-normalmodes.Theseresonancesaretypically sharper
andnarrower thanthosefoundby Kojima for compactstars:indeed,theresolutionin

K
(or 5 ( )

requiredto computetheresonancecurvesis sohighthatnumericalinstabilitiesoccurbeforewe
candeterminetheexactheightof thepeak!
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On theotherhand,theplanetwill never beexactly at the resonantradius 5 ' � � . Supposeit
is orbiting at a radius 5 ( è 5 ' � � �;: 5 . A typical behaviour of theratio Æ : <%Æ87 asa function
of

: 5 is shown in figure3.3. Thefigureshows that,for example,in thecaseof the
 ª ú mode

onecanreachvaluesof Æ : <%Æ87 greaterthan10for
: 5 of theorderof a few kilometers,100for: 5 of theorderof hundredsof meters,and1000for

: 5 of theorderof somemeter.
Thealmost-perfectpower law in Æ : <%Æ87 asa functionof

: 5 is expected.We arebasically
dealingwith a systemthatcanbemodelledasa dampedoscillator(correspondingto thestar;
thedampingis dueto theemissionof gravitationalwaves)with aforcingterm(thegravitational
wavesemittedby theplanetin its orbit). A power-law behaviour is typical of forcedoscillators
closeto a resonance[45]. If wefit thecomputedbehaviorswith a linearfunction,of theform:� ¯ c%± Æ : <,Æ57 � è­á ÿ=<.�?>üÿ@< � ¯ c%±A: 5 � (3.24)

weget: >üÿ@B è ú y ��® Û�" >üÿDC è ú y ��® Ä�" >�ÿ��FE è ú y ��® Ä�"á ÿ=B è ì �M« ¾ " á ÿDC è�y � ì ® " á ÿ��FE è ú y � ¾ «#�
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Figure3.3: Thepower-law behaviour of HJILKMHJN asa functionof OQP (in km) closeto theresonancecorrespond-
ing to a RMS-T , R-UMT and RWVYXMT mode,for astarof massZ\[]Z_^ .

Sincethe resonanceis so sharp,we can expect a systemcloseenoughto the resonance
to loosea lot of energy in gravitational waves,until the emissionis stoppedby someviscous
mechanismandtheplanetgoesoff resonance.How long cana planetemit with a ratio Æ : <%Æ87
greaterthan somefixed amount? To answerthis questionwe needto take into accountthe
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evolution of theorbit, that so far we have ignored;in otherwords,we musttake into account
radiationreactioneffects.

This canbedoneasfollows. In any binarysystem,asthesystememitsenergy in gravita-
tional waves,thelossof energy causestheorbit to shrink. This meansthata planetin anEPS
will not hover aroundin a circular orbit forever, but it will eventuallyspiral down thecentral
star, andthe inspiralwill be fasterandfasteraswe getcloserandcloserto a resonancecorre-
spondingto aquasi-normalmodeof thestar, sincetherethegravitationalemissionis stronger.

How muchtimewill theplanetspendin aregioncorrespondingto avalueof Æ : <%Æ87 greater
thansomefixedlimit, beforereachingthepeakcorrespondingto thequasi-normalmode?The
correspondingtime-scalecanbeseenasanupperlimit on thetime thesystemcanspendemit-
ting wavesof amplitudegreaterthanthatfixedamount.

Let ustrun to thecomputationof this time-scale,takinginto accounteffectsof gravitational
radiationreactionon theevolutionof theplanetaryorbit. Considerthegeodesicequationsfor a
massorbiting anon-rotatingstar. They canbewritten in theusualform:ô?ùô ß è­t + ì ú ò,;5 ( - /21 " ô@
ô ß è U�`5 ö( " + ô�þô ß - ö ��^ � U�` " þ,� è­t ö " (3.25)

where t is theplanet’s energy per unit mass,and
U�`

is the particle’s angularmomentumper
unit mass.Theeffectivepotentialfor radialmotionis givenby:^ � U�` " þ%� è � ì ú ò%;=< þ%� � ì � U ö` < þ>ö���� (3.26)

For acircularorbit a-b A �Jc * '�Ba ' è­y , andthis implies:U ö` è ;­5 (ì úa« ;=<,5 ( � (3.27)

Furthermore,since t ö è ^ � U�` � 5 ( � "�5 ( � , the energy per unit massfor a particle in circular
orbit is givenby:t è ì ú ò,;=<,5 (Á ì úf« ;=<,5 ( � (3.28)

The evolution of the orbit canbe determinedusingconservation of energy. In the adiabatic
approximationwe assumethat the time-scaleover which the orbital radiusevolves is much
longerthantheorbital period:ßed à è ò ¿K æ � (3.29)

Under this assumption,the (circular) orbit shrinksdueto the energy emittedin gravitational
waves,accordingto thelaw:$ (�f ô tô?ùhg � f ô tô?ù
g Õ2þ è­y�" (3.30)

or $ (�it � it Õ2þ è�y � (3.31)

Hereandin thefollowing, by anoverdot,or by thesymbolsj �D��k , weshallmeananaverageover
many orbital periods.Theideais that,sincetheorbit evolvesslowly with respectto theorbital
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period,theperturbingobjectwill gothroughaseriesof “quasi-geodesic”states;in eachof these
states,the usualformalismcanbeusedto find the energy emittedin gravitationalwaves,and
hencetheevolutionof theorbit.

Theenergy emittedin gravitationalwaves, it Õ2þ , canbedeterminedasdescribedin section
C.3. Now, theradiusof theorbit evolvesaccordingto:i5 ( è ô 5 (ô t it � (3.32)

Using(3.28)and(3.31)this equationcanbewritten in theform:i5 ( è ú ò,5 ö($ ( ; � ì úf« ;|<,5 ( � ¬ ÷ ö� ì ú Â�;|<,5 ( � it Õ2þ � (3.33)

Introducing� ��$ ( <�; wecandefine il � 5 ( � as:il � 5 ( � � � / ö it Õ2þ " (3.34)

andwrite theevolutionequationfor theorbital radiusasi5 ( è ú � ò,5 ö(; ö � ì úa« ;=<,5 ( � ¬ ÷ ö� ì ú Â�;=<,5 ( � il � 5 ( ��� (3.35)

Separatingvariablesandintegratingwe get the time requiredfor the planetaryorbit to shrink
from aradius5 A ö B( to a radius5 A 1 B( dueto radiation-reactioneffects:: ó � 5 A,ö B( � 5 A 1 B(nm 5 A 1 B( � è ú ; öòO� & :5o �qpE:5o ý pE � ì ú Â%;=<,5 ( �� ì úa« ;=<,5 ( � ¬ ÷ ö 5 ö( ô 5 (il � 5 ( � � (3.36)

We consideronly the �ëèêò emission. Then,defining #¨ õ ! Nö�ö è r¨ õ ! Nö�ö < $ ( andusingequation
(C.121)for thepower radiatedin ��è�ò , wehave:il � 5 ( � è « � K ; � ö ¶¶ #¨

õ ! Nö�ö ¶¶ ö¿ �
(3.37)

Goingbackto physicalunits,equation(3.36)canbewrittenas:: ó � 5 A,ö B( � 5 A 1 B( m 5 A 1 B( � è ú ç ; öò{� & : o �qpE:8o ý pE � ì ú Â?ç];=<'é ö 5 ( �� ì ú�« çv;|<'é ö 5 ( � ¬ ÷ ö 5 ö( ô 5 (il � 5 ( � � (3.38)

This formula allows us to computethe timescalerequiredfor a planetto go from a fixed
valueof Æ : <%Æ87 (say, 10) to theresonantradius.Thesetimescalesaregivenin table3.10.

From the datain table 3.10 and the quadrupoleamplitudesin table 3.9 we seethat, for
example,abrown dwarf exciting themode

 ª couldreachamplitudess òwÙzì�y / ö ( for s «
years,

and s Å Ù%ì�y / ö 1 for s Å y,y years;on theotherhand,aplanetlikeJupiterresonantwith themode 1 ( couldreachamplitudess « Ù�ì7y / ö�ö for s ò years,and s½ÂìÙ�ì�y / ö9¬ for s « y%y years.
Thingswould notbesignificantlydifferentif weconsideredmorerealisticmodelsof solar-

type stars,suchasthosediscussedin [19]. More complex modelsof the sunaredifferent in
many respectsfrom the oneswe computedusingour simplepolytropic model,andthey nor-
mally yield slightly higheroscillationfrequencies,aswe canseefrom table3.11. Considering
theeffectsof contaminationfrom interstellarmaterialon theheavy elementabundancein the
sun[18], theoscillationtimesgrow a little, gettingevencloserto thevaluescomputedin our
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Table3.10: In column2 wegivethefrequency, � Õ2þ , of thewaveemittedwhenaplanetmoves
aroundthehoststaronanorbit resonantwith ag-modeallowedby theRochelobeanalysis(see
text). Becauseof resonanteffects,theamplitudeof thewaveis amplifiedby afactorgreaterthan� (column3) whenthecompanionspansa radialregionof thickness

: 5 (column4), which is
thesamefor all planets.In thelast threecolumnswe give thetime interval

: ó neededfor the
threecompanionsto spantheregion

: 5 andreachtheresonance,becauseof radiationreaction
effects.

Mode � Õ2þ ( � Hz) � : 5 (m)
: ót/ (yrs)

: óu354 (yrs)
: ó ú (yrs)

gª ì?ì
ò � Ä ì7y 1700 Ä ��Å Ù�ì7y ê Å#�M« Ù�ì7y ö -Ä,y 312
«�� ¾ Ù�ì7y ª «�� y -

gë ® Â � Â ì7y 616 ò � ÛîÙ�ì7y ê ò � ì.Ù�ì7y ö -Ä,y 113 ì �M® Ù�ì7y ª ì � Ä -
gê ¾ Å!� Û ì7y 240 ì ��Å Ù�ì7y ê ì � ì.Ù�ì7y ö -Ä,y 44

®�� ÂkÙ�ì7y ¬ Û � ÄkÙ�ì7y /21 -
gí Û%Ä �jÅ ì7y 98 Û � ykÙ�ì7y ë Ä,Ä -Ä,y 18 Ä � ykÙ�ì7y ¬ «��M® Ù�ì7y /21 -
gï Â�Û ��® ì7y 42

«�� ¾ Ù�ì7y ë « y -Ä,y 8 ò � ÄîÙ�ì7y ¬ ì �M® Ù�ì7y /21 -
gð ÂYì � ¾ ì7y 18 ì �M® Ù�ì7y ë ì7Ä -Ä,y 3 ì � ÄîÙ�ì7y ¬ ì � òkÙ�ì7y /21 -
g 1 ( Ä,Â � Û ì7y 8 ì � ykÙ�ì7y ë Û � ¾ «#� ì.Ù�ì7y öÄ,y 1 Â � ÛîÙ�ì7y ö Ä �M« Ù�ì7y / ö ò � ì

Table3.11:Frequencies(in � Hz) for differentoscillationmodesof asolar-masspolytropicstar
with z è «

, and for a morerealisticsolarmodel. Data for the “realistic” solarmodelwere
kindly providedby J.Christensen-Dalsgaard[20]. 1  ö  ¬  ª  ë  ê  í  ï  ð  1 (Polytrope( zeè «

) 221.4 167.9 134.8 112.5 96.6 84.7 75.4 67.9 61.8 56.7
“Realistic” model 296.6 256.6 222.5 194.6 171.0 151.9 136.2 123.3 112.5 103.3

polytropicmodel.In any event,ourfrequenciesareatleastqualitativelycorrectto giveorder-of-
magnitudeestimatesfor theeffectsof resonantgravitational-waveemissionweareconsidering
in our study. We feel thatour considerationson thegravitational-wave amplitudesandon the
excitationtimescaleswould not besubstantiallymodifiedif we consideredmorerealisticsolar
models.
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3.7 Conclusions

Themainresultsobtainedregardingextrasolarplanetarysystemscanbesummarizedasfollows:� Oneof theobservedEPS’s,HD283750,emitswaveswith a maximumcharacteristicam-
plitude Æ!å
s Å Ùcì�y / ö9¬ anda correspondingfrequency �vs ì ��« Ùcì7y / ë Hz. Thesevalues
arequite interesting,especiallywhencomparedto themaximumamplitude Æ!åws=ì7y / ö9¬andfrequency �xs ì ��Å Ù�ì�y / ª Hz of theHulse-Taylorbinarypulsar(PSR1913+16).� TheRoche-lobeanalysishasshown thatEPS’satafiducialdistance

¢ è ì7y pccanemit,
in their orbital motion,wavesof amplitudeaslarge as Æ G Ê�Ëå s ì7y / ö�ö andfrequency as
high as � G Ê�Ë s ì7y / ª Hz; furthermore,the excitation conditionscould be satisfiedfor
someof the

 
-modesin solar-typestars.� The integrationof the Einsteinequationsshows that, for low-order

 ú
modes,onecan

reachvaluesof Æ : <,Æ57 greaterthan:

10 for radialfine tunings
: 5 of theorderof a few kilometers,

100for
: 5 of theorderof hundredsof meters,

1000for
: 5 of theorderof somemeter.

Closeto a resonance,theamplitudefor low-ordermodesfor an z è «
polytropeis well

fitted by thelaw: � ¯ c%± Æ : <%Æ87 � è­á ÿ@<4�?>üÿ@< � ¯ c%±A: 5 � "
where

>�ÿ=< � ú y ��® Ä , and á ÿ@< dependson theorderof themode.� Theradiationreactionanalysisshowsthat,for thestellarmodelwehavechosen,abrown
dwarf exciting the mode

 ª could reachamplitudessêòRÙ¦ì�y / ö ( for s «
years,and sÅ Ù?ì7y / ö 1 for s Å y%y years;on theotherhand,a planetlikeJupiterresonantwith themode 1 ( couldreachamplitudess « Ù�ì7y / ö�ö for s ò years,and s½Â0Ù�ì7y / ö9¬ for s « y%y years.

Figure3.4 shows the sensitivity curve for LISA (i.e., the amplituderequiredat eachfre-
quency to observe a signalwith a signal-to-noiseratio greaterthan5) alongwith someof the
mostinterestingresultsobtainedby ouranalysis.Thoughsignificantlylargerin amplitudethan
thesignalemittedby thebinarypulsar, thewavesemittedby theobservedsystemHD283750
arenotdetectablewith thecurrentLISA design.Thesameis truefor a “resonant”systemcom-
posedby a solar-type staranda jupiter-like planet,but a brown dwarf in resonantconditions
couldpotentiallybedetectable.
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Figure3.4: Thesolid curve is LISA’s sensitivity curve, representingtheamplituderequiredto
observe a signalwith signal-to-noiseratio greaterthan5. Thedifferentdotsrepresenta brown
dwarf in resonantconditionswith amplification50,a jupiter-like planetin resonantconditions
with thesameamplificationfactor, andtwo observedbinaries:HD283750(anextrasolarplan-
etarysystem)andPSR1913+16(theHulse-Taylorbinarypulsar).



Chapter 4

Gravitational wave emissionby compact
binaries

At variancewith theprecedingchapter, in this chapterweshallconsiderbinarieswhich radiate
gravitationalwaveswith largeintensityandat frequenciesaccessibleto ground-basedinterfer-
ometers.Suchsystemmustnot only bemassive, they mustalsoorbit eachotherat very small
separations(afew hundredkilometersor less).Thesemassiveobjectsareexpectedto betheend
productsof stellarevolution: neutronstarsandblackholes.Sincealargefractionof all starsare
in closebinarysystems,thedeadremnantsof stellarevolution maycontaina significantnum-
berof binarysystemswhosecomponentsareneutronstarsor blackholes,andarecloseenough
togetherto bedriveninto coalescenceby gravitationalradiationreactionin a time smallerthan
theageof the universe.The binarypulsar1913+16is anexampleof sucha system,andwill
coalesces «#� Ä ù ì7y ï yearsfrom now.

Gravitational radiationreaction,at leastwhen the binary membersare widely separated,
tendsto circularizeandshrink the orbit. So, even if the systemis born initially with a large
eccentricity, whenthe wavesenterthe frequency bandof earth-basedinterferometersthe two
bodiesin thebinaryspiral togetheremittingperiodicgravitationalwavesat a singlefrequency
(equalto twice theorbital frequency) thatsweepsupward(“chirps”) towarda maximum.This
maximumis around1 kHz for neutronstarbinaries,andaround ì7y�;63 ' <g;�Ú for black hole
binarieswhenthelargerblackholehasmass;63 ' . Duringthefirst partof thefrequency sweep
the waveform can be fairly accuratelycomputedfrom the quadrupoleformalism, but as the
objectsget closerPost-Newtonianorbital effectsandeffectsdueto the extendedstructureof
thebodiesbecomemoreandmoresignificant.In thefinal, mergingphase,thefull equationsof
generalrelativity anddetailedhydrodynamicalmodelsaredefinitelyneededfor a predictionof
thegravitationalwavesignalwemayobserve.

When dealing with extrasolarplanetarysystemswe consideredonly the polar, � è ò
(quadrupolar)contributionto theemittedradiation,sincethiscontributionbeshown to bedomi-
nantin thetotalpoweroutput,especiallyin Newtonianregimes.Wealsorestrictedourattention,
in thepreliminaryexplorationof excitationphenomenathatwe carriedout there,to bodiesin
circular orbit aroundthe star. Here we want to carry out a more generalanalysis:we shall
includeall multipoles,taking into accountalsotheaxial partof theradiation(sincethesecon-
tributions,aswewill see,maybecomeimportantin strong-fieldregimes),andstudyeffectsdue
to theorbital eccentricity, to carryoutamoregeneralanalysisof theexcitationconditions.

As weshow in AppendixC, thecomputationof thesourcetermandthesolutionof theequa-
tionsin the“standard”Zerilli approachis quitecumbersome,andpolarandaxial perturbations
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have to be dealtwith separately. Insteadof dealingdirectly with perturbationsof the metric
functions,it turnsout to bemucheasierandmoreelegantto considertheperturbationsof the
Weyl scalarsin theNewman-Penrosenull tetradformalism. This approachalsoleads,aftera
separationof theangularpart (which now is accomplishedin termsof spin-weightedspherical
harmonics)to aradialequation,known astheBardeen-Press-Teukolsky (BPT)equation[4, 83].
Thesolutionsto theBPT equationcarryinformationbothon thepolarandon theaxial partsof
theperturbation,andthesourcetermis muchsimplerto dealwith thanin theZerilli approach.
SowehaveusedtheBPTformalismto considerthegeneralcaseof particlesin closed,eccentric
orbit aroundthestar, andonly usedtheZerilli formalismasacheckof thecorrectnessof ourre-
sultsin thecircularlimit ÷ m y (which is physicallyvery important,sincecompactbinaries,as
wesaidbefore,will moveoncircularorbitsby thetimethewavesthey emitenterthebandwidth
of interferometers).

Figure4.1 shows that, indeed,binaryneutronstarsarea promisingsourcefor the interfer-
ometersnow underconstruction.Thereweplot thesensitivity curvesof GEO600,VIRGO and
LIGO, modelledusingfits given in section7.4 of [39], alongwith predictedestimatesfor the
amplitudesof signalscomingfrom neutronstarmergersat distancesfrom earthof 20 Mpc and
100Mpc. It canbeshown [25] thatthecrucial ingredientto extracttheinspiralsignalfrom the
noisewith amatched-filteringtechniqueis agoodtheoreticalestimateof thephaseof thewave
in theregion weretheinterferometersaremoresensitive, i.e. at gravitationalwave frequenciesy ì kHz.
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Figure4.1: Thesensitivity curvesfor theground-basedinterferometersGEO600,VIRGO and
LIGO arecomparedto thestrengthof signalscomingfrom neutronstarbinariesatadistanceof
20 Mpc and100Mpc. Thenoisepower spectraldensitiesof thedetectorsaremodelledusing
fits givenin section7.4of thereview by Grischuket al. [39].

Ourmaininteresthasbeento understandto whatextenteffectsdueto theextendedstructure
of starscanaffect thetheoreticalmodelingof this signal,andconsequentlythedetectionof the
waves.Of course,ourperturbativeformalismallowsusto takeinto accountthestructureof only
oneof the bodies. Nonetheless,we hopethe informationwe gain in this way canbe usedto
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infer someinformationon a realbinarycoalescence,especiallyconsideringthata stable,long-
lastingsimulationof sucha coalescence(despitethemany efforts doneto evolve numerically
thefull, non-linearEinsteinequations[61]) is still probablya longway to come.

The plan of this chapteris as follows. In section4.1 we describethe Bardeen-Press-
Teukolsky perturbative approach,leaving sometechnicaldetailsto Appendix D. In section
4.2 we apply the formalismto particlesin closed,eccentricorbitsarounda star, andcompare
resultswith thoseobtainedthroughthesemirelativistic formalismdevelopedin section1.4.We
show that the stellar structureintroducesqualitatively andquantitatively new effects,among
which aretheappearanceof anaxial componentin the radiationand,consequently, a beating
betweenthepolarandaxial components;a significantreductionin the total power radiatedin��è�ò ; agreatenhancementin thewaveamplitudeif thestellarquasi-normalmodesareexcited.
Thepossibilityto excite thequasi-normalmodesin anastrophysicalbinarycoalescenceis con-
sidered,both for neutron-starandblack-holebinaries,in section4.3. Therewe show that the
excitationof blackholequasi-normalmodescanonly occurin acollapse;for neutronstars,theø -modeexcitation is highly implausibleunlessthestaris rotating. The

 
-modes,on theother

hand,could be excited in a frequency bandrelevant for earth-basedinterferometers,andwe
will explore this issuein the future. In section4.4 we considertheorbital evolution of binary
systemsin ourperturbativeapproach,for general(notnecessarilycircular)orbits. In section4.5
wecomparetheemissionfeaturesof asystemcomposedby astaranda testmasswith thoseof
asystemcomposedby ablackholeanda testmass,anddiscusshow effectsdueto theequation
of stateaffect theemittedpower. In section4.6we analyzeour perturbative resultsin thelight
of thoseobtainedin theliteratureusingPost-Newtonianapproximations,eitherin thetestmass
or in thecomparablemasslimit. We computedifferencesin thenumberof cyclesbetweendif-
ferentstellarmodelsandblackholes,anddiscussthereductionsin signal-to-noiseratio dueto
a non-optimalmodelingof thesignal.Finally, in section4.7we give anargumentin favour of
theperturbativeapproximation,showing thatfluid andmetricperturbationsremainsmallup to
very little orbital separations,or, in otherwords,that theperturbative approachseemsto hold
surprisinglygoodup to very latestagesof thecoalescence.

4.1 The Bardeen-Press-Teukolsky (BPT) approach

To describetheperturbationsof theSchwarzschildspacetimeprevailing outsidethestarwecan
usetheBPT equation[4, 83]� :`ö ôô�þ \ ì: ôô-þ ` � \ � þ ª K ö ��Å|{ � þ�ú ; �\þ ö K �: ú ¾ { KÿþCú ò{z ` ¡x} T G � K " þ,� è ú ó T G � K " þ,� " (4.1)

where
: è þ ö ú ò%; þ

. TheBPTfunction,
} T G

, is relatedto theperturbationof theWeyl scalar~J} ª by} T G � K " þ%� è ìò ¿ & ô��®ô?ù ÷ íMLON / ö » §T G � � " 
�� Q þ ª ~J} ª � ù " þ " � " 
[�9W " (4.2)

and / ö » T G � � " 
[� is thespin-weightedsphericalharmonicof spin-weight
õ è ú ò . Spin-weighted

sphericalharmonicsaredefinedandexpressedin termsof ordinarysphericalharmonicsin Ap-
pendixG.

Theadvantageof usingtheBPT equationis that
~J} ª is invariantundergaugetransforma-

tionsandinfinitesimaltetradrotations,andthat thesquaresof its realandimaginarypartsare
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proportionalto theenergy flux of theoutgoingradiationat infinity in thetwo polarizations.In
addition,thesourceterm ó T G � K " þ,� , which will bediscussedin detail in thenext section,hasa
muchsimplerform thanthesourceof theSasaki-Nakamuraequation,which wasusedto study
thegravitationalemissionin thecaseof openorbitsin [33].

At thesurfaceof thestar, andin generalwhenever ó T G � K " þ%� è�y , therelationbetween
} T G

,
theZerilli function ¨ T G (whichfor clarity weshallheredenoteby ¨ � õÃFT G ) andtheRegge-Wheeler
function ¨iÊXËT G is} T G è þ ¬ Á z � z � ì �Å{K l ^ Ê�Ë ¨ Ê�ËT G � � r ÊXË � ò {�K ��� I ¨ Ê�ËT G m (4.3)ú þ ¬ Á z � z � ì �Å � ^ � õÃF ¨ � õÃFT G � Ñ r � õÃF � ò {�K Ò � I ¨ � õÃFT G � "
where

� I è öö ' µ ��{�K è��' ý öö ' ��{ K
, and^ Ê�Ë è ò :þ ë l � z � ì �\þGú�« ; mr Ê�Ë è òþ ö � þGúf« ; �^ � õÃF è ò :þ ë � z þ.��« ; � ö Q z ö � z � ì ��þ{¬V��« ;­z ö7þ>ö���® ; ö z þ.��® ; ¬ Wr � õÃF è ò z þ ö úa« ;­z þîú�« ; öþ ö � z þ.��« ; � �

Accordingto (4.3)wecanwrite
} T G

asasumof anaxialandapolarpart,i.e.} T G è } ÊXËT G � } � õÃFT G " (4.4)

where} Ê�ËT G è þ ¬ Á z � z � ì �Å{K l ^ Ê�Ë ¨ Ê�ËT G � � r ÊXË � ò {�K ��� I ¨ Ê�ËT G m (4.5)} � õÃFT G è ú þ ¬ Á z � z � ì �Å � ^ � õÃF ¨ � õÃFT G � Ñ r � õ¹F � ò {�K Ò � I ¨ � õ¹FT G � �
However, in thefollowing wewill show thatdependingonthevalueof thesumof theharmonic
indices

� � � $ � , only thepolaror theaxial partof
} T G

have to beselected.
TheinhomogeneousBPTequation(4.1)canbeintegratedby constructingaGreenfunction

which ensuresthat
~J} ª matchesregularly with theinterior solutionat theboundaryof thestar,

andbehavesasa pureoutgoingwave at infinity. Thisproblemhasbeensolvedby Detweilerin
thecaseof blackholes[29]; herewe shortlydescribethesimplegeneralizationof themethod
to the caseof stars. First we discusssomesymmetrypropertiesof the functionsinvolved in
the problemwe want to solve. Under complex conjugation,sphericalharmonicsbehave asY §T G � � " 
[� è � ú ì � G Y!T / G � � " 
[� ; consequently, theperturbedmetricfunctionsin (2.10)andthe
functions ¨ � õÃFT G and ¨iÊ�ËT G satisfythefollowing property:¥ §T G � þ " K � è � ú ì � G ¥ T / G � þ " ú.K ���
Fromeqs.(4.5) it follows that� } Ê�ËT G � K " þ,�C� § è � ú ì � G I 1 } ÊXËT / G � ú4K " þ,� (4.6)² } � õÃFT G � K " þ%� ³ § è � ú ì � G } � õÃFT G � ú4K " þ,���



62 Chapter4. Gravitationalwaveemissionby compactbinaries

By inspectionof thesourceterm,wefind that
} T G

mustsatisfyanadditionalrelation} §T G � þ " K � è � ú ì � T } T / G � þ " ú.K ��� (4.7)

In orderfor (4.6)and(4.7) to beconsistent,andlooking at eqs.(4.4)we seethatthefollowing
selectionrule musthold� if

� � � $ � is even,
} T G è } � õÃFT G

,� if
� � � $ � is odd,

} T G è } ÊXËT G .

Thus,dependingon thevalueof theharmonicindices� and $ ,
} T G

is eitherpolaror axial. As
explainedin AppendixB, integratingthe equationsof stellarperturbations,(2.27)–(2.30)and
(2.40), in the interior of the star, we canconstructthe functions ¨iÊXËT G � K "�5 � � and ¨ � õÃFT G � K "ü5 � �
andtheir first derivativesat

þ è 5 � ; from themwe compute
} Ê�ËT G � K "�5 � � and

} � õÃFT G � K "�5 � � , as
given in eqs. (4.5), andtheir first derivatives,which areneededto integratetheBPT equation
outsidethe star. However, it shouldbe notedthat the regularity condition imposedat

þ è6y
allows to determinëiÊ�ËT G and ¨ � õÃFT G only up to anunknown amplitude,� T G � K � , to bedetermined
by the matchingconditionsat the boundaryof the star. In what follows, we shall indicateas#} ÊXËT G � K "�5 � � and #} � õÃFT G � K "�5 � � the valuesof the axial andpolar part of the wavefunction

} T G
ascomputedby numericalintegrationof theinterior equations.Theproblemwe wantto solve
thereforeis� � 38� ) } T G � K " þ%� è ú ó T G � K " þ,� (4.8)} T G � þ m � � è þO¬ ÷W� L '9µ � T G � K �} T G � K "�5 � � è�� T G � K � #} T G � K "ü5 � �}��T G � K "�5 � � è�� T G � K � #}��T G � K "ü5 � � "
where

� � 38� ) is thedifferentialoperatoron the left handsideof theBPT equation.If
� � � $ �

is even, #} T G � K "�5 � � è #} � õÃFT G � K "�5 � � , whereasif
� � � $ � is odd #} T G � K "�5 � � è #} Ê�ËT G � K "ü5 � � .� T G � K � is theunknown waveamplitudeto bedetermined.Thegeneralsolutionof eqs.(4.8) is} T G � K " þ%� è ú ìr T G \ } (T G &�': Ø ô�þ��: ö } 1T G ó T G � } 1T G & J' ô�þ��: ö } (T G ó T G ` " (4.9)

where
} (T G

and
} 1T G aretwo independentsolutionsof thehomogeneousBPT equationdefined

as � � � 38� ) } (T G � K " þ,� è�y} (T G � K " þ m � � è þO¬ ÷W� L ' µ " ����
� � 38� ) } 1T G � K " þ,� è�y} 1T G � K "�5 � � è�#} T G � K "�5 � �} 1 �T G � K "�5 � � è�#} �T G � K "ü5 � � " (4.10)

and r T G � K � is theWronskianr T G � K � è ì: Q } 1T G } (T G * ' ú } (T G } 1T G * ' W[� (4.11)

Fromeq. (4.9) it is easyto seethattheamplitudeof thewaveat infinity is

� T G � K � è ú ìr T G � K � & J: Ø ô�þ��: ö } 1T G � K " þ � � ó T G � K " þ � ��� (4.12)
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Thedetailedcomputationof theamplitude(4.12),bothfor circularandeccentricorbits,is given
in AppendixD, where,in particular, weshow that(in thegeneralcaseof eccentricorbits)it can
bewrittenas

� T G � K � è ú ìr T G � K � ò ¿:ñù I2JEï 8 / J ~ � K ú�K G ï � & J: Ø ô�þ �: ö } 1T G � K " þ � � ó ( T G � K " þ � ��� (4.13)

We shallnow computethe“relativistic” time-averagedenergy-fluxit : � f ô tô?ù g è ¯ �q�)�� J t ó è ¯ ���)�� J ìó E T G & ô%K + ô tô,K - T G " (4.14)

wherethe energy spectrum,

ö /ö L , canbe expressedin termsof the wave amplitudeat infinity�������¡ Q¢
as£�¤�¥¤  e¦ �Y�¨§ ©ª  A«t¬ ���Y���¡ Q¢ ¬ «W­ (4.15)

Sincethewaveamplitudecanbewritten,accordingto eq. (4.13),as�®�Y���� Q¢ § ¯°±�²t³ ¯
´�®�Y�h�� Q¢�µ��� ·¶6 ¸� ± ¢ (4.16)

wehave¹¥�º § »�¼q½¾�¿ ¯ ©À ° �Y� Á ¯°±�²t³ ¯
Â ¤  vÃ Ã1µ��¡ 2¶6 Ä� ± ¢ « Ã Ã ©ª   «u¬ ´���Y���� Q¢ ¬ « (4.17)

§ ° ��� Á ¯°±�²t³ ¯ ©Å|Æ   «� ± ¬ ´���Y�h�� ¸� ± ¢ ¬ «QÇ ° �Y� Á ¯°±�²t³ ¯
¹¥ º�Y� ±�È

where
Ã Ã µ « Ã Ã

is theregularizedsquared
µ
-function,suchthat»�¼�½¾�¿ ¯

ª ÆÀ Ã Ã µ��� 2¶6 ¸� ± ¢ « Ã Ã § µ��� 6¶2 ¸� ± ¢ È (4.18)

andwehavedefinedthetime-averagedpowerspectrum¹¥ º�Y� ± Ç ©Å|Æ   «� ± ¬ ´���Y���� ¸� ± ¢ ¬ «É­ (4.19)

In conclusion,thegravitationalemissionis characterizedby aseriesof spectrallinesatfrequen-
cies

 ¸� ± .
Fromthesymmetryproperties(1.82)  ³ � ³J± § ¶® Ä� ± (4.20)

and ´��Ê�Y� �� ¸� ± ¢ § �D¶ © ¢ � ´�®� ³ ���¡  ³J±M³ �Ë¢ È ÌeÍ;Î (4.21)

it follows that
¹¥ º� ³ � ³J± § ¹¥ º�Y� ± ­ (4.22)
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Thus,oncewe know the power spectrum

¹¥ º�Y� ± asa function of the frequencies
 ¸� ± , for an

assignedvalueof Ï andfor positive Ð È the spectrumfor negative Ð is obtainedthroughEq.
(4.22).

As theenergy lost in gravitationalwaves,¹¥�º § ° ��� Á ¯°±�²t³ ¯
¹¥Ñº��� ± Ç ° �Y� Á ¯°±�²t³ ¯ ©Å|Æ   «� ± ¬ ´�®�Y���� ¸� ± ¢ ¬ « È (4.23)

so the angularmomentumlost in gravitational wavescanbe written asa sumof termsin the
following way:¹Ò ºÓ § ° �Y� Á ¯°±�²t³ ¯

¹Ò ºÓ Ô �Y� ± Ç ° ��� Á ¯°±�²t³ ¯
ÐÅ|Æ  ¸� ± ¬ ´���Y���� ¸� ± ¢ ¬ « ­ (4.24)

Since
µ|Õ�Ö���× È Ø�È ÙÄÈ,Ú ¢

andthegravitationalwaveamplitudein theradiationgaugearerelated
by µJÕ�Ö��Y× È Ø�È Ù¸ÈMÚ ¢ § ¶ ©ª6ÛDÜÝ ¾Þ¾Á ��× È Ø�È ÙÄÈ,Ú ¢�ß ¼ ÜÝ ¾Þ¾à ��× È Ø�È Ù¸ÈMÚ ¢Dá

(4.25)

usingEq. (4.2)wefindâ Ø Ý ¾Þ¾Á ��� �Y× È�Ø�È�ÙÄÈMÚ ¢DãMä ¿ ¯ § ³ «-å �Y�æ� ÙÄÈ,Î ¢ÑçwèQéWê �*ë ¯°±�²t³ ¯
ª  «� ± ´�®�Y�h�� ¸� ± ¢ìé ³ ê�í�îðï,ñ�ò ³ ä=óìô(4.26)â Ø Ý ¾Þ¾à ��� �Y× È�Ø�È�ÙÄÈMÚ ¢ ã ä ¿ ¯ § ³ «-å �Y�æ� ÙÄÈ,Î ¢�õ ½ é ê �öë ¯°±�²t³ ¯
ª  «� ± ´�����h�¡ ¸� ± ¢�é ³ ê�í÷îðïMñøò ³ ä ó ô

wherewehaveseparatedthe Ú ¶
dependenceof thespinweightedsphericalharmonics,writing³ «Må �Y�h� Ù¸ÈMÚ ¢ § ³ «Qå �Y�h� Ù¸È,Î ¢ùé ê �öë
.

4.2 Comparison betweenthe perturbati veand semirelativis-
tic approaches

Using the theoreticalframework describedin the previous section,we have numericallyin-
tegratedthe equationsof stellarperturbationsfor a setof boundorbits identifiedby selected
valuesof the orbital parameters

� ¥ È Ò Ó ¢ , or, equivalently,
�&é È ØÉú ¢

. The stellarmodelwe have
chosenfor thecalculationsdescribedin this sectionis a polytropewith û § © , üùý § Å ­ Åðþ ÿ���Å
and �����	� § Å ­ ��
|ÿ

. In computingtheenergy flux, we have seenthat theenergy is emittedat
a discrete,infinite setof frequencies

 ¸� ± , with
¶�� 
 Ì 
\ß��

, definedin eq. (1.81). The
outputof our perturbative calculationsaretheamplitudesof thespectrallines

¹¥ º�Y� ± (4.19)and
thecorrespondingwaveforms(4.26).

The energy computedby the semirelativistic approachis also emitted at the samedis-
cretefrequencies

 ¸� ± ; however, whereasthequadrupoleemissionis restictedto Ï § ª
, Ð §�ì¶ ª È,Î�È ª ¢ for

Ý ¾Þ¾��� and Ð § �ì¶ ª È ª ¢ for
Ý ¾Þ¾� ë , for the relativistic calculationsÏ�� ª

and¶ Ï 
 Ð 
 Ï for both polarizations. So we canonly comparethe two approachesrestrict-
ing our relativistic calculationto Ï § ª

andcomparingthequadrupolespectrallines

¹¥��� ± with
the Ï § ª

relativistic lines

¹¥ º« � ± . In figure4.2 we show, asanexample,theenergy outputfor
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Figure 4.2: The gravitational emissionassociatedto an eccentricorbit with
é § Î ­ © andØÉú § 
 ��� È is illustratedby plotting the amplitudeof the spectrallines versusthe dimension-

lessfrequency �  Ä� ± . Theradiationcomputedby thehybrid quadrupoleapproach

¹¥��� ± (upper
panel,left) hasto becomparedwith thatcomputedby therelativistic approach,

¹¥ º�Y� ± , for Ï § ª
(upperpanel,right). In thelowerpanelweplot therelativistic Ï § 


and Ï § Å
contributions.
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an orbit with periastronØÉú § 
 ��� andeccentricity
é § Î ­ © computedby the quadrupoleap-

proach,andtherelativistic resultsfor Ï § ª È 
 and
Å È for thesameorbit. Thespectrallinesare

plottedfor thediscretevaluesof thedimensionlessfrequency �  Ä� ± , andfor assignedvalues
of positive Ð . We donotplot thelinescorrespondingto negativevaluesof Ð becausethey can
beobtainedthrougha reflectionacrossthezerofrequency axisof thepositive ones,by virtue
of thesymmetryproperty(4.22). A comparisonof thequadrupoleemission(upperpanel,left)
with the Ï § ª

relativistic emission(upperpanel,right), shows that for Ð § Î and Ð § ª
the

two spectraarequalitatively similar. As expected,thethreeplotswhichreferto theperturbative
resultsshow thatmostof theenergy is emittedin the Ï § ª

multipole,andthat for eachÏ , theÏ § Ð componentis alwayslargerthantheothers.
It is known that for particlesin circularorbit aroundblackholesthetotal power emittedin

eachmultipole¹¥ º� § ¯°±�²t³ ¯
«°� ²t³ «

¹¥ º�Y� ± (4.27)

scaleswith the multipole orderas

¹¥ º����� « ³ �
, where

�
is the orbital semi-latusrectum[66].

This power-law scalingwasfound analytically. Subsequently, Cutler et al. [27] numerically
integratedthe BPT equationfor a Schwarzschildblack hole with a point particlemoving on
boundorbits. They showedthat thesameresultholds,at leastin orderof magnitude,alsofor
particlesin eccentricorbits. We find that a similar power law exists also for stars,both for
circularandeccentricorbits,asindicatedin figure4.3 where,asanexample,we plot theratio
¹¥ º� � ¹¥ º« asa functionof Ï , for anorbit with

é § Î ­ © and
� § © � ­�� Å ( ØWú § 
 ��� ).
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Figure4.3: The ratio of the total power emittedin the Ï -th multipole,

¹¥ º�
, to the total power

emittedin Ï § ª
,

¹¥ º« , is plottedasa function of Ï , for an orbit with
é § Î ­ © and

� § © � ­�� Å( ØWú § 
 ��� ). It clearlyshowsapower law behaviour

¹¥ º����� � ³ «
.

In table4.1wetabulatetheratio

¹¥ º� � ¹¥ º« for differentvaluesof Ï andfor two circularorbits
with ��ý § 
 ��� and ��ý § © Î ��� , respectively. In figure4.4 we show how theenergy output
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Table4.1: Ratioof thepower in the Ï -th multipole,

¹¥ º�
, to thepower in Ï § ª

multipolefor two
circularorbitsof radius��ý § 
 ��� and ��ý § © Î ��� , respectively.¹¥ º� � ¹¥ º«Ï 
 ��� © Î ���3

þ ­��! © Î ³ « ª ­ �  © Î ³ «4
ÿ ­ ª  © Î ³#" ÿ ­ ª  © Î ³ Ö5 © ­ Î  © Î ³#" 
 ­ 
  © Î ³#$6 © ­ ª  © Î ³ Ö © ­ ª  © Î ³#%
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Figure4.4: In thisfigureweshow how thespectralcontentof thegravitationalemissionchanges
asa functionof theeccentricity, plotting thespectrallines

¹¥ º��� ± asa functionof thedimension-
lessfrequency �  ¸� ± , for Ï § Ð § ª

andfor thesamevalueof theperiastronØWú § 
 ��� . As the
eccentricityincreases,thelocationof thehighestline shiftsslightly towardsa lower frequency,
andhigherorderharmonicsbecomemorerelevant.
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obtainedby the relativistic approachvariesasa function of the eccentricityof the orbit; we
considerfour cases,

é § © Î ³#" È © Î ³ « È�Î ­ © ÈöÎ ­ Å . All orbitshave thesameperiastron( ØWú § 
 ��� ),
andtheplots aregiven for Ï § Ð § ª

, sincethis is the dominantcontribution to the emitted
radiation.

In thezeroeccentricitylimit, thewholepower is concentratedin theharmonicwith Ì § Î ,
correspondingto a frequency

 '& ê ä & § ª)( ë( ò § ª  '*
, where

 '*
is thekeplerianorbital frequency;

as the eccentricityincreases,the frequency of the highestline slightly decreases,andhigher
orderharmonicsbecomesignificant.

We havecomparedthetotal powercomputedby thequadrupoleformalism¹¥ � § ¯°±�²t³ ¯
°� ²t³ « Ô ý Ô «

¹¥+�� ± (4.28)

with that emittedin the Ï § ª
multipole,

¹¥ º« , definedin eq. (4.27) and computedby the
perturbative approach,for differentvaluesof the eccentricityandof the periastron.We find
that,in general,

¹¥ º« is sistematicallysmallerthan

¹¥ �
. Theamountof emittedradiationaffects

theorbitalevolutionof thesystemandtheshapeof thegravitationalsignal,in particularduring
the latestphasesof coalescence,wherethe orbit is alreadycircularized. To understandthe
relevanceof thiseffect,whichmaybeimportantfor thedetectionof thesesignalsby theground
basedinterferometersVIRGO andLIGO, wehavecomputedtherelativedifference¹¥ º« ¶ ¹¥ �¹¥ � (4.29)

for circularorbits,asa functionof theorbital radius, ��ý . Theresultsareshown in figure4.5.
For largevaluesof theradiustherelativedifferencetends,asexpected,to zero;at a distanceof
10 stellarradii it is about7 %, andit becomesgreaterthan14 % whenthe two starsare


 ���
apart.

In orderto checkthecorrectnessof our results,wehaverepeatedthecalculationby adiffer-
entapproach,integratingthe inhomogeneousZerilli andtheRegge-Wheelerequationsfor the
sameorbits.Theresultsagreeto theround-off error.

The situationchangesif the point massmoveson an orbit “resonant”with a modeof the
star, which meansthe following. For the model of star we are considering,the lowest fre-
quency modeis thefundamentalone,whosefrequency is

 -, � § Î ­ © ª Î 
|Å . To excite thismode
the massshouldmove on an orbit suchthat the frequency of oneof the spectrallines of the
quadrupoleemission,

 ¸� ± , with Ð § ¶ ª È Î�È ª , is very closeto, or coincideswith
 .,

. We find
that,asthequadrupolespectralline frequency

 ¸� ± approaches
 -,

for somevalueof Ð and Ì ,
theamplitudeof theemittedradiation,computedin theperturbative approach,increases.This
suggeststhat the excitation mechanismcould be seenasa resonantscatteringof the gravita-
tional wave emittedby thesystemin theorbital motion(thequadrupolewave) on thepotential
barriergeneratedby theperturbedstar. Indeed,thediscretenatureof thepowerspectrumemit-
tedin thequasiperiodicmotionof thepoint masssuggestsananalogywith anatomiclaser:in
thispicture,theatomicenergy levelscorrespondto thequasi-normalmodefrequencies,andthe
quadrupoleradiationfrequenciesto theenergy of theelectromagneticradiationexciting them.

In orderto excite thefundamentalmodeof our star, thetwo bodiesmustbeveryclose,and
thereforeit is reasonableto assumethattheorbit is circularandthat

 ¸� ± reducesto
 '& ê ä & defined

above.
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Figure 4.5: The relative differencebetweenthe total power

¹¥ �
computedby the hybrid

quadrupoleapproximation,and the total power emittedin the Ï § ª
multipole,

¹¥ ñ º ô« , com-
putedby the relativistic approach,is plottedfor circular orbits asa function of the radius ��ý
(given in unitsof thestellarradius).Whenthepoint massmoveson anorbit far from thestar
thetwo approachesgive thesameresult;thequadrupoleemissionbecomessignificantlylarger
than

¹¥ ñ º ô« for �
ý 
 © Î ��/ .
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Figure 4.6: The spectralline emittedby the systemwhen the point massmoveson a close
circularorbit is comparedto thesamequantitycomputedby thehybrid quadrupoleformalism.
The relativistic line (in black) is muchlarger thanthe quadrupoleone(in white), becausethe
frequency of thequadrupoleline coincideswith thatof the fundamentalmodeof thestar,

 -,
,

andamechanismof resonantexcitationoccurs(seetext).
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To show how efficient this resonantmechanismcouldbe, in figure4.6 we plot theenergy
output

¹¥ º«@« ± , andthecorrespondingquadrupoleenergy

¹¥+�« ± for apoint massmoving onanorbit
suchthat

 -& ê ä & §  ., � ��ý § © ­ 
��JÅ © � ��� ¢ .From this figure we seethat the situationchangesdramaticallywith respectto the non-
resonantcase:the energy emittedin the relativistic calculationis about

� Î Î timeslarger than
that computedby the quadrupoleapproximation. Whetherthe fundamentalmodecould be
excitedduringthecoalescenceof neutronstarbinarysystemsis, however, questionable,andwe
will discusstheissuein moredepthin thefollowing section.

It shouldbe mentionedthat the 0 -modeexcitation by a particle in circular orbit around
a star wasstudiedalso by Kojima [45]. In his paperhe only consideredcircular orbits and
polar perturbationswith Ï § ª È Ð §21 ª

. We find the samequalitative behaviour, although
with minor differencesof the orderof 10% in the wave amplitude. We areconfidentin the
correctnessof ourresultssince,asmentionedabove,wegotthemusingtwocompletelydifferent
formalisms,onebasedon theRegge-Wheeler, theotheron theNewman-Penroseapproach.
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Figure4.7: Theleft panelshowsthe
Ý ¾Þ¾Á componentof thegravitationalwaveemittedwhenthe

point massmoveson a circularorbit with ��ý § 
 ��� , versustheretardedtime in unitsof the
orbitalperiod.Sinceweassumethattheobserver is ontheequatorialplane,the

Ý ¾Þ¾à component
vanishes.In orderto comparethe relativistic waveform (continuousline) with the waveform
computedby thehybrid quadrupoleapproach(dashedline), only the Ï § ª

componentof the
relativistic signalis shown. Thedifferencebetweenthetwosignalsis basicallydueto the Ð § ©contribution of theaxial perturbationsto therelativistic waveform(seetext). In theright panel
we show the

Ý ¾Þ¾Á componentof thegravitationalwave emittedwhenthepoint massmoveson
an eccentricorbit with

é § Î ­ Å and ØÉú § 
 ��� . The structureof the waveform is muchmore
complicated,but thebeatingof thefrequenciesinducedby the Ð § © axial contribution is still
present.

In the left panelof figure 4.7, we show the
ß

polarizationof the waveform (the 3 polar-
ization is zerobecausewe assumethe observer is on the equatorialplane)for a circular orbit
with radius ��ý § 
 ��� , andfor Ï § ª

. Thegravitationalwaveformobtainedin thequadrupole
approximationis alsoshown (dashedlines) for comparison.Therearetwo remarkableeffects.
The first is that the Ð § © axial contribution to the relativistic waveform, which is usually
ignored,is notnegligible. Indeedit inducesabeatingof theaxialandpolarfrequencies,clearly
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seenin thefigure. Thesecondeffect is thattheaverageof theamplitudesof thepositive (or of
the negative) peaksin the relativistic waveform, is smallerthanthat of the quadrupolewave-
form. This is relatedto thefactthatthe Ï § ª

relativistic energy outputis systematicallysmaller
thanthatof thequadrupoleaswegetcloseto thestar(seefigure4.5).

A casewith large eccentricity(
é § Î ­ Å ) is shown in the right panelof the samefigure.

The structureof the waveformsis now muchmorecomplicated.However, both effectsseen
in the circular casearestill present.The beatingof the axial andpolar frequenciesproduces
similar changesin themaximaof thewave amplitude,i.e about10 % in bothcases.We have
foundthattherelativecontribution betweentheaxial andpolaremission

¹¥ º�465� � ¹¥ º�798;:�
is quite

independentof eccentricityanddecreasesapproximatelyas < © � � , or, which is the same,as<>= « (this behaviour wasindeedfoundanalitycallyby Poissonin [66] for a particleorbiting a
blackhole).Thus,thebeatingbecomesnegligible at largedistances,but it might besignificant
in thelatestagesof theinspiralling.

4.3 Excitation of quasi-normal modesin a compact binary
coalescence

In the last sectionwe have seenthat, if an appropriateresonancecondition betweenorbital
frequenciesandquasi-normalmodefrequenciesis satisfied,thestellarquasi-normalmodescan
be excited. Now we want to understandwhetherthe quasi-normalmodesof compactobjects
(starsor blackholes)canbeexcitedin anastrophysicallyplausiblecompactbinarycoalescence.
We will concludethat it seemsvery unlikely to excite thequasi-normalmodesof a blackhole
or thefundamentalmodeof a neutronstar, unlessthestaris rotating. Thepossibility to excite
the ? -modesof a neutronstaris anopenandinterestingquestion,which deservesto bestudied
morein detail,especiallyto assessits detectabilityor to understandpossibledephasingeffects
thattheexcitationcouldhaveon thewaveformof thecoalescingbinary.

Firstof all, wewantto answerthefollowingquestion:canweexcitethequasi-normalmodes
of ablackholein abinarycoalescence?Considera testmassorbiting theblackholein circular
orbit; thefollowing considerationswouldnotbesubstantiallyalteredif weconsideredparticles
in moregeneral,eccentricorbits. Recallthat the frequency of blackholequasi-normalmodes
scaleswith theinverseof theblackholemass�A@CB ; sincemostof theradiationis emittedin theÏ § Ð component,theresonanceconditionfor the û -th quasi-normalmodeovertonebelonging
to the Ï -th multipoleis:�A@CB   �D § ÐE�A@CB  '* § Ð � ³#"6F « È (4.30)

with Ï § Ð . Let us concentrateon Ï § ª
. The quasi-normalmodesof Schwarzschildblack

holeshave beencomputedaccuratelyup to very high overtonesusing a continuedfraction
technique[60], andit turnsout that the Ï § ª

overtonewith lower frequency (if oneexcludes
theso-calledalgebraicallyspecialmode,which is degenerateatzerofrequency) is theonewithû § © Î , for which �G@HB   «I ý § Î ­ Î � 
 ª � . Applying theexcitationconditionto this overtone,the
correspondingvalueof

�
turnsout to be 3.97. It is well known that only unstableorbits are

possiblefor
� 
 �

: this meansthat thepossibilityof exciting black-holequasi-normalmodes
with aparticlein astable, closedorbit is minimal,unlessonegoesto veryhighmultipoleorders
- in whichcase,of course,wecannotexpectthetotalpower to increasesignificantlybecauseof
theexcitation.Of course,thisdoesnot ruleout theexcitationof blackholequasi-normalmodes
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in astellarcollapse,andsuchanexcitationis indeedpresentbothin numericalandperturbative
simulationsof collapse.

Let us now turn our attentionto stars. The stellar ? -modescanprobablybe excited by a
resonantmechanismin somebinarysystems,but therelevanceof this typeof excitationon the
detectabilityof gravitationalwavesis still to beunderstood,andwe planto studythis problem
in the future. Herewe concentrateinsteadon the fundamentalmodeof oscillation( 0 -mode).
Theconditionsthatmustbesatisfiedin orderto excite thestellar 0 -mode,besidestheexcitation
condition(4.30),areessentiallytwo: theoneimposedby aneventualgeneral-relativistic orbital
instability (i.e., theexistenceof anInnermostStableCircularOrbit or ISCO)andthecondition
that thestarsmustbeat leastdetached(or possiblyquite far away, so thatperturbationtheory
holdswith agoodenoughaccuracy).

The existenceof an ISCO dueto an orbital instability hasbeenquestionedby recentnu-
mericalcomputationsby Uryu et al. [87], who computedsequencesof binaryneutronstarsin
quasi-equilibrium,parametrizedby thedistanceamongthestars,in full GR,andfoundonly an
hydrodynamic(notanorbital) instabilitywhichshowedup throughtheappearanceof acuspin
thesequenceof quasi-equilibriumconfiguration.Anyway, if anISCOexists,asPost-Newtonian
computationsseemto indicate,then,in orderfor themodesto beexcited,thefrequency of the0 -modemustbe smallerthanthe gravitational wave emissionfrequency at the ISCO.Let us
concentrateon two identicalneutronstars,both of mass �A� ò 4 ä . Post-Newtonianpredictions
differ quite sensiblyon the locationof the ISCO,dependingon the approachusedto expand
the Einsteinequations.For example,Kidder, Will andWiseman[43] andDamour, Iyer and
Sathyaprakash[28] predict respectively that the gravitational wave frequency at the ISCO is
given,in termsof themassof eachstar, by:JLKNM /M /PORQ § ª þ � ÿ ­ � �AST�	�A� ò 4 ä È JLUWVXVM /PORQ § © þ ÿ|Å ­ Î �GSN�	�A� ò 4 ä ­ (4.31)

Of coursetheserelationsonly involve themassesof theobjects,sincePost-Newtoniancalcu-
lationsdo not take into accountany structuraleffect nor any dependenceof the ISCO on the
stellarequationof state.

To understandwhetherit is possibleor not to excite the 0 -modein a binary neutronstar
coalescencewewill focuson threedifferentmodelsfor theEOS,chosenamongthesetstudied
in [7] (see[8] for moredetails).They are:Y Pandharipande,model A. The star is describedin terms of pure neutronmatter, the

dynamicsof which is dictatedby a nonrelativistic hamiltoniancontaininga semiphe-
nomenologicalinteractionpotential[62].Y Wiringa, Fiks and Fabrocini, model WFF. Neutronstar matter is treatedas a mixture
of neutrons,protons,electronsand muonsin Z -equilibrium. The nuclearhamiltonian
includestwo- and three-bodypotentials. With respectto modelsA andB, the ground
stateenergy of neutronstarmatteris computedusinga moresophisticatedandaccurate
many-bodytechnique[88].Y Pandaripande& Smith,modelL. Neutronsareassumedto interactthroughexchangeof w¶

, [ ¶ and \ ¶ mesons.While theexchangeof heavy particles(
 

and [ ) is describedin
termsof nonrelativistic potentials,theeffect of the \ ¶ mesonis takeninto accountusing
relativistic field theory and the mean-fieldapproximation[63]. The physicalassump-
tionsunderlyingthis hybrid approacharesomewhatdifferentfrom thoseof theprevious
models.
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ModelsA andL, thoughquiteold, havebeenchosenasquiteextremerepresentativesof nuclear
physicsmotivatedEOS’s,while modelWFF is agoodcandidateasamodern,“realistic” model
for theEOS.Anyway, herewe arejust interestedin anexplorative survey of thepossibility to
excitethe 0 -modein abinarycoalescence,andwewill nottouchupontheissueof thereliability
of thedifferentEOS’s.
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Figure4.8: The hyperbolasarethe limits imposedby the orbital ISCO,accordingto the pre-
dictionsby Kidder, Will andWiseman(KWW) andby Damour, Iyer andSathyaprakash(DIS),
as functionsof the massof eachof the two stars(in solarmassunits). The lines with filled
symbolscorrespondto the 0 -modecomputedfor a non-rotatingstar, theoneswith emptysym-
bolscorrespondto thefrequency limit imposedby thetouchcondition(which of course,being
dependenton thestellarradius,dependsalsoontheEOS).EvenwhentheISCOconditiondoes
not preventtheexcitationof the 0 -mode,thesevereconstraintimposedby thetouchcondition
does.

In figure 4.8, lines with filled symbolsshow the frequency of the 0 -mode,that we have
computedfor differentstellarmodelsdescribedby the threedifferentEOS’s, asa function of
themassof eachof thetwo stars(rememberthatthetwo starsaresupposedto beequalin mass
andradiusto eachother).In thefigure,hyperbolascorrespondto thefrequency limits imposed
by the ISCO.The curveswith filled symbolsshow that, for eachequationof state,at leastin
a certainmassrange,the 0 -modefrequency canbelower thanthelimit imposedby theISCO.
In otherwords,dependingon the stellarmodel, the ISCO limit doesnot alwaysprevent the
excitationof the 0 -modes.

But, unluckily, this is not thefinal word. We musttake into accountnot only thefrequency
limit imposedby the ISCO,but alsotheconditionthat thestarsmustbedetachedif themode
hasto be excited during a coalescence.We will simply imposethe 0 -modefrequency to be
smallerthanthe “contact” frequency correspondingto a separation

ª ��� ò 4 ä , where ��� ò 4 ä is the
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radiusof eachstar, i.e.:J ,�
 J ò 8^] &`_ § ©ª Æ a ª b  ª �A� ò 4 ä� ª ��� ò 4 ä ¢ "Ec (4.32)

In figure 4.8, the lines with emptysymbolscorrespondto the contactfrequency, which is
smallerthanthe 0 -modefrequency for all theEOS’swehaveconsidered,exceptfor thehighest-
massmodelrepresentedby EOSL (which,however, seemsnotto beviablebecauseof theISCO
condition!). So in all casesshown (andwe recall thatEOSA andL arequiteextrememodels
amongthe onesconsideredin the literature)thestarstouchbefore theexcitationconditionof
the 0 -modeis satisfied.

Observations[68] seemto indicatethepossibleexistenceof morecompactstars(for exam-
ple,starswith mass�G� ò 4 ä � © ­ Å �AS andradius��� ò 4 ä � �

km), andthiswouldreducethelimits
imposedby thetouchcondition.On theotherhand,whentheradiusdecreasesthefrequency of
themodeincreasesaccordingto thesemiempiricallaw givenby AnderssonandKokkotas[2]:J , § de Î ­ �|þ ß © ­�� 
 � f� f� "�gh kHz È (4.33)

where f� § �A� ò 4 ä© ­ Å �AS È f� § ��� ò 4 ä© Î km

­
We have performeda numericaltest,computingthe 0 -modefor a wide rangeof polytropic

models(varyingboth ü¸ý and û ). In all caseswe considered,the touchconditionpreventsthe
excitationof the 0 -modeof anon-rotatingstarin thecoalescencephase.

An alternative ideato excite the 0 -modecouldbethatof consideringabinarycomposedby
aneutronstaranda black hole. In thiscasethecritical radiusis theso-calledtidal radius � ò êji 4k: ,
givenby [10]:

� ò êli 4k: � ª ­ Å � £ �A@CB ß �G� ò 4 ä�A� ò 4 ä ¦ I F;" È (4.34)

where �A@CB is theblackholemass.Clearly, thequantityin roundparenthesesis of orderunity
(in fact, it is alwaysgreaterthanone!), so this limit is alwaysmorestringentthanthe touch
condition. The essentialreasonis that tidal effectsdueto the black hole arealwaysstronger,
beingtheobjectmorecompact,thantidal effectsdueto aneutronstar.

Despitethesenegative conclusions,we shouldnot forget that in all our considerationswe
havenot takeninto accountstellarrotation,whichallows theexcitationof the 0 -modeat larger
orbital distances[48]. We shall soonextendour work to rotatingstarsto understand,among
otherthings,if theexcitationof the 0 -modecanplay any role in a realisticastrophysicalsce-
nario.

4.4 Orbital evolution

The evolution underradiationreactionof boundorbits (not necessarilycircular orbits) in the
spacetimesurroundinga Schwarzschildblack hole or a non-rotatingneutronstar is bestde-
scribedusing the parameters

� � È é�¢ that we introducedin section1.4.1,assuggestedin [27].
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Boundorbits arerepresentedby thosepointsin the
� � È é�¢ planewhich satisfythe inequalitiesÎnm é m © , � � � ß ª é

. Following [27], we will call theboundary
� § � ß ª é

theseparatrix.
Indeed,astudyof theeffectivepotentialin termsof

�
and

é
shows thatthis line correspondsto

unstablecircularorbits,andwhenever
� 
 � ß ª é

theorbit is aplungingone.
In the absenceof radiationreaction,

�
and

é
are constantsof the motion, sincethey are

in a one-to-onerelationwith the orbital energy andangularmomentum,ascanbe seenfrom
equations(1.68). If we includeradiationreactionusingthe adiabaticapproximation,

�
and

é
evolveslowly overa timescalewhich is long comparedto theorbital period,andtheevolution
of a givenorbit tracesa trajectoryin the

� � È é�¢ plane.Theevolution of
�

and
é

canbededuced
from equations(1.68);usingthechainrulefor derivativesontheenergy andangularmomentum
conservationequations,Ð�ý ¹¥ ß ¹¥po V § Î (4.35)Ð�ý ¹Ò Ó ß ¹Ò Ó,Ô o V § Î�È (4.36)

weget:¶ ¹¥po V § £rq5¥q � ¦ Ð�ý ¹� ß £rq5¥q é
¦ Ð�ý ¹é
(4.37)¶ ¹Ò Ó,Ô o V § £ q Ò Óq � ¦ Ð�ý ¹� ß £ q Ò Óq é ¦ Ð�ý ¹é
(4.38)

Invertingthepreviousrelationswecanfind

¹�
and

¹é
in termsof theenergy andangularmomen-

tum lost in gravitationalwaves:Ð�ý ¹� § ª � � ¶ 
 ¶ é « ¢ I F «� � ¶ � ¶ ª é�¢"� � ¶ � ß ª é�¢ 3 (4.39)Û � "6F « � � ¶ ª ¶ ª é�¢ I F « � � ¶ ª ß ª é�¢ I F « ¹¥so V ¶ � � ¶ Å ¢ « ¹Ò Ó Ô o V �t� á
Ð�ý ¹é § � � ¶ 
 ¶ é « ¢ I F «é � � � ¶ � ¶ ª é�¢W� � ¶ � ß ª é�¢ 3 (4.40)u ¶ � "6F « � � ¶ ª ¶ ª é�¢ I F « � � ¶ ª ß ª é�¢ I F « ¹¥po V ßß_� © ¶¨é « ¢ â � � ¶ ª ¢W� � ¶ � ¢uß Å é « ã ¹Ò Ó Ô o V �	�wv

Noticethattheequationsaresingularat theseparatrix,
� § � ß ª é

. Theenergy andangularmo-
mentumlossescanbeevaluatedusingtheBPT formalismthroughformulas(4.23)and(4.24).
Sothecrucialingredientsin thecomputationof theorbitalevolutionaretheenergy andangular
momentumlost at any givencoupleof orbital parameters

�&é È � ¢ . In section4.2 we have seen
that,at a givensemi-latusrectum

�
(or at a givenorbital velocity = § � ³ I F «

), thepower com-
putedby thesemirelativistic approachis sensiblydifferentfrom thepower in Ï § ª

computed
by thefull perturbative approach,andthis differenceis alsoevident in thewaveformswe have
shown in figure 4.7. In general,we expectthe deviationsfrom the quadrupoleandsemirela-
tivistic quadrupolecomputationsto grow (and the orbital evolution to change)as the orbital
separation

�
decreases.Themainquestionwe wantto answerin this chapteris basically:how

significantarethesedeviationswhenwe take into accountthe structureof the centralobject?
For example,whatkind of differencecanweexpectif thecentralobjectis aneutronstarinstead
of ablackhole,or whenwetake into accountdifferentmodelsfor theneutronstarmatterEOS?
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Figure4.9: Evolution of the eccentricityasa function of orbital separationfor different ini-
tial valuesof

�
, and initial eccentricity

é � © . Unlessthe systemis formedwith very large
eccentricityat small (

�yx © Î " ) orbital separations,when
�z� © Î « and the signalentersthe

interferometers’bandwidththe orbit will be, in practice,perfectly circular. At large orbital
separationstheeccentricityscalesas

� I`{ F I «
, aspredictedby thenewtonianquadrupoleformula

[65].

A first answeris that,sincestructure-induceddeviationsat largedistancesaresmall,oneof
thekey predictionsof the quadrupoleformula, i.e., that radiationreactiontendsto circularize
theorbits,remainstrue. If we takeasinitial datafor ourevolution themeasuredparametersfor
binarypulsarsgivenin [53], for example,it is clearfrom figure4.9that,unlessabinarysystem
is formedwith large eccentricityat very small orbital separations(

��x © Î " ), the eccentricity
will alwaysbepracticallyzeroby thetimethewavesentertheVIRGO/LIGO bandwidth,which
correspondsto orbital separations

�|� © Î « . Thebluedotsin thefigurecorrespondto observa-
tional dataon theorbital separationandeccentricityof binary pulsarstaken from [53]. From
theevolutionarytracksshown in theplot we deducethatall observedbinarypulsarswill have
essentiallyzeroeccentricityby thetimethey getcloseenoughto bedetectableby ground-based
interferometers.Sincetheevolutionat largedistancesis accuratelydescribedby thequadrupole
approximation,thispredictionis notalteredwhenwe includestructuraleffectsin theevolution.

Still, the structureof the centralobjectcould make a differenceon the numberof cycles
thebinaryspendsin the interferometerbandwidth.Sucha differencecould reducedrastically
thesignal-to-noiseratio in a measurementof thewavesemittedby thesystemwith respectto
thesignal-to-noiseratio thatwouldbeachievedwhenmatched-filteringthesignalwith anexact
modelfor thewaveform.Wewill investigatethis issuein thefollowing sections.
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4.5 Comparisonbetweenneutron stars and black holes

In this sectionwe will show whatkind of differencewe canexpectin thepower outputfrom a
binarysystemcomposedby a blackhole anda testmassanda binarysystemcomposedby a
neutronstaranda testmass.In particular, we will studyhow sucha differencedependson the
modelwechoosefor theEOSdescribingtheneutronstarstructure.

As afirst step,wehavecheckedour numericalcodesby specializingthemto theblackhole
case,andcomparingwith existing resultsin theliterature.In particular, wehaverepeatedsome
of thecalculationsperformedby Poissonetal. in aseriesof papers(see,in particular, [66], [3],
[27], [67]) in which they dealtwith a problemessentiallyanalogousto ours,computing(both
analyticallyandnumerically)the radiationemittedby a systemcomposedby a Schwarzschild
black holeanda testmass.Our blackholecodehasprovento beableto reproduceextremely
well their results.Thenwe comparedtheresultsobtainedfor theblackholewith thosewe get
whenwe considertheneutronstar-testmasscase.Theaim of this computationwasessentially
to investigatewhat kind of difference(if any) is presentin the orbital evolution of a system
composedby a blackholeanda testmass,or by a staranda testmass.

As a “normalized”measureof thedifferencein thepower emitted(and,asa consequence,
in the orbital evolution) we will usethe ratio } � = ¢ betweenthe power

¹¥
predictedby our

relativistic calculation(eitherfor theblackholeor for a neutronstarmodel)andthatpredicted
by theNewtonianquadrupoleformulain thetestmasscase(1.51),

¹¥p~
:} � = ¢ Ç ¹¥ � ¹¥s~ ­

(4.41)

In thepoint-masslimit thefunction } � = ¢ is effectively “universal”,in thefollowing sense.
For a Schwarzschildblack hole this function only dependson the orbital velocity (or orbital
separation),andnot on themassof theparticle,nor on themassof theblackhole(both

¹¥
and

¹¥p~
scalein thesamewaywith � and Ð�ý ). Indeed,for aparticleorbitingaSchwarzschildblack

holeonecanexpandtheBPT equationin powersof =���� andsolve it orderby order;Tanakaet
al. (see[79] for a completedescriptionof their method,and[78] for a shorterdiscussionof
the results)wereableto obtainin this way an analyticTaylor-seriesexpansionof } � = ¢ (with
logarithmic corrections),up to order = I�I . We will give numerically the coefficients of this
expansionin formula(4.55).Forstarsthis“universality”is validonly for eachgivenequilibrium
stellar model: so,oncewe specifytheEOSanda givenvalueof thecentraldensity(of course,
for eachgivenEOSwe havea one-parameterfamily of stableneutronstars),thefunction } � = ¢
canbe thoughtof asa “form factor” for the responseof thestarand/ortheblack hole,which
describeshow the effects due to the non-pointlike natureof the extendedobject modify the
naive quadrupole-formulaprediction. Looking at theshapeof the function } � = ¢ for different
equationsof statewe cannot only seethedifferencebetweentheblackholecaseanddifferent
stellarmodels;we canalso try to understand,at leastqualitatively, what may happento the
gravitationalwave emissionby the“real” binarysystemwhenwe choosedifferentmodelsfor
thehighdensityequationof state.

Beforespendingsomewordson the accuracy of our codeswe want to stressagainthat,
in the testmasslimit, } � = ¢ canbecomputedwithin any requiredlevel of accuracy. Consider
for examplea testmassorbiting a Schwarzschildblackhole; in this casewe know analytically
from [66], andnumericallyfrom [27], that the relative contribution of eachmultipole to the
total power outputscalesas

� « ³ �
. This predictionis clearly verified by our numericalcodes,

ascanbeseenin figure4.10,wherewe plot therelativecontributionsto } � = ¢ originatingfrom
multipoleswith Ï § ª È 
 È Å

asa functionof = § � ³ I F «
.
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Figure4.10: Contributions to the total power emittedby a black hole anda testparticle for
differentvaluesof Ï .

This meansthat, for any given = , we cancomputethe power outputat any given level of
accuracy by summingenoughmultipoles in the formula for the total power emittedby the
system. Sincewe have checked that the samepower-law behaviour holdsalso for stars(see
figure 4.3), we can usea similar criterion to compute } � = ¢ “exactly” for any given stellar
model.

Wehavecheckedthatourblackholecodecanreproducewith greataccuracy thenumbersin
paper[26], werethecaseof circularorbitswasstudiednumericallyin detail. In particular, using
a suitablyhigh numberof points(typically

� © Î Î ) in our Gauss-Legendreintegrationroutines
(seeAppendixB.5), we canreproduceall thenumbersgivenin their tableI (wheremultipoles
from Ï § ª

to Ï § �
aresummedto getthetotalpower for many valuesof

�
) andin tablesII, III

andIV (wherethey give thecontributions

¹¥ �Y�
, for differentvaluesof Ð and Ï , at

� § © Î , 150
and1000,respectively) with anaccuracy of (at least)lessthanonepart in © Î % . To measurethe
errorinvolvedin thetruncationof thesumovermultipoles,� îL���° � ² «

¹¥ � È
wecanevaluatetherelativecontributionof

¹¥ � î���� to thetotalpoweremitted.In ourcalculations
we have chosento sum multipolesup to Ï § �

; that’s becauseat the ISCO (
� § �

), for a
Schwarzschildblackhole,wefind that¹¥p��� �° � ² «

¹¥ �^� ³ I § © ­ þ ª  © Î ³#$ È
while at

� § © �JÅ ­�� (correspondingto a frequency of © Î Hz, whenthe emittedsignalenters
the LIGO/VIRGO sensitivity bandandmostof the cyclesspentby the binary in the bandis
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accumulated)thesamequantityis equalto © ­ 
 �  © Î ³ I « . Thefirst numberis a measureof the
largesterrorwe canexpectin our calculations,but thesecondis muchmoreindicative of the
orderof magnitudeof theerrorinvolvedin thecomputationof thenumberof cyclesandsignal-
to-noiseratio, sincemostof thecyclesarespentby thetestmassin a region far away from the
centralobject(at frequencieslessthanabout300-400Hz).

Thecrucialquestionis now: how doesthepower emitted,andhencetheorbital evolution,
dependonthepresenceof ablackholeor astarin thebinary?And if thecentralobjectis astar,
whatis theroleplayedby thehigh-densityequationof state?

Table4.2: We give heretheparametersfor thepolytropicmodelswe considerin our analysis:
polytropicindex, ratio üùý §�� ý�� � ý of centralenergy densityto centralpressure,massandradius.
In all themodels,thecentralenergy densityis chosenin suchawaythatthestellarmassis equal
to © ­ Å �AS (the“canonical”neutronstarmassvalue).

Modelnumber û üùý � ( �AS ) ��� (km)
1 1 4.48974 1.4 9.8
2 1 9.669 1.4 15
3 1.5 8.205 1.4 15
4 1.5 2.146 1.4 9

To answerthesequestionswe picked threedifferent,simplifiedmodelsfor our star. They
arepolytropicmodelswhoseparameterswe give in table4.2. Comparingmodels2 and3 we
canseequalitatively theeffectof varyingthestiffness(i.e., thepolytropicindex) of theequation
of statefor a fixedmeanstellardensity(or for a fixedcompactness������� , which is thesame);
likewise,comparingmodels1 and2 wecanseewhathappenswhenthecompactnessvariesfor
a fixedpolytropic index. We have chosento includemodel4 becauseit is extremelycompact,
sowe expectit to yield resultsverycloseto thoseobtainedwith theblackholecode.

In the following, sincewe are interestedin effects that take place in the last phasesof
coalescence,whentheorbit is alreadycircularized,we will alwayslimit our discussionto test
massesin circular orbits.

Firstof all, let usseewhathappensto theemissionfrom agivenstellarmodelwhenwetake
into accountcontributionscomingfrom multipoleswith Ï Í ª

. Let usfocus,for concreteness,
on model2. Thecontributionof eachmultipoleto thetotal power is shown asa functionof the
particle’sorbital velocity in figure4.11.In theplot, theupperlimit on = is chosenimposingthe
conditionthattheorbital radius ��ý § � � begreaterthanthestellarradius.

Thecontribution from Ï § ª
(redcurve) clearlyshowsa peakat thevelocity corresponding

to theusual 0 -moderesonancecondition,
  � ² «, § ª  '*

. However, thecurve for Ï § 

is peaked

atadifferentvalueof theorbitalvelocity, correspondingto theexcitationcondition
  � ²�", § 
  '*

.
Similarly, wefind peaksfor eachÏ at velocitiescorrespondingto  �, § Ï  -* È (4.42)

which meansthat the leading( Ï § Ð ) gravitational wave contribution from each Ï mustbe
resonantwith the 0 -modefrequency for the givenmultipole in order for the modeto be ex-
cited. Sincethemodefrequenciesgrow lessrapidly thanintegerswith themultipoleorder, the
excitationconditionfor Ï § 


(for example)correspondsto lower velocitiesandlower orbital
frequencies:even if we cannotobserve the excitation of the quadrupole0 -mode,we may be
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Figure4.11:Contributionsto thetotalpower for differentvaluesof Ï . Themodelshown hereis
model2 ( û § © , ��� § © � km). As usual,thepower in eachmultipoleis normalizedto

¹¥p~
.

able,in principle,to observeanoctupoleexcitation! When Ï id largeenough,weevenstartsee-
ing theexcitationof thefirst

�
-mode(seethegreenpeakattheright of thefigure,corresponding

to thecurve for Ï § Å
).

As themultipoleorderincreases,thepeaksbecomehigherandnarrower; a high resolution
in = is requiredto “catch” thepeakswhen Ï Í Å

(indeed,in placeof thepeak,weobserve justa
kink correspondingto the 0 -modeexcitationin thecurve for Ï § Å

, andtheresolutionwe used
to producetheplot wasunableto resolvepeaksfor Ï Í Å

).
The total power spectrumfor our model2 is comparedto theothermodelsin figure4.12.

Werecallherethatall models,for easeof comparison,werechosento have thesamemass.
Models1 and3 show two peakseach,correpondingrespectively to the excitation of theÏ § ª

and Ï § 
 0 -modes.Thehigher, narrower peakcorrespondsto Ï § ª
, while thepeakfor

thequadrupolemodeis largerandabout100timessmaller. In model2, besidesthetwo peaks
correspondingto theexcitationof the 0 modein Ï § ª

and Ï § 

, a third peak,corresponding

to the excitation of the first
�
-modein Ï § Å

, is visible. Model 4, as expected,is almost
indistinguishablefrom theblackhole,andonly the Ï § 
 0 -modeexcitationcanbeseenin this
plot. Notice thatall maximaareaccompaniedby correspondingminima,althoughnot always
we have useda numericalgrid in = fine enoughto resolve the minima for narrower peaks.
Comparingmodels2 and3 onecanseethat, for a given compactness������� , the peaksfor
model2, which is stiffer, arehigherandat lower frequency thanthosefor model3 (which is
softer). At a fixed polytropic index, the peaksarehigherandat lower frequency for model2
thanfor model1, which is morecompact.

The behaviour in frequency is quite obvious, sincemodefrequenciestypically scalewith
themeandensityof thestar, asis well known from Newtonianpulsationtheory, becauseof the
virial theorem.Not soobviousis thefactthatthestarseemsto “respondmore” to theexcitation
whentheequationof stateis stiffer (smaller û ) at a givenvaluefor thecompactness������� , or
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Figure4.12:Totalpoweroutputfor models1 (red),2 (green),3 (blue)and4 (purple).Thepeaks
shown aredueto theexcitationof thestellarquasi-normalmodes(seetext for adiscussion).In
models2 and3, thecurvesaretruncatedatavalueof = correspondingto anorbital radiusequal
to thestellarradius.Theblackcurvecorrespondsto theblackholecase.

(which is thesame)whenthestellarradiusis largerfor a givenvalueof themass.

Table4.3: In this tablewe give, for eachpeakshown in figure 4.12 andeachstellarmodel:
thetypeandmultipoleorderof theexcitedmode,thevelocity of thetestmassat thepeak,the
correspondingkeplerianfrequency andthemodefrequency in Hz, theorbital radiusof thetest
massin resonantconditionsin km andthesamequantityin unitsof thestellarradius.

Model Mode Ï = J * (Hz) J , (Hz) ��ý (km) �
ý������
1 0 3 0.365 1119 3358 15.5 1.59
1 0 2 0.383 1296 2593 14.1 1.44
2 0 3 0.300 626 1879 22.9 1.53
2 0 2 0.313 711 1422 21.0 1.40
2

�
4 0.364 1110 4440 15.6 1.04

3 0 3 0.312 702 2105 21.2 1.41
3 0 2 0.331 835 1671 18.9 1.26
4 0 3 0.391 1379 4138 13.5 1.50

In table4.3 we give, for eachpeakshown in figure 4.12 and for eachof the four stellar
models:theexcitedstellarmode,thevalueof Ï for which theexcitation takesplace,thepeak
velocities,thecorrespondingkeplerianfrequenciescalculatedfromJ * § ª ­ ÿ ÿ��|ÿ  © Î $ = "ª Æ � *�� È
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where � *�� is the stellarmassin kilometers(recall that © �AS § © ­ Å�� � þ km!), the modefre-
quencies(relatedto thekeplerianfrequenciesby J � 8 i6� § Ï J * ), andfinally theorbital radius��ý § � � *�� § � *�� ��= « È
in kilometersandin unitsof thestellarradius.

Wewill comebackto aqualitativeanalysisof theresonances,basedonaverysimplemodel,
in thenext section.But first we want to answerthefollowing question:whendo thedifferent
stellar modelsbegin to deviate significantly (if they do) from a black hole, in termsof the
predictedpoweroutput?
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Figure4.13: We show } � = ¢ for the black hole modelandour four stellarmodelsin the low-
velocity region. Significantdeviationsclearly begin to show up, at leastfor stiffer models,at
velocities = � ��� Å . Models1 and4 aremuchmoresimilar to theblackholecaseup to much
higherorbital velocities.

The answeris in figure 4.13,which clearly shows that effectsdueto the stellarstructure
typically begin to play a role whenthe orbital velocity is =�� Î ­ ª�� . Not only, asshown by
theanalysisof thepeaksgivenabove, stiffer modelstendto “respondmore” andearlierto the
excitation; from figure4.13we seealsothatthey tendto deviateearlierfrom thepower output
predictedby theblackholecase.

The meaningof this result in termsof orbital frequenciesanddetectabilityof the waves
cruciallydependsonthewayin whichweinterprettheresult.In thepointmasslimit, avelocity= § ��� Å correspondsto a keplerianfrequency J * § 
 � Î ­�� Hz, a gravitationalwave frequencyJ o V § � ª © ­ ª Hz andanorbital radiusof


�

km. At this orbital separation,stronglynonlinear

effectswill probablytakeover, andwecannottrustour lineartheoryany more.But supposewe
want to extrapolateour resultsto equalmasses. Thestandardprocedureusedin the literature
for this purpose[27, 78] is to substitutein all formulasthe particlemassÐ�ý by the reduced
massof thesystem� , andthestellarmass� by thetotalmassof thebinary � ò :Ð�ý�� � È � � � ò ­ (4.43)



4.5.Comparisonbetweenneutronstarsandblackholes 83

If we adoptthis procedureandexpressthetotal massof thesystemin kilometers,a quarterof
thespeedof light correspondsto a gravitationalwave frequency J o V § ª J * andto anorbital
separationØ givenby J o V § ª ­ ÿ ÿ��Jÿ  © Î $ = "Æ � ò È Ø § � ò ��= «É­
For a “typical” neutronstarbinaryof totalmass2.8 �AS theseformulasyield J o V § 
 � Î ­�� Hz,
and Ø § ���

km.
Now, themaximumsensitivity window for Earth-basedinterferometerscorrespondsto fre-

quenciesof theorderof afew hundredHz. Thus,if weassumethenaiveextrapolationprocedure
just describedto hold, we canexpectchangesdueto thestructureto presumablyplay suchan
importantrole in changingthewaveformof anobservedsignal,that the very detectionof the
signalcouldbeatrisk. Thiswouldnotbetrueif westick to thetestmasslimit, sinceat frequen-
ciesof about700Hz thesensitivity of interferometersis alreadytoo low for thesignal-to-noise
ratio to besensiblyalteredby achangein thetheoreticalwaveform.

4.5.1 A toy model for resonances

Following [45], let us model the starby a harmonicoscillatorwith frequency \8ý andinverse
dampingtime � , i.e.,� � ��×�¢ §�� é ¶Ñ� � ß�� \8ý ¢@× È (4.44)

whichsatisfiesthedifferentialequationÜ� ß ª � ¹� ß � \ «ý ß � « ¢ � § Î ­
(4.45)

Now, theeffectof aparticleorbiting thestarin a circularorbit at radius��ý (correspondingto a
frequency \ ) canbeseenasadriving forceactingon theoscillator, thatwecanwrite as0 §y� \ « é ³ êj�Mò ­ (4.46)

If wenow considertheabovedifferentialequationwith theadditionalforceÜ� ß ª � ¹� ß � \ «ý ß � « ¢ � §�� \ « é ³ êj�-ò ­ (4.47)

andtry solutionsof theform���Y×�¢ § ��� \ ¢ìé ³ êj�-ò È (4.48)

wefind that��� \ ¢ § ¶ � \ «\ « ¶ \ «ý ¶ � « ß ª � ��\ ­
(4.49)

If thesolutionis normalizedto someconstantvalueof theamplitude(e.g. thequadrupole),
themodulussquaredof thetotal amplitudeof thenormalizedsolutionis¬ f� ¬ « § ¬ © ß�� � \ ¢ ¬ « §2� � © ¶ � ¢ \ « ¶ \ «ý ¶ � « ��« ß � ª ��\ �q«� \ «Ë¶ \ «ý ¶ � « � «*ß � ª ��\ � « ­

(4.50)

This quantity is the analogous,in our harmonicoscillatormodel,of the total power radiated
in GW, normalizedto thepower without resonances;in otherwords,the function ¬ f� ¬ « should
modelquitewell thecurve } � = ¢ in regionscloseto a resonance.

Someinterestingpropertiesof this functionare:
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Y In thelimit �¢¡ \ , it hasamaximumin \ § \8ý andaminimumin \ § \8ý���£ © ¶ � ;Y The height of the maximumis � \8ýª � , and the value of the function at the minimum isª �L£ © ¶ �� \8ý ;Y This modelpredictsthat, beforethe resonance,the energy output is © , while after the
resonancetheenergy outputis

� © ¶ � ¢ .
Fromourcalculations,wecanobtainthefrequency of themaximumandtheminimum(and

therefore� ), aswell astheheightat the peak(which gives � ). Thusall the parametersof the
modelareeasilyobtainedandwecancomparewith theactualresults.

Figure4.14: Thesolid line is thenumericalpredictionfor the( ¤ § ª È Ð §¥1 ª
) contribution to

the total power emittedin GW, normalizedto thequadrupolepower, asa functionof \¦� , for
our model3 ( û § © ­ � , ��� § © � km). Thedashedline is thetoy modelprediction.

In figure4.14we show the( ¤ § ª È Ð §§1 ª
) contribution to thetotal power emittedin GW

normalizedto thequadrupolepower, asa functionof \¦� , for our model3 ( û § © ­ � , ��� § © �km). For clarity, we only show a zoomof theregion neartheresonance.Thesolid line is the
numericalsolutionandthe dashedline is the simpleanalyticalformula (4.50). The lines are
practically indistinguishable(relative differencesareof order © Î ³#" ), exceptvery closeto the
minimum,whenthe“exact” numericalsolutionis lessaccuratedueto numericalproblems,and
thecomparisoncannotbemadeconfidently. It is remarkablethat thesimpleanalyticalmodel
workssurprisinglywell in all therange,notonly capturingtheparabolicbehavior in theregion¬ \ ¶ \8ý ¬ « ¡ © [45]. but alsocapturingtheglobalbehavior of thefunctionwith highaccuracy.

Theexcellentagreementbetweenthenumericalresultandthemodelmotivatesusto follow
up our discussionandaskthefollowing question:cantheeffect of theresonancebeextracted
from theglobalsignal?

Theansweris shown in figure4.15,wherewe plot thenumericalresultasa function of =
(solid lines)andtheresultof extracting theeffect of theresonancewith dashedlines. In order
to obtaintheresonance-freecurve, we simply dividedthetotal functionby themodelgivenin
(4.50).This leavesout resultsunaffectedat lower frequencies(small = ), andremovestheextra
contribution to thepowergivenby theresonance.
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Figure4.15: The solid curve is the sameasin figure 4.14, the dashedcurve shows the result
obtaineddividing thesolid curveby thetoy modelprediction(“cleaningup theresonance”).

We foundthatthesameprocedurecanbeappliedsatisfactorily to therestof stellarmodels
andhigherorderharmonics.Of course,an interestingquestionto answeris the following: is
thecurve which is left out whenwe extractresonances“universal”?Froma preliminaryinves-
tigation the curve which is left after the subtractionprocessdoesnot seemto be “universal”.
Looselyspeaking,this meansthattheextendedstructureof thestarplaysa role in thebinary’s
evolution even whenquasi-normalmoderesonancesarenot taken into account. We plan to
investigatethis issuein moredetail in thefuture.

4.6 Comparisonwith the Post-Newtonianformalism

As a compactbinary spirals together, driven by gravitational radiationreaction,its inspiral
waveformsweepsupward in frequency (“chirps”). Theplannedground-basedinterferometers
will observe the last several thousandcyclesof inspiral, from a frequency

� © Î Hz to a fre-
quency

� © kHz, dependingon their sensitivity window (seefigure4.1). Generally, theoretical
calculationsof thewaveformaredoneusingthePost-Newtonianapproximationto generalrel-
ativity. Post-Newtonianmodulationsto the amplitudeof the wave arebelieved to be far less
importantthanmodulationsin the wave frequency (andhencein the wave’s phase)[25], be-
causethe crucial ingredientfor detectionis an accuratephasingof the theoreticalwaveform
with theactualwaveform,which is neededto extractthesignalfrom thedetector’s noise(and,
eventually, to infer the source’s parameters)usinga matched-filteringtechnique.This is the
reasonwhy usuallypeopleworking on Post-Newtoniantheorylimit to theso-calledrestricted
Post-Newtonianapproximation, in which thewave phaseis computedat Newtonianorderand
only PNcorrectionsto thephaseareincluded.

In this sectionwe want to understandif (andhow fast)sucha Post-Newtonianexpansion
convergesto theresultswegetby ourperturbativeapproach,from threedifferentpointsof view.
Wewantto understandY how a Post-Newtonianexpansionaltersthe total power emittedby the systemat each
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given = ,Y how it affectsthenumberof cyclesspentby thebinaryin thedetector’sbandwidth,andY how muchthesignal-to-noiseratio is reducedbecauseof thetruncationof theexpansion
with respectto an“exact” calculation.

Beforeansweringthesequestions,we needto make a brief digressionon Post-Newtonianthe-
ory. ThePost-Newtonianexpansionis baseduponanassumptionof slow motion, i.e., it is an
expansionin termsof the orbital velocity of the binary. If we limit considerationto the test
masscase,the orbital velocity = , orbital radius ��ý , keplerianfrequency J * andgravitational
wave frequency J o V arerelatedby

= §w¨ �����
ý § � ª Æ � J *�¢ I F;" § £ ª Æ � J o VÐ ¦ I F;" È (4.51)

where � is the stellarmass. In the last line we have usedthe resonancecondition J o V §Ð J * , wheretypically the resonantcomponentis theonewith Ð § Ï , andthemostimportant
contributioncomesfrom Ï § ª

.
As we saidbefore,thedetectionof thewavesandtheextractionof thesource’s parameters

is possibleonly if theoreticaltemplatesareableto predictwith a verygoodaccuracy thephase
evolutionof thesignal.Thephaseevolution, in turn,dependson theevolutionof thefrequency
of thewaves,which is determinedby theequation¤ J o V¤ × § ¹¥ £ ¤Þ¥¤ J o V ¦ ³ I ­

(4.52)

Analogouslyto what we did in formula (4.41), defining a function } � = ¢ as the ratio of the
“exact” power outputto thepower outputpredictedby theNewtonianquadrupoleformula, let
usdefinea function © � = ¢ as

© � = ¢ Ç £ ¤�¥¤ J o V ¦  £ ¤Þ¥¤ J o V ¦ ³ I~ § � © ¶ � = « ¢� © ¶ 
 = « ¢ "6F « ­ (4.53)

whereit is easyto show that,in theNewtonianlimit,£ ¤Þ¥¤ J o V ¦ ~ § ¶ Æ Ð�ý��
 = ­
(4.54)

Of course,the analyticexpressionfor } � = ¢ is not known, but asdiscussedin section4.5
we cancomputeit within any desirednumericalaccuracy usingour perturbationcodes,both
in thecaseof starsandof blackholes.We have alreadymentionedthata PN expansionof the
BPT equation[78, 79] yieldsa Taylor-seriesexpansion(with logarithmiccorrections)for this
function:} � = ¢ § © ¶ 
 ­ � © © 
 = « ß © ª ­ � ��� = " ¶ Å ­ ÿ ª þ � = Ö ¶ 
|þ ­ ª ÿ�
 = $ ß � © © � ­ ��
 ¶ © ��­ 
 Î � »«ª = ¢ = % ß¶ © Î © ­ � © = � ß?ß �D¶ ©|© � ­ � Î ¶ � ª ­ �JÅ�
 »¬ª = ¢ =�­ ß � � © ÿ ­ © 
 ¶ ª Î Å ­ þ ÿ »¬ª = ¢ = { ßß �ì¶ © ª © ��­ ÿ ß © © ��­�� Å »¬ª = ¢ = I ý ß � ÿ � þ ­ ÿ�
 ß Å���
 ­�� ª »¬ª = ¢ = I�I ß ­É­É­

(4.55)

Analogously, wecanexpandthefunction © � = ¢ as© � = ¢ § © ¶ 
 ª = « ¶ þ ©þ = Ö ¶ � � �
© � = % ¶ © ÿ þ|Å �© ª þ = ­ ¶ © 
����|þ ©ª�� � = I ý ß ­É­É­

(4.56)
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Weshallindicatethepreviousseries,truncatedat the û -th order, as © D � = ¢ . Oneof theessential

featuresof thefunction ® i6¯ik°6±P²�³ is that it shouldvanishat = § = M /PORQ § © � £ � . That’s why we

will find usefulto write down another(partial)Taylorexpansionfor © � = ¢ , in which this feature
is retainedby expandingonly thedenumeratorof © � = ¢ :© � = ¢ §µ´ © ¶ � = «·¶ £ © ß ÿ ª = « ß © 
 �þ§= Ö ß ÿ|Å �

© � = % ß
ª���� © �© ª þ¥= ­ ¶ © � þ�
|ÿ ÿª�� � = I ý ß ­É­É­ ¦ (4.57)

Weshallcall the û -th orderapproximationto this function © ñ 7 ôD � = ¢ , to rememberthatit’ sonly a
partialexpansion,in thesensejustexplained.

Sincethecalculationof } � = ¢ in thetestmasslimit is exactwithin any requirednumericalac-
curacy, onecanusethis calculationto checktheconvergenceof thePost-Newtonianexpansion
for testmassesorbiting a Schwarzschildblack hole (where,aswe have just seen,an analytic
formulasis availableup to order = I�I ). This convergency checkhasbeendoneby Poissonin
[67]. Theseriesturnsout to bequitepoorly convergent,especiallyif oneusesa normalTaylor
expansioninsteadof morerefinedtechniques,suchasPad́e approximants,developedjust for
thepurposeof gettinga fasterandmoremonotonicconvergencerate[28].
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Figure4.16: We show thepower emittedin gravitationalwaves(normalizedto thequadrupole
emission)for a Schwarzschildblackhole,andfor our model1, asfunctionsof theorbital ve-
locity = . Bothcurveswereobtainedsummingmultipolesfrom Ï § ª

to Ï § �
. For comparison,

wealsoshow thepoint-likePost-Newtonianapproximationatseveralorders:on theleft weuse
a standardTaylor seriesexpansion,on theright we show curvesobtainedby applyingthePad́e
proceduredescribedin AppendixF at differentordersin = . The = -rangeis chosenso that the
orbital frequency (extrapolatedto equalmasses)sweepsfrom © Î Hz, wherethesignalfirst en-
terstheLIGO-VIRGO sensitivity window, to theISCO(

� § �
). ThestandardPost-Newtonian

expansion,thoughslowly anderratically, seemsto converge to the Schwarzschildresult; the
Pad́eapproximantsshow amuchmoremonotonicbehaviour. Eventhoughweshow hereoneof
themorecompactstellarmodelswe have takeninto account,andhence,in a sense,onewhich
is “quite closeto a blackhole”, theeffect of thestellarstructureon thepower emittedis quite
clear. Thespikesin theneutronstarcurvecorrespondto theresonancesvisible in figure4.12.

Onecangetan ideaof how badly theTaylor seriesconvergesfrom the left panelin figure
4.16. The Post-Newtonianresultsshown thererefer to the computationin [78], which yields
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formula (4.55). By “PN ¸ ” we mean,adoptingthe standardterminology, the resultobtained
truncatingthe Post-Newtonianexpansionat order = D , with û § ª ¸ . Thoughslowly andwith
quite an erraticbehaviour, the curvesseemto converge to the exact blackhole result. Notice
especiallythebadbehaviour of thecurveslabelled“PN 2.5” (order = $ ) and“PN 4” (order = ­ ).
Theconvergencegetsmuchbetterif weusethePad́etechniquedescribedin AppendixF, asone
canseeat aglancefrom theright panelin figure4.16..

Clearly, beingdevelopedespeciallyfor the“black hole+testmass”case,thePN expansion
doesnot converge to the power outputof the “star+testmass”system,even thoughwe show
in bothfiguresoneof themostcompactstellarmodelswe have taken into account,which, as
onecouldexpecton thebasisof physicalintuition, is not toodifferentfrom theblackholecase.
Perhapstheproceduredescribedin [79] canbeextendedto build “ad hoc” Post-Newtonianex-
pansionswhichhold for specificstellarmodels,or perhapswecanfind a “universal”behaviour
subtractingpeaksfrom thebackgroundon thebasisof thetoy modeldescribedin theprevious
section.Anyway, our resultsshow that, for sure,no “universal” testmassPN expansionsex-
ist. Onemusteitherbuild PN expansionsholding for a givenstellar model(thoughit would
beinterestingto understandhow well a “regular” Taylor seriesexpansioncanapproximatethe
function } � = ¢ closeto the peaks),or usea semiempiricalapproachas describedin section
4.5.1to infer a “universal”behaviour from thedifferentmodels,superimposing“by hand” the
model-dependentresonantbehavioursat thepeaks.

4.6.1 The equal-masscase

In thelastsection,to avoid confusion,we alwaysreferredto Post-Newtoniancalculationsper-
formedfor testmassesorbiting a Schwarzschildblackhole. It will beusefulfor thefollowing
considerationsto give heretheknown resultson Post-Newtonianexpansionswhenthebinary
membershavecomparablemasses.In thiscase,boththerelativistic energy andtheflux function
arenotknown analytically(thegeneralrelativistic two bodyproblemis still unsolved,evenfor
pointmasses!).Theonly unambiguouslyknown termsof thePN-expansionfor theenergy read¥ � = ¢ § ¶º¹ = «ª » © ¶ £ ÿ ß ¹© ª ¦ = « ¶ £ þ © ¶ � � ¹ ß ¹ «ª Å ¦ = Ö�¼ (4.58)

while for theflux functionthecalculationsperformedup to now yield (see[39] andreferences
therein,but noticethatthereis amisprintin theflux function,formula(A45) !)¹¥ � = ¢ § 
 ª ¹ « = I ý� » © ¶ £ © ª Å��
�
 � ß 
 � ¹© ª ¦ = « ß Å|Æ = " ßß £ ¶ Å Å�� ©|©ÿ Î � ª ß ÿ ª � © ¹� Î Å ß � � ¹ «© þ ¦ = Ö ¶ £ þ © ÿ ©� � ª ß � 
 � ¹ª Å ¦ Æ = $ ¼ È (4.59)

where¹ Ç Ð�ý��� Ð�ý ß � ¢ « (4.60)

is the so-calledsymmetricmassratio, rangingfrom 0 (point-masscase)to © � Å (equal-mass
case).Essentially, finite-masseffectsappear, in thisapproach,as ¹ -dependentcorrectionsto the
Taylor-seriesexpansioncoefficientsof theflux function.
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4.6.2 Differ encein the number of cycles

We have just seenthat significantdifferencesbetweena staranda blackholeshow up, in the
testmasscase,for orbital velocities = � �t� Å . Whatkind of differencedoesthis make on the
numberof cycles the binary spendsin the bandwidthof an interferometer?To answerthis
question,herewe shall computethis numberfor the four stellarmodelswe have considered,
for a black hole, andwe shall comparethesenumberswith thoseobtainedfrom the analytic
formula(4.41)truncatedat differentorders,bothusingastandardTaylor expansionandaPad́e
expansion.

Thenumberof cyclesspentby thebinaryin agivenvelocity interval
� = ê È = ,�¢ - or in agiven

orbital frequency interval
�¡ -* Ô ê È  -* Ô ,÷¢ , which is thesame- caneasilybecomputedfrom½ § Â í¿¾kÀ Áí ¾6À Â ª  '* ��×�¢ ¤ × § Â�Ã ÁÃ Â  '*Æ ¤�¥ � ¤ =¹¥ :Ä8 � ò ¤ = È (4.61)

where
 '* § ¨ ����� "ý § = " �	� is, asusual, the keplerianfrequency. From the Newtonian

quadrupoleformula(1.51),theenergy

¹¥ :�8 � ò lost in gravitationalwavescanbewritten in terms
of theorbital velocityas¹¥ :�8 � ò § ¶ 
 ª� Ð «ý = I ý� « ­

(4.62)

From = § ¨ ������ý andtherelativistic formulafor theenergy of a particlein circularorbit we
get ¤Þ¥¤ = § Ð�ý ¤¤ = © ¶ ª = «� © ¶ 
 = « ¢ I F « § ¶ Ð�ý9= © ¶ � = «� © ¶ 
 = « ¢ "6F « ­ (4.63)

In theNewtonianlimit, sincethe total (kinetic+potential)energy of thebinary is, by virtue of
thevirial theorem,¥p~ § ¶ Ð�ý��ª ��ý § ¶ ©ª Ð�ý·= « È (4.64)

theanalogousexpressionis£�¤�¥¤ = ¦ ~ § ¶ Ð�ý·= È (4.65)

sothat ¤Þ¥ � ¤ =� ¤�¥ � ¤ = ¢ ~ § © � = ¢ § © ¶ � = «� © ¶ 
 = « ¢ "6F « È (4.66)

where © � = ¢ is thefunctiondefinedin equation(4.53)above. Sothenumberof cyclesfor some
“exact” } � = ¢ (eitherin theblackholeor in theneutronstarcase)canbewrittenas½ § Â Ã ÁÃ Â  '*Æ � ¤Þ¥ � ¤ = ¢ ~¹¥p~ © � = ¢} � = ¢ ¤ = § �Ð�ý Â Ã ÁÃ Â �
 ª Æ = % © � = ¢} � = ¢ ¤ = È (4.67)

while thenumberof cyclesin the û -th Post-Newtonianapproximationis givenby½ ñ�D ô § Â�Ã ÁÃ Â  -*Æ � ¤Þ¥ � ¤ = ¢ ~¹¥s~ © D � = ¢} D � = ¢ ¤ = § �Ð�ý Â�Ã ÁÃ Â �
 ª Æ = % © D � = ¢} D � = ¢ ¤ = ­ (4.68)
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Weshallassumethatthebinaryentersthesensitivity window of theinterferometerwhenthe
gravitational-wavefrequency is 10Hz, andtruncatethesignalataradiusof

� � , corresponding
to thelaststablecircularorbit. Thenwe get:Ð�ý� ½ § Â Ã ÁÃ Â �
 ª Æ = % © � = ¢} � = ¢ ¤ = ­ (4.69)

We canfurtherassume,following [78] and[67] (thoughthis assumptionis quiteunjustified!)
that the numberof cycles in the comparable-masscasecanbe obtainedfrom formula (4.67)
for an“exact” calculation,or from formula(4.68)for aPost-Newtonianexpansion,by thenaive
extrapolation(4.43).Rememberthatareasontoadoptthisextrapolationprocedure,asexplained
in chapter1,comesfrom thefactthatby thisprocedurewecanrecoverthecorrect,equalmasses
Newtonianquadrupoleformula(1.50)from thecorrespondingformulafor testmasses(1.51).

Thenumbersobtainedfrom formula(4.69),andextrapolatingto equalmassesaccordingto
the“naive” procedure,aregivenin table4.4.Thedifferencebetweenvariousmodels,whenwe
extrapolateto equalmasses,is at mostof a coupleof cycles.This numbermaylook small,but
eventhis smalldifferencemay inducea relevantdephasingof thewave andreducedrastically
thesignal-to-noiseratio.

Table4.4: In thistablewegivethenumberof cyclesto gofromanorbitalfrequency correspond-
ing to 10 Hz to theISCO.In thefirst columnwe give themodelthecalculationrefersto, in the
secondthenumberobtainedfrom formula (4.67),in the third thecorrespondingextrapolation
to equalmasses(which amountto amultiplicationby a factor4 of column2).

Model
� Ð�ý��	� ¢ ½ ½

(equalmasses)
1 4037.397 16149.59
2 4037.282 16149.13
3 4037.902 16151.61
4 4037.417 16149.67
Black hole 4037.399 16149.60

In table4.5,for comparisonwith thepaperby Tanakaetal. [78], wegive thedifference,Å ½ ñ�D ô § ½ ñ�D ô ¶ ½ ñ I�I ô� 594 & ò È (4.70)

betweenthe numberof cyclessweptby the binary in the frequency rangefrom 10 Hz to the
ISCO,computedaccordingto formula(4.68),andthenumberof cyclescomputedassuming,as
in thepaperby Tanaka,TagoshiandSasaki[78], that thePost-Newtonianformulaat order = I�I
yieldsthecorrectenergy output,i. e.½ ñ I�I ô¾�¾ / § Â Ã ÁÃ Â  -*Æ � ¤Þ¥ � ¤ = ¢ ~¹¥s~ © � = ¢} I�I � = ¢ ¤ = § �Ð�ý Â Ã ÁÃ Â �
 ª Æ = % © � = ¢} I�I � = ¢ ¤ = ­ (4.71)

We alsogive the “real” numberof cycles
½ ñ 7 � ä ò ô

sweptby the binary in this samefrequency
rangeaccordingto our perturbative calculation,assumingof coursethat thecentralobjectis a
Schwarzschildblackholeandsummingmultipolesup to Ï § �

.
Finally, in table4.6,weassumeasexactthe = I�I -accuratePost-Newtonianresultby Tanaka,

TagoshiandSasaki,computethe numberof cycles extrapolatingthis result to equalmasses
andcompareto the samenumbercomputedat the û -th comparable massesPost-Newtonian
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order(usingeithera standardTaylor expansionor a Pad́e approximant,asspecifiedin thefirst
column). The resultsare drasticallydifferent at all calculated,equalmassPost-Newtonian
orders,both whenwe usethe standardTaylor expansionor the Pad́e procedure.This result
shows thateithera higher-orderequal-massPost-Newtonianexpansionor a morereliabletest-
mass-to-equal-massextrapolationprocedureis needed.

Table4.5: For five differentbinarysystems,composedby starsor blackholesof massesgiven
in the first row, we give, extrapolatingto equalmassesour test-particleresults,thedifference
betweenthe numberof cyclescomputedat the û -th Post-Newtonianorderandthenumberof
cycles,

½ ñ I�I ô¾�¾ / , computedassumingthatthe = I�I energy outputis exact(seetext). In thelast two
rows we give thetotal numberof cyclesfor eachbinary, computedbothassumingthat the = I�I
energy outputis exact,andusinga relativistic perturbative calculationthat takesinto account
all multipolesup to Ï § �

. Whenwedisagreewith theresultsgivenin [78], weput their results
in parentheses.

n
� © ­ Å �AS È © ­ Å �AS ¢ � © Î �AS È © Î �AS ¢ � © ­ Å �AS È © Î �AS ¢ � © ­ Å �AS È Å Î �AS ¢ � © ­ Å �AS È � Î �AS ¢0 -118 12 9.0(9.6) 100 140

2 239 67 225(223) 312 352(353)
3 10 6.3 17 40 57 (56)
4 -1.3 1.2 1.5(1.6) 13 25 (24)
5 11 8.8 23 (22) 56 79 (78)
6 -0.17 -0.019(-0.018) -0.19 0.75 3.4(2.7)
7 1.1 1.1 2.5 7.9 14 (13)
8 0.94 0.91 2.1 6.7 11
9 0.11 0.12 0.27(0.25) 0.93 2.4(1.7)
10 0.20 0.20 0.46 1.5 3.3(2.6)
11 0.17 0.17 0.39 1.3 2.9(2.2)½ ñ I�I ô¾Þ¾ / 16149.75 589.51 3567.53 1250.36 758.45½ ñ 7 � ä ò ô

16149.60 589.45 3567.40 1249.95 757.77

Table4.6: This tablemustbe readjust like table4.5, exceptthatherePost-Newtonianresults
refer to the û -th comparablemassesPost-Newtonianorder(usingeithera standardTaylor ex-
pansionor aPad́eapproximant,asspecifiedin thefirst column).

n
� © ­ Å �AS È © ­ Å �AS ¢ � © Î �AS È © Î �AS ¢ � © ­ Å �AS È © Î �AS ¢ � © ­ Å �AS È Å Î �AS ¢ � © ­ Å �AS È � Î �AS ¢0 -118 123 9 100 140

2 363 89 225 323 360
3 126 22 17 46 60
4 103 12 1.5 17 26
5 123 24 23 63 82
Pad́e4 113 16 30 13 10.5
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4.6.3 Reduction in signal-to-noiseratio

In order to know what Post-Newtonian order is neededto do an accurateestimationof the
parametersof a binary usingdatafrom ground-basedinteferometers,the numberof cyclesin
thebandis nothingmorethanagoodindicator. In fact,it hasbeensuggested[25] thatwhether
the error in the numberof cycles is lessthan unity or not is a useful guidelineto examine
theaccuracy of Post-Newtonianformulasastemplates.Anyway, a muchmoresignificantand
meaningfulmeasureof theaccuracy of aPost-Newtoniansignalis givenby thereductionin the
signal-to-noiseratio producedby theuseof a givenapproximantwith respectto thesignal-to-
noiseratio achievedusingthe“true” signal.Let usdefinethis quantitymoreprecisely.

Ourperturbativecalculation,in asensewhichhasbeenexplainedmany timesbefore,yields
the“true” signalemittedby thebinaryin thetestmasslimit. Wearenow interestedin computing
thereductionin thesignal-to-noiseratio dueto thefactthatwe usea Post-NewtoniantemplateÝ D ��×�¢ insteadof the “exact”, relativistic template

Ý �Y×�¢
. This reductionin signal-to-noiseratio

canbecalculatedto beÆ D Ç å � ½ ¬ 4 & ò ]�4Ç:å � ½ ¬ � 4k5 § ¬ � Ý ¬ Ý D ¢ ¬¨ � Ý ¬ Ý ¢�� Ý D ¬ Ý D ¢ È (4.72)

wheretheinnerproductbetweentwo templatesis definedas� ? ¬ Ý ¢ § ª Â ¯ý f? Ê � J ¢ fÝ � J ¢�ß f? � J ¢ fÝ Ê � J ¢å � J ¢ ¤ J ­ (4.73)

Here å � J ¢ is the spectraldensityof the detectornoise; in modelingthe spectraldensitywe
follow Poisson[67], whousesthefunction(appropriatefor theadvancedLIGO-typedetectors)å � J ¢ § å ý� â � J ý9� J ¢ Ö ß ª ß � J � J ý ¢ « ã (4.74)

for J Í © Î Hz; for J 
 © Î Hz we take, asPoissondoes, å � J ¢ § Î (seismicnoisekills the
sensitivity of thedetectorat suchlow frequencies).Thefrequency at which å � J ¢ is minimum,J ý , canbesetequalto

� Î Hz.
We usethe so-calledrestrictedPost-Newtonianapproximation,in which the amplitudeis

describedaccuratelyto Newtonianorder, while thephaseis described“exactly” in thecaseoffÝ � J ¢ andup to the û -th Post-Newtonianorderin thecaseof fÝ D � J ¢ . ThenwegetfÝ � J ¢ § È J ³ � F;% éWê�É�ñ�° ô (4.75)fÝ D � J ¢ § È J ³ � F;% éWê�É�Ê�ñl° ô (4.76)

whereÈ is aconstant,andthewave frequency evolvesaccordingto theformula¤ J¤ × § ÿ � Ð�ý�= I�I� Æ � " } � = ¢© � = ¢ ­ (4.77)

Integratingweget×"� = ¢ �	� § × ê �t� ß � �
 ª Ð�ý Â ÃÃ Á © � = Ã ¢= Ã { } � = Ã ¢ ¤ = Ã (4.78)

for timeasa functionof velocity, andË � = ¢ § Ë ê ß � �© � Ð�ý Â ÃÃ Á © � = Ã ¢= Ã % } � = Ã ¢ ¤ = Ã (4.79)
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for thephaseof thewave,
Ë §�Ì ª Æ J ¤ × .

To get the frequency-domainphasefunctions Í and Í D appearingin formulas(4.75)and
(4.76)we usethe stationaryphaseapproximation[84]. Let us concentrateon Í ( Í D is dealt
with analogously).ThestationaryphaseapproximationyieldsÍ � J ¢ § ª Æ J ×"� = ¢ö¶ Ë � = ¢*¶ Æ � Å È (4.80)

sothatÍ � J ¢ § ª �Y× ê �t� ¢ = " ¶ Ë ê ¶ Æ � Å ß � �© � Ð�ý Â�ÃÃ Á � = " ¶ = Ã " ¢= Ã { © � = Ã ¢} � = Ã ¢ ¤ = Ã ­ (4.81)

Thesignalis cut at thefrequency correspondingto theISCO,Æ � J M /�ORQ § � ��� Ø M /PORQ ¢ "6F « § � ³#"6F « È (4.82)

andthephaseis adjustedto maximizetheintegralusingthefollowing procedure.
Thenumericalvalueof

Æ D dependsonthevaluesof theconstants
× ê and

Ë ê appearingin for-
mula(4.81),andon thevaluesof theconstants

× D"ê and
Ë DWê appearingin theanalogousformula

for Í D � J ¢ . To maximize
Æ D , weset

× ê § × D"ê andchoose
Ë ê ¶ Ë DWê in suchawaythat

Å Í vanishes
at thevalueof J for which thefunction � ³ � F;" � � ³ Ö ß ª ß ª � « ¢ ³ I is maximum.Thisoccurswhen� § � � 465 � Î ­���� � Å , correspondingto J � 4k5 � Å ��­ � þ

Hz and = � 465 � Î ­ Î þ ÿ ��� � ���	�AS ¢ I F;" .
With thesechoices,wegetfor thedifferencein thephasefunctionsÅ Í § Í ¶ Í D § � �© � Ð�ý Â�ÃÃ îL��� � = " ¶ = Ã " ¢= Ã { » © � = Ã ¢} � = Ã ¢ ¶ © D � = Ã ¢} D � = Ã ¢ ¼ ¤ = Ã ­ (4.83)

Finally, a straightforward calculation,using the definition of the reductionin signal-to-noise
ratio,shows thatÆ D §ÏÎ ³ I Â 59Ð`Ñ9ÒPÓI F � � ³ � F;"HÔtÕ�Ö Å Í� ³ Ö ß ª ß ª � « ¤ � È (4.84)

where� Ç J � J ý and(of course)� M /�ORQ Ç J M /PORQT� J ý . Thenormalizationconstant,

Î�§ Â 59Ð`Ñ�ÒPÓI F � � ³ � F;"� ³ Ö ß ª ß ª � « ¤ � È (4.85)

ensuresthat
Æ D § © when Í � J ¢ § Í D � J ¢ . In the previous calculation,which only applies

(strictly speaking)to the testmasscase,the ratio Ð�ý��	� appearsin
Å Í , formula (4.83). Fol-

lowing againPoisson[67], we will let this ratio becomelarge accordingto the prescription
(4.43),without modifying (aswe should)theexpressionsfor } � = ¢ and © � = ¢ . We arebasically
assumingthat the qualitative behaviour of thesefunctionsis not strongly affectedby “turn-
ing on” the parameter¹ introducedin formula (4.60). Theseequalmasscorrectionscanbe
seenascorrectionsto thePost-Newtoniancoefficientsof theflux function,but unluckily these
correctionshave beencomputedonly up to order = $ - seeformula (4.59). The hopeis that
our conclusions,despitethis inherentinconsistency, will beat leastqualitatively correctin the
comparablemasslimit.

In table4.7weusethemethodjust describedto comparethePost-Newtoniancomputations
performedby Tanaka,TagoshiandSasaki[79] with the“exact” Schwarzschildblackholeresult,
obtained,asusual,summingmultipolesup to Ï § �

. For comparisonwith tableI in theerrata
of Poisson’spaperwe show resultsobtainedusing,in formula(4.83):
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1) theexactfunction © � = ¢ (4.53),

2) theTaylorexpansion© D � = ¢ (4.56),

3) thepartialTaylor expansion© ñ 7 ôD � = ¢ (4.57),

but we extendhis analysisto include,besidesthestandardTaylor expansionof } � = ¢ , theone
obtainedusingPad́e approximantsasdescribedin AppendixF. We omit Pad́e approximants
at order7 and10 because,asshown in AppendixF, diagonalandsubdiagonalPad́e approxi-
mantsat theseordershave polesin theregionof integration,andoneshouldusedifferentPad́e
approximants(e.g.,superdiagonalones)to avoid this inconvenient.

Poisson’soriginal reasonfor usingthethreefunctionswasto exploretheeffect of knowing
theexactlocationof theISCO- whichis correctlytakeninto accountin cases1 and3, but not in
case2 - on thereductionin signal-to-noiseratio. It turnedout thathis original conclusion(that
theISCOknowledgeis importantin increasingtheSNR)wasbiasedby anumericalerrorin his
codes.No significant,systematicincreasein theSNR is givenby usingthe partial expansion
insteadof the full Taylor expansionof © � = ¢ . We notice also that our resultsdo not agree
perfectlywith thosegivenby Poissonin TableI of his errata,but we have performedvarious
codechecksandoursignal-to-noisereduction

Æ D convergesmuchbetterthanPoisson’sto unity
astheorderof thePost-Newtonianapproximationincreases.

In readingtable4.7 onemustkeepin mind thatunavailability of a copy of the true signal
meansthat the effective strengthof the signal reducesfrom

Ý
to
Æ D Ý , hencethe spanof the

detectorreducesby thefactor
Æ D . Thenumberof eventsadetectorcandetectbeingproportional

to thecubeof thedistance,sucha reductionin theoverlapbetweenthetrueandapproximated
signalsmeansa dropin thenumberof detectableeventsby a factor

Æ "D : for example,a lossof
10 % (20 %) in thesignal-to-noiseratio meansa 27 % (50 %) lossin thenumberof events.If
we demandthat we shouldbe ableto detectabout90 % (99 %) of the signalsthat we would
detecthadweknown thetruegeneralrelativistic signal,thenweshouldhaveanoverlapnot less
than0.965(0.997).

As in [67], for reasonsexplainedabove,our resultsareobtainedby extrapolatingto compa-
rablemassesaccordingto theprescription(4.43).Ourresultsexplicitly referto threebinarysys-
tems,thatcanbeseenasa “canonical”

� © ­ Å �AS È © ­ Å �AS ¢ neutronstarbinary, a
� © ­ Å �AS È © Î �AS ¢neutronstar-black hole binary anda

� © Î �AS È © Î �AS ¢ black hole binary. Let us focuson the� © ­ Å �GS È © ­ Å �AS ¢ neutronstarbinary. Whathappensif weusethe“true neutronstar’s form fac-
tor” } � = ¢ (for somegivenequilibrium model)insteadof the “black hole’s form factor”? The
answeris given in tables4.8 and4.9, which areanalogousto modelA in table 4.7, but are
obtainedusingthe function } � = ¢ comingout of thenumericalintegrationof two neutronstar
models:model1 andmodel2, respectively. In bothcases,we have summedmultipolesup toÏ § �

andtheresultsareextremelysimilar to thoseobtainedfor the
� © ­ Å �AS È © ­ Å �AS ¢ binaryin

table4.7.
Basically, our resultsconfirm the onesobtainedby Poissonin the errata: if we trust the

extrapolationprocedure(4.43)andwerequirethatweshouldbeableto detectat least90% (99
%) of thesignals,thenwe shouldpushthePost-Newtonianexpansionup to anorderbetween
6 and7. SincecomparablemassPost-Newtoniantemplatesareknown only up to order5, the
key issueseemsto be: is it betterto extrapolateperturbative, testmassresultswith the naive
procedure(4.43)or to usethe available,comparablemassPN templates?Or maybe,canwe
find somebetterway of extrapolating“test-mass-in-a-fixed-background”resultsto comparable
masses?
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Wewill givesomeargumentsin favourof thesecondoption(thatof extrapolatingperturba-
tiveresultsto theequal-masscase)in thenext section.

4.7 How goodis the perturbati veapproximation?

Whenweperturbastarfrom its equilibriumconfiguration,thenaturalscalefor theperturbations
is theratiobetweenthemassof theperturbingobjectandthestellarmass.A naturalquestionto
askis: for a givenmassratio,how smallaretheperturbationswhentheorbiting massis close?
Or, in otherwords,whendo weexpecttheperturbativeapproximationto breakdown?

We canobtainan answerto this questionby inspectingthe behaviour of the perturbation
functionsinside the star. Of coursewe expect the largestmotionsto be thoseinvolving the
quadrupoleperturbations,sowe have lookedat the radialbehaviour of perturbationfunctions
with Ï § ª

. Furthermore,sincefluid motionsareinvolvedonly in thepolarcase,wehavefixed
our attentionon thepolarperturbedequations.

Our procedureto understandhow largeperturbationsarewith respectto the“background”,
equilibriumconfigurationis thefollowing. First of all, we integratetheperturbationequations
using regularity conditionsat the centerof the star. This yields the radial behaviour of all
the metric andfluid perturbations.Anyway, this procedure,sincewe areconsideringlinear
perturbationson a fixedbackground,doesnot fix theoverall scaleof theperturbations.To fix
this scalewe mustsolve the “full” problem,i.e., we mustfind theamplitudeat infinity of the
solutionto theequationswith sourceandrescaleall perturbationfunctionsusingthis (complex)
amplitudeat infinity. Sincethe largestcomponentcomesfrom Ð § Ï , we have rescaledall
perturbationswith theseangularindicesusingthemodulusof theamplitudeat infinity × «@« .

It turnsout thattheperturbativeapproximationis surprisinglygoodevenwhenthetestmass
is veryclose.Wehavechosen,for illustrativepurposes,acircularorbit with orbital radiusequal
to 3 stellarradii. Thechosenstellarmodelcorrespondsto model1 in table4.2.

In figure 4.17 we show the behaviour of the fluid perturbationsin this case. We plot the
radialcomponentof the lagrangiandisplacementnormalizedto theradiusof thestar Ø ä � Ø ¢ ��� ,
the lagrangianperturbationof thepressurenormalizedto theequilibriumpressuredistributionÅ � � Ø ¢ � � � Ø ¢ , andthe lagrangianperturbationof the energy densitynormalizedto the equilib-
riumenergy density

Å � � Ø ¢ � � � Ø ¢ . Similarly, in figure4.18,weplot thebehaviour of theperturbed
metricfunctionsJ � Ø ¢ and � « � Ø ¢ with respectto theirequilibriumvalues.Lookingat theexpres-
sionfor theperturbedmetric(2.10),weclearlyhaveto comparethevaluesof

ª ½ � Ø ¢ and
ª Ò � Ø ¢

to unity.
Even at this small orbital separationthe perturbationsareextremelysmall, andof course

things get much betterwhen the orbital separationis larger (unlesswe are closeto a reso-
nance,in whichcase,of course,theperturbativeapproximation,strictly speaking,alwaysbreaks
down).
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Figure4.17: Fluid perturbationsat 3 stellar radii for model1. The black curve is the radial
componentof the lagrangiandisplacementnormalizedto the radiusof the star, Ø ä � Ø ¢ ��� ; the
bluecurve is thelagrangianperturbationof thepressurenormalizedto theequilibriumpressure
distribution,

Å � � Ø ¢ � � � Ø ¢ ; the red curve is the lagrangianperturbationof the energy density
normalizedto theequilibriumenergy density,

Å � � Ø ¢ � � � Ø ¢ .
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Figure4.18:Metric perturbationsat3 stellarradii for model1. Thevaluesof
ª ½ � Ø ¢ and

ª Ò � Ø ¢ ,
comparedto unity, area measureof thedeviationsof theperturbedmetric functions J � Ø ¢ and� « � Ø ¢ with respectto their equilibriumvalues.



Table4.7: Reductionin signal-to-noiseratio with respectto the “exact” black hole solution
incurredwhenmatchedfiltering with approximate,Post-Newtoniantemplates.For eachbinary
system,thefirst columnlists theorder û of theapproximation.Thesecondcolumnlists

Æ D as
calculatedusingtheexactexpressionfor © � = ¢ ; thethird columnlists

Æ D ascalculatedusingthe
fully expandedexpressionfor © � = ¢ ; thefourthcolumnlists

Æ D ascalculatedusingthepartially
expandedexpressionfor © � = ¢ . Thefourth,fifth andsixthcolumnslist thesamequantitiesusing
thePad́eexpansion,insteadof thestandardTaylorexpansion.Noticethatthenumbersreferring
to the7thand10thPad́eapproximantshavebeenomitted,sincethecorrespondingapproximants
havepolesin theregionof integration(seeAppendixF).

Taylor Padéû © D � = ¢ © � = ¢ © ñ 7 ôD � = ¢ © D � = ¢ © � = ¢ © ñ 7 ôD � = ¢
SystemA ( © ­ Å �AS + © ­ Å �AS )

4 0.56562 0.49075 0.42246 0.58521 0.71790 0.98961
5 0.47184 0.53911 0.68222 0.72930 0.92023 0.84162
6 0.95073 0.93475 0.91760 0.98999 0.99950 0.99261
7 0.99685 0.99759 0.98357 - - -
8 0.99339 0.99436 0.99533 0.99805 0.99878 0.99942
9 0.99972 0.99917 0.99854 0.99776 0.99852 0.99921
10 0.99994 0.99996 0.99944 - - -
11 0.99995 0.99996 0.99941 0.99996 0.99996 0.99934

SystemB ( © ­ Å �AS + © Î �GS )

4 0.84743 0.39512 0.29148 0.34738 0.54002 0.75159
5 0.24153 0.29245 0.40179 0.41132 0.78112 0.52539
6 0.77563 0.67621 0.60282 0.82966 0.97109 0.90766
7 0.87789 0.99572 0.85055 - - -
8 0.85477 0.87635 0.89609 0.93370 0.96352 0.99157
9 0.99467 0.95948 0.93712 0.93123 0.96086 0.98957
10 0.98973 0.99606 0.97564 - - -
11 0.99252 0.99710 0.97212 0.99596 0.99966 0.96707

SystemC ( © Î �AS + © Î �AS )

4 0.82329 0.69157 0.49080 0.50448 0.78664 0.82476
5 0.35149 0.44226 0.58679 0.55793 0.93404 0.71820
6 0.96166 0.80826 0.74129 0.86408 0.99181 0.96101
7 0.88729 0.99976 0.93043 - - -
8 0.88149 0.91576 .942566 0.95498 0.98998 0.99932
9 0.99961 0.98096 .958935 0.95378 0.98926 0.99912
10 0.99329 0.99806 0.99232 - - -
11 0.99537 0.99911 0.98977 0.99734 0.99983 0.98632



Table 4.8: Reductionin signal to noiseratio incurredwhen comparingwith a neutronstar
describedby model1.

Taylor Padéû © D � = ¢ © � = ¢ © ñ 7 ôD � = ¢ © D � = ¢ © � = ¢ © ñ 7 ôD � = ¢
( © ­ Å �AS + © ­ Å �AS )

4 0.56658 0.49158 0.42317 0.58381 0.71548 0.98856
5 0.47132 0.53804 0.67991 0.72683 0.91793 0.84397
6 0.95267 0.93672 0.91960 0.98879 0.99901 0.99385
7 0.99605 0.99856 0.98508 - - -
8 0.99232 0.99333 0.99432 0.99729 0.99809 0.99881
9 0.99998 0.99970 0.99919 0.99695 0.99778 0.99854
10 0.99976 0.99982 0.99988 - - -
11 0.99978 0.99984 0.99986 0.99983 0.99988 0.99982

Table 4.9: Reductionin signal to noiseratio incurredwhen comparingwith a neutronstar
describedby model2.

Taylor Padéû © D � = ¢ © � = ¢ © ñ 7 ôD � = ¢ © D � = ¢ © � = ¢ © ñ 7 ôD � = ¢
( © ­ Å �AS + © ­ Å �AS )

4 0.57051 0.49416 0.42497 0.57970 0.70850 0.97642
5 0.46915 0.53476 0.67408 0.72017 0.90484 0.85403
6 0.96803 0.95095 0.93237 0.97581 0.98871 0.99807
7 0.98464 0.99516 0.99798 - - -
8 0.97981 0.98087 0.98196 0.98585 0.98687 0.98792
9 0.99194 0.99282 0.99370 0.98531 0.98635 0.98740
10 0.99057 0.99066 0.99241 - - -
11 0.99060 0.99068 0.99244 0.99071 0.99079 0.99255



Conclusions

In this thesiswe have appliedtheperturbative formalismto studythegravitationalwave emis-
sionform extrasolarplanetarysystemsandfrom compactbinarysystems.

Themainresultsobtainedonextrasolar planetary systemscanbesummarizedasfollows:

1) From quadrupoleestimateson the emissionof observedextrasolarplanetarysystems
we found that oneof them,HD283750,emitswaveswith a maximumamplitude

Ý & �Å  © Î ³ « " anda correspondingfrequency J � © ­ 
  © Î ³#$ Hz. Althoughtheemissionfre-
quenciesare too small for the signal to be detectableby LISA, thesevaluesare quite
interesting,especiallywhencomparedto the maximumamplitude

Ý & � © Î ³ « " andfre-
quency J � © ­ Å  © Î ³ Ö Hz of a compactbinary suchasthe Hulse-Taylor binary pulsar
(PSR1913+16).

2) A Roche-lobeanalysis,carriedout to understandhow closea planetcanget to the star
without beingdestroyedby tidal forces,hasshown thatEPS’s at a fiducial distanceÙ §© Î pccanemit, in their orbital motion,wavesof amplitudeaslargeas

Ý � 4k5& � © Î ³ «@« and
frequency ashigh as J � 4k5 � © Î ³ Ö Hz. Furthermore,a planetcould,at leastin principle,
becloseenoughto tidally excite ? -modesin solar-typestars.

3) The integrationof the Einsteinequationshasshown that, for low-order ? ¶ modes,one
canreachvaluesof

Ý º � Ý � greaterthan:

– 10for distancesbetweentheresonantradiusandtheorbital radius,
Å � , of theorder

of a few kilometers,

– 100for
Å � of theorderof hundredsof meters,

– 1000for
Å � of theorderof somemeter.

Closeto a resonance,theamplitudefor low-ordermodesfor an û § 

polytropeis well

fitted by thelaw: � » Õ�Ú Ý º � Ý � ¢ § ��Û Ê ß � Û Ê � » Õ�Ú Å � ¢ È
where� Û Ê � ¶ Î ­ ÿ � , and ��Û Ê dependson theorderof themode.

4) A radiationreactionanalysisin theadiabaticapproximationhasshown that,for thestellar
modelwe have chosen,a brown dwarf exciting the mode ? Ö could reachamplitudes

�ª  © Î ³ « ý for
� 


years,and
� Å  © Î ³ « I for

� Å Î Î years;on theotherhand,aJupiter-like
planetresonantwith themode? I ý couldreachamplitudes

� 
  © Î ³ «@« for
� ª

years,and� �! © Î ³ « " for
� 
 Î Î years.
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5) Thoughsignificantlylargerin amplitudethanthesignalemittedby thebinarypulsar, the
wavesemittedby thestrongestemittingobservedsystem,HD283750,arenot detectable
with thecurrentLISA design.Thesameis true for a “resonant”systemcomposedby a
solar-typestaranda jupiter-like planet,but a brown dwarf in resonantconditionscould
potentiallybedetectable.

Themainresultsobtainedregardingcompactbinaries in the perturbati ve approachcan
besummarizedasfollows:

1) Wehavecomparedresultsobtainedfrom theperturbative(Bardeen-Press-Teukolsky) for-
malismfor bound,eccentricorbitsarounda starwith whatwe calledthesemirelativistic
quadrupoleformalism,for the purposeof understandingthe role playedby effectsdue
to thestellarstructureon theemittedwaves.We foundthatthestellarstructureproduces
qualitativelyandquantitativelynew effectswith respectto thesemirelativisticquadrupole
formalism,amongwhich:

– theappearanceof anaxial componentin theradiationand,consequently, a beating
betweenthepolarandaxialcomponents(thisbeatingis alsoignoredin theso-called
restrictedPost-Newtonianapproximation,which is commonlyusedto build signal
templates);

– a significantreductionin thetotal power radiatedin Ï § ª
;

– a greatenhancementin the wave amplitudeif the stellarquasi-normalmodesare
excited.

2) Thepossibility to excite thequasi-normalmodesin anastrophysicalbinarycoalescence
hasbeenconsidered,bothfor neutron-starandblack-holebinaries,showing that:

– theexcitationof blackholequasi-normalmodescanonly occurin acollapse;

– for neutronstars,the 0 -modeexcitationis highly implausibleunlessthestaris rotat-
ing. The ? -modes,on theotherhand,couldbeexcitedin a frequency bandrelevant
for earth-basedinterferometers,andwewill explorethis issuein thefuture.

3) We haveconsideredtheorbital evolutionof binarysystemsin our perturbativeapproach,
andwe expectthestellarstructurenot to alteroneof thebasicpredictionsof theNewto-
nianquadrupoleformula,i.e., thatasystemin theLIGO-VIRGO band,evenif bornwith
largeeccentricity, will move,becauseof radiationreaction,on acircular orbit.

4) Concentratingon circular orbits, we have comparedthe emissionfeaturesof a system
composedby a staranda testmasswith thoseof a systemcomposedby a black hole
anda testmass.We have foundthatthetotal power outputpredictedin thecaseof a star
excited by a testmassdiffers sensiblyfrom the power outputfor a testmassorbiting a
blackhole:

– thestellarpoweroutputshowspeaksdueto theexcitationof thestellarmodesin the
variousmultipoles.Theexcitationconditionis  �� 8 i6� § Ï  '* È
where

 '*
is the keplerianorbital frequency of the testmassand

  �� 8 ik� is the fre-
quency of themodein thegivenmultipole.



– sensibledifferenceswith theblackholecase,inducedby theextendedstructureof
thestarand/ortheexcitationof thestellarmodes,begin to show upwhentheorbital
velocityof thetestmassis aboutonefourth of thespeedof light.

– A simple,forcedoscillatortoy modelallowsusto subtracttheeffectsof aresonance
from the “background”. In the future, we plan to usethis simple model to give
reasonableestimatesof theemissionamplitudesandtimescales,e.g.,of high-order? -modes,whicharecumbersome(if not impossible)to computenumerically.

5) We have comparedour perturbative resultswith thoseobtainedin the literatureusing
Post-Newtonianapproximations,eitherin thetestmassor in thecomparablemasslimit.
We have computeddifferencesin thenumberof cyclesbetweendifferentstellarmodels
andblackholes,anddiscussedthereductionsin signal-to-noiseratiodueto anon-optimal
modelingof thesignal.We foundthat:

– The variationin thenumberof cyclesdueto structuraleffectsdepends,of course,
on theequationof state,but is at most(for neutronstarbinariesin thebandwidthof
earth-basedinterferometers)of theorderof about3 cycles.

– Onthebasisof test-massresults,oneexpectsthatanequal-massPost-Newtonianap-
proximationaccurateat leastto order = % or = � is required,bothfor stellarandblack
holebinaries,for thesignalnot to loosephaseandthematchedfiltering technique
to work in adetectionscenario.

6) We tried to understandwhenthe perturbative approachbreaksdown by inspectingthe
relative variationsof fluid andmetricperturbationswith respectto their equilibriumval-
ues.Wefoundthattheserelativevariationsareverysmallevenatorbital radii �
ý � 
 ��� ,
where��� is thestellarradius.



Appendix A

The explicit expressionsof the tensor
harmonics

In this appendixwe list theexplicit expressionsof thepolarandaxial tensorsphericalharmon-
ics. They are:

Ü ñ ý ô��� § dÝÝÝÝe
�Y×�¢ � Ú ¢n� Ø ¢ � Ù ¢Þ �Y��� ÚËÈ�Ù ¢ Î Î ÎÎ Î Î ÎÎ Î Î ÎÎ Î Î Î

gtßßßßh (A.1)

Ü ñ I ô��� § �£ ª dÝÝÝÝe
��×�¢ � Ú ¢ � Ø ¢ � Ù ¢Î Î Þ ���h� ÚËÈ Ù ¢ ÎÎ Î Î ÎÞ �Y��� ÚËÈ Ù ¢ Î Î ÎÎ Î Î Î

g ßßßßh (A.2)

Ü ��� § dÝÝÝÝe
��×�¢ � Ú ¢ � Ø ¢ � Ù ¢Î Î Î ÎÎ Î Î ÎÎ Î Þ ���h� ÚËÈ Ù ¢ ÎÎ Î Î Î

g ßßßßh (A.3)

à ñ ý ô�Y� §�á û � Ï ¢ Ø dÝÝÝÝe
��×�¢ � Ú ¢ � Ø ¢ � Ù ¢Î â9ã ä îâ ë Î â9ã ä îâ �â9ã·ä îâ ë Î Î ÎÎ Î Î Îâ9ã·ä îâ � Î Î Î

g ßßßßh (A.4)

à �Y� § û � Ï ¢ Ø dÝÝÝÝe
�Y×�¢ � Ú ¢ � Ø ¢ � Ù ¢Î Î Î ÎÎ Î â9ã ä îâ ë ÎÎ â9ã ä îâ ë Î â9ã ä îâ �Î Î â9ã ä îâ � Î

g ßßßßh (A.5)
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å ñ ý ô�Y� § û � Ï ¢ Ø dÝÝÝÝe
��×�¢ � Ú ¢ � Ø ¢ � Ù ¢Î ¶ Ö ¼¬ª Ù â�ã ä îâ � Î Iæ«çéè � â9ã ä îâ ë¶ Ö ¼«ª Ù â9ã ä îâ � Î Î ÎÎ Î Î ÎIæ¬çéè � â9ã ä îâ ë Î Î Î

gtßßßßh (A.6)

å �Y� §�á û � Ï ¢ Ø dÝÝÝÝe
��×�¢ � Ú ¢ � Ø ¢ � Ù ¢Î Î Î ÎÎ Î ¶ Ö ¼¬ª Ù â�ã ä îâ � ÎÎ ¶ Ö ¼¬ª Ùrâ9ã ä îâ � Î Iæ¬çéè � â9ã ä îâ ëÎ Î Iæ«çéè � â9ã ä îâ ë Î

gtßßßßh (A.7)

ê �Y� §�á Ð � Ï ¢ Ø « dÝÝÝÝe
�Y×�¢ � Ú ¢ � Ø ¢ � Ù ¢Î Î Î ÎÎ ¶ Ö ¼«ª ÙCë �Y� Î ¶ Ö ¼«ª ÙNì �Y�Î Î Î ÎÎ ¶ Ö ¼«ª ÙNì �Y� Î Iæ¬çéè � ë �Y�

gtßßßßh (A.8)

í ��� § Ð � Ï ¢ Ø « dÝÝÝÝe
��×�¢ � Ú ¢ � Ø ¢ � Ù ¢Î Î Î ÎÎ ¶ Ö ¼«ª « ÙNì �Y� Î ë �Y�Î Î Î ÎÎ ë ��� Î ì ���

g ßßßßh (A.9)

î �Y� § Ø «£ ª dÝÝÝÝe
��×�¢ � Ú ¢ � Ø ¢ � Ù ¢Î Î Î ÎÎ Ö ¼¬ª « Ù Þ �Y� Î ÎÎ Î Î ÎÎ Î Î Þ �Y�

gtßßßßh (A.10)

whereû � Ï ¢ § ©¨ ª Ï � Ï ß © ¢ È (A.11)Ð � Ï ¢ § ©¨ ª Ï � Ï ß © ¢W� Ï ¶ © ¢"� Ï ß ª ¢ (A.12)

and

ë �Y��� Ù¸ÈMÚ ¢ § ª qq Ú » qq Ù ¶ ÔtÕ�ï Ù ¼ Þ ���h� ÙÄÈ,Ú ¢ È (A.13)

ì �Y��� Ù¸ÈMÚ ¢ § » q8«q Ù « ¶ ÔtÕ�ï Ù qq Ù ¶ ©Ö ¼¬ª « Ù q5«q « Ú ¼ Þ �Y��� Ù¸ÈMÚ ¢ ­
(A.14)
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A.1 Noteon the normalization of the harmonics

Notethatall tensorharmonicsarenormalizedto 1, except
� Ü ñ I ô�Y� È à ñ ý ô��� È å ñ ý ô��� ¢

, asshown below. For
this reasonthecoefficients

� ñ I ô�Y� È·ð ñ ý ô�Y� È © ñ ý ô�Y�
will bedefinedwith aminussign.� Ü ñ I ô�Y� È Ü ñ I ô�Y� ¢ § Â � ñ I ô Ê�Y�'ñ ° � ñ I ô�Y�'ò·ó ¹ ñ�ò ¹ ° ó ¤�ô§ ª Â ¹ ò ò ¹ ä=ä �ì¶p�@¢k�ª Þ!õ�Y� Þ �Y� ¤�ô § ¶ Â Þ�õ�Y� Þ ��� ¤�ô § ¶ ©

� à ñ ý ô�Y� È à ñ ý ô�Y� ¢ § Â � ñ ý ô Ê���'ñ ° � ñ ý ô�Y�'ò9ó ¹ ñtò ¹ ° ó ¤�ô§ ª Â �D¶s� Ø ¢6� Øª Ï � Ï ß © ¢÷ö ¹ ò ò ¹ ë�ë Þ!õ�Y� Ô ë Þ �Y� Ô ëwß ¹ ò ò ¹ ��� Þ�õ�Y� Ô � Þ �Y� Ô ��ø ¤�ô
§ ¶ ©Ï � Ï ß © ¢

Â ù Þ õ�Y� Ô ë Þ �Y� Ô ëÖ ¼¬ª « Ù ß Þ�õ�Y� Ô � Þ ��� Ô �Hú Ö ¼«ª Ù ¤ Ù ¤ Ú
§ ¶ ©Ï � Ï ß © ¢

Â Þ õ�Y� ù ¶ Þ �Y� Ô ��� ¶ ÔtÕ�ï Ù Þ �Y� Ô � ß Ð « Þ �Y�Ö ¼«ª « Ù ú ¤#ô
§ ¶ ©Ï � Ï ß © ¢

Â Þ�õ�Y�Eû Ï�ü�Ï ß ©¿ý ÞLþ ÿ ��� ô�� ¶��
ü å ñ ý ôþ ÿ È å ñ ý ôþ ÿ ý � Â � ñ ý ô Êþ ÿ ñ ° � ñ ý ôþ ÿ ò·ó ¹ ñ�ò ¹ ° ó � ô� � Â Ø
	� Ï�ü�Ï ß�� ý ù ¹ ò ò ¹ ë�ë Ö ¼«ª 	 Ù Þ!õþ ÿ Ô � Þ�þ ÿ Ô � ß ¹ ò ò ¹ ��� Þ õþ ÿ Ô ë ÞLþ ÿ Ô ëÖ ¼¬ª 	 Ù ú � ô� ¶ �Ï�ü¡Ï ß�� ý Â ù Þ õþ ÿ Ô ë ÞLþ ÿ Ô ëÖ ¼¬ª 	 Ù ß Þ�õþ ÿ Ô � Þ�þ ÿ Ô � ú Ö ¼«ª Ù � Ù � Ú� ¶ �Ï�ü¡Ï ß�� ý Â Þ�õþ ÿ ù ¶ ÞLþ ÿ Ô ��� ¶ ÔtÕ�ï Ù ÞLþ ÿ Ô � ß Ð 	 ÞLþ ÿÖ ¼«ª 	 Ù ú � ô� ¶ �Ï�ü¡Ï ß�� ý Â Þ õþ ÿ û Ï�ü�Ï ß�� ý ÞLþ ÿ ��� ô�� ¶��



Appendix B

Asymptotic conditions for the perturbation
equationsand integration method

In this Appendixwe give theasymptoticconditionswe needfor thenumericalintegrationsof
the homogeneousperturbationequations.To solve the polar andaxial perturbationproblems
with theGreenfunctiontechniquefor stellar perturbations,weneed(asexplainedin Appendix
C for theZerilli approach,andin section4.1 for theBPT approach):
 Regular (i.e., non-singular)expansionsof the polar perturbationfunctionsat the center

of the star( ����� ), anda matchingprescriptionto obtainthe vacuum(Zerilli) solution
at the borderof the star ( ����� ) from the perturbationfunctionsobtainedintegrating
numericallyoutwards.Theseexpansionsandthematchingprescriptionsareexplainedin
sectionB.1.
 A regular (i.e., non-singular)expansionsof theaxial perturbationfunction at thecenter
of the star( ����� ). Sincewe know that in this casethe perturbationequationscanbe
expressedasa singlewave equation,formula(2.40),which automaticallyreducesto the
vacuum(Regge-Wheeler)equationoutside,the matchingprescriptionat the border is
trivial. Therequiredexpansionat thecenteris givenin sectionB.2.
 An asymptoticexpansionof both the Zerilli and Regge-Wheelerfunctions,satisfying
purelyoutgoingwaveconditionsat infinity. Theseexpansionsaregivenin sectionB.3.

For black hole perturbationswe follow exactly the sameprocedureasin the stellarcase,
replacingthe matchingconditionsat the borderof the star with an asymptoticexpansionof
boththeZerilli andRegge-Wheelerfunctions,satisfyingpurely ingoingwave conditionsat the
blackholehorizon.Thisexpansionis givenin sectionB.4.

Finally, in sectionB.5,webriefly describetheGauss-Legendreintegrationmethodweused
to performtheintegralsappearingin thesourceterms.

B.1 Polar perturbations inside the star

Hereweoutlinetheprocedureto obtainthevaluesof theZerilli functionandits first derivativeat
theborderof thestarfrom anumericalintegrationof thepolarsystemof perturbationequations
for theinterior, (2.27)-(2.30).
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We shallassumethat,neartheorigin, thefunctionshave theasymptoticexpansion���������� !�#"%$ � �&�(')���*')�� �'+��",'-$ �/.10 �&�(2)�#��2)�# 32)��",24$ �5.46 2 0�787)7 � (B.1)

whereboth the exponent 9 and the coefficients of the expansionhave to be determinedby
insertingequation(B.1) into equations(2.27)-(2.30),andby settingto zerothecoefficientsof
differentpowersof � . Fromthelower ordertermswe obtaina homogeneousalgebraicsystem
of four equationsfor thefour coefficients

�&�(')���*')�� �'+��",'-$9 � 9:0�; $<�(' 0>= �?"@' 0  �'4$ �A� (B.2)BC�ED3F>G4$ 9�0�H 2'4I �('@F�� 9J0LK $M��' 0N= �ED 0 G4$O �'%F = �ED3F>G4$M"@' �A�P �EDQF�G4$ 9�0 H 2'K5= � 9:0LK
=(0�; $<RS�T'@F>�*' 0 DU� 9 F ; $O �' 0 ;K H 2'  �' 0 ;K H 2' ",' �A�K P 9�V =T0�;= W 0LK R �T' 0 � 9�0�; $8�? 3' 0 ",'4$ �X� �
where

D
and

G
arethecoefficientsof theexpansionof themetricfunctionsY 2[Z8\1] ;%0 G � 2 �^;%0 V K_a` ' W � 2 � Y 2<bc] ;%0 D � 2 �d;%0 Vfe ' 0 ;_a` ' W � 2 7 (B.3)

Thesystem(B.2) admitsa non-trivial solutiononly if thedeterminantis zero. This condition
providesanindicial equationfor thedeterminationof 9= Dg� 9�0�; $8� 9 Fih)$ 2 � 9J0 h 0�; $ 2 �A�:7 (B.4)

We seethat thereareonly two coincidentvaluesof 9 which correspondto regular solutions,
i.e. 9j�Ak . Thatmeansthat,althoughour original systemis of orderfive,only two independent
solutionsareacceptable.A possiblechoicefor thetwo independentsolutionsis; $ ",' �A� �  �' �d; � �(' � F =hl�mh 0�; $  �'+� (B.5)��' �A0 ;K �mhnF ; $poqD 0 G%F ;hr��h 0�; $ BC�ED�F>G4$<h 0sH 2'tIOu  �'c�K $  3' �A� ",' �d; � �T' � F =hr��h 0�; $ "@'+� (B.6)��' � F ;K ��hSF ; $ o D3F�G 0 ;hr�mh 0�; $ BC�ED3F>G4$[h 0�H 2' I u ",' 7
Thecoefficients

�&�(2)���*2)�� �2)��",24$
in theexpansion(B.1) canbe foundby equatingto zerothe

coefficientsof thenext powerof 9 into theexpandedequations.
A numericalintegrationof equations(2.27)-(2.30),with the initial conditions(B.5)-(B.6),

yieldstwo independentsolutions.
Are thesetwo independentsolutionssufficient to satisfytheboundaryconditionsrequired

by theproblem?
As in theNewtoniancase,weneedto imposethatthelagrangianperturbationof thepressurev e vanishesat thesurface �(�w� , but in additionwe needto imposethat the interior solution

joins continuouslywith thesolutionin theexterior of thestar. In orderto satisfythecontinuity
conditionat �J�^� , eqs.(2.11)-(2.14),which areequivalentto eqs.(2.27)-(2.30),mustreduce
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to thoseappropriateto the vacuum. So we just needto take a linear combinationof the two
independentsolutionsin sucha way that the remainingcondition

v e � � (or equivalentlyx �A� ) is fulfilled. Noticethatthemetricperturbationsarecontinuousat thesurfaceof thestar,
but their derivativesmaynot be. For example,theequationfor yiz { for polytropicequationsof
statereadsyiz {�0L|rz { �?}~F ; $ y � x �

(B.7)

andwe know from theequationsthat y and
x

tendto zeroat �!��� . However,
}

diverges
there,andin generaltheproduct

} y tendsto a finite valueat thestellarradius.Since yiz { is
zerooutsidethestar, wefind thatfor polytropicequationsof statewith =��^;�yiz { is discontin-
uous.Sinceby inspectionof theequationsit canbeshown that

� y 0 "�$ z { is continuousat the
surface,theconditionto beimposedisB�" z { I����-�C�?����� � B ysz {�0 " z { IC���+�&����� 7 (B.8)

Sothetwo degreesof freedomgivenby equation(B.5) and(B.6) arepreciselywhatwedoneed
to matchtheinterior andtheexteriorsolution,andto satisfythecondition

v e �A� .
B.2 Axial perturbations inside the star

For thepurposeof numericalintegration,it is usefulto rewrite theaxial wave equation(2.40),
which is expressedin termsof a “modified tortoisecoordinate”�+�%�A� {' Y
� b 6 Z)\#� � � (B.9)

in termsof the usualSchwarzschildcoordinate� . Introducinga variable
� � �r� , equation

(2.40)canbeshown to beequivalentto thesecondorderequation� z {[z { F Y 2[Z8\� o K�0>� 2 P ` F e F^�r� � � $�5� R u � z { F Y 2[Z8\r� 2� 2 � 0>� 2 Y 2 �¡Z)\ � b�¢ � �A�£7 (B.10)

If we further define ¤ � � Y � b<¥ , where | ' is the valueof the metric function | at the center,
it can be easily verified that the non-singularexpansionof the solution to this second-order
differentialequation,closeto �*�A� , is:� �X�)¦E6 2 0¨§ ' �+¦?6£© � (B.11)

where:§ ' � ;K � K h 0 _ $ o ��h 0¨K $ P K hnF ;_ ` '%F>ª«'OR(F ¤ 2 u 7 (B.12)
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B.3 Asymptotic expansionsat infinity of theZerilli andRegge-
Wheeler functions

Theasymptoticexpansionsof theZerilli functionsatisfyinga purely-outgoingwave condition
at radialinfinity ( ��¬ ­ ) is:�%® �[¯ � ��¬ ­ $ ] Y �¡° {[± P ;%0 D� 0 G� 2 R (B.13)

where D �³² � =(0�; $H � G � F � = � 0>= 2 0 _ ² =UH � 0 � ² H � $K
=UH 2 �
while for theRegge-Wheelerfunctionwehave�c´ . � �*¬ ­ $ ] Y �µ° {[± P ;%0 D� 0 G� 2 R (B.14)

where D �¶² � =·0�; $H � G � F � = 2 0>=T0 _ ² H � $K/H 2 7
B.4 Asymptotic expansionsat the horizon of the Zerilli and

Regge-Wheelerfunctions

The asymptoticexpansionsof the Zerilli function satisfyinga purely ingoing wave condition
closeto thehorizonof aSchwarzschildblackhole( ��¬ K � ) is:� ® �[¯ � ��¬ K � $ ] Y
� �µ° {<±�¸ ;%0 Dg� � F K � $ 0 G5� � F K � $ 2#¹

(B.15)

whereD � ² �&º = 2 0 º =(0 _ $K � �E» =¼H � 0�;/K/H � 0LK ² =T0 _ ² $ �G � FQ�?º =U©,0 » = � 0�; _ = 2 0 _ =(0�; � ² H � = � 0¨K » ² H � = 2 0 ºl» ² H � =T0LKr½ ² H � $¾ ¸ º � 2 � _ K/H 2 � 2 = 2 0LK º ² H � = 2 0N¿ � H 2 � 2 =(0¨½rK ² H � =À00 Á º ² H � 0L½rK+H 2 � 2 F�º = 2 F ;/K5= F ¿ $ ¹ �ÃÂ 7
For theRegge-Wheelerfunctionthecorrespondingexpansionis�c´ . � �*¬ K � $ ] Y � �¡° {[± ¸ ;�0 Dg� � F K � $ 0 G
� � F K � $ 2 ¹

(B.16)

with D � ² � K
= F ; $K � � ² 0 º H � $ � G � F = 2 F =T0�;%0 º ² =¼H � F Á ² H �º � 2 �?» H 2 � 2 0 � ² H � F ; $ 7
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B.5 Gauss-Legendremethod for the integrations

Thekey ideabehindGaussianquadratures[70] is to approximatethe integral of a functionby
a sumof its functionalvalues(at suitablychosen, not necessarilyequallyspacedabscissas),
multiplied by weighting coefficientschosento increasethe orderof the integration formula.
Themethodis particularlygoodfor polynomials,and,in particular, giventheweight functiony � 9 $ , wecanfind asetof weightsÄ@Å andof abscissas9ÆÅ suchthattheapproximation�LÇ´ y � 9 $OÈq� 9 $ � 9ÊÉ ËÌ Å Í Â Ä@Å Èq� 9ÆÅ $ (B.17)

is exactif
Èq� 9 $ is apolynomial.Givenaweightfunction y � 9 $ , onecandefineascalarproduct

of two functions
È

and Î over theweightfunction y as:Ï[È@Ð Î£Ñ � �LÇ´ y � 9 $ Èp� 9 $ Î � 9 $ � 9 � (B.18)

anddefinein theusualway thenotionsof orthonormalityandorthogonalityof functions.Then
one can find a set of orthogonalpolynomials e Å � 9 $ that includesexactly one polynomial of
order Ò for each Ò , and all of which are mutually orthogonal. The fundamentaltheoremof
Gaussianquadraturesstatesthat the abscissasof the

 �F
point Gaussianquadratureformula

with weighting function y � 9 $ in the interval
�?DÃ��G4$

are preciselythe roots of e Ë � 9 $ for the
sameintegralandweightingfunction.So,givenaweightingfunction,onecan:
 Generatetheorthogonalpolynomials,
 Find their roots,whicharetheascissas9ÆÅ
 Computetheassociatedweights,e.g.by theformulaÄ@ÅS� Ï e Ë �ÃÂ Ð e Ë �ÃÂ Ñe Ë �ÃÂ � 9ÆÅ $ eÔÓË � 9ÆÅ $ (B.19)

A simpleandusefulcaseof “classical”orthogonalpolynomialsis givenby theGauss-Legendre
polynomials,associatedto aconstantweightfunction:y � 9 $ �^; � F ;�ÕL9�Õ~;
andobtainablefrom therecursionrelations� ÒÖ0�; $Oª Å 6 Â � � KtÒÖ0�; $ 9 ª Å F Ò ª Å �ÃÂ 7 (B.20)

Theweightsaregiven,in this case,byÄ@Ån� K� ; F 9 2Å $ÀB×ª ÓË � 9ÆÅ $ I 2 7 (B.21)

A routinethat scalesthe rangeof integrationfrom
�EDÃ��G4$

to
�MF ; � ; $ , andprovidesascissas9ÆÅ

andweightsÄ@Å for theintegrationformula(B.17)is providedin [70]. This is theroutineweuse
in theprogram,but sincewe needto changetherangeof integrationmany times,we scale“by
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hand”theabscissasandtheweightsfrom the“standard”onesto theoneswe need,denotedby
abar, usingtherelations:Ø9ÆÅ�� G1F�DK 9ÆÅ@0 G 0 DK � ØÄ@Ån� G%F>DK Ä@Å+7 (B.22)

We usually use
 � K
� points for the integrations,but if high-orderharmonics(Ò^Ù ;+� )

contributesignificantlyto thesumwe sometimesneedto increasethis value(up to
 ] ;+�r� )

to achievebetteraccuracy.



Appendix C

Solution of the equationsin the Zerilli
approach

C.1 The polar case

C.1.1 Derivation of the polar sourceterm in the generalcase

Thepolarpartof theperturbedmetric,in Chandrasekhar-Ferrarigauge,is writtenasÚ ® �[¯¦&Û � ÜÝÝÞ K Y 2<b  !ß ¦�Û � � �� F K Y 2[à¼á Â<Â � F � 24â � ¦�Û� � F K Y 2[Z8\ "@ß ¦&Û �� F � 2-â � ¦&Û � F K Y 2[Ztã-á �<�
ä8ååæ �

(C.1)

whereá Â<Â � P�ç ß ¦&Û 0 â V ;è é�ê 2¼ë¶ì 2ìUí 2 0Nîtïfð ë ìì ë W ß ¦�Û R �á �<� � P ç ß ¦&Û 0 â ì 2ì ë 2 ß ¦&Û R �
andfurthermoreY 2[à ��� 2 è é�ê 2 ë � Y 2[Z8ã �X� 2 7

Theline elementcanbeexpressedas�Æñ)2 � Y 2<b B ;%0LK  �ß ¦&Û Y
� �µ°5� I �rò�2 F Y 2[Z)\ B ;%0LK "@ß ¦&Û Y
� �µ°5� I � � 2 (C.2)F � 2)ó ;�0LK B ç ß ¦&Û 0 â ß ¦�Û z ô4ô Y
� �µ°5�<õ � ë 2F � 2 è é�ê 2 ë ó ;%0LK B ç ß ¦&Û 0 â �Eß ¦&Û z ôpîtïfð ë F ö 2è é�ê 2¼ë ß ¦&Û $ I Y
� �µ°5�<õ � í 2F º ² ö � 2 â B÷ß ¦&Û z ô F îtïfð ë ß ¦&Û I Y
� �µ°5� � ë � í
Denotingby ( �ø;QK _ ) the variables(

ò � ë í ) andusingMaple we get the perturbedEinstein
equations.Thecomponentsweareinterestedin are:

111



112 AppendixC. Solutionof theequationsin theZerilli approach

ù � ' � � F ² H ß ¦&Û z ô ó â F ç Fs" õB�º _ Imúcû£ü
(C.3)ù � '<2 � ² H ß ¦&Û o V �� � 0 ;� F |lz { W B K ç Fihr��h 0�; $ â I F K� " uB�ºrº Imúcû£ü
(C.4)ù � 2 � � Fcß ¦&Û z ô o � ç F â 0  �$ z { F V ;� F |lz { W  ýF V ;� 0L|rz { W " uB�º Á Imúcû£ü (C.5)ù �*2<2 � ß ¦&Û o K�  z {�0 V ;� 0¨|lz { W B K ç F�hr��h 0�; $ â I z { Fihr�mh 0�; $ Y � 2<b� 2  F K
= Y � 2<b� 2 ç 0�H 2 Y
� © b B K ç F�hr��h 0�; $ â I F K� V ;� 0¨Kr|lz { W " uB�º ¿ Imúcû£ü (C.6)ù � Â<Â � F è éþê K ëK ß ¦&Û z ô o � 2 Y 2<b P â z {[{�0¨K·V ;� 0L|rz { W â z {�0 Y � 2<b� 2 �? 0 "�$ 0�H 2 Y
� © b â R u0 ó 7)7)7 õ ß ¦&Û 0 ó 7)7)7 õ ß ¦�Û è é�ê 2 ëB Áÿ; Imúcû£ü (C.7)

wherewehave indicatedin squareparenthesestherelevantequationsin MTB.
Thecomponentsof thestress–energy tensorthatwe needcanbeobtainedby inspectionof

thepolarsphericalharmonics:ç '<2 � ç � {1� ²� K � � Â ¢¦&Û ß ¦&Û (C.8)ç 2<2 � ç {[{1� � ¦&Û ß ¦�Û (C.9)

ç ' � � ç � ô�� ² �� K hr��h 0�; $�� ��'�¢¦&Û ß ¦&Û z ô (C.10)ç 2 � � ç {[ô*� �� K hr��h 0�; $ � ¦&Û ß ¦&Û z ô (C.11)

ç Â<Â � ç���� � � 2� K � � ¦&Û èOéþê 2 ë ß ¦&Û F § ¦�Û� hr��h 0�; $t��hSF ; $8�mh 0¨K $ y ¦&Û
	 (C.12)

ç �<� � ç ô4ô�� � 2� K � � ¦�Û ß ¦&Û 0 § ¦&Û� hr��h 0�; $t��h1F ; $8�mh 0LK $ y ¦&Û
	 (C.13)
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TheperturbedEinsteinequationsare:ù �*Ztb � »�� V ç Ztb�F ;K Î Ztb ç W�
�� ù �*Ztb � »�� ç Z8b
(C.14)

sothat(rememberthattheunperturbedmetricis diagonal!):ù � '<2 � »�� ç '<2
(C.15)ù � ' � � »�� ç ' � (C.16)ù � 2 � � »�� ç 2 � (C.17)ù ��2<2 � »�� ç 2<2
(C.18)

On theotherhand:ù � Â<Â � »�� V ç Â<Â F ;K Î Â<Â ç W � (C.19)� »�� P ç Â<Â F ;K Î Â<Â�� Î '<' ç '<' 0�Î Â<Â ç Â<Â 0>Î 2<2 ç 2<2 0�Î �<� ç �<��� R �� º�� ¸ ç Â<Â F è é�ê 2 ë ç �<� ¹
Now, wecanuseLegendre’sequationto eliminatethesecondderivativewith respectto

ë
in the

definitionof y ¦&Û andwritey ¦&Û � F Kqî8ïfð ë ß ¦&Û z ô�0 P K ö 2è é�ê 2¼ë Fihr��h 0�; $<R�ß ¦&Û (C.20)

Thismeansthatboth

ç Â<Â and

ç �<� canbewritten asç Â<Â � Øç Â<Â 0 ó 7)787 õ ß ¦&Û � ç �<� � Øç �<� 0 ó 787)7 õ ß ¦&Û (C.21)

wherewehavedenotedby abarthe
ß ¦&Û z ô F dependentpart,and

Øç Â<Â � F èOéþê 2¼ë Øç �<� .
Hencewehaveù � Â<Â � »�� è é�ê K ë ß ¦&Û z ô � 2 § ¦&Û� K hr��h 0�; $t��hnF ; $8�mh 0LK $ 0�7)7)7 ß ¦&Û (C.22)

andtheequationswehave to manipulateare:V �� � 0 ;� F |rz { W B K ç Fihr�mh 0�; $ â I F K� " ������� � »�� � � Â ¢¦�ÛH � K (C.23)ç 0 "�F â ��� ü ¥1� »�� � � ��'�¢¦&ÛH � K hr��h 0�; $ (C.24)� ç F â 0  �$ z { F V ;� F |lz { W  F V ;� 0L|rz { W " � (C.25)� � ü � F »�� � � ¦�Û� K hl�mh 0�; $K�  z {�0 V ;� 0L|rz { W B K ç F�hr�mh 0�; $ â I z { Fihr��h 0�; $ Y � 2<b� 2  (C.26)F K
= Y � 2<b� 2 ç 0�H 2 Y
� © b B K ç F�hr��h 0�; $ â I F K� V ;� 0¨Kr|lz { W " ����� �~»�� � ¦&Û



114 AppendixC. Solutionof theequationsin theZerilli approachâ z {[{�0¨KTV ;� 0L|rz { W â z {�0 Y � 2<b� 2 �E 0 "�$ 0�H 2 Y
� © b â � (C.27)� ��� � F ; � � �
§ ¦&Û� � F K � $ � K hr�mh 0�; $8��h1F ; $t��h 0¨K $
Now we manipulatethe equations,following the proceduredescribedin [14], to get the

Zerilli equationwith source. First of all, wedefine��� = â
andobtain

ç
from (C.23):ç ��� ü ¥@F>" 0 â 7 (C.28)

This impliesalsothatK ç F�hr��h 0�; $ â �AK � � ü ¥,F>"iFi� $ 7 (C.29)

Substitutingin (C.23)weget��� 0 "�$ z {%� F V K� F |lz { W �E" 0 � $ 0 � � F ;K ��� � 0�� ü ¥ z {�0 V ;� F |rz { W � ü ¥ (C.30)

which,substitutedin (C.27),gives z {%� D  0 G-" 0! � 0 � (C.31)

where D � =(0�;� F K � (C.32)G � F ;� F =� F K � 0 �� � � F K � $ 0 � 2� � � F K � $ 2 0 H 2 � �� � F K � $ 2 (C.33) n� F ;� 0 ;� F K � 0 � 2� � � F K � $ 2 0 H 2 � �� � F K � $ 2 (C.34)� � � K ��� F�� ;%0>�r|rz { $ ;K ���"� (C.35)0 P V ;� F |lz { W � ;%0N�f|lz { $ 0 = Y � 2<b� F �+H 2 Y
� © b R � ü ¥
Now, eq.(C.26)implies�? F>"%$ z {1� V ;� F |rz { W  0 V ;� 0¨|lz { W " 0�� ü F � ü ¥ z { (C.36)

andhence� z {�� �&� 0 "�$ z {�0 �E F>"�$ z { F> z {%� F =g��0 _ �� � � F K � $  (C.37)F P � 2 0�H 2 � ©� � � F K � $ 2 F =� F K � F �� � � F K � $ R �&� 0 "�$qF =(0�;� F K � �
0 onF �K ����0 �K � � F K � $ ��� � 0!� ü F P �r|rz { V ;� F |lz { W 0 = Y � 2<b� F �+H 2 Y
� © b R � ü ¥ u
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At thispoint wecandefinetheZerilli function� � � â F � 2=g��0 _ � �&� 0 "�$ (C.38)

andcomputethesecondderivativeof � with respectto �)� . We useeq. (C.27)to eliminate
â z {�{

andequationseq. (C.30)andeq. (C.37);aftera ratherlengthycalculation,definingtheZerilli
potentialâ � 6 ¢ � K � � F K � $� © � =a��0 _ � $ 2 ¸ = 2 � =T0�; $ � � 0 _ � = 2 � 2 0¨¿ � 2 =g��0¨¿ � � ¹ � (C.39)

weobtain�1z { ± { ± � ¸ H 2 F â � 6 ¢ ¹ P � 2=a��0 _ � �&� 0 "�$pF � â R 0!�i� (C.40)� ¸ â � 6 ¢ F H 2 ¹ �>0��
wherethesourceis� � � � � F K � $8BC� =T0 _ $ � F _ � I� � =g�n0 _ � $ 2 ��� � 0 � � F K � $ 2K � =g�n0 _ � $ ��� � z {�0 (C.41)0 � � F K � $ 2K � =a�n0 _ � $ ��� F � � F K � $ 2=g��0 _ � � ü ¥ z {[{ F � =a� 2 0N¿ � � F ;+K � 2 $t� � F K � $� � =g��0 _ � $ 2 � ü ¥ z {�00 � F K �� P � =·0�; $8� =a� F _ � $� =a�n0 _ � $ 2 F H 2 � �� � F K � $t� =a��0 _ � $ R � ü ¥@FF � � F K � $ 2� � =g��0 _ � $ � ü 0 � � F K � $ 2� ���
Puttingbackthedefinitionsof thesourcetermsandthe(

hf� ö ) dependencewefinally have:� ¦&Û � � � � F K � $8BC� =T0 _ $ � F _ � I� � =g��0 _ � $ 2 »��H � K � � Â ¢¦&Û 0 � � F K � $ 2K � =a��0 _ � $ »��H � K � � Â ¢¦&Û z { 0 (C.42)0 � � F K � $ 2K � =a�n0 _ � $ »�� � ¦&Û 0 � � F K � $ 2=a��0 _ � »��� K hr�mh 0�; $ � ¦&Û FF ; � �@� � F K � $� K hr��h 0�; $8�mhnF ; $8��h 0LK $ § ¦&Û F � � � F K � $ 2=g��0 _ � »��H � K hr�mh 0�; $ � �µ'�¢¦�Û z {[{ FF � � F K � $8� _ =a� 2 0�;/Á � � F�º � =a� F K º � 2 $� =g��0 _ � $ 2 »��H � K hr��h 0�; $ � ��'�¢¦&Û z { 00 o � � F K � $8� = 2 � 2 F _ � =a� F ;/K � ��0�;+K � 2 $� � =a��0 _ � $ 2 F H 2 � �=a�n0 _ � u »��H � K hl�mh 0�; $ � �µ'�¢¦�Û
C.1.2 Specializationof the polar sourceterm to the circular case

Let uslist thetensorharmoniccomponentsof thestressenergy tensorof aparticlemoving in a
generalorbit aroundthestar. If wewrite thepolarpartof theexpansionin theform:# ® ��¯ � Ì ¦&Û%$ � �µ'�¢¦&Û'& �µ'�¢¦&Û 0 � � Â ¢¦�Û(& � Â ¢¦�Û 0 � ¦&Û & ¦&Û 00 � �µ'�¢¦&Û*) ��'�¢¦&Û 0 � ¦&Û ) ¦�Û 0 � ¦&Û'+£¦&Û 0¨§ ¦&Û',?¦&Û'- � (C.43)
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thecomponentsof thestress-energy tensor,ç Ztb � ö '� F Î � ç�/. �10 Z�rò �10 b�rò ù � � F � � ò $ $ ù �µ2�¢ �32NF42*� ò $ $-�
(C.44)

have thefollowing expressions:� ¦&Û � ö '� 2 � ç�5. Y
� © b V � ��rò W 2 ù � � F � � ò $ $Mß �¦�Û766 �98g� � ¢ z : � � ¢�¢ (C.45)

� � Â ¢¦&Û � é � K ö '� 2 � ç�/. � ��rò ù � � F � � ò $ $Mß �¦&Û 66 �;8g� � ¢ z : � � ¢�¢ (C.46)

� ¦�Û �~K
= ��h)$ ö ' � ç�5. ;� F K � � ��rò ù � � F � � ò $O$ � ß �¦&Û�rò 66 �98g� � ¢ z : � � ¢�¢ (C.47)

� �µ'�¢¦�Û � é K
= �mh+$ ö ' � ç�/. ; F 2 ú {� ù � � F � � ò $ $ � ß �¦&Û�rò 66 �98g� � ¢ z : � � ¢C¢ (C.48)

§ ¦&Û � K ö �mh)$ ö ' � ç�/. ù � � F � � ò $O$po �=<�rò �?>�rò � �¦&Û 66 �;8g� � ¢ z : � � ¢C¢0 ;K�@ V �=<�rò W 2 F è éþê 2 ë V �=>�rò W 2BA y �¦&Û 66 �98g� � ¢ z : � � ¢C¢DC (C.49)

Notice that, in computing
� � Â ¢¦&Û and � �µ'�¢¦&Û , we have takeninto accounttheminussigndueto

thedifferentnormalizationof theharmonics.
We will only usethe Zerilli formalismasa checkfor the moregeneralcalculationof the

wavesemittedby particlesin closedorbits,which will beperformedusingtheBPT approach.
So,in thefollowing, weexplicitly computethecoefficientsappearingin formula(C.42)only in
thesimplecaseof circularorbits ( �j� � ' � const). In this casethegeodesicequations(1.58)
become:� í�/. � "FE� 2 � "FE� 2' � �rò�/. ��G³V�; F K �� ' W �ÃÂ � � ��/. �X�£7 (C.50)

andtheparticle’s energy andangularmomentumaregivenby:G � VÀ; F K �� ' W V�; F _ �� ' W �ÃÂIH 2 (C.51)"FE � � � '; F _ �KJ � ' 7 (C.52)
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Hencethe only non-zerofunctionsappearingin the source(2.37)are � �µ'�¢¦&Û and § ¦&Û . Without
lossof generality, weconsiderorbitsontheequatorialplane(

< � ò $ � � J K , � 8�<� �X� ) andcompute
theFouriertransformof thestress-energy tensorcoefficients1.

For anequatorialorbit, since í � ö HML ò , where HML�� � ��J � �' is thekeplerianfrequency,
wecanwriteß �¦&Û 66 �ON H 2 z : � � ¢C¢ � < ¦&Û �P� J K $ Y
� � Û °�Q<� � (C.53)

sowe have:� ß �¦&Û�rò 66 �ON H 2 z : � � ¢C¢ � F ² ö HML ß �¦�Û 66 �RN H 2 z : � � ¢�¢ 7 (C.54)

Now, eq.(C.48)yields:� �µ'�¢¦�Û � ² Khl�mh 0�; $ ö ' � ç�5. ; F 2 ú {� ù � � F � � ò $ $ � ß �¦&Û�rò 66 �ON H 2 z : � � ¢C¢ (C.55)

� ² Khl�mh 0�; $ ö '� ; F _ ��J � ' ; F 2 ú {� ù � � F � '4$8�MF ² ö HML $Oß �¦&ÛS66 �ON H 2 z : � � ¢C¢ �� Khr��h 0�; $ öjö ' HML� ; F _ �KJ � ' ; F 2 ú {� ù � � F � '4$ < ¦�Û �T� J K $ Y
� � Û °�QM� 7
Usingtherelation� 6VU� U Y � � ° � Û ° Q ¢ � �rò �XK � ù � H F ö HML $-� (C.56)

wefind:� �µ'�¢¦�Û � H $ � Khr�mh 0�; $ öjö ' HMLW ; F � úX ¥ ; F K �KJ �� < ¦&Û �P� J K $ ù � � F � '4$ ù � H F ö HML $4� (C.57)

whereHML�� � ��J � �' .
For § ¦&Û we proceedin the sameway. We just needto notethat the angulardependence,

since
� 8�<� �X� and

< � ò $ � � J K (weareon theequatorialplane!)canbewritten in this way:F Y èOéþê 2UëK V �=>�rò W 2 P ì 2ì ë 2 F îtïfð ë ìì ë F ;è é�ê 2¼ë ì 2ìUí 2 R ß �¦&Û C 66 �RN H 2 z : � � ¢�¢ �� F Y ;K V �=>�rò W 2 ¸ ß �¦&Û z ô4ô F>ß �¦&Û z ��� ¹ C 66 �RN H 2 z : � � ¢C¢q� (C.58)

wherewehaveusedthedefinitionof y ¦&Û . SincetheLegendreequationimplies:¸ ß �¦&Û z ô4ô 0 ß �¦�Û z ��� ¹ 66 �ON H 2 z : � � ¢C¢ � F�hr�mh 0�; $Oß �¦&Û 66 �ON H 2 z : � � ¢C¢ (C.59)

1As usual,theFouriertransformsaredefinedasZ\[^]`_aTb\c9dfe�g hikjmlon=pq p Z\[^]`_aTb\csr3e?tvu^wyxPz{r}| ~ aTb csdfe�g%hi�j�lon=pq p ~ a�b csr3e?tvu^wyxTz�r}�
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weobtain:¸ ß �¦&Û z ô4ô F>ß �¦&Û z ��� ¹ 66 �RN H 2 z : � � ¢�¢ � ¸ K ö 2 Fihr��h 0�; $ ¹ ß �¦&Û�66 �ON H 2 z : � � ¢C¢ 7 (C.60)

Now wecanproceedasbefore.Substitutingthegeodesicequationsin (C.49)yields§ ¦&Û � ö '�B hl�mh 0�; $pF K ö 2 I� K ��hnF ; $<hr��h 0�; $t��h 0LK $ �KJ � �'� ; F _ �KJ � ' ù � � F � '-$Mß �¦&Û 66 �RN H 2 z : � � ¢�¢ 7 (C.61)

Thus,theFouriertransformof § ¦&Û is:§ ¦&Û � H $ � ö '�B×hr�mh 0�; $�F K ö 2 I� K ��hnF ; $<hr��h 0�; $t��h 0LK $ �KJ � �'W ; F � úX ¥ < ¦�Û �T� J K $ ù � � F � '4$ ù � H F ö H�L $ (C.62)

Noticethatthefunction
< ¦&Û , asdefinedin AppendixG, is relatedto thesphericalharmonics

by: ß ¦&Û � ë � í $ � < ¦&Û � ë $ Y � Û � (C.63)

while theassociatedLegendrefunction �ª ¦&Û is relatedto thesphericalharmonicsby:ß ¦&Û � ë � í $ � ��F ; $ Û � K h 0�; $t��hSF ö $��º����mh 0 ö $�� �ª ¦&Û � îtï è ë $ Y � Û � (C.64)

Sincein our calculationson extrasolarplanetarysystemswe consideronly the excitation of
polar modesby a particle in circular orbit, and the energy output in

h � K , ö ��� canbe
ignored,for symmetryreasonswecanconsideronly termswith

h � ö �AK . Since:�ª«2<2/� îtï è ë $ � _ � ; F î8ï è 2 ë $ (C.65)

theonly angularfunctionthatweneedto computeis:< 2<2/�T� J K $ ��� Áº����+ºD� � _ ��� ;/Á_ K � (C.66)

C.1.3 Solution for circular orbits in the polar case

Let us now turn to the taskof solving the Zerilli equationwith source(2.36). Sincewe are
interestedin theemissionof gravitationalwaves,we wanta solutionto theequationsatisfying
both a matching conditionat the borderof the staranda purely-outgoingwaveconditionat
infinity.

This generalsolutioncanbeobtainedby theGreen’s functionsmethod.Thevaluesof the
Zerilli functionandits first derivative at thesurfaceof thestar( �Ê�³� ) canbeobtainedfrom
formula(2.35)integratingthesystemof equations(2.27)-(2.30)from thecenterto thesurface
of thestar. Theasymptoticexpansionsusedto starttheintegrationat thecenterof thestar, and
a discussionon themethodusedto superimposetwo linearly independentsolutionsto obtaina
physicalsolutionsatisfyingtheconditionthatthelagrangianpressurevanishesat �*��� , canbe
found in AppendixB. Let � � Â ¢¦�Û bea solutionsatisfyingthe “matching” conditions(2.35),and
let � �µ2�¢¦&Û beasolutionsatisfyingthepurely-outgoingwaveconditionat radialinfinity,� �µ2�¢¦&Û � �*¬ ­ $ ] Y �µ° {�� 7 (C.67)
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� � Â ¢¦�Û will be,asymptotically, asuperpositionof purelyingoingandpurelyoutgoingwaves:� � Â ¢¦&Û ] � �E�4�¦�Û Y �¡° { � 0 � �µ�¦�Û Y
� �µ° { � (C.68)

Thegeneralsolutioncanbewritten in termsof � � Â ¢¦&Û and � ��2�¢¦&Û as:� ¦&Û � ;y ¦&Û o � �µ2�¢¦�Û � {X � � Â ¢¦&Û � � ��� F � � Â ¢¦&Û � {U � �µ2�¢¦&Û � � ��� u (C.69)

where y ¦&Û is thewronskian,definedasy ¦&Û ��� � � Â ¢¦&Û � ��2�¢¦&Û z { � F � ��2�¢¦&Û � � Â ¢¦&Û z { �k� �AK ² H � ���¦&Û 7 (C.70)

(The last equalitycanbe obtainedevaluating y , which of courseis a constant,in the limit�*¬ ­ ). Fromthegeneralform of thesolutionwecanfind theamplitudeof theZerilli function
at infinity: thatis, if wewrite theasymptoticform of thegeneralsolutionas� ¦&Û � �*¬ ­ $ ] � ���-�¦�Û Y �µ° { � � (C.71)

then � �E�4�¦&Û � ;K ² H � ���¦&Û � UX � � Â ¢¦�Û � ¦&Û � ��� (C.72)

Insertingformulas(C.57)and(C.62)in equation(2.37)wecanwrite thesourcefor aparticle
in circularorbit as:� ¦&Û � � ¦�Û � � $ ù � � F � '4$ 0 � ¦&Û � � $ ù Ó � � F � '4$ 0�� ¦&Û � � $ ù Ó Ó � � F � '-$ (C.73)

Taking into accountthe fact that
� �!� � ; F K �KJ � $ � ��� andusingformula (C.73),we can

write theintegralappearingin formula(C.72)in this form:� ���8� � � UX � � Â ¢¦&Û � � ���n� (C.74)� � UX � � Â ¢¦&Û B � ¦&Û � � $ ù � � F � '4$ 0 � ¦&Û � � $ ù Ó � � F � '-$ 0!� ¦�Û � � $ ù Ó Ó � � F � '4$ I; F K �KJ � � � �� � UX � � Â ¢¦&Û B � �¦&Û � � $ ù � � F � '4$ 0 � �¦&Û � � $ ù Ó � � F � '4$ 0!� �¦&Û � � $ ù Ó Ó � � F � '�$ I � �*�� B � � Â ¢¦&Û � �¦&Û F�� � � Â ¢¦&Û � �¦&Û $ Ó 0 � � � Â ¢¦�Û � �¦&Û $ Ó Ó I �� � � Â ¢¦�Û � � '4$8B � �¦&Û � � '4$pF � � Ó¦&Û � � '4$ 0!� � Ó Ó¦&Û � � '4$ I0 � � Â ¢ Ó¦�Û � � '4$8B�F � �¦&Û � � '-$ 0¨K�� � Ó¦&Û � � '4$ I 0¨� � Â ¢ Ó Ó¦&Û � � '-$ � �¦�Û � � '4$
Herewehavedefined

� �¦�Û , � �¦&Û and � �¦&Û asthecorrespondingfunctionswithoutastar, divided
by

� ; F K �KJ � $ ; thelastequalityfollows from thewell known propertiesof the
ù
-function:� Èq� 9 $ ù Ó � 9 $ � 9Ê� F È Ó � 9 $� Èq� 9 $ ù Ó Ó � 9 $ � 9Ê� È Ó Ó � 9 $

At this point, the outgoingwave amplitudeat infinity, � �E�4�¦&Û , is expressedin termsof known
functions. We have computedthe functions

� �¦&Û � � $ , � �¦&Û � � $ , � Ó� � � $ andtheir derivativeswith
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thehelpof a Maplecode,ABC (seeAppendixH), andthensimplifiedtheresultby hand.The
resultis:� ���8� � º�� < ¦&Û �P� J K $ $ � � Â ¢¦&Û � � '-$ � '/� � '4$ 0L� � Â ¢ Ó¦&Û � � '4$ � Â � � '4$ 0¨� � Â ¢ Ó Ó¦�Û � � '4$ � 2/� � '4$ - (C.75)

where� '/� � $ � � � � � $pF » � B�� � Fsº � $t��h 0¨K $8�mh � F ; $pF �l� ��h 2 0 h 0�; $ Ihr�mh 0�; $8� K5=a�n0 �l� $ � � ; F _ �KJ � (C.76)� Â � � $ � º � � ; F K �KJ � $hr�mh 0�; $8� K
=a��0 �l� $ � ; F _ �KJ � (C.77)� 2/� � $ � F�º � 2 � ; F K ��J � $ 2hr�mh 0�; $8� K
=a��0 �l� $ � ; F _ �KJ � (C.78)

and � � � � $ � F K� 2 B � ��h 2 0 hnF K $ 0 �l� I 2 hr��h 0�; $8�mhnF ; $8��h 0LK $ � ; F _ �KJ � ¾ (C.79)¾ ¸ ¿ � h�� � 2 F _ h{� � � 0 h ©-� � Fsº
h � � F ½rK ö 2 � � 0 _ �r� � h 2 0 _ � h � �0 ½5� � h � F ; �l� � 2 F � h © � 2 0�; � h � � 2 0�; � � � 2 F � � h�� 0 �l� � 2 h 2 00 _ K � 2 h � � F ;+K ö 2 � 2 � hSF ;/K ö 2 � 2 � h 2 Fsº � h � � 2 00 K º � ö 2 � 2 0�; � � � 2 h © F K º � � 2 h 2 F ;/½ � � 2 h � 0 _ � � 2 h � ¹
Notice that the integral (C.75)containsa factor

< ¦&Û �P� J K $ , andso it is zero(when
h � K ) forö ����; . This is a specialcaseof a selectionrule that canbe shown to hold in general(see

section4.1for aproof): only when
�mh 0 ö $ is eventhereis acontribution to thepolarradiation

emittedby thesystem.
Now that we have the expressionfor the integral, the only missingpieceto get the wave

amplitudeat infinity (C.72)is thewronskian.Beingconstant,thewronskiancanbeevaluated
from thenumericalsolutions� � Â ¢¦&Û , � ��2�¢¦&Û andtheirderivativesat any value2 of theradialvariable� , usingthedefinition(C.70).

2For example,onepossibility is to evaluatethe wronskianat a large valueof � . Writing the real part of the
asymptotic(purewave)solutionto theZerilli equationin termsof trigonometricfunctions,� [9�P_aTb����
� �{¡¢c9d �B£ e?¤¦¥§¡I¨R©?c9d �ª£ e |
then «« ¬ uR­a�b «« g®c¯�±°f¤¦¥?°¢e �3² °k³ i , and ´ µ a�b ´ g¶d·c¯� ° ¤¸¥ ° e �3² ° �

Here � and ¥ arefunctionsof d (andalsofunctionsof ( ¹ , º ), althoughwe have not explicitly indicatedthis
dependence)to bedeterminedby matchingtheintegratedsolutionwith theasymptoticbehaviour of

� aTb for large� , which is givenin AppendixB.3, formula(B.13). Therealpartof theexpansionis givenby:� aTb » ¼ �¾½À¿ ¤ hd ¥ � ½ hi d °ÂÁ ¿ c ¿ ¤ h eP�¾½ÂÃ�ÄÅdÇÆ h ¤ i¿ÉÈ ¥5Ê�h� ° ¤¶�B�ª�ÌË
� ��¡yd �ª£ (C.80)½ ¼ ¥Í¤ ¿ ¤ hd � � ½ hi d °ÂÁ ¿ c ¿ ¤ h eT¥*¤oÃ{ÄÅd Æ h ¤ i¿ È � Ê�h� ° ¤¶�B�ª� Ë ¡I¨R©�d �B£ �
We noteincidentallythat theasymptoticbehaviour (C.80)is slightly differentfrom theonegivenin theliterature
(e.g. in [16], [52]), becausethetermof order � q ° containsa factor Ã�ÄÅdÂÎ h ¤ °­=Ï insteadof Ð° ÄÅdÑÎ h ¤ °­?Ï . We
have checked this resultby explicit substitutionof a genericexpansionin powersof � q � in the Zerilli equation,
andalsocheckingthatit canbeobtainedfrom therecursionrelationsgivenin [15].
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C.2 The axial case

C.2.1 Derivation of the sourceterm in the axial case

Theaxialpartof theperturbedmetriccanbewrittenas

Ò ´ .¦&Û �
ÜÝÝÝÝÝÝÝÝÝÝÝÝÝÞ

� ò $ � í $ � � $ � ë $
� Ú ' è é�ê ë'Ó�ÔvÕ×ÖÓ ô � F Ú ' ÂØ×ÙÛÚ ô Ó�ÔkÕÌÖÓ �Ú ' è éþê ë Ó�ÔkÕÌÖÓ ô � Ú Â è é�ê ë Ó�ÔvÕÌÖÓ ô �� Ú Â è é�ê ë Ó�ÔvÕ×ÖÓ ô � F Ú Â ÂØ×ÙÛÚ ô Ó�ÔkÕÌÖÓ �F Ú ' ÂØÌÙÛÚ ô Ó�Ô Õ×ÖÓ � � F Ú Â ÂØÌÙÛÚ ô Ó�Ô ÕÌÖÓ � �

ä8åååååååååååååæ
7 (C.82)

TherelevantEinsteinequationsweobtainfrom thismetricareù � { � � F ;K Y � 2<b o7ÜÚ Â F ÝÚ ' Ó 0 K� ÝÚ ' 0 K
=� 2 Y 2<b Ú Â u è é�ê ë ß ¦&Û z ô � (C.83)ù � ô � � F ;K Y VÀ; F K � �¶W Ú Ó Â 0 K �� 2 Ú Â F V ; F K � �¶W �ÃÂ ÝÚ ' C èOéþê ë � y ¦&Û � ë � í $ 7(C.84)

Theaxial partof thestress-energy tensor(C.44)canbeexpandedas# ´ .Ö� Ì ¦&Û �?} ¦�Û �µ'�¢IÞ �µ'�¢¦�Û 0 } ¦&Û Þ ¦&Û 0�ß ¦�Û(àa¦&Û $ 7 (C.85)

Weonly needto computetwo componentsof theperturbedstress-energy tensor:ç { � � F ² �� K hr��h 0�; $ } ¦&Û è éþê ë ß ¦�Û z ô � (C.86)ç�� ô � F ² � 2� K hr��h 0�; $8�mhnF ; $8��h 0LK $ ß ¦&Û èOéþê ë y ¦&Û 7 (C.87)

Theexpansionin tensorsphericalharmonicsallowsusto throw out theangulardependence
in thetwo perturbedEinsteinequationswith source:ù � { � � »�� ç { �F ;K Y
� 2<b oSÜÚ Â F ÝÚ ' Ó 0 K � ÝÚ ' 0 K
=� 2 Y 2<b Ú Â u � F »�� ² �� K hr��h 0�; $ } ¦�Û �ù � ô � � »�� ç ô �F ;K Y V ; F K � � W Ú Ó Â 0 K �� 2 Ú Â F VÀ; F K � � W �ÃÂ ÝÚ ' C � F »�� ² � 2� K hl�mh 0�; $8�mhnF ; $t��h 0LK $ ß ¦&Û 7

Integratingtheequationswecanfind � and ¥ by theasymptoticmatchingof equation(C.80)with thenumerical
solution. Once � and ¥ areknown, we canevaluatetheabsolutevalueof theamplitudeof the solutionat radial
infinity:«« �MáIâ xa�b «« g ´ � uR­kx ´´ µ aTb ´ g ´ � uR­�x ´d·c¯� ° ¤¸¥ ° e �3² ° (C.81)
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Wecanwrite theseequationsasÜÚ Â F ÝÚ ' Ó 0 K� ÝÚ ' 0 K
= Y 2<b� 2 Ú Â � � �
(C.88)Y 2<b Ú Ó Â 0 K �� 2 Ú Â F Y � 2<b ÝÚ ' � � � (C.89)

where � � ; � � ²� K hr�mh 0�; $ � Y 2<b } ¦&Û � (C.90)� � ; � � ²� K hr��h 0�; $t��h1F ; $8�mh 0¨K $ � 2 ß ¦&Û 7 (C.91)

Fromeq. (2.12)wegetÝÚ ' � Y © b Ú Ó Â 0 K � Y 2<b� 2 Ú Â F Y 2<b � (C.92)

and ÝÚ ' Ó � Y © b Ú Ó ÓÂ 0 �l� Y 2<b� 2 Ú Ó Â 0 V K � Y 2<b� 2 W z { Ú Â F � Y 2<b � � z {Éã (C.93)

by replacingeq. (C.92)and(C.93)in eq.(C.88),anddefiningtheRegge-WheelerfunctionÚ Â �X� Y
� 2<b � ´ . � (C.94)

aftersomestraightforwardalgebraicmanipulationwe findÜ�c´ . F � 2 � ´ .� � 2� F Y 2<b� � B�F K � =T0�; $ �n0 �l� I �c´ .� K 2<b� P � 0 K� Y 2<b � F � � Y 2<b � z { R 7 (C.95)

Substitutingthedefinitionsof
�

and � andtaking theFourier transformon both sidesfinally
yields � 2 � ´ .¦&Û� � 2� 0 B H 2 F â ´ . I � ´ .¦�Û ��� ´ .¦&Û � (C.96)

wherethepotentialâ ´ .Ö� Y 2<b�5� B hl�mh 0�; $ � F �l� I
(C.97)

and � ´ .¦&Û � ; � � ²� K � hl�mhnF ; $8��h 0�; $t��h 0LK $ Y 2<b� $ � 2 � Y 2<b ß ¦&Û � z { F � ��hnF ; $8��h 0LK $ � Y 2<b } ¦&Û
- 7 (C.98)
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C.2.2 Specializationof the axial sourceterm to the circular case

Thecoefficientsappearingin formulas(C.87)and(C.87)aregivenin thegeneralcaseby} ¦&Û � ² K
= �mh)$� ö ' Y � 2<b � ��/. ù � � F � � ò $ $po �=>�rò è é�ê < � ò $ ì ß ¦&Û �ì ë 66 �;8g� � ¢ z : � � ¢C¢F ;è éþê < � ò $ ì ß ¦&Û �ìUí 66 �;8g� � ¢ z : � � ¢C¢ u �
ß ¦&Û � ² ö ��h)$ ö ' � ç�/. ù � � F � � ò $ $ ù ��2�¢ �I2>F42*� ò $O$ ¾¾ Y � �¦&Ûè é�ê ë @ èOéþê 2 ë V �?>�rò W 2 F V �=<�lò W 2 A 0ýKry �¦�Û è é�ê ë V �=<�rò W V �=>�rò W C 7

Theonly non-zerosourcetermfor aparticlein acircular, equatorialorbit isß ¦&Û � K ö ' ö� K hr��h 0X; $8�mhSF ; $8��h 0LK $ � ç�/. ù � � F � � ò $O$ V �=>�lò W 2 ß �¦&Û 66 �ON H 2 z : � � ¢C¢ � (C.99)� K ö ' ö� K hr��h 0X; $8�mhSF ; $8��h 0LK $ � � 'W ; F � úX ¥ � ; F 2 úX ¥ $ � F K �� � ù � � F � '4$Oß �¦&Û�66 �ON H 2 z : � � ¢C¢
Proceedingaswedid for thepolarterms,wefind thatits Fouriertransformis givenbyß ¦&Û � H $ � K ö ' ö� K hr�mh 0�; $8�mhnF ; $t��h 0LK $ � � 'W ; F � úX ¥ � ; F 2 úX ¥ $ � F K �� � ¾ (C.100)¾ ù � � F � '4$ ù � H F ö HML $ < ¦�Û z ô �T� J K $ 7
If weonly considertermswith

h �XK ,ß¼2 Â � ë � í $ � < 2 Â � ë $ Y � � � F � ;/Á»�� ;K è éþê � K ë $ Y � � � (C.101)

sothat< 2 Â z ô � ë $ � F � ;+Á»�� î8ï è � K ë $ (C.102)

and < 2 Â z ô �P� J K $ ��� ;/Á»�� 7 (C.103)
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C.2.3 Solution of the equationsin the axial case

The solutionof the axial equationcanbe found following exactly the sameprocedureas in
thepolarcase.For circular orbitswe plug in thesource(C.98) theexpressionfor theFourier
transformof theonly nonzerocoefficient (C.100),andthensolve theequationby theGreen’s
functiontechnique.Thisprocedureyieldsthefollowing expressionfor theintegralappearingin
thewaveamplitudeat infinity:�c´ .���8� � º�� < ¦&Û z ô �T� J K $H $ � � Â ¢ z ´ .¦&Û � � '-$ � '5� � '-$ 0L� � Â ¢ z ´ . Ó¦&Û � � '4$ � Â � � '4$ - (C.104)

where� '/� � $ � º ö � � � F K � $� © hr��h 0�; $t��h1F ; $8�mh 0¨K $ � ; F _ ��J � (C.105)� Â � � $ � ��� '+� � $ (C.106)

Now, insteadof afactor
< ¦&Û �P� J K $ , theintegral(C.104)contains

< ¦&Û z ô �P� J K $ , soit is zero(whenh � K ) for ö ��� � ��K . This is againa specialcaseof the selectionrule thatholdsin general
(seesection4.1): only when

��h 0 ö $ is oddthereis acontribution to theaxial radiationemitted
by thesystem.

C.3 Power and amplitude of the waves

In this sectionwe shall computethe power andamplitudeof the wavesemittedby a binary
systemaccordingto our perturbative formalism, and show how to compareresultswith the
predictionsof thequadrupoleformalism.We have computedthegravitational-wave amplitude
for circularorbitsusingthequadrupoleapproximationin chapter1. Usinggeometrizedunits,
our result(1.53)canberewrittenas:ÚVä � � K_ W Ï �Ú � � ¢ôtô Ñ 2 0 Ï �Ú � � ¢ô � Ñ 2 � (C.107)� � K_ ;º�� � � 2 ¸ Ð Ú 6 � K/HML $+Ð 2 0 Ð Ú·å � K/HML $/Ð 2 ¹ � »� ;+Á ö '� � HMLt� '4$ 2
In AppendixE weshow thattheamplitudeof themetricperturbationsatradialinfinity is related
to theoutgoingwaveamplitudesof theZerilli andRegge-WheelerfunctionsbyæÚ ¦&Û Z8b � F Y �µ° {[±� � K hl�mh 0�; $8�mhnF ; $t��h 0LK $po � ´ . z �E�4� � H $H æ� ¦&Û Ztb 0L� ���-� � H $ æÈ ¦�Û Ztb u 7 (C.108)

It turnsout thatmostof theradiationis emittedin thepolarpartof thewave,sothatwecan
limit ourselvesto considerthepolarpartof theamplitude,Ú 6 � H $ 0 ² Ú·å � H $ � F Ì ¦&Û � �mhnF ; $[hl�mh 0�; $8�mh 0¨K $ Y �µ° { �� � ���-�¦�Û 2�ß ¦&Û � (C.109)� F Ì ¦&Û K � = � =T0�; $ Y �µ° {I�� � ���-�¦&Û 2-ß ¦&Û �
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where
2-ß ¦&Û is the

ñ �ýK spin-weightedsphericalharmonic(seeAppendixG). Remembering
theorthonormalityrelationfor thespin-weightedsphericalharmonics,it follows that;º�� � � 2 ¸ Ð Ú 6 Ð 2 0 Ð Úçå Ð 2 ¹ � $ K � = � =(0�; $ ù � H F ö HML $ - 2º�� � 2 Ì ¦&Û 666 �� ���-�¦&Û 666 2 7 (C.110)

If we consideronly the
h �ýK partof the metricperturbation,we candefinethe “relativistic”

amplitudeof gravitationalwavesat radialinfinity, computedin theperturbativeapproach,as:Ú X ù � H F ö HML $ � � K_ ;º�� � � 2 ¸ Ð Ú 6 Ð 2 0 Ð Úçå Ð 2 ¹
(C.111)

� K � = � =T0�; $ ö ' 66 Ø� ���-�2<2 � K/HML $ 66� _ � � ù � H F ö HML $ 7
Herewehavedefined66 Ø� ���-�2<2 66 � 666 �� ���-�2<2 666 J ö ' and,in summingover ö , wehaveusedthesymmetry

property 66 Ø� ���-�2<2 66 � 66 Ø� ���-�2 z � 2 66 . We have alsoignoredthe(small)
h � K , ö � � componentof the

radiation.
To comparetheperturbativeapproachwith thequadrupoleapproximationwe will compute

theratioÚ XÚVä � � Á
= � =T0�; $� � 66 Ø� �E�4�2<2 � H $ 66� H%� '�$ 2 �
(C.112)

whereH>�AK/HML is thegravitational-wavefrequency. In this ratio,
Ú�ä

takesinto accountonly the
orbital motion,while

Ú X is dueboth to theorbital motionandto thegravitationalemissionof
thestar.

A consistency check:of course,wewouldhaveobtainedthesameratio (C.112)if wecom-
pared,insteadof thecharacteristicamplitudes,themoduli of the factorsappearingin front of
thespin-weightedsphericalharmonicsin formulas(1.56)and(C.109).

From the gravitational-wave amplitude(C.109)we canalsocomputethe energy radiated
perunit frequency andunit solid angle.Accordingto formula(1.39)we have:V � G� 2 � H W � H 2 � 2» è Ð Ú 6 � H � � � ë � í $+Ð 2 0 Ð Úçå � H � � � ë � í $/Ð 2�é � (C.113)� H 2 = � =T0�; $K Ì¦&ÛÀ¦PêµÛ·ê � �E�4�¦&Û � H $ � ���-�¦Pê÷ÛMê � � H $M2�ß ¦&Û 2�ß �¦Pê¡Û·ê
Integratingoverthesolidangle,andusingthenormalizationrelationfor spin-weightedspherical
harmonics� � 2S2-ß ¦�Û 2#ß �¦Pê÷Û·ê �d; � (C.114)

weget:� G� H � Ì ¦&Û H 2 = � =T0�; $K 66 � �E�4�¦&Û � H $ 66 2 � Ì ¦�Û H 2 ��hSF ; $<hr�mh 0�; $8��h 0LK $» 66 � ���-�¦&Û � H $ 66 2 7 (C.115)
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Fromequations(C.57),(C.62)and(C.72),wededucethat� �E�4�¦&Û � ù � H F ö HML $ �� ���-�¦�Û (C.116)

where �� ���-�¦&Û is just acomplex number. Hence:� G� H � Ì ¦&Û H 2 �mhnF ; $[hr��h 0�; $t��h 0¨K $» ù 2 � H F ö HML $ 666 �� ���-�¦&Û � H $ 666 2 7 (C.117)

Thesquareddeltais not troublesometo dealwith. In practice,we alwayscomputeanaverage
overmany periodsof theenergy emissionrate:ÝG*ëVì � í é×îû±ï U G ç � í éÌîû±ï U ;ç � � H � G� H � (C.118)� � � H Ì ¦&Û H 2 ��hnF ; $<hr��h 0X; $t��h 0LK $» ;K � 666 �� �E�4�¦&Û � H $ 666 2 ¾¾ í é×îû±ï U K �ç ù 2 � H F ö H�L $ 7
But thelimit appearingin thelastequationis just (see,e.g.,[80])í é×îû±ï U K �ç ù 2 � H F ö HML $ � ù � H F ö HML $ (C.119)

andweget,for this averageemissionrate:ÝG*ëVìw� Ì ¦&Û �mhnF ; $[hr��h 0�; $8�mh 0¨K $; � � � ö HML $ 2 666 �� ���-�¦&Û � H $ 666 2 7 (C.120)

If we limit to circular orbits andrestrict the computationto
h � K , since(ignoring the small

contribution from ö �^� ) only termswith ö �ð�3K contribute,and 666 �� ���-�2<2 666 � 666 �� ���-�2 z � 2 666 , equation

(C.120)reducesto:ÝGÖ¦ Í 2ëVì � ;+K/H 2L� 666 �� �E�4�2<2 666 2 � _ H 2ëVì� 666 �� ���-�2<2 666 2 � (C.121)

whereH�ëVì �~K/HML is thegravitationalwaveemissionfrequency.
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The sourceterm in the BPT approach

In thisAppendixwediscusstheprocedureto find thewaveamplitude
� ¦&Û � H $ , thatweknow to

begivenby eq. (4.12):� ¦&Û � H $ � F ;y ¦�Û � H $ � UX?ñ � � Óv 2mò Â¦�Û � H � � Ó $ ç ¦&Û � H � � Ó $ 7 (D.1)

We shallassumethat thepointlike massö ' which excitestheperturbationsof thestarfollows
a geodesicof the unperturbedspacetimeon the equatorialplane,with energy G andangular
momentum

"FE
. We wrote down the geodesicequations(1.58) whenwe describedthe semi-

relativistic quadrupoleapproach,and therewe showed that closedorbits are periodic in the
radialcoordinate,andquasi-periodicin the í -coordinate,i.e.� � ò 0 v ò $ �X� � ò $ (D.2)í � ò 0 v ò $ � í � ò $ 0 v í 7
Thesourcetermof theBPTequation(4.1) isç ¦&Û � H � � $ � F K � = � =·0�; $ �/© ç � � ¢�� � ¢ ¦&Û � H � � $«F K � = v¦ó 6 � �v ç � � ¢m��ôÛ ¢ ¦&Û � H � � $ (D.3)F vK
� ó 6 � �v ó 6 � ç �vôÛ ¢m��ôÛ ¢ ¦�Û � H � � $a�
andcanbefoundasfollows. Thestress-energy tensorof theorbitingmassç Ztb � UÌL�Í � U º�� ö '� 2 Ð õ@Ð �10 Z�/. �10 b�/. ù � ò F ò L � � $ � ù �µ2�¢ � 2>F42 L � � $ � � (D.4)

where
ò L � � $4�*2 L � � $ arethe time andangularpositionof the masson the ö F th semi-orbit,is

projectedontotheNewman-Penrosetetrad1,
� k � = � ö � Øö $ , to find its tetradcomponents

ç � ® ¢m�;÷<¢ �ç Z8b Y � ® ¢�Z Y �O÷<¢ b .
1Explicitly, thetetradlegsaregivenbyø9ù g c h |B½ � °ú |Iû�|Iû{e |¿ ù g hi c ú� ° | h |�û�|�û{e}|º ù g hü i c¯û�|�û�|B½ � |ª½Éý � ¡I¨R©Éþ1e}|ÿº ù g hü i c¯û�|�û�|B½ � |3ý � ¡I¨R©Éþ1e}�
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Thisyieldsç � ® ¢m�;÷[¢ � Ì� Í�� Â 6VUÌL�Í � U º�� ö '� 2 õ V �10 Z�/. Y � ® ¢�Z W V �10 b�/. Y �O÷<¢Cb W � ù � ò F ò �L � � $O$ ù ��2�¢ �I2>F42 �L � � $O$4� (D.5)

wheretheonly expressionsin parenthesesweneedto computeare�10 Z�5. = Z � vK
� 2 V �rò�/. 0 � 2v � ��/. W � v õ �K
� 2 V �rò� � 0 � 2v � ��/. W � v õ �K
� 2 V �rò� � 0 � �+�� � W�10 Z�/. Øö Z � F �� K V � ë�/. F é+èOéþê ë � í�/. W 7 (D.6)

The tetradcomponentsof thestress-energy tensoraresubsequentlydecomposedusingthe
spin-weightedsphericalharmonics

� � ¦&Û ���Æ���a$-� andFourierexpanded,asfollowsç � ® ¢m�;÷[¢ ¦&Û � H � � $ � ;K � � �ròM� 2 Y �µ°5� � � �¦�Û �I2�$ ç � ® ¢m�O÷<¢Ã� ò � � �v2�$t� (D.7)

where
ñ � F K �)F ; � � for

ç �kôÛ ¢��vôÛ ¢�� ç � � ¢��vôÛ ¢�� ç � � ¢�� � ¢ respectively.
As a resultof this procedure,wewill show that:
 In thecircularcase,ç ¦&Û � H � � $ � ù � H F ö HML $ ç ' ¦&Û � H � � $ 7 (D.8)

whereH�L is thekeplerianfrequency for thecircularmotion;
 In theeccentriccase,ç ¦&Û � H � � $ � K �v ò 6VUÌÅ Í � U ù � H F H Û Å $ ç ' ¦&Û � H � � $ 7 (D.9)

wherethefrequenciesH Û Ån� K � Ò 0 ö v ív ò � Ò 2 {�0 ö 2 � � (D.10)

werealreadydefined2 in eq. (1.81).

Considerfor examplethe eccentriccase(analogousconsiderationshold for the circular
case).Usingeq. (D.9), thewaveamplitude(D.1) canbewrittenas� ¦&Û � H $ � F ;y ¦�Û � H $ K �v ò 6VUÌÅ Í � U ù � H F H Û Å $ � UX=ñ � � Óv 2¾ò Â¦&Û � H � � Ó $ ç ' ¦&Û � H � � Ó $-� (D.11)

whereç ' ¦&Û � � � H $ � F K � = � =(0�; $ �/© ç ' � � ¢m� � ¢ F K � = v¦ó 6 � �v ç ' � � ¢��kôÛ ¢ F vK5� ó 6 � �v ó 6 � ç ' �vôÛ ¢m�vôÛ ¢ 7 (D.12)

2As we have alreadyshown, �	� and ��
 arethetwo characteristicfrequenciesof theproblem.Thefrequency� � g °��
 x is associatedto the periodicity of the radial motion, whereas� 
 g 
 

 x is the angularvelocity of an
inertial observerwith respectto which the � -motionof theorbiting massappearsto beperiodic.
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So,in orderto calculatetheamplitudeat infinity (D.11),wehave to performintegrationsof the
form � UX ñ � � Óv 2¾ò Â¦&Û � H � � Ó $ ç ' ¦�Û � H � � Ó $ (D.13)

for some(fixed)frequenciesH whichareknown oncewehaveintegratedthegeodesicequations
and obtained

2 { and
2 �

. Now we shall enter into the detailsof the computationof these
integrals,bothfor circularandfor eccentricorbits.

D.1 The circular case

D.1.1 Computation of the source

Herewe want to computethe source(D.3) in the caseof a circular orbit of radius � ' on the
equatorialplane(

ë � � J K ). We defineÝÈÊ� � È�/.
(
È

genericfunctionof
.
)
� Øõj� Ýò � G; F 2 úX ¥ � H�L � � í�rò � Ýí Øõ 7 (D.14)

Thestress–energy tensorisç Ztb � º�� ö ' � �5. Ý0
Z Ý0
b ù � © ¢ � 9 F 0 � . $O$ �� º�� ö ' � �5. Ý0
Z Ý0
b ;� 2 ù � � F � '4$ ù �32NF42*� . $ $ ù � ò F ò � . $O$ �� º�� ö 'Øõ � 2 Ý0 Z Ý0 b ù � � F � '4$ ù �I2>F42*� . $ $ 6666 � Í � � � ¢ 7 (D.15)

Formulas(D.6), in this case,reducetoÝ0
Z = Z � vK
� 2 Øõ«�Ý0
Z Øö Z � é �� K H�� Øõ«� (D.16)

so,setting ö ' �d; , wefindç � � ¢m� � ¢ � ò � � �v2�$ � � v 2 Øõ� � ù � � F � '4$ ù �I2>F42*� . $ $ç � � ¢m��ôÛ ¢O� ò � � �v2�$ � é � K � v Øõ H���
� ù � � F � '4$ ù �32NF42*� . $O$ç �vôÛ ¢��vôÛ ¢ � ò � � �v2�$ � F K � Øõ H 2� ù � � F � '-$ ù �32¨FS2*� . $ $ 7 (D.17)

ThecorrespondingFouriertransforms(D.7), remindingthat� � �¦&Û � ë � í $ � � � �¦&Û � � K � � � Y Ù Û �
and ;K � � �rò Y Ù � ° � Û ° Q ¢ � � ù � H F ö H�L $4�
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aregivenbyç � � ¢m� � ¢ ¦&Û � H � � $ � � v 2 Øõ� � � � �¦&Û �T� J K � � $ ù � � F � '-$ ù � H F ö H�� $4�ç � � ¢m��ôÛ ¢ ¦&Û � H � � $ � é � K � v Øõ H���5� �ÃÂ � �¦&Û �T� J K � � $ ù � � F � '4$ ù � H F ö H�� $-�ç �vôÛ ¢��vôÛ ¢ ¦&Û � H � � $ � F K � Øõ H 2� � 2 � �¦&Û �P� J K � � $ ù � � F � '4$ ù � H F ö H�� $ 7 (D.18)

Thereforewecanwrite thesourceof the � ª ç equation(D.3) asç ¦&Û � H � � $ � ù � H F ö H�� $ÀB ' � �¦&Û ' x ¦&Û 0 �ÃÂ � �¦&Û �ÃÂ x ¦&Û 0 � 2 � �¦&Û � 2 x ¦&Û I � (D.19)

wherethefunctions
� x ¦�Û will containtermsof thefollowing form� Î � � $ ì { B÷Èq� � $ ù � � F � '-$ I � � ì { B Î � � $ Èq� � $ ù � � F � '4$ I F � ì { Î � � $ Èp� � $ ù � � F � '-$ �� F Î Ó � � '4$OÈq� � '�$

(theboundaryintegralobviouslyvanishes).This is equivalentto saythatì { B÷Èq� � $ ù � � F � '-$ I � Èq� � '�$ ì { ù � � F � '-$ ã (D.20)

indeed,� Î � � $ ì { B÷Èq� � $ ù � � F � '-$ I � � Î � � $OÈq� � '#$ ì { ù � � F � '4$ � (D.21)� F � ì { B Î � � $ Èq� � '�$ I ù � � F � '4$ � F Î Ó � � '-$OÈq� � '4$ 7
In orderto evaluatethewaveamplitude,weneedto performtheintegralgivenin eq.(D.13),

andwearegoingto usetheproperty(D.20)in writing theexpressionsof ����� ¦�� . Wealsodefinev 'S� v � � '-$ , andreplaceH by ö H�� . Thusweget:' x ¦&Û � V F K � � = � =(0�; $ Øõ v 2'� 2' W ù � � F � '4$�ÃÂ x ¦&Û � F K � = v V v� 2 ìì � 0 é ö H�� W � �'v ' � é � � K v ' Øõ H��� �' ù � � F � '-$ 	 �� F K � é � K
= Øõ H��i� 2' V v 2� 2 ìì � 0 é ö H�� v ' W ù � � F � '4$ �� ù � � F � '4$ � K � � K5= ö Øõ H 2� v ' � 2' � F ù Ó � � F � '�$ v 2� 2 � K � é � K
= Øõ H���� 2' �� 2 x ¦&Û � F vK
� V v� 2 ìì � 0 é ö H�� W � �v V v� 2 ìì � 0 é ö H�� W � � F K � Øõ H 2L ù � � F � '-$ � �� � Øõ H 2� � ' V v 2�
� ìì � 0 é ö H�� v � W V �/© ìì � 0 é ö H�� � �v W ù � � F � '4$� ù � � F � '4$ P é � ö H �� Øõ v 2'� 2' V � �v W Ó � F�� ö 2 H@©� Øõ � �' R 00 ù Ó � � F � '4$ ¸ v � � � K � é ö H �� Øõ � ' � 0 v 2 � º�� H 2� Øõ � ' � ¹ 00 ù Ó Ó � � F � '4$ ¸ v 2 � � � H 2� Øõ � ' � ¹
wherewehave factoredout thetermsdependingon � .
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D.1.2 Evaluation of the integrals

Theresultsobtainedin theprevioussectionimmediatelyimply that�çv 2 � ù � H F ö H�� $ÀB ù � � F � '4$ � ¦&Û 0 ù Ó � � F � '4$ � ¦&Û 0 ù Ó Ó � � F � '4$ � ¦&Û I � (D.22)

with � ¦�Û � ' � �¦&Û P F K � � = � =T0�; $ Øõ� 2' R 0 �ÃÂ � �¦&Û P K � � K
= ö Øõ H 2� � 2'v ' R 00 � 2 � �¦&Û P é � ö H �� Øõ ;� 2' V � �v W Ó � F7� ö 2 H@©� Øõ � �'v 2 R (D.23)� ¦�Û � �ÃÂ � �¦&Û P F ;� 2 � K � é � K
= Øõ H��i� 2' � R 0� 2 � �¦&Û P � �v � K � é ö H �� Øõ � ' � 0 � º�� H 2� Øõ � ' � R (D.24)� ¦�Û � � 2 � �¦&Û ¸ � � � H 2� Øõ � ' � ¹ 7 (D.25)

Theintegral (D.13),ignoringthecommonfactor
ù � H F ö H�� $ (thatwehavealreadytakeninto

account)is then� UX?ñ � � B ù � � F � '4$ � ¦&Û 0 ù Ó � � F � '4$ � ¦�Û 0 ù Ó Ó � � F � '4$ � ¦&Û I ò Â¦&Û �� � ¦&Û � � '4$ ò Â¦�Û � � '-$qF�� � ¦&Û ò Â¦�Û $ Ó{�Í X ¥ 0 � � ¦&Û ò Â¦&Û $ Ó Ó{�Í X ¥ �� $ ò Â¦&Û � � ¦&Û F � Ó¦&Û 0�� Ó Ó¦&Û $ 0 ò Â ê¦&Û �MF � ¦&Û 0�K�� Ó¦&Û $ 0 ò Â ê ê¦&Û � � ¦&Û $ - {�Í X ¥ 7 (D.26)

Now, usingV � �v W Ó � K
� �v 2 � K
� F Á � $4� V � �v W Ó � � �v 2 � � F�º � $-� � K5� F Á � $gFs� � F!º � $ ��� F � �
weobtain:� ¦&Û F � Ó¦�Û 0!� Ó Ó¦&Û � ' � �¦&Û P F K � � = � =(0�; $ Øõ� 2' R 0 (D.27)0 �ÃÂ � �¦&Û P K � � K
= ö Øõ H 2� � 2'v ' F�º�� é � K
= Øõ H�� ;� ' R 0� 2 � �¦&Û P K é � ö H �� Øõ � ©'v 2' � � '�F � $qF7� ö 2 H ©� Øõ � �'v 2' RF � ¦&Û 0LK�� Ó¦&Û � �ÃÂ � �¦&Û $ K � é � K
= Øõ H�� - 0 (D.28)� 2 � �¦&Û P F K � é ö H �� Øõ � ©'v ' F K � H 2� Øõ � ' R� ¦&Û � � 2 � �¦&Û ¸ � H 2� Øõ � 2' ¹ 7 (D.29)

From formulas(D.26), (D.27), (D.28), (D.29) we canevaluatethe integral (D.13) which, di-
videdby thewronskian,givesthewaveamplitudeandthentheenergy spectrum.
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D.2 The eccentriccase

D.2.1 Computation of the source

Let usconsiderthecaseof aneccentricorbit. For lateruse,we remindthat:�lò�/. � � 2 Gv � � ��/. �X� õ«� � í�/. � "FE� 2 �� �)�� � � � 2v � �lò� � � � 2v G3�õ � � �+�� � 0 �rò� � � � 2v VÀ;%0 G��õ W � ó � � v� 2 V ì {�� é H � 2v W �
where

õÊ� 66 � {� � 66 , � � sign
� � {� � $ .

Thestress–energy tensorisç Ztb � º�� ö ' � �5. �10 Z�5. �10 b�/. ù � © ¢ � 9 F 0 � . $O$ 7 (D.30)

Wehaveù � Ø� F � � . $ $ � Ì � ;66 � {� � 66 ��� �×ô{ ¢ ù � . F . � � Ø� $ $a� (D.31)

wherethe
. � � Ø� $ aresolutionsof theequation� � . $ � Ø�17 (D.32)

Thereis asolutionif themassfallsontothestar, two if it is scatteredfrom thestar. Weconsider
thecaseof a massorbiting aroundthestar, sotherearetwo solutionfor eachorbit. Thesource� � � $ is the sum of the � �L � � $ correspondingto the variousbranchesof the trajectory. Hereö � F ­ � 7)7)7 � 0�­ denotesthe ö -th orbit, and ` � �:; denotesthebranch: 0J; whenthemass
is goingfrom theperiastron��� to theapoastron�y� ,

F ; whenit is goingfrom �y� to ��� . So,ç Ztb � Ì� Í�� Â 6VUÌL�Í � U º�� ö '� 2 õ �10 Z�/. �10 b�/. ù � ò F ò �L � � $ $ ù �µ2�¢ �I2>F42 �L � � $ $ 7 (D.33)

If weputç � ® ¢m�;÷[¢ � Ì� Í�� Â 6VUÌL�Í � U ç �L � ® ¢m�;÷<¢ � (D.34)

then ç �L � � ¢m� � ¢ � º�� ö ' v 2 õº � � V �rò� � 0 � �)�� � W 2 ù � ò F ò �L � � $ $ ù �µ2�¢ �I2>F42 �L � � $ $ç �L � � ¢m��ôÛ ¢ � F º�� ö ' v �K � K/�
� V �rò� � 0 � �+�� �*W V � ë�5. F é+è é�ê ë � í�5. W ù � ò F ò �L � � $ $ ù �µ2�¢ �32¨F42 �L � � $ $ç �L �vôÛ ¢m��ôÛ ¢ � º�� ö 'K õ V � ë�/. F é+è éþê ë � í�/. W 2 ù � ò F ò �L � � $O$ ù ��2�¢ �I2NF42 �L � � $O$ 7 (D.35)
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We remindthat,on theequatorialplane,
� � �¦&Û �I2*� � $O$ � � � ¦�Û �T� J K � � $ Y � Ù Û � . This implies that

theFouriertransforms(D.7), if weput ö ' �^; , aregivenbyç �L � � ¢m� � ¢ � H � � $ � v 2 õK
� � V �rò� � 0 � �+�� �*W 2��� Q � { ¢ ' � � �I2 �L � � $ $ Y Ù °
� � Q �� õK
� 2 V�;�0 K�G��õ 0 G 2õ 2 W ' � �¦&Û �T� J K � � $ Y Ù � °
� � Q � Û � � Q ¢ç �L � � ¢m��ôÛ ¢ � H � � $ � F v �� K
� � V �lò� � 0 � �+�� �*W ��� Q � { ¢ V � ë�/. F é+è éþê ë � í�/. W�� � Q � { ¢ �ÃÂ � �¦&Û �I2 �L � � $O$ Y Ù � °5��� Q � Û � � Q ¢� é� K "FE ;�5� V¼�T0 G õ W �ÃÂ � �¦�Û �T� J K � � $ Y Ù � °5��� Q � Û � � Q ¢ç �L �vôÛ ¢m��ôÛ ¢ � H � � $ � ;õ V � ë�/. F é+è éþê ë � í�/. W 2� � Q � { ¢ � 2 � � �I2 �L � � $ $ Y Ù °
� � Q �� F " 2E ;õ � © � 2 � �¦&Û �T� J K � � $ Y Ù � °5��� Q � Û � � Q ¢
Wealreadyfound,dealingwith thesemirelativisticquadrupolecomputation,that,if thesolution
of thegeodesicequationsfor

ò! ¸ � �#" �2 ¹ is (1.75),thesolutionfor
ò! ¸ F$" �2 � � ¹ is (1.76),and

thegenericbranchof thetrajectoryis (1.77).If wesumon thetwo branches̀ ����; , wegetç L � � ¢m� � ¢ � H � � $ � Y Ù L&% ° " � � Û " �&' ' � �¦&Û �P� J K � � $ P V ;� 2 V õ 0 G 2õ W îtï è � H ç F ö > $ W 00 é V K�G� 2 è éþê � H ç F ö > $ W R (D.36)ç L � � ¢m��ôÛ ¢ � H � � $ � Y Ù L&% ° " � � Û " �&' �ÃÂ � �¦&Û �P� J K � � $ � K "FE� � B F è éþê � H ç F ö > $ 00 é V G õ îtï è � H ç F ö > $ W R (D.37)ç L �vôÛ ¢m��ôÛ ¢ � H � � $ � Y Ù L&% ° " � � Û " �&' � 2 � �¦&Û �P� J K � � $ P F K " 2E ;õ � © î8ï è � H ç F ö > $ R 7 (D.38)

So,

ç ¯ Û � H � � $ canbewritten in theformç � ® ¢m�;÷[¢ ¦&Û � H � � $ � � 6VUÌL#Í � U Y � L&% ° " � � Û "
��' 	 ç ' � ® ¢m�O÷<¢ ¦�Û � H � � $ 7 (D.39)

wherethe ö –dependenceis only in theexponential.In general,thefollowing relationholds:6VUÌL�Í � U Y Ù L)( �XK � 6VUÌÅ Í � U ù ��� F K � Ò $ 7 (D.40)

If wedefine
� � H $,� H v ò F ö v í , thesolutionsof

��� H $ �AK � Ò areH Û Ån� K � Ò 0 ö v ív ò �
(D.41)
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so 6VUÌL�Í � U Y Ù L)( � ° ¢ �AK � 6VUÌÅOÍ � U ù �&��� H $«F K � Ò $ �
� 6VUÌÅ Í � U K �66 � (�[° 66 ° Ö+* ù � H F H Û Å $ � 6VUÌÅ Í � U K �v ò ù � H F H Û Å $

andeq. (D.39)canbewritten asç � ® ¢m�;÷[¢ ¦&Û � H � � $ � K �v ò 6VUÌÅ Í � U ù � H F H Û Å $ ç ' � ® ¢m�O÷<¢ ¦�Û � H � � $ 7 (D.42)

Of course,this implieseq. (D.9), i.e.ç ¦&Û � H � � $ � K �v ò 6VUÌÅ Í � U ù � H F H Û Å $ ç ' ¦&Û � H � � $ 7 (D.43)

D.2.2 Evaluation of the integrals

Let uscomputetheintegralK �v ò � UX?ñ � � Óv 2 ò Â¦&Û � H � � Ó $ ç ' ¦&Û � H � � Ó $4� (D.44)

where

ç ' ¦&Û � H � � $ is, from formula(D.3):ç ' ¦&Û � H � � $ � F K � = � =(0�; $ �/© ç ' � � ¢�� � ¢ ¦&Û � H � � $ (D.45)F K � = v¦ó 6 � �v ç ' � � ¢��kôÛ ¢ ¦&Û � H � � $«F vK
� ó 6 � �v ó 6 � ç ' �vôÛ ¢m�vôÛ ¢ ¦�Û � H � � $ 7
From the expressionof

ç ' ¦&Û � � � H $ we seethat the last two termscontainthe differential
operator

ó 6 appliedto a function of � ã whenwe evaluatethe integral (D.44) thesetermscan
beintegratedby partsdefiningtheoperators

æó � � { \" ó � , where
ó � � �� {[± � ² H , andusingthe

property� UX ñ � � Èp� � $ æó 6 Î � � $ � F � UX ñ � �/Î � � $ æó � Èq� � $ (D.46)

whichholdsif, asalwaysin ourcase,
Èq� � $ or Î � � $ vanishesat theextremaof theintegration.

We split theintegral in threepieceslabeledby their spinweight,� UX ñ � � Óv 2 ò Â¦&Û � H � � Ó $ ç ' ¦�Û � H � � Ó $ �A� UX ñ � � ��,8' 0 , �ÃÂ 0 , � 2�$g� (D.47)

andwehave,omitting theharmonicindices
��h
� ö $ :,t' � F K � = � =T0�; $ � ©v 2 �ç ' � � ¢m� � ¢ ò Â �� F K � = � =T0�; $Æ' � �¦&Û �P� J K � � $ � 2õ v 2 �Tõ 2 0�G 2 $ ò Â îtï è � H ç F ö > $ 0



D.2.Theeccentriccase 135F�º é � = � =·0�; $ÿ' � �¦�Û �T� J K � � $ � 2v 2 G ò Â èOéþê � H ç F ö > $, �ÃÂ � F K � = ò Âv ó 6 � �v �ç ' � � ¢��kôÛ ¢ � F K � = ò Â� 2 æó 6 � �v �ç ' � � ¢m��ôÛ ¢ �� K � = � �v �ç ' � � ¢��kôÛ ¢ V ì { F ² H � 2v W ò Â� 2 �� K � = � �v �ç ' � � ¢��kôÛ ¢ P ;� 21ò Â ê F V K� � 0 ² Hv W ò Â R �� F K � K
= �ÃÂ � � "FE P ;v ò Â ê F V K� v 0 ² H�� 2v 2 W ò Â R P èOéþê � H ç F ö > $qF ² G õ î8ï è � H ç F ö > $ R, � 2 � F ò ÂK
� v ó 6 � �v ó 6 � �ç ' �vôÛ ¢��vôÛ ¢ � F ò ÂK5�
� æó 6 � © æó 6 � �ç ' �kôÛ ¢��vôÛ ¢ �� V æó � ò ÂK5�
�lW �/© æó 6 � �ç ' �vôÛ ¢m�kôÛ ¢ � F �K �ç ' �kôÛ ¢m�kôÛ ¢ æó � �/© æó � ò Â�
� �� F � K �ç ' ��ôÛ ¢��vôÛ ¢ æó � �5© V ì { F ² H � 2v W ò Â�5� �� F � K �ç ' ��ôÛ ¢��vôÛ ¢ æó � � V ò Â ê F _ ò Â� F ² H � 2v ò Â W �� F � K �ç ' ��ôÛ ¢��vôÛ ¢ V ì { F ² H � 2v W V¼� ò Â ê F _ ò Â F ² H � �v ò Â W
Now, sinceì {ÖVÃ� ò Â ê F _ ò Â F ² H � �v ò Â W �X� ò Â ê ê F K ò Â ê F ² H � �v ò Â ê F ² H � �v 2 � � F�º � $ ò Â
weget:, � 2 � F ;K �ç ' ��ôÛ ¢��vôÛ ¢ V � 2 ò Â ê ê F K V �n0 ² H � ©v W ò Â ê 0¨K ² H � ©v 2 � � F � $ ò Â F H 2 � �v 2 ò Â W

Actually, to remove the ; J õ divergenttermswe integratein
�+-

thequantities�, � �., � õ V �/.�/- W �
(D.48)

whoseexpressionsare:�,t' � F K � = � =(0�; $ � 2v 2 ' � �¦&Û ò Â¾ ¸ �Põ 2 0!G 2 $ î8ï è � H ç F ö > $ 0¨K ² õ G èOéþê � H ç F ö > $ ¹ V �5.�+- W ��, �ÃÂ � F K � K
= �ÃÂ � �¦&Û "§E P ;v ò Â ê F V K� v 0 ² H�� 2v 2 W ò Â R¾ B õ èOéþê � H ç F ö > $qF ² Gsî8ï è � H ç F ö > $ I V �5.�+- W � (D.49)�, � 2 � � 2 � �¦&Û " 2E î8ï è � H ç F ö > $¾ P ò Â ê ê� 2 F K ò Â êv � V v� 2 0 ² H�� W 0 ò Âv 2 ¸ K ² H � � F � $qF H 2 � 2 ¹ R V �/.�+- W 7
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D.3 Computation of the derivativesof the BPT function

In order to evaluateexplicitly formulas(D.26) and (D.49) we must be able to computethe
function ò Â¦&Û andits derivatives. Sincewe integratenumerically, dependingon the selection
rule given in section4.1, either the Zerilli or the Regge-Wheelerhomogeneousequations,in
orderto know ò Â¦&Û andits derivativeswe mustdifferentiateformulas(4.5),giving therelation
betweentheperturbationfunctionsin thetwo approaches.

Now we turn to this computation.We shall defineanauxiliary function
�

to simplify the
algebra,��� ò Â J � � 7 (D.50)

Fromformulas(4.5)weseethenthat,exceptfor aconstantfactorwhoseexpressiondependson
theselectionrule,we have,bothin thepolarandin theaxial case,a relationof theform� � â �N0 � y 0LK é H $ V v� 2 �1z {�0 é H1� W 7 (D.51)

Usingthefactthat(in bothcases)V v� 2 � Ó W Ó � � 2v � â F H 2 $ �
wefind thenò Â ê � _ � � � � � $ 0>� � � Ó �X� � V _ � � 0 � Ó W �ò Â ê ê � _ � � � V _� � 0 � Ó W 0N� � V F _� 2 � 0 _� � Ó 0 � Ó Ó W �X� � V �� 2 � 0 _� � Ó 0 � Ó Ó W �
where� Ó � â Ó �>0 â � Ó 0Ly Ó � �Sz { ± 0 é H1� $ 0L0 � y 0LK é H $ � 2v � â F H 2 $ �N0 é H � y 0¨K é H $ � Ó �� � P â Ó 0 é H1y Ó 0 � y 0¨K é H $ � 2v � â F H 2 $ R 0L�1z {<± P � 2v â 0¨y Ó 0 é H � 2v � y 0¨K é H $ R �
and(remindthat

� { \" � Ó � F 2 ú { \" \ )� Ó Ó � � o â Ó Ó 0 é H1y Ó Ó 0Ly Ó � 2v � â F H 2 $pF K � � 2v 2 � y 0LK é H $8� â F H 2 $ 00 � y 0¨K é H $ � 2v â Ó 0 � 2v � â F H 2 $ P � 2v â 0Ly Ó 0 é H � 2v � y 0LK é H $ R u 00��1z {[± o � 2v P â Ó 0 é H1y Ó 0 � y 0LK é H $ � 2v � â F H 2 $ R 0F K � � 2v 2 â 0 � 2v â Ó 0¨y Ó Ó F K � � 2v 2 é H � y 0LK é H $ 0 é H � 2v y Ó u 7
Thepotentials

â
andthe functions y to put in thepreviousformulasdependon theselection

rules,andherewe list thefunctionsandtheirderivatives.
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When
h 0 ö is evenâ � â ® ��¯ � K v� � � =g��0 _ � $ 2 ¸ = 2 � =(0�; $ � � 0 _ � = 2 � 2 0N¿ � 2 =a�n0¨¿ � � ¹â Ó � F K� � � =a��0 _ � $ � � _ ¿ � 2 = 2 � � 0¨¿r¿ � � =a� 2 F ��� =U©��5© F _ � � 2 = � � � 0F ;/K ��� � = 2 � 2 F Kr½
� � ©�=a��0 _ = � �/© � 0 » ;�� � © F Kÿ; ��� � 0LKq=g©#� � 0LKq= � � � �â Ó Ó � ;/K� � � =g��0 _ � $ © � = � � � 0�; � Kq� � � 0>=g©-� � F>» K » � � � = F Á º � � � 00J; _ » � � = 2 � � 0¨K º _ � ©�=g� 2 F�º � = � � �@F K » � 2 =U©-�5© F ;/Á �%� � = � � � 0F Áf� º � ©�= 2 � 2 0¨K � =g©-� � 0 _ º � 2 = � �/© �y � y ® �[¯ �XK =a� 2 F _ � =g� F _ � 2� 2 � =g��0 _ � $y Ó � F K = 2 � � F �%� = 2 � 2 F ; » � 2 =a� F ; » ����
� � =g��0 _ � $ 2y Ó Ó � º = � � © F ¿,= � � � � Fsº Áq= 2 � 2 � 2 F ¿r¿,=g� � � F�» ; � ©� © � =g��0 _ � $ � �

while when
h 0 ö is oddâ � â ´ .Ö� K v� � BC� =(0�; $ � F _ � Iâ Ó � F K� � B K � =T0�; $ � 2 F ;/Á5� � F �l� =g��0LK º � 2 Iâ Ó Ó � ;/K� � B�� =T0�; $ � 2 F ;+�
� � F�º � =g��0LKf� � 2 Iy � y ´ . � K � � F _ � $� 2y Ó � F K � � F �l� $�
�y Ó Ó � º¼� � F ¿ � $� © 7

We finally wish to make a point on the relative normalizationof the functionsin the two
approaches.For definiteness,considerthe polar case(analogousconsiderations,exceptfor a
factor H , hold in the axial case). Given an outgoingsolution � ' of the homogeneousZerilli
equationof unit amplitude,suchthat � ' � ��¬ ­ $ � Y Ù ° { ± , thecorrespondingBPT functionisò ' � � $ � F � = � =T0�; $º � � ¸ â 6 � � $ �>0 � y 6 � � $ 0LK é H $8� ì { ± 0 é H $ � ¹ �
sothatò ' � �*¬ ­ $ � F � � � = � =(0�; $K é H � ì {[±�0 é H $ Y Ù ° { ± � � = � =T0�; $ H 2 � � Y Ù ° { ± 7
It canbeshown that theoutgoingBPT function ò ' behavesasymptoticallyas ò ' � �·¬ ­ $ �� � Y Ù ° { ± , soin orderfor ò ' to have unit amplitudethecorresponding(outgoing)Zerilli function
hasto benormalizedin suchaway that� ' � ��¬ ­ $ � ;� = � =T0�; $ H 2 Y Ù ° { ± 7



Appendix E

Radiation gauge

E.1 Polar perturbations

E.1.1 Asymptotic behaviour of the perturbation functions

Defining the tensorsphericalharmonicsasZerilli doesin [90], thegeneralexpressionfor the
polarperturbation

Ú � ��0M�?� ¢Ztb
, prior to any choiceof gauge,is ([90], p. 2143):Ú � ��0M�E� ¢¦&Û � V�; F K � � W á ' ¦&Û � � � ò $ÔD �µ'�¢¦�Û F ² � K á Â ¦&Û � � � ò $ÔD � Â ¢¦&Û 00 V ; F K � �¶W �ÃÂ á 2 ¦&Û � � � ò $ÔD ¦&Û F ² � K� Ú ' ¦&Û � � � ò $ � hl�mh 0�; $ÔG ��'�¢¦&Û 00 � K hr��h 021 $ Ú Â ¦&Û � � � ò $� G ¦&Û 0 � ¦�Û � � � ò $ � K hr�mh 0�; $8��h1F ; $t��hnF K $K È ¦&Û 00 � K(V43 ¦&Û � � � ò $pF � ¦&Û � � � ò $[hl�mh 0�; $K W Î ¦&Û (E.1)

or, explicitly,

Ú � ��0M�E� ¢¦&Û � ÜÝÝÝÝÝÝÝÞ
� ò $ � í $ � � $ � ë $� ; F 2 ú { $ á '/� � � ò $Mß ¦&Û Ú ' Ó�ÔvÕÌÖÓ � á Â ß ¦�Û Ú ' Ó�ÔvÕÌÖÓ ô�65 ö 7 Ú ��� Ú Â Ó�Ô ÕÌÖÓ � � 2 � $ Ó \Ó ô Ó � F îtïfð ë ÓÓ � - ß ¦&Û�65 ö 7 ��5 ö 7 7 \ � {[z � ¢� Â<� \98: ¢ ß ¦&Û Ú Â Ó�ÔvÕÌÖÓ ô�65 ö 7 ��5 ö 7 �65 ö 7 � 2 $ 3 0 � Ó \Ó ô \ - ß ¦�Û

ä8åååååååæ (E.2)

whereÚ ��� ��� 2 P 3 èOéþê 2 ë 0 � V ì 2ìUí 2 0 è é�ê ë î8ï è ë ìì ë W R ß ¦&Û 7 (E.3)

Notethatthis expressionis consistentwith thenotationusedby ReggeandWheeler[71]. The
perturbationvariablesin our gauge(seeour internalnoteson thesphericalharmonics;in par-
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ticular, compareformula(127)in theinternalnoteswith thematrix wehave just writtendown)
aresuchthat:Ú ' � Ú Â � á Â �A� (E.4)á '/� � $ �~K  s� � $4� á 2/� � $ � F K "�� � $4� 3 � � $ � F K ç � � $-� �T� � $ � F K â � � $ 7 (E.5)

and
Ú � ��0M�E� ¢¦&Û takestheform:Ú � ��0M�E� ¢¦&Û �XK V ; F K � �¶W  ¦&Û � � � ò $ÔD ��'�¢¦&Û F K V ; F K � �¶W �ÃÂ " ¦&Û � � � ò $ÔD ¦&Û FF â ¦&Û � � � ò $ � K hr��h 0�; $t��hSF ; $8�mhnF K $£È ¦&Û F K � K V ç ¦&Û � � � ò $qF hr�mh 0�; $K â ¦&Û � � � ò $ W Î ¦&Û

Oncewe know the asymptoticbehaviour of the Zerilli function, from the Einsteinequations
we candeterminetheasymptoticbehaviour of

" ¦&Û � ò � � $ ,  ¦&Û � ò � � $ , ç ¦&Û � ò � � $ and
â ¦&Û � ò � � $ . In

thegaugeweareusingto writedowntheequations,theasymptoticexpansionscanbewrittenas:" �[¯÷� � P " Â� 0 "@2� 2 0<;�V ;�5�lW R Y � � ° { ±â ��¯¡� � P â Â� 0 â 2� 2 0=; V ;� � W R Y � � ° { ± ��¯¡� � P  Â� 0  32� 2 0<; V ;� � W R Y � � ° { ±ç �[¯÷� � P ç Â� 0 ç 2� 2 0<; V ;� �rW R Y � � ° { ±
where ` � �:; for outgoingor ingoingwaves.

� � � H $ is theamplitudeof theZerilli functionat
infinity (

� � Í 6 Â � H $ �A� ���-� � � � Í �ÃÂ � H $ �A� �µ� ).
Sincethe time dependenceis irrelevant for the presentconsiderations,we shall omit a factorY � �µ°5� commonto all perturbationfunctions.
Substitutingtheprecedingexpressionsin theEinsteinequationsweobtain(seetheMaplecode
in AppendixH):â Â � � � � H $" Â � F = � � � H $ Â � F = � � � H $ç Â � � =(0�; $ � � � H $
Note thatall thenormalizedtensorsphericalharmonics,

D �µ'�¢ ��D � Â ¢ ��Dc��G �µ'�¢ ��G«�-È3� Î � whenpro-
jectedontoanorthonormaltetradY Z � � ¢ � � ; � � � � � � $Y Z � � ¢ � V � �8F ;� èOéþê ë � � � � WY Z � { ¢ � � � � � �)F ; � � $ (E.6)Y Z � ô ¢ � V¼� � � � � �)F ;�aW
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behave asconstantsin thelimit �J¬ ­ ; this meansthattheasymptoticbehaviour of evenper-
turbationsprojectedontothetetradis determinedby theasymptoticbehaviour of thespherical
harmoniccoefficients. (Rememberthat theprojectiononto the tetrad(E.7) is simply obtained
from therelations

Ú �¡Z)¢m�µb�¢ � Y&> �µZ8¢ Y�? �µb�¢ Ú > ? ).
Since

" ¦&Û � ò � � $ , â ¦&Û � ò � � $ ,  ¦&Û � ò � � $ , and

ç ¦�Û � ò � � $ go asymptoticallylike Â{ , from (E.6) it fol-
lows that

Ú ��0M�E��µZ8¢m��b�¢
goesasymptoticallylike Â{ , asit should(beingaphysicalperturbation).

E.1.2 Gaugetransformations

To computethestress-energy pseudotensorwe mustusethe radiationgauge.Undera change
of coordinates9 � ê � 9 � 0A@ � � (E.7)

thevector @ � mustbehaveasapolarvector, of theform

@ �¦&Û � P � '/� ò � � $Mß ¦�Û � � 2/� ò � � $ ì ß ¦&ÛìUí � � Â � ò � � $Oß ¦&Û � � 2/� ò � � $ ì ß ¦&Ûì ë R 7 (E.8)

Themetricperturbation
Ú ��0M�E�Z8b

, dueto thetransformation(E.7), transformsin thefollowing
way: Ú �)��BZtb � Ú �[¯÷�Ztb F @ ZDC bnF @ bEC Z � Ú �[¯¡�Z8b F @ Z z bnF @ b z Z 0LKGF ?Ztb @ ? (E.9)

In particular, thesingletensorcomponentstransformlike this:Ú �)��B��� � Ú �[¯÷���� F KH@ � z � 0LKGF ?��� @ ? � Ú �[¯÷���� F K Ý� '#ß ¦&Û 0 K �� 2 V�; F K � � W � Â ß ¦&ÛÚ �)��B� � � Ú �[¯÷�� � F @ � z � F @ � z � 0¨KGF ?� � @ ? � Ú ��¯¡�� � F � ' ì ß ¦�ÛìUí F Ý� 2 ì ß ¦�ÛìUíÚ �)��B� { � Ú �[¯÷�� { F @ � z { F @8{[z � 0LK#F ?� { @ ? � Ú ��¯¡�� { F � Ó' ß ¦&Û F Ý� Â ß ¦&Û 0 K �� � � F K � $ � '-ß ¦&ÛÚ �)��B� ô � Ú �[¯÷�� ô F @ � z ô F @tô5z � 0LK#F ?� ô @ ? � Ú �[¯÷�� ô F � ' ì ß ¦&Ûì ë F Ý� 2 ì ß ¦&Ûì ëÚ �)��B��� � Ú �[¯÷���� F KH@ ��� 0¨KGF ? ��� @ ? � Ú �[¯÷���� F K � 2 ì 2 ß ¦�ÛìUí 2 FF K P � � F K � $ èOéþê 2 ë � Â ß ¦�Û 0 èOéþê ë îtï è ë � 2 ì ß ¦&Ûì ë R
Ú �)��B� { � Ú �[¯÷�� { F @ � z { F @8{[z � 0LKGF ? � { @ ? � Ú �[¯÷�� { F � Ó2 ì ß ¦&ÛìUí F � Â ì ß ¦&ÛìUí 0 K� � 2 ì ß ¦&ÛìUíÚ �)��B� ô � Ú �[¯÷�� ô F @ � z ô F @8ô/z � 0LKGF ? � ô @ ? � Ú ��¯¡�� ô F K � 2 ì 2 ß ¦&Ûì ë ìUí 0¨K � 2 î8ïfð ë ì ß ¦�ÛìUí

This meansthat after the gaugetransformation(E.7) the new perturbationvariableswill be
relatedto theold onesby:
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3 �)��B �I3 ��¯¡� F K� VÀ; F K � � W � Â (E.10)á �8��B2 � á �[¯÷�2 F KTVa; F K � �¶W � ÓÂ F K �� 2 � Â (E.11)á �8��B' � á �[¯÷�' F K
�� F K � Ý� ' 0 K �� 2 � Â (E.12)á �8��BÂ � á �[¯÷�Â F � Ó' 0 K �~� '
� � � ò $� � � F K � $ F Ý� Â (E.13)Ú �)��B' � Ú �[¯÷�' F � '�F Ý� 2 (E.14)Ú �)��BÂ � Ú �[¯÷�Â F � Ó2 0 K� � 2�F � Â (E.15)� �)��B � � �[¯¡� F K � 2� 2 (E.16)

Takinginto accountthatin ourgaugerelations(E.4)and(E.5)hold,weobtain:ç �)��B � ç �[¯÷� 0 ;� V ; F K � �¶W � Â (E.17)" �)��B � " �[¯÷� 0ýV ; F K � �¶W � ÓÂ 0 � � 2 � Â (E.18) �8��B �  �[¯÷� F �� F K � Ý� ' 0 � � 2 � Â (E.19)á �8��BÂ � F � Ó' 0 K �� � � F K � $ � '%F Ý� Â (E.20)Ú �)��B' � F � '1F Ý� 2 (E.21)Ú �)��BÂ � F � Ó2 0 K � 2� F � Â (E.22)â �8��B � â �[¯÷� 0 � 2� 2 (E.23)
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E.1.3 Choiceof the gaugefunctions

In thenew gauge,themetric(E.1)will begivenby:Ú � ��0M�E� ¢¦&Û � o KTVÀ; F K � �¶W  �)��B � � $ÔD �µ'�¢¦&Û F ² � K á �)��BÂ � � $ÔD � Â ¢¦&Û FF K V ; F K � �¶W �ÃÂ " �)��B � � $ÔD ¦&Û F ² � K hl�mh 0�; $� Ú �)��B' � � $ÔG �µ'�¢¦&Û 00 � K hr��h 0�; $� Ú �)��BÂ � � $ÔG ¦&Û F � K hr��h 0�; $t��hnF ; $8��h1F K $ â �)��B � � $ÃÈ ¦&Û FF K � K V ç �8��B � � $�F hr��h 0�; $K â �)��B � � $ W Î ¦�Û u (E.24)

For thenew gaugeto beasymptoticallytransverse andtraceless, wemustrequirethat:
 all thecoefficientsof theharmonics
D �µ'�¢ ��D � Â ¢ ��D���G ��'�¢ �#G��-ÈQ� Î � go at leastas ; J � , for the

spacetimehasto beasymptoticallyflat;
 â �)��B bethedominanttermat infinity, sincethis coefficient multiplies
È ¦&Û , which is the

only evenharmonicto betranverseandtraceless.Sowemustrequirethat
â �)��B ] Â{ , and

theremainingcoefficientsmustgo to zeroat leastas Â{ \ .
We shall determinethe functions � ' , � Â and � 2 that specify the gaugetransformation

requiringthatthenew perturbationvariableshave thebehaviour:ç �)��B F hr��h 0�; $K â �)��B ] ;� 2 0=; V ;� �lW" �)��B ] ;� 2 0=; V ;�5�lW �8��B ] ;� 2 0<; V ;� �lWá �8��BÂ ] ;� 2 0<;�V ;� �lWÚ �)��B' � ] ;� 2 0=; V ;� �lW ¬ Ú �)��B' ] ;� 0<; V ;� 2 WÚ �)��BÂ � ] ;� 2 0=; V ;�5�lW ¬ Ú �)��BÂ ] ;� 0<; V ;� 2 Wâ �8��B ] ;� 0=; V ;� �lW
We havesevenasymptoticbehavioursto determine,onefor eachperturbationfunction.We

will now show, in sevensteps,thatthegaugefunctionscanbechosenin suchawayasto satisfy
theasymptoticconditionswehave just writtendown.
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1. Let’s startrequiring

ç �8��B ] Â{ . We shall later verify that,even if

ç �)��B ] Â{ , the linear

combination

ç �)��B F ¯ � ¯ 6 Â ¢2 â �8��B ] Â{ \ sincethecoefficientsof order Â{ cancelout. From
(E.17)and(E.6) it follows thatwemustimposethecondition:ç �)��B � ç �[¯÷� 0 ;� V ; F K � �¶W � Â ]] Y � � ° {[± V ç Â� 0 ç 2� 2 0<; V ;�
�lWcW 0 ;� VÀ; F K � �¶W � Â ] ; V ;� W
It follows that� Â � Y � � ° { ±� ; F 2 Û{ � P  ' 0  Â� 0=; V ;� 2 W R (E.25)

wherethecostants ' and  Â canstill befreelychosen.

2. Let usnow requirethat
" �)��B ] Â{ \ .

Formulas(E.18)and(E.25)imply:" �)��B �KJ � � ° {[± o " Â� 0 ² ` H V  ' 0  Â� 0 K �  '� 0<; V ;� 2 W W u
andsincethis quantityhasto be ; � Â{ \ � we candeterminethe coefficientsappearingin
(E.25):  ' ��� Â � F " Â² ` H
Sothefirst gaugefunctionis determinedto be:� Â �KJ � � ° { ± V�; F K � � W �ÃÂ P F " Â² ` H ;� 0<; V ;� 2 W R (E.26)

3. Let usrequirethat
 �)��B ] Â{ \ ; from (E.19)and(E.6),consideringthat,accordingto our

conventionontheFouriertransform,everytimederivativecorrespondsto afactor
��F ² H $ ,weget: �)��B � P  Â� 0  32� 2 0�7)7)7 R J � � ° {[± 0 ² H� ; F 2 ú { � � ' 0 � � 2 � Â ] ; V ;� 2 W

but from (E.26)it follows that
ú { \ � Â ] Â{ ã , soweshall impose� ' � F ;² H V�; F K � �¶W P  Â� 0 L� 2 0<;�V ;�5�lW R J � � ° {[± (E.27)

whereK is anundeterminedconstant.
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4. Considernow theasymptoticbehaviour of
á �)��BÂ . From(E.27)weobtain:� � '� � � P F `  Â� F ` L� 2 0  Â² H ;� 2 0<; V ;� �lW R J � � ° { ±

Therefore,from (E.20):á �8��BÂ �KJ � � ° {<± @ `  Â� 0 ` L� 2 F  Â² H ;� 2 F ² H; F 2 ú { " Â² ` H ;� 0<; V ;�
� W A
sothatimposing

á �)��BÂ ] ; J � 2 correspondsto thecondition:" Â �  Â (E.28)

thatweobtainedfrom theasymptoticexpansionof themetricfunctions!

5. Wecanchoosethegaugefunctionsimposingthecondition
Ú �8��B' �X� .

From(E.21)weseethatthis requestfixes � 2 asa functionof � ' :
� 2 � ;² H � ' � � ; F 2 ú { �H 2 V  Â� 0 L� 2 0<; V ;�5�lW W J � � ° { ± (E.29)

where
L

is, of course,thesameconstantthatappearsin theexpressionfor � ' .
6. Let’s turn to

Ú �)��BÂ . From(E.29)� � 2� � � K �H 2 � 2 V  Â� 0 L� 2 0<;�V ;� �lWcW J � � ° {<± 00 ² ` HH 2 V  Â� 0 L� 2 0<; V ;�
�lW W J � � ° { ± 00 V ; F K � �¶W ;H 2 V F  Â� 2 F K L�5� 0=; V ;� © W W J � � ° {[± 7
Since

ú \{ ] Â{ \ , equation(E.22)impliesÚ �8��BÂ ] J � � ° {[± P " Â 0  Â² ` H�� 0<;�V ;� 2 W R (E.30)

But
" Â �  Â , so that thecoefficient

" Â 0  ÂNM��� , andasymptotically
Ú �)��BÂ ] Â{ (asit

should).
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7. Finally, let usconsider
â �8��B

. Since Â{ \ � 2 ] Â{ ã , equation(E.6) impliesâ �)��B � â ��¯¡� 0 � 2� 2 �KJ � � ° {<± P â Â� 0 â 2� 2 0<;�V ;�
�lW R (E.31)

sothat
â �)��B ] Â{ . To completetheproofweonly needto notethatç �8��B �OJ � � ° {[± o ç Â� 0<;�V ;� 2 W u (E.32)

andthat,being

ç Â � � =(0�; $ â Â ,ç �)��B F hr�mh 0�; $K â �8��B �� ç �8��B F�� =(0�; $ â �8��B � Y � � ° {<± P ç Â F�� =T0�; $ â Â� 0<; V ;� 2 W R ] V ;� 2 W
As anticipated,thecoefficientmultiplying Î ¦�Û diesout asymptotically

] Â{ \ .
In summary, thetransformationleadingfrom our gaugeto aTT-gaugeis specifiedby:� Â � Y � � ° {<±� ; F 2 ú { � P =² ` H�� 0=; V ;� 2 W R� 2 � Y � � ° {[± � ; F 2 ú { �H 2 P F =� 0 L� 2 0=;�V ;� �lW R� ' � F Y � � ° { ± � ; F 2 ú { �² H P F =� 0 L� 2 0<; V ;�5�lW R

Theasymptoticbehaviour of
Ú ��0M�E�¦&Û in thenew gaugeis determinedby theharmonic

È ¦&Û :Ú ��0M�?�¦&Û ¬ P F � K hl�mh 0�; $8�mhnF ; $t��h 0LK $ â �)��B È ¦�ÛRQ 0<; V ;� 2 W
andthemetricperturbationatinfinity canbeexpressedin termsof theamplitudeof theoutgoing
Zerilli functionat infinity:Ú ��0M�?�¦&Û ¬ F J �¡° {[±� P � K hr�mh 0�; $8��h1F ; $t��h 0¨K $ � �E�4� È ¦&ÛRQ (E.33)

E.1.4 Relation between SUT�V and the Zerilli function

Theasymptoticformof theperturbedmetrictensorin theradiativegauge,whereall components
have thecorrectdependency on theradialcoordinate,canbewrittenas:Ú ��0M�?�¦&Û Z8b � H �XW/� í � ë $�Y F Y �µ° { ±W Ì ¦&Û È ¦ � ���-�¦&Û � H $M�5È ¦&Û Z8br� (E.34)
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wherewehavedefinedZ&[ Y]\ ^H_a`9_cbedHfE`9_hg<dHf&`i_jbk^Gf
(E.35)

and

Z�[9lnmEo Y W#pZ&[ qrrs t t t tt t t tt t u [9l vw[9lt t vx[yl g{z�|~}�� p u [yl
�&���]�

is a tensorsphericalharmonic,whichsatisfiesthenormalizationcondition� Z��[9ln��� Z ���[ylh�/� Y�dG�
(E.36)

Theangularfunctionsaregivenbyu [yl Y��y� p� g��&�G����� � g dz�|~}�� p � p�G��� [yl � vw[9l Y.^G� ��� � � g��&�G����� � [yl �
and   � is theusual“tortoise” coordinate,  ��¡   b<^a¢¤£~�a¥�`§¦p©¨ gedHf

. By projecting ª�«�¬�«�­mEo
onto

theorthonormaltetrad®#¯±°³²�´ ¡ `�d � t � t � t f (E.37)®#¯ ¦ ²�´ ¡ ` t � t � gµd � t f® ¯ � ²�´ ¡ ` t � g   z)|¶}�� � t � t f® ¯ � ²�´ ¡ ` t � t � t � g   f �
wefind thetransverse-tracelesscomponentof theperturbedmetrictensor·ª «�¬�«�­mEo ¡ g ® ´¹¸ ¦»º  Z�[�¼ [yl¾½�¿ÁÀ °[yl `9ÂhfÄÃ ·Z&[ylnmEo � (E.38)

where
·Z&[ylÅmEo

is now a transverse, tracelessharmonic

·Z�[9lnmEo ¡ dZ�[ qrrs t t t tt t t tt t u [yl ÆÇ~ÈÊÉ � vx[ylt t ÆÇ~ÈÊÉ � vx[yl g u [yl
�&��� �

(E.39)

(E.40)

This impliesthat:·ª «�¬�«�­Ë bÍÌ ·ª «�¬�«�­Î ¡ g ® ´¹¸ ¦»º  ¼ [yl¾½{¿ÁÀ °[9l `9Âhf�Ï u [yl b Ì vx[ylz)|¶}��ÑÐ � (E.41)

Now, usingthedefinitionsweobtainu [yl b Ì vx[ylz�|~}�� ¡ � [ylcÒ �Ó� g��&�#��� � [ylcÒ � b Ô pz)|~} p � � [9l g ^ Ôz�|~}�� ` � [ylcÒ � gÕ�E�G��� � [yl f (E.42)
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sothat,definingthespin-weightedsphericalharmonicwith spinweight2 as:p � [yl ¡ d\ _a`i_jbedÖf&`9_×g<dHf&`i_cbØ^afxÙ (E.43)

Ù Ú � [ylcÒ �E� g��&�G��� � [yljÒ � b Ô pz�|~} p � � [yl g ^ Ôz)|¶}�� ` � [ylcÒ � gÕ�E�G��� � [yl fDÛ
wefinally have:·ª «�¬�«�­Ë bÍÌ ·ª «�¬�«�­Î ¡ g ® ´¹¸ ¦»º  ¼ [9l \ _+`i_cbÜdHf&`i_�g<dHfE`9_cbk^af ½{¿ÁÀ °[9l `9Âhf p � [yl (E.44)

¡ g ® ´¹¸ ¦»º  ¼ [9l ^�\ Ý6`yÝÞbedHf ½{¿ÁÀ °[yl `9Âhf p � [yl �
Note that, even correctingfor a factor ß ^Dà due to our different convention on the Fourier
transform,this formuladiffersby a factor2 from equation(39) in [45].

E.2 Radiation gaugefor axial perturbations

A genericaxial perturbationcanbewrittenas

ª [yl ¡ g \ ^H_a`9_cbedHf  ª�á [yl `9â �   f�ã ¯ á ²[yl b Ì \ ^H_a`9_cbedHf  ª Æ [yl `yâ �   f�ã [yl (E.45)g Ì \ ^H_a`9_jbÜdHf&`i_×g<dÖf&`9_cbk^af^   p ª p [yl `yâ �   f � [yl
or, in matrixnotation,

ª [yl ¡
qrrrs

t ª�á z)|~}��jä�åçæ¶èä � t g ª�á ÆÇ~ÈÊÉ � äÓåXæ¶èä �ª�á z)|¶}��jä�å æ~èä � g Æp ª p z�|~}�� vw[9l ª Æ z�|~}��jäÓå æ¶èä � g Æp ª p z)|¶}�� u [ylt ª Æ z)|~}��jä�å æ¶èä � t g ª Æ ÆÇ~ÈÊÉ � äÓå æ¶èä �g ª�á ÆÇ¶ÈÊÉ � ä�å æ¶èä � g Æp ª p z�|~}�� u [9l g ª Æ ÆÇ~ÈÊÉ � ä�å æ¶èä � Æp ª p ÆÇ~ÈÊÉ � vx[yl
� ���� �

(E.46)

Underaninfinitesimalcoordinatetransformationof theform(E.7)themetricchangesaccording
to formula(E.9),sothat,choosinganappropriategauge,wecaneliminatesomecomponentsofª ¿êéìëm&o .
Themoregeneralaxial vectorhastheformíGî�ï ´ î é[yl ¡ Ì   í�ð `   � â�f � t � gñz)|¶}�� ������ [yl � t � dz)|~}�� ��4òk� [9l � � (E.47)

or, defining
í�ð `   � â�f ¡ g ´¦Öó ,íGî�ï ´ î é[yl ¡ ó `   � â�f � t � gÅz)|~}�� ������ [yl � t � dz�|~}�� ��4ò=� [yl � � (E.48)
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Underagaugetransformationthemetriccomponentschangein thefollowing wayª ¿êéìëÆ ð ¡ g d^ ª ¿êéìëp z�|~}�� u [yl ¡ � g d^ ª p `   � â�f�b ó `   � â�f � z)|¶}�� u [yl (E.49)ª ¿êéìëÆ á ¡ ª ¿êéìëá z�|~}�� � [9ljÒ � ¡¤ô ª�á `   � â�f�böõó `   � â�f©÷�z)|~}�� � [9ljÒ � (E.50)ª ¿êéìëp Æ ¡ ª ¿êéìëÆ z�|~}�� � [9ljÒ � ¡ � ª Æ `   � â�f�b óùø `   � â�f�g ^  ó � z)|¶}�� � [ylcÒ � (E.51)ª ¿êéìëð»ð ¡ d^ ª ¿Áé±ëp vx[ylcÒ �z)|~}�� ¡ � d^ ª p `   � â�f�g ó `   � â�f � vx[ylz)|¶}�� (E.52)ª ¿êéìëÆ»Æ ¡ g d^ ª ¿êéìëp z�|~}�� vx[yl ¡ ��g d^ ª p `   � â�fUb ó `   � â�f � z�|~}�� vw[9l (E.53)

TheRegge-Wheelergaugecorrespondsto thechoice
^ ó `   � â�f ¡ ª p `   � â�f . With this choice,the

coefficient ª ¿êéìëp [yl multiplying
� [yl

is zero,sothat

ª ¿êéìë[yl ¡ g \ ^H_a`9_cbedHf  ª ¿êé±ëá [yl `9â �   f�ã ¯ á ²[yl b Ì \ ^H_a`9_6bedÖf  ª ¿êéìëÆ [yl `yâ �   f�ã [yl (E.54)

Let usdefineanew function

½ î©ï `   � â�f ¡ ª ¿êé±ëÆ  ® p o (E.55)

Then,sincefrom theEinsteinequationsit follows thatõª�á ¡ Ï d�g ^a¢   Ð p ª ø Æ b ^G¢  p Ï d�g ^a¢   Ð ª Æ (E.56)

andusingourconvention(1.40)on theFouriertransform:ª `yâ�f ¡ � ®#ú ´¹¸D° ª `9Âhf � Â � (E.57)

wehaveg�Ì�Â ª ¿êéìëá ¡ ��   � `   ½ î�ï f�� (E.58)

At radialinfinity theRegge-Wheelerfunctionbehavesasa pureoutgoingwave:£¶|~û¦»º»ü�ý ½ î�ï `iÂ �   f ¡ ½ î©ï Ò ¿ÁÀ ° `9Âhf ® ´¹¸ ¦»º
andthereforeª ¿êéìëÆ ¡   ½ î©ïþ d�g p©¨ ¦ ÿ �   ½ î©ï Ò ¿ÁÀ ° `9Âhf ® ´¹¸ ¦»º �ª ¿êéìëá ¡ g dÌ�Â � ½ î�ï b   ½ ø î©ï � � g   ½ î�ï Ò ¿ÁÀ ° `iÂhf ® ´¹¸ ¦ º �
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Sincetheperturbationfunctionsgo like   at radial infinity, theRegge-Wheelergaugeis not a
radiationgauge,sinceat infinity the perturbationsshoulddie out as

d��   . We canmove to a
radiativegaugeby anothercoordinatetransformation.Justlikebefore,ª ­�«��Æ ð ¡ g d^ ª ­�«��p z)|¶}�� u [yl ¡ � g d^ ª ¿êé±ëp `   � â�f�b ó `   � â�f � z�|~}�� u [yl (E.59)ª ­�«��Æ á ¡ ª ­�«��á z�|~}�� � [ylcÒ � ¡ ô ª ¿êéìëá `   � â�f�b õó `   � â�f ÷ z)|¶}�� � [ylcÒ � (E.60)ª ­�«��p Æ ¡ ª ­�«��Æ z�|~}�� � [ylcÒ � ¡ � ª ¿êéìëÆ `   � â�f�b ójø `   � â�f�g ^  ó � z�|~}�� � [ylcÒ � (E.61)ª ­�«��ð»ð ¡ d^ ª ­&«��p vx[yljÒ �z�|~}�� ¡ � d^ ª ¿êé±ëp `   � â�f�g ó `   � â�f � vx[ylz)|¶}�� (E.62)ª ­�«��Æ»Æ ¡ g d^ ª ­�«��p z)|¶}�� vx[yl ¡ �©g d^ ª ¿êéìëp `   � â�f�b ó `   � â�f � z)|~}�� vx[yl (E.63)

where ª ¿êéìëp ¡ t
. Let uschoosethegaugefunctionsothatª ­�«��á ¡ ª ¿êéìëá b õó ¡ t�� õó ¡ g ª ¿êéìëá �

In Fourierspace

ó ¡ ª ¿êéìëáÌ�Â � (E.64)

sothatª ­�«��á ¡ t � (E.65)ª ­�«��p ¡ ª ¿êéìëp gA^ ó ¡ g!^ ó ¡ g ^ ª ¿Áé±ëáÌ�Â � (E.66)ª ­�«��Æ ¡ ª ¿êéìëÆ b óùø g ^  ó � (E.67)

Being the Einsteinequationsgaugeinvariant, the equationswritten in the old gaugearestill
valid whenwereplaceª ¿êé±ë by ª ­&«�� . FromtheEinsteinequationswehave therelation	ª Æ g õª ø á b ^  õª�á b Ï d�g ^a¢   Ð ^#Ý  pUª Æ ¡ t � (E.68)

or, in Fourierspace,g�Â p ª ¿êéìëÆ bÍÌyÂ ª ¿êé±ë øá g ^#ÌyÂ  ª ¿êéìëá b Ï d�g ^a¢   Ð ^#Ý  p ª ¿Áé±ëÆ ¡ t �
(E.69)

Usingequation(E.64)wefind

ª ¿êéìëÆ b óùø g ^  ó ¡ ^DÝ  p Â p Ï�d�g ^a¢   Ð ª ¿êé±ëÆ �
(E.70)
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But in this equationtheleft handsideis just ª ­&«��Æ , sothatª ­�«��Æ ¡ ^#Ý  p Â p Ï d�g ^a¢   Ð ª ¿êéìëÆ � ^#Ý  Â p ½ î©ï Ò ¿ÁÀ ° `iÂhf ® ´¹¸ ¦ º � (E.71)ª ­�«��p ¡ g ^ ª ¿êéìëáÌyÂ � ^  Ì�Â ½ î�ï Ò ¿ÁÀ ° `iÂhf ® ´¹¸ ¦êº � (E.72)

Substitutingequations(E.71)and(E.72)inª ­�«��[yl ¡ Ì \ ^H_a`9_cbedHf  ª ­&«��Æ ã [yl g Ì \ ^H_a`9_jbÜdHf&`i_×g<dÖf&`9_cbk^af^   p ª ­�«��p � [yl
(E.73)

andusingthefactthat,like thepolarharmonics,theaxialharmonicsbehaveasconstantsin the
limit  �
 � whenprojectedon thetetrad,we find thattheaxial partof themetricat infinity is
relatedto theRegge-Wheelerfunction,in radiationgauge,by:·ª ¿êë©ë[yl m&o 
 g ® ´¹¸ ¦êº  
 \ ^Ö_+`i_jbÜdHf&`i_�g=dHfE`9_cbk^afÂ ½ î�ï Ò ¿�À ° `9Âhf ·� [yl mEo�� (E.74)

Here
·� [yl mEo

is obtainedprojectingthetensorharmonic

� [yl m&o ¡ g�Ì   pZ�[ qrrs t t t tt t t tt t b z)|¶}�� vx[yl z)|¶}�� u [ylt t z�|~}�� u [yl g ÆÇ~ÈÊÉ � vw[9l
� ��� (E.75)

on thetetrad,andis givenby·� [yl m&o ¡ g�ÌZ&[ qrrs t t t tt t t tt t g ÆÇ¶ÈÊÉ � vx[yl u [ylt t u [yl ÆÇ¶ÈÊÉ � vx[yl
� ���¾� (E.76)

where
Z�[

wasdefinedin equation(E.35).Equations(E.74)and(E.38)canbecombinedto yield:·ª [yl m&o ¡ g ® ´¹¸ ¦ º  \ ^Ö_+`i_cbÜdHf&`i_�g<dHfE`9_6bk^af Ú ½ î�ï Ò ¿�À ° `iÂhfÂ ·� [yl mEo b ½{¿ÁÀ ° `iÂhf ·Z�[9l mEo Û � (E.77)
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The Padé-approximantsexpansion

ThePad́e-approximantsexpansiontriesto improve theconvergencepropertiesof thestandard,
Taylor-seriesPost-Newtonianexpansionon thebasisof a physicalanalysisof thebehaviour of
theenergy functionin thepoint-masslimit. Theusuallyconsideredenergy function � is related
to thetotal relativistic energy � ° ¿ ° (Bondimass)of thebinarysystemby� ° ¿ ° ¡ ¢ ° ¿ ° `�dùb � f (F.1)

where
¢ ° ¿ ° ¡ ¢ b Ô á is the total massof the binary. For a testparticle Ô á moving in the

backgroundof aSchwarzschildblackholeof mass
¢

thetotal,conservedmass-energy reads� ° ¿ ° ¡ ¢ b�� á � (F.2)

where,if we denoteby � m the time-translationKilling vectorandby � m the 4-momentumof
the testmass,

� á ¡ g � m � m is the conserved relativistic energy of the testparticle. At infinity� m ¡�� m ��¢ , so � ° ¿ ° ¡ ¢ g � Ã � ��¢ , which is clearly a very asymmetricexpression.One
shouldinsteadconsidertheMandelstamvariable� ¡ � p° ¿ ° ¡ gx` � b � f�p ¡ ¢ep�b Ô pá g�^ � Ã � ,
or better, a quantitywhich is very well suitedto extendone-body-in-external-fieldresultsto
two-bodyresults,i.e.��� � gÍ¢ p g Ô pá^a¢ Ô á ¡ � p° ¿ ° gÍ¢ p g Ô pá^G¢ Ô á � (F.3)

which reducesto � ¡ g � Ã � ��¢ Ô á ¡ � á � Ô á in thetest-particlelimit. For a test-massorbiting
aSchwarzschildblackhole,� ¡ d�gA^ íß d�g�� í � (F.4)

where
í ¡�� p , andthissuggeststhatthe“true”, two-bodyfunction � will alsohaveasquare-root

singularityin thecomplex
í

plane.This led Damour, Iyer andSathyaprakash[28] to consider
anenergy functionhaving asimplepolesingularity, givenby® ` í f ��� p g<d � Ï � p° ¿ ° gÍ¢ p g Ô pá^a¢ Ô á Ð p g=da�

(F.5)

Fromthis functiononecaneasilyobtainthe“standard”energy � ` í f :� ` í f ¡! dùbØ^#" ô \ djb ® ` í f�g<d ÷%$ Æ�& p g<da�
(F.6)

151
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Incidentally, wenotethatthe � -derivativeof this functionreads� ø ` � f ¡ ^ � � � ` í f� í '''')(+* ¬-, ¡ � "� dùb � ` í f»� \ djb ® ` í f � ® ` í f� í '''')(+* ¬-, � (F.7)

In thetest-masslimit, the“new” energy functionis analyticallygivenby® ` í � " ¡ t f ¡ g í d�g/. íd�g�� í ¡ g í þ d�g í g�� í p g�0 í ð g=�&���ag�� ­ ú Æ í ­ g<����� ÿ � (F.8)

In theequal-masscase,at present,we only know anexpansionaccurateup to thesecondPost-
Newtonianorder:® p2143 `65 � " f ¡ g75 � d�g!8adùb " �:9 5Þg Ï4� g �<;dH^ " Ð 5 p � � (F.9)

Now, anexcellenttool toapproximaterationalfunctions,evenwhenthey havepolesingularities,
is thePad́e-approximantstechnique.

A Pad́eapproximantof agivenfunctionwhoseTaylor approximantto order
Ý

is= ­ ` � f ¡ ­¼ > * á@?
> � > (F.10)

is definedby two integers Ô , � suchthat Ô b � ¡ Ý
. If A ­ � ����� � denotesthe operationof

expandinga function in a Taylor seriesandtruncatingtheexpansionat order
Ý

(included),the� l> Pad́eapproximantof
= ­ is definedby� l> ` � f ¡CB l ` � fD > ` � f � A ­ � � >l ` � f»� � = ­ ` � f � (F.11)

where B l and
D >

are polynomialsin � order Ô and � , respectively. If one assumesthatD > ` t f ¡ t
, then the last equationcanbe shown to uniquely definethe Pad́e approximants.

In many cases,the mostusefulPad́e approximantsturn out to be the onesnearthe diagonalÔ ¡ � . In particular, we shall follow Damour, Iyer andSathyaprakashin usingdiagonalPad́e
approximants,� ll , if

Ý ¡ ^ Ô is even,andsubdiagonalapproximants,� ll Ë Æ , if it is odd.These
approximantscanbeconvenientlyexpressedin acontinuedfractionform; for example,given= p ` � f ¡ ? á b ? Æ � b ? p � p (F.12)

onelooksfor� ÆÆ ` � f ¡ ã ádjb EGF ¬Æ Ë E , ¬ ¡ ã á dùbØã p �dùb2`�ã Æ bØã p f � � (F.13)

andgiven= ð ` � f ¡ ? á b ? Æ � b ? p � p b ? ð � ð (F.14)

onelooksfor� Æp ` � f ¡ ã ádjb E F ¬Æ Ë�H ,GIFKJ HML I ¡ ã á dùb2`�ã p bÍã ð f �dùb2`�ã Æ bØã p bÍã ð f � bÍã Æ ã ð � p � (F.15)
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Usingthisapproachonehastheadvantagethatthelowerordercoefficients
ã >

remainunchanged
aswe increasetheorderof thepolynomialwe wantto approximate,andthat the

ã >
’s arealgo-

rithmically obtainablefrom thecoeffients ?ON of theTaylor-seriesexpansionwith PRQS� .
As we saidbefore,Pad́e approximantsareexcellenttools to approximatefunctionshaving

polesingularities.For example,if we knew only the2PN-accurate(i.e., T ` �<U f ) approximation
to thetest-massenergy function,i.e.®WVWX ` í � " ¡ t f ¡ g í `©d�g í g�� í p f � (F.16)

thecorrespondingPad́eapproximantwouldbeuniquelydefinedas® 1 X ` í � " ¡ t f ¡ g í d�g�. íd�g�� í � (F.17)

which is theexactresult! Thiswouldalsolead,alreadyat this order, to aperfectlocationof the
laststableorbit in thetestmasscase,sincewewouldhave� ø1 X ` � f ¡ gY" � d�g�Z � p`�d�g�� � p f ð & p � (F.18)

which hasa zerofor �Þ¡��#[]\#^ ¡ d�� ß Z . Theideais to consider
"

asa perturbationparameter,
andusea sortof structuralstability of thesolutionto locatethe ISCOin theequal-masscase.
Sincethe only known coefficientsfor the expansionof the energy function in the equal-mass
case, ®WV ,`_ ¡ g í ­¼ > * á ?

> í >
(F.19)

are ? á ¡ d � ? Æ ¡ gµd{ga"b�]� � ? p ¡ gc�{bd�e;#"b��dH^ � (F.20)

applyingthediagonalPad́e approximationasdescribedbeforeyieldsfor thecoefficientsof the
continuedfraction:ã á ¡ d � ã Æ ¡ dùb " � � ã p ¡ g .Ñg�0]"f�#.�bg" p �]0dùbg"f�]� � (F.21)

sothatthebestavailablePad́eapproximantis® 1 X `h5 � " f ¡ g í djbg"f�]� gÜ`�.Ñg�0]"f�#.�b�" pi�#0+f ídùbg"f�]�!ge`�� g��<;O"b� dÖ^af í �
(F.22)

Now, from formula(F.7) it followsthatthelaststablecircularorbit necessarilycorrespondsto a
minimumof thefunction ® `h5 f , while thelastunstablecircularorbit (or light ring) corresponds
to a square-rootsingularity � `65Ng�5kj ¿êé « f ú Æ�& p in � `65 f , correspondingto a simplepole � `65 g5kj ¿êé « f ú Æ in ® `h5 f . Theseconsiderationsandformula(F.22)predictfor thelight ring5 []l `�" f ¡ 5kj ¿êé « `6"�f ¡ d� dùbg"f�]�d�g��<;#"f�]�eZ � (F.23)

while for thelaststablecircularorbit wehave5 []\#^ `6"�f ¡ dZ dùbg"f�]�d�g��<;#"f�]�eZdm ^ g djbg"f�]�\ d�g�0#"b� dnZ�bg" p �]�eZ�o � (F.24)
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In theequal-masscase,
" ¡ d��#.

, this predictionyieldsp []\#^q�r ¡ ;es�dt0 �). Ù `Á¢au@�&¢ ° ¿ ° f Hz
�

(F.25)

For two neutronstarsof massequalto
dG�v./¢wu

thecorrespondingfrequency is
^ t ./^ �vZ

Hz, while
for two

d t
-solarmassblackholesit is of

^#xeZ � t
Hz.

Of course,themainingredientwe needfor thecomputationof thenumberof cyclesandof
thesignal-to-noisereductionis not theenergy function,but theflux function.

In thepoint-masscase,theflux functioncanbewrittenasõ� ` � � " ¡ t f ¡ �+^; " p � Æ á m Æ»Æ¼ > * ázy
> � > bÍ£¶} � Æ»Æ¼ > *b{@|

> � > o � (F.26)

wherethecoefficients y > and |
>

canbereadoff from equation(4.55). In theequal-masscase,
instead,only thefirsty fivecoefficientsareknown,õ� ` � � " f ¡ �+^; " p � Æ á m~}¼ > * á y

> `�" f � > o � (F.27)

(no logarithmiccorrectionsappear!)andthey aregivenby

y á `�" f ¡ d � y Æ `�" f ¡ t � y p `6"�f ¡ g dH^O.ks�e�]Z g �<;#"dÖ^ � y ð `�" f ¡ .Gà � (F.28)

y U `�" f ¡ g Ï .e.<s dad0 t sa^ b 0a^es dn"; t . b Z<;O" pdtx Ð � y } `6"�f ¡ g Ï x dt0 dZ<sG^ b ;]�<;O"^#. Ð à��
In bothcases,wetheflux functioncanbereducedto aform allowing theapplicationof thePad́e
procedureby thefollowing steps:� Weintroducea “f actored”flux functionõ® ` � � "�f ¡ `�d�g � � � j ¿Áé « `�" f)f õ� ` � � " f � (F.29)

where,of course,� j ¿êé « `�" f ¡ \ 5kj ¿êé « `6"�f . This operation“regularizes”the Taylor-series
expansionintroducinga linear term in � which is otherwiseabsent,both in the equal-
massandin thetest-masscase,sincey Æ `�" f ¡ t

.

In particular, noticethatthepolevelocity for the � U Pad́e approximant,in theequalmass
case,is:� 1 Xj ¿êé « `6"�f ¡ dß � dhb�"b�#�d�g��<;O"b�]�]Z � (F.30)

while in the test-masscase,sincethe � U -accuratePad́e approximantyields the correct
result,all subsequentorderspredict(correctly) � j ¿êé « `6" ¡ t f ¡ d�� ß Z .� Wefactorizethelogarithmsby writing thenew functionasõ® ` � � "�f ¡ �+^; " p � Æ á m dùbÍ£¶} ��#[]\#^ `6"�f�� ¼�> _ > � >�� o Ù m ¼k>]Z > � > o � (F.31)
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õ® 1 _ ` � � "�f ¡ �a^; " p � Æ á m dùbÍ£~} ��O[e\O^ `�" f � ¼<> _ > � >�� o Ù � ll Ëb� m ¼�>]Z > � > o � (F.32)

where� ¡ t
when

Ý
is even,or � ¡ d

when
Ý

is odd.� Fromthenew functionwe go backto theold one,identifying thepolevelocity � 1 _j ¿êé « `�" fdefinedby the � ­ approximantof ® `65 f andcomputing

õ� 1 _ ` � � " f ¡ � d�g �� 1 _j ¿êé « `6"�f
� ú Æ õ® 1 _ ` � � "�f�� (F.33)

In practice,thecoefficients
_ >

appearingin thedefinition(F.31)arerelatedto theoriginal coef-
ficientsby_ { ¡ | { � _�� ¡ t � _W� ¡ | �ùg y p | { � _�� ¡ | �jg y ð | { (F.34)_ Æ á ¡ | Æ á g y p _W�cg y U | { � _ Æ»Æ ¡ | Æ»Æ g y p _W�ùg y ð _W�jg y } | { �andthe

Z >
’s aregivennumericallybyZ á ¡ d � Z Æ ¡ gµda��s]�+^ � Z p ¡ gc� ��s dGd � Z ð ¡ dtx �v0e0 � Z U ¡ g!^#Z ��Z]0 �(F.35)Z } ¡ g�^]0 ��s]Z � Z { ¡ dt0eZ ��ZeZ � Z � ¡ gY�+^es�� ^]Z � Z � ¡ dGda� t Z �Z � ¡ dadnxex � t ; � Z Æ á ¡ g�^]xex].��v0 t � Z Æ»Æ ¡ ^]x+^#� ���]Z �

We havecomputedexplicitly, bothin thepoint-masscaseandin theequal-masscase,thecoef-
ficientsappearingin thecontinued-fractionform of thePad́e expansionin equation(F.32).

Looking for thediagonalor subdiagonalPad́eapproximantsin thepoint-masscasewefind:ã á ¡ d � ã Æ ¡ da��s#�+^ � ã p ¡ gY� ��xese; � ã ð ¡ .�� t d�; � ã U ¡ t ��Z+^#0 �ã } ¡ t ��;]0 t � ã { ¡ g t ���#.k; � ã�� ¡ ; ��;]Z t � ã�� ¡ ^�� t �e; �ãi� ¡ gY� da��;es]Z � ã Æ á ¡ ^a^ �vZ<;]� � ã Æ»Æ ¡ g t �³d t da�
Noticehowever that thePad́e expansionsat order � � and � Æ á show polesin thevelocity region
of interestfor a binarycoalescence.In principle,onecanbypassthis problemby usingsuper-
diagonalPad́eapproximantsinsteadof subdiagonalones,but weshallsimplyavoid usingthese
irregularapproximants.

In theequal-masscase,on theotherhand,theseriesappearingin theflux functionreads

}¼ > * á Z
> � > ¡ d�g d� j ¿êé « � b Ï g dH^O.ks�e�]Z g �<;#"dH^ Ð � p b Ï Z<s#�e�ex�b�;G^]0+^ t "!b�sa^];es]Z#à � j ¿êé «dtx dn.e. � j ¿êé « Ð � ð gg Ï sa^e;]s]Z#àÞb2`�xe0]./^G^�g��e�e�<se;#Z]"Rg�Ze;e;a^ t " p f � j ¿êé «dtx dn.]. � j ¿êé « Ð � U
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andthecoefficientsof thecontinued-fractionexpansionare:ã á ¡ dã Æ ¡ d� j ¿Áé «ã p ¡ g d�e�eZ � j ¿êé « `��e�eZ�bedH^O.ks � pj ¿Áé « b�0ex t " � pj ¿êé « fã ð ¡ � j ¿Áé «�e�eZ `�.�dnxe0e0+^×bg�+^]0+^#x t " bÜd�;e;e; tat 0 � pj ¿êé « bk^O.e.e.�dH^ t " � pj ¿êé « bg0eZ t . tGt " p � pj ¿Áé « bb .k; d�;]x#.Gà � j ¿Áé « f Ù `��e�eZ�bedH^O.ks � pj ¿Áé « bd0ex t " � pj ¿êé « f ú Æã U ¡ d0 `©dt�eZ<;e;#0 tat dtZDà bedGdadad t Ze;]0ex]. � j ¿êé « "ÑbedtZes dn./^e;G^]x t � j ¿êé « " p bdZ]�ex].<0 dGd�;]Zex � j ¿êé « bb �e0ex+^]0es t xex t à � pj ¿êé « " bØ^a^es#.eZ dtZex<; t x � ðj ¿Áé « "!b�; t Z]x dH^esa^#�+^Dà � pj ¿êé « bd0#.e.<�<s]xe;]Zex t � ðj ¿êé « " p gg ;#.<Z+^]�]Z tat Z]. � ðj ¿êé « à p bg.<xes#.<0e0 t . tat � ðj ¿êé « " ð bk^]�]Ze0eZe�ex]� dadad � ðj ¿êé « f ÙÙ `��e�eZ�bÜdH^#.ks � pj ¿êé « bd0]x t " � pj ¿êé « f ú Æ ÙÙ `�.�dtx]0e0+^�bd�a^]0+^]x t " bedt;e;e; tat 0 � pj ¿êé « bk^#.e.].�dH^ t " � pj ¿Áé « bd0eZ t . tat " p � pj ¿êé « bg.<; d�;]x].#à � j ¿êé « f ú Æ �
In practice,to sumthecontinuedfractionweusethealgorithmdevelopedby Teichroew and

Gautschi[37]; givenacontinuedfractionof theform? Æ� Æ b ? p� p b ? ð��ð be�³�³� ¡ ? Æ� Æ b î ,� , Ë������ (F.36)

with � terms,thatwewrite as � > ¡ ? Æ� Æ b ? p� p be�³�¶� ? >� > �
its valuecanbeobtainedfrom therecursionrelations(p=1,2,3...):� j Ë Æ ¡ ddùb îG� JeF� � � � JeF � j (F.37)� j Ë Æ ¡S� j�` � j Ë Æ g<dHf

(F.38)� j Ë Æ ¡ � jùb � j Ë Æ � (F.39)

wheretheinitial datato starttheiterationare:� Æ ¡ d
(F.40)� Æ ¡ � Æ ¡ ? Æ� Æ � (F.41)



Appendix G

Spin-weightedspherical harmonics

ThisAppendixexplainsin detailhow to computethespin-weightedsphericalharmonics� = é l `y� � ò�f .
We shall follow thedefinitionby Goldberg et al. [38]. Thespin-weightedsphericalharmonics
arerelatedto ordinarysphericalharmonics� é l `9� � ò�f by therelation:

� = é l `�� � ò�f ¡ `©g!f � `�� g � fi�`6��b � f�� � Ë Æ��� � Ë p ��§����� á �� � é l `y� � ò�f � t QS��Q �
� = é l `�� � ò�f ¡ `6��b � f��`6��g � f�� � ú Æ � � ú p �§����� á � � é l `9� � ò�f � gY� Q���Q t

(G.1)

wheretheoperators� � ed � �� , actingon quantities
" � of spin-weight� , aredefinedas:� ��" � ¡ g§`�z�|~}��	f � � ���� b Ìz)|~}�� ��4ò � `�z�|~}���f ú � " � ¡ g Ï ���� b Ìz)|¶}�� ��4ò g � �&�#��� Ð " � ¡¡ g¾Ï ���� g Ôz�|~}�� g � �&�G��� Ð " �� ��%" � ¡ g§`�z�|~}��	f ú � � ���� g Ìz�|~}�� �� ò � `�z)|¶}��	f � " � ¡ g¾Ï ���� g Ìz�|~}�� �� ò b � �&�G��� Ð " �¡ g Ï ���� b Ôz)|¶}�� b � �E�G��� Ð " �

Fromthesedefinitionswehave:

ú p = é l ¡ `�� gÍ^afi�`���bk^Gf�� ú Æ��� á �� � é l¡ `�� gÍ^afi�`���bk^Gf�� � � é ljÒ �Ó� g �&�G��� � é lcÒ � b Ô pz�|~} p � � é l b ^ Ôz)|~}�� ` � é lcÒ � gÕ�E�G��� � é l f �¡ `�� gÍ^afi�`���bk^Gf�� z�|~} p � Ï dz�|~}�� ���� b Ôz)|¶} p � Ð Ï dz)|~}�� ���� b Ôz)|¶} p � Ð � é lú Æ = é l ¡ `©gRdHf Ù `�� g<dÖf��`���bÜdHf�� á �� � é l ¡ `�� g<dHfi�`�� bedHfi� ô � é ljÒ � b Ôz�|~}�� � é l ÷
157
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á = é l ¡ � é l (G.2)Æ = é l ¡ `�� g<dHfi�`���bedÖf�� á � � é l ¡ g `���g=dÖf��`���bedÖf�� ô � é lcÒ � g Ôz�|~}��×� é l ÷p = é l ¡ `�� gÍ^afi�`���bk^Gf�� Æ � á � � é l¡ `�� gÍ^afi�`���bk^Gf�� � � é ljÒ �Ó� g �&�G��� � é lcÒ � b Ô pz�|~} p � � é l g ^ Ôz�|~}�� ` � é ljÒ � g��&�#��� � é l f �¡ `�� gÍ^afi�`���bk^Gf�� z�|~} p � Ï dz�|~}�� ���� g Ôz�|~} p � Ð Ï dz�|~}�� ���� g Ôz�|~} p � Ð � é l
wherethesphericalharmonicsfor Ô�� t

canbeobtainedfrom theLegendrepolynomials� é `h5 fthrough:

� é l `y� � ò�f ¡ ^]��bÜd.Gà `��4g Ô f��`�� b Ô f�� `�z)|¶}��	f l � dz�|~}�� ���� � l � é `��E�az��	f ® ´ l � � (G.3)

while thosewith Ô�� t
canbeobtainedfrom theharmonicswith Ô�� t

usingtherelation� é ú l `y� � ò�f ¡ `�gµdHf l ���é l `�� � ò�f�� (G.4)

Thefollowing Maple codecomputesthespin-weightedharmonicsthroughtheserelations,and
at theendit printsthevaluesof theharmonicsfor (

� ¡ à �a^
,
ò ¡ t

):

restart:
with(orthopoly) :
Digits:=20:
#
# Compute the spherical harmonics Y_{lm}(\theta, \p hi ), which
# are also spin-weighted harmonics of spin 0.
# Since Y_{lm}(\theta,\p hi )= Y_{l m}( \t heta ,0 )eˆ {i m\phi} ),
# the code computes only Y_{lm}(\theta, 0) ,
# using different names in the cases m>=0 and m<0.
# If m>=0, call Y(l,m,theta)=Y _{ lm} (\ th et a, 0).
# If m<0, call Yb(l,m,theta)=Y _{ lm} (\ th et a, 0).
#
dz:=x->1/sin(th et a) *d iff (x ,t heta ):
Y:=(l,m,theta)- >sqr t( (2* l+ 1) /( 4* Pi) *( l- m)!/ (l+ m)!) *
sin(theta)ˆm*(d z@@m)( P(l ,c os (t heta) )) :
Yb:=(l,m,theta) -> (- 1) ˆm* Y( l, -m,t het a) :
#
# Compute the spin-weighted harmonics of spin s=-2,
# _{-2}S_{lm}(\th et a, \ph i) .
# Even in this case, since
# _{-2}S_{lm}(\th et a, \ph i) =_{- 2} S_{ lm }( \t heta, 0) eˆ {i m\phi },
# compute only _{-2}_S_{lm}(\t heta, 0) ,
# using different names in the cases m>=0 and m<0.
# If m>=0, call S2(l,m,theta)= _{ -2} S_{l m}(\ the ta ,\ 0) .
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# If m<0, call Sb2(l,-m,theta) =_{-2 }S _{ lm }( \th et a, 0) .
#
dzz:=(m,x)->dz( x) +m/s in( th et a) ˆ2 *x:
S2:=(l,m,theta) -> sq rt ((l -2 )! /( l+ 2)! )*
sin(theta)ˆ2*dz z( m,dz z(m ,Y (l ,m,t het a) )) :
Sb2:=(l,m,theta )- >sqr t(( l- 2) !/ (l +2) !) *
sin(theta)ˆ2*dz z( m,dz z(m ,Y b( l, m,the ta )) ):
#
# Compute the spin-weighted harmonics of spin s=-1,
# _{-1}S_{lm}(\th et a, \ph i) , calling them S1 and Sb1
#
S1:=(l,m,theta) -> sq rt ((l -1 )! /( l+ 1)! )*
(-diff(Y(l,m,th et a) ,t het a) -m*Y (l ,m, th et a) /s in( th et a) ):
Sb1:=(l,m,theta )- >sqr t(( l- 1) !/ (l +1) !) *
(-diff(Yb(l,m,t heta ), the ta )- m*Yb(l, m,th et a) /si n( th et a) ):
#
# Compute all the spin-weighted harmonics required in the source term
# and put them in an array.
#
fd:=fopen("c:/o rb it ec hiu se /a rmonich es pi nMaple" ,WRI TE);
for l from 2 to 4 do for m from -l to -1 do
fprintf(fd,"%d %d %d %16.10g\n",l,m,- 2,
evalf(subs(thet a=Pi /2 ,Sb 2( l, m,th eta )) ))
od od:
for l from 2 to 4 do for m from 0 to l do
fprintf(fd,"%d %d %d %16.10g\n",l,m,- 2,
evalf(subs(thet a=Pi /2 ,S2 (l ,m,t heta) )) )
od od:
for l from 2 to 4 do for m from -l to -1 do
fprintf(fd,"%d %d %d %16.10g\n",l,m,- 1,
evalf(subs(thet a=Pi /2 ,Sb 1( l, m,th eta )) ))
od od:
for l from 2 to 4 do for m from 0 to l do
fprintf(fd,"%d %d %d %16.10g\n",l,m,- 1,
evalf(subs(thet a=Pi /2 ,S1 (l ,m,t heta) )) )
od od:
for l from 2 to 4 do for m from -l to -1 do
fprintf(fd,"%d %d %d %16.10g\n",l,m,0 ,
evalf(subs(thet a=Pi /2 ,Yb (l ,m,t heta) )) )
od od:
for l from 2 to 4 do for m from 0 to l do
fprintf(fd,"%d %d %d %16.10g\n",l,m,0 ,
evalf(subs(thet a=Pi /2 ,Y( l, m,th et a)) ))
od od:
#
# Compute the spin-weighted harmonics of spin s=2,
# _{-2}S_{lm}(\th et a, \ph i) .
# Even in this case, since
# _{-2}S_{lm}(\th et a, \ph i) =_{- 2} S_{ lm }( \t heta, 0) eˆ {i m\phi },
# compute only _{-2}_S_{lm}(\t heta, 0) ,
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# using different names in the cases m>=0 and m<0.
# If m>=0, call S2p(l,m,theta) =_{-2 }S _{ lm }( \th et a, \0 ).
# If m<0, call Sb2p(l,-m,theta )= _{- 2} S_{l m}(\t heta ,0 ).
#
dzzp:=(m,x)->dz (x )- m/sin (t heta )ˆ 2*x :
S2p:=(l,m,theta )- >sqr t(( l- 2) !/ (l +2) !) *
sin(theta)ˆ2*dz zp (m,d zzp (m,Y (l ,m,th et a) )) :
Sb2p:=(l,m,thet a) -> sq rt( (l -2 )! /( l+2 )! )*
sin(theta)ˆ2*dz zp (m,d zzp (m,Y b( l, m,t heta )) ):
#
# Compute the spin-weighted harmonics of spin s=-1,
# _{-1}S_{lm}(\th et a, \ph i) , calling them S1p and Sb1p
#
S1p:=(l,m,theta )- >sqr t(( l- 1) !/ (l +1) !) *
(-diff(Y(l,m,th et a) ,t het a) +m*Y (l ,m, th et a) /s in( th et a) ):
Sb1p:=(l,m,thet a) -> sq rt( (l -1 )! /( l+1 )! )*
(-diff(Yb(l,m,t heta ), the ta )+ m*Yb(l, m,th et a) /si n( th et a) ):
for l from 2 to 4 do for m from -l to -1 do
fprintf(fd,"%d %d %d %16.10g\n",l,m,1 ,
evalf(subs(thet a=Pi /2 ,Sb 1p(l ,m,t het a) )) )
od od:
for l from 2 to 4 do for m from 0 to l do
fprintf(fd,"%d %d %d %16.10g\n",l,m,1 ,
evalf(subs(thet a=Pi /2 ,S1 p( l, m,th eta )) ))
od od:
for l from 2 to 4 do for m from -l to -1 do
fprintf(fd,"%d %d %d %16.10g\n",l,m,2 ,
evalf(subs(thet a=Pi /2 ,Sb 2p(l ,m,t het a) )) )
od od:
for l from 2 to 4 do for m from 0 to l do
fprintf(fd,"%d %d %d %16.10g\n",l,m,2 ,
evalf(subs(thet a=Pi /2 ,S2 p( l, m,th eta )) ))
od od:
fclose(fd);

Theanalyticformulafor thespin-weightedsphericalharmonicsgeneralizingtheonegiven
by Poissonis� = é l `y� � ò�f ¡ ß ^]��bÜd^ ß à \ `�� b Ô fi�i`���g Ô f��~`�� b � f��~`���g � fi� Ï z�|~} � ^ Ð p é ® ´ l � Ù

Ù j F¼j * ji¡
`©gRdÖf � Ë é Ë l Ë j þ �E�G� � p ÿ p j Ë � ú l� �~`�� g � g � fi�i` � b � g Ô fi�i`���b Ô g � f�� � (G.5)

where ��á ¡ Ô ? 5Ä` t � Ô g � f e � Æ ¡ Ô Ì�Ý6`��Äg � � ��b Ô f . In writing the previous relationone
shouldremindthatthespin-weightedharmonicsarenotdefinedfor ¢£�f¢k¤ �

.
To checkthecomputationof theharmonicsonecouldverify, for example,theproperty� = �é l `y� � ò�f ¡ `�gµdHf l Ë � ú � = é l `�� � ò�f � (G.6)

which,since� = é l `y� � ò�f ¡ � = é l `�� � t f ® ´ l � (G.7)
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where � = é l `�� � t f containsderivativeswith respectto
ò

of theorsinarysphericalharmonics,is
equivalentto� = é ú l `y� � t f ¡ `�gµdHf l Ë � ú � = é l `�� � t fÓ� (G.8)

We have checked that Poisson’s relation(G.5) yields, for
� ¡ à �a^

e
ò ¡ t

, numberswhich
agreewith thoseobtainedfrom formulas(G.2).

G.1 Ordinary spherical harmonics in analytic form

To evaluateanalyticallythe sphericalharmonicsandtheir derivativesfor general
_

and Ô we
can usethe following procedure,which is also usedas a checkof the resultsin the Maple
programFlm. Wespecializetheanalyticexpressionfor thespin-weightedsphericalharmonics,� = é l `y� � ò�f ¡ ß ^]��bÜd^ ß à \ `�� b Ô fi�i`���g Ô f��~`�� b � f��~`���g � fi� Ï�z�|~} � ^ Ð p é ® ´ l � Ù

Ù j F¼j * j ¡
`©gRdÖf � Ë é Ë l Ë j þ �E�G� � p ÿ p j Ë � ú l� �~`�� g � g � fi�i` � b � g Ô fi�i`���b Ô g � f�� (G.9)

where��á ¡ Ô ? 5Ä` t � Ô g � f e � Æ ¡ Ô ÌÁÝ�`��	g � � ��b Ô f , to thecase� ¡ t
(correspondingto the

ordinarysphericalharmonics):� é l `y� � ò�f ¡ ß ^]��bÜd^ ß à \ `�� b Ô fi�i`���g Ô f��#�2� Ï z�|~} � ^ Ð p é�® ´ l � Ù
Ù j F¼j * j ¡

`©gRdÖf é Ë l Ë j þ �&�G� � p ÿ p j ú l� �~`���g � f��~` � g Ô f��~`���b Ô g � f�� (G.10)

where��á ¡ Ô ? 5Ä` t � Ô f e � Æ ¡ Ô ÌÁÝ6`�� � ��b Ô f . Thenwedifferentiatethis formulato get:� é lcÒ � ¡ ã é lÆ¦¥ p é ® ´ l � 
 j F¼j * j ¡ ã
j é lp¨§ p j ú l Ë Æ g d¥ p j F¼j * j ¡ ã

j é lp `Á^ � g Ô f § p j ú l ú Æ � (G.11)

whereã é lÆ � ß ^]��bÜd^ ß à \ `���b Ô f��~`��4g Ô f��#�2� � ã j é lp � `©gRdHf é Ë l Ë j� �~`���g � f��~` � g Ô f��~`���b Ô g � f�� �¥ � z)|¶} `��z�a^af � § � �E�G�H`y�©�a^Gf
If we now decomposethesphericalharmonicsin a (real)

�Ug
dependentpart timesa (complex)òùg

dependentpartasfollows� é l `y� � ò�f ¡�ª é l `���f ® ´ l � (G.12)

wecangetthesecond
�Ug

derivativeof ª é l `���f � � é l `y�&�az���f usingtheLegendreequation:ª é ljÒ �Ó� ¡ gÅ�&�G��� ª é lcÒ � b � Ô pz)|¶} p � g���`�� bedHf � ª é l (G.13)

Thenwehave:v �[yl `�� � ò�f ¡ g!^#Ì Ô � ª é lcÒ � g��E�G��� ª é l � � �E�azÖ` Ô ò�f�gÕÌ+z)|¶} ` Ô ò�f©� (G.14)u �[yl `�� � ò�f ¡ � ª é lcÒ �E� g��&�G��� ª é ljÒ � b Ô pz)|¶} p � ª é l � � �&�GzÖ` Ô ò�f6g Ì+z)|~}�` Ô ò�f»� (G.15)



Appendix H

MapleV

H.1 TetradWaveform

> # Given as an input the quadrupole moments matrix, project it
on the sphere. The Q_ij’s are unspecified.
> restart:
> with(linalg):
> Q:=linalg[matri x] (3 ,3, [Q xx ,Q xy ,0, Qxy, Qyy, 0,0 ,0 ,Q zz ]) ;
> P:=matrix(3,3,[ 1- si n(t heta )ˆ 2* cos (p hi )ˆ 2, -si n( th et a) ˆ2* si n( phi) *co s( phi) ,
-sin(theta)*cos (t heta )*c os (p hi ), -si n( th et a) ˆ2* si n( phi) *co s( phi) ,
1-sin(theta)ˆ2* si n( phi)ˆ 2, -s in (t het a) *c os (t het a) *s in (p hi) ,
-sin(theta)*cos (t heta )*c os (p hi ), -si n( th et a) *co s( th et a) *si n( phi) ,
sin(theta)ˆ2]);
> PQ:=simplify(in nerp rod (P ,Q )) :
> H1:=innerprod(P Q, P) :
> T:=simplify(tra ce (P Q)) :
> H2:=-evalm(T*P) /2 :
> H:=simplify(eva lm (2 *(H 1+H2)) ):
> H11:=simplify(H [1 ,1 ]):
> H12:=H[1,2]:
> H13:=H[1,3]:
> H22:=H[2,2]:
> H23:=H[2,3]:
> H33:=H[3,3]:
> AT:=matrix(3,3, [s in (th et a) *c os (ph i) ,s in (t het a) *s in (p hi) ,c os (t heta) ,
cos(theta)*cos( phi) ,c os( th et a) *s in( phi) ,- si n(t heta ), -s in( phi) ,c os (ph i) ,0 ]) ;
> A:=transpose(AT );
> QA:=simplify(in nerp rod (Q,A )) :
> ATQA:=simplify( in nerpr od(A T, QA)):
> Pradial:=matrix (3 ,3 ,[0 ,0 ,0 ,0 ,1 ,0, 0, 0, 1] );
> PradialQ:=simpl if y( inn er pr od(P rad ia l, ATQA)):
> H1:=innerprod(P ra di alQ ,P ra di al ):
> T:=simplify(tra ce (P rad ia lQ )) :
> H2:=-evalm(T*Pr adia l)/ 2:
> H:=simplify(eva lm (2 *(H 1+H2)) ):
> Hrr:=H[1,1]:
> Hrtheta:=H[1,2] ;

162
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> Hrphi:=H[1,3];
> Hthetatheta:=fa ct or (si mpli fy (H [2, 2] )) ;
> Hthetaphi:=fact or (s imp li fy (H [2 ,3] )) ;
> Hphiphi:=factor (s im pli fy (H [3 ,3 ])) ;

H.2 Flm

# Given as an input the quadrupole moments matrix, project it
# on the sphere. The Q_ij’s are unspecified.
> restart:
> with(linalg):
# Define Kˆ* as the polar harmonic on which to make the projection,
# comment the others
# a_lmˆ(0)
> #Kstar:=linalg[ matr ix] (4 ,4 ,[ yy lms ta r, 0, 0, 0,0 ,0 ,0 ,0 ,0 ,0, 0, 0, 0, 0, 0,0 ]) ;
# a_lm
> #Kstar:=linalg[ matr ix] (4 ,4 ,[ 0, 0,- I/ sq rt (2 )*y yl msta r, 0,0 ,0 ,0 ,- I/ sqr t( 2)
> *yylmstar,0,0,0 ,0 ,0 ,0, 0, 0] );
# b_lmˆ(0)
> #Kstar:=linalg[ matr ix] (4 ,4 ,[ 0, -I* nl *r *y yl mphis ta r, 0, -I* nl *r *y yl mthet as
> tar,-I*nl*r*yyl mphi sta r, 0, 0, 0, 0,0 ,0 ,0 ,- I* nl* r* yy lm th eta st ar ,0 ,0 ,0] );
# b_lm
> #Kstar:=linalg[ matr ix] (4 ,4 ,[ 0, 0,0 ,0 ,0 ,0 ,n l*r *y yl mphi sta r, 0, 0, nl *r* yy lm
> phistar,0,nl*r* yy lm the ta st ar ,0 ,0, nl *r *y yl mthet as ta r, 0]) ;
# g_lm
> #Kstar:=linalg[ matr ix] (4 ,4 ,[ 0, 0,0 ,0 ,0 ,r ˆ2 /sq rt (2 )* si n(t heta )ˆ 2* yyl msta
> r,0,0,0,0,0,0,0 ,0 ,0 ,rˆ 2/ sq rt (2 )*y yl msta r] );
# f_lm
> Kstar:=linalg[m at ri x]( 4, 4, [0 ,0 ,0, 0, 0, -ml* rˆ2 *s in (t heta) ˆ2 *Wst ar ,0, ml *r
> ˆ2*Xstar,0,0,0, 0, 0, ml* rˆ 2* Xsta r,0 ,ml* rˆ 2* Wstar ]) ;
# Define the matrix eˆ{(\alpha)\mu} , where \alpha is the tetrad index
# and \mu the tensor index
> tetrad:=linalg[ matr ix] (4 ,4 ,[ 1, -0, 0, 0, 0, -1 /(r *s in (t heta) ), 0, 0, 0, 0,- 1, 0,
> 0,0,0,-1/r]):
# Take the product eˆ{(\alpha)\mu}K ˆ* _{ \mu\ nu} eˆ {\ nu(\ bet a) }
> temp:=innerprod (K st ar, te tr ad):
> Kstartetradup:= si mplif y( in nerp rod (t et ra d, temp) ):
> hplus:=((aa*cos (p hi )ˆ2 +bb* si n( 2*p hi )) *( 1+cos (t heta )ˆ 2)+ cc *c os (t het a) ˆ2
> +dd)/r;
> hcross:=-cos(th et a) *(a a* si n( 2* phi )+ 2* bb*( 1-2 *c os (p hi )ˆ2 )) /r ;
> H:=linalg[matri x] (4 ,4, [0 ,0 ,0 ,0 ,0, -h pl us ,0 ,hc ro ss ,0 ,0 ,0, 0, 0, hc ro ss, 0, hp
> lus]):
> integrand:=sum( su m(Kst ar te tr adup[ i, j] *H[i ,j] ,j =1.. 4) ,i= 1. .4 );
# Define Xstar, Wstar and so on
> yylmstar:=ylm*( co s( m*phi )- I* si n(m*p hi )) :
> yylmphistar:=-I *m*y lm* (c os (m*p hi) -I *s in (m*ph i) ):
> yylmthetastar:= yl mt*(c os (m*p hi )-I *s in (m*p hi) ):
> Xstar:=-2*I*m*X th et a*( co s( m*phi)- I* si n( m*phi )) :
> Wstar:=Wtheta*( co s( m*phi )- I* si n(m*p hi )) :
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#
# Project and find the components with l=2 and different m’s
#
> l:=2:
> m:=2:
> ylm:=1/4*sqrt(1 5/ (2 *Pi )) *s in (t het a) ˆ2 ;
> ylmt:=diff(ylm, th et a):
> ylmtt:=-cot(the ta )* ylm t+ (mˆ2 /( sin (t heta )) ˆ2- l* (l +1)) *yl m:
> Wtheta:=ylmtt-c ot (t het a) *y lm t+ mˆ2/s in (t heta) ˆ2 *y lm :
> Xtheta:=ylmt-co t( th eta )* yl m:
> imag:=simplify( co ef f(i nt egra nd,I) );
> reale:=simplify (i nt egr and- I* im ag) ;
> realeth:=int(re al e, phi =0.. 2* Pi );
> imagth:=int(ima g, phi=0 .. 2* Pi );
> K2R:=int(realet h* si n(t heta ), th eta =0.. Pi );
> K2I:=int(imagth *s in (th et a) ,t heta= 0. .P i) ;
> l:=2:
> m:=1:
> ylm:=-sqrt(15/( 8* Pi ))* si n( th et a)* co s( th et a);
> ylmt:=diff(ylm, th et a):
> ylmtt:=-cot(the ta )* ylm t+ (mˆ2 /( sin (t heta )) ˆ2- l* (l +1)) *yl m:
> Wtheta:=ylmtt-c ot (t het a) *y lm t+ mˆ2/s in (t heta) ˆ2 *y lm :
> Xtheta:=ylmt-co t( th eta )* yl m:
> imag:=simplify( co ef f(i nt egra nd,I) );
> reale:=simplify (i nt egr and- I* im ag) ;
> realeth:=int(re al e, phi =0.. 2* Pi );
> imagth:=int(ima g, phi=0 .. 2* Pi );
> K1R:=int(realet h* si n(t heta ), th eta =0.. Pi );
> K1I:=int(imagth *s in (th et a) ,t heta= 0. .P i) ;
> l:=2:
> m:=0:
> ylm:=sqrt(5/(4* Pi )) *(3 /2 *c os (t het a) ˆ2 -1 /2 );
> ylmt:=diff(ylm, th et a):
> ylmtt:=-cot(the ta )* ylm t+ (mˆ2 /( sin (t heta )) ˆ2- l* (l +1)) *yl m:
> Wtheta:=ylmtt-c ot (t het a) *y lm t+ mˆ2/s in (t heta) ˆ2 *y lm :
> Xtheta:=ylmt-co t( th eta )* yl m:
> imag:=simplify( co ef f(i nt egra nd,I) );
> reale:=simplify (i nt egr and- I* im ag) ;
> realeth:=int(re al e, phi =0.. 2* Pi );
> imagth:=int(ima g, phi=0 .. 2* Pi );
> K0R:=int(realet h* si n(t heta ), th eta =0.. Pi );
> K0I:=int(imagth *s in (th et a) ,t heta= 0. .P i) ;
> l:=2:
> m:=-1:
> ylm:=sqrt(15/(8 *P i) )*s in (t heta )*c os (t heta );
> ylmt:=diff(ylm, th et a):
> ylmtt:=-cot(the ta )* ylm t+ (mˆ2 /( sin (t heta )) ˆ2- l* (l +1)) *yl m:
> Wtheta:=ylmtt-c ot (t het a) *y lm t+ mˆ2/s in (t heta) ˆ2 *y lm :
> Xtheta:=ylmt-co t( th eta )* yl m:
> imag:=simplify( co ef f(i nt egra nd,I) );
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> reale:=simplify (i nt egr and- I* im ag) ;
> realeth:=int(re al e, phi =0.. 2* Pi );
> imagth:=int(ima g, phi=0 .. 2* Pi );
> K1mR:=int(reale th *s in( th et a) ,t het a=0. .P i) ;
> K1mI:=int(imagt h* si n(t heta ), th eta =0.. Pi );
> l:=2:
> m:=-2:
> ylm:=1/4*sqrt(1 5/ (2 *Pi )) *s in (t het a) ˆ2 ;
> ylmt:=diff(ylm, th et a):
> ylmtt:=-cot(the ta )* ylm t+ (mˆ2 /( sin (t heta )) ˆ2- l* (l +1)) *yl m:
> Wtheta:=ylmtt-c ot (t het a) *y lm t+ mˆ2/s in (t heta) ˆ2 *y lm :
> Xtheta:=ylmt-co t( th eta )* yl m:
> imag:=simplify( co ef f(i nt egra nd,I) );
> reale:=simplify (i nt egr and- I* im ag) ;
> realeth:=int(re al e, phi =0.. 2* Pi );
> imagth:=int(ima g, phi=0 .. 2* Pi );
> K2mR:=int(reale th *s in( th et a) ,t het a=0. .P i) ;
> K2mI:=int(imagt h* si n(t heta ), th eta =0.. Pi );
#
# Check the previous results using the analytic formula for the spherical
# harmonics obtained specializing that for tensor spherical harmonics.
# Before proceeding, unassign the harmonics, l and m
#
> ylm:=’ylm’:
> ylmt:=’ylmt’:
> ylmtt:=’ylmtt’:
> m:=’m’:
> l:=’l’:
> Wtheta:=ylmtt-c ot (t het a) *y lm t+ mˆ2/s in (t heta) ˆ2 *y lm :
> Xtheta:=ylmt-co t( th eta )* yl m:
> yylmstar:=ylm*( co s( m*phi )- I* si n(m*p hi )) :
> yylmphistar:=-I *m*y lm* (c os (m*p hi) -I *s in (m*ph i) ):
> yylmthetastar:= yl mt*(c os (m*p hi )-I *s in (m*p hi) ):
> Xstar:=-2*I*m*X th et a*( co s( m*phi)- I* si n( m*phi )) :
> Wstar:=Wtheta*( co s( m*phi )- I* si n(m*p hi )) :
> integrand:
> imag:=simplify( co ef f(i nt egra nd,I) ):
> reale:=simplify (i nt egr and- I* im ag) :
> realeth2:=simpl if y( int (s ubs( m=2,r eale ), phi=0 .. 2* Pi )) ;
> realeth1:=simpl if y( int (s ubs( m=1,r eale ), phi=0 .. 2* Pi )) ;
> realeth0:=simpl if y( int (s ubs( m=0,r eale ), phi=0 .. 2* Pi )) ;
> realeth1m:=simp li fy (in t( su bs (m=-1 ,r eale ), phi =0.. 2* Pi ));
> realeth2m:=simp li fy (in t( su bs (m=-2 ,r eale ), phi =0.. 2* Pi ));
> imagth2:=simpli fy (i nt( su bs (m=2,im ag), phi= 0.. 2* Pi )) ;
> imagth1:=simpli fy (i nt( su bs (m=1,im ag), phi= 0.. 2* Pi )) ;
> imagth0:=simpli fy (i nt( su bs (m=0,im ag), phi= 0.. 2* Pi )) ;
> imagth1m:=simpl if y( int (s ubs( m=-1, im ag), phi=0 .. 2* Pi )) ;
> imagth2m:=simpl if y( int (s ubs( m=-2, im ag), phi=0 .. 2* Pi )) ;
#
# Project and find the components with l=2 and different m’s
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#
> l:=2:
> m:=2:
> p0:=max(0,m):
> p1:=min(l,l+m):
> ylm:=sqrt((2*l+ 1) /P i)/ 2* sq rt (( l+m )! *( l- m)!)* l! *s in (t het a/ 2) ˆ( 2* l)* su m(
> ’(-1)ˆ(l+m+p)*( co t( the ta /2 )ˆ (2 *p- m)/( p! *( l-p )! *( p- m)!*( l+ m-p) !) )’, p=p0
> ..p1):
> ylmt:=diff(ylm, th et a):
> ylmtt:=-cot(the ta )* ylm t+ (mˆ2 /( sin (t heta )) ˆ2- l* (l +1)) *yl m:
> Wtheta:=ylmtt-c ot (t het a) *y lm t+ mˆ2/s in (t heta) ˆ2 *y lm :
> Xtheta:=ylmt-co t( th eta )* yl m:
> K2R:=int(realet h2*s in( th et a) ,t het a=0. .P i) ;
> K2I:=int(imagth 2* si n(t heta ), th eta =0.. Pi );
> l:=2:
> m:=1:
> p0:=max(0,m):
> p1:=min(l,l+m):
> ylm:=sqrt((2*l+ 1) /P i)/ 2* sq rt (( l+m )! *( l- m)!)* l! *s in (t het a/ 2) ˆ( 2* l)* su m(
> ’(-1)ˆ(l+m+p)*( co t( the ta /2 )ˆ (2 *p- m)/( p! *( l-p )! *( p- m)!*( l+ m-p) !) )’, p=p0
> ..p1):
> ylmt:=diff(ylm, th et a):
> ylmtt:=-cot(the ta )* ylm t+ (mˆ2 /( sin (t heta )) ˆ2- l* (l +1)) *yl m:
> Wtheta:=ylmtt-c ot (t het a) *y lm t+ mˆ2/s in (t heta) ˆ2 *y lm :
> Xtheta:=ylmt-co t( th eta )* yl m:
> K1R:=int(realet h1m*sin (t heta ), the ta =0.. Pi );
> K1I:=int(imagth 1m*s in( th et a) ,t het a=0. .P i) ;
> l:=2:
> m:=0:
> p0:=max(0,m):
> p1:=min(l,l+m):
> ylm:=sqrt((2*l+ 1) /P i)/ 2* sq rt (( l+m )! *( l- m)!)* l! *s in (t het a/ 2) ˆ( 2* l)* su m(
> ’(-1)ˆ(l+m+p)*( co t( the ta /2 )ˆ (2 *p- m)/( p! *( l-p )! *( p- m)!*( l+ m-p) !) )’, p=p0
> ..p1):
> ylmt:=diff(ylm, th et a):
> ylmtt:=-cot(the ta )* ylm t+ (mˆ2 /( sin (t heta )) ˆ2- l* (l +1)) *yl m:
> Wtheta:=ylmtt-c ot (t het a) *y lm t+ mˆ2/s in (t heta) ˆ2 *y lm :
> Xtheta:=ylmt-co t( th eta )* yl m:
> K0R:=int(realet h0*s in( th et a) ,t het a=0. .P i) ;
> K0I:=int(imagth 0* si n(t heta ), th eta =0.. Pi );
> l:=2:
> m:=-1:
> p0:=max(0,m):
> p1:=min(l,l+m):
> ylm:=sqrt((2*l+ 1) /P i)/ 2* sq rt (( l+m )! *( l- m)!)* l! *s in (t het a/ 2) ˆ( 2* l)* su m(
> ’(-1)ˆ(l+m+p)*( co t( the ta /2 )ˆ (2 *p- m)/( p! *( l-p )! *( p- m)!*( l+ m-p) !) )’, p=p0
> ..p1):
> ylmt:=diff(ylm, th et a):
> ylmtt:=-cot(the ta )* ylm t+ (mˆ2 /( sin (t heta )) ˆ2- l* (l +1)) *yl m:
> Wtheta:=ylmtt-c ot (t het a) *y lm t+ mˆ2/s in (t heta) ˆ2 *y lm :
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> Xtheta:=ylmt-co t( th eta )* yl m:
> K1mR:=int(reale th 1m*si n( th et a) ,th et a=0. .P i);
> K1mI:=int(imagt h1m*sin (t heta ), the ta =0.. Pi );
> l:=2:
> m:=-2:
> p0:=max(0,m):
> p1:=min(l,l+m):
> ylm:=sqrt((2*l+ 1) /P i)/ 2* sq rt (( l+m )! *( l- m)!)* l! *s in (t het a/ 2) ˆ( 2* l)* su m(
> ’(-1)ˆ(l+m+p)*( co t( the ta /2 )ˆ (2 *p- m)/( p! *( l-p )! *( p- m)!*( l+ m-p) !) )’, p=p0
> ..p1):
> ylmt:=diff(ylm, th et a):
> ylmtt:=-cot(the ta )* ylm t+ (mˆ2 /( sin (t heta )) ˆ2- l* (l +1)) *yl m:
> Wtheta:=ylmtt-c ot (t het a) *y lm t+ mˆ2/s in (t heta) ˆ2 *y lm :
> Xtheta:=ylmt-co t( th eta )* yl m:
> K2mR:=int(reale th 2m*si n( th et a) ,th et a=0. .P i);
> K2mI:=int(imagt h2m*sin (t heta ), the ta =0.. Pi );

H.3 NewtonianQuadrupole

with(linalg);
%
% Build the matrix containing the reduced quadrupole moment
%
X[1]:=a*(cos(u) -e ):
X[2]:=a*sqrt(1- eˆ 2) *s in( u) :
X[3]:=0:
f := (i,j) -> X[i]*X[j]:
M1:=matrix(3,3, f) :
Xsq:=factor(sim pl if y( sum(’ X[ k] ˆ2 ’,’ k’ =1.. 3) )):
M2:=-1/3*matrix (3 ,3 ,[ Xsq,0 ,0 ,0 ,X sq, 0, 0, 0, Xsq]) :
Qreduced:=simpl if y( ev alm (mu* (M1+M2))) ;
%
% Take the second time derivative (called ‘‘Q’’)
%
Qdot:=simplify( ev al m(map(d if f, Qreduce d, u) *s qrt (G*M/a ˆ3 )/( 1- e* co s( u)) )) :
Q:=simplify(eva lm (map(di ff ,Q dot, u)* sq rt (G*M/aˆ 3) /( 1- e* cos (u )) )) :
%
% Take coefficients
%
Qxx:=factor(Q[1 ,1 ]) ;
Qxy:=factor(Q[1 ,2 ]) ;
Qxz:=factor(Q[1 ,3 ]) ;
Qyy:=factor(Q[2 ,2 ]) ;
Qyz:=factor(Q[2 ,3 ]) ;
Qzz:=factor(Q[3 ,3 ]) ;
%
% Take the projection and find the two independent components of h
%
AT:=matrix(3,3, [s in (t het a) *c os (p hi) ,s in (t heta) *s in (p hi ),c os (t heta ),
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cos(theta)*cos( phi) ,c os( th et a) *s in( phi) ,- si n(t heta ), -s in( phi) ,c os (ph i) ,0 ]) :
A:=transpose(AT ):
QA:=simplify(in nerp ro d(Q ,A )) :
ATQA:=simplify( in nerp rod (A T, QA)) :
Pradial:=matrix (3 ,3 ,[ 0,0 ,0 ,0 ,1 ,0 ,0, 0, 1] ):
PradialQ:=simpl if y( in ner pr od(P ra dia l, ATQA)) :
H1:=innerprod(P ra di al Q,Pra di al ):
T:=simplify(tra ce (P ra dia lQ )) :
H2:=-evalm(T*Pr adia l) /2:
H:=simplify(eva lm (2 *G*(H 1+H2)/ (c ˆ4* r) )) :
Hthetatheta:=fa ct or (s imp li fy (H [2 ,2] )) ;
Hthetaphi:=fact or (s im pli fy (H [2 ,3 ])) ;
%
% Verify the tensor is traceless!
%
Hphiphi:=factor (s im pl ify (H [3 ,3 ]) );
simplify(Htheta th et a+Hphip hi );
%
% Circular case: specialize to e=0
% Show explicitly that only functions of (2 omega0 t) appear
%
Hthetathetac:=f ac to r( sim pl if y( su bs( e=0, co s( u)ˆ 2=(1 +cos (2* u) )/ 2,
sin(u)=sin(2*u) /( 2* co s(u )) ,H th et ath et a) )) ;
Hthetaphic:=sim pl if y( sub s( e=0, co s(u )ˆ 2=(1 +cos( 2* u) )/ 2,
sin(u)=sin(2*u) /( 2* co s(u )) ,H th et aph i) ):
Hthetathetac:=s ubs( u=omega0* t, Ht het at heta c) :
Hthetaphic:=sub s( u=omega0* t, Ht hetap hi c) :
%
% Take the Fourier component of H_{theta theta} at n=2
%
n:=2:
Htt:=simplify(o mega0/ (2* Pi )* in t( Hth et at heta c*e xp (n *I *o mega0*t ),
t=0..(2*Pi)/ome ga0) );
%
% Verify that the Fourier component yields the correct result
% in the time domain
%
simplify(evalc( Ht t* ex p(- 2* I* omega0* t) +conju gat e( Ht t* ex p(- 2* I* omega0* t) )
-Hthetathetac)) ;
Htt2:=simplify( in t( ev alc (a bs (H tt )ˆ2 *s in (t heta) ), th et a=0.. Pi )/ (4 *P i)) :
%
% Integrate over the solid angle
%
Htt2:=simplify( in t( Ht t2, phi= 0. .2 *Pi )) ;
%
% Do the same for H_{theta phi}
%
Htp:=simplify(o mega0/ (2* Pi )* in t( Hth et aphi c* exp (2 *o mega0*I *t ),
t=0..(2*Pi)/ome ga0) );
Htp2:=simplify( in t( ev alc (a bs (H tp )ˆ2 *s in (t heta) ), th et a=0.. Pi )/ (4 *P i)) :
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Htp2:=simplify( in t( Ht p2, phi= 0. .2 *Pi )) ;
%
% Compute flux and luminosity
%
flux:=2*cˆ3*(n* omega0)ˆ2 *( Ht t2 +Htp2 )/ (1 6* Pi *G) ;
lum:=simplify(f lu x* 4* Pi* rˆ 2) ;

H.4 RadiationGauge

readlib(mtaylor );
rstar(r):=r+2*M *l n( r/ (2* M)-1 );
nur:=M/(r*(r-2* M));
N(r):=exp(I*eps il on*s igm a* rs ta r( r)) *( N1/r +N2/r ˆ2 ):
L(r):=exp(I*eps il on*s igm a* rs ta r( r)) *( L1/r +L2/r ˆ2 ):
T(r):=exp(I*eps il on*s igm a* rs ta r( r)) *( T1/r +T2/r ˆ2 ):
V(r):=exp(I*eps il on*s igm a* rs ta r( r)) *( V1/r +V2/r ˆ2 ):
X(r):=n*V(r):
%
% Show that V1 is the amplitude of the Zerilli function at infinity
% (later we’ll check that L1=-n*V1).
%
Z:=simplify(rˆ2 /( n* r+ 3*M)* (3 *M*X (r) /n /r -L (r ))* ex p( -I *e psi lo n* si gma*r st ar (r )) );
Z:=simplify(sub s( r= 1/ rho ,Z )) ;
extrtaylor:=rho *s im pl ify (mta yl or (Z, [r ho], 4) );
Z1:=coeff(extrt ay lo r, rho );
%
% It turns out that Z1=-L1/n
%
eq1:=simplify(T (r )- V( r)+ L( r) ):
eq2:=simplify(d if f( N( r), r) -d if f( L(r ), r) -( 1/ r-n ur )* N( r) -(1 /r +nur )* L(r )) :
eq3:=simplify(d if f( L( r), r) +( 2/ r- nur )* L( r) +( 1/r -n ur )* X( r)+ di ff (X (r ),r )) :
eq4:=simplify(2 *d if f( N(r ), r) /r -2 *(n +1)* N( r) /(r *( r- 2* M))
-2*(1/r+2*nur)* L( r) /r -2* (1 /r +nur )*( di ff (L (r ),r )+ n* di ff (V( r) ,r )) -2 *n* (V (r )
-L(r))/(r*(r-2* M))- 2* sig mâ 2 *( L( r)+ n* V( r) )/ (1- 2* M/r) ˆ2 ):
eq2:=simplify(s ubs( r= 1/r ho,e q6*e xp( -I *e ps il on* si gma* rs tar (r )) )) :
extrtaylor:=sim pl if y( mtayl or (e q6,[r ho], 3) );
e2_1:=coeff(ext rt ay lo r,r ho):
eq3:=simplify(s ubs( r= 1/r ho,e q7*e xp( -I *e ps il on* si gma* rs tar (r )) )) :
extrtaylor:=sim pl if y( mtayl or (e q7,[r ho], 3) );
e3_1:=coeff(ext rt ay lo r,r ho):
eq4:=simplify(s ubs( r= 1/r ho,e q8*e xp( -I *e ps il on* si gma* rs tar (r )) )) :
extrtaylor:=sim pl if y( mtayl or (e q8,[r ho], 3) );
e4_1:=coeff(ext rt ay lo r,r ho):
eq1:=simplify(s ubs( r= 1/r ho,e q4*e xp( -I *e ps il on* si gma* rs tar (r )) )) :
extrtaylor:=sim pl if y( mtayl or (e q4,[r ho], 3) );
e1_1:=coeff(ext rt ay lo r,r ho):
solve({e1_1,e2_ 1, e3_1,e4 _1}, {N 1, V1, L1,T 1} );
%
% The result is:
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% {T1 = V1 + n V1, L1 = -n V1, V1 = V1, N1 = -n V1}
%

H.5 SemiRelativisticSpectrum

restart:
#
# Define the factors Hˆ+_j, Hˆ-_j and Hˆ0_j
# for h_{\theta\theta }
#
Hjp_thth:=(Iap+ Ib p) *( cos (2 *p hi )+ I*s in (2 *p hi ))* (1 +cos (t het a) ˆ2 );
Hjm_thth:=(Iam- Ib m)*( cos (2 *p hi )- I*s in (2 *p hi ))* (1 +cos (t het a) ˆ2 );
Hj0_thth:=3*K*( co s( th eta )ˆ 2- 1) ;
#
# Define the factors Hˆ+_j and Hˆ-_j
# for h_{\theta\phi}
#
Hjp_thph:=(Iap+ Ib p) *2 *co s( th et a) *(s in (2 *p hi )-I *c os (2 *p hi) );
Hjm_thph:=(Iam- Ib m)*2 *co s( th et a) *(s in (2 *p hi )+I *c os (2 *p hi) );
#
# Evaluate the two square moduli and integrate over the solid angle
#
hththmodulus:=s im pl if y(e va lc (o mp*Hj p_th th *c onj ugat e( omp*H jp _t ht h)
+omm*Hjm_thth*c onju gate( omm*Hj m_tht h)
+om0*Hj0_thth*c onju gate( om0* Hj 0_tht h) )) :
hthth1:=int(emo dulu s* sin (t heta ), the ta =0.. Pi ):
hthth2:=int(e1, phi= 0. .2* Pi );
hthphmodulus:=s im pl if y(e va lc (o mp*Hj p_th ph*c onj ugat e( omp*H jp _t hph)
+omm*Hjm_thph*c onju gate( omm*Hj m_thp h) )) :
hthph1:=int(fmo dulu s* sin (t heta ), the ta =0.. Pi ):
hthph2:=int(f1, phi= 0. .2* Pi );
#
# Sum over polarizations
#
final:=factor(s im pl if y(h th th 2+ht hph2) );

H.6 ABC

> restart;
> Omega0:=sqrt(AM ASSA/r0 ˆ3 ):
Qui uso la convenzione G_\mu\nu=2T_\m u\ nu, e nel programma moltiplico la
sorgente per 4\pi.
Definisco B0 e F (trasformate di Fourier!) ponendo m0=1 e non mettendo
la delta di omega.
> B0:=-I*sqrt(2)/ sq rt (l* (l +1)) *I *m* Omega0/s qrt (1 -3 *A MASSA/r 0) *
(1-2*AMASSA/r)/ r* Pl *d elt a( r) :
> F:=(l*(l+1)-2*m ˆ2 )/ sqr t( 2* l* (l +1) *( l- 1) *( l+2 )) *( AMASSA/ (r 0ˆ 3*
sqrt(1-3*AMASSA /r 0) )) *Pl *d el ta (r ):
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Definisco i fattori davanti a B0, B0’, B0’’ ed F nella sorgente
in gauge di Chandrasekhar- Ferr ar i.
> B0fact:=sqrt(2) *( (r -2* AMASSA)* (nˆ 2* rˆ 2- 12*AMASSA*r -3 *AMASSA*n *r
+12*AMASSAˆ2)/r /( n* r+ 3*A MASSA) ˆ2 -rˆ 3* (m*s qr t(A MASSA/ r0 ˆ3) )ˆ 2
/(n*r+3*AMASSA) )/ (m*s qrt (A MASSA/ r0ˆ 3) )/ sq rt (l* (l +1)) :
> B0rfact:=-(r-2* AMASSA) *( 3* n* rˆ 2+15* AMASSA*r- 4* AMASSA*n* r- 24*A MASSÂ2 )
/(n*r+3*AMASSA) ˆ2 *s qr t(2 )/ sq rt (l *(l +1)) /m/s qrt (A MASSA/ r0ˆ 3) :
> B0rrfact:=-r*(r -2 *A MASSA)ˆ 2* sq rt( 2) /( n* r+ 3*A MASSA) /s qrt (l *( l+ 1) )/m
/sqrt(AMASSA/r0 ˆ3 ):
> Ffact:=-2*sqrt( 2) *( r-2 *A MASSA) /sq rt (l *( l- 1)* (l +1)* (l +2) ):
Calcolo la sorgente
> n:=(l-1)*(l+2)/ 2:
> Ftot:=simplify( Ff ac t*F ):
> B0tot:=simplify (( B0fac t* B0)) :
> B0r:=simplify(d if f( B0, r) ):
> B0rtot:=simplif y( (B 0rf ac t* B0r) ):
> B0rr:=simplify( di ff (B0 r, r) ):
> B0rrtot:=simpli fy (( B0r rf ac t* B0rr) ):
> B0pB0r:=simplif y( B0tot +B0r to t+ B0r rt ot ):
> B0pB0r:=subs(di ff (d elt a( r) ,r )= del ta r( r) ,B 0pB0r ):
> B0pB0r:=subs(di ff (d elt ar (r ), r) =delt ar r, B0pB0r) :
> sourceMia:=simp li fy (su bs (d el ta r(r )= delt ar ,ex pand(B 0pB0r +Fto t) )) :
> sourceMia:=simp li fy (su bs (d el ta (r) =del ta ,s our ce Mi a) ):
Prendo i coefficienti della delta, della delta’ e della delta’’...
> C:=simplify(coe ff (s our ce Mi a, delta rr )) :
> B:=simplify(coe ff (s our ce Mi a, delta r) ):
> A:=factor(simpl if y( coe ff (s ourc eMi a, delt a) )):
...e li divido per (1-2M/r), poi calcolo le derivate.
> Astar:=simplify (A *r /(r -2 *A MASSA)) :
> Bstar:=B*r/(r-2 *A MASSA):
> Bstarprime:=sim pl if y(d if f( Bsta r,r )) :
> Cstar:=simplify (C *r /(r -2 *A MASSA)) :
> Cstarprime:=sim pl if y(d if f( Csta r,r )) :
> Cstarprimeprime := si mpl if y( di ff (Cs ta rp ri me,r) ):
Calcolo tutto in r0=r (raggio dell’orbita).
> r0:=r:
> Astar:=simplify (A st ar) ;
> Bstar:=simplify (B st ar) ;
> Cstar:=simplify (C st ar) ;
> Bstarprime:=sim pl if y(B st ar pr im e);
> Cstarprime:=sim pl if y(C st ar pr im e);
> Cstarprimeprime := si mpl if y( Csta rpr im epri me);

H.7 AsymptoticPolar

#
# Define the potential and write down the equation
#
V(r):=(2*nˆ2*(n +1)* rˆ 3+6*n ˆ2 *M*r ˆ2+ 18*n *Mˆ2 *r+ 18*Mˆ3 )
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*(1-2*M/r)/(rˆ3 *( n* r+ 3*M)ˆ 2) ;
rstar(r):=r+2*M *l n( r/ (2* M)-1 );
simplify(diff(r st ar (r ),r )) ;
dZdrs:=(1-2*M/r )* di ff (Z( r) ,r );
ddZdrs2:=(1-2*M /r )* di ff( dZdr s, r) ;
eq:=ddZdrs2+(om egaˆ 2- V(r )) *Z (r ):
Z(r):=exp(-I*om ega* rs tar (r )) *( 1+a/r +b/r ˆ2 );
eq:=simplify(eq );
#
# We expand in rho=1/r !
#
eq:=simplify(su bs (r =1/rh o, eq)) ;
#
# From ‘‘eq’’ we extract the coefficient multiplying the exponential:
#
extr:=-2*I*(12* I* a* Mˆ2*n ˆ2 *r hoˆ3 -9* I* Mˆ3* rh oˆ3 -o mega*a *nˆ 2+18*I *Mˆ4* rh oˆ 4
-I*nˆ2-I*nˆ3+4* omega* M*b*n ˆ2 *r hoˆ2+ 2* omega* M*a*n ˆ2 *r ho+12*o mega*Mˆ2
*a*n*rhoˆ2-12*o mega*b *n* M*rh oˆ 2- 6*o mega*a *n *M* rh o+24*o mega* Mˆ2* b* n*r hoˆ3
-18*omega*b*Mˆ2 *r hoˆ3 +18*o mega*Mˆ3* a* rh oˆ 3- 2*o mega*b *n ˆ2* rh o- 9* omega
*a*Mˆ2*rhoˆ2+36 *o mega*Mˆ 3* b* rh oˆ 4+2*I *b *n ˆ2 *rh oˆ 2+27*I *b* Mˆ2* rh oˆ 4-5 4*
I*a*Mˆ3*rhoˆ4-9 *I *Mˆ2 *n* rh oˆ 2+72*I* a* Mˆ4* rh oˆ5 -1 35*I *b *Mˆ 3* rh oˆ 5+9*I *a
*Mˆ2*rhoˆ3+18*I *n *Mˆ3 *rh oˆ 3+2* I* nˆ3 *M*r ho+6*I* nˆ 2* Mˆ2* rho ˆ2 -I *n ˆ3 *a* rh o
-I*M*nˆ2*rho-I* nˆ 3* b* rho ˆ2 +162*I *b* Mˆ4* rh oˆ 6+22* I* b* Mˆ2*n ˆ2 *r hoˆ4 -6* I
*a*M*nˆ2*rhoˆ2- 39*I *a *Mˆ 2* n* rh oˆ 3+2*I *n ˆ3 *M*a* rh oˆ 2+2* I*n ˆ3 *M*b *r hoˆ 3
-15*I*b*M*nˆ2*r hoˆ3 -9 3*I *b *Mˆ2 *n *rh oˆ 4+54*I *a* Mˆ3* n* rh oˆ4 +114*I *b *Mˆ 3* n
*rhoˆ5+6*I*a*n* M*rh oˆ 2+18* I* b* n* M*r hoˆ3 )* rh oˆ2 /( (n +3*M*rh o) ˆ2 );
#
# Expand and take coefficients
#
readlib(mtaylor );
extrtaylor:=mta yl or (e xtr ,[ rh o] ,4 );
coeff(extrtaylo r, rh oˆ 2);
a:=solve(%,a);
coeff(extrtaylo r, rh oˆ 3);
b:=solve(%,b);



Bibliography

[1] M. E. Alexander, Tidal resonancesin binarystar systems, MNRAS227, 843(1987).

[2] N. Andersson,K. D. Kokkotas,Towards gravitational-waveasteroseismology, MNRAS
299, 1059(1998).

[3] T. Apostolatos,D. Kennefick,A. Ori, E. Poisson,Gravitational radiation from a parti-
cle in circular orbit arounda black hole. III. Stability of circular orbits underradiation
reaction, Phys.Rev. D 47, 12,5376(1993).

[4] J.M.Bardeen,W.H.Press,Radiationfieldsin theSchwarzschild background, J. Math.Phys.
14, 7 (1973).

[5] T. W. Baumgarte,Theinnermoststablecircular orbit in compactbinaries, gr-qc/0101045
(2001).

[6] T. W. Baumgarte,G. B. Cook, M. A. Scheel,S. L. Shapiro,S. A. Teukolsky, Binary
neutron stars in general relativity: quasiequilibriummodels, Phys.Rev. Lett.79, 7, 1182
(1997).

[7] O. Benhar, E. Berti, V. Ferrari,Theimprint of theequationof stateon theaxial w-modes
of oscillatingneutronstars, MNRAS310, 797(1999).

[8] E. Berti, Studiodelle frequenzedi emissionegravitazionaleda stelledi neutroni in re-
lazioneall’equazionedi stato, Laureathesis,available as a postscriptfile at the URL
http://www.roma1.infn.it/ � eberti / .

[9] E. Berti, V. Ferrari,Excitationof g-modesof solar typestars by an orbiting companion,
Phys.Rev. D 63, 064031(2001).

[10] L. Bildsten,C. Cutler, Tidal interactionsof inspiraling compactbinaries, Ap.J. 400, 175
(1992).

[11] A. Buonanno,T. Damour, Effectiveone-bodyapproach to general relativistic two-body
dynamics, Phys.Rev. D 59, 084006(1999).

[12] A. Burrows,J.Liebert,Thescienceof browndwarfs, Rev. Mod. Phys.65, 301(1993).

[13] J. W. Chamberlain,D. M. Hunten,Theoryof planetaryatmospheres, 2nded.,Academic
Press,Orlando(1987).

[14] S. Chandrasekhar, The mathematicaltheory of black holes, ClarendonPress,Oxford
(1983).

173



174 BIBLIOGRAPHY

[15] S. Chandrasekhar, S. L. Detweiler, Thequasi-normalmodesof theSchwarzschild black-
hole, Proc.R.Soc.LondonA 344, 441(1975).

[16] S. Chandrasekhar, V. Ferrari,Theflux integral for axisymmetricperturbationsof static
space-times, Proc.R.Soc.LondonA 428, 325(1990).

[17] S.Chandrasekhar, V. Ferrari,Onthenon-radialoscillationsof a star, Proc.R.Soc.London
A 432, 247(1991).

[18] J.Christensen-Dalsgaard,D. O. Gough,J.G. Morgan,Dirty SolarModels, Astron.Astro-
phys.73, 121-128(1979).

[19] J. Christensen-Dalsgaardet al., Thecurrent stateof solar modeling, Science272, 1286
(1996).

[20] J.Christensen-Dalsgaard,privatecommunication.

[21] J. P. A. Clark, D. M. Eardley, Evolutionof closeneutron star binaries, Ap. J. 215, 311
(1977).

[22] G. H. A. Cole,Physicsof PlanetaryInteriors, AdamHilger (1984).

[23] T. G. Cowling, Thenon-radial oscillationsof polytropic stars, Mon.Not. R.Astr. Society
101, 367(1941).

[24] K. P. Cox,Theoryof stellar pulsations, PrincetonUniversityPress,Princeton(1980).

[25] C. Cutler, T. A. Apostolatos,L. Bildsten,L. S.Finn,E. E. Flanagan,D. Kennefick,D. M.
Markovic, A. Ori, E. Poisson,G. J.Sussman,K. S.Thorne,Thelast threeminutes:issues
in gravitational-wavemeasurementsof coalescingcompactbinaries, Phys.Rev. Lett. 70,
2984(1993).

[26] C. Cutler, L. S. Finn, E. Poisson,G. J. Sussman,Gravitational radiationfroma particle
in circular orbit arounda black hole. II. Numericalresultsfor thenonrotatingcase, Phys.
Rev. D 47, 4, 1511(1993).

[27] C. Cutler, D. Kennefick,E. Poisson,Gravitational radiation reactionfor boundmotion
arounda Schwarzschild black hole., Phys.Rev. D 50, 6, 3816(1994).

[28] T. Damour, B. R. Iyer, B. S.Sathyaprakash,Improvedfilters for gravitationalwavesfrom
inspiralling compactbinaries, Phys.Rev. D 57, 885(1998).

[29] S.L.Detweiler, Black holesand gravitational waves.I. Circular orbits abouta rotating
hole, Ap.J 225, 687(1978).

[30] A. Duquennoy, M. Mayor, Multiplicity amongsolar-typestarsin thesolarneighbourhood.
II. Distributionof theorbital elementsin anunbiasedsample, Astron.Astrophys.248, 485
(1991).

[31] V. Ferrari,M. D’Andrea, E. Berti, Gravitational wavesemittedby extrasolar planetary
systems, Int. J. Mod.Phys.D9, n.5,495(2000).



BIBLIOGRAPHY 175

[32] V. Ferrari,M. Germano,Scatteringof gravitationalwavesby Newtonianstars, Proc. R.
Soc.LondonA 444, 389(1994).

[33] V. Ferrari,L. Gualtieri,A. Borrelli, Stellarpulsationsexcitedby a scatteredmass, Phys.
Rev. D 59, 124020(1999).

[34] V. Ferrari,K. D. Kokkotas,Scatteringof particlesby neutron stars: time-evolution for
axial perturbations, Phys.Rev. D 62, 107504(2000).

[35] L. G. Fishbone,TherelativisticRocheproblem.I. Equilibrium theoryfor a bodyin equa-
torial, circular orbit arounda Kerr black hole, Ap.J. 185, 43 (1973).

[36] E. B. Ford,F. A. Rasio,A. Sills, Structure andEvolutionof NearbyStars with Planets.I.
Short-PeriodSystems, Ap.J. 514, 411(1999).

[37] W. Gautschi,Computationalaspectsof three-termrecurrencerelations, SIAMRev. 9, 24
(1967).

[38] J.N. Goldberg, A. J.MacFarlane,E. T. Newman,F. Rohrlich,E. C. G. Sudarshan,Spin-�
sphericalharmonicsand

�
, J. Math.Phys.8, 2155(1967).

[39] L. P. Grishchuk,V. M. Lipunov, K. A. Postnov, M. E. Prokhorov, B. S. Sathyaprakash,
Gravitationalwaveastronomy:in anticipationof first sourcesto bedetected, Phys.Usp.
44, 1 (2001);Usp.Fiz. Nauk171, 3 (2001).

[40] L.Gualtieri,E. Berti, J.A. Pons,G.Miniutti,V. Ferrari,Gravitationalsignalsemittedby a
point massorbiting a neutron star: a perturbativeapproach, Phys.Rev. D 64, 104007
(2001).

[41] T. Guillot, A. Burrows, W. B. Hubbard,J. I. Lunine,D. Saumon,Giant planetsat small
orbital distances, Ap.J. 459, L35 (1996).

[42] R.A. Hulse,J.H. Taylor, Discoveryof a pulsarin a binarysystem, Ap.J. 195, L51 (1975).

[43] L. E. Kidder, C.M. Will, A. G.Wiseman,Class.QuantumGrav. 9, L125(1992);Coalesc-
ing binary systemsof compactobjectsto (post)} & p -Newtonianorder. III. Transitionfrom
inspiral to plunge, Phys.Rev. D 47, 3281(1993).

[44] C. S.Kochanek,Coalescingbinaryneutronstars, Ap.J. 398, 234(1992).

[45] Y. Kojima,Stellarresonantoscillationscoupledto gravitationalwaves, Prog. Theor. Phys.
77, 297,(1987).
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