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Intr oduction

In 1969, quiteironically, FrankZerilli statedin the introductionto his Ph. D. thesis:“J oseph
Weber at the University of Maryland has detectedeventswhich maywell prove to be pulses
of gravitationalradiation. Dysonhasproposedprobablyonly half seriously that theseevents
maybetheresultof encountes betweerstars andbladk holes(thatis, collapsedstars)”. Since
thenthe situationhaschangedjuitealot.

Of coursetodaythereis morethanjust hopein the existenceof gravitationalwaves,which
areoneof the main predictionsof Einstein’s theoryof gravity. The measuremenperformed
by HulseandTaylor [42], of the decayof the orbital periodof a compactbinary system PSR
1913+16 hasalreadyprovidedexperimentakvidence(thoughonly anindirectone)for thiscru-
cial predictionof Einsteinstheory Ontheotherhand,despitetheinitial illusions,thedirectde-
tectionof gravitationalwaveshasprovento beaformidabletask,but finally we canconfidently
say thanksto aworldwidejoint experimentakffort, to bereally closeto thegoal. Resonanbars
(ALLEGRO, NIOBE, EXPLORER,AURIGA andNAUTILUS) arealreadyin operation;nen
resonantetectorgGRAIL, OMNI-1 andTIGA), calledTIGAs (TruncatedcosahedraGravita-
tional Arrays),arein project;anearth-basedterferomete(TAMA) istakingdata,while others
(LIGO, VIRGO andGEO600)will becomeoperatve very soon;the projectfor a space-based
interferometer(LISA) hasrecentlybeenapprored by NASA andESA. Earth-basedietectors
will be sensitve to gravitationalwavesin the high-frequeng band(~ 1 kHz for resonantle-
tectors,andin theregion1 Hz < v < afew kHz for interferometers)LISA will hopefullybe
ableto deteciow-frequengy waves(10~* Hz < v < 1 Hz).

Thanksto the enormousadwancesin obsenational astrophysicsthe idea of “encounters
betweenstarsand black holes” is no longerregardedas a joke. Indeed,at present,binary
systemsomposedy neutronstarsand/orblack holes(spiralingtogetherto form, eventually
a new compactobject)areconsideredne of the mostinteresting(if not the mostpromising)
amongsource®f gravitationalwavesto be detectedn the nearfuture ([39], [84]).

Thetheoreticamodelingof binarysystemss themaintopicof thisthesis.Asis well known,
binariescan be modelledusing variousapproximationschemes.The simplestapproximation
is the so-calledquadrupoleformula, in which the component®f the binary areconsideredas
pointlike particlesfollowing Newtonianorbits, andthe emittedradiationis computedrom the
time variationof thequadrupoleanomentof the system.

A moreaccuratdreatmentanbe achievedin mary differentways. Oneof the mostcom-
mon approachegonsidersthe membersof the binary as point particles, but includesPost-
Newtonian(PN) correctiongo the equationsof motion,i.e., basically correctionan powersof
v/c (wherew is the orbital velocity), which are expectedto be more and moreimportantfor
compactbinariesasthey spiraltogetherandfinally coalesce.Takinginto accountthe internal
structureof the membersf the binary systemis, in generalavery difficult task. Accuratethe-
oreticalpredictionsfor the late stagesof a compactbinary coalescenceequirethe integration
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of thefull Einsteinequationsoupledto hydrodynamicsn strongfield situations,andthisis a
formidablechallengefor today’s computers.

Themainpointof thisthesisis to shav thatrelevantinformationon the gravitationalwaves
emittedby binary systemscanbe gainedusing perturbativeapproades In this case the key
ideais that,whena componenbf the binaryhasmassmuchsmallerthanthe other(my, < M),
one cansolve exactly the Einsteinequationscoupledto hydrodynamicgo obtainthe equilib-
rium structureof thelargerbody, andtreatthe smallmassm, asinducingperturbationsn the
(known) geometryof space-timebtainedhroughthis procedure We have appliedthis method
to two classeof astrophysicabinary systems:extrasolar planetary systemsand compact
binaries.

Extrasolar planetary systems

Beforeproceedingywe wishto make a pointonterminology We shallcall “extrasolarplanetary
systems’both systemsomposedf a solartype staranda planet,andsystemsomposef a
solartype staranda brown dwarf. In fact,in the astrophysicacommunity the very definition
of a“planet” is still objectof debatg(see,e.g.,[57]). Someauthorsdefinea planeton the basis
of the formationmedtanism Accordingto this point of view, planetsare objectsformed by
coagulationof smaller possiblyrocky, bodies,orbiting a muchlarger star; on the otherhand,
starswereprobablyformedby fragmentatiorof largebodiesinto smallerobjects.Otherauthors
defineaplanetasanobjectwith masssmallerthenl13 Jupitermasses$theminimummasseeded
to ignite deuteriumin its core);similarly, brown dwarfs areoften definedasobjectsthatdo not
burn hydrogenin their core,andthereforehave massedessthanabout80 jovian masses\We
will follow the latter definition (thoughit is quite a matterof corvention), becausehe mass
distribution turnsout to be the distinguishingfeatureeven adoptinga definition basedon the
formationmechanisn([57]). In ary event, sincethe physicaldistinctionbetweerplanetsand
brown dwarfsis notsosharp andsincebrown dwarfsarehardlyobsenationallydistinguishable,
at present,from planets,we will loosely speakof “extrasolarplanetarysystems’even when
dealingwith systemsomposeaf a staranda brown dwarf.

The first extrasolarplanetarysystem(from now on, EPS)was discoveredin 1992 [89];
sincethena numberof suchsystemscomposedf oneor moreplanetsorbiting arounda main
sequencesolartypestar hasbeenrevealed(see[64] for areview), andmary otherswill surely
be obseredin the nearfuture. Someof the discoveredEPS5 arewell characterizedsincethe
massandradiusof the centralstar the massof the planetsandtheir orbital parameterganbe
deducedrom obsenations. With this informationwe have beenableto give a first estimate
of the characteristic®f the gravitational radiationemittedby thesesystemsthat, beingat a
distanceof a few tensof parsecsarevery closeto us. As a first step,we have selecteda set
of EPS5 for which all needednformationis available,and computedthe gravitational signal
emittedby eachcouplestarplanetdueto the orbital motion, usingthe quadrupoldormalism.

Thenwe turnedour attentionon an interestingmechanisnof gravitational wave emission,
not so directly relatedto the orbital motion of the system. It is known from the theory of
stellarpulsationgthata star whenperturbedrom its equilibrium configuration,oscillatesin a
setof so-calledquasi-normalmodes Thesemodeshave comple frequenciesthe imaginary
part correspondd¢o a dampingof the mechanicalenepgy of oscillation, due to the emission
of gravitational waves. The stellarquasi-normamodesare classified following a classicpa-
per by Cowling [23], accordingto the prevailing force restoringa displacedfluid elementto



the equilibrium position. Sowe term g-modesthe onesin which the prevailing forceis grav-
ity, and p-modesthe onesin which a dispacedluid elementis restoredto equilibrium mainly
by pressue gradients The lowestfrequeng p-modeis known as f-mode(for fundamentg|,
sinceit is presentlsoin extremelysimplestellarmodels suchashomogeneousmcompressible
spheresTypically, ary givenstellarmodelhasaninfinite numberof g-modesandp-modesthe
g-modeshave decreasin@scillationfrequenciesthe p-modeshave increasingrequenciesand
the f-modeseparatethetwo classes:

e SV < Vg1t < Vp < Vpp < Vp2 <...

Notice, however, thata stellarmodelis endaved with g-modesonly if the stellarstructure
shaws the presencef entropy gradientgdueeitherto temperatureyradientsor differencesn
chemicalcomposition).Sothe simplestneutronstarmodelswe shall considerin chapter (in
which the staris approximatedsif it wereat zero-temperaturejo not shav the presencef
g-modeswhile the Newtonian,solarlik e starsconsideredn chapter3 do.

We mentionfor completenesthatanew classof modeswith no Newtoniananaloguegssen-
tially relatedto oscillationsof themetricvariableshasbeenrecentlyshovn to exist [47]. These
modeshave beentermedw-modes,becausedhey are intimately relatedwith the (essentially
relativistic) procesof emissionof gravitationalwaves

An interestingfeaturef the stellarquasi-normaimodess thatthey canbeexcited by tidal
interactionswith the orbiting planet. This problemhasbeenstudiedin the literaturefor solar
type starswith a planetandfor neutronstarneutronstar closebinary systemsusingdifferent
approachedasedessentiallyon the deformationinducedby the dynamicaltidesraisedby the
companion([1], [82], [46]). In particular the emissionof gravitational wavesassociatedvith
theresonanexcitationof the modesof a starhasbeenstudiedby Kojima [45]. He considerec
smallmassin circularorbit arounda compactstar andintegratedthe equationglescribingthe
perturbationof the starexcited by the small mass,in the framewvork of generalrelatvity. He
showvedthata sharpresonanceccursif the frequeng of the fundamentamodeof the staris
twice the keplerianfrequeng of the orbiting mass,andthatthe characteristiavave amplitude
emittedat the resonanfrequeng canbe up to ~ 100 timeslarger thanthat evaluatedby the
guadrupoldormula. The excitation of the w-modeshaslaterbeenstudiedby Ruoff etal. [73]
throughatime-domainevolution of the perturbatiorequations.

Motivatedby obsenations,which have shavn thata surprisinglylarge fraction of the ob-
senedplanetsarein close,nearlycircularorbits,we have consideredhepossibilityfor aplanet
to getsufficiently closeto the centralstarto excite the lowestorder g-modesandpossiblythe
fundamentalbne, without being disruptedby tidal forcesor meltedby the centralstar We
have shown that for solartype starsthe resonangexcitation of the low-order g-modesmay; in
principle,be possible.

Whentheplanetis closeenoughto aresonancethe powerlostby thesystemn gravitational
wavescanbelarge,andtheorbit tendsto shrinkmorerapidly dueto this enepgy loss. Including
gravitational radiationreactioneffectson the planetaryorbit tells us how the orbit evolves: in
thisway, we have obtainedypical timescalegor a planetto getoff-resonance.

Theinformationon the excitation of the modeandon thetimescaleof theresonanprocess
canbe usedto estimatehow muchtime a given EPScan spendemitting waves of amplitude
greaterthan a fixed threshold. The main resultof our analysisis that systemscomposedof
a solartype staranda brown dwarf in resonantonditionscould potentially be detectableby
LISA.



Compactbinaries

Toradiategravitationalwaveswith largeintensityandatfrequenciesccessibl¢o ground-based
interferometershememberf a binarysystemmustnot only be massve: they mustalsoorbit
eachotherat very smallseparationga few hundredkilometersor less).

Accordingto theexisting views, thesemassve objectscanonly betheendproductof stellar
evolution: neutronstarsandblack holes. Sincea large fraction of all starsarein closebinary
systemsthe deadremnantsof stellar evolution may containa significantnumberof binary
systemsvhosecomponent@reneutronstarsor black holes,andare closeenoughtogetherto
be driveninto coalescencey gravitational radiationreactionin a time smallerthanthe ageof
the universe. The binary pulsar1913+16is an example of sucha system,andwill coalesce
~ 3.5 x 10® yearsfrom now. Binariescontainingtwo blackholesor a neutronstaranda black
hole have not beenobsened yet, but we alreadyhave reliable obsenational dataon binary
neutronstars[53], which will be the main subjectof this thesis. Anyway, the currenttheories
ontheformationandrelative abundanceof variouspopulationsof obsenredbinariesconsisting
of normal starsand neutronstarspredict neutronstarblack hole and black hole-blackhole
binariesaspossibleoutcomeg39].

By the time a binary entersthe sensitvity window of ground-basednterferometergi.e.,
the gravitational wave frequeng is larger than about10 Hz) gravitational radiationreaction
hascircularizedthe orbit [65]; so, asthe two bodiesin the binary spiral togethey they emit
periodicgravitationalwaveswith afrequeng whichis simply twice the orbital frequeng. This
frequeny sweepaupward (“chirps”) toward a maximum,which is aroundl kHz for neutron
starbinaries,andaround10M gy /My, for black hole binarieswhenthe larger black hole has
massM gy . During thefirst partof the frequeny sweepthe waveformcanbefairly accurately
computedrom the quadrupoldormalism,but asthe objectsget closerPost-N&vtonianorbital
effectsandeffectsdueto theextendedstructureof thebodiesbecomenoreandmoresignificant.
In thefinal, meiging phasethefull equation®f generakelatvity anddetailednydrodynamical
modelsaredefinitelyneededor a predictionof the gravitationalwave signalwe may obsenre.
An accuratetheoreticalmodeling of the signalis especiallyimportant, since comparisonof
the predictedwave forms with obsened onesmay well be the strongestestever of general
relatiity.

We shall attemptto modelthe binary asa systemin which oneof the memberds anexact
solutionto Elnsteins equationsandthe otheris consideredas a pointlike massexciting per
turbationsin the (known) spacetimecorrespondingo the unperturbedbject. This approach
shouldprovide hints on the natureof the true, fully generalrelatiistic two-body problemin
which both objectsare extended. In particular we want to understandhe differencein the
power emittedandin thewaveformbetweera systemin which the extendedobjectis aneutron
starandonein which the extendedobjectis a black hole. For example we may expectsomeof
the oscillationmodesof the star(especiallythe g-modeswhich have lower frequencies}o be
excitedduring coalescencekvenif thisis notthe casethe structureof the starmustsooneror
laterplay arole in the gravitationalwave emissionprocess.

Usually the theoreticalmodellingof compactbinariesincludesorbital correctiongbut not
correctionsdue to the structure)in the form of Post-Ne&vtonian expansionsof the standard,
Newtonianequationf motion. In producingthetheoreticatemplatesusedto extractthe sig-
nal from noisein interferometerspnly the phaseof the wave (not the amplitude)is corrected
throughttheinclusionof theseeffects,i.e.,oneuseghe so-calledrestrictedPost-Nevtonianap-
proximation[25]. Wewill shav thatthis approximatiorignoresa characteristibeatingprocess



betweenwave component®f differentangularbehaiour.

Dependingon the stellar structure,we find that effectsdueto the excitation of the stellar
f-modeand/orthe extendedstructureof the starbegin to shov up whenthe testmassorbital
velocity is ~ ¢/4 (where,of course¢ is the speedof light). Moreover, the excitation of stellar
modesin high-ordermultipoles(¢ > 2) mayoccurbefole the quadrupolenodeis excited,and
possiblyplay arole in the binary’s evolution.

Usingthe testmasscaseasa testbedwe alsoamuethat, especiallywhentrying to model
neutronstarbinaries,the useof equal-mas#ost-Nevtonianexpansionneedgo be pushedo
very high order (v® or v") for the expansionto corverge with sufficient accurag; otherwise
thelossin signal-to-noiseatio dueto theinaccuratanodelingof the systemcould completely
destry not only the determinatiorof the parametersf the binary, but alsothe very possibility
to detectthe signal.

Thesisplan

The first two chaptersof the thesiswill be devotedto a descriptionof the methodwe useto
computethe gravitational wave power spectrumand the shapeof the waveform from binary
systemsjn chapters3 and4 we will discusgheapplicationof this methodto extrasolarplane-
tary systemsaandcompactbinaries respectrely.

In particular in chapterl we concentrateto have a testgroundfor the inclusionof struc-
tural effectsin the signal, on the gravitational wave emissionfrom binary systemsin which
the structureof the bodiesis not taken into account. We startrecalling briefly the standard
guadrupolgormalism,andrecover well-known resultsfor the shapeof the spectrumemitted
by a sourcecomposedf two point masse®rbiting aroundeachotheraccordingto the New-
tonianlaws of motion. As an original part, we shav how to decomposéhe quadrupolevave
in tensorsphericalharmonics.Thenwe describea slightly differentapproachwhich we call
thesemielativisticquadrupoleapproximation we computetheradiationemittedby atestmass
following geodesic#n the Schwarzschildgeometry(in otherwords,we considerthe particleas
moving in curved spacetime)put we computethe emittedradiationby pluggingthis “exact”
orbitalmotionin thequadrupoldormula. In otherwords,we treatthe emissiorprocesssif the
systemwereradiatingin flat spacetimeAs we shall see this methodgivessomeinsightonthe
structureof the power spectrunemittedfrom binariesin which oneof the memberss actually
endavedwith astructure.

In chapter2 we write down theperturbatiorequationgor anon-rotatingstar Theamplitude
of the perturbationsn the linearizedEinsteinequationsof course,is not fixed if thereis no
sourceto excite the perturbationsWe showv how to dealwith the excitationof the perturbations
by atestmassm, < M, where M is the stellarmass,usingan approachbaseddirectly on
the perturbationof the metric functions(thatwe will termthe Zerilli formalism). We actually
computedhesourcetermfor perturbatiorequationsn this “metric” approachonly for circular
orbits,sincethecalculationis quiteinvolved. Lateron,in chapted, wewill introduceadifferent
but equivalentapproachpasedon the Newman-Penroseerturbationtechnique(the Bardeen-
Press-€ulolsky or BPT formalism), which allows to deal more easily with the generalcase
of bound,eccentricorbits. In the zero-eccentricityimit our numericalcodesyield exactly the
sameresultsusingbothformalisms(asthey should!). Thisis astrongconsisteng checkfor our
calculationsgn the non-zero-eccentricitgase.Of course the specialcaseof circularorbitshas
greatphysicalinterest since,aswe statedoefore radiationreactioncircularizegheorbit of any



compactbinary systemanuchbeforethe gravitational signalemittedby the binary entersthe
sensitvity window of earth-basethterferometers.

In chapter3 we give estimate®f the radiationemittedby extrasolarplanetarysystemsWe
list the parameter®f someof the EPS5 discoveredup to now, asthey were deducedfrom
obsenations,and usethemto computethe gravitational signal emittedby eachcouplestar
planetdueto the orbital motion,usingthe quadrupoldormalism.

Thenwe turn our attentionto the possibility of anexcitation of the oscillationmodesof the
starby tidal interactionswith the orbiting planet.Motivatedby obsenations ,which have shovn
that a surprisinglylarge fraction of the obsened planetsarein close, nearly circular orbits,
we considerthe possibility for a planetto get sufficiently closeto the centralstarto excite the
lowestorder g-modes,and possiblythe fundamentaimode, without being disruptedby tidal
forcesor meltedby the centralstar We show thatfor solartype starsthe resonanexcitation of
thelow-orderg-modesmay; in principle,bepossible.

Whentheplanetis closeenoughto aresonancehepowerlostby thesystemn gravitational
wavescanbelarge,andtheorbit tendsto shrinkmorerapidly dueto this enegy loss.Including
gravitationalradiationreactioneffects(in the so-calledadiabaticapproximatior) we canunder
standhow fastthe orbit evolves. In this way, we obtaintypical timescaledor a planetto get
off-resonancegr, equivalently, estimateon how long the amplitudeof the emittedwave can
go beyondsomefixed“obsenability threshold”. The mainresultof our analysiss thatsystems
composedf a solartype staranda brown dwarf in resonantonditionscould, at leastpoten-
tially, be detectabldoy the spacebornnterferometelLISA, thathasbeenapprored by NASA
andESA, andshouldfly in afew years.

In chapter4 we apply the perturbatve approachto the gravitational wave emissionfrom
compactbinary systems.We first describethe Bardeen-Presselikolsky formalism,andthen
apply the formalismto particlesin closed,eccentricorbits arounda star comparingresults
with thoseobtainedhroughthe semirelatvistic quadrupoldormalism.We shaw thatthe stellar
structureintroducesqualitatively andquantitatvely new effects,amongwhich arethe appear
anceof anaxial componentn theradiationand,consequentlya beatingbetweerthe polarand
axial componentsa significantreductionin thetotal power radiatedn ¢ = 2; agreatenhance-
mentin the wave amplitudeif the stellarquasi-normamodesare excited. Thenwe consider
the possibility to excite quasi-normaimodesin an astrophysicabinary coalescencehoth for
neutron-staand black-holebinaries. We shaw that the excitation of black hole quasi-normal
modescanonly occurin acollapsefor neutronstars the f-modeexcitationis highly implausi-
ble unlessthe staris rotating. The g-modeson the otherhand,couldbe excitedin a frequeng
bandrelevantfor earth-basethterferometersandwe will explorethisissuein thefuture. Using
theadiabaticapproximationwe considerthe orbital evolution of binary systemsndavedwith
aneccentricityin our perturbatve approachshaving thattheinclusionof structuraleffectsdoes
not affectthe commonlyacceptedatonclusionthatgravitationalradiationreactionactscircular-
izing ary binary systeminitially bornwith a nonzeroeccentricity Anyway, whenthe orbiting
massis closeenoughthe emissionfeaturesof a systemin which the centralobjectis a starare
significantly differentfrom thoseof a systemin which the centralobjectis a black hole. We
discussthesedifferencesand shav how effectsdueto the equationof stateaffect the power
emittedby the systemin gravitationalwaves.

As anext step,we compareour perturbatveresultswith thoseobtainedn theliteratureusing
Post-Nevtonianapproximationseitherin the testmassor in the comparablanasslimit. We
computedifferencesn the numberof cyclesbetweerdifferentstellarmodelsandblack holes,
anddiscusghereductiondn signal-to-noiseatio dueto a non-optimalmodelingof the signal.
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Finally, we give an agumentin favour of the perturbatve approximation,shaving that fluid
andmetric perturbationgemainsmall up to very little orbital separationsin otherwords,the
perturbatve approactseemdo besurprisinglygoodup to very late stagef the coalescence.



Chapter 1

Gravitational wave emissiondueto the
orbital motion

It is well known thatthe gravitationalwave emissionfrom coalescingvinariescanbe modelled
usingvariousapproximatiorschemesThe simplestapproximatioris the so-calledquadrupole
formalism in which the componentsf the binary are consideredas pointlike particlesfol-
lowing Newtonianorbits, andthe emittedradiationis computedrom the time variationof the
guadrupolanomentsof the system.In this chapterwe briefly recall somewell-known results
aboutthe quadrupolegormalism. Our purposehereis first of all to establishthe notation,and
thento setup a simple theoreticalframeavork (in which the structureof the membersof the
binary is not taken into account)to usefor comparisorwhen, in the next chapterswe shall
includein the computatioreffectsdueto the extendedstructureof atleastoneof thebodies.

We startrecalling briefly, in sectionl.1, the well-known quadrupoleformalism; then, in
sectionl.2 we shov how to decomposé¢he quadrupolevave in tensorsphericaharmonicqas
far aswe know, this hasnever beendonein the publishediterature).In sectionl.3we recover
well-known resultsfor the shapeof the spectrumemittedby a sourcecomposedf two point
masse®rbiting aroundeachotheraccordingto the Newtonianlaws of motion. In particular
we computethe power spectrumandthe amplitudefor general,eccentricorbits, andthenwe
recover well-known, simple analytic formulasfor the specialcaseof circular orbits. Then,
in sectionl.4, we describea slightly differentapproachwhich we call the semielativistic
guadrupoleapproximation In this approachwe computethe radiationemittedby a testmass
in the Schwarzschildgeometrytaking into accountthe exact geodesianotion of the mass(in
otherwords, we considerthe particle as moving in curved spacetime)but thenwe plug the
exactorbital evolutionin the quadrupoldormulas(whichamountgo consideringhe systemas
emitting in flat spacetime).We shall seethat this methodgivessomeinsight on the structure
of the power spectrumemittedfrom binariesin which oneof the memberss actuallyendaved
with a structure;in particular it shawvs that the spectrumis a discreteone, and that all the
spectraffrequenciesanbe expressedslinearcombinationgwith integercoeficients)of only
two fundamentafrequenciesywhosemeanings clarifiedin sectionl.4.3.

12
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1.1 Quadrupole formalism

In thetrans\erse-traceleggaugethequadrupolevaveis givenin termsof thereducedjuadrupole
momentg77] by:

Wt x) = 0 (1.1)
2G 1 -
h;f’;-T(t, x) = . <Pikpjl - §Piijl) Qri(7)|r=t—2 (1.2)
where

h
Py = 0 — npny

is usedto projectthe metric perturbationin the planeorthogonalto the radial unit vectorn.
Sincen, = sin® cos ¢, n, = sin¥sin ¢ andn, = cos ¥ we have:

1 —sin?Ycos?p —sin®¥sinpcosy —sindcoscosp
P=| —sin?dsingcosy 1 —sin?dsin?¢p  —sincosdsin @ (1.3)
—sindcostcosp —sinvcosdsing 1 —cos?d

We canreformulatethe indicial expressionsn formula (1.2) in termsof matrix productsand
traces:

Pikleka = PyQuP; = (PQP);;

1 . 1 . 1 .
_ipijplekl = —ipiijQlk = —§TT(PQ)PU

Now we canfind A};" (¢, x) throughsimple matrix manipulations Sinceour goalis to find
the expressiorof the componentsf the metricperturbatiorin sphericabolarcoordinatesh??
andhgg, we mustalsoperformachangeof basis.Let usdenoteby A thematrixwhoseelements

givethepolarcoordinates:® in termsof the cartesiaronesz?:
ox®
0xP
Considerthe polarcoordinatebasise,,, expressedn termsof the cartesiarcoordinatebasiseg
by theformulae, = 22e4; iie.:

!

Ag’ — (14)

ew = A" 05, (1.5)
It is well known thatsucha coordinateébasisis not orthonormal:
ea/ . eﬂ' = ga’,@’a (16)

iele e, =g, =1,e9-€ = ggg =1% €, €, = g,, = r’sin’9. We needto projectthe
metricperturbatior over a (non-coordinateprthonormalbasiswhoseelementsgenotedoy a
hat,are:

e = e, (17)
1

€; = ;eg
B 1

C = rsin 19e(p
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Correspondinglyeachrow of the matrix A” appearingn formula(1.5) hasto be multiplied by
afactorl (first row), 1/r (secondrow) or 1/rsin ¥ (third row) to give the matrix A” usedto
switch to our new, orthonormalbasis. Of course,now we mustprojecth over the vectorsey

ande,:
0
0 (1.8)
1

and() mustbereplacecby ATQA.

The tetrad componentf the waveform, h@T)w) and h@T)(@, have beencomputedby the
Maple programTetradWaveform givenin AppendixH.

Theexplicit expression®f hyy andhy, evaluatedoy this procedureare

1
h@T)(ff) = —h(T(pT)(g) = [(a(t) cos® p + b(t) sin 2¢) (1 + cos®9) + c(t) cos® I + d(t)]
1
hig@ = =~ cos® [a(t) sin 2 + 2b(t) (1 — 2cos? )] (1.9)
T

wherethe @ standdor “quadrupole”,and
a(t) = Qm - nya b(t) = mea )
C(t) = ny - Q225 d(t) = Qs — Q-

The subscriptindices(9)(¢) and (9)(¢) indicatesthatthe tensorhasbeenprojectedonto the
orthonormabasis.

1.2 Projection of the quadrupole wave on tensor harmonics

Thequadrupolevave h(Ts(,?) is asymmetrictensor thatwe denote(to simplify the notation)by
h. As any symmetrictensorh canbesplit into anaxialanda polar part,

h = h® + hP°!, (1.10)
andexpandedn thetensorharmonicsdefinedby Zerilli:
h** =) [ inCims + + QumCam + Demdzm] : (1.11)
m
W= Y [Afal) + Afpaly) + Amam+
m
+B§?72bg(r)r)z + B@mbfm + G@mgfm + Fémfémj| . (112)

Thecoeficientsof theexpansioncanbe foundasfollows

%nzwmm=]%wmwww9 (1.13)

2 1
= / dgp/ dcos® ntrn*P Compw Prp
0 ~1

2m 1 2m 1
= /0 de / dCos Ciy B = /0 de / ldcosﬁc;,,ia)(ﬂ’ he)(3)
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However, sincethe harmonics(al)), b”) ¢{)), arenormalizedto -1, whereasall the othersare
normalizedto 1 (seeAppendixA for a proof), the coeflc:lentsAEm, B(O), Qem will be defined
with aminussign.

We know that,for example,
¢} (6) = e(a)“e(ﬂ)“czm v (1.14)

m

andsincee®*e ), = 0¥

v

e = (1,0,0,0) (1.15)
e = (0,—rsind,0,0)
e = (0,0,-1,0)

e — (0,0,0,— );

therefore,the only nonzeroelementsn the tensormatricesprojectedonto the tetradwill be
the sameasthoseof the tensorharmonicdlistedin AppendixA. On the otherhand,the non
vanishingcomponentsf h(, 3 (¢, r, 9, ¢) areonly

TTQ _ 1 TTQ T Q __ TT Q
hyoy = gy @A hgyg) = ~hpye)-

Consequentlyvhenwe take theinner productc;,(*® h, s it givesa nonzerovalueonly if
the matrix c,,, (e)(8 hasnonvanlshlng( )(19)—, (©)(p)— or (¥)(p)— componentsThis means
that the axial harmonlchgm,Qem and the polar hamonicsA(f,i, AN A B(O) By, will

m? m?
automaticallyvanish,andtheonly coeficientsthatremainto becomputeohreng for theaxial
part,G,,,, and Fy,, for the polarpart.

With the Maple programFIm, givenin AppendixH, we find thatthe only nonzerocoefi-

cients(for £ = 2, of course)are:

P = 8/ 570 (o) (1.16)
5 r
Fyo=8/" m(g)( +2ib) = F, (1.17)
Fyp = s\fm @ 304 et 5) (1.18)
wherewe recallthat .
m(€) =

V22U +1)(E 1) (0 +2)
andthatthefunctionsa, b andc arerelatedto the quadrupolenomentsy
a(t) = wa - nya b(t) = sz )
C(t) = ny - sza d(t) = sz - Q:m

In particular this resultimplies that the quadrupolewaveis purely polar, sinceit only
involvestesorharmoniccoeficientsfor which ¢ + m is even
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1.3 Newtoniantreatment

It is known thattwo pointlike massesevolving aroundtheir commoncenterof massemitgrav-
itational enegy becausef their time varying quadrupolemoment. Consideffirst the gravita-
tional emissiorby two pointmassesvhosemotionis describedn theframewnork of Newtonian
gravity. To describetheir motionit is corvenientto choosea coordinatesystemwith the origin
locatedat the centerof massof the systemthe orbital planecoincidentwith the z-y planeand
the z-axisorientedalongtherelative positionvector X = x, — x,, whenthemassm, is atthe
periastronWith this choiceof the coordinatesystenwe have:
) . M

x,=——— X (1.19)

-_" x —
T M rme P T T M+ mg

Accordingto Newtoniangravity, thevectorX describesin generalanellipsewith semi-major
axisa andeccentricitye, andits evolutionis describedy the parametricequations:

p = a(l —ecosu) (1.20)

1 1/2
<1J_rz> tan %] (1.21)

Herep = |X|, a is theanglebetweerX andthe z—axis,andu is theeccentricanomalyrelated
to time by the Keplerequation:

« = 2arctan

wigt = u — esinu, (1.22)

wherewy, is thekeplerianorbital frequeng

1/2 1/2
L (GMt) . (@) , (1.23)

P asd a’d

andM,; = M + m, is thetotal massof the systemandthelastexpressiomrefersto thetestmass
limit, mq < M. In termsof a, u ande thecomponent®f X are:

X' = a(cosu —e)
X? = a(1-€»)"*sinu (1.24)
X =0

To computethe quadrupolanomentsve needthe T;, —componenbf the stress-engy tensor
whichis givenby:

Too(t, x) = (M@ (x — %, (1)) +mod™® (x — x,(1))]

wheres® (z) = §(2')d(2%)d(2?) is the3-dimensionad —function. Fromthegenerakxpression
for thequadrupolenoment:

1
au(t) = = / T, y)y*y'd’y (1.25)
we have then:

() = / (M5 (y — x,(6)) + mod® (y — x,(8))] oo/ dPy =

= Mk (t)z! (t) + moah (t)zl (t) (1.26)

p
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or, using(1.19):
ar = pX* X', (1.27)

w=moM/(my + M) beingthereducednassof the system.Thereducedjuadrupolenoment
is thengivenby:

1
Qu = (x5! - ot ) (1.29)

Substitutingthe parametriaepresentatioifl.24) in the definition (1.28) of @;;, andusing
thechainrule for derivatives:
dr dx ( dt > ! Wi dx

bt ol B =% 1.29

dt du \du 1 —ecosudu ( )
we caneasily obtainthe secondime-dervative C)ij of the reducedquadrupolemoment. The
resultis:

Quw = 3@(62:0;314;’5 g [(e* — 3e) cos® u + (6 — 2€*) cos® u — 2e cosu + 3e* {BBO)
Quzy = — 2@?3?3;;/? sinu [ecos”u — 2cosu + €]

Qe =0

Quy = — 3a(e2c(j£tli O [(2¢® — 3e) cos® u + (6 — 4e®) cos® u — ecosu + 3e — 3]
Qy: =0

0., = 2G My pe cosu

~ 3a(ecosu — 1)

Specializingthe generalresults(1.9) to our case andusingformulas(1.30)for the second
time derivativesof the quadrupolanomentswe get

QGQMt,LL

hag (u,7,0,0) = ctra(l —ecosu)? (1.31)
x {(e* — 1)(1 4 cos®¥)(1 — 2 cos® p)
+ cos®u(ecosu — 2) [(1 — €®)(cos” p + cos” ¥ cos” p — cos® V)
+  cos® ¢ + cos® Y cos® p — 1] + ecos u(cos? ¢ + cos® ¥ cos® p — 1)
+ 21 — eZsinpcos (1 + cos® ) sinu(ecos? u — 2cosu + e)},
T 9,7, 9, 0) = AG"Mypcos (1.32)

c*ra(l — ecosu)?3
x {sinpcos¢p [(e* —2)cos* u(ecosu — 2) — ecosu + 2(e* — 1)]
+ (2cos?’ ¢ —1)V1 —e2sinu(ecos®u — 2cosu + e)}.

From theseformulasone can easily checkthat, if the orbit is circular (e = 0), the radiation
is emittedat twice the orbital frequeny (w“" = 2w;). Butif the orbit is eccentric,waves
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will be emittedat frequenciesnultiple of w;, andthe numberof equally spacedspectralines
contributing to the signalwill increasewith the eccentricity.

1.3.1 Energy flux and characteristic amplitude

Theenepy flux emittedin gravitationalwavescanbeevaluatedn termsof the (01)-component
of the stress-engyy pseudotensaf the gravitationalfield:

_ dE _ ]_ T TT 2 , TT 2
tOl = m = ﬁ { |:h1919 (t, T, '19, QD):| + |:h19<p (t7 T, 19’ SO)] (133)

Supposefirst of all, thatour signalwerenot periodic. In this casewe candefinethe Fourier
transformsof the metricperturbationss:

1 +oo i
hoo (w,r,0,0) = o [ hgg (8,70, p)edr,
1 +oo )
h?,g(w,r,ﬁ,ga) = %/ hgg(t,r,ﬁ,(p)e’“’tdt, (1.34)
anduseParseyal’'stheorem:
1 e 2 oo 2
- f@)]"dt = |f(w)]” dw. (1.35)

We find from (1.33):

+o00 dE 1 +oo
/ (m) dt = g/_oo w? {|W5 (.7, 0, 0)|" + [BT (w7, 0,0)[*} dwo. (1.36)

—0oQ0

Sincethefollowing relationsbetweertheone-sidedpectrabensitiesandthetwo-sidedspectral
densitieshold:

0 [ 4E + [ 4E 1 [*® [ dE
P ) gt = ) o= B I 1.37
/_oo (det) /_oo (dew) = (dew) “ (1.37)
dE 1 [ dE
(dew) T or (deu) ’ (1.38)

'Notethat,sincethe geometryof the systemis symmetricafor reflectionswith respecto the orbital plane the
metric coeficientshave nice symmetryproperties:

hog(¥) = heg(m — )
hyy (9) —hyg,(m — 1)

andthefollowing relationshold:

™ /2
/ sin ¥did |hgy(w,r, ¥, g0)|2 = 2/ sinﬂdﬂ|h1919(w,r,19,go)|2
0 0

w/2

/ sin 9ddd | hg, (w, T, 9, ©)|* =2/ sin 9did | hgy, (w, 7,9, @)
0 0
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we caneasilyreadoff from equation(1.36):

dE w?r? 2 2
(725 ) = S {5t o, + 2 0,00} (1.39

Sinceour signalis periodic,we mustuseinsteada Fourierseriesversionof Parseal’s the-
orem.Our corventionson the Fouriertransformwill be:

1 [*

Hw) = o [ htedt, (1.40)

+0o0
h(t) = H(w)e “'dw.

— 00
Parseval’s theorenmreadshen:

1 +oo 9 +o0 9
o |h(t)|” dt = |H(w)|” dw. (1.41)
7T —0oQ

—00

Considemow atime-periodicsignalwith period P = 1/v. Sucha signalcanbe expandedn a
Fourierseriesratherthana Fourierintegral,

+oo
h(t)= ) Hye mi/F, (1.42)

n=—o0
wherethe coeficientsof the seriesaregivenby

1 [P ,
H, =5 / h(t)e* it/ gt (1.43)
0

Thediscreteequivalentof Parseval’s theoremis:

1 F 2 - 2

= = H,[?, 1.44

P, =3 A (1.44)
andasaconsequence:

1 [P, 2 >, [(2mn\’ 2

— h(t)| dt =2 — | |H,|". 1.45

p ) o a=23 (%) m (1.45)

Along thelinestracedfor a non-periodicsignalwe canwrite:

1 (P dE 3 P(r, 2 . 2
F 0 mdt = 167TGPA {[hgg(t,r,ﬁ,go)] +|:h$$(tara19a(p)] }dt

A L /2in)\2
= o () (mer+ jmer)
n=0

Averagingover angleshen-th Fouriercomponentve find theassociategravitational flux:

F, =

03(7%%)2 7 (n)
| )

o (G + (RG22 (1.46)
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Thecorrespondindguminosityis givenby:

Snwe)r? 1+ ~(n
s QC’;) (RS2 + (RG22 (1.47)

Finally, we candefinea characteristigravitational-wave amplitude accordingto formula (50)
in referencd84], as:

bl = /2 [0 + ] (1.48)

wherethefactor,/2/3 takesinto accountanaverageover orientation.

En = L, = 4nr’F, =

1.3.2 A specialcase:circular orbits
For asystemin circularorbit, formulas(1.31)and(1.32)specializeto:

QGQMtlj,

hiy ©(wit, 9, 0) = — I (1 + cos®¥) { (2 cos” ¢ — 1) cos(2wyt) + sin 2¢ sin(2wyt) }
ctra
4G* M,
hgw (wit, 9, 0) = c4artu cos ¥ {sin 2¢p cos(2wit) — (2 cos” ¢ — 1) sin(2wyt) }

andwe cangetanexplicit expressiorfor the Fouriercoeficientsof thetwo independenmetric
components:

G? M,

Y = —Z (1 4 cos?9) {(2c0s’ ¢ — 1) + isin 20}
car
G?M,

HY = — . t'u2(:0319{—sin2(p+2'(20082€0_1)}-
c ar

Fromtheseformulaswe obtaintheangularaverages

</~'L(2)>2 §G4Mfﬂ2
oo 15 cBa?r?
4 2,,2
~(2) 2 4G Mt/J,
<h19‘p> 3 Ba?r?
andwe cangettheflux in closedform from (1.46):
8G3M2p2w2
F=__"t""k 1.49
breda?r? ( )
For theluminositywe get
: 2GH(Mmgo)*(M
= L= amrep = 320 (Mmo) (M +mo) (1.50)
5cdad

andthisresultagreeswith equation(16) in referencg65].
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Sincein following chaptersve will sometimesieedto comparethis resultwith thoseob-
tainedfrom Post-Ne&vtonianexpansiongwhich arebasicallyexpansionsn the orbital velocity
of the binary v) in the testmasscase,we note that formula (1.50), when specializedo the
test-massasem, < M andexpressedn termsof the orbital velocity, which for testmassess
relatedto the keplerianfrequeng by v = (Mwy,)'/?, becomes:

. 32 m?
Exv = <2< e 10
N 5 M2 ?

wherewe have usedgeometricunitsandwe have introduceda subscript' N”, meaningthatthe
orbital evolution is describedn termsof the Newtonianequationsof motion. Notice alsothat
we canrecover the generalformula for the enegy flux from this testmasslimit by a simple
replacemenof the particle’s massm, by thereducedmassu, andof the stellarmassM by the
total massof the systemM; = M + mgy. Thisremarkwill berelevantwhen,in chapter4, we
will try to extrapolatetestmassresults(obtainedakinginto accounthe stellarstructure)o the
comparablenasscase.

Goingbackto the generalcaseof comparablanassesanddefiningthe quadrupoleampli-
tudefor asystemin circularorbit as:

(1.51)

h,Q = hc(2wk, T), (152)
we gettheanalyticformula:

8 G My 8 Gu 8 Gmy
By — — PR = —— = 2 (Wi Rp)? 1.53
Q \/ﬁ Aar \/Bc4r(wk 0) \/EC4 r (wk 0) ) ( )
whereR, is the (constantyadiusof the orbit, w, is the keplerianfrequeng of the systemand
thelastformulais valid in thetestmasdimit.
The dominantcoeficientsin the expansionof the quadrupolevave in tensorsphericahar
monics,in the caseunderconsiderationaregivenby

8v2
7TH(WkRo)Qa Fyy = Fy. (1.54)

Vb T

Usingthedefinitionsof the spin-weightedsphericaharmonics; Y, givenin AppendixG, it's
easyto show that

Z Fﬂmfém = % Z FZm 2}/Zma (155)

m==%2 m=+2

Fy = —

sothatwe canwrite thedominantpartof the quadrupoleamplitudein TT-gaugeas

) [ 8V2T 1
RiTQ 4 ipIT e = - EwiRo)? | 2Yem —
99 do m;Q i \/m 7“( k 0) 21¢
[ 8V2m myg 9
— - —(wi R, Yom, 1.56
m;Q _ \/m , (wk 0) R ( )

where(asusual)the lastline refersto thetestmasdimit. The Maple codeusedto performthe
calculationdescribedn this section NewtonianQuadrupole is includedin AppendixH.
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1.4 Semirelativistic quadrupole approximation

We have seerthattheamplitudesof themetricperturbationsn TT-gaugeareexpressedn terms
of thequadrupolenomentsas

hot @ = % { [(Qm — ny> cos? ¢ 4 2Q, sin ¢ cos gp] (1 + cos® V)
Qo= Qs c05? 0+ Que = G} (L57)
hggQ = —% {QCOSﬂ[(Qm—ny) singacosgp+@wy (1—2c052gp)]},

andwe have explicitly computedhequadrupolanomentdor abinarysystemcomposeaf two

point masse®beying Newvtoniangravity. Now we wantto assumehatoneof the membersof

thebinaryis a non-rotatingstaror a Schwarzschildblack hole, while the otheris a smallmass
following a geodesian thebackgroundnetricof thefirst object,andcomputethe gravitational

radiationemittedby the massm, becausef its acceleratedrbital motion aroundthe central
object.

We are basicallyusing a semi-elativistic approximation sincewe are assuminghat my
movesalonga geodesiof the curved spacetimebut radiatesasif it werein flat spacetimeTo
computethe quadrupolemomentsive mustbriefly recallthe propertiesof the geodesianotion
of sucha smallmassin the Schwarzschildmetric.

1.4.1 Geodesicsn the Schwarzschildmetric

The geodesiequationdor a small massmoving in the equatorialplanein the Schwarzschild
metricare
dr dp L, dt E
— =o0y=+2VE?-V(r)? — = - =
ar = 07 (r)?, dr  r?’ dr 120

T

(1.58)

whereFE andL, arethe (constantenegy andangulatmmomentunof the moving body, ando is
the signof the squareroot appearingn the first equation. The first equationcanbe written in
theform

E? =i+ V(r)? (1.59)

wherethe effective potential

V(r)= \/<1 - g) <1 - f—j) (1.60)

SoE > V(r), andtheconditionE = V (r) correspondso the orbital turning points,for which
7 =0.
Fromthe geodesiequationave canalsoobtainthefollowing relations:

oM
dr —

@ r 2 _ 2
o I E%2—V(r)
dp L. (1-2%Y)

T

dt Er?
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Ero_ o d (dr) (dr)

d2  dr \dt) \dt)

(r—2M)[(2ME? — 3M)r® + (6M? + L?)r? — TrM L? + 10M?L?]
r8 2

o _ d (do\ (dr\ _ _2L,(r—3M) (dr
a2 dr \ dt dt ) rE dt )’

The effective potentialV/ () is definedfor » > 2M, satisfies}’ (2M) = 0 andhasa maxi-
mumV,,.. when

= = (L.~ vIE-1200), (1.61)

thendropsto aminimumYV,,;, when

(Lz + m) . (1.62)

Asymptotically V(r — oo) = 1.

Whenv/12 < L, < 4, V... < 1 andthe conditionto have closedorbitsis V,,;, < F <
Vinaz- Ontheotherhand,if L, > 4, V,,.. > 1, andthe conditionfor closedorbits becomes
Viin < E < 1. In thelattercaseV = 1 when

r=r =

L= (L VT80 (1.63)

Noticethatclosedorbitsin the Schwarzschildmetricarequasi-periodicin the sensehat

rT=r_

L,
TTT T oM

!

r(t+At) = r(t),
ot+At) = ot) + Ap, (1.64)

for someAt. Firstof all, theradialmotionis periodicbecausét is determinedy the effective
potential, whichdepend®nly onr: whenthetestmassgyoesbackto theperiastrorafteraproper
time A7 it will move outwardsagainwith the sameinitial conditions,so the radial motionis
exactly periodic. If we considert and¢y, onthe otherhand,sincej—j andj—f arefunctionsonly
of r, in eachperiod A7 the particlewill spanthe sameintervals At, 27 + Ap. Sothe overall
motionis quasi-periodic

To perform the integration of the geodesicsn the first branch(which, accordingto the
symmetriesve have just discussedis the only onewe need)we make the following changeof
variable:

pM

=\ (1.65)
14 ecosy

7(x)

In thepreviousformula,e is theorbital eccentricityandp is theorbital semi-latugectum.These
parameterarerelatedto the periastrorr» andto theapoastrom 4 by

TA—Tp 2 rurp
e= , = — , 1.66
TA+TP p Mryg+rp ( )
M M
Tp = P ) ra= P - (1.67)



24 Chapterl. Gravitational wave emissiondueto the orbital motion

Theparameter rangedrom 0 to 27 in awholeorbit, andfrom O to 7 to go from the periastron
to the apoastron.The semi-latusrectumis essentiallya measureof the size of the orbit, and
the eccentricityis (of course)a measuref the departureof the orbit from circularity. Notethat

0<ex<l.
Furthermore the orbital enegy and angularmomentumcan be obtainedfrom p and e

throughtheformulas

p—2—2e)(p—2+2e)
p(p—3—¢€?)
Oncewe havefixedthemassf thecentralobject,theorbitis determinegustby two parameters.

Givenary coupleof parameterghroughthepreviousrelationswe canobtainary othercouplé.
Whenwe switchfrom the propertime 7 to x, the equationgo integratebecome:

L2_ p2M2
’ Fp—3—e?

g2 = (1.68)

da P*M(p —2 —2e)/2(p — 2 + 2¢)1/2 (1.70)
dx  (p—2—2ecosx)(1+ecosy)?(p—6— 2ecosx)/? '

dr p*?M(p — 3 — e?)'/? (1.71)
dx (1 +ecosx)%(p—6— 2ecosy)l/? '
de p'?

bk 1.72
dx (p— 6 — 2ecos x)'/? ( )

To integratethepreviousequationsve don't needto make any expansiorcloseto theperiastron.
We just usean adaptve Runge-Kittato stepforward from xy = 0 to x = 7, andwe compute
Ay andAt from:

At = 2 (1.73)
A = 25 (1.74)

wheret andg arethevaluesof ¢t andy attheapoastror{y = ).

The geodesiequationsaresymmetricunderthe transformation(t, ) — (—t, —¢), sowe
cansolve the equationgor just half anorbit, e.g. theonewith ¢ € [0, 4] the otherhalf, with
t € [-4,0], canbeobtainedrom thefirst througha reflection.

Supposehe solutionof the geodesiequationdor ¢ € [0, £¢] (foundby integration)is

tg =t (r)
. 1.75
{ vo = o () ( )
Thenthesolutionfor ¢t € [—4%,0] is
tg = —to (1)
_ , 1.76
{w)=—w00) (76

2For example,we canfix e andrp, andthenobtain(e.g.) E and L. throughthefollowing procedure:

e Fromthefirst of formulas(1.66)we get

1
te (1.69)
1—e

andthe secondelationfixesthe semi-latugectump.

ra=rTp

e Oncee andp areknown, we use(1.68)to find £ ed L.
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andthegenericbranchof thetrajectorycanbefoundfrom

th(r) = to(r) + kAL

o (r) = @o(r) + kAgp f—
t, (1) = —to(r) + kAt

0r (1) = —po(r) + kAgp

—00,...,00. (1.77)

1.4.2 Wave amplitude and energy

The expressionf the secondtime-deriative of the componentf @)y, in termsof r(¢) and
©(t) are

wa = mo(QCOSZ(p—ﬁSin2(p+5/2)’
Qu = mo(—acos2p+ Bsin2p+§/2), (1.78)
Qxy = My (a sin 2¢ + (3 cos 2@) , sz = —my0,

where

a =7 +ri — 2r*¢?, (1.79)
B=dri¢+1r°¢, §=2(F*+ri) /3.

We shallnow computethe Fourier transformof the wave emittedby the pointlike particle
becausef its orbital motion, givenin Eq. (1.57),anddiscusshe symmetrypropertiesof the
correspondingpectrum.The orbit is quasi-periodian ¢, but exactly periodicin (r, 7, ¥, ¢, )
sothatwe candecomposéhe Fouriertransformasa sumover periods

hw) = % /_ " h(t)etdt = (1.80)

1 & fmry2)a .
= Z / h(tn = to + nAt, o, = 0o + nAyp)e™tdt,,

2 oo (n—1/2)At

where(to(r), o(r)) indicateghebranchof thetrajectorywhich startsatthe periastror(r = rp)
att = 0 andendsattheapoastrorir = r4) att = 2%; (—t,(r), —po(r)) indicatesthe “mirror”
branchstartingat r, andendingat rp, with ¢ € [—%,0]. An inspectionof Egs. (1.57)and
(1.78)shavsthattheintegralsareessentiallyof threetypes:

e 1) thosecontainingd, say h4(t), which do not dependon ¢ and thereforeare exactly
periodic;

e 2) thosethatcontaina periodicterm,sayh,(t), timessin 2, and
e 3) thosethatcontaina periodicterm,sayhs(t), timescos 2.

Theseintegralscanbe developedin thefollowing way:

1 o0 (’IL—|—1/2)At ) 1 At/? ) 00 A
Do ha(t)endty = — [ ha(to)ee 3 endir, =
2~ Jn-1/2)At 21 J_av)2 nzzoo

= Z d (w — woj)

j=—o0

L
— hy(ty)e™tdt, | .
At /—At/Z 1(fo) ’



26 Chapterl. Gravitational wave emissiondueto the orbital motion

To obtainthis resultwe have usedthe property

+oo +oo
Z e = or Z d (X —2mj)

k=—00 j=—o00
andwe have defined
217 + mA .

Noticethatthefollowing symmetrypropertyholds:
Wom—j = —Wmyj-

Similarly we have:

1 0 (TL+1/2)At ]
2) Z /( hy(ty) sin 2, ™" dt,,

2~ Jn-1/2)At
1 A2 ei(wto+2p0)
- ha(to) ——F——dt

= ) {5 (W — w-2)

1 A2 pilwto—2p0)
- ho(ty) ————dt ;
At /—At/2 2(to) 21 °

1 At/2 ei(wto —I—QLpo)
€ / h(t0) st
—At)2

1 At/2 . eiwto—2¢0) 4
— tg) ——dt .
At /—At/2 a(fo) 2 ’

Proceedinglongthisline, we find thatthewave componentganbewritten as

+ 0 (w— wyy)

h’gg(wa r, 79’ ()0) = Z Z 5("‘) - wmj) Hﬂﬂ(wmja 79: QO)

j=—oom=-2,0,2
h”gg(w’Taﬁagp) = - Z Z 5(w_wﬂw) H’ﬂ(p(wmjaﬁago);
j=—0c0om=-—2,2
where
Hyg(wnj 0y 0) = —2|(z5,+ 12 2 si
90(waj, ¥, ) = " 5 T Io; ) (1 + cos™ d)(cos 2¢ + isin 2¢)

Hyy(w_2,0,¢) = Mo [(IfQj - IEQJ) (1 4 cos? ) (cos 2¢p — i sin 290)}
T
3
Hyg(woj, 0, ¢) = —T:O ng(cos2 9 —1)
2my o 8 . .
Hy,(wsj, ¥, ¢0) = ——cos?d [(12]- + IQ]-) (sin2¢p —icos 2@)}
T
2
Hy,(w_9j,9,0) = 10 cos 9 [(IfQj - IEQJ) (sin 2¢ + i cos 290)}
T

(1.81)

(1.82)

(1.83)
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andwe have defined

1 A2
I8, = Y i a cos(wjraty F 2¢9)dty
1 A2
I8, = At ), Bsin(wjato F 20)dto
5 1 (A2
K; = Y i d cos(wojto)dto-

Now thatwe know the wave amplitude we wantto computethe time-averagedjuadrupole
enepy flux. We recallthat,accordingto eq. (1.33),

dE@) 2 .
hia (t, 7,9, ‘ ‘hTT t,r0,
dsdt 167r{‘ r 0 @) + |hop (Lm0, 0)

For our quasi-periodicsignal,it follows thatthe averagepower emittedby the systemis given
by thelimit

. dE@)
(@) = il .
E _< dt > 167r11520T/ dt/dQ{h ‘ +‘h ‘} (1.85)

usingParse&al’stheoreni this becomes

. 7"2 ad 2
E(Q) = ﬁ Z [ Z /dem] |H1919 wmj,ﬁ (%2 ‘ Z /dem] ‘Hﬂgo wmjaﬁ (,0)|

2}. (1.84)

j=—o0 Lm=-2,0,2 m=—2,2
-y ¥ o, (189)
j=—o0 m=-2,0,2
where
2
r
form = —2,2 ER = o | 4@ (w2, [Hya|? + wi; [Hoyl?], (1.87)
f — Q _ TQ (@) 2 2
orm=20 Emg = ﬁ d [wmj ‘Hg19| :|

3Fromeq. (1.83)it follows thattheamplitudein thetime domaincanbewritten asa doublesumof the form:
= Hpje mit.
m’j

Thedoublesumis equivalentto a simplesumin the proof of Parseval’'s theorem:

/ dt |h|* = Z HonHyy / e iwmi—m )t gy =

=P > SmmjyHn H*,,_PZ|Hm]|

mm’jj'
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In termsof the integrals (1.84), the various contributions to the averagepower radiated
appearingn formula(1.86)aregivenby

. 4m2 o 2
E;?] = To(wzj)Q (I2]+Ig7> ;
. 4m? o 2
E%; = To(wﬂj)Q (I—zj_ﬁzj) ;
. 6m? 2
Q 0, .2 9
By = —wy (K5)

Using Eq. (1.82)andthedefinitionsof the variousintegrals, it is straightforvardto show that:

(o] _ T
I—2—j - I2ja

IZ_]- = —Igj,
0 __ g0
K2, =Kj.

Ig—j = IEZja
1), =-1"

_2] )

Finally, from Egs.(1.82)and(1.88)we find
E°

—m—j

_ @ _
— B2, (m=2,0,-2) (1.88)

We will seethatsimilarpropertiesholdfor theenegy flux from abinaryin whichthecentral
objectis a“real” star endavedwith anextendedstructure:the quadrupolgower spectrumhas
essentiallythe samefrequeng contentandthe samesymmetrypropertiesasthe “relativistic”
spectrumwith [ = 2 andm = —2, 0, 2, exceptfor them = 1 contrikution, whichis missing.

1.4.3 Meaning of the fundamental frequencies

In the previous sectionwe have seenthatthe semirelatvistic spectrums a spectrunof linesat
frequencies

2 + mA
Wing = %ZW = O, + mS,, (1.89)

which arelinear combinationf two “fundamentaffrequencies”(2, ed(2, (actually we have
only seencasesvith m = 2, 0, — 2, but we aregoingto show laterthatsuchaformulafor the
spectralines holdsin general). We wantto discussbriefly the meaningof thesefundamental
frequenciesObviously, thefrequeng

2
At
correspondso the (periodic)radialmotion. Beingr(t) a periodicfunction,ary functionof ()

will be periodic. Every periodicfunction of this kind, saya(t), canbe expandedn a Fourier
series,

Q, (1.90)

a(t) = Z ape ¥t (1.91)
k=—00
with
1 (At

_ ikt
ap = 5 i a(t)e™ 'dt. (1.92)



1.4. Semirelawvistic quadrupoleapproximation 29

In particular the functiona(t) = ‘fi—‘f is periodicandcanbe expandedn thisway. Integrating
theserieswe find

o(t) = apt + i bye”Ft (1.93)
k=—0o0
with
by, = ;?2’“ for k0, (1.94)
while by is determinedoy the condition
0(0) =0 = i by = 0. (1.95)
k=—00

Now, it is clearfrom formula (1.93)that, evenif (¢) is not a periodicfunction, the function

©(t) — apt is periodic. This functionis nothingbut theangularmpositionof the particleaccording

to an obsener rotatingwith constantangularvelocity aq with respectto a static obsenrer at

infinity. Thisangularvelocity is givenby

1 At 1 At d A
gt = =%

A, AWd=x | =R =% (1.96)

Qo

Sobothr(t) andp(t) — ,t areperiodicfunctionsof ¢ with period At.

This meanghat,despitethefactthatthe motionis quasi-periodidrom the point of view of
a staticobsenrer atinfinity, it is exactly periodicfor anobsener rotatingwith angularvelocity
2,. That's why the enegy spectrumcanbe expandedn a Fourier seriestotally analogougo
(1.91),but summedovertwo indices(m andj) correspondindo the existenceof two (notonly
one)fundamentafrequencies.



Chapter 2

Perturbation equationsfor a non-rotating
star excitedby a massve source

In this chapterwe will give the basicequationdo dealwith to studythe excitation of the per
turbationsof a non-rotatingyelatvistic starby a massve body orbiting the stat

In section2.1we will shortlyrecallthe equationdo integrateto find the equilibrium struc-
ture of the star Then, in section2.2 we will write down the basicequationsdescribingthe
perturbation®of the metricandfluid functionsinsidethe star andthe perturbation®of the met-
ric functionsin the vacuumprevailing outside. The formalismwe will useto treatthe interior
perturbationss the one developedby Chandrasekhaand Ferrari[16], thoughwe have cross-
checledour resultsusingalsothe equivalentformalismdevelopedby Thorneandcollaborators
in a seriesof paperd85].

The formalismwe usein the exterior was originally developedby Regge and Wheelerto
studythe stability propertiesof Schwarzschildblackholes.ReggeandWheelerstudiedonly the
so-calledaxial perturbationssubsequentlyerilli extendedheformalismto thepolarperturba-
tions,consideringalsoa particlein geodesimrbit aroundthe blackhole asa possiblesourceof
excitationof theperturbationsWewill oftenreferto this perturbatiorformalism,basedirectly
on afirst-orderperturbationof the metric functions asthe Zerilli formalism We will seethat
this formalism, after separatiorof the angularpart of the equationghroughan expansionin
tensorsphericaharmonicsyeducesur problemto a solution(with appropriatdooundarycon-
ditions) of two Schibdingerlik e equationsvith source known asthe Regge-Wheeleequation
for the axial caseandasthe Zerilli equationfor the polarcaserespecitiely.

Herewe only wantto sketchthebasicequationghatwe shallsolve to computetheradiation
emittedby extrasolarplanetarysystems.The dervation of the sourcetermsandthe solutionof
theZerilli andRegge-Wheeleequationsn the specialcaseof a particlein circularorbit around
the stararequitelenghtyandinvolved;they will be deferredo AppendixC.

30
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2.1 The equilibrium configuration
In the following we shall adoptgeometricunits (G = ¢ = 1). We shall write the Einstein

equationsn theform G;; = 27T;;, anddefinethe Riemanntensorasin [14]. The metricfor a
static,sphericallysymmetricdistribution of mattercanbewrittenin the standardorm:

ds® = e?dt* — e dr? — r?(dv? + sin® 9dp?). (2.1)
Inside the star the functionsv and u, canbe determinedby solving the Einsteinequations
coupledto the equationsof hydrostaticequilibrium. We shallassumehatthe staris composed
by a perfectfluid, whoseenegy-momentuntensoris givenby

T = (p+ e)u*u’ — pg*’, (2.2)
wherep ande arerespectrely the pressureandthe enegy density thatareassumedo have an

isotropicaldistribution,andu® is thefour-velocity of thefluid. By definingthe masscontained
insidea sphereof radiusr as

m(r) = /OT erldr, (2.3)

Pr

Ve = — ) (24)

p+e
(1 - 277?}”) pr = —(e+Dp) <p7“ + W;(;")) , (2.5)
and ¥ = (1 - 277:“(7“))_ . (2.6)

Whenthe equationof stateof thefluid is specified,egs. (2.3) and(2.5) canbe solved numeri-
cally andthedistribution of pressureandenegy-densitythroughouthe starcanbedetermined.
Furthermoregquation(2.4) canbeintegratedto give

"oy
v =— ~—dr + vy. 2.7
|| @y @7

The constanty, is fixed by the conditionthat at the boundaryof the stat » = R, the metric
reducedo the Schwarzschildmetric

(€®)r—p = (e7*"*),—rp =1 —2M/R, (2.8)

whereM = m(R) is thetotal mass.
Outsidethe starthe metric hasthe standardschwarzschildform:

M oM\ "
ist= (1t (1 2]t - it 0, @9)
r T
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2.2 Perturbing the equilibrium configuration

2.2.1 Polar perturbations

Let us consideffirst the polar, nonaxisymmetrigerturbationf a sphericallysymmetricstar
excited by a patrticleis in circular orbit. The gaugeappropriatefor the descriptionof these
perturbationganbewrittenin thefollowing form [33]

ds® = a2 — 22 gr? — r2d9? — 12 sin? 9d? (2.10)

+oo
+ Z / dw em{2 [€* N (£, 7)dt* — €2 Ly (t, 7)dr?] Yom (9, )
Im >

2

0
— 2 |:Tgm(t, r) + Vem(t, r)w] Yerm (0, 0)d®

2
— 2r?sin®9 |:Tgm(t, )+ Vim(t, 1) ( L 9 + cot 192)} Yo (9, @) dp?

sin? 9 5—902 019

2

0
— 272 2 - —Y,

whereY;,, (9, ¢) arethe scalarsphericalharmonics,and the functions Ny, (w, ), Tom (w, ),
Vim(w, ), Loy (w, r) describethe perturbedmetric. The metric functionsy(r) and uo(r) de-
scribetheunperturbedpacetimendaredeterminedy numericallyintegratingthe TOV equa-
tionsfor hydrostatiequilibriumfor thechosedequatiorof state.Theradialfunctions| N, T, V, L]
have to befoundby solvingthe perturbecEinsteinequationutsidethe star andinside,where
they coupleto the hydrodynamicaequations.

When a staris perturbed,eachfluid elementsuffers an infinitesimal displacemenfrom
its equilibrium position, identified by the Iagrangiardisplacemen{. If we write the Einstein
equations.the hydrodynamicalequationsand the conseration of baryonnumber(see[17],
884 and11) we find thatthey decoupleinto two sets:the polar equationsinvolving the vari-
ables[N,T,V, L] andthe lagrangiandisplacement, and the axial equations involving the
off-diagonalperturbation®f the metric.

We shallassumehatthe perturbationgake placeadiabaticallyi.e., thatthe changesn the
pressurendenegy-densityarisewithout dissipation.

The equationswhich describethe polar perturbationsare the Einsteinequations the hy-
drodynamicalequationsandthe conseration of baryonnumber We shall omit the explicit
derivation of theseequationswhich canbe foundin the original papers.Herewe only remark
thatthe angularpart of the relevantequationsanbe separatedby performingan expansionof
the equationan tensorialsphericalharmonics.After the separationye areleft with a system
of coupledequationsnvolving thefollowing variables:N(r), L(r), T'(r), V(r), which describe
the radial part of the perturbationof the metric,andU(r), W (r), I1(r), E(r), which describe
theradialpartof the perturbatiorof thefluid. Theresultingequationsare:

d 1 2
[% ; (; - ,,)} er-wv)-2L =- v, (211)

1 1
(T -V +N), — (- - V,T> N — (- +y,r) L = 0, (2.12)
T T
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1 2 1 2 (1
Ze 2 [—N,T + (— + u,r) T —kV), - = <— + 2y,r> L] +
T T T

2 T
1 1 2 _—2v
S|~ @nT +kN) + e T —kV)| = L (2.13)
2 e 2 2us—2v
‘/n",r + ; + V= Uor V:r + 2 (N + L) +twe V.= 0 (214)
W = —(T—V+L), (2.15)
1
I = —EwQe*Q”W — (e+p)N, (2.16)
U o— [%(wze_z”W),r +(Q + l)u,ré(wze_Q”W) + (e, — Qp,)N] (2.17)
1 [w2e—2u 4 e’::#(e’r — Qp,)
E my U 218
= Q +m(€,r—QP,r) ) (2.18)
where
k= l+1), m=(-1)(+2)=k-2 Q=P (2.19)
p
and
€+ dp
N = ( pp) (&) (2.20)

is theadiabaticexponent(the derivative beingtakenat constanentrogy s).
For barotropic stars the equationof stateis assumedo be of the form:

p = ple), (2.21)
sotheadiabaticexponentis simply
) (@) (2.22)
D Oe
and( reducedo:
Q=" (2.23)
Dy

While neutronstarsandwhite dwarfs aretypically well describedoy a barotropicequationof
state suchanapproximatiordoesnot hold for “ordinary”, Newtonianstars.In this casewe can
write U, accordingto (2.17),as:

A (6,7‘ - Qp,r)

- . -1, o PN 2.24
U= g Wo + (@ = v, W]+ 220 (2.24)
wherewe have defined
1 22
A= ?  B=S ", —Qp,) (2.25)

2 ’ 2(e +p)
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The system(2.11)-(2.14)turnsout to be linearly dependenat the origin. To circumwentthis
lineardependenceve will replacethevariableT by anew variableG, definedas:

1
G = v, [([N+X),+v,(N-L)]+ ﬁ(GQM —1)

72

whereX = nV. In thisway onegetsthefollowing setof equations:

2
Xy + (‘ +u, - M2,r) X, + e (N 4 L) + w?ein MX = 0, (227)
T T

(r’G), =nv, (N - L)+ ;(62’“ —D)(N+ L)+, — pror) X + w2271 X (2.28)

1
—v,N, =-G+v,[X,+v,(N-L)]+ T—2(62W —1)(N-rX,-7r*G) (2.29)

1 2 1
—e22 (¢ + p)N + szez(uru) {N+L+ %G+ E[TX’T—i- (2n + 1)X]},

2 1 1
L,1-D) + L [(— — u,,> — (— + V,r> D] +X,+X <; — V,r> + DN,

r T

D 1 r? 1
+ N(Dv,———F)+|(-+Ev, || N-L+—-G+—(rX,+X)
T T n n

3

where

A _ _G,T_Qp,r
BEZE A TV e b

Outsidethe starthe variablesrelatedto the fluid, IT andU, vanishandthe systemof equa-
tions(2.11)-(2.14)canbereducedo a single Schivdingerequation the Zerilli equation([90],
[91]):

D=1 (2.31)

d2
(dT‘2 + wZ) Zpm = VZZm: (232)

wherethe potentialis givenby

2(r — 2M) 2 3 2.2 2 3
=’ 1 M M M°]. 2.
V(r) Y )2[n (n+1)r° 4+ 3Mn*r* + 9M*nr + 9M"°] (2.33)

Theradialvariabler, is theusual‘tortoise” coordinate

-
L=7r+2M1 (——1). 2.34
Ty =T+ g | 537 ( )

We shaw in AppendixB that we canintegratetwo independensolutionsof eqgs. (2.27)-
(2.30)for themetricperturbationswith initial conditionsin » = 0 givenby therequirementhat
the perturbationfunctionsbe regular at the center and obtainthe generalsolutionby a linear
combinationof thesetwo solutionschosenin sucha way that, at the boundary(r = R), the

(2.26)

1 1
+ —(e* —1)[(n+1)N —n(L +W) + X]| — e*2(e 4 p)N + w22 [L + X + §W]

(2.30)

=0.
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lagrangianperturbationof the pressures zero. A moredetaileddescriptionof the integration
procedureusedinside the staris givenin AppendixB. Oncewe know, from this numerical
integration,thevaluesof X, L, X , andL , atr = R, we canconstructhefunctionsZ(R) and
Z,.(R) throughtherelations

Z(r=R) = [ ’ (3MX—TL)}

nr+3M \ n r—R

e = (1 3) [ (23 )

Whena particleof massm, < M orbitsthe star the Zerilli equationhasto be modifiedto
includeasourceterm.Sy,,:

(2.35)

r=R

d2
(W + w2 - ‘/é) Zim = Stm. (236)

This sourceterm, in the Chandrasekhdrerrarigauge(seeAppendix C for a derivation), is
givenby:

M(r —2M)[(n+ 3)r —3M] 8x AW (r—2M)* 8r A0

Sem =
¢ r(nr + 3M)? w2 ™2 + 3M) w2

+ (2.37)

(r—2M)>? - (r—2M)? 8 B, —
2(nr +3M) " nr+3M V200 +1) "
B 167(r — 2M) P r(r—2M)? &7 BO
V2Ul+)(—1)(E+2) " nmr+3M w i+ 1) ™
_ (r = 2M)(3nr* + 156Mr — AMnr — 24M?) 8 BO 4
(nr+ 3M)? w+/20(¢+1) fmr
{ (r —2M)(n’r® — 3Mnr — 12Mr + 12M*)  w*® } 8 BO
r(nr+ 3M)2 nr+3M ) w /2000 + 1) bm

The notationfor thetensorsphericaharmoniccoeficientsusedhereis the sameasin formula
(1.12),andsincewe areworkingin the frequeng domainwe omit, for easeof notation,atilde
(meaning‘Fouriertransform”)over eachof the coeficients.

2.2.2 Axial perturbations

Theaxial, perturbedine elementtanbe written as
ds’> = e*dt* — e*"dr? — r?d9¥?® — r*sin® 9dy? (2.38)

+ 2R, (t,7) sin Y5 (9, @)dtdp

+  2hy, (t,7) sin Yy (9, p)drdp

1 1
— im2hy, (t, 1)~ 79ng(19,cp)dtd19—z'm2h,§m(t,r)_ ﬁng(ﬁ,go)drdﬁ.

Sin Sin
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The equationdor the axial perturbationcanbe combinedinto a single wave equationby
introducingafunction Z{* (w, ) relatedto the axial functionsby thefollowing equations
0 =L (70 By = —e % (r232) (2.39)
wdr* Im/ > Im Im/

Im

wherer, = [ e *#2dr. The function Zg% (w,r) satisfiesa wave equation(cfr. [17], Egs.
148-149)whosepotentialdepend®n thedistribution of enegy andpressurensidethe star:

2 r7ax 2v
d Zém + w2 . 6_
dr? r3

L+ 1)r +1%(e — p) — 6m(r)

}Zg;g ~ 0. (2.40)

Outsidethe star wheree = p = 0, the axial wave equation(2.40) reducego the Regge-
Wheelerequationwith source

7

I R A (2.41)

Im»

wherethe Regge-Wheelepotentialis

621/

Vet = =) [+ 1)r —6M]. (2.42)
If a particleorbitsthe star the equationrmustbe modifiedincludinga sourcewhichis givenby

(seeAppendixC for aderivation)

ar __ 16 i 2 (e _ — re2V
Sem—ﬁ\/g(g_l)(ul)(fﬂw[ (6% Dem) , = V= 1)L+ 2)re* Qum | (243)

In the axial casethe matchingbetweertheinterior andexterior solutionsis trivial, sincethe
value of the Regge-Wheelefunction at the bordercanbe obtainedthrougha straightforvard
integrationfrom r» = 0 of equation(2.40). The expansiongequiredto startthe integrationin
r = 0 aregivenin AppendixB.




Chapter 3

Gravitational wave emissionby extrasolar
planetary systems

In this chaptemwe will applytheformalismdevelopedin the precedingchapterdo computethe
radiationemittedby extrasolarplanetarysystemqEPS5). As we saidin the introduction,we
shalllooselycall “extrasolamplanetarysystems’bothsystemsomposeaf asolartypestarand
aplanet,andsystemsomposedf a solartype staranda browvn dwarf.

In section3.1we will list the parametersf someof the EPSs discoveredupto now, asthey
werededucedrom obsenations.Then,in section3.2,we will computethe gravitationalsignal
emittedby eachcouplestarplanetdueto the orbital motion, usingthe quadrupolegormalism.
After thisroughestimatejn section3.3we will turnour attentionto aninterestingmechanism
of gravitational-wave emission,not directly relatedto the orbital motion of the system: the
excitation of the oscillation modesof the star by tidal interactionswith the orbiting planet.
Motivatedby obsenations,which have shavn thata surprisinglylarge fraction of the obsered
planetsarein close,nearly circular orbits, we have consideredhe possibility for a planetto
get sufficiently closeto the centralstarto excite the lowestorder g-modes,and possiblythe
fundamentabne,without beingdisruptedby tidal forcesor meltedby the centralstar We will
show in sections3.4 and 3.5 that for solartype starsthe resonanexcitation of the low-order
g-modesmay; in principle, be possible. Whenthe planetis closeenoughto a resonancethe
power lost by the systemin gravitationalwavescanbelarge,andthe orbit tendsto shrinkmore
rapidly dueto this enegy loss. In section3.6 we will include gravitational radiationreaction
effectsto understandow fastthe orbit evolves. In this way, we will obtaintypical timescales
for a planetto getoff-resonanceor, equialently, estimateson how long the amplitudeof the
emittedwave cango beyond somefixed obsenrability threshold.

The mainresultof our analysisis that systemsomposedf a solartype staranda brown
dwarf in resonantonditionscould, at leastpotentially be detectabldy the spaceborinterfer
ometerLISA, thathasbeenapproszedby NASA andshouldfly in afew years.
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3.1 Main characteristicsof the extrasolar planetary systems

Amongthe EPSs discoveredup to now, we have selectedhosefor which the parametersf the
centralstarandof the planetswhich we needto estimatehe gravitationalemission have been
determinedvith sufficientaccurag. Theseparameteraretalulatedin table3.1and3.2.

Table 3.1: The spectralclassof the centralstar its mass,M, its distancefrom Earth, D, the
factor, / %4 (rads '), andtheratio betweerthelowerlimit of theestimatednassof theplanet,

mg sin 2, and M, aretakulatedfor a selectedsetof EPSS. Strictly speakingthebodiesorbiting
thestarslistedbelow HD 114762areclassifiedasbrown dwarfsratherthanasplanets.

Star SpectralCl. M, (M) D (pc) %—%4 -10*  mgsini/M,

HD 75280[92] GOV 1.05 28.94 5.4 3.8-1012
51 Peg[36] G5V 1.05+£0.09 1536 5.14+0.7 4.2-10°*
v And[36] FSV 1.34+0.12 1347 37405 5.3-10°*

1.5-1073

3.3-1073
55 Cnc[36] G8V 0.95+£0.10 1253 6.6+£1.0 8.8-107%
p CrB[36] G2V 0.89 £0.05 1743 38405 1.1-1073
HD 210277[54] GOV 0.92 21.29 5.0 1.3-1073
16 CygB[36] G5V 0.96+0.05 21.62 50406 2.0-10°3
Gl 876[76] M4V 0.3 4.70 13 6.7-10°3
47 Uma[34 GOV 1.01 £0.05 14.08 45405 22-1073
14 Her[54] KOV 0.8 18.15 8.0 3.9-1073
Gl 86[54 K1V 0.79 10.91 8.0 4.4-1073
T Boo[3§ Frv 1.37£0.09 15.60 47+06 3.3-1073
HD 168443[54] G5V 0.94 37.88 7.2 5.1-1073
70 Vir[36] GsHV 1.01 +£0.05 18.11 25+02 6.9-1073
HD 114762[36] FOV 0.75+0.15 40.57 40+10 1.3-1072
HD 110833[56] K3V 0.75 17 8.2 2.2-1072
HD 112758[56] KOV 0.8 16.5 8.0 4.2-1072
HD 29587[56] G2V 1.0 45 6.1 3.8-10°2
HD 283750[76] K2V 0.75 16.5 8.4 6.4-102
HD 89707[30] G1V 1.2 25 6.1 5.0-10~2
HD 217580[56] K4V 0.7 18 9.1 8.2-10°

Hereandin thefollowing, datawill be givenwith thecorrespondingrrors,whenavailable
in theliterature.In thefirst columnof table3.1we list the selectedEP S5 with the correspond-
ing bibliography andin column2 the spectraklassof the centralstars.Most of thembelongto
aclasssimilarto thatof the Sun,whichisaG2V star In column3, 4 and5 we takulate,respec-
tively, the massof the centralstar M, its distancefrom Earth, D, - taken from the Extrasolar

PlanetsCatalog [76]- andthe quantity , /%—f‘f, which will be neededn thefollowing. In most
caseghe presencef planetshasbeendiscoveredby usingaccelerometri¢echniquesthatis
to say by measuringhe variationsof the radial velocity of the starcausedy its gravitational
interactionwith the planet. Thesetechniqueslo not allow to determinethe massof the planet,

mg, but only the productmy sin i, wheres is theanglebetweertheline of sightandthe normal
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to the orbital plane. In column6 we list the valuesm, sin i for eachplanet,normalizedto the
massof the centralstar Fromthe datain table3.1 we seethatthe closestsystemis at4.70 pc,
thefarthestat45 pc, whereaghe massof the centralstarrangeswithin [0.3, 1.37] M.

Table3.2: Orbital parametersf the planetsorbiting aroundthe starslistedin table3.1 (1 AU =
1.495978706 - 102 cm).

Star P a (AU) e

HD 75289  3.5103+£0.023d 0.046 0.054 + 0.026

o1 Pgy 4.2293 £0.0011d 0.0520 +0.0015 0.012 £ 0.01

v And 4.6170 £0.0003 d 0.598 £ 0.018 0.109 £ 0.04
241.2+1.1d 0.83 0.18 £0.11
1266.6 + 30 d 2.50 0.41+0.11

55 Cnc 14.648 £0.0009 d 0.1152 +0.0038 0.051 +0.13

p CrB 39.645 +£0.088d  0.2192 £ 0.0042 0.15+0.03

HD 210277 437+25d 1.097 0.45 + 0.08

16 CygB 804+ 11.7d 1.66 £ 0.05 0.634 £+ 0.082

Gl 876 60.85+0.15d 0.21 +£0.01 0.27£0.03

47 Uma 3.0y 2.08 £ 0.06 0.03 £+ 0.06

14 Her 1619+ 70 d 2.5 0.3537 £ 0.088

Gl 86 15.83 d 0.11 0.05

T Boo 3.3128 £0.0002 d 0.0413 £0.001  0.018 £ 0.016

HD 168443 57.9d 0.277 0.54

70 Vir 116.6 £0.01 d 0.47 + 0.01 0.4+£0.01

HD 114762 85.03 + 0.08;d 0.34 £0.04 0.35 £ 0.05

HD 110833 270.04 d 0.8 0.69

HD 112758 103.22 d 0.35 0.16

HD 29587 3.17y 2.5 0

HD 283750 1.79d 0.04 0.02

HD 89707  298.48 d 0.91 0.93

HD 217580 456.44 d 1 0.52

In table3.2we takulatethe orbital parametersf the planetsorbiting aroundthe starslisted
in table 3.1, i.e. the orbital period P, the semimajoraxis a, andthe eccentricitye. Fromthe
datain column2 we seethatin somecasedhe periodis very short,thatis, the planetgetsvery
closeto the centralstar: for instance the period canbe asshortas 1.79 daysfor the planet
orbiting aroundHD 283750. It is importantto note that short-periodsystemswhich arethe
mostinterestingfrom the point of view of gravitationalwave detectionaretypically in circular
or almostcircularorbits.

3.2 Gravitational wave emissionaccording to the Newtonian
guadrupole formula
TheNewtonianquadrupoldormalismhasbeenappliedto computeaccordingo formula(1.48),

the characteristiovave amplitude . impinging on Earth, emitted by the set of EPS5 con-
sideredin the previous paragraphand, for comparisonpy the binary systemPSR1913+16
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Table 3.3: The maximumcharacteristi@amplitudeof the wavesemittedby the selectedset of
EPSsandby thebinarysystemPSR1913+16 dueto their orbital motion.

Star v (Hz)  he mas Vmaz (HZ)
HD 75289 3.3-10% 21-100%° 6.6-10°°
51Pg 2.8-107% 4.0-107%® 5.5-107¢
v And 2.5-107% 7.9-107%¢ 5.0-107°
55Cnc 7.9-1077 3.8-107%® 1.6-107°
p CrB 2.9-1077 1.5-107%® 5.8-1077
HD 210277 2.6-10"% 19-107% 79-1078
16CygB 14-107% 1.6-1072 5.8-107%
Gl 876 1.9-1077 35-107% 3.8-1077
47Uma 1.1-107% 53-107% 2.1-10°8
14 Her 71-107% 2.7-107% 14-107%
Gl 86 73-1077 16-107%* 1.5-107°
7 Boo 3.5-107% 6.6-1072* 7.0-107°
HD 168443 2.0-1077 1.6-10"%® 6.0-1077
70 Vir 9.9-10°% 3.6-107%® 2.0-107°

HD 114762 1.4-1077 2.0-107% 27-1077
HD 110833 4.3-107® 2.6-107% 2.1.-1077
HD 112758 1.1-1077 3.0-107% 22.10°7
HD 29587 1.0-10~% 2.3-107% 2.0-1078
HD 283750 6.5-10"¢ 3.7-102 1.3.10°°
HD 89707 3.9-107% 8.4-107% 3.9-10%
HD 217580 2.5-107% 85-107%® 7.6-10"%

PSR1913+16 3.6-10° 1.0-107% 1.4-107*

([42]:[81][86]). Someresultsareshownn in figurel, whereh, is plottedasa functionof thehar

monicindex n. It shouldberemindedhatPSR1913+16s composeaf two very compacstars
with massesn,; = 1.4411 M, andmy = 1.3874 M, revolving aroundtheir centerof massin

aquiteeccentricorbit (e = 0.617139), with semimajoraxisa = 1.9490 - 10'2 cm, andkeplerian
frequeny v, = 3.583 - 1075 Hz. Thebinarysystemis atadistanceD = 5 kpc from Earth. In

theupperpanelof figure 1, we shav two systemsn which the planetmovesin anearlycircular
orbit aroundthe centralstat HD 283750(e = 0.02) and7 Boo (e = 0.018). As expectedthe
emissionis concentratect twice the keplerianfrequeng, andthe amplitudeis comparablgo

themaximumwave amplitudereachedy PSR1913+16 whichis shaovn for comparisoratthe
bottomof the figure. However, the frequeng is abouttentimeslower thanthat of the binary
pulsar In the lower panelwe show the characteristiemissionof two EPS5 with high eccen-
tricity, 16 Cyg B (e = 0.634) andHD 89707 (e = 0.93). In this casethe gravitationalemission
is spreadover alarger setof frequenciesall multiple of v, asfor PSR1913+16.

In table 3.3 we give the keplerianfrequeng, the maximum characteristicamplitudeon
Earth, andthe frequeng correspondingo that maximum,for eachEPS.In the lastrow the
samedataare listed for PSR1913+16. For most systemsthe maximumemissionfrequeng
appeargo beextremelylow, in generakmallerthan10~° Hz. An exceptionis HD 283750 for
which e, = 1.3 - 1075 Hz.
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Figure 3.1: The characteristi@mplitudecomputedirom equation(1.48)is plotted versusthe
harmonicindex n for four selectedePSs andfor the binarysystemPSR1913+16.For thetwo
systemsn theupperpanel,HD 283750andr Boo, the planetmoveson anearlycircularorbit,
with e = 0.02 ande = 0.018, respectiely. In this casethe emissionis concentratect twice
thekeplerianfrequeng. Theamplitudeis comparabléo the maximumwave amplitudeemitted
by the binary pulsarPSR1913+16.In thelower partof thefigure i, is plottedfor two systems
with high eccentricity:16 CygB (e = 0.634) andHD 89707 (e = 0.93), andfor PSR1913+16
(e = 0.617). The numberof spectrallines (at frequenciesnultiple of v;) contributing to the
signalincreasesvith e.
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3.3 Conditions for the excitation of stellar pulsationsin an
EPS

The numericalintegration of the perturbedEinsteinequationsshows that a resonanceccurs
wheneer the gravitational-wave frequeng of a planetin circular orbit arounda staris equal
to the frequeny of one of the quasi-normamodesof the star Therefore,it is interestingto
checkwhethertheresonangexcitation conditionscanbefulfilled in the planetarysystemdisted
in table3.1. We shallfirst verify whetherthe maximumquadrupoleemissionfrequeng of the
planetsof our setof EPSS, v, (table3.3,column4) is closeenoughto ary of thefrequencies
of themodesof the centralstar

The oscillation frequenciesof a star can be computedif we make an assumptioron its
internal structure,i.e. on the equationof stateprevailing in the interior. We shall considey
as an example,a very simple, polytropic stellar model, with polytropicindex n = 2. The
oscillationfrequencie®f Newtonianpolytropic starsareknown to scalewith the meandensity
of the star[24]. In table 3.4 we takulate the dimensionles®igenfrequenciesf the modes,
Vimode/ (GM /R3)'/2  for the choservalueof n. In orderto explicitly computethefrequeng of
agivenmodefor agivenstar theentriesof table3.4 have to bemultiplied by the entriesof table
3.1, columnb5. For instance for the starHD 89707the frequeng of the f-modeis given by
v =0.28x6.1-107* = 1.7-10~* Hz. Thisnumberhasto be comparedvhith v,,,, = 3.9-1078
Hz, givenin table 3.3 for the samestar which is muchsmaller This meansthat the planet
cannotexcite the f-modeof the centralstar

Table3.4: Thedimensionlesgigenfrequenciesf the modesof a polytropic starsaretakulated
for the polytropicindex n = 2.

MOde Vioze/(GM/R3)72 mode pmoqe/ (GM/R3)7?

P10 2.58 f 0.28
Do 2.37 g1 0.119
D8 2.15 g2 0.087
7 1.93 g3 0.068
De 1.70 g4 0.056
Ds 1.47 gs 0.048
D3 1.01 g7 0.037
D2 0.78 gs 0.033
P1 0.54 99 0.030
910 0.028

By repeatinghe samecalculationfor all systemsandall modes,we find thatit is unlikely
that the stellarmodesare excited in the EPSs we considet. This is becausehe angularve-
locities reachedby the planetsaretoo low, and consequentlyhe frequencieof the radiation
they emitarelowerthanthoseof the f-modeor of thelowest-ordely-modesof thestar Higher
orderg-modescould be excited, but the efficiency in producinggravitational radiationby this
processvould betoo low.

10f coursewe alsochecledthatthe conditionsfor resonanexcitation arenotfulfilled for planetsin our solar
system.
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\ Gravitational-wave frequencie®f satellitesn thesolarsystem \

Densitiegg-cm?) andfrequenciegHz)

p ,O/pJ Vg Vsat Vf/(QVsat)
Moon
Earth 5.49| 4.43|2.515-10"* | 4.236- 10" 297
M1 Phobos
Mars 3.91| 3.15| 2.121-107* | 3.629-107° 2.92
J14Adrastea=J16/etis
Jupiter 1.24| 1.00| 1.195-107% | 3.923-107° 1.52
S17Atlas
Saturn 0.62| 0.50| 0.845-10"* | 1.923-107° 2.20
U13Cordelia
Uranus 1.27| 1.02| 1.209-10~* | 3.455-107° 1.75
1989N6
Neptune 1.61| 1.30| 1.361-10~* | 5.966 - 10~ 11.4

Table3.5: Averagedensityp, ratio of theaveragedensityto the Jovian density frequeng of the
f—mode,orbital frequeny of the closestsatellite(s)andv;/2v,,; for eachplanetin the solar
system.The f—modefrequeny v, is obtainedby a rescalingof the correspondingrequeny
for Jupiter

We alsotried to understandhow the gravitational-weve frequencie®f satellitesin our solar
systemcomparewith frequenciesof the f—modesof the planetsthey orbit. To answerthis
guestiorwe usedtheoreticaimodelsof Jupiteravailablein theliterature[51]. For definiteness,
we chosemodell in [51], correspondingo a non-rotatingovian modelwithoutaplasmaphase
transition,but this choicedoesnot alter significantly our results. This model predictsfor the
f—modeafrequeny vy ; = 119.5 uHz. To give aroughestimateof the f —modefrequencies
vy for theotherplanetsin the solarsystemwe simply rescaledhe f —modeof Jupiterwith the
variousaverageplanetarydensitiesp:

V,%/P = V]%,J/pJ = vi = (lo/pJ)l/2 Vi (3.1)

The averagedensityof the planetswascalculatedrom the valuesof massesndradii in [50],
while for Uranuswe usedthe valuesmeasuredby Voyager2 andreportedn [58] (p. 212).

For eachplanet,we comparedhe f —modefrequeng obtainedin this way with the grav-
itational wave frequeng of its closestsatellite (note that Jupiterhastwo closesatellites,J14
AdrasteaandJ16 Metis, orbiting at a frequeng which is the samewithin the experimentaler-
rors);theresultsarein table3.5. Thelastcolumnin thetableis theratio v /2v,,: (which should
be equalto 1 for the f —modeto beexcited). In the bestcase correspondingo the satellitesof
Jupiter theratio is 1.52: therefore satellitesin the solarsystemdon’t seemto bein resonant
conditionswith the f —modeof the planetsthey orbit.

3.4 Tidal disruption

We have just seenthatthe quasi-normamodefrequenciesare higherthantypical quadrupole
emissionfrequenciesn the EPS5 discoveredup to now. Accordingto recenttheorieson the
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evolution of planetarysystemd36], therecould exist planetsmoving on orbits even closerto
the centralstarthanthoseobsered until now. Theseplanetscould happerto have quadrupole
emissionfrequenciecomparablgo the quasi-normaimodefrequenciesthus exciting the os-
cillation modesof the centralstarandenhancinghe gravitationalemissionof the system.

That's why we tried to understandvhetherit is possiblefor a planetto approacha starat
suchashortdistancehatits angulawvelocityis highenoughto excite the f-mode,or thelowest-
orderg-modeswithout beingdisruptedby tidal forces. We alsowantto imposethe additional
conditionthatthe stardoesnot accretematterontothe planet.

In this sectionwe will show thattheseconditionsareequivalentto imposethatneitherthe
planetnor the staroverflow their Rocelobe. We would lik e to stresshatthis limit takesinto
accounbnly thegravitationalinteractionbetweerthe planetandthe star Theremayexist other
processethatwould preventthe planetto reachtheinnermostorbit allowed by the Roche-lobe
analysisandwe will consideroneof them(namely the effect of heatingby the centralstar)in
thefollowing.

We shallassumefor simplicity, thatthe planetflies ona circularorbit with keplerianangu-
lar velocity wy andradius Ry, andconsequentlyemitsgravitational radiationat the frequeng
wW = 2w,. Let usindicatethe dimensionles$requeng takulatedin table 3.4 multiplied by
27 aSkmoae: for instancek,, = 0.750. Thekeplerianfrequeng of the motionis givenby:

G (m() + M) 1/2
o= | S oo
Theexcitationconditionfor the g;—modeis
Wy, = 2wk, (3.3)

Sincein Newtoniantheorythe frequencie®f modesareknown to scalewith the meandensity
we candefinea constant,, by therelation

GM 1/2
Formula(3.3)yieldsarelationbetweerthe orbital radiusR, andthestellarradiusR;:
mo\1/3 [ 4 \'* 4\'?
Ry= (14— — Ry~ | — R,. 3.5
=05 () m= (e @9)

Canaplanetreachtheorbitalseparatiorniz, definedby formula(3.5),exciting thecorresponding
oscillationmode,without beingbrokenapartby tidal forcesandwithout accretingmatterfrom
thecentralstar?Theplanetcanbeartidal forceswithoutbeingbrokenapartonly if it lies within
its Rochelobe. To definethe Rochelobe, considerthe referencdramecorotatingwith the two
masseswith origin in their centerof mass.Let thex — y planecoincidewith the orbital plane,
andlet the z—axis coincidewith theaxis connectinghetwo massesprientedfrom mg to M.

In thisreferencdrame,m, hascoordinates, = (—a,, 0), M hascoordinates, = (a,,0) and
Ry = a, + a,. Obviously:

M
ap = mRo, (3.6)
0 = —"0 R, (3.7)

m0+M
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The Newtonianpotentialdescribingtheinteractionbetweerthetwo massesindatestparti-
cle of massm <« mg < M canbewritten,in this referencdrame:

Gmy GM lwz\x\z (3.8)

X x| x| 2

U(x) = Ulz,y) = —

wherethelasttermis the centrifugalpotential. Thetestparticles enepy is, of coursegivenby:

va

Theequipotentiaburfaced/ = F, wherethetestparticlesvelocityv = 0, arecalled*Hill’ s
surfaces”,andlie betweerregionswherethe particle’s motionis allowed (v? > 0, v real)and
regionswhereit is forbidden. For large, negative valuesof E thesesurfaceshave the shapeof
two spheroidspnecenterecbn m, andthe otheron M. Within the spheroidghe gravitational
attractionof the planet(or of the star)dominates.As the enegy grows, the spheroidsieform,
andfinally they touch on the axis connectingthe starandthe planet. Whenthey touch, the
spheroidsarecalledRoelobes For still largervaluesof theenegy thespheroidgoin forming
asinglesurface,andtheorbitsof atestparticlecangetcloseto eachof thetwo massesClearly,
aparticlewill notovercomethe gravitationalattractionof (say)the planet,only if it lies within
its Rochelobe.

Considerthe intersectionf the equipotentialsurfaceswith the x — y plane. The curve
correspondingo theRochelobesis calledthefirstLagrangiancurve Theequilibriumpositions
for thetestparticlearecalledLagrangianpoints It is reasonabléo estimatethe Rocheradius
Ry, of the planet,definedasthe radiusof the circle centeredon m, andtangentto the first
Lagrangiancurve, asthe minimum of the distancedrom this curve andm, alongthe z— and
y— axes.

The conditionfor the excitation of the g;—mode,for afixed stellarmodelanda fixed plan-
etarymassmg, hasto be compatiblewith the conditionthatthe radiusof the planetis lessthan
theRocheradius,R, < Rpy, andthistranslatesnto alimit onthe averagedensity:

Py > pri (3.10)

If we introducethe dimensionlessjuantity Ry;,, definedas:
Rrr = Ry Rgy (3.12)

from equation(3.5)it followsthat:

A e /3 A /3
Rpr, = |:k__(h (1 + M)] RpiRs ~ (k_g) Rpi R, (3.12)
(thelastequalityholdsif m, < M). Hencethe planetarydensityp, hasto be greaterthan:
ArR%, 0\ kg, o/ M kg, o/ M
PRL = My < RL) — 9i 0/ — Px 9i _g/ s (313)
3 4 (14 mo/M) Ry, ARy,

where,asbefore thelastequalityholdsif my < M.
To computenumericallyR;, we have usedthefollowing method.Sinceontheorbital plane
we have thefollowing relations:
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1/2
x —xp| = [($+ap)2+y2}

1/2
x—x,| = [(@+a)’+y?]"

the potentialalongthe z—axisis simply:

Gmo GM — lwsz (3.14)

U(z.0) = — _
(z,0) iz +a, |o—ad 2

ThefunctionU(z, 0) hasa maximumUyg,, in theinterval (—a,, a,), correspondingdo thefirst
Lagrangiarpoint L;. Thevalueof thefunctionatthemaximumis alsothevalueof thepotential
onthesurfaceenclosinghe Rochelobe. We find a secondntersectiorbetweerthis surfaceand
the x—axis (moving towardsnegative valuesof x) whereU (z, 0) attainsthevalueUgy,.

Analogously moving alongthe parallelto the y—axisthroughmg, we will crossthe Roche
lobe surfacewherethe function

Gmo GM 1 2/ 9 9
— ™ - =) —§wk(ap+y ). (3.15)

U(_ap’ y) =

is equalto Ug,,. Thesmallervalueof theintersection®btainedin this way is the valueof the
Rocheradius.Oncethe Rocheradiusis known, we cancomputetheratio betweerthe“critical”
Rochedensityandthe stellardensity prr. / p., for afixedvalueof mq/M,.

Table 3.6: Ratiosof the critical densityof the planetpg; to the central star density p, for
differentvaluesof the massratio, mq /M, anddifferentoscillationmodesof a polytropic star
with n = 2 (seetext).

mo/M

107 107° 107* 10~ 10°%? 107!
f 7.89 7.95 8.04 - - -
g1 143 144 145 149 158 1.83
g, 0.75 0.76 0.77 0.79 0.83 0.96
g3 0.47 0.47 0.47 0.49 0.52 0.60
g, 0.32 032 0.32 033 0.35 041
gs 0.23 0.23 0.23 0.24 0.26 0.30
g¢ 0.17 0.18 0.18 0.18 0.19 0.22
gr 0.14 0.14 0.14 0.14 0.15 0.18
gs 0.11 0.11 0.11 0.12 0.12 0.14
go 0.09 0.09 0.09 0.10 0.10 0.12
g 0.08 0.08 0.08 0.08 0.09 0.10

Theresultsareshownn in table 3.6, which hasto be readasfollows. Supposeéhattheratio
betweernthe massof a planetandthat of the centralstaris my/M = 1073. Thefrequeng of
the quadrupoleadiationemittedby the planetwill coincidewith thatof thefirst g-modeof the
star andthe planetwill not be disrupted,only if its densityis higherthat1.49 p,. We have
alsochecledwhetherthe staroverflows its Rochelobe andaccretesnatterontothe planet,and
excludedfrom table3.6the correspondingases.
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It shouldbe remindedthat the ratio betweenthe meandensityof the planetsof the solar
systemandthatof the Sunis 3.9for Mercuryandthe Earth,3.7for Venus,2.8for Mars,0.9for
Jupiter etc. A comparisorof thesevalueswith the dataof table 3.6 suggestshat,in principle,
therecanexist EPS5 in which the low-order g-modescould be excited by a resonanprocess.
For instancea planetlik e the Earthcould approacha polytropic star(n = 2) with the massof
the sunat a distancecloseenoughto excite the g;-modewithout beingdisruptedby the tidal
interaction,whereasa planetlik e Jupitercould only be at a distancegoodto excite the second
g-mode.

By the Roche-lobeanalysiswe canalsodeduceanotherinterestinginformation. Suppose
that a planetarysystemmadeof a starwith the massof the Sunanda planetin circular orbit
is locatedat a fiducial distanceD = 10 pc. We do not make ary assumptioron the internal
structureof the star but assignthe valuesof the massandof the meandensityof the planet.In
particular we considerfive orbiting bodies: threeof themhave massesanddensitiesequalto
thoseof Mercury, the Earth,andJupiter The fourth hasa massequalto 13 timesthe massof
Jupiter(thedeuteriumburninglimit; see.e.g.,[75]) andthe samedensityasJupiter;thefourth
is abrown dwarf of 40 jovian massesWe wantto answetrthe following questions:

e whatis theminimumradiusof the orbit?
e whatis thecorrespondingjuadrupoleemissiorfrequeny vV = 21, ?
e whatis the correspondingharacteristi@amplitudeon Earth?

Theansweilis in table3.7,wheretherequireddataaregivenfor the four planetsandthe brown

dwarf. Notethatthe minimumradiusof theorbit, in thebrown dwarf casejs determinedy the
conditionof massransferfromthe centralstar: beingthe brown dwarf quite densg[12]) mass
accretionfrom the centralstaroccursbeforetidal disruptionof the brown dwarf.

Table3.7: We takulatethe minimumradiusof thecircularorbit, R7*", the quadrupoleemission
frequeng, vV, andthe characteristimmplitudeof the correspondingvave emittedby four
planetsorbiting arounda starwith massiM, andradiusR.. We assumehatthe planetshave
massanddensityequalto thoseof Mercury, EarthandJupiter Thelastplanethas13timesthe
massof Jupiterandthe samedensity The caseof a brown dwarf of 40 jovian massess also
included. Thesedataare obtainedby imposingthatthe planetsandthe centralstarslie inside
their Rochelobe,andthatthe systemis locatedat D = 10 pcfrom Earth.

Typeof planet  Rr™ (cm) v" =21, h,

Mercury 9.6-10"° 12-10* 1.8-107%
Earth 9.6-101° 1.2-10* 3.2-107%
Jupiter 1.6-101'  59-107° 6.2-10°2%
13x Jupiter 1.6-10"*  5.7-10°° 7.9-10723

Brown Dwarf 1.0-10"  1.1-100* 3.8-10°%

Fromtable 3.7 we seethatsomeplanetscould emit quadrupoleadiationat a frequeny in
the bandwidthof spaceinterferometersandwith anamplitudewhich could be evententimes
biggerthanthat emittedby the binary pulsarPSR1913+16.In addition,if the quadrupolea-
diation resonatesvith a modeof the star the amountof emittedenegy could be evenlarger.
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Beforeturning to quantitatve estimatespasedon the directintegration of the Einsteinequa-
tions, of the enhancemernin gravitational wave emissiondueto resonanteffects, we wantto
discusshow effectsof heatingof the planetby the centralstarchangethe picturewe have just
discussed.

3.5 Temperature effects

Besideghetidal interactionwith the centralstar other non-graitational effectscanaffect the
stability of a planetorbiting closeto a solarlik e star The mostimportantof thesedestabilizing
effectsis probablythe possibility of a melting of the orbiting planet,due to heatingby the
centralstar In this sectionwe will carry out ananalysisof thesetemperaturesffectsvalid for
gaseous,Jupiterlike planets,basedon the correspondinganalysisin [41]. The limits posed
by tidal and melting effects can be expressedasforbiddenregionsin an Hertzsprung-Russell
(luminosity vs. temperaturefliagramfor the planet. Sincethe planets temperaturas related
to its distancefrom the centralstar, for eachgiven distancewe cancomparethe destabilizing
effects due to temperatureo thosedueto tidal interactions. We will shav that temperature
effectsaretypically nggligible, at leastfor a gaseouplanet,with respecto thelimits posedoy
the Roche-lobecondition.

Take a starof fixedmassandradius,M and R, anda planeton anorbit of radiusR,. The
planetarymassandradius,m, andR,, arealsofixed. We shall supposefor concretenesshat
the planethasradiusandmasscorrespondingo thoseof Jupiter andis in aresonantondition
with the g;o—mode.Knowing the stellarmasswe cancomputethe stellarluminosity from the
knownvalueL. = 3.827 - 10*® em/susingthe mass-luminosityelationshigfor main-sequence
stars:

L, x M35, (3.16)
Thestars effective temperatureT’,, canthenbe computedrom:

L, = 4w R%0T?, (3.17)
wheres = ac/4, a = 7.57 - 107'% erg cm™3 K—* andc is the speedof light. Knowing 7, and

L,, the planets temperaturel;,, andluminosity L, (at the orbital radiusR,) canbe estimated
from:

1/2
T,=T, (%) 0= A (3.18)
L, = L.(1—A) (%) , (3.19)

assumingfor example thealbedoA to bethesameasJupiters (A = A;,, = 0.35). Thefactor
f is 1if theheatof the primarycanbeassumedo be evenly distributedovertheplanet,and2 if
only onesidereradiateshe absorbedeat.For a gasgiantsuchasJupiter it canbetakenequal
to 1 [41].

From theseformulaswe seethat thereis a one-to-onerelationshipbetweenthe planets
orbital radius,R,, andtemperature],. At eachgiven R, (or, whichis the same at eachgiven
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T,) we cancomputethe Roche-loberadius Rg,, usingthe methodsdescribedbefore,andthe
correspondingritical luminosity Lgy,:

Lrp = L,(1 - A) <@>2 (3.20)
RL * 2R0 .

Notethatthe luminosity, dependingonly ontheratio Rz /Ry = Rgr, doesnotdependonthe
orbital radius: the critical line for tidal disruptionin a temperature/luminosityHertzsprung-
Russell)diagramis horizontal

We shallnow dealwith the effectsof stellarheatingon the stability of the planetaryatmo-
sphere At agiventemperaturethe gasin the stellaratmosphereanescapef the meansquare
velocity of the particles(hydrogenatoms)is greaterthanthe escapevelocity. This classical
Jeansescapeflux (see,e.g.,[13]) canbe shawvn to be proportionalto the factore=(\ + 1),
where

GmHmO

= 2T 3.21
A= TR, (3:21)

(my is themassof an hydrogenatom). The Jeansescapanechanisnmbecomesmportant(ac-
cordingto [41]) when X = A.; = 30. Usingformula (3.19), this meansthat the planetary
atmospherevaporatessignificantly when the luminosity is greaterthan a critical value, L,
givenby:

< GmHmo
T =

2
—_— 1—-A)L,. 3.22
2kT, RoAcrit ) ( ) ( )

Formulas(3.20)and(3.22)correspondo the anticipatednstability limits in a Hertzsprung-
Russelldiagramfor the planetdue, respectiely, to tidal effectsandto the evaporationof the
planetaryatmosphereWe have explicitly computedhe correspondingurvesfor a Jovian-like
planetaroundthen = 3 polytropicstellarmodelconsideredbefore,choosinghecentraldensity
in suchawaythatM = M, andR; = R,

In figure 3.2 we plot the orbital radius,in AU, versuslog(L,/L). Theplot clearly shavs
that tidal interactionsare always more effective than evaporationin destabilizinga gaseous
planetlike Jupiter For example,a jovian planetorbiting at a radius Ry = 1.08 - 1072 AU=
1.61 - 10° km (correspondingo the modeg;,) would have a temperaturel,, = 2409 K, and
a luminosity suchthatlog(L/Ls) = —3.494. This value of the luminosity hasto be com-
paredwith acritical “tidal” luminositylog(Lz./Ls) = —3.486 andwith theevenhighervalue
log(Lr/Lg) = —2.547.

From the previous discussionwe can expectthat temperatureeffects would be even less
effective in the caseof rocky planetssuchasthe Earth,sincethetemperatureaeededo melta
rock would almostsurelybe higherthanthoserequiredfor the evaporationof the atmosphere
of agaseougplanet.

Thediscussiorof meltingeffectsfor brown dwarfsis muchmorecomplicated For simplic-
ity, we assumehatabrown dwarf orbitsataradiuscorrespondingo themodeg,, andthatit has
thesamevaluesof f and A asJupiter Thenwe get,for thetemperaturef a brown dwarf due
to heatingby the centralstar avalueT, = 3026 K, whichis muchhigherthanthe equilibrium
temperaturel, = 436 K predictedby modelsof isolated,evolved, 40 jovian-massed®rown
dwarfs[12]. This meanghatdealingwith the evaporationof the brown dwarf requiresan un-
derstandingf the detailsof its atmosphere Thesedetailsare quite uncertain. Brown dwarfs
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Figure3.2: Hertzsprung-Russetliagramfor agaseouplanetorbiting asolartypestar Thedot
correspondso aplanetlik e Jupiterin acircularorbit correspondingo themodeg,,. Thedashed
line limits the region excludedby tidal disruption,the solid onelimits the region excludedby
melting effects.

have high surfacegravities andlow effective temperaturesso their atmospheres composed
mostly of moleculesandcondensedyrains[12]. We expectthe high surfacegravity to increase
the escaperelocity, thusdecreasinghe effectsof Jeansvaporationbut a detailedcalculation
would definitelyberequired.

3.6 Resonantemissionamplitudes and timescales

Having checledthat, atleastin principle, the excitation conditionscould be metin real EPS5,
we have turnedto theintegrationof the Einsteinequations.

For this purposewe have chosenthe samestellarmodelconsideredn [32]. It is a simple
polytropicmodel,i.e., the equationof statehastheform

p = po®"t, € = 0", (3.23)

but it is quite well suitedto reproducethe propertiesof a solartype star The modelis non-
barotropic(asit shouldbe, sincethetemperaturén a normalstaris not constant)andwe have
fixed the adiabaticcoeficientto bey = 5/3. We have chosera ratio betweencentraldensity
andpressurdin geometricunits!) ay = €y/py = 5.53 - 10°, closeto thecorrespondingaluefor
the sun,anda polytropicindex n = 3. We have alsofixed the centraldensityto be 76 g-cm3.
With this choice,our polytropicstellarmodelhasamassM = M. andaradiusRk = R.
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Table 3.8: Ratiosof the critical densityof the planetpy; to the centralstar density p, for
different oscillation modesof a polytropic star with n = 3 andfor massratios: pgawm =
Mgarin/Meo = 3.0 - 1075, fiyup = Myyp/Mg = 9.6 - 107 upp = Mpp/Mg = 3.8-1072. In
boldface,the modelswhoseexcitationis allowed by the Roche-lobeanalysis.Seetable 3.6 for
comparison.

f g1 g2 g3 94 g5 Js gr s 99 g10
Uean 20.8 125 7.21 464 3.24 238 183 145 1.17 0.97 0.82

UBD - - - - 3.68 2.71 2.08 1.65 1.34 1.11 0.93
Mgup 217 13.0 7.49 482 3.37 2.48 190 151 1.22 1.01 0.85

We have carriedouttheRoche-lobanalysidor threeorbitingbodies:aplanetwith thesame
massandradiusasthe Earth,a planetwith the samemassandradiusasJupiter anda brown
dwarf with massMgp = 40M;. The correspondingritical ratiosfor eachoscillationmode
areshown in table 3.8; we have evidentiatedin boldfacethe modesfor which the excitationis
not excludedby the Roche-lobeanalysis.An Earth-like planet(having pgarin/pe = 3.9) could
excite modesof ordergreaterthan3. The sameis true for a brown dwarf: an evolved brown
dwarf of 40 jovian massesaccordingto the modelsin [12], would have aradiusR = 5.9 - 10°
cm, andavalueof p/ps = 64, but it would accretematterfrom the centralstarbeforeexciting
themodegs. A Jupiterlike planet(p;/pe = 0.9), onthe otherhand,could only excite modes
of ordergreaterthan9, without beingdisruptedby tidal interactions.

Table3.9: Frequenciesf gravitational-wave emission(in xHz) for differentoscillationmodes
of asolarmasgolytropicstarwith n = 3, andcorrespondinguadrupolemplitudesat D = 10

pcfor aplanetlik e the Earth,a planetlik e Jupiteranda brown dwarf of 40 jovian massesOnly

themodesnot excludedby the Roche-lobeanalysisareshowvn.

vew  hge hq,Bp hq,rup
g 1125 3.0-10% 3.9-10 %2 -
g5 96.6 27-107% 3.5.1072 -
ge 847 25-107% 3.2.1072 -
gr 754 23-107% 3.0-1072 -
gg 679 22-107%% 28-1072 -
gy 61.8 2.0-107%6 26-10722 -
g 56.7 19-107% 24.1072 6.1-107

For eachoscillationmodeallowedby theRoche-lobeanalysisve give,in table3.9,thegrav-
itational wave frequenciesandthe correspondingjuadrupoleamplitudesat a fiducial distance
D =10 pc.

As anticipated,the integration of the Einstein equationsshows that resonance®ccur at
frequenciesorrespondindo the quasi-normamodes.Theseresonancearetypically sharper
andnarraver thanthosefoundby Kojimafor compacttars:indeed theresolutionin w (or Ry)
requiredto computetheresonanceurvesis sohigh thatnumericalinstabilitiesoccurbeforewe
candeterminehe exactheightof the peak!
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On the otherhand,the planetwill never be exactly atthe resonantadiusR,.,. Supposet
is orbiting ataradiusRy, = R,.; + AR. A typical behaiour of theratio hg/hg asafunction
of AR is shawnin figure 3.3. Thefigure shows that, for example,in the caseof the g,—mode
onecanreachvaluesof h/hq greatethan10for AR of theorderof afew kilometers,100for
AR of theorderof hundredf metersand1000for AR of theorderof somemeter

Thealmost-perfecpower law in hr/hg asafunctionof AR is expected.We arebasically
dealingwith a systemthatcanbe modelledasa dampedoscillator (correspondindo the star;
thedampingis dueto theemissiorof gravitationalwaves)with aforcing term(thegravitational
wavesemittedby the planetin its orbit). A powerlaw behaiour is typical of forcedoscillators
closeto aresonanc§45]. If we fit thecomputedoehaiors with alinearfunction, of theform:

(log hr/hq) = ag, + by, (log AR) (3.24)

we get:
bg4 = —0.97, bg7 = —0.95, b!]lO = —0.95,

g, =138,  a,, =019,  a,, = —0.83.

10000 ey

1000 }

helho

100 ¢
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Figure3.3: Thepower-law behaiour of hr/hg asafunctionof AR (in km) closeto theresonanceorrespond-
ingtoags—, g7— andgio—mode for astarof massM = M.

Sincethe resonancas so sharp,we can expect a systemclose enoughto the resonance
to loosea lot of enegy in gravitational waves, until the emissionis stoppedby someviscous
mechanisnandthe planetgoesoff resonanceHow long cana planetemitwith aratio hr/hg
greaterthan somefixed amount? To answerthis questionwe needto take into accountthe
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evolution of the orbit, that so far we have ignored;in otherwords,we musttake into account
radiationreactioneffects.

This canbe doneasfollows. In any binary system asthe systememitsenegy in gravita-
tional waves,the lossof enegy causeghe orbit to shrink. This meanghata planetin anEPS
will not hover aroundin a circular orbit forever, but it will eventuallyspiral down the central
star andtheinspiralwill befasterandfasteraswe getcloserandcloserto aresonanceorre-
spondingto a quasi-normamodeof the star sincetherethe gravitationalemissionis stronger

How muchtimewill theplanetspendn aregion correspondingo avalueof hr/h greater
thansomefixedlimit, beforereachingthe peakcorrespondindo the quasi-normamode?The
correspondingime-scalecanbe seenasanupperlimit onthetime the systemcanspendemit-
ting wavesof amplitudegreaterthanthatfixedamount.

Let ustrunto the computatiorof thistime-scalefakinginto accounteffectsof gravitational
radiationreactionon the evolution of the planetaryorbit. Considerthe geodesi@quationgor a
massorbiting a non-rotatingstar They canbewrittenin the usualform:

dt oM\t dp L dr\?
dr ( Ry ) ’ dr RY <d7'> VA7) ’ ( )

whereF is the planets enegy per unit mass,and L, is the particle’s angularmomentumper
unit mass.The effective potentialfor radialmotionis givenby:

V(L,,7r)=(1—-2M/r)(1+ L*/r%). (3.26)
For acircularorbit W = 0, andthisimplies:
MR,
L= ———. 3.27
" 1-3M/R, (3.27)
Furthermoresince E? = V(L,(Ry), Ry), the enegy per unit massfor a particlein circular
orbit is givenby:
1-2M
g LZ2M/Ry (3.28)

V/1-3M/Ry

The evolution of the orbit can be determinedusing conseration of enegy. In the adiabatic
approximationwe assumehat the time-scaleover which the orbital radiusevolvesis much
longerthanthe orbital period:

rsp=2T (3.29)
Wk

Underthis assumptionthe (circular) orbit shrinksdueto the enegy emittedin gravitational
waves,accordingto thelaw:

dE dE

moE + Eqw = 0. (3.31)

or

Hereandin thefollowing, by anoverdot,or by thesymbols(..), we shallmeananaverageover
mary orbital periods.Theideais that,sincethe orbit evolvesslowly with respecto the orbital
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period,the perturbingobjectwill gothroughaseriesof “quasi-geodesicétatesjn eachof these
statesthe usualformalismcanbe usedto find the enegy emittedin gravitational waves,and
hencethe evolution of theorbit.

Theenegy emittedin gravitationalwaves, Egy, canbe determinecasdescribedn section
C.3. Now, theradiusof the orbit evolvesaccordingto:

dR, -
= b (3.32)

Using(3.28)and(3.31)this equationcanbewrittenin the form:

2R2 (1 —3M/Ry)%? ..
ol (L= 6M/RY) Eow. (3.33)

Ry

Ry =

Introducingy. = m/M we candefineé (R,) as:
E(Ro) = p 2 Ecw, (3.34)
andwrite the evolution equationfor the orbital radiusas

2R% (1 — 3M/Ry)*? .
— Mg (= 6M/Ry) E(Ry). (3.35)

Separatingrariablesandintegratingwe getthe time requiredfor the planetaryorbit to shrink
from aradiusR((f) to aradiungl) dueto radiation-reactioreffects:

o

M2 /Ré” (1—6M/Ry)  dRq

AT(R? > R — R{V) = -~ (Ro)
o™= To" = 00 = =5 ey (1= 3MIRPPIG €(Ry)

(3.36)

We consideronly the / = 2 emission. Then, defining Z%* = Z3%*/m, and using equation
(C.121)for the power radiatedn ¢ = 2, we have:

Zout |2
: 3(wM)? ‘Z22t

E(Ry) = (3.37)
Goingbackto physicalunits,equation(3.36) canbe written as:
M2 (R (1-6GM/PR,)  dR
AT(R? = pO s g0y — _o M / o 0% .
(Ro > Ro — Ro ) 24 R((f) (1 _ 3GM/CQRO)3/2R(2) E(RO) (3.38)

This formula allows us to computethe timescalerequiredfor a planetto go from a fixed
valueof hr/hg (say 10)to theresonantadius.Thesetimescalesregivenin table3.10.

From the datain table 3.10 and the quadrupoleamplitudesin table 3.9 we seethat, for
example,a brown dwarf exciting themodeg, couldreachamplitudes~ 2-10~2° for ~ 3 years,
and~ 4-10~2! for ~ 400 years;ontheotherhand,aplanetlik e Jupiterresonantvith themode
g10 couldreachamplitudes~ 3 - 10=22 for ~ 2 years,and~ 6 - 10=23 for ~ 300 years.

Thingswould not be significantlydifferentif we considerednorerealisticmodelsof solar
type stars,suchasthosediscussedn [19]. More complex modelsof the sunaredifferentin
mary respectdrom the oneswe computedusingour simple polytropic model,andthey nor-
mally yield slightly higheroscillationfrequenciesaswe canseefrom table3.11. Considering
the effectsof contaminatiorfrom interstellarmaterialon the heary elementabundancen the
sun[18], the oscillationtimesgrow a little, gettingeven closerto the valuescomputedn our
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Table3.10:In column2 we give thefrequeng, vgw, of thewave emittedwhena planetmoves
aroundthe hoststaron anorbit resonantvith ag-modeallowedby theRochelobe analysigsee
text). Becausef resonaneffects,theamplitudeof thewave is amplifiedby afactorgreatethan
A (column3) whenthe companiorspansa radialregion of thicknessA R (column4), whichis
the samefor all planets.In the lastthreecolumnswe give thetime interval AT neededor the
threecompaniongo spantheregion A R andreachtheresonancehecaus®f radiationreaction
effects.

Mode vgw (uHz) A AR(mM) ATg(yrs) ATgp(yrs) AT;(yrs)

O 112.5 10 1700 5.4-10° 4.3-10? -
50 312 3.8-10* 3.0 -
Os 96.6 10 616 2.7-10% 2.1.102 -
50 113 1.9-10* 1.5 -
J6 84.7 10 240 1.4-105 1.1-10? -
50 44 9.6-10* 75-107' -
g 75.4 10 98 7.0-10° 55 -
50 18 5.0-10% 39-107' -
Os 67.9 10 42 3.8-10° 30 -
50 8 25-10>° 19-107' -
Oo 61.8 10 18 1.9-10° 15 -
50 3 1.5-10* 1.2-107' -
O 56.7 10 8 1.0-10° 7.8 3.1-10?
50 1 6.7-10> 53-107%2 2.1

Table3.11: Frequencie¢in uHz) for differentoscillationmodesof a solarmasspolytropicstar
with n = 3, andfor a morerealistic solar model. Datafor the “realistic” solarmodelwere
kindly providedby J. Christensen-Dalsgaafd0].

g1 g2 g3 g4 s e gr gs 99 g10
Polytrope(n = 3) 221.4 167.9 134.8 1125 96.6 84.7 754 679 618 56.7

“Realistic’ model 296.6 256.6 222.5 194.6 171.0 151.9 136.2 123.3 112.5 103.3

polytropicmodel.In ary event,ourfrequenciesreatleastqualitatively correctto give orderof-
magnitudesstimatedor the effectsof resonangravitational-wave emissionwe areconsidering
in our study We feel thatour consideration®n the gravitational-wave amplitudesandon the
excitationtimescalesvould not be substantiallymodifiedif we considerednorerealisticsolar
models.
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3.7 Conclusions
Themainresultsobtainedegardingextrasolamplanetarysystemsanbesummarizedsfollows:

e Oneof theobsened EPS5, HD283750 emitswaveswith a maximumcharacteristi@am-
plitude h, ~ 4 - 1072* anda correspondindrequeny v ~ 1.3 - 10~° Hz. Thesevalues
arequite interesting.especiallywhencomparedo the maximumamplitudeh, ~ 10-23
andfrequeng v ~ 1.4 - 10~* Hz of the Hulse-Taylor binary pulsar(PSR1913+16).

e TheRoche-lobanalysishasshovn thatEPS5 atafiducial distanceD = 10 pc canemit,
in their orbital motion, wavesof amplitudeaslarge ash™** ~ 10?2 andfrequeng as
high asv™** ~ 10~* Hz; furthermore the excitation conditionscould be satisfiedfor
someof the g-modesin solartypestars.

e Theintegrationof the Einsteinequationsshows that, for low-order g—modes,one can
reachvaluesof h/hg greatertthan:

10for radialfine tuningsA R of the orderof afew kilometers,
100for AR of theorderof hundredf meters,
1000for AR of theorderof somemeter

Closeto aresonancethe amplitudefor low-ordermodesfor ann = 3 polytropeis well
fitted by the law:

(log hR/hQ) = a’.(]n + bgn (log AR)a

whereb,, ~ —0.95, anda,, depend®ntheorderof themode.

e Theradiationreactionanalysisshavs that,for the stellarmodelwe have chosenabrown
dwarf exciting the mode g, could reachamplitudes~ 2 - 10~ for ~ 3 years,and ~
4 - 1072 for ~ 400 years;ontheotherhand,a planetlik e Jupiterresonantvith the mode
910 couldreachamplitudes~ 3 - 10722 for ~ 2 years,and~ 6 - 10~22 for ~ 300 years.

Figure 3.4 shows the sensitvity curve for LISA (i.e., the amplituderequiredat eachfre-
gueng to obsene a signalwith a signal-to-noisegatio greaterthan5) alongwith someof the
mostinterestingresultsobtainedby our analysis.Thoughsignificantlylargerin amplitudethan
the signalemittedby the binary pulsar the wavesemittedby the obsened systemHD283750
arenotdetectablavith thecurrentLISA design.Thesamaes truefor a“resonant’systemcom-
posedby a solartype staranda jupiter-like planet,but a brovn dwarf in resonantonditions
couldpotentiallybe detectable.
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Figure3.4: Thesolid curve is LISA’s sensitvity curve, representinghe amplituderequiredto
obsenre a signalwith signal-to-noiseatio greaterthan5. The differentdotsrepresent brovn
dwarf in resonantonditionswith amplification50, a jupiter-like planetin resonantonditions
with the sameamplificationfactor andtwo observedinaries:HD283750(an extrasolarplan-
etarysystem)andPSR1913+16(the Hulse-Taylor binary pulsar).



Chapter 4

Gravitational wave emissionby compact
binaries

At variancewith the precedingchapterin this chaptemwe shallconsiderbinarieswhich radiate
gravitationalwaveswith large intensityandat frequenciesccessibléo ground-basethterfer
ometers.Suchsystemmustnot only be massve, they mustalsoorbit eachotherat very small
separationgafew hundredkilometersor less). Thesemassve objectsareexpectedo betheend
productsof stellarevolution: neutronstarsandblackholes.Sincealargefractionof all starsare
in closebinary systemsthe deadremnantof stellarevolution may containa significantnum-
berof binary systemavhosecomponentsreneutronstarsor blackholes,andarecloseenough
togetherto bedriveninto coalescencby gravitationalradiationreactionin atime smallerthan
the ageof the universe. The binary pulsar1913+16is an exampleof sucha system,andwill
coalescev 3.5 x 108 yearsfrom now.

Gravitational radiationreaction,at leastwhen the binary membersare widely separated,
tendsto circularizeand shrink the orbit. So, evenif the systemis born initially with a large
eccentricity whenthe waves enterthe frequeny bandof earth-basedhterferometerghe two
bodiesin the binary spiraltogetheremitting periodicgravitational wavesat a singlefrequeng
(equalto twice the orbital frequeng) thatsweepsupward (“chirps”) toward a maximum. This
maximumis aroundl kHz for neutronstarbinaries,and around10M gy /My, for black hole
binarieswhenthelargerblackholehasmassiM . During thefirst partof thefrequeny sweep
the waveform can be fairly accuratelycomputedfrom the quadrupoleformalism, but asthe
objectsget closerPost-Na&vtonian orbital effects and effectsdueto the extendedstructureof
thebodiesbecomemoreandmoresignificant.In thefinal, meiging phasethefull equationof
generarelatvity anddetailedhydrodynamicamodelsaredefinitelyneededor a predictionof
the gravitationalwave signalwe mayobsene.

When dealing with extrasolar planetarysystemswe consideredonly the polar, ¢ = 2
(quadrupolartontributionto theemittedradiation,sincethis contributionbe shavn to be domi-
nantin thetotal poweroutput,especiallyin Newtonianregimes.We alsorestrictecdour attention,
in the preliminary explorationof excitation phenomenahatwe carriedout there,to bodiesin
circular orbit aroundthe star Here we wantto carry out a more generalanalysis: we shall
includeall multipoles,takinginto accountalsothe axial partof the radiation(sincethesecon-
tributions,aswe will see maybecomdamportantin strong-fieldregimes),andstudyeffectsdue
to the orbital eccentricityto carryouta moregeneralnalysisof the excitationconditions.

As we shav in AppendixC, thecomputatiorof thesourceermandthesolutionof theequa-
tionsin the“standard”Zerilli approachs quitecumbersomeandpolarandaxial perturbations
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have to be dealtwith separately Insteadof dealingdirectly with perturbationsof the metric
functions,it turnsout to be mucheasierandmoreelegantto considerthe perturbationf the
Weyl scalarsn the Newman-Penrosaull tetradformalism. This approachalsoleads,aftera
separatiorof the angularpart (which now is accomplishedn termsof spin-weightedspherical
harmonics}o aradialequationknown asthe Bardeen-Pess-€ulolsky (BPT) equation4, 83].
Thesolutionsto the BPT equationcarry informationboth on the polarandon the axial partsof
the perturbationandthe sourcetermis muchsimplerto dealwith thanin the Zerilli approach.
Sowe haveusedthe BPT formalismto consideithegenerakaseof particlesin closedeccentric
orbit aroundthe star andonly usedthe Zerilli formalismasa checkof the correctnessf ourre-
sultsin thecircularlimit e — 0 (whichis physicallyveryimportant,sincecompactinaries,as
we saidbeforewill move oncircularorbitsby thetime thewavesthey emitenterthebandwidth
of interferometers).

Figure4.1 shaws that, indeed,binary neutronstarsarea promisingsourcefor theinterfer
ometeranow underconstruction.Therewe plot the sensitvity curvesof GEO600,VIRGO and
LIGO, modelledusingfits givenin section7.4 of [39], alongwith predictedestimatedor the
amplitudesof signalscomingfrom neutronstarmeigersat distancegrom earthof 20 Mpc and
100Mpc. It canbeshownn [25] thatthe crucialingredientto extracttheinspiralsignalfrom the
noisewith amatched-filteringechniquds a goodtheoreticakestimateof the phaseof thewave
in theregion weretheinterferometeraremoresensitve, i.e. at gravitationalwave frequencies
< 1kHz.
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Figure4.1: The sensitvity curvesfor the ground-basethterferometer$ssEO 600, VIRGO and
LIGO arecomparedo the strengthof signalscomingfrom neutronstarbinariesat a distanceof
20 Mpc and100Mpc. The noisepower spectraldensitiesof the detectorsare modelledusing
fits givenin section7.4 of thereview by Grischuketal. [39].

Ourmaininteresthasbeento understando whatextenteffectsdueto theextendedstructure
of starscanaffect thetheoreticaimodelingof this signal,andconsequentlyhe detectionof the
waves. Of coursepurperturbatve formalismallows usto take into accounthestructureof only
oneof the bodies. Nonethelesswe hopethe informationwe gainin this way canbe usedto
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infer someinformationon areal binary coalescenceespeciallyconsideringhata stable Jong-
lastingsimulationof sucha coalescencédespitethe mary efforts doneto evolve numerically
thefull, non-linearEinsteinequationg61]) is still probablyalongwayto come.

The plan of this chapteris as follows. In section4.1 we describethe Bardeen-Press-
Teulolsky perturbatve approachJeaving sometechnicaldetailsto AppendixD. In section
4.2 we apply the formalismto particlesin closed,eccentricorbits arounda star andcompare
resultswith thoseobtainedhroughthe semirelatvistic formalismdevelopedin sectionl.4. We
show that the stellar structureintroducesqualitatvely and quantitatvely new effects,among
which arethe appearancef an axial componenin the radiationand,consequentlya beating
betweenthe polar andaxial componentsa significantreductionin the total power radiatedin
¢ = 2; agreatenhancemenh thewave amplitudeif thestellarquasi-normamodesareexcited.
Thepossibilityto excite the quasi-normamodesin anastrophysicabinary coalescences con-
sidered,both for neutron-staandblack-holebinaries,in section4.3. Therewe show thatthe
excitationof blackhole quasi-normamodescanonly occurin acollapsefor neutronstars the
f-modeexcitationis highly implausibleunlessthe staris rotating. The g-modes,on the other
hand, could be excited in a frequeng bandrelevantfor earth-basednterferometersand we
will explorethis issuein the future. In section4.4 we considerthe orbital evolution of binary
systemsn our perturbatve approachfor generalnotnecessarilgircular)orbits. In sectiord.5
we comparethe emissionfeaturesf a systemcomposedy a starandatestmasswith thoseof
asystencomposedy ablackholeandatestmassanddiscusshow effectsdueto theequation
of stateaffect the emittedpower. In section4.6 we analyzeour perturbatve resultsin thelight
of thoseobtainedn theliteratureusingPost-Nevtonianapproximationseitherin thetestmass
or in thecomparablenasdimit. We computedifferencesn the numberof cyclesbetweerdif-
ferentstellarmodelsandblack holes,anddiscusshe reductiondn signal-to-noiseatio dueto
a non-optimalmodelingof the signal. Finally, in section4.7 we give anargumentin favour of
the perturbatve approximationshowing thatfluid andmetric perturbationgemainsmallup to
very little orbital separationspr, in otherwords,thatthe perturbatve approachseemso hold
surprisinglygoodup to very late stagesf the coalescence.

4.1 The Bardeen-Press-Bukolsky (BPT) approach

To describethe perturbation®f the Schwarzschildspacetimerevailing outsidethe starwe can
usethe BPT equation4, 83

{N d [ L d } + [(rw 4 = M)rw) gy — Qn} } Uy (w,7) = —Tom(w, 7),(4.1)

dr | Adr A
whereA = r?2 — 2Mr. TheBPT function, ¥,,,, is relatedto the perturbatiorof the Weyl scalar
oy by

1 .
Yy (w,r) = %/dQ dt e™' _,S; (9, ¢) [7"4 O, (t,r, 0, cp)} , (4.2)

and_,S, (9, ) isthespin-weightedphericaharmonicof spin-weights = —2. Spin-weighted
sphericaharmonicsaredefinedandexpressedn termsof ordinarysphericaharmonicsn Ap-
pendixG.

The advantageof usingthe BPT equationis that§¥, is invariantundergaugetransforma-
tions andinfinitesimaltetradrotations,andthatthe squaref its realandimaginarypartsare
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proportionalto the enegy flux of the outgoingradiationat infinity in thetwo polarizations.In
addition,the sourceterm7y,,(w, ), which will bediscussedn detailin the next sectionhasa
muchsimplerform thanthe sourceof the Sasaki-Nakamuraquationwhich wasusedto study
the gravitationalemissionin the caseof openorbitsin [33].

At thesurfaceof thestar andin generaWwheneer7;,(w, r) = 0, therelationbetweenV,,,,
theZerilli function Z,,,, (whichfor clarity we shallheredenoteby Zij) andtheRegge-Wheeler
functionZ;% is

3

1
Uy = % (Vo Z82 4 (W + 2iw) A, 225 (4.3)

W
r3y/nn+1 .
- PRI [y (i) 2,222

whereA | = % +iw = 54 +iw, and

. 2A

ax 2
2A

el 5 1 302 [n*(n+ 1)r® + 3Mn*r® + 9M*nr + 9IM?)
o nr? — 3Mnr — 3M?
r2(nr + 3M)

Accordingto (4.3) we canwrite ¥,,,, asasumof anaxialandapolarpart,i.e.

W = W20 4 WP (4.4)
where

U or = W (V& Zpw + (W 4 2iw) Ay Zp (4.5)

g = _rVnlntl) ”i” 1) vzl 4 (W4 2i) A 250 |

However, in thefollowing we will showv thatdependingonthevalueof thesumof theharmonic
indices(¢ + m), only the polaror the axial partof ¥,,,, have to beselected.

TheinhomogeneouBPT equation(4.1) canbeintegratedby constructinga Greenfunction
which ensureghatéV¥, matchegegularly with theinterior solutionat the boundaryof the star
andbehaesasa pureoutgoingwave atinfinity. This problemhasbeensolvedby Detweilerin
the caseof black holes[29]; herewe shortly describethe simplegeneralizatiorof the method
to the caseof stars. First we discusssomesymmetrypropertiesof the functionsinvolvedin
the problemwe want to solve. Undercomple« conjugation,sphericalharmonicsbehae as
Y (9, ¢) = (—1)™Y_m (9, ¢); consequentlythe perturbedmetricfunctionsin (2.10)andthe
functionsszf andZ;r satisfythefollowing property:

Fi(r,w) = (=1)" Fp (1, —w).
Fromeqs.(4.5)it follows that
(Vi (w,m)" = (=)™ 02 (—w,7) (4.6)
(vl @,m) = ()" e (=w,n).
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By inspectionof thesourceterm,we find that ¥,,,, mustsatisfyanadditionalrelation
\IIZ*m(Tv Ld) = (_1)51115_7”(71, —(U). (47)

In orderfor (4.6) and(4.7)to be consistentandlooking at egs.(4.4) we seethatthe following
selectionrule musthold
o if ({+m)iseven,¥,, = 2"

tm
o if (¢4 m)isodd, ¥, = P22

Thus,dependingon the valueof the harmonicindices? andm, ¥, is eitherpolaror axial. As
explainedin AppendixB, integratingthe equationsof stellarperturbations(2.27)—(2.30)and
(2.40),in the interior of the staf we can constructthe functions Z& (w, R,) and Z2% (w, R,)
andtheir first derivativesat - = R,; from themwe compute¥ % (w, R,) and¥ 2% (w, R,), as
givenin egs. (4.5), andtheir first derivatives,which areneededo integratethe BPT equation
outsidethe star However, it shouldbe notedthat the regularity conditionimposedat r = 0
allows to determineZ;* andZZj’j only up to anunknavn amplitude,x,, (w), to be determined
by the matchingconditionsat the boundaryof the star In whatfollows, we shall indicateas
U % (w, R,) and ¥ % (w, R,) the valuesof the axial and polar part of the wavefunction Wy,
ascomputedoy numericalintegrationof the interior equations.The problemwe wantto solve
therefores

]LBPT‘I’zm(W,T) = _Tlm(war) (4-8)
Uy (r = 00) = rPe“™ Agp (w)
v m(wa Rs) = Xém(w)\ilém(wa Rs)

w’

Y’
‘I”em( R,) = XKM(W)‘iIIZm(w’RS)a

wherelL zpr is the differentialoperatoron the left handsideof the BPT equation.If (£ + m)
is even, Uy, (w, R,) = ¥ %w, R,), whereasf (¢ 4+ m) is odd Uy, (w, R,) = % (w, R,).
Ay (w) is theunknovn wave amplitudeto be determinedThe generakolutionof eqgs.(4.8)is

T dT,I o0 d/l"l
Up(w,7) = ——— [\pe?n /R ~ U, T + \Irgn/ ~ v sz} , (4.9)

whereV 2 and ¥, aretwo independensolutionsof the homogeneouBPT equationdefined
as

{ ]LBPT‘I’z?n(Wa r)=0

U0 (w,r — 00) = r3e™

) \Ile (wa Rs) = \Ilém(wa Rs) ) (410)

andWy,,,(w) is theWronskian

1
Wim(w) = A [\Ilé}nlljﬁ(r)n P qjé(r)n\ljliin ,7‘] . (4.11)
Fromeq.(4.9)it is easyto seethatthe amplitudeof thewave atinfinity is

L
Wﬁm(W) R, AQ

Aém(w) = ‘Iléin(wa TI) Tlm(wa T,)' (412)
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Thedetailedcomputatiorof theamplitude(4.12),bothfor circularandeccentricorbits,is given
in AppendixD, where,in particular we shav that(in thegenerakaseof eccentrioorbits)it can
bewritten as

o= dr'
A (w) = Wem E 8 (W — Wy /Rs Az U, (w, ) Ty m(w, ). (4.13)
We shallnow computethe“relativistic” time-averagecenegy-flux
: dFE
R _ — - _
B = () = dm 7 - qlgf;oTZ/dW( o) @149

wherethe enegy spectrum, £
Apm(w) as

dE 1
(@) = Q—M‘Alm(w)‘% (4.15)
Im

Sincethe wave amplitudecanbewritten, accordingto eq. (4.13),as

- canbe expressedn termsof the wave amplitudeat infinity

Agm (w Z A (W) 6 (W — W) (4.16)

j=—00
we have

. 1 -

R __ . n 2n 2

EY = jll_r)rgof ngoo/dw O (w — Wmy) MQ‘Agm(WN (4.17)

- U o M) =X 3 Bl

Im j=—00 Im j=—o

where”§?" is theregularizedsquared-function,suchthat

9
lim 22§
T—o0

(W = winj)*" = 8(w — winy), (4.18)
andwe have definedthetime-areragedpower spectrum

b
Amrw?

mj

Ef, = | A (W) |- (4.19)

In conclusionthegravitationalemissions characterizethy aseriesof spectralinesatfrequen-
CieSWyy;.
Fromthe symmetrypropertieq1.82)

Wemej = —Wmj (4.20)
and

A (Wmg) = (D) Ap (@ jm),  G>0 4.21)
it follows that

Ef,. ,=EL, (4.22)
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Thus, oncewe know the power spectrumEem] asa function of the frequenciesv,,;, for an
assignedvalue of ¢ andfor positive m, the spectrumfor negative m is obtainedthroughEg.
(4.22).

As theenepy lostin gravitationalwaves,

Z Z Eﬁmy Z Z 471'&) ‘Alm wm])| ; (423)

m j=—o0 Im j=—o0

so the angularmomentumlost in gravitational waves canbe written asa sumof termsin the
following way:

=YY =Y Y

m j=—o0 fm j=—o0

\Agm (wnj) 2. (4.24)

47Twm

Sinced W, (¢, r, ¥, ¢) andthe gravitationalwave amplitudein theradiationgaugearerelated
by

1 r. ;
St 7,0, ) = —5 [h?(t, r, 9, ) +ihTT(t, 7, 0, go)] (4.25)

usingEq. (4.2) we find

o0

im § : 2 —iwm; (L7
[’f’h+ m (t’ Ty 197 (P)} r—oo —2S£m (197 0) Re ™% e w—?n] A(Zm(wmj)e m “14)26)

im EOO: 2 A Wi (=T
|:Th>< m (t, r, 19, QD):| o0 = 72‘Sﬁm (19, 0) Ime 12 P me] Aém (wm])e mj (t )

wherewe have separatedhe go—dependencef the spinweightedsphericaharmonicswriting
_Qng(ﬁ, (p) =_9 ng(ﬁ, 0) e,

4.2 Comparison betweenthe perturbati ve and semirelativis-
tic approaches

Using the theoreticalframenork describedn the previous section,we have numericallyin-
tegratedthe equationsof stellar perturbationdor a setof boundorbits identified by selected
valuesof the orbital parameterg F, L,), or, equialently, (e,rp). The stellarmodelwe have
choserfor the calculationsdescribedn this sectionis a polytropewith n = 1, oy = 4.48974
andR;/M = 4.739. In computingthe enegy flux, we have seenthatthe enegy is emittedat
a discrete,infinite setof frequenciesv,,;, with —oo < j < +oo, definedin eq. (1.81). The
outputof our perturbatve calculationsarethe amplitudesof thespectralllnesE,ffnj (4.19)and
the correspondingvaveforms(4.26).

The enegy computedby the semirelatvistic approachis also emitted at the samedis-
cretefrequenciesy,,;; however, whereaghe quadrupoleemissionis restictedto ¢ = 2, m =
(=2,0,2) for hjy andm = (—2,2) for hyl, for the relatvistic calculations¢ > 2 and
—¢ < m < / for both polarizatlons. So we canonly comparethe two approachesestrict-
ing our relatwvistic calculationto £ = 2 andcomparingthe quadrupolespectralines Efflj with

the/ = 2 relatwvistic lines Efmj In figure 4.2 we show, asan example,the enegy outputfor
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Figure 4.2: The gravitational emissionassociatedo an eccentricorbit with e = 0.1 and
rp = 3R, is illustratedby plotting the amplitudeof the spectrallines versusthe dimension-
lessfrequeny Mw,,;. Theradiationcomputedoy the hybrid quadrupoleapproachEﬁj (upper

panel,left) hasto be comparedvith thatcomputedoy therelatvistic approachE{}nj, for/ =2
(upperpanel,right). In thelower panelwe plot therelatvistic ¢ = 3 and/ = 4 contributions.
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an orbit with periastronrp = 3R, andeccentricitye = 0.1 computedby the quadrupoleap-
proach,andtherelatvistic resultsfor £ = 2, 3 and4, for thesameorbit. The spectralinesare
plottedfor the discretevaluesof the dimensionles$requeny Mw,,;, andfor assignedralues
of positive m. We do not plot thelinescorrespondindo negative valuesof m becausehey can
be obtainedthrougha reflectionacrossthe zerofrequeng axis of the positive ones,by virtue
of the symmetryproperty(4.22). A comparisorof the quadrupoleemission(upperpanel,left)
with the ¢ = 2 relativistic emission(upperpanel,right), shavs thatfor m = 0 andm = 2 the
two spectraarequalitatively similar. As expectedthethreeplotswhichreferto the perturbatve
resultsshowv thatmostof the enegy is emittedin the / = 2 multipole,andthatfor each/, the
¢ = m components alwayslargerthanthe others.

It is known thatfor particlesin circularorbit aroundblack holesthetotal power emittedin
eachmultipole

0o 2
Ef=>Y" Y Ej, (4.27)
j=—ocom=-2

scaleswith the multipole orderasEﬁ ~ p*>~¢, wherep is the orbital semi-latusrectum[66].
This powerlaw scalingwasfound analytically SubsequentlyCutleretal. [27] numerically
integratedthe BPT equationfor a Schwarzschildblack hole with a point particle moving on
boundorbits. They shavedthatthe sameresultholds,at leastin orderof magnitude alsofor
particlesin eccentricorbits. We find that a similar power law exists also for stars,both for
circularandeccentricorbits, asindicatedin figure 4.3 where,asan example,we plot theratio
ER/ER asafunctionof ¢, for anorbitwith e = 0.1 andp = 15.64 (rp = 3 R,).
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Figure4.3: Theratio of the total power emittedin the £-th multipole, Eﬁ, to the total power
emittedin £ = 2, EY, is plottedasa function of ¢, for anorbit with e = 0.1 andp = 15.64
(rp = 3 R,). It clearlyshavs apower law behaiour EE ~ p‘=2,

In table4.1we tatulatetheratio ER / ER for differentvaluesof ¢ andfor two circularorbits
with Ry = 3 R, and Ry = 10 R,, respectiely. In figure 4.4 we shov how the enegy output
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Table4.1: Ratioof thepowerin the/-th muItipoIe,Eﬁ, to thepowerin ¢ = 2 multipolefor two
circularorbitsof radiusRy = 3R, andRy = 10R,, respectiely.

Ef/Ey
12 3R, 10R;
3 86-1072 2.7-1072
4 92.107% 9.2-.-107*
5 1.0-107* 3.3-107°
6 12-107* 1.2-107°
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Figure4.4: In thisfigurewe shov how thespectratontentof thegravitationalemissionchanges

asafunctionof theeccentricity plotting the spectralines £

R
Imj

- asafunctionof thedimension-

lessfrequeny Mw,,;, for ¢ = m = 2 andfor thesamevalueof theperiastronp = 3 R,. Asthe
eccentricityincreasesthe locationof the highestline shiftsslightly towardsa lower frequeng,
andhigherorderharmonicdbbecomemorerelevant.

0,12
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obtainedby the relatvistic approachvariesas a function of the eccentricityof the orbit; we
considerfour caseseg = 1073, 1072, 0.1, 0.4. All orbitshave thesameperiastronrp = 3R,),
andthe plotsaregivenfor ¢ = m = 2, sincethis is the dominantcontribution to the emitted
radiation.

In the zeroeccentricitylimit, thewhole power is concentratedh the harmonicwith j = 0,
correspondingo afrequeny we;,. = Q%f = 2wy, Wherew;, is the keplerianorbital frequeny;
asthe eccentricityincreasesthe frequeng of the highestline slightly decreasesand higher
orderharmonicsecomesignificant.

We have comparedhetotal power computedoy the quadrupoldormalism

= i > ER, (4.28)

j=—00 m=-2,0,2

with that emittedin the £ = 2 multipole, EE, definedin eq. (4.27) and computedby the
perturbatve approachfor differentvaluesof the eccentricityand of the periastron. We find
that,in generaI,E§ is sistematicallysmallerthan £9. Theamountof emittedradiationaffects
theorbital evolution of the systemandthe shapeof the gravitationalsignal,in particularduring
the latestphasesf coalescencewherethe orbit is alreadycircularized. To understandhe
relevanceof this effect, which maybeimportantfor thedetectionof thesesignalsby theground
basednterferometery/IRGO andLIGO, we have computedherelative difference

n s
M (4.29)
EQ

for circular orbits, asa function of the orbital radius, Ry. Theresultsareshown in figure 4.5.
For large valuesof theradiustherelative differencetends,asexpectedto zero;at a distanceof

10 stellarradii it is about7 %, andit becomegreaterthan 14 % whenthe two starsare3 R;

apart.

In orderto checkthecorrectnessf ourresults we have repeatedhe calculationby a differ-
entapproachjntegratingthe inhomogeneouZerilli andthe Regge-Wheeleequationdor the
sameorbits. Theresultsagreeto the round-of error.

The situationchangesf the point massmoveson an orbit “resonant”with a modeof the
star which meansthe following. For the model of starwe are consideringthe lowestfre-
queny modeis thefundamentabne,whosefrequeny is wyM = 0.12034. To excite thismode
the massshouldmove on an orbit suchthat the frequeng of one of the spectrallines of the
quadrupoleesmissionw,,;, with m = —2,0, 2, is very closeto, or coincideswith w;. We find
that, asthe quadrupolespectraline frequeng w,,; approaches; for somevalueof m andyj,
the amplitudeof the emittedradiation,computedn the perturbatve approachijncreasesThis
suggestghat the excitation mechanisntould be seenas a resonantscatteringof the gravita-
tional wave emittedby the systemin the orbital motion (the quadrupolevave) on the potential
barriergeneratedby the perturbedstar Indeedthe discretenatureof the power spectrumemit-
tedin the quasiperiodicmotion of the point masssuggestsananalogywith anatomiclaser:in
this picture,theatomicenengy levelscorrespondo the quasi-normamodefrequenciesandthe
guadrupoleadiationfrequenciedo theenegy of the electromagneticadiationexciting them.

In orderto excite the fundamentamodeof our star the two bodiesmustbevery close,and
thereforeit is reasonabléo assumehattheorbit is circularandthatw,,; reducedo w,;,. defined
above.
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Figure 4.5: The relative differencebetweenthe total power E9 computedby the hybrid
guadrupoleapproximation,and the total power emittedin the ¢/ = 2 multipole, EéR), com-
putedby the relativistic approachjs plottedfor circular orbits asa function of the radius R,
(givenin units of the stellarradius). Whenthe point massmoveson an orbit far from the star
thetwo approachegive the sameresult;the quadrupoleemissionbecomessignificantlylarger
thanE{® for Ry < 10 Rs.

10" T T T T T
Bl Relativistic ]
(] Quadrupole

107 F

22j E
107 F

10 T T

Figure 4.6: The spectralline emitted by the systemwhenthe point massmoveson a close
circularorbit is comparedo the samequantitycomputedoy the hybrid quadrupoldormalism.
Therelatwistic line (in black) is muchlargerthanthe quadrupoleone (in white), becausehe
frequeng of the quadrupoldine coincideswith thatof the fundamentamodeof the star wy,
andamechanisnof resonanexcitationoccurs(seetext).
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To shawv how efficient this resonanmechanisncould be, in figure 4.6 we plot the enegy
outputEQ%j, andthecorrespondingjuadrupoleenegy E§j for apoint massmoving on anorbit

suchthatwey. = wy (Ry = 1.37417 R,).

From this figure we seethat the situation changesdramaticallywith respectto the non-
resonantase:the enegy emittedin the relatiistic calculationis about600 timeslarger than
that computedby the quadrupoleapproximation. Whetherthe fundamentaimode could be
excitedduringthecoalescencef neutronstarbinary systemss, however, questionableandwe

will discusgheissuein moredepthin thefollowing section.

It shouldbe mentionedthat the f-modeexcitation by a particlein circular orbit around
a starwas studiedalso by Kojima [45]. In his paperhe only considerectircular orbits and
polar perturbationswith ¢ = 2, m = +2. We find the samequalitatve behaiour, although
with minor differencesof the order of 10% in the wave amplitude. We are confidentin the
correctnessf ourresultssince,asmentionedabove, we gotthemusingtwo completelydifferent
formalisms,onebasednthe Regge-Wheelerthe otheron the Newman-Penrosapproach.
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Figure4.7: Theleft panelshavsthe 2™ componenof the gravitationalwave emittedwhenthe
point massmoveson a circular orbit with Ry = 3 R,, versusthe retardediime in units of the
orbital period. Sincewe assumehatthe obsereris ontheequatoriaplane the hLT component
vanishes.In orderto comparethe relatvistic waveform (continuoudine) with the waveform
computedby the hybrid quadrupoleapproach/dashedine), only the / = 2 componenbf the
relatvistic signalis shovn. Thedifferencebetweerthetwo signalsis basicallyduetothem = 1
contribution of the axial perturbationgo therelativistic waveform(seetext). In theright panel
we shav the 22" componenbf the gravitational wave emittedwhenthe point massmoveson
an eccentricorbit with e = 0.4 andrp = 3R,. The structureof the waveformis muchmore
complicatedput the beatingof the frequenciesnducedby them = 1 axial contritutionis still

present.

In the left panelof figure 4.7, we show the + polarizationof the waveform (the x polar
izationis zerobecauseave assumehe obsenrer is on the equatorialplane)for a circular orbit
with radiusR, = 3R,, andfor ¢ = 2. Thegravitationalwaveformobtainedin the quadrupole
approximations alsoshown (dashedines) for comparison.Therearetwo remarkableeffects.
The first is thatthe m = 1 axial contribution to the relativistic waveform, which is usually
ignored,is notnegligible. Indeedit inducesabeatingof theaxialandpolarfrequenciesglearly
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seenin thefigure. The secondeffectis thatthe averageof the amplitudesof the positive (or of
the negative) peaksin the relatwvistic waveform, is smallerthanthat of the quadrupolevave-
form. Thisis relatedto thefactthatthe/ = 2 relatiistic enegy outputis systematicallysmaller
thanthatof the quadrupoleaswe getcloseto the star(seefigure4.5).

A casewith large eccentricity(e = 0.4) is shown in the right panelof the samefigure.
The structureof the waveformsis now much more complicated. However, both effectsseen
in the circular caseare still present. The beatingof the axial andpolar frequenciegproduces
similar changesn the maximaof the wave amplitude,i.e about10 % in both cases.We have
foundthattherelative contritution betweerthe axial andpolaremissionE} @* / EI P is quite
independenbf eccentricityand decreaseapproximatelyas= 1/p, or, which is the same,as
~ v? (this behaiour wasindeedfound analitycallyby Poissonin [66] for a particleorbiting a
blackhole). Thus,the beatingbecomesegligible atlarge distancesbut it might be significant
in thelate stageof theinspiralling.

4.3 Excitation of quasi-normal modesin a compact binary
coalescence

In the last sectionwe have seenthat, if an appropriateresonancecondition betweenorbital
frequencieandquasi-normamodefrequenciess satisfiedthe stellarquasi-normamodescan
be excited. Now we wantto understandvhetherthe quasi-normamodesof compactobjects
(starsor blackholes)canbeexcitedin anastrophysicallylausiblecompacbinarycoalescence.
We will concludethatit seemsrery unlikely to excite the quasi-normamodesof a black hole
or thefundamentamodeof a neutronstat unlessthe staris rotating. The possibility to excite
the g-modesof a neutronstaris anopenandinterestingguestionwhich deseresto be studied
morein detail, especiallyto asses#s detectabilityor to understangossibledephasingffects
thatthe excitationcould have on thewaveform of the coalescinginary;.

Firstof all, we wantto answethefollowing question:.canwe excite thequasi-normaimodes
of ablackholein abinarycoalescence€onsideratestmassorbiting the blackholein circular
orbit; thefollowing considerationsvould not be substantiallyalteredif we consideregarticles
in moregeneral.eccentricorbits. Recallthatthe frequeng of black hole quasi-normamodes
scaleswith theinverseof theblackholemassiM g ; sincemostof theradiationis emittedin the
¢ = m componenttheresonanceonditionfor then-th quasi-normamodeovertonebelonging
to the /-th multipoleis:

Mprwt = mMgpwy = mp /2, (4.30)

with ¢ = m. Let usconcentrateon ¢ = 2. The quasi-normaimodesof Schwarzschildblack
holes have beencomputedaccuratelyup to very high overtonesusing a continuedfraction
techniqug[60], andit turnsoutthatthe ¢ = 2 overtonewith lower frequeng (if oneexcludes
theso-calledalgebraicallyspecialmode,which is degeneratet zerofrequeng) is theonewith

n = 10, for which Mpxw}, = 0.06326. Applying the excitationconditionto this overtone the
correspondingralue of p turnsout to be 3.97. It is well known that only unstableorbits are
possiblefor p < 6: this meangthatthe possibility of exciting black-holequasi-normamodes
with aparticlein astable closedorbitis minimal, unlessonegoesto very highmultipoleorders
- in which case pof course we cannotexpectthetotal powerto increasesignificantlybecausef

theexcitation. Of coursethis doesnotrule outthe excitationof blackhole quasi-normamodes
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in astellarcollapse andsuchanexcitationis indeedpresenbothin numericalandperturbatve
simulationsof collapse.

Let us now turn our attentionto stars. The stellar g-modescan probablybe excited by a
resonantnechanisnn somebinary systemsbut the relevanceof this type of excitationon the
detectabilityof gravitationalwavesis still to be understoodandwe planto studythis problem
in the future. Herewe concentratensteadon the fundamentamodeof oscillation (f-mode).
Theconditionsthatmustbe satisfiedn orderto excite thestellar f-mode,besidegheexcitation
condition(4.30),areessentiallytwo: theoneimposedoy aneventualgeneral-relatiistic orbital
instability (i.e., the existenceof anInnermostStableCircular Orbit or ISCO)andthe condition
thatthe starsmustbe at leastdetachedor possiblyquite far away, sothatperturbatiortheory
holdswith agoodenoughaccurag).

The existenceof an ISCO dueto an orbital instability hasbeenquestionedy recentnu-
mericalcomputationdy Uryu etal. [87], who computedsequencesf binary neutronstarsin
guasi-equilibriumparametrizedby the distanceamongthe stars,in full GR, andfoundonly an
hydrodynamidqnot anorbital) instability which shoved up throughthe appearancef a cuspin
thesequencef quasi-equilibriunconfiguration Anyway, if anlSCOexists,asPost-N&vtonian
computationseemto indicate,then,in orderfor the modesto be excited, the frequeng of the
f-modemustbe smallerthanthe gravitational wave emissionfrequeng at the ISCO. Let us
concentrateon two identical neutronstars,both of massM,,,,.. Post-Nevtonian predictions
differ quite sensiblyon the locationof the ISCO, dependingon the approachusedto expand
the Einsteinequations. For example,Kidder, Will and Wiseman[43] and Damour lyer and
Sathyaprakasf28] predictrespectiely that the gravitational wave frequeng at the ISCO is
given,in termsof the massof eachstar by:

vPIS = 9859 TMy/Myay,  vISPW = 1894.0My /My, (4.31)

Of coursetheserelationsonly involve the masse®f the objects,sincePost-N&vtoniancalcu-
lations do not take into accountary structuraleffect nor ary dependencef the ISCO on the
stellarequationof state.

To understandvhetherit is possibleor not to excite the f-modein a binary neutronstar
coalescencere will focusonthreedifferentmodelsfor the EOS,choseramongthe setstudied
in [7] (se€[8] for moredetails).They are:

e Pandharipandemodel A. The staris describedin termsof pure neutronmatter the
dynamicsof which is dictatedby a nonrelatvistic hamiltoniancontaininga semiphe-
nomenologicainteractionpotential[62].

e Wiringa, Fiks and Fabrocini, model WFE Neutronstar matteris treatedas a mixture
of neutrons,protons,electronsand muonsin g-equilibrium. The nuclearhamiltonian
includestwo- and three-bodypotentials. With respectto modelsA and B, the ground
stateenegy of neutronstarmatteris computedusinga moresophisticatecandaccurate
mary-bodytechniqug88].

e Pandaripandé& Smith,modelL. Neutronsareassumedo interactthroughexchangeof
w—, p— ando—mesonsWhile the exchangeof heavy particles(w andp) is describedn
termsof nonrelatvistic potentialsthe effect of the c —mesonis takeninto accountusing
relatvistic field theory and the mean-fieldapproximation[63]. The physicalassump-
tions underlyingthis hybrid approachare somavhatdifferentfrom thoseof the previous
models.
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ModelsA andL, thoughquiteold, have beenchoserasquiteextremerepresentatiesof nuclear
physicsmotivatedEOSS, while modelWFF is agoodcandidateasa modern,‘realistic” model
for the EOS.Anyway, herewe arejust interestedn an explorative surwey of the possibility to

excitethe f-modein abinarycoalescencendwe will nottouchupontheissueof thereliability

of thedifferentEOSS.
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Figure4.8: The hyperbolasarethe limits imposedby the orbital ISCO, accordingto the pre-
dictionsby Kidder, Will andWisemanKWW) andby Damour lyer andSathyaprakas(DIS),

asfunctionsof the massof eachof the two stars(in solarmassunits). The lines with filled

symbolscorrespondo the f-modecomputedor a non-rotatingstat the oneswith emptysym-
bolscorrespondo thefrequeng limit imposedby thetouchcondition(which of course being
dependentnthestellarradius,dependslsoonthe EOS).Evenwhenthe ISCOconditiondoes
not preventthe excitation of the f-mode,the severeconstrainimposedby the touchcondition
does.

In figure 4.8, lines with filled symbolsshov the frequeng of the f-mode,that we have
computedfor differentstellarmodelsdescribedoy the threedifferentEOSS, asa function of
themassof eachof thetwo stars(remembethatthetwo starsaresupposedo be equalin mass
andradiusto eachother).In thefigure,hyperbolasorrespondo the frequeng limits imposed
by the ISCO. The curveswith filled symbolsshaw that, for eachequationof state,at leastin
a certainmassrange the f-modefrequeng canbelower thanthelimit imposedby the ISCO.
In otherwords, dependingon the stellar model, the ISCO limit doesnot always prevent the
excitationof the f-modes.

But, unluckily, thisis not the final word. We musttake into accountnot only thefrequeng
limit imposedby the ISCO, but alsothe conditionthatthe starsmustbe detachedf the mode
hasto be excited during a coalescenceWe will simply imposethe f-modefrequeng to be
smallerthanthe “contact” frequeng correspondindo a separatior2 R, where R, is the
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radiusof eachstar i.e.:

1 G - 2M 4
— 92 4.32
Vi < Viouch = ot { (2Rstar)3 } ( 3 )

In figure 4.8, the lines with empty symbolscorrespondo the contactfrequeng, which is
smallerthanthe f-modefrequeng for all theEOS’swe have consideredexceptfor thehighest-
massmodelrepresentetly EOSL (which, however, seemshotto beviablebecausef theISCO
condition!). Soin all casesshovn (andwe recallthatEOSA andL arequite extrememodels
amongthe onesconsideredn the literature)the starstouchbefore the excitation condition of
the f-modeis satisfied.

Obsenations[68] seemto indicatethe possibleexistenceof morecompacistars(for exam-
ple,starswith massiM,,, ~ 1.4Mg andradiusR;,, ~ 7 km), andthis would reducethelimits
imposedby thetouchcondition.Onthe otherhand whentheradiusdecreasethefrequeng of
themodeincreasesccordingto the semiempiricalaw givenby AnderssorandKokkotas[2]:

vy = |0.78 + 1.6354 % kHz, (4.33)

where

ro_ Mstar R _ Rstar
- 1.4My’ 10 km’

We have performeda numericaltest,computingthe f-modefor awide rangeof polytropic
models(varying both oy andn). In all caseswve consideredthe touchconditionpreventsthe
excitationof the f-modeof anon-rotatingstarin the coalescencphase.

An alternatve ideato excite the f-modecouldbethatof consideringa binarycomposedy
aneutronstaranda black hole In this casethecritical radiusis theso-calledidal radiusRy; 441,
givenby [10]:

Mpu + Mo ) 1 (4.34)

M star

whereMpgy is the blackhole mass.Clearly, the quantityin roundparenthesess of orderunity
(in fact, it is alwaysgreaterthanone!), so this limit is alwaysmaore stringentthanthe touch
condition. The essentiateasonis thattidal effectsdueto the black hole are always strongey
beingthe objectmorecompactthantidal effectsdueto a neutronstar

Despitethesenegative conclusionswe shouldnot forgetthatin all our considerationsve
have nottakeninto accountstellarrotation,which allows the excitationof the f-modeat larger
orbital distanceg48]. We shall soonextendour work to rotating starsto understandamong
otherthings,if the excitation of the f-modecanplay ary role in arealisticastrophysicakce-
nario.

Riga ~ 2.4R (

4.4 Orbital evolution

The evolution underradiationreactionof boundorbits (not necessarilycircular orbits) in the
spacetimesurroundinga Schwarzschildblack hole or a non-rotatingneutronstaris bestde-
scribedusing the parametergp, e) that we introducedin section1.4.1,as suggestedn [27].
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Boundorbits arerepresentetby thosepointsin the (p, e) planewhich satisfythe inequalities
0<e<1,p> 6+ 2e. Following [27], wewill call theboundaryp = 6 + 2e the sepaatrix.

Indeed a studyof the effective potentialin termsof p ande shavsthatthisline correspond$o

unstablecircularorbits,andwheneerp < 6 + 2e theorbitis a plungingone.

In the absenceof radiationreaction,p ande are constantof the motion, sincethey are
in a one-to-onerelationwith the orbital enegy andangularmomentum as canbe seenfrom
equationg1.68). If we includeradiationreactionusingthe adiabaticapproximationp ande
evolve slowly overatime scalewhichis long comparedo the orbital period,andthe evolution
of agivenorbit tracesa trajectoryin the (p, e) plane. The evolution of p ande canbe deduced
from equationg1.68);usingthechainrulefor derivativesontheenegy andangulaTmomentum
conserationequations,

mOLz + Lz,GW = 07 (436)
we get:

. oF OF
_EGW = — mop + | = moé (437)

op Oe

. 0L, . oL, .

—L,eow = mop + | —— | mgé (4.38)

op Oe

Invertingthe previousrelationswe canfind p andé in termsof the enegy andangulacTmomen-
tum lostin gravitationalwaves:

_ 2p — 3 — €2)1/2
= 4.
TP = 6 2e)(p— 6+ 2¢) (4.39)
(P20 — 2 — 2€)2(p — 2+ 2¢) 2 Ew — (p — 4)*Laow/M
g ,2\1/2
meé = (p—3—¢) x (4.40)
ep(p — 6 — 2¢e)(p — 6 + 2e)

{—p3/2(p —2—2e)2(p— 2+ 2¢) 2 Egy+

+(1 =€) [(p—2)(p—6) + 4¢?] LZ,GW/M}

Noticethattheequationsaresingularattheseparatrixp = 6 + 2e. Theenegy andangulamo-
mentumlossescanbe evaluatedusingthe BPT formalismthroughformulas(4.23)and(4.24).
Sothecrucialingredientsn the computatiorof the orbital evolution arethe enegy andangular
momentumlost at any given coupleof orbital parameterge, p). In section4.2 we have seen
that, at a given semi-latusrectump (or at a givenorbital velocity v = p~*/2), the power com-
putedby the semirelatvistic approachs sensiblydifferentfrom the powerin ¢ = 2 computed
by the full perturbatve approachandthis differenceis alsoevidentin the waveformswe have
shaowvn in figure 4.7. In general,we expectthe deviationsfrom the quadrupoleand semirela-
tivistic quadrupolecomputationgo grow (andthe orbital evolution to change)asthe orbital
separatiorp decreaseslhe mainquestionwe wantto answerin this chapteris basically:how
significantare thesedeviationswhenwe take into accountthe structureof the centralobject?
For example whatkind of differencecanwe expectif thecentralobjectis aneutronstarinstead
of ablackhole,or whenwe take into accoundifferentmodelsfor the neutronstarmatterEOS?
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Figure 4.9: Evolution of the eccentricityas a function of orbital separatiorfor differentini-
tial valuesof p, andinitial eccentricitye ~ 1. Unlessthe systemis formedwith very large
eccentricityat small (p < 10%) orbital separationswhenp ~ 10? andthe signal entersthe
interferometersbandwidththe orbit will be, in practice,perfectly circular At large orbital
separationshe eccentricityscalesasp'®/2, aspredictedby the newtonianquadrupoléormula
[65].

A first answeiis that, sincestructure-inducedeviationsat large distancesresmall, oneof
the key predictionsof the quadrupoleformula, i.e., thatradiationreactiontendsto circularize
the orbits,remainstrue. If we take asinitial datafor our evolutionthe measuregharameter$or
binary pulsarsgivenin [53], for example,it is clearfrom figure4.9that,unlessa binary system
is formedwith large eccentricityat very small orbital separationgp < 10%), the eccentricity
will alwaysbepracticallyzeroby thetime thewavesenterthe VIRGO/LIGO bandwidthwhich
correspondso orbital separationg ~ 102. Thebluedotsin thefigure correspondo obsena-
tional dataon the orbital separatiorand eccentricityof binary pulsarstaken from [53]. From
the evolutionarytracksshown in the plot we deducethatall obsened binary pulsarswill have
essentiallyzeroeccentricityby thetime they getcloseenoughto bedetectabldy ground-based
interferometersSincethe evolution atlarge distancess accuratelydescribedy thequadrupole
approximationthis predictionis notalteredwhenwe includestructuraleffectsin theevolution.

Still, the structureof the centralobjectcould make a differenceon the numberof cycles
the binary spendsn the interferometetbandwidth. Sucha differencecould reducedrastically
the signal-to-noisegatio in a measurementf the wavesemittedby the systemwith respecto
thesignal-to-noiseatio thatwould be achiaredwhenmatched-filteringhe signalwith anexact
modelfor thewaveform. We will investigatethisissuein thefollowing sections.
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4.5 Comparisonbetweenneutron stars and black holes

In this sectionwe will shov whatkind of differencewe canexpectin the power outputfrom a
binary systemcomposedy a black hole anda testmassanda binary systemcomposedy a
neutronstarandatestmass.In particular we will studyhow sucha differencedependsn the
modelwe choosefor the EOSdescribingthe neutronstarstructure.

As afirst step,we have checled our numericalcodeshy specializingthemto the blackhole
caseandcomparingwith existing resultsin theliterature.In particular we have repeatecome
of thecalculationgerformedoy Poissoretal. in aseriesof papergsee,in particular [66], [3],
[27], [67]) in which they dealtwith a problemessentiallyanalogougdo ours,computing(both
analyticallyandnumerically)the radiationemittedby a systemcomposedy a Shwarzstild
black hole andatestmass.Our black hole codehasprovento be ableto reproducesxtremely
well their results. Thenwe comparedhe resultsobtainedfor the black hole with thosewe get
whenwe considerthe neutronstartestmasscase.The aim of this computationvasessentially
to investigatewhat kind of difference(if ary) is presentin the orbital evolution of a system
composedy ablackholeandatestmassor by a starandatestmass.

As a“normalized” measuref the differencein the power emitted(and,asa consequence,
in the orbital evolution) we will usethe ratio P(v) betweenthe power F predictedby our
relatiistic calculation(eitherfor the black hole or for a neutronstarmodel)andthatpredicted
by the Newtonianquadrupoldormulain thetestmasscase(1.51), Ey:

P(w) = E/Ey. (4.41)

In the point-masdimit the function P(v) is effectively “universal”,in thefollowing sense.
For a Schwarzschildblack hole this function only dependson the orbital velocity (or orbital
separation)andnot on the massof the particle,nor on the massof the black hole (both £ and
Ey scalein thesamewaywith M andmy). Indeedfor aparticleorbitinga Schwarzschildblack
hole onecanexpandthe BPT equationin powersof v/c andsolve it orderby order; Tanakaet
al. (see[79] for a completedescriptionof their method,and[78] for a shorterdiscussiorof
the results)wereableto obtainin this way an analytic Taylor-seriesexpansionof P(v) (with
logarithmic corrections),up to orderv!!. We will give numericallythe coeficients of this
expansionn formula(4.55). For starsthis “universality”is valid only for ead givenequilibrium
stellar model so,oncewe specifythe EOSanda givenvalueof the centraldensity(of course,
for eachgivenEOSwe have a one-parametdiamily of stableneutronstars) thefunction P(v)
canbethoughtof asa “form factor” for the responsef the starand/orthe black hole, which
describeshow the effects due to the non-pointlike natureof the extendedobject modify the
naive quadrupole-formulgrediction. Looking at the shapeof the function P(v) for different
equationf statewe cannot only seethe differencebetweernthe black hole caseanddifferent
stellarmodels;we canalsotry to understandat leastqualitatvely, what may happento the
gravitational wave emissionby the “real” binary systemwhenwe choosedifferentmodelsfor
the high densityequationof state.

Before spendingsomewords on the accurag of our codeswe want to stressagainthat,
in thetestmasslimit, P(v) canbe computedwithin ary requiredlevel of accurag. Consider
for examplea testmassorbiting a Schwarzschildblack hole;in this casewe know analytically
from [66], and numericallyfrom [27], that the relative contribution of eachmultipole to the
total power outputscalesas p?~¢. This predictionis clearly verified by our numericalcodes,
ascanbeseenin figure4.10,wherewe plot the relative contributionsto P(v) originatingfrom
multipoleswith ¢ = 2, 3, 4 asafunctionof v = p~1/2,
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Figure 4.10: Contributionsto the total power emittedby a black hole and a test particle for
differentvaluesof 4.

This meansthat, for any givenwv, we cancomputethe power outputat ary givenlevel of
accurag by summingenoughmultipolesin the formula for the total power emitted by the
system. Sincewe have checled that the samepowerlaw behaiour holdsalsofor stars(see
figure 4.3), we can usea similar criterion to computeP(v) “exactly” for ary given stellar
model.

We have checledthatourblackholecodecanreproducevith greataccurag thenumbersn
paper26], werethe caseof circularorbitswasstudiednumericallyin detail. In particular using
a suitablyhigh numberof points(typically ~ 100) in our Gauss-Lgendreintegrationroutines
(seeAppendixB.5), we canreproduceall the numberggivenin their tablel (wheremultipoles
from ¢ = 2 to £ = 5 aresummedo getthetotal powerfor mary valuesof p) andin tablesll, IlI
andIV (wherethey give the contributions E,,,,, for differentvaluesof i and¢, atp = 10, 150
and1000,respectiely) with anaccuray of (atleast)lessthanonepartin 10°. To measurehe
errorinvolvedin thetruncationof the sumover multipoles,

Zmaa:

Z Efa
=2

we canevaluatetherelative contritution of £, . to thetotal poweremitted.In our calculations
we have chosento sum multipolesup to ¢/ = 7; that's becauseat the ISCO (p = 6), for a
Schwarzschildblackhole,we find that

7 -1

> Ee

(=2

E; =1.82-107°,

while at p = 174.6 (correspondindo a frequeng of 10 Hz, whenthe emittedsignal enters
the LIGO/VIRGO sensitvity bandand mostof the cycles spentby the binary in the bandis
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accumulatedjhe samequantityis equalto 1.35 - 10~!2. Thefirst numberis a measureof the
largesterrorwe canexpectin our calculationsput the seconds muchmoreindicative of the
orderof magnitudeof theerrorinvolvedin thecomputatiorof thenumberof cyclesandsignal-
to-noiseratio, sincemostof the cyclesarespentby thetestmassin aregion far avay from the
centralobject(at frequenciesessthanabout300-400Hz).

The crucialquestionis now: how doesthe power emitted,andhencethe orbital evolution,
dependnthepresencef ablackholeor astarin thebinary?And if thecentralobjectis a star
whatis therole playedby the high-densityequationof state?

Table4.2: We give herethe parametersor the polytropic modelswe considern our analysis:
polytropicindex, ratio gy = €/ po Of centralenegy densityto centralpressuremassandradius.
In all themodels thecentralenegy densityis choserin suchawaythatthestellarmasss equal
to 1.4M, (the“canonical’neutronstarmassvalue).

Modelnumber n g M (Mgy) Ry (km)
1 1 448974 1.4 9.8
2 1 9669 14 15
3 15 8205 14 15
4 15 2146 14 9

To answerthesequestionswve picked threedifferent, simplified modelsfor our star They
arepolytropic modelswhoseparametersve give in table4.2. Comparingmodels2 and3 we
canseequalitatively theeffectof varyingthestiffnesg(i.e., the polytropicindex) of theequation
of statefor afixed meanstellardensity(or for afixedcompactness// R, whichis the same);
likewise,comparingmodelsl and2 we canseewhathappensvhenthe compactnessariesfor
afixedpolytropicindex. We have choseno includemodel4 becausat is extremelycompact,
sowe expectit to yield resultsvery closeto thoseobtainedwith the blackhole code.

In the following, sincewe are interestedin effects that take placein the last phasesof
coalescencayhenthe orbit is alreadycircularized,we will alwayslimit our discussiorto test
massesn circular orbits.

Firstof all, let usseewhathappenso theemissionfrom agivenstellarmodelwhenwe take
into accountcontritutionscomingfrom multipoleswith ¢ > 2. Let usfocus,for concreteness,
onmodel2. The contribution of eachmultipoleto thetotal power is shovn asafunctionof the
particle’s orbital velocityin figure4.11.In the plot, the upperlimit onv is choserimposingthe
conditionthattheorbital radiusR, = pM begreaterthanthe stellarradius.

The contributionfrom ¢ = 2 (red curve) clearly shavs a peakat the velocity corresponding
to the usualf—moderesonancaaondition,waZ2 = 2wy. However, thecurvefor ¢/ = 3 is pealed
atadifferentvalueof theorbital velocity, corresponding;othe(—:-xcitationconditionwfi:3 = 3w
Similarly, we find peaksfor each/ atvelocitiescorrespondingo

wfi = bwy, (4.42)

which meansthat the leading(¢ = m) gravitational wave contribution from each/ mustbe
resonantwith the f-modefrequeng for the given multipolein orderfor the modeto be ex-
cited. Sincethe modefrequenciegrow lessrapidly thanintegerswith the multipole order the
excitation conditionfor ¢ = 3 (for example)correspondso lower velocitiesandlower orbital
frequencies:evenif we cannotobsenre the excitation of the quadrupolef-mode,we may be
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Figure4.11: Contrikutionsto thetotal power for differentvaluesof £. Themodelshavn hereis
model2 (n = 1, R, = 15 km). As usual,thepowerin eachmultipoleis normalizedto Ey.

able,in principle,to obsene anoctupoleexcitation! When/ id largeenoughwe evenstartsee-
ing theexcitationof thefirst p-mode(seethegreenpeakattheright of thefigure,corresponding
to thecurve for £ = 4).

As the multipole orderincreasesthe peaksbecomehigherandnarraver; a high resolution
in v iIs requiredto “catch” thepeakswvhen/ > 4 (indeed,n placeof the peak,we obserejusta
kink correspondingo the f-modeexcitationin thecurve for £ = 4, andtheresolutionwe used
to producethe plot wasunableto resole peaksfor ¢ > 4).

The total power spectrumfor our model2 is comparedo the othermodelsin figure 4.12.
We recallherethatall models for easeof comparisonywerechoserto have the samemass.

Models 1 and 3 showv two peakseach,correpondingespectiely to the excitation of the
¢ =2 and/ = 3 f-modes.Thehigher narraver peakcorrespondso ¢ = 2, while the peakfor
the quadrupolemodeis largerandabout100timessmaller In model2, besideghetwo peaks
correspondingo the excitation of the f modein ¢ = 2 and/ = 3, athird peak,corresponding
to the excitation of the first p-modein ¢ = 4, is visible. Model 4, as expected,is almost
indistinguishabldrom the blackhole,andonly the/ = 3 f-modeexcitationcanbeseenin this
plot. Notice thatall maximaareaccompaniedby correspondingninima, althoughnot always
we have useda numericalgrid in v fine enoughto resole the minima for narraver peaks.
Comparingmodels2 and 3 one can seethat, for a given compactnesd//R;, the peaksfor
model 2, which is stiffer, arehigherandat lower frequeng thanthosefor model 3 (which is
softer). At a fixed polytropic index, the peaksare higherandat lower frequeng for model 2
thanfor modell, whichis morecompact.

The behaiour in frequeng is quite obvious, sincemodefrequenciegypically scalewith
themeandensityof the star asis well known from Newtonianpulsationtheory becaus®f the
virial theorem.Not soobviousis thefactthatthe starseemso “respondmore”to theexcitation
whenthe equationof stateis stiffer (smallern) at a givenvaluefor the compactnesa//R;, or
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Figure4.12: Total poweroutputfor modelsl (red),2 (green) 3 (blue)and4 (purple). Thepeaks
shavn aredueto the excitation of the stellarquasi-normamodes(seetext for adiscussion)In
models2 and3, the curvesaretruncatedat a valueof v correspondingo anorbital radiusequal
to the stellarradius. Theblackcurve correspondso theblackholecase.

(whichis thesameWwhenthe stellarradiusis largerfor a givenvalueof themass.

Table 4.3: In this table we give, for eachpeakshown in figure 4.12 and eachstellar model:
thetype andmultipole orderof the excited mode,the velocity of the testmassat the peak,the
correspondingeplerianfrequeny andthe modefrequeng in Hz, the orbital radiusof thetest
massn resonantonditionsin km andthe samequantityin unitsof the stellarradius.

Model Mode ¢ wv v, (Hz) vy (Hz) Ry (km) Ro/R;
1 f 3 0.365 1119 3358 15.5 1.59
1 f 2 0.383 1296 2593 14.1 1.44
2 f 3 0.300 626 1879 229 1.53
2 f 2 0.313 711 1422 21.0 1.40
2 P 4 0.364 1110 4440 15.6 1.04
3 f 3 0.312 702 2105 21.2 141
3 f 2 0.331 835 1671 18.9 1.26
4 f 3 0.391 1379 4138 13.5 1.50

In table 4.3 we give, for eachpeakshown in figure 4.12 andfor eachof the four stellar
models:the excited stellarmode,the valueof ¢ for which the excitation takesplace,the peak
velocities,the correspondindkeplerianfrequenciesalculatedrom

2.9979 - 10° v3
V= —

2’/TMkm ’
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where My, is the stellarmassin kilometers(recallthat 1M, = 1.4768 km!), the modefre-
guenciegrelatedto the keplerianfrequenciedy v,,.q. = ¢vi), andfinally the orbital radius

RO = lecm = Mlcm/va

in kilometersandin unitsof the stellarradius.

We will comebackto aqualitatve analysisof theresonancediasecnavery simplemodel,
in the next section.But first we wantto answerthe following question:whendo the different
stellar modelsbegin to deviate significantly (if they do) from a black hole, in termsof the
predictedoower output?

1,00 T T T T T T y T
—— Black hole
n=1.5, R=9 km
n=1, R=10 km
0,98 - n=1.5, R=15 km 7
n=1, R=15 km
S
o 0,96

0,94

" 1 " 1 " " 1 "
0,18 0,20 0,22 0,24 0,26 0,28

Figure4.13: We shawv P(v) for the black hole modelandour four stellarmodelsin the low-
velocity region. Significantdeviationsclearly begin to shav up, at leastfor stiffer models,at
velocitiesv ~ ¢/4. Models1 and4 aremuchmoresimilar to the black hole caseup to much
higherorbital velocities.

The answeris in figure 4.13, which clearly shavs that effectsdue to the stellar structure
typically begin to play a role whenthe orbital velocity is v ~ 0.25. Not only, asshavn by
the analysisof the peaksgivenabove, stiffer modelstendto “respondmore” andearlierto the
excitation; from figure 4.13we seealsothatthey tendto deviate earlierfrom the power output
predictedby the blackhole case.

The meaningof this resultin termsof orbital frequenciesand detectabilityof the waves
cruciallydependonthewayin whichwe interprettheresult.In the pointmasdimit, avelocity
v = ¢/4 corresponds$o a keplerianfrequeng v, = 360.6 Hz, a gravitational wave frequeny
vew = 721.2 Hz andanorbital radiusof 33 km. At this orbital separationstronglynonlinear
effectswill probablytake over, andwe cannottrustour lineartheoryany more.But supposeve
wantto extrapolateour resultsto equalmasses The standardorocedureusedin the literature
for this purpose[27, 78] is to substitutein all formulasthe particle massm, by the reduced
massof the systemu, andthe stellarmassM by thetotal massof thebinary M;:

my — U, M — M,. (4.43)
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If we adoptthis procedureandexpressthe total massof the systemin kilometers,a quarterof
the speedof light correspondso a gravitational wave frequeny vgw = 21, andto anorbital
separatiornr givenby
_2.9979 - 10° v*
Vgw = M, )
For a*“typical” neutronstarbinaryof total mass2.8 M, theseformulasyield vg = 360.6 Hz,
andr = 66 km.

Now, the maximumsensitvity window for Earth-basedhterferometergorrespondso fre-
guencie®f theorderof afew hundredHz. Thus,if we assumehenaive extrapolationprocedure
just describedo hold, we canexpectchangegiueto the structureto presumablyplay suchan
importantrole in changingthe waveform of an obsered signal,thatthe very detectionof the
signalcouldbeatrisk. Thiswould notbetrueif we stick to thetestmasdimit, sinceatfrequen-
ciesof about700Hz the sensitvity of interferometerss alreadytoo low for the signal-to-noise
ratio to be sensiblyalteredby a changen thetheoreticalwaveform.

r= Mt/UZ.

4.5.1 A toy modelfor resonances

Following [45], let us modelthe star by a harmonicoscillatorwith frequeny o, andinverse
dampingtimeq, i.e.,

Ay(t) = Cem (@t ioo)t (4.44)
which satisfieghedifferentialequation
i+ 2ai + (0f +a*)z =0. (4.45)

Now, the effect of a particleorbiting the starin a circularorbit at radius R, (correspondingo a
frequeng o) canbeseenasadriving force actingon the oscillator, thatwe canwrite as

F = bo2eiet, (4.46)
If we now considertheabove differentialequationwith the additionalforce

i+ 2ad + (02 + a®)x = boe . (4.47)
andtry solutionsof theform

At) = A(o)e ™", (4.48)
we find that

Alo) = ~bo” (4.49)

02 — 08 — a? + 2iac’

If the solutionis normalizedto someconstantvalueof theamplitude(e.g.thequadrupole),
themodulussquaredf thetotal amplitudeof the normalizedsolutionis

s (1 —=10b)o* — 0§ — a®]* + [2a0)?
0% - 02 — a?]? + [2a0]?

This quantityis the analogousijn our harmonicoscillator model, of the total power radiated

in GW, normalizedto the power without resonancesn otherwords, the function|A|? should

modelquitewell thecurve P(v) in regionscloseto aresonance.
Someinterestingpropertiesof this functionare:

|A]? = 1+ A(0)| (4.50)
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e In thelimit « < o, it hasamaximumin o = gy andaminimumin o = gy/v/1 — b;

e The heightof the maximumis b;&, and the value of the function at the minimum is
a
2av/1 -0
bO'() '

e This model predictsthat, beforethe resonancethe enegy outputis 1, while after the
resonancéhe enegy outputis (1 — b).

Fromour calculationswe canobtainthefrequeny of the maximumandthe minimum (and
thereforeb), aswell asthe heightat the peak(which givesa). Thusall the parametersf the
modelareeasilyobtainedandwe cancomparewith theactualresults.

0.070 0.072 0.074 0.076
oM

Figure4.14: Thesolid line is the numericalpredictionfor the (I = 2, m = +2) contributionto
thetotal power emittedin GW, normalizedto the quadrupolepower, asa functionof o M, for
ourmodel3 (n = 1.5, R, = 15 km). Thedashedine is thetoy modelprediction.

In figure4.14we show the (I = 2, m = +2) contribution to the total power emittedin GW
normalizedto the quadrupolgower, asafunctionof ¢ M, for ourmodel3 (n = 1.5, Ry, = 15
km). For clarity, we only shov a zoomof the region nearthe resonanceThe solid line is the
numericalsolutionandthe dashedine is the simple analyticalformula (4.50). The lines are
practically indistinguishablgrelative differencesare of order10~3), exceptvery closeto the
minimum,whenthe“exact” numericalsolutionis lessaccuratedueto numericalproblemsand
the comparisorcannotbe madeconfidently It is remarkableghatthe simpleanalyticalmodel
workssurprisinglywell in all therange notonly capturingthe parabolicbehaior in theregion
lo — 09|? < 1 [45]. but alsocapturingthe globalbehaior of thefunctionwith high accurag.

Theexcellentagreemenbetweerthe numericalresultandthe modelmotivatesusto follow
up our discussiorandaskthe following question:canthe effect of the resonancde extracted
from theglobalsignal?

The answeris showvn in figure 4.15, wherewe plot the numericalresultasa function of v
(solid lines) andtheresultof extractingthe effect of the resonancevith dashedines. In order
to obtainthe resonance-freeurve, we simply divided the total function by the modelgivenin
(4.50). This leavesout resultsunafectedat lower frequenciegsmallv), andremovesthe extra
contribution to the power givenby theresonance.
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Figure4.15: The solid curwe is the sameasin figure 4.14,the dashedcurve shaws the result
obtaineddividing the solid curve by thetoy modelprediction(“cleaningup theresonance”).

We foundthatthe sameprocedurecanbe appliedsatistctorily to the restof stellarmodels
andhigherorderharmonics.Of course,an interestingquestionto answeris the following: is
the curve whichis left out whenwe extractresonance&universal”?Froma preliminaryinves-
tigation the curve which is left after the subtractionprocessdoesnot seemto be “universal”.
Looselyspeakingthis meanghatthe extendedstructureof the starplaysarole in the binary’s
evolution even when quasi-normalmoderesonancesre not taken into account. We planto
investigatehisissuein moredetailin thefuture.

4.6 Comparisonwith the Post-Newtonianformalism

As a compactbinary spiralstogether driven by gravitational radiation reaction, its inspiral
waveform sweepaupwardin frequeng (“chirps”). The plannedground-basethterferometers
will obsenre the last several thousandcycles of inspiral, from a frequeng ~ 10 Hz to a fre-
queng ~ 1 kHz, dependingn their sensitvity window (seefigure4.1). Generallytheoretical
calculationsof the waveformaredoneusingthe Post-Nevtonianapproximatiorto generakel-
ativity. Post-Nevtonianmodulationsto the amplitudeof the wave are believed to be far less
importantthanmodulationsin the wave frequeng (and hencein the wave’s phase)[25], be-
causethe crucial ingredientfor detectionis an accuratephasingof the theoreticalwaveform
with the actualwaveform,which is neededo extractthe signalfrom the detectors noise(and,
eventually to infer the source$ parameterspusing a matched-filteringechnique. This is the
reasorwhy usuallypeopleworking on Post-Ne&vtoniantheorylimit to the so-calledrestricted
Post-Nevtonianapproximation in which the wave phases computedat Newtonianorderand
only PN correctiongo the phaseareincluded.

In this sectionwe wantto understandf (andhow fast) sucha Post-Nevtonianexpansion
convemgesto theresultswe getby our perturbatve approachfrom threedifferentpointsof view.
We wantto understand

e how a Post-Nevtonian expansionaltersthe total power emittedby the systemat each
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givenw,
e how it affectsthe numberof cyclesspentby the binaryin the detectors bandwidth,and

e how muchthesignal-to-noiseatio is reducedbecaus®f the truncationof the expansion
with respecto an“exact” calculation.

Beforeansweringhesequestionswe needto make a brief digressionon Post-Nevtonianthe-
ory. The Post-Nevtonianexpansionis baseduponan assumptiorof slow motion,i.e., it is an
expansionin termsof the orbital velocity of the binary. If we limit consideratiorto the test
masscase,the orbital velocity v, orbital radius Ry, keplerianfrequeny v, and gravitational
wave frequeng vgy arerelatedby

1/3
v=+/M/Ry = (2rMu,)""* = (%M%) : (4.51)
where M is the stellarmass. In the last line we have usedthe resonanceonditionvgy, =
muvy, Wheretypically the resonantomponenis the onewith m = /¢, andthe mostimportant
contribution comesfrom ¢ = 2.

As we saidbefore,the detectionof the wavesandthe extractionof the source$ parameters
is possibleonly if theoreticakemplatesareableto predictwith avery goodaccurayg the phase
evolution of the signal. The phasesvolution, in turn, depend®n the evolution of thefrequeng
of thewaves,whichis determinedy the equation

dZ/GW . dE !
=F . .
dt (dVGW) (4-52)

Analogouslyto what we did in formula (4.41), defining a function P(v) as the ratio of the
“exact” power outputto the power outputpredictedby the Newtonianquadrupolgormula, let
usdefineafunctionQ(v) as

dE dE \7'  (1-60?)
= : = 7 4.
Q(U) (dVGW) (dVGW> N (1 - 3U2)3/2 (4.53)
whereit is easyto shaw that,in the Newtonianlimit,
( b ) _ _mmeM (4.54)
dvaw / y 3v

Of course the analytic expressionfor P(v) is not known, but asdiscussedn section4.5
we cancomputeit within arny desirednumericalaccurag usingour perturbationcodes,both
in the caseof starsandof blackholes. We have alreadymentionedhata PN expansionof the
BPT equation[78, 79] yields a Taylor-seriesexpansion(with logarithmiccorrections¥or this
function:

Pv) = 1-3.7113v* 4 12.5660v° — 4.9285v* — 38.293v° + (115.73 — 16.305In v)v°® +
101.5107 + 4(—=117.50 — 52.743 Inv)v® + (719.13 — 204.89Inv)v°® +
+ (—1216.9 +116.64Inv)v'% + (958.93 4+ 473.62Inv)v"" + ... (4.55)

Analogouslywe canexpandthefunctionQ(v) as

3o 81, G675, 19845 , 137781 .

Q) =1— v — v

—v - —— (4.56)
2 8 16 128 256
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We shallindicatethe previousseriestruncatedat then-th order as@, (v). Oneof theessential

featuresof the function (dj%) is thatit shouldvanishatv = v;sco = 1/4/6. That'swhy we

will find usefulto write down another(partial) Taylor expansiorfor Q(v), in whichthis feature
is retainedby expandingonly the denumeratoof Q(v):

9 135 945 25515 168399
= (1-60%) (14 -0+ —0v* + —0° ®— P4+.) (457
Q) = ( 61})<+2v+8v+160+128v 555 U (4.57)

We shallcall the n-th orderapproximatiorto this function Q% (v), to remembethatit’sonly a
partialexpansionjn the sensgust explained.

Sincethecalculationof P(v) in thetestmasdimit is exactwithin any requirednumericalac-
curag, onecanusethis calculationto checkthe corvergenceof the Post-N&vtonianexpansion
for testmasse®rbiting a Schwarzschildblack hole (where,aswe have just seen,an analytic
formulasis available up to orderv!!). This corvergeng checkhasbeendoneby Poissonin
[67]. Theseriesturnsoutto be quite poorly corvergent,especiallyif oneusesa normalTaylor
expansioninsteadof morerefinedtechniquessuchasPade approximantsdevelopedjust for
the purposeof gettinga fasterandmoremonotoniccorvergencerate[28].
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Figure4.16: We shav the power emittedin gravitationalwaves(normalizedto the quadrupole
emission)for a Schwarzschildblack hole,andfor our model1, asfunctionsof the orbital ve-

locity ». Both curveswereobtainedsummingmultipolesfrom ¢ = 2 to ¢ = 7. For comparison,
we alsoshaw the point-like Post-Nevtonianapproximatiorat severalorders:ontheleft we use
a standardraylor seriesexpansionon theright we shov curvesobtainedby applyingthe Pace

proceduredescribedn AppendixF at differentordersin v. Thev-rangeis chosensothatthe

orbital frequeny (extrapolatedo equalmassesyweepsrom 10 Hz, wherethe signalfirst en-

tersthe LIGO-VIRGO sensitvity window, to theISCO (p = 6). The standardPost-Nevtonian
expansion,thoughslowly anderratically seemso converge to the Schwarzschildresult; the

Pack approximantshav amuchmoremonotonichehaiour. Eventhoughwe shov hereoneof

the morecompactstellarmodelswe have takeninto accountandhencejn a sensepnewhich

is “quite closeto a black hole”, the effect of the stellarstructureon the power emittedis quite

clear Thespikesin the neutronstarcurve correspondo theresonancesisiblein figure4.12.

Onecangetanideaof how badly the Taylor seriescorvergesfrom the left panelin figure
4.16. The Post-Navtonianresultsshavn thererefer to the computationin [78], which yields
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formula (4.55). By “PN k£” we mean,adoptingthe standarderminology the resultobtained
truncatingthe Post-Nevtonianexpansionat orderv™, with n = 2k. Thoughslowly andwith

quite an erraticbehaiour, the curvesseemto cornverge to the exact black hole result. Notice
especiallythe badbehaiour of the curveslabelled“PN 2.5” (orderv?) and“PN 4” (orderv®).

Thecorvergencegetsmuchbetterif we usethePadetechniquedescribedn AppendixF, asone
canseeat a glancefrom theright panelin figure4.16..

Clearly, beingdevelopedespeciallyfor the “black hole+tesimass”case the PN expansion
doesnot corverge to the power outputof the “star+testmass”system,even thoughwe showv
in bothfiguresoneof the mostcompactstellarmodelswe have takeninto accountwhich, as
onecouldexpectonthebasisof physicalintuition, is nottoo differentfrom the blackholecase.
Perhapshe proceduradescribedn [79] canbe extendedo build “ad hoc” Post-Nevtonianex-
pansionsvhich hold for specificstellarmodels,or perhapswve canfind a“universal’behaiour
subtractingpeaksfrom the backgroundn the basisof the toy modeldescribedn the previous
section. Anyway, our resultsshow that, for sure,no “universal’testmassPN expansionsex-
ist. Onemusteitherbuild PN expansionsholding for a givenstellar model(thoughit would
beinterestingto understandhow well a“regular” Taylor seriesexpansioncanapproximatehe
function P(v) closeto the peaks),or usea semiempiricalapproachas describedin section
4.5.1to infer a“universal’behaiour from the differentmodels,superimposingby hand”the
model-dependenesonanbehaioursatthe peaks.

4.6.1 The equal-masscase

In the lastsection,to avoid confusion,we alwaysreferredto Post-N&vtoniancalculationgper
formedfor testmasse®rbiting a Schwarzschildblackhole. It will be usefulfor the following
considerationso give herethe known resultson Post-Nevtonianexpansionsvhenthe binary
memberdave comparablenasseslin thiscase poththerelatvistic enegy andtheflux function
arenotknown analytically(the generakelatiistic two body problemis still unsohed,evenfor
point masses!)Theonly unambiguouslhknown termsof the PN-expansiorfor theenepgy read

B(v) = _77702 [1 B (91%) o (W) 04] (4.58)

while for theflux functionthe calculationsperformedup to now yield (see[39] andreferences
therein,but noticethatthereis a misprintin the flux function,formula (A45) !)

: 32n2v" 1247 35m\ , 5
E) = 1 (==L 2 4
(v) 5 336 + 9 + 4+
44711 9271n 6507\ 8191 5357 5
— (S 2m 4.59
( 9072+504+18>“ 62 T 21 )7V (4.59)
where
moM

=_ "7 4.60
K (mgy + M)? ( )

is the so-calledsymmetricmassratio, rangingfrom O (point-masscase)to 1/4 (equal-mass
case) Essentiallyfinite-mas<effectsappearin thisapproachasn-dependentorrectiongo the
Taylor-seriesexpansioncoeficientsof theflux function.
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4.6.2 Differencein the number of cycles

We have just seenthat significantdifferencesbetweena staranda black hole shav up, in the
testmasscase for orbital velocitiesv ~ ¢/4. Whatkind of differencedoesthis make on the
numberof cyclesthe binary spendsin the bandwidthof an interferometer? To answerthis
guestion,herewe shall computethis numberfor the four stellarmodelswe have considered,
for a black hole, andwe shall comparethesenumberswith thoseobtainedfrom the analytic
formula(4.41)truncatedat differentorders both usinga standardraylor expansioranda Pacé
expansion.

Thenumberof cyclesspentby thebinaryin agivenvelocity interval (v;, vy) - orin agiven
orbital frequeny intenval (wy;, wg,r), Whichis thesame- caneasilybe computedrom

i % wy dE/d
N:/ ka(t)dt:/ we dB/dv (4.61)
Wk, f v§ n Elost

wherew, = /M/R} = v3/M is, asusual, the keplerianfrequeng. From the Newtonian
guadrupoldormula(1.51),theenegy E,,,; lostin gravitationalwavescanbe written in terms
of the orbital velocity as

. 32 m2pto
Elost = - 0 5 -
5 M

Fromv = /M/R, andtherelatvistic formulafor the enegy of a particlein circularorbit we
get

(4.62)

diE d 1-2% 1 — 602
dv ~ " (1—3v2)/2 mov(l — 3v2)3/2°

In the Newtonianlimit, sincethe total (kinetic+potential)enegy of the binaryis, by virtue of
thevirial theorem,

(4.63)

M 1

Ex = _T;Lj% = —§m0v2, (4.64)
theanalogougxpressions

(%) = —myv, (4.65)

N
sothat
dE /dv 1 — 602
—_— = = 4,
@Ejd), =) = s (4.60)

whereQ(v) is thefunctiondefinedin equation(4.53)above. Sothe numberof cyclesfor some
“exact” P(v) (eitherin theblackholeor in the neutronstarcase)canbewritten as

(T w (dE/dv)y Q) , M [ 5 Q(v)
N= /vf T By P07 m ), 32m0° Po) ™ (4.67)

while the numberof cyclesin the n-th Post-N&vtonianapproximations givenby

m _ [ we(dE/dv)y Quv) M (% 5 Qu(v)
N _/U r NPn(v)dv_mo , 320t Pn(v)dv. (4.68)

f
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We shallassumehatthebinaryenterghe sensitvity window of theinterferometewhenthe
gravitational-wave frequeny is 10 Hz, andtruncatethe signalataradiusof 6 M, corresponding
to thelaststablecircularorbit. Thenwe get:

mo . [ 5 Q)
MN_/W mmdv. (4.69)

We canfurtherassumefollowing [78] and[67] (thoughthis assumptions quite unjustified!)
that the numberof cyclesin the comparable-massasecan be obtainedfrom formula (4.67)
for an“exact” calculationor from formula(4.68)for a Post-N&vtonianexpansionpy the naive
extrapolation(4.43). Remembethatareasoro adoptthis extrapolationprocedureasexplained
in chapterl, comedrom thefactthatby this procedurave canrecoverthecorrect,equalmasses
Newtonianquadrupoldormula(1.50)from the correspondingormulafor testmasseg1.51).

Thenumbersbtainedirom formula(4.69),andextrapolatingto equalmassesccordingto
the“naive” procedurearegivenin table4.4. Thedifferencebetweenvariousmodels whenwe
extrapolateto equalmassesis at mostof a coupleof cycles. This numbermaylook small, but
eventhis small differencemayinducea relevantdephasingf the wave andreducedrastically
thesignal-to-noiseatio.

Table4.4: In thistablewe givethenumberof cyclesto gofrom anorbitalfrequeny correspond-
ing to 10 Hz to theISCO. In thefirst columnwe give the modelthe calculationrefersto, in the
secondthe numberobtainedfrom formula (4.67),in the third the correspondingextrapolation
to equalmassegwhich amountto a multiplicationby afactor4 of column2).

Model (mo/M)N | N (equalmasses
1 4037.397 | 16149.59
2 4037.282 | 16149.13
3 4037.902 | 16151.61
4 4037.417 | 16149.67
Black hole | 4037.399 | 16149.60

In table4.5,for comparisorwith the paperby Tanakaetal. [78], we give thedifference,

AN® — ) _ O (4.70)

exact’

betweenthe numberof cyclessweptby the binary in the frequeng rangefrom 10 Hz to the
ISCO,computedaccordingto formula(4.68),andthe numberof cyclescomputedassumingas
in the paperby Tanaka,TagoshiandSasaki78], thatthe Post-Nevtonianformulaat orderv*!
yieldsthecorrectenegy output,i. e.

% wp (dE/dv)y Qv) M % 5 Q)
NG =/ Wi (B ] dv)y =— | v, 4.71
Tms— ). ™ Ey Pll(v)dv mo J,, 32mv8 Pi(v) v (4.71)

f f

We alsogive the “real” numberof cycles N®t) sweptby the binaryin this samefrequeny
rangeaccordingto our perturbatve calculation,assumingof coursethatthe centralobjectis a
Schwarzschildblack holeandsummingmultipolesupto ¢ = 7.

Finally, in table4.6,we assumesexactthev!!-accuratePost-Nevtonianresultby Tanaka,
Tagoshiand Sasaki,computethe numberof cycles extrapolatingthis resultto equalmasses
and compareto the samenumbercomputedat the n-th compaable massedost-Nevtonian
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order(usingeithera standardraylor expansionor a Pace approximantasspecifiedn thefirst
column). The resultsare drastically different at all calculated,equal massPost-Ne&vtonian
orders,both whenwe usethe standardTaylor expansionor the Pacé procedure. This result
shaws thateithera higherorderequal-mas$ost-Nevtonianexpansionor a morereliabletest-
mass-to-equal-masstrapolationprocedurds needed.

Table4.5: For five differentbinary systemscomposedy starsor black holesof massegjiven
in the first row, we give, extrapolatingto equalmasseur test-particleresults,the difference
betweenthe numberof cyclescomputedat the n-th Post-Nevtonian orderandthe numberof
cycles,N%lTlg, computedassuminghatthev!! enepgy outputis exact(seetext). In thelasttwo
rows we give the total numberof cyclesfor eachbinary, computedooth assuminghatthe vt
enepgy outputis exact, andusinga relatvistic perturbatve calculationthattakesinto account
all multipolesupto ¢ = 7. Whenwe disagreewith theresultsgivenin [78], we puttheir results
in parentheses.

n (1.4My,1.4M,) (10Mg,10My) (1.4Mg,10My) (1.4Mg,40My) (1.4Mg, 70M)
0 -118 12 9.0(9.6) 100 140

2 239 67 225(223) 312 352(353)
3 10 6.3 17 40 57 (56)
4 -1.3 1.2 1.5(1.6) 13 25 (24)
5 11 8.8 23(22) 56 79(78)
6 -0.17 -0.019(-0.018) -0.19 0.75 3.4(2.7)
7 1.1 1.1 2.5 7.9 14 (13)
8 0.94 0.91 2.1 6.7 11

9 0.11 0.12 0.27(0.25) 0.93 2.4(1.7)
10 0.20 0.20 0.46 1.5 3.3(2.6)
11 0.17 0.17 0.39 1.3 2.9(2.2)
N 16149.75 589.51 3567.53 1250.36 758.45
Nert) 16149.60 589.45 3567.40 1249.95 757.77

Table4.6: This tablemustbe readjust like table4.5, exceptthat herePost-Nevtonianresults
referto the n-th compaable masse$’ost-Nevtonianorder (usingeithera standardraylor ex-
pansionor a Pacé approximantasspecifiedn thefirst column).

(1.4My, T0M,)

n (1.4M,, 1.4My) (10My, 10My) (1.4M,, 10My) (L.4M,, 40My)

0 -118 123 9 100 140
2 363 89 225 323 360
3 126 22 17 46 60
4 103 12 1.5 17 26
5 123 24 23 63 82

Pacc4 113 16 30 13 10.5
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4.6.3 Reductionin signal-to-noiseratio

In orderto know what Post-Nevtonian orderis neededto do an accurateestimationof the
parameter®f a binary usingdatafrom ground-basedhteferometersthe numberof cyclesin
thebandis nothingmorethanagoodindicator In fact,it hasbeensuggested5] thatwhether
the error in the numberof cyclesis lessthan unity or not is a useful guidelineto examine
theaccurag of Post-Nevtonianformulasastemplates. Anyway, a muchmoresignificantand
meaningfulmeasuref theaccurayg of a Post-N&vtoniansignalis givenby thereductionin the
signal-to-noiseatio producedoy the useof a givenapproximantwith respecto the signal-to-
noiseratio achievedusingthe“true” signal. Let usdefinethis quantitymoreprecisely

Our perturbatve calculation,in asenseavhich hasbeenexplainedmary timesbefore,yields
the“true” signalemittedby thebinaryin thetestmasdimit. Wearenow interestedn computing
thereductionin the signal-to-noiseatio dueto the factthatwe usea Post-Nevtoniantemplate
hn(t) insteadof the “exact”, relatiistic templateh(t). This reductionin signal-to-noiseatio
canbecalculatedo be

S/N‘actual . ‘(h‘hn)‘

Rn = = ) (4.72)
S/Nlmaz  /(h|h) (hn|hy)
wheretheinnerproductbetweerntwo templatess definedas
* g (W)h(v) + §w)h* (v)
=9 : :
(glh) /0 S0) dv (4.73)

Here S(v) is the spectraldensity of the detectornoise;in modelingthe spectraldensitywe
follow Poissor[67], who useshefunction (appropriatdor theadvanced IGO-type detectors)

So
Sw) ==
for v > 10 Hz; for v < 10 Hz we take, as Poissondoes,S(v) = 0 (seismicnoisekills the
sensitvity of the detectorat suchlow frequencies)The frequeng atwhich S(v) is minimum,
Vg, Canbesetequalto 70 Hz.
We usethe so-calledrestrictedPost-Ne&vtonian approximation,jn which the amplitudeis
describedaccuratelyto Newtonianorder while the phases described'exactly” in the caseof
h(v) andupto then-th Post-Nevtonianorderin the caseof h,, (). Thenwe get

h(v) = Av /6% (4.75)
ho(v) = Av T/6ein) (4.76)

[(VO/V)4 + 2+ (1//1/0)2] (4.74)

whereA is a constantandthewave frequeny evolvesaccordingo theformula
dv _ 96mgv'! P(v)

— = : 4.77
dt SnM3 Q(v) (4.77)
Integratingwe get
SM M Q)
M =t;/M 4.7
t(v)/ ti/ +32m0 . v'9P(v')dU (4.78)
for time asafunctionof velocity, and
M v !
B(v) = B; + - QW) (4.79)

16myg J,, vSP(v')
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for thephaseof thewave, ® = [ 27w dt.

To getthe frequeng-domainphasefunctionss and,, appearingn formulas(4.75)and
(4.76) we usethe stationaryphaseapproximation[84]. Let us concentraten i (i, is dealt
with analogously)The stationaryphaseapproximatioryields

Y(v) = 2mvt(v) — (v) — /4, (4.80)
sothat

S5M [V (v¥ =) Qv
16mg J,, v P(v')

Thesignalis cutatthefrequeng correspondingo theISCO,

TMvisco = (M/r1sco)?? = 673/2, (4.82)

Y(v) = 2(t;/M)v® — &; — /4 + dv'. (4.81)

andthephasds adjustedo maximizetheintegral usingthefollowing procedure.
Thenumericalalueof R,, depend®nthevaluesof theconstants; and®; appearingn for-
mula(4.81),andonthevaluesof theconstants,; and®,,; appearingn theanalogousormula
for ¢, (v). TomaximizeR,,, wesett; = t,,; andchoosed; — ®,,; in suchawaythatA vanishes
atthevalueof v for whichthefunctionz=7/3(z=* 4 2 4 22%)~! is maximum.This occurswhen
T = Tpmae =~ 0.6654, correspondindo vy,q, =~ 46.58 Hz andv,,q, ~ 0.08966(M /M),
With thesechoiceswe getfor thedifferencein the phasgunctions

v 3 _ 3 l i
A= — g = oA / ("~ o) [Q(”) —Q"(U)}dv’. (4.83)

16myq v P')  P,(v'")

Finally, a straightforvard calculation,using the definition of the reductionin signal-to-noise
ratio, shovsthat

Trsco ,—7/3 A
R, = ]1/ wdm’ (4.84)
1/7 1'_4 + 2 + 2152

wherez = v/, and(of course)r;sco = visco/vo- Thenormalizationconstant,

Zisco x77/3
I = — d 4.85
/1/7 Tt 242220 (4.85)

ensureghatR,, = 1 wheny(v) = v¥,(v). In the previous calculation,which only applies
(strictly speaking)}o the testmasscase theratio m,/M appearsn A, formula(4.83). Fol-

lowing againPoisson[67], we will let this ratio becomelarge accordingto the prescription
(4.43),without modifying (aswe should)the expressiondor P(v) andQ(v). We arebasically
assumingthat the qualitatve behaiour of thesefunctionsis not strongly affectedby “turn-

ing on” the parametem introducedin formula (4.60). Theseequalmasscorrectionscanbe
seenascorrectiongo the Post-Nevtoniancoeficientsof the flux function, but unluckily these
correctionshave beencomputedonly up to order+® - seeformula (4.59). The hopeis that
our conclusionsdespitethis inherentinconsistenyg, will be atleastqualitatively correctin the
comparablenasdimit.

In table4.7 we usethe methodjust describedo comparehe Post-Nevtoniancomputations
performedby Tanaka,TagoshiandSasak{79] with the“exact” Schwarzschildblackholeresult,
obtainedasusual,summingmultipolesup to ¢ = 7. For comparisorwith tablel in the errata
of Poissons paperwe shav resultsobtainedusing,in formula(4.83):
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1) theexactfunction@(v) (4.53),
2) theTaylorexpansion@, (v) (4.56),
3) thepartiaITaonre><pansionQ${’)(v) (4.57),

but we extendhis analysisto include, besideghe standardlaylor expansionof P(v), the one
obtainedusing Pacé approximantsas describedn AppendixF. We omit Pace approximants
atorder7 and 10 becauseasshown in AppendixF, diagonaland subdiagonaPacdé approxi-
mantsattheseordershave polesin theregion of integration,andoneshouldusedifferentPace
approximantge.g.,superdiagonabnes)to avoid thisincorvenient.

Poissors original reasorfor usingthethreefunctionswasto explorethe effect of knowing
theexactlocationof theISCO- whichis correctlytakeninto accounin casesl and3, but notin
case? - onthereductionin signal-to-noiseatio. It turnedout thathis original conclusion(that
thelSCOknowledgeis importantin increasinghe SNR)wasbiasedoy a numericalerrorin his
codes. No significant,systematidncreasan the SNR is given by usingthe partial expansion
insteadof the full Taylor expansionof Q(v). We notice also that our resultsdo not agree
perfectlywith thosegivenby Poissonin Tablel of his errata,but we have performedvarious
codechecksandour signal-to-noise@eductionR,, convergesmuchbetterthanPoissonsto unity
astheorderof the Post-Nevtonianapproximatiorincreases.

In readingtable4.7 onemustkeepin mind that unavailability of a copy of the true signal
meansthat the effective strengthof the signalreducedrom A to R, h, hencethe spanof the
detectoreducesy thefactorR,,. Thenumberof eventsadetectoicandetecteingproportional
to the cubeof the distance sucha reductionin the overlapbetweerthe true andapproximated
signalsmeansa dropin the numberof detectableventsby afactorR?3: for example,alossof
10 % (20 %) in the signal-to-noisegatio meansa 27 % (50 %) lossin the numberof events. If
we demandthat we shouldbe ableto detectabout90 % (99 %) of the signalsthat we would
detecthadwe known thetruegenerarelativistic signal,thenwe shouldhave anoverlapnotless
than0.965(0.997).

Asin [67], for reasongxplainedabove, our resultsareobtainedby extrapolatingto compa-
rablemassegaccordingo theprescription4.43). Ourresultsexplicitly referto threebinarysys-
tems,thatcanbeseenasa“canonical”(1.4Mg, 1.4M,) neutronstarbinary, a (1.4Mg, 10M,,)
neutronstarblack hole binary anda (100, 10M,) black hole binary. Let us focuson the
(1.4M, 1.4M,) neutronstarbinary. Whathappensf we usethe “true neutronstar’s form fac-
tor” P(v) (for somegivenequilibrium model)insteadof the “black hole’s form factor”? The
answeris givenin tables4.8 and 4.9, which are analogougo model A in table 4.7, but are
obtainedusingthe function P(v) comingout of the numericalintegrationof two neutronstar
models:modell andmodel2, respectiely. In both caseswe have summedmultipolesup to
¢ = 7 andtheresultsareextremelysimilar to thoseobtainedfor the (1.4, 1.4M) binaryin
table4.7.

Basically our resultsconfirm the onesobtainedby Poissonin the errata: if we trust the
extrapolationprocedurg4.43)andwe requirethatwe shouldbe ableto detectatleast90 % (99
%) of the signals,thenwe shouldpushthe Post-N&vtonianexpansionup to an orderbetween
6 and7. SincecomparablenassPost-Ne&vtoniantemplatesareknown only up to order5, the
key issueseemdo be: is it betterto extrapolateperturbatve, testmassresultswith the naive
procedurg4.43) or to usethe available, comparablemassPN templates?Or maybe,canwe
find somebetterway of extrapolating‘test-mass-in-a-figd-backgroundfesultsto comparable
masses?
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We will give someargumentdn favour of thesecondption (thatof extrapolatingperturba-
tiveresultsto theequal-massase)n the next section.

4.7 How goodis the perturbati ve approximation?

Whenwe perturbastarfrom its equilibriumconfigurationthenaturalscalefor the perturbations
is theratio betweerthe massof the perturbingobjectandthe stellarmass.A naturalquestionto
askis: for agivenmassratio, how smallarethe perturbationsvhenthe orbiting massis close?
Or, in otherwords,whendo we expectthe perturbatve approximatiorto breakdown?

We canobtainan answerto this questionby inspectingthe behaiour of the perturbation
functionsinside the star Of coursewe expectthe largestmotionsto be thoseinvolving the
guadrupoleperturbationssowe have looked at the radial behaiour of perturbationfunctions
with ¢ = 2. Furthermoresincefluid motionsareinvolvedonly in the polarcase we have fixed
our attentionon the polar perturbedequations.

Our procedureo understandhow large perturbationsarewith respecto the “background”,
equilibrium configurationis thefollowing. Firstof all, we integratethe perturbatiorequations
using regularity conditionsat the centerof the star This yields the radial behaiour of all
the metric and fluid perturbations. Anyway;, this procedure sincewe are consideringlinear
perturbation®n a fixed backgrounddoesnot fix the overall scaleof the perturbations.To fix
this scalewe mustsolve the “full” problem,i.e., we mustfind the amplitudeat infinity of the
solutionto theequationsvith sourceandrescaleall perturbatiorfunctionsusingthis (complex)
amplitudeat infinity. Sincethe largestcomponenicomesfrom m = ¢, we have rescaledall
perturbationsvith theseangularindicesusingthe modulusof theamplitudeat infinity Zos.

It turnsoutthattheperturbatve approximatioris surprisinglygoodevenwhenthetestmass
is very close.We have chosenfor illustrative purposesa circularorbit with orbitalradiusequal
to 3 stellarradii. The choserstellarmodelcorrespond$o modell in table4.2.

In figure 4.17 we shown the behaviour of the fluid perturbationsn this case. We plot the
radial componenbf the lagrangiardisplacemenhormalizedto the radiusof the staré, (r)/R,
thelagrangianperturbatiornof the pressurenormalizedto the equilibrium pressuredistribution
Ap(r)/p(r), andthe lagrangianperturbationof the enegy densitynormalizedto the equilib-
riumenegy densityAe(r)/e(r). Similarly, in figure4.18,we plotthebehaiour of theperturbed
metricfunctionsy(r) andus () with respecto their equilibriumvalues.Looking attheexpres-
sionfor the perturbedmetric(2.10),we clearlyhave to comparethevaluesof 2N (r) and2L(r)
to unity.

Even at this small orbital separatiorthe perturbationsare extremely small, and of course
things get much betterwhen the orbital separations larger (unlesswe are closeto a reso-
nancejn which casepf coursetheperturbatve approximationstrictly speakingalwaysbreaks
down).
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Figure4.17: Fluid perturbationsat 3 stellarradii for model1. The black curwve is the radial

componenbf the lagrangiandisplacemenhormalizedto the radiusof the star &,(r)/R; the

blue curveis thelagrangiamerturbatiorof the pressurenormalizedo the equilibriumpressure
distribution, Ap(r)/p(r); the red curve is the lagrangianperturbationof the enegy density
normalizedo theequilibriumenegy density Ae(r)/e(r).
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Figure4.18: Metric perturbationsit 3 stellarradii for modell. Thevaluesof 2N (r) and2L(r),
comparedo unity, area measureof the deviationsof the perturbedmetric functionsv(r) and
us () with respecto their equilibriumvalues.



Table 4.7: Reductionin signal-to-noiseratio with respectto the “exact” black hole solution

incurredwhenmatchediltering with approximatePost-N&vtoniantemplatesFor eachbinary

systemthefirst columnlists the ordern of the approximation.The secondcolumnlists R,, as

calculatedusingtheexactexpressiorfor Q(v); thethird columnlists R,, ascalculatedusingthe

fully expandedexpressiorfor Q(v); thefourth columnlists R,, ascalculatedusingthepartially

expandedxpressiorfor Q(v). Thefourth, fifth andsixth columnslist the sameguantitiesusing

thePade expansionjnsteadof the standardraylor expansion Noticethatthenumbergeferring

to the7thand10thPade approximantfiave beenomitted,sincethecorrespondingpproximants
have polesin theregion of integration(seeAppendixF).

Taylor Padée

(7 (@) Q) 070 [@u)  Qr) _ oP() |

SystemA (1.4M,+1.4My)

0.56562 0.49075 0.42246| 0.58521 0.71790 0.98961
0.47184 0.53911 0.68222| 0.72930 0.92023 0.84162
0.95073 0.93475 0.91760| 0.98999 0.99950 0.99261
0.99685 0.99759 0.98357| - - -
0.99339 0.99436 0.99533| 0.99805 0.99878 0.99942
0.99972 0.99917 0.99854| 0.99776 0.99852 0.99921
0.99994 0.99996 0.99944| - - -
0.99995 0.99996 0.99941| 0.99996 0.99996 0.99934

P P2 O00~NO O~

= O

SystemB (1.4M4+10M,)

0.84743 0.39512 0.29148| 0.34738 0.54002 0.75159
0.24153 0.29245 0.40179| 0.41132 0.78112 0.52539
0.77563 0.67621 0.60282| 0.82966 0.97109 0.90766
0.87789 0.99572 0.85055| - - -
0.85477 0.87635 0.89609| 0.93370 0.96352 0.99157
0.99467 0.95948 0.93712| 0.93123 0.96086 0.98957
0.98973 0.99606 0.97564| - - -
0.99252 0.99710 0.97212| 0.99596 0.99966 0.96707

PP O0W~NO O~

= O

SystemC (10M4+10M)

0.82329 0.69157 0.49080| 0.50448 0.78664 0.82476
0.35149 0.44226 0.58679| 0.55793 0.93404 0.71820
0.96166 0.80826 0.74129| 0.86408 0.99181 0.96101
0.88729 0.99976 0.93043| - - -
0.88149 0.91576 .942566| 0.95498 0.98998 0.99932
0.99961 0.98096 .958935| 0.95378 0.98926 0.99912
0] 0.99329 0.99806 0.99232| - - -
1| 0.99537 0.99911 0.98977| 0.99734 0.99983 0.98632

P P2 O0W~NO O~




Taylor

Padé

Table 4.8: Reductionin signalto noiseratio incurred when comparingwith a neutronstar
describedby model1l.

| Qu(v)

Q(v)

QP () | Qu(v)

Q(v)

(1.4M+1.4M,)

PP O0W~NO O~

0.56658
0.47132
0.95267
0.99605
0.99232
0.99998
0.99976
0.99978

0.49158
0.53804
0.93672
0.99856
0.99333
0.99970
0.99982
0.99984

0.42317
0.67991
0.91960
0.98508
0.99432
0.99919
0.99988
0.99986

0.58381
0.72683
0.98879

0.99729
0.99695

0.99983

0.71548
0.91793
0.99901

0.99809
0.99778

0.99988

0.98856
0.84397
0.99385

0.99881
0.99854

0.99982

Table 4.9: Reductionin signalto noiseratio incurredwhen comparingwith a neutronstar
describedy model2.

Taylor Padé

QP [ Q.(v) Q) P |

(1.4My+1.4M)

[ Q.(v) Q)

P PR O0W~NO O~

0.57051
0.46915
0.96803
0.98464
0.97981
0.99194
0.99057
0.99060

0.49416
0.53476
0.95095
0.99516
0.98087
0.99282
0.99066
0.99068

0.42497
0.67408
0.93237
0.99798
0.98196
0.99370
0.99241
0.99244

0.57970
0.72017
0.97581

0.98585
0.98531

0.99071

0.70850
0.90484
0.98871

0.98687
0.98635

0.99079

0.97642
0.85403
0.99807

0.98792
0.98740

0.99255




Conclusions

In this thesiswe have appliedthe perturbatve formalismto studythe gravitationalwave emis-
sionform extrasolamplanetarysystemsandfrom compactbinary systems.
Themainresultsobtainedon extrasolar planetary systemscanbe summarizeasfollows:

1) From quadrupoleestimateson the emissionof observedextrasolarplanetarysystems
we found that one of them,HD283750,emitswaveswith a maximumamplitudeh, ~
4 -10~?% anda correspondindrequeny v ~ 1.3 - 1075 Hz. Althoughthe emissionfre-
guenciesare too small for the signalto be detectableby LISA, thesevaluesare quite
interesting,especiallywhencomparedo the maximumamplitudeh, ~ 10=2% andfre-
queny v ~ 1.4 - 10~* Hz of a compactbinary suchasthe Hulse-Taylor binary pulsar
(PSR1913+16).

2) A Roche-lobeanalysis,carriedout to understandow closea planetcangetto the star
without beingdestryed by tidal forces,hasshonvn thatEPSS5 at a fiducial distanceD =
10 pc canemit, in their orbital motion,wavesof amplitudeaslarge ash™** ~ 10~%? and
frequeny ashighasy™® ~ 10~* Hz. Furthermorea planetcould, at leastin principle,
be closeenoughto tidally excite g-modesn solartypestars.

3) Theintegrationof the Einsteinequationshasshown that, for low-order g—modes,one
canreachvaluesof hg/h¢ greatetthan:

— 10for distancedetweertheresonantadiusandtheorbitalradius,A R, of theorder
of afew kilometers,

— 100for AR of theorderof hundredf meters,

— 1000for AR of theorderof somemeter

Closeto aresonancethe amplitudefor low-ordermodesfor ann = 3 polytropeis well
fitted by the law:
(log hr/hq) = ag, + by, (log AR),

whereb,, ~ —0.95, anda,, depend®ntheorderof themode.

4) A radiationreactionanalysign theadiabaticapproximatiorhasshowvn that,for thestellar
modelwe have chosena brown dwarf exciting the modeg, could reachamplitudes~
2-10 20 for ~ 3 yearsand~ 4 - 102! for ~ 400 years;ontheotherhand,a Jupiterlike
planetresonantvith themodeg,, couldreachamplitudes~ 3 - 10~%2 for ~ 2 years,and
~ 6-1072 for ~ 300 years.
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5) Thoughsignificantlylargerin amplitudethanthe signalemittedby the binary pulsar the
wavesemittedby the strongesemitting obsered system HD283750,arenot detectable
with the currentLISA design. The sameis true for a “resonant”’systemcomposedy a
solartype staranda jupiter-like planet,but a browvn dwarf in resonantonditionscould
potentiallybe detectable.

The mainresultsobtainedregardingcompactbinaries in the perturbati ve approachcan
besummarizedsfollows:

1) We have comparedesultsobtainedrom theperturbatve (Bardeen-Presselikolsky) for-
malismfor bound,eccentricorbits arounda starwith whatwe calledthe semirelatvistic
guadrupolegormalism, for the purposeof understandinghe role playedby effectsdue
to the stellarstructureon the emittedwaves. We foundthatthe stellarstructureproduces
gualitatvely andquantitatvely new effectswith respecto the semirelatvistic quadrupole
formalism,amongwhich:

— the appearancef anaxial componentn the radiationand,consequentlya beating
betweerthepolarandaxial componentsthis beatingis alsoignoredin theso-called
restrictedPost-Nevtonianapproximationwhich is commonlyusedto build signal
templates);

— asignificantreductionin thetotal power radiatedn ¢ = 2;

— a greatenhancemenin the wave amplitudeif the stellar quasi-normamodesare
excited.

2) Thepossibilityto excite the quasi-normamodesin anastrophysicabinary coalescence
hasbeenconsideredbothfor neutron-staandblack-holebinaries shoving that:

— theexcitationof black hole quasi-normamodescanonly occurin acollapse;

— for neutronstarsthe f-modeexcitationis highly implausibleunlesghestaris rotat-
ing. The g-modespn the otherhand,couldbe excitedin afrequeng bandrelevant
for earth-basethterferometersandwe will explorethisissuein the future.

3) We have consideredhe orbital evolution of binary systemsn our perturbatve approach,
andwe expectthe stellarstructurenot to alter oneof the basicpredictionsof the Newto-
nianquadrupoldormula,i.e., thata systemin the LIGO-VIRGO band,evenif bornwith
large eccentricitywill move, becausef radiationreaction,on acircular orbit.

4) Concentratingon circular orbits, we have comparedthe emissionfeaturesof a system
composedy a starand a test masswith thoseof a systemcomposeddy a black hole
andatestmass.We have foundthatthe total power outputpredictedin the caseof a star
excited by a testmassdiffers sensiblyfrom the power outputfor a testmassorbiting a
blackhole:

— thestellarpower outputshows peaksdueto the excitationof the stellarmodesn the
variousmultipoles.The excitationconditionis

£ —
Winode = gwk ’

wherewy is the keplerianorbital frequeng of the testmassandwt, . is the fre-
gueng of themodein the givenmultipole.



— sensibledifferenceswith the black hole case jnducedby the extendedstructureof
thestarand/orthe excitationof the stellarmodespegin to shav up whentheorbital
velocity of thetestmasss aboutonefourth of the speedof light.

— A simple,forcedoscillatortoy modelallows usto subtracthe effectsof aresonance
from the “background”. In the future, we planto usethis simple modelto give
reasonablestimate®f the emissionamplitudesandtimescalese.g.,of high-order
g-modeswhich arecumbersoméif notimpossible}o computenumerically

5) We have comparedour perturbatve resultswith thoseobtainedin the literature using
Post-Nevtonianapproximationseitherin the testmassor in the comparablenasdimit.
We have computeddifferencesn the numberof cyclesbetweendifferentstellarmodels
andblackholes,anddiscussedhereductionsn signal-to-noiseatio dueto anon-optimal

modelingof the signal. We foundthat:
— Thevariationin the numberof cyclesdueto structuraleffectsdependspf course,
ontheequationof state but is at most(for neutronstarbinariesin the bandwidthof
earth-basethterferometerspf the orderof about3 cycles.

— Onthebasisof test-massesults oneexpectshatanequal-mas®ost-Nevtonianap-
proximationaccurateat leastto orderv® or v is required bothfor stellarandblack
hole binaries,for the signalnot to loosephaseandthe matchediltering technique

to work in adetectionscenario.
6) We tried to understandvhenthe perturbatve approachbreaksdown by inspectingthe

relative variationsof fluid andmetric perturbationsvith respecto their equilibriumval-
ues.We foundthattheserelative variationsarevery smallevenat orbital radii Ry ~ 3R,

whereR; is thestellarradius.



Appendix A

The explicit expressionof the tensor

harmonics

In this appendixwe list the explicit expression®f the polarandaxial tensorsphericaharmon-

ics. They are:
@)  (p) (r) @)
Yim(p,d) 00 0
al) = 0 0 0 0
0 0O 0 0
0 0O 0 0
@ @ () )
o i 0 0 Yem(p,9) 0
1
— 0 0 0 0
tm \/5
Yem(,9) 0 0 0
0 0 0 0
@ (@ ) (@)
0 0 0 0
Ay = 0 0 0 0
0 0 Ymlp,9) 0
0 0 0 0
@) (o () )
0) Y, o¢ %
bﬁm = wmn(f)r s> 00 0
0 0 0 0
Nw 0 0 0

) (o) (r) @)

0 0 0 0

b =n(f)r| 0 0 %m0
dyp L)

0 0 2= 9
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N ORI C)
. 0 - — S1n 19# 0 P a—fgn
Cp = ()1 | —sind=hm 0 0 0
0 0 0 0
Y
s111119 8:{;) 0 0 0
(t) (%) (r) (9)
0 0 0 0
Com = zn(f)r 0 0 —sin ’196)6/59’" 0
0 —sin 19% ) an s1r1119 3}9’:?1
0 0 sind B—f;om 0
(t) () (r) (9)
0 0 0 0
dg = vm(€)r? 0 —sin¥Xy, 0 —sindWy,
0 0 0 0
0 —sin ﬁng 0 ﬁX@m
(t) (%) (r) (9)
0 0 0 0
£ = m(0)r? 0 —sin®9IW,, 0 Xy
0 0 0 0
0 Xfm 0 WZm
@ (o) () )
2 0 0 0 0
Sim = —= 0 sin?9Y,, 0 0
V2 0 0 0 0
0 0 0 Y
where
1
nl) = ———,
200+ 1)
1
m(l) =

V20 +1)(E—1)(¢+2)

and

0|0
X@m(’ﬁ, QO) = 2% |:a—19 — cot 19:| }/em(’l?, (,0),

2 2
Wﬂm(ﬁ: 90) = [a— — cot 9 0 ! 0

2 T Y, 0).
50? v sin21982g0] m(V; ¢)

(A.6)

(A.7)

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)
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A.1 Noteonthe normalization of the harmonics

Notethatall tensorharmonicsarenormalizedo 1, except(agg, bfqn)l, chn)l) asshown below. For

this reasorthecoeficients A\, B Q'”) will bedefinedwith aminussign.
@fal) = [ azz;,,axzxpwnvm

BB = [ s

w)r
= 2 [ s DY Yo 1Y Vi 4

1 Yoo Yem, .
) / { es{f}ﬁ . +1Qtn,mm,ﬂ}smq9dq9dgp

1 m’Yom
= ——— Y, Yom.90 — cot 9Yg, dQ
£(£+1)/ zm{ tm,99 — COLUYpm 9 + 279}

- —g(g%l)/n*m {66+ 1)V} dO = —

0 0)x v
el = [ i

2 Y Yom
= 2 / S {n“n“""sin? I oy g Vom0 + 1?0 L 0% }dQ

26(+1) sin? ¥
1 Vi Yem |
N E(E +1) / { ési’zz 9 “ + YZn,ﬂ}/Em,ﬁ} sin ¥dddp

m2Y,
- Y9 — €Ot IV L)
£+1 / { 99 — COLVXomp sin219}

- €(£+1)/ o L+ 1)Yy } dQ = —1



Appendix B

Asymptotic conditionsfor the perturbation
equationsand integration method

In this Appendixwe give the asymptoticconditionswe needfor the numericalintegrationsof
the homogeneougperturbationequations.To solve the polar and axial perturbationproblems
with the Greenfunctiontechniqueor stellar perturbationswe need(asexplainedin Appendix
C for the Zerilli approachandin sectiond.1for the BPT approach):

e Rayular (i.e., non-singular)expansionsof the polar perturbationfunctionsat the center
of the star(r = 0), anda matchingprescriptionto obtainthe vacuum(Zerilli) solution
at the borderof the star(r = R) from the perturbationfunctionsobtainedintegrating
numericallyoutwards. Theseexpansionsandthe matchingprescriptionsareexplainedin
sectionB.1.

e A regular(i.e., non-singular)expansionsof the axial perturbatiorfunction at the center
of the star(r = 0). Sincewe know thatin this casethe perturbationequationscanbe
expressedsa singlewave equationformula(2.40),which automaticallyreducedo the
vacuum(Regge-Wheelerequationoutside,the matchingprescriptionat the borderis
trivial. Therequiredexpansionatthe centeris givenin sectionB.2.

e An asymptoticexpansionof both the Zerilli and Regge-Wheeleifunctions, satisfying
purely outgoingwave conditionsat infinity. Theseexpansionsaregivenin sectionB.3.

For black hole perturbationsve follow exactly the sameprocedureasin the stellarcase,
replacingthe matchingconditionsat the borderof the starwith an asymptoticexpansionof
boththe Zerilli andRegge-Wheelefunctions,satisfyingpurelyingoingwave conditionsat the
blackholehorizon. This expansionis givenin sectionB.4.

Finally, in sectionB.5, we briefly describethe Gauss-Lgendrentegrationmethodwe used
to performtheintegralsappearingn the sourceterms.

B.1 Polar perturbations inside the star

Herewe outlinetheprocedurdo obtainthevaluesof theZerilli functionandits first derivative at
theborderof thestarfrom a numericalintegrationof the polarsystemof perturbatiorequations
for theinterior, (2.27)-(2.30).
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We shallassumehat, nearthe origin, the functionshave the asymptoticexpansion
(X,G, N, L) = (Xo, Go, No, Lo)r" + (Xa, Go, No, Ly)r* 2 + ... | (B.1)

where both the exponentz and the coeficients of the expansionhave to be determinedby

insertingequation(B.1) into equationg2.27)-(2.30),andby settingto zerothe coeficientsof

differentpowersof . Fromthelower ordertermswe obtaina homogeneoualgebraicsystem
of four equationdor thefour coeficients(X,, Go, Ny, Lo)

[(a — b)z + wi] Xy — (. +2)Go +n(a+b)Ng —n(a—b)Ly =0
2 1 1
[(a —b)x + ;)_701($ +2n + 1)] Xo—Go+a(z—1)Ny + §w§N0 + §w§L0 =0

2[3: <n+1> +2} Xo+ (z 4+ 1)(Ny + Lgy) =0,

n

wherea andb arethe coeficientsof the expansionof the metricfunctions

2 1
e s 14+brt=1+ (ge()) r2, e ~1+ar!=1+ (po + ge()) r2. (B.3)

The system(B.2) admitsa non-trivial solutiononly if the determinanis zero. This condition
providesanindicial equatiorfor the determinatiorof x
na(z +1)(z — 0)*(x+£+1)>=0. (B.4)

We seethat thereare only two coincidentvaluesof = which correspondo regular solutions,
i.e. z = [. Thatmeanghat,althoughour original systemis of orderfive, only two independent
solutionsareacceptableA possiblechoicefor thetwo independensolutionsis

n
1) Ly =0, Ny =1, Xo = —mNoa (B.5)
1 1
= — -1 - - _ 2 N
G() +2(£ ){a—i—b €(€+1)[(CL b)€+w0]} 0,
n

GOZ—%(K—l) {a—b—l—ﬁ[(a—b)ﬁ—kwg]}llo .

The coeficients (X5, Gy, N», Ly) in the expansion(B.1) canbe found by equatingto zerothe
coeficientsof thenext power of = into theexpandedequations.

A numericalintegrationof equationg2.27)-(2.30),with the nitial conditions(B.5)-(B.6),
yieldstwo independensolutions.

Are thesetwo independensolutionssufficient to satisfythe boundaryconditionsrequired
by theproblem?

Asin theNewtoniancasewe needo imposethatthelagrangiarperturbatiorof the pressure
Ap vanishesatthe surfacer = R, but in additionwe needto imposethatthe interior solution
joins continuouslywith the solutionin the exterior of the star In orderto satisfythe continuity
conditionatr = R, egs.(2.11)-(2.14)which areequvalentto egs.(2.27)-(2.30) mustreduce
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to thoseappropriateto the vacuum. So we just needto take a linear combinationof the two
independensolutionsin sucha way that the remainingcondition Ap = 0 (or equivalently
U = 0) isfulfilled. Noticethatthe metricperturbationsarecontinuousatthe surfaceof the star
but their derivativesmay notbe. For example,the equationfor W, for polytropic equationsof
statereads

W, +v,(Q-1)W =T, (B.7)

andwe know from the equationghat W andU tendto zeroatr = R. However, (Q diverges
there,andin generalthe product@W tendsto a finite valueat the stellarradius. SinceW, is
zerooutsidethe star we find thatfor polytropicequationsf statewith n < 1 W, is discontin-
uous.Sinceby inspectionof the equationst canbe shavn that (W + L), is continuousatthe
surface,the conditionto beimposeds

[Lar]outside = [Wﬂ’ + L:T] (BS)

inside *

Sothetwo degreesof freedomgivenby equationB.5) and(B.6) arepreciselywhatwe do need
to matchtheinterior andthe exterior solution,andto satisfythe conditionAp = 0.
B.2 Axial perturbations inside the star

For the purposeof numericalintegration,it is usefulto rewrite the axial wave equation(2.40),
whichis expressedn termsof a “modified tortoisecoordinate”

r*:/ Sl (B.9)
0

in termsof the usualSchwarzschildcoordinater. Introducinga variable X = rZ, equation
(2.40)canbeshavn to be equivalentto the secondrderequation

2p2 6M 2
Xy == {2 +r? [6 —p- ?,(T)} } X, — e2“2“—2X +o2e?mX = 0. (B.10)
T T T

If we furtherdefineX = ge "0, wherey, is the value of the metric function v at the center
it canbe easily verified that the non-singularexpansionof the solutionto this second-order
differentialequationgcloseto r = 0, is:

X = 2 4 F0r£+4, (B.11)

where:

Fozm{(uz) [%3_160—130] —22}. (B.12)




108 AppendixB. Asymptoticconditionsfor the perturbatiorequationsandintegrationmethod

B.3 Asymptotic expansionsat infinity of the Zerilli and Regge-
Wheeler functions

The asymptoticexpansionsof the Zerilli function satisfyinga purely-outgoingwvave condition
atradialinfinity (r — oo) is:

: b
Zpol(r —5 00) ~ €M [1 + @ + _2] (B.13)
T T

where
_i(n+1)

e _ (n® + n? + 3inwM + 6iwM)
w B 2nw?

7

while for the Regge-Wheelefunctionwe have
. a b
Z%(r — 00) ~ ™" [1 + -+ —2] (B.14)
r T

where
a=' ’ b:_(n2+n+3in)
w 2w?

B.4 Asymptotic expansionsat the horizon of the Zerilli and
Regge-Wheelefunctions

The asymptoticexpansionsof the Zerilli function satisfyinga purely ingoing wave condition
closeto the horizonof a Schwarzschildblackhole (r — 2M) is:

7P (r — 2M) ~ e [1+ a(r — 2M) + b(r — 2M)?] (B.15)

where

i(4n? + 4n + 3)
2M (8nwM + 12wM + 2in + 3i)’
b = —(4n* +8n® + 13n® + 3n + 16iwMn® + 28iwMn? + 48iwMn + 2TiwM)
X [AM?(32w”M°n® + 24iwMn® + 96w* M’n + T2iwMn+
+ 5diwM + T2 M? — 4n? — 12— 9)] "

For the Regge-Wheelefunctionthe correspondingxpansionis
Z%(r — 2M) ~ e ™™ [1+a(r — 2M) + b(r — 2M)?| (B.16)
with

i(2n —1) _ n?—n+144dinwM — 5iwM
2M (i + dwM)’  AM2(8w2M? + 6iwM — 1)

a =
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B.5 Gauss-Legende methodfor the integrations

The key ideabehindGaussiamquadrature$70] is to approximatethe integral of a function by
a sumof its functional values(at suitably chosen not necessarilyequally spacedabscissas),
multiplied by weighting coeficients chosento increasethe order of the integrationformula.
The methodis particularlygoodfor polynomials,and,in particular giventhe weightfunction
W (x), we canfind asetof weightsw,; andof abscissas; suchthatthe approximation

[ W)z =Y w(a) (B.17)

is exactif f(z) isapolynomial.Givenaweightfunction¥V(z), onecandefineascalarproduct
of two functionsf andg overtheweightfunction ' as:

(flg) = / W () (2)g(x)dz. (B.18)

anddefinein the usualway the notionsof orthonormalityandorthogonalityof functions.Then
one canfind a setof orthogonalpolynomialsp;(z) that includesexactly one polynomial of
orderj for eachj, andall of which are mutually orthogonal. The fundamentatheoremof
Gaussiamuadraturestatesthat the abscissa®f the N—point Gaussiamuadratureformula
with weighting function W (z) in the interval (a,b) are preciselythe rootsof py(z) for the
sameintegral andweightingfunction. So,givenaweightingfunction,onecan:

e Generateghe orthogonalpolynomials,
e Findtheirroots,whicharetheascissas;

e Computetheassociateaveights,e.g. by theformula

o (pnv_1lpn-1)
T poa ()Pl (25) (B.19)

A simpleandusefulcaseof “classical”orthogonapolynomialsis givenby the Gauss-Lgendre
polynomialsassociatedio a constantveightfunction:

Wx)y=1, -l1<z<l1
andobtainabldrom therecursionrelations
(j+ 1P = (2§ + 1)aPj — jP;_y. (B.20)

Theweightsaregiven,in this case py

2
(1 —a3) [Py ()"

A routinethat scalesthe rangeof integrationfrom (a, b) to (-1, 1), andprovidesascissas:,
andweightsw; for theintegrationformula(B.17)is providedin [70]. Thisis theroutinewe use
in the program but sincewe needto changetherangeof integrationmary times,we scale“by

(B.21)

’U)j:
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hand”the abscissaandthe weightsfrom the “standard’onesto the oneswe need,denotedby
abar, usingtherelations:

b—a b+a B b—a

9 T T WiT T
We usuallyuse N = 20 pointsfor the integrations,but if high-orderharmonics(; = 10)
contribute significantlyto the sumwe sometimesieedto increasehis value(upto N ~ 100)
to achieve betteraccurag.

w;. (B.22)




Appendix C

Solution of the equationsin the Zerilli
approach

C.1 The polar case

C.1.1 Derivation of the polar sourceterm in the generalcase

Thepolarpartof the perturbedmetric,in Chandrasekhdferrarigaugejs written as

22 NYy, 0 0 0
pol 0 —2€2¢H11 0 —TQVXgm
hém - 0 0 —262“2.[/}/@”1 0 ) (Cl)
0 —7"2VXgm 0 —262“3H33
where
1 02 0
H,=\|TY), +V | ———=— td— | Yom| ,
" [ m (sin2198g02 Teo 619) ‘ }
62
Hss = |TY,, o5 Yem|
33 [ tm + V8192 ¢ ]
andfurthermore
e = r?sin? 9 , e = p?
Theline elementcanbe expresseds
ds’> = e*[1 +2NYpe “dt*> — e*2[1 + 2LYppe” " dr? (C.2)
7"2{1 + Q[Tng + VY'grn,ﬁqgtifiwt}d192
2
— r?sin® 9{1 + 2[TYem + V (Vim0 cot 9 — _m—wi/}gm)]e’w}d(pQ
Sin

— 4imr®*V Y9 — cot IYyle “tdddy

Denotingby (0 1 2 3) the variables(t r ¥ ¢) andusingMaple we getthe perturbedEinstein
equationsThecomponentsve areinterestedn are:
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5R03 = —iwnm,ﬂ {V —-T— L}

[43] B
) d 1 2
5R02 = ZWngm — 4+ =V, [2T — E(f + 1)V] — L
dr r ’ T
[44] vrB

1 1
0Rg3 = _}/Km,'é‘ {(T -V+ N),r - (; - V,r) N — (; + V,r) L}

[45] mTB
2 1
6Goy = Yo {;N,T + (F + y,) 2T —¢(t+1)V], —L(£+1)

€

—2v
_ Zne T +w?e™™[2T — (L +1)V] — 2 (1 + 2V7,,> L}
r

r2 r
[49] a1
in 29
SRy = _sin

6—21/

1
Yvﬂm,ﬂ {T2€2V |:V:rr +2 (; + V,r) V:r +

+ {3 Y +{...} Yomsin®9d
[51]MTB

r2

wherewe have indicatedin squareparenthesetherelevantequationsn MTB.

—2v

r2

(C.3)
(C.4)

(C.5)

(C.6)
(N+1L)+ w264”V} }

(C.7)

The component®f the stress—engly tensorthatwe needcanbe obtainedby inspectionof

the polarsphericaharmonics:

1
Toy = Ty = EA&,{YM

T22 = Trr = Aﬁmnm

_ _ i (0)
Tos = Typ = BOy,
03 9 2+ 1) om L tm,d
Tos =T, N By, Y,
23 rd 26(6 1) tm L 9
Ty =T _ G om Sin® 9Ypy, — Fm W,
11 1% \/5 m m \/f(ﬁ 1)(£_ 1)(£ 2) Im
T33 = Tyy = r GomYom + tm W
33 99 \/§ tm L tm \/é(f 1)(£—1)(£ 2) Im

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)

(C.13)
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TheperturbecEinsteinequationsare:

1
0G,, = 8w (Tuv - §g,wT> <0G, = 81T, (C.14)
sothat(remembethatthe unperturbednetricis diagonal!):
(SROQ = 87TT02 (C15)
5R03 = 87TT03 (C16)
6R23 = 87TT23 (Cl?)
(SGQQ = 87TT22 (C18)
Ontheotherhand:
1
6R11 = 8m (Tll - 5911T> = (Clg)

2
= A4r [Tll - sin2 19T33:|

1
= 8w [Tn — —g11 (¢%To + 9" Ti1 + ¢ Toe + ¢ T33) | =

Now, we canuselLegendres equatiorto eliminatethe secondlerivative with respecto ¥ in the
definitionof W, andwrite

2 2
Wem = —2 cot Yo, + [ e+ 1)} Yim (C.20)
sin” 9
ThismeanghatbothT;; andT3; canbewritten as
Ty =T +{.. . }Yem, Ts3=Ts3+{...}Yem (C.21)
wherewe have denotedby abarthe Yy, y)—dependenpart,and7;; = — sin® 9733.
Hencewe have
TQFgm

SRy1 = 87 8in 20Ypm o Yim (C.22)

_|_
V20 +1)(€=1)(€+2)
andthe equationsve have to manipulateare:

d 1 2 gr ALY
Z 2T — W= 2L = = bm 2
(dr +o u,r) [ (e+1)V] ~L =54 T (C.23)
8rrBY
T+L-V=8p=—+tm_ C.24
BT 20+ 1) (C.29)
1 1
(T-V+N),— (——y,r> N — <—+u,r> L= (C.25)
T T
— SB = _%
V200 + 1)
2 1 e
;N,T Rl P 2T -+ 1)V], —£(£+1) 3 N (C.26)

2ne~

2

r

2 (1
T+ w?e 2T — Ll +1)V] - = (— + 21/,T) L=S,4=87Au,
r\r
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6721/

(N+ L)+ w?e ™V =

1
‘/:rr+2<_+l/,'r> ‘/,r+ 2
T r
1677 Fyp,

= Sp= (r—2M)\ 20+ D) (e 1) +2)

(C.27)

Now we manipulatethe equationsfollowing the proceduredescribedn [14], to getthe

Zerilli equationwith source Firstof all, we define
X=nV
andobtainT from (C.23):
T =S, —L+V.
Thisimpliesalsothat
9T — (L +1)V = 2(Sp, — L — X).
Substitutingn (C.23)we get

2 X 1 1
(X+L),=— (— — u,T) (L+ X) + P 58,41 + Spyr + (— — u,r) SB,

r r

which, substitutedn (C.27),gives
N,=aN +bL+cX +d

where
n+1
CLZ?‘—QM
b:—l— n__ M N M? N wrd
ror—2M r(r—2M) r(r—2M)% (r—2M)?
1 1 M? wrd

c=——

F T oM T —2M2 | (r—2M)
1
d= gSA — (1+7v,)55,

—2v

1
i [(‘ - ”w) (L4 710,) + 7 = “"26_4u] S50
T T

Now, eq. (C.26)implies

T

1 1
(N-L), = (— — z/,T> N+ (; + I/,T> L+ S — Spys

andhence
nr+ 3M
X, = (X+1L), N-L),—- N, =——N
) ( + );+( ); ) T,(T,_QM)
M2 2.4 M 1
twir n _ (X+1)— n -+
r(r—2M)? r—-2M r(r—2M) r—2M

—2v

(C.28)

(C.29)

(C.30)

(C.31)

(C.32)

(C.33)

(C.34)

(C.35)

(C.36)

(C.37)

T M 1 ne 9 _ay
+ { QSA+2(T—2M)SA1+SB |:T‘l/,r<r l/,r>+ " rwe }SBO}
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At this pointwe candefinethe Zerilli function
2

. N
Z=rV - e (X + L) (C.38)

andcomputethe secondderivative of Z with respecto r,. We useeq. (C.27)to eliminateV/,,
andequationsq. (C.30)andeq. (C.37); aftera ratherlengthycalculation,definingthe Zerilli
potential

2(r —2M)

(+) — 2 1 3 M 2,2 MQ M3 .
1% i(nr 7 3M)? [n*(n+ 1)r® + 3Mn*r® + 9M*nr + 9M?] (C.39)
we obtain
2
Zpr = [?=VO | ———(X+1L)- = 4
3T 5 T [w V :| nr + 3M( + ) TV + S (C 0)
= [V(+) -w’]Z+S
wherethe sourceis
M(r —2M)[(n + 3)r — 3M] (r—2M)?
S = S ———— S, C.41
r(nr + 3M)? Mt 2(nr + 3M) 74 + ( )
(r—2M)? (r—2M)? (nr? + 9Mr — 12M?)(r — 2M)

A — SBO rr SBO T +
2(nr +3M) nr+3M 77 r(nr + 3M)? ’
r—2M [(n+1)(nr—3M) w?r3 g _

r (nr +3M)? (r —2M)(nr 4+ 3M)] ~%°
(r —2M)? (r —2M)?
r(nr+3M)SB+ r Sr

Puttingbackthe definitionsof the sourcetermsandthe (¢, m) dependencwe finally have:
M(r —2M)[(n+3)r —3M] 81 1y  (r—2M)*> 8r AW

Sy = C.42
¢ r(nr + 3M)? wy/2 ™ 2(nr +3M) w2 T o )
(r—2M)? gr A (r—2M)? 8w
7 8rA,,
2(nr +3M) ¢ +3M1/2M+1
B 167(r — 2M) B r(r —2M)? 8 BO
V22U + D)= 1) +2) nr+3M /2000 + 1) B
(= 2M)(3nr* +15Mr — AMnr — 24M?) & 5O
(nr + 3M)? w2000+ 1) ™"
{ (r =2M)(n*r® = 3Mnr — 12Mr +12M?)  w*® } 8 BO
r(nr+ 3M)? nr+3M | w\/2000 +1) tm

C.1.2 Specializationof the polar sourceterm to the circular case

Let uslist thetensorharmoniccomponent®f the stressenegy tensorof a particlemoving in a
generabrbit aroundthe star If we write the polarpartof the expansionin the form:

m Em

TPOl - Z [A(O) + Aémaém + Afma£m+

m

+B b(o) + Bimbem + Gemem + Fimfom | (C.43)
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thecomponent®f the stress-engy tensor

mgy d1 dz* dz

THY — oo _ (2) 0O—-0 44
T )~ R0)IP @ - 9), (C.44)
have thefollowing expressions:
modT _,, (dR\> \
A@m = F%e 4 (E) 6(7‘ —_ R(t))}/ém |(@(t),<I>(t)) (C45)
V2mg dT dR .
A =i g g O~ B() Yo |©),2() (C.46)
dr 1 dR ay;,
Bom = QW(K)WOEW%MT — R(t)) 7t |(o(),0() (C.47)
0 _ . ar1— 24 dyy,
Bénz = 12n(£)m0$ ; (5(’/‘ — R(t)) di ‘(@(t),@(t)) (C.48)
dT dOdd .,
Fy,, = 2m(£)m0E5(r — R(t)) {E%th |(@(t),<p(t))
1| /do\* . do\?| . .
5 [(E) — Sln219 (E) Wﬂm ‘(@(t),@(t)) } (C49)

Noticethat,in computingA% anngQ, we have takeninto accountthe minussigndueto
thedifferentnormalizationof the harmonics.

We will only usethe Zerilli formalismasa checkfor the more generalcalculationof the
wavesemittedby particlesin closedorbits, which will be performedusingthe BPT approach.
So,in thefollowing, we explicitly computethe coeficientsappearingn formula(C.42)only in
the simplecaseof circularorbits (r = R, =const). In this casethe geodesiequationg1.58)
become:

|
Ry

dg L, L, dt oM\ dr
dr — r? R} dr ’

andtheparticle’s enegy andangularmomentumaregivenby:

oM 3M\ 2
5= (1-20) (1-2) csy

| MR,
L, = (|——2 52
: 1—3M/R, (C.52)
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Hencethe only non-zerofunctionsappearingn the source(2.37) areBéo) and Fy,,. Without
lossof generalitywe consideorbitsontheequatoriaplane(©(t) = 7 /2, 42 = 0) andcompute
the Fouriertransformof the stress-engy tensorcoeficients.

For anequatorialorbit, sincep = mwyt, wherew, = 1/ M/R3 is the keplerianfrequeng,
we canwrite

'dt

Yo |m2,0(0) = Otm(m/2)e ™, (C.53)
sowe have:
dYy, ) .
di |(7r/2,<1>(t)) = —imwi Yy, ‘(W/Q,Q(t)) . (C.54)

Now, eg. (C.48)yields:

2 dT 1—=2 dyYy
BY = 75 — R(t)) =42 |, C.55
o W) ™ar oy (r— R(t)) ot X0 (C.55)
. 2 my 1-24 .
= 1 " 5(r — Ry)(—imw)Y,: |ix =
E(ﬁ ¥ 1) /—1 — 3M/R0 r ( 0)( k) tm |( /2,9(t))
2 mmoWy —2M

= " §(r — Ro)Opm(m/2)e M,

+1)/1=3MJ/R, T

Usingtherelation

+o0
/ WMt dt — 9 (w — muwy), (C.56)

o0

we find:

\/: \7% — iM/T@Zm(W/Q)(S(T — Ro)5(w—muwy),  (C57)

wherew, = v/ M/ R3.
For Fy,, we proceedin the sameway. We just needto notethatthe angulardependence,
since% = 0 andO(t) = n/2 (we areonthe equatorialplane!)canbewritten in this way:

sin? ¥ [ d® 0? 3, 1 027,
-1 (@ W‘“Waﬁ 29 92 | Yon ( lmrzoey =

1 /do\’
= - {5 <g> Yorm.00 — Yem,w]} /2,20 - (C.58)
wherewe have usedthe definitionof W,,,. Sincethe Legendreequationmplies:
Vo990 + Yo ool |r/2.00) = =€+ 1Y |nj2,00 (C.59)

1As usualthe Fouriertransformsaredefinedas

(0) (0) eiwt _ 1 e iwt
Blm 271' B dt, Fgm(w) = — Fgm(t) e'™“tdt.

2m J_
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we obtain:
Yoo = Yompe] [0y = [2m” — L0+ 1)] Vi, | /2,00 - (C.60)
Now we canproceedasbefore.Substitutingthe geodesiequationsn (C.49)yields

B = mo [£(£ 4+ 1) — 2m?] M/R}
T V2= D)+ 1) (0 +2) /1 - 3M/R,
Thus,the Fouriertransformof Fy,, is:
_ m[L(f+ 1) — 2m?] M/R}
V200 —1)0(+1)(¢ +2) \/1 _ 3M
Ro

Noticethatthefunction©,,, asdefinedn AppendixG, is relatedto thesphericaharmonics
by:

(5(7‘ - RO)YZn ‘(ﬁ/g,q,(t)) . (C61)

Fgm(w)

Oum(m/2)6(r — Ry)d(w — mwy) (C.62)

Yim(®, ¢) = Opm (9)&™ (C.63)

while the associatedlegendrefunction P, is relatedto the sphericaharmonicsby:

Yinl0: ) = (_1)m\/(%4;(1e)f n_l)fn)!ﬁem(cos 9)eime (C.64)

Sincein our calculationson extrasolarplanetarysystemswe consideronly the excitation of
polar modesby a particlein circular orbit, andthe enegy outputin / = 2, m = 0 canbe
ignored,for symmetryreasonsve canconsideronly termswith £ = m = 2. Since:

Pyy(cosd) = 3(1 — cos? ) (C.65)

theonly angularfunctionthatwe needto computes:

Og(m/2) = 1/ 471_5- m -3 = \/312—5# (C.66)

C.1.3 Solution for circular orbits in the polar case

Let us now turn to the task of solving the Zerilli equationwith source(2.36). Sincewe are
interestedn the emissionof gravitational waves,we wanta solutionto the equationsatisfying
both a matding condition at the borderof the starand a purely-outgoingwave condition at
infinity.

This generalsolutioncanbe obtainedby the Greens functionsmethod. The valuesof the
Zerilli functionandits first derivative at the surfaceof the star(r = R) canbe obtainedfrom
formula (2.35)integratingthe systemof equationg?2.27)-(2.30)from the centerto the surface
of the star The asymptoticexpansionaisedto starttheintegrationat the centerof the star and
adiscussioron the methodusedto superimposéwo linearly independensolutionsto obtaina
physicalsolutionsatisfyingthe conditionthatthelagrangiarpressurezanishesatr = R, canbe
foundin AppendixB. Let zg,j be a solutionsatisfyingthe “matching” conditions(2.35),and

let Zéf,z be a solutionsatisfyingthe purely-outgoingvave conditionat radialinfinity,

ZP(r = 00) ~ el (C.67)

m
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Z1 will be,asymptoticallya superpositiorof purelyingoingandpurely outgoingwaves:
Zgrz ~ Azxfeiwr* +AZLne_iw“ (C68)

Thegeneralolutioncanbewritten in termsof Zgrf andZéﬁi as:

1 T T
Zem = {Zéf,f /R zZMsdr, — 7Y / Zéf,zSdr*} (C.69)
whereW,,, is thewronskiandefinedas
W = (20028, — Z0)243),.) = 2w AR, (C.70)

(The last equality can be obtainedevaluatingW, which of courseis a constant,in the limit
r — 00). Fromthegeneraform of the solutionwe canfind theamplitudeof the Zerilli function
atinfinity: thatis, if we write theasymptotidorm of thegeneralkolutionas

Zpm (1 — 00) ~ f,’ffei“’”, (C.71)
then
1 o0
Zout — : zWs, 4 C.72
T 2w AR /R tm 2t T (C.72)

Insertingformulas(C.57)and(C.62)in equation(2.37)we canwrite thesourcefor aparticle
in circularorbit as:

Sem = A (r)3(r — Ro) + B (1)0' (r — Ro) + Cun (r)6" (r — Ro) (C.73)

Takinginto accountthe factthatdr = (1 — 2M/r)dr, andusingformula (C.73),we can
write theintegral appearingn formula (C.72)in this form:

Tt = / ZMsdr, = (C.74)
R
B /°° 7 [Apn (1)6(r — Ry) + B (1) (r — Ro) + Copn (1)6" (1 — Ro)]d _
= o r =
R 1—-2M/r

/: i [ At (r)3(r = Ro) + By (r)8(r — Ro) + Cyy ()" (r — Ro)] dr =

= [Zi)Ab — (Z3)Bi) + (Z5) Ca)'] =
= ZO(Ry)[A}(Ro) — Bl (Ro) + C3,(Ry)]
+ ZD " (Ro)[~Bji(Ro) + 2C558(Ro)] + Z52 " (Ro) Cin(Ro)

Herewe have definedAj,,, B;,, andCy,, asthecorrespondindgunctionswithoutastar divided

tm?

by (1 — 2M/r); thelastequalityfollows from thewell known propertiesof the -function:
[ t@# @ = 1@
[ 1@ @ = 1)

At this point, the outgoingwave amplitudeat infinity, Zg“, is expressedn termsof known

m

functions. We have computedthe functions A}, (r), By, (r), B.(r) andtheir derivativeswith
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the help of a Maple code,ABC (seeAppendixH), andthensimplifiedthe resultby hand.The
resultis:

Zimt = 47O (1/2) | ZED (Ro)Co(Ro) + Z1) ' (Ro)C1(Ro) + Z " (Ro)Ca(Ro) | (C.75)

m

where
_ 8M[(r —4AM)(L+2)(€* = 1) = 6M (£ + £+ 1)]

L+ 1)(2nr +6M)34/1 —3M/r
_ ar(1 —2M/r)
Al = 0+ 1)(2nr + 6M)+/1 = 3M]/r (©77)
Co(r) = 41— 2M/r) (C.78)

L+ 1)2nr +6M)\/1 —3M/r

Co(r) = A*(r) (C.76)

and

2
TR (P 1 £ —2) 4 6MPE(E+ 1)(E— 1)(C+ 2)\/1-3M/r |
[9MEPr® — 30°r® + 0473 — 46r® — T2m? M® + 36 M3¢* + 36¢M°
303 — 16 Mr? — MO r? + 160M7r? + 16rM? — 13¢5 + 6 Mr20* +
32M20r — 12m* M*rf — 12m> M?r0* — 406r M? +
+  24rm®M? + 16r M>0* — 24r MP0> — 1TM 1?0 + 3Mr*(°]

A*(r) (C.79)

+ + X

Notice thatthe integral (C.75) containsa factor©,,,(w/2), andsoit is zero(when/ = 2) for
m = +1. Thisis a specialcaseof a selectionrule thatcanbe showvn to hold in general(see
sectiond.1for aproof): only when (¢ 4+ m) is eventhereis a contributionto the polarradiation
emittedby the system.

Now thatwe have the expressionfor the integral, the only missingpieceto getthe wave
amplitudeat infinity (C.72)is the wronskian.Being constantthe wronskiancanbe evaluated
from the numericalsolutionsZ", 7{? andtheir derivativesat ary valu€e’ of theradialvariable

m? “Im

r, usingthe definition (C.70).

2For example,one possibility is to evaluatethe wronskianat a large value of . Writing the real part of the
asymptotigpurewave) solutionto the Zerilli equationin termsof trigonometricfunctions,

Zgrz ~ acos(wry) + Bsin(wry),

then|4ir, | = (o + 82)'/2/2, and
[Wen| = w(a® + 87!/

Herea and g arefunctionsof w (andalsofunctionsof (¢, m), althoughwe have not explicitly indicatedthis
dependencdp bedeterminedy matchingtheintegratedsolutionwith theasymptotichehaiour of Z,,,, for large
r, whichis givenin AppendixB.3, formula(B.13). Thereal partof the expansionis givenby:

_n+1 B8 1

2 1
—— [n(n-l—l)a—SMw (1+—) ﬂ] _‘2+...}coswr* (C.80)
w r 2w n r

Zom — {a

1 1 2 1
— {ﬂ+n: %_ﬁ [n(n+1),8+3Mw (l—l—ﬁ) a] r—z—l-...}sinwr*.

We noteincidentallythatthe asymptoticbehaiour (C.80)is slightly differentfrom the onegivenin theliterature
(e.g.in [16], [52]), becauseéhetermof orderr—2 containsafactor3Mw (1 + 2) insteadof 2 Mw (1 + 2). We
have checledthis resultby explicit substitutionof a genericexpansionin powersof »—! in the Zerilli equation,
andalsocheckingthatit canbe obtainedirom therecursiorrelationsgivenin [15].
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C.2 The axial case

C.2.1 Derivation of the sourceterm in the axial case

Theaxial partof the perturbednetriccanbe written as

(2) (%) (r) @)
0 ho sin 92 0 —hos5 agg;»
he2 = | hosin g2 0 hy sin 9 2m 0 : (C.82)
0 h sin ﬁay"m 0 —hy Sirll 5 8};:;”
\ h() s1r11 9 Oy 0 _hl 3111119 Ay 0 )
TherelevantEinsteinequationsve obtainfrom this metricare
1 o, [ 2n .
(SGW = —56 hl h() + h() + —6 h Sin ﬁnm,g, (C83)
1 2M 2M oM\ .
Theaxial partof the stress-engy tensor(C.44)canbe expandeds
T Z(Qﬁm Cem + Qémcém + Démdém) (C85)
m

We only needto computetwo component®f the perturbedstress-engy tensor:
i
T,, = ————Qu, sint Yy, 9, C.86
) 2@(( n 1) Qe m, ( )
T,, = — i Dy sind W, (C.87)
° V2ll+ -1 +2) " o '

Theexpansionn tensorsphericaharmonicsllows usto throw outtheangulardependence
in thetwo perturbecEinsteinequationswith source:

0G, = 8115,
1 2 . . 2 . 2n 87TZT
——e 2k —hy 4+ “hy+ PRy p = Qm
2° { 1ot DRt pe 1} Q)
5Gq9<p=87TT19(p

—1 . -9
_1 (1 _ %) hll + %}h _ <1 _ ﬂ) ho p = — Smar Dy,,.
2 r 72 r V2 +1) (0 —1)(¢+2)

Integratingthe equationave canfind « andg by the asymptotianatchingof equation(C.80)with the numerical
solution. Oncea and 8 areknown, we canevaluatethe absolutevalue of the amplitudeof the solutionat radial
infinity:

|Zznt| _ |Zznt|

Wem| ~ (a1 52172 (c.81)

|Z0ut
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We canwrite theseequationsas

. .. 2. IneV
By — B + Zho + o —hy = A, (C.88)
T T
2M .
€2Uh,1 + ?hl - 6_2uh0 = B, (C89)
where
16mi
A= 20M owg, (C.90)
V20(0+ 1)
1673
B= ot 2Dy (C.91)
V2004 1) (€ —1)(€ +2)
Fromeq.(2.12)we get
i 2M 2v
ho = e b, + rf hi — ¢ B (C.92)
and
X 6M 2v 2IM 2v
he = e Rl + T—:h’l + (%) hy — (ez”B)’T; (C.93)

)

by replacingeq. (C.92)and(C.93)in eg. (C.88),anddefiningthe Regge-Wheelefunction
hy = re 7z, (C.94)

aftersomestraightforvardalgebraiomanipulationwe find

- d2zaz 621/ -
22,/ 2 2v 2v
=" |A+=e¢*B— (Be”) |. (C.95)
T T T

Substitutingthe definitionsof A and B andtaking the Fourier transformon both sidesfinally
yields

% +[w? = V25 = Sin, (C.96)
wherethe potential
621/
Vor = = [(L+1)r — 6M] (C.97)
and
St = V20l — 1?&: D+ 2) % [72 (¢ Dem) , = ‘/mmb@m} (C.98)
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C.2.2 Specializationof the axial sourceterm to the circular case

Thecoeficientsappearingn formulas(C.87)and(C.87)aregivenin thegenerakaseby

2n(f)  _,,dR d® Yo"
Qum = ——moe d—&( ()){Esm@() |©),2()
1 oY |
sinO(t) 0 ’

Dpy = z'm(z)mod—Ta(r — R(t)) 6D(Q - Q1)) x

dr
X;, d® do\? de\ (dd
(2 o (52 - (2] im0 (22) ()

Theonly non-zercsourcetermfor a particlein acircular, equatorialborbit is

X

2mom dT’ do\ 2
D = —o(r — — ) Y, = .
T A D)=L +2) dr or ~ R(t)) ( dt ) b /2000 (C.99)
2mom MR, r—2M

= 8(r — Ro)Yeen |
V220U +1)( - 1)t +2) \/1 3M (1 _ 2 el i /2.0
0

Proceedingswe did for the polarterms,we find thatits Fouriertransformis givenby

Dem(w) 200 fmz?m (0 +2 ?I\{[RO e _TSM X (C.100)
VR DE=DE+2) fr - - 2
X 0(r — Rp)o(w — mwg)Opm,s(m/2).
If we only considertermswith ¢ = 2,
. 151
Y21(0, ¢) = Oa1 () = — 372 = sin(20)e’* (C.101)
sothat
15
Oa1,9(F) = —4/ o cos(219) (C.102)
and
15
@21’19(71'/2) = —_—. (C103)

8
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C.2.3 Solution of the equationsin the axial case

The solution of the axial equationcan be found following exactly the sameprocedureasin
the polar case. For circular orbits we plug in the source(C.98) the expressionfor the Fourier
transformof the only nonzerocoeficient (C.100),andthensolve the equationby the Greens
functiontechnique.This proceduregyieldsthefollowing expressiorfor theintegralappearingn
thewave amplitudeatinfinity:

Zgi = 471'®ng19(71'/2) [Z(l ax(RO)CO(RO) + Zé},z,am ,(R())Cl(Ro) (C104)
where
_ AmM (r — 2M)
Golr) = r(0+ 1) (0 — 1) (£ +2)\/1 — 3M/r (C.105)
Ci(r) = rCy(r) (C.106)

Now, insteadof afactor©,, (7 /2), theintegral (C.104)contains,, » (7/2), soit is zero(when
¢ = 2) form = 0,+2. Thisis againa specialcaseof the selectionrule thatholdsin general
(seesectiond.1): only when (¢ + m) is oddthereis a contribution to the axial radiationemitted
by the system.

C.3 Power and amplitude of the waves

In this sectionwe shall computethe power and amplitudeof the waves emittedby a binary
systemaccordingto our perturbatve formalism, and shav how to compareresultswith the
predictionsof the quadrupoldormalism. We have computedhe gravitational-wave amplitude
for circular orbits usingthe quadrupoleapproximationin chapterl. Using geometrizedinits,
ourresult(1.53)canberewritten as:

ho = \/5\/@(”)) (A2 = (C.107)

= f\/ dQ [|hy (2wi)[” + |hx (2w) ] :\/1_5?( wiRy)?

In AppendixE we shav thattheamplitudeof themetricperturbationstradialinfinity is related
to the outgoingwave amplitudesof the Zerilli andRegge-Wheelefunctionsby

TWT

(&

hﬁm uv —

V22 + D) (0= 1) (£ +2) {w@m o+ Z7(w) fom W} .(C.108)

It turnsoutthatmostof theradiationis emittedin the polarpartof thewave, sothatwe can
limit oursehesto considerthe polarpartof theamplitude,

'LUJ’/‘*

ho(w) + ihy(w) = —Z\/e—1 e+1)(z+2) Z8 Y = (C.109)

lw’l‘*

= —22\/ n+1 g#f 2}/gm,
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where, Yy, is the s = 2 spin-weightedsphericalharmonic(seeAppendixG). Remembering
the orthonormalityrelationfor the spin-weightedsphericaharmonicsit follows that

%/dﬁ [[he? + [h|?] = [QWT;_TW“} > 7

m

(C.110)

If we consideronly the/ = 2 partof the metric perturbationwe candefinethe “relativistic”
amplitudeof gravitationalwavesat radialinfinity, computedn the perturbatve approachas:

(n +1)myg \Zggt zwk)\

3rr

d(w — muwy).

Herewe havedefined Zgy!| = ‘Zggt‘ /mg and,in summingoverm, we have usedthesymmetry

property| Zgyt| = | Zg™,|. We have alsoignoredthe (small)¢ = 2, m = 0 componenbf the
radiation.

To comparehe perturbatve approactwith the quadrupoleapproximatiorwe will compute
theratio

he _ /Bn(n+1) | Zgy'(w)]
ho NG R (C.112)

wherew = 2wy, is thegravitational-weve frequeng. In thisratio, k¢ takesinto accounbonly the
orbital motion, while hy is duebothto the orbital motion andto the gravitational emissionof
thestar

A consisteng check:of coursewe would have obtainedthe sameratio (C.112)if we com-
pared,insteadof the characteristi@amplitudesthe moduli of the factorsappearingn front of
the spin-weightedsphericaharmonicsn formulas(1.56)and(C.109).

From the gravitational-wave amplitude(C.109)we can also computethe enepgy radiated
perunit frequeng andunit solid angle.Accordingto formula(1.39)we have:

2,.2
(d?ﬁw) - & {14 (@, 7,9, 9)[° + [ (w, 7,9, 9)['} = (C.113)

TL + 1 *
= > ZpHw) Zg " (w)aYem oY

tmel'm’

Integratingoverthesolidangle andusingthenormalizatiorrelationfor spin-weightedpherical
harmonics

/ A Yo oYy = 1, (C.114)
we get:

dE w?n(n +1) aut ()2 WAl — 1)L+ 1)(L+2) out

%2272 Zgiw) P =3"" < |Z w)|*. (C.115)

Im m
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FromequationgC.57),(C.62)and(C.72),we deducehat
Z0% = §(w — muwy) 254 (C.116)

whereZg;;f is justacomplex number Hence:

dE Z 2(0—1)¢ €+1)(£+2 ‘out ‘ (C.117)

The squaredieltais not troublesomeo dealwith. In practice we alwayscomputean average
over mary periodsof theenegy emissiorrate:

- . FE .1 dE
Baw = Jim 7= TIE{;T [ a5 = (C.118)
_ / Z f—l €+1 (£+2) ‘Zout y
o
li 2 " 52
x Jim o (w — muwy).
But thelimit appearingn thelastequationis just (seee.g.,[80])
. 2T,
lim —0%(w — mwg) = 0(w — mwg) (C.119)
T—oo T

andwe get,for this averageemissionrate:

Fo = 3 EZDACHD(ExD) ‘zout

A2
167 (C.120)

Im

If we limit to circular orbits andrestrictthe computationto ¢/ = 2, since(ignoring the small

contritution from m = 0) only termswith m = =2 contritute,and | Z3¥!| = | Zg“,|, equation
(C.120)reduceso:

. 1202 |~ .12 3w? 2

Blgp = % | Zgy| = = 7|, (C.121)

wherewgw = 2wy Is the gravitationalwave emissionfrequeng.



Appendix D

The sourceterm in the BPT approach

In this Appendixwe discusghe procedurdo find thewave amplitudeA,, (w), thatwe know to
begivenby eq.(4.12):

An(@) =~ [ W) Tam 1) 0.1)

tm\W) = ng(w) £, AQ m w,r m\W, T ). .

We shallassumehatthe pointlike massm, which excitesthe perturbation®f the starfollows
a geodesimf the unperturbedspacetimeon the equatorialplane,with enegy E andangular
momentumL,. We wrote down the geodesicequationg1.58) whenwe describedhe semi-
relatvistic quadrupoleapproachandtherewe shaved that closedorbits are periodicin the
radial coordinateandquasi-periodian the p-coordinatej.e.

r(t+ At) = r(t) (D.2)
o(t + At) = p(t) + Ap.
Thesourcetermof the BPT equation(4.1) is

5
r
Tom(w,m) = =2v/n(n+ 1)r* Tuymym (W, ) — QﬁAA+ZT(n)(m)em(wa r) (D.3)
A 7S
— ZA+ZA+TT(m)(m)gm(w, 7’) y
andcanbefoundasfollows. The stress-engy tensorof the orbiting mass

i drmgy dz* dz¥

& 5(t - tk(r))d(Q) (Q - Qk(r)), (D.4)

o=y 2022
r2ly| dr dr

wheret,(r), Q(r) arethe time andangularpositionof the masson the £—th semi-orbit,is
projectedontothe Newman-Penrostetrad, (1, n, m, m), to find its tetradcomponentd ;) =
T e@)ue (g

1Explicitly, thetetradlegsaregivenby

l, = (1,—Z,0,0),

Ny = %(%51’0a0)a
m, = %(0,0, —r, —irsin),
m, = %(0,0, —r,irsind).

127
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Thisyields

—+00

4
T(p )q) = Z Z WT;LO

e=%1 k=

dz* dz¥ . .
(Zeon) () - 052 @ - 050)), ©5)
wherethe only expressionsn parenthesese needto computeare

di'un — A ﬁ_ﬁ.ﬁﬁ —A’YU ﬁ_ﬁ.ﬁﬁ —A/YO- @_ﬁ.dr*
dr " 2r2\dr  Adr) 22 \dr Adr) 2r2 \dr dr

n
LA (@_isinﬁd_@). (D.6)

dr

Thetetradcomponent®f the stress-engy tensorare subsequentlglecomposedsingthe
spin-weightedsphericaharmonics Sy, (6, ¢), andFourierexpandedasfollows

1 W *
T(p)(q)gm (w, T) = % / dtdQe™? SSZm (Q) T(p)(q) (t, T, Q), (D.7)

wheres = —-2,—-1,0 for T(m)(m), T(n)(m), T(n)(n) respect'vely.
As aresultof this procedurewe will show that:

e In thecircularcase,
Tom (w,r) = d(w — mwi)To om (W, 7) - (D.8)

wherewy, is thekeplerianfrequeng for the circularmotion;

e In theeccentriccase,

+00
Tom(w,r) = 2 Z 0 (w = wmj) To pm(w, ). (D.9)

]_*OO
wherethefrequencies

_ 2mj+mAep

Wmj = A7 = jQ, + mQy,, (D.10)
werealreadydefined in eq.(1.81).

Considerfor examplethe eccentriccase(analogousconsiderationshold for the circular
case).Usingeg. (D.9), thewave amplitude(D.1) canbewritten as

+o0o

dr’
A (w) = Wem Z 6 (W — Wiy /R A UL (w,r") Ty em(w, ), (D.11)
where
A
To em (1, w) = —24/n(n + 1) Ty 2fAA+AT0 (n) () — A+AA+7°T0 m) -(D.12)

2As we have alreadyshawvn, Q2 andQ,, arethetwo characteristidrequenme&f the problem. The frequeny
Q. = At is associatedo the per|od|C|tyof the radial motion, whereas(2, = At is the angularvelocity of an
inertial obsenerwith respecto which the p-motion of the orbiting massappearso beperiodic.
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So,in orderto calculatetheamplitudeatinfinity (D.11), we have to performintegrationsof the
form
*odr' ! '
A2 U, (w, ") Ty g (w, ") (D.13)
R

for some(fixed)frequencies, whichareknown oncewe haveintegratedthegeodesi@quations
and obtained(2, and€),. Now we shall enterinto the details of the computationof these
integrals,bothfor circularandfor eccentricorbits.

D.1 Thecircular case

D.1.1 Computation of the source

Herewe wantto computethe source(D.3) in the caseof a circular orbit of radius Ry on the
equatoriablane(y = 7 /2). We define

f= % (f genericfunctionof 7), y=t= _L%, Wy = C;—f = % (D.14)
The stress—enegly tensoris
T = drmy / dr 23" 6™ (z — 2(1)) =
= 4rmy / dr z2#z" :—25(7“ — Rp)6(Q2 — Q(1))d(t —t(1)) =
4
= 005k §(r — Ro)3(Q — Q(r)) . (D.15)
r T=T7(t)
Formulas(D.6), in this casereduceto
: A _
Fry = 5357
#m, = i—Twa‘y, (D.16)
V2
so,settingmy = 1, wefind
TA%y
T(n)(n) (t, T, Q) = G (5(7‘ — R0)5(Q — Q(T))
ivV2r Ajw
Ty (£,7,8) = = 5—0(r = R)8(2 — (7))
T(m)(m) (t, T, Q) = —27m7w§{(5(r — Ro)é(ﬂ — Q(T)) . (D.17)

ThecorrespondindrouriertransformgD.7), remindingthat
* — * z ime
Sind,0) =5 S (5:0) €
and

1 .
i(w—mwg)t _
Py /dte = 0(w — muwy),
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aregivenby
A27
Toywem(@,7) = =5 0S5 (7/2,0)8(r — Ro)d(w — muwx),
iv2r Ayw i
Tinymyem(w,) - = # _150,(1/2,0)6(r — Ro)d(w — mw),
Tmymem(w;r) = =213wk 9 S}(1/2,0)8(r = Ro)d(w — mwi) (D.18)

Thereforewe canwrite the sourceof the BPT equation(D.3) as

Tym(w, ) = 0(w — mwk) [055m 0Uem +-1 St —1Uem + —255, —2Usm] (D.19)
wherethe functions, Uy, will containtermsof thefollowing form

/g(r)ar [F(r)5(r — Ro)] = /a 5(r — Ro)] /a o(r) F(1)5(r — Ro) =

= -4 Ro)f(Ro)

(the boundaryintegral obviously vanishes)This is equialentto saythat

O [f(r)d(r — Ro)] = f(Ro)9,(r — Ry); (D.20)
indeed,

[958 =R = [ o) £ (R)O5(r ~ o) = (0.21)

= [ 3 1o0) £ (R)8(r — o) =~ (R) (R,

In orderto evaluatethewave amplitude we needto performtheintegral givenin eq. (D.13),
andwe aregoingto usetheproperty(D.20)in writing theexpression®f _;U,,. We alsodefine
Ay = A(Ryp), andreplacew by mwg. Thuswe get:

Ui = (- 2wm7§)w—m)

> [ imV/2A07
—1U£m = —2\/EA a —|—1mwK & M&(T_RO) —
Ao R

A? 9
= 27 V2nywk R} < 5 + imwKA()) d(r— Ry) =

= 5(T‘—R0)( \/%mq/wKAOR2>—5'(r—RO)A (271\/_va]%0)

A (A0 A0 _
U =y, (ﬁEJF mw) A (—28—+1m“K> r(=2m Wi o(r — Ro)) =
) A? 9 A o . 7o
= 7y UJ%{ Ry <_38_ + imwgk T‘) <T4E +1mwKZ) 5(T_R0)

= d(r— Rp) [iﬁmwi’(*_yA—g (i>, — 71 m? wi "yRG] +
R} \A/, e
+0'(r — Ro) [Ar® (271 mw} 7 Ro) + A” (47 wi 7 Ro)] +
+6"(r — Ry) [A%r (7 wik 7 Ro)]

wherewe have factoredout thetermsdependingn r.
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D.1.2 Evaluation of the integrals

Theresultsobtainedn the previoussectionimmediatelyimply that

= §(w — mwg) [6(r — Ro)Apn + 8" (r — Ro) Bey, + 6" (r — Ro)Com] (D.22)

2=

with

Ay = oS}, [ 2my/n(n+1) R2] +.15;, [27r V2nm gy wh iﬂ] +

0

. . s 1 (%Y RS
+_25;, [imm wg ¥ 2 \a ) —Tm? Wk Y Az (D.23)
* 1 : = 2
By, = 15, —2 (27r1 V2n Jwg RO) +
3
LSi, [% (2ni m e 3 Ro ) + (4 w2 7 Ro )} (D.24)
Com = —2Sp, [r (mwik 7 Ro)] - (D.25)

Theintegral (D.13),ignoringthe commonfactord(w — mwy ) (thatwe have alreadytakeninto
account)s then

/ dr [5(r — Ro)Agm + 8'(r — Ro)Bem + 8" (r — Ro)Cam] U =

= Apm(Ro)¥ g, (Ro) = (Bem¥irn)r=py + (Com¥ )= m, =
= |Web (Aem = Biuy + i) + Wit (= Bum +2C},) + U (Ce)| . (D:26)

r=Ro

Now, using

8\’ 27° 3\’ 7“3
we obtain:

R2 1
+_15/m [27r V2nmy wk A_ —4miV2n Yy wi 7 } +
0

0

[ R} RS
2S5, inmwi’(i/A—g(Ro—M)—wm wK7A2]
I 0

— B +2C, = _1S;, |2rivany wK] + (D.28)

- R
—25}, —27rimw§(7A—(; — 27rw§{7R0}

Com = _2S5, [Twi R]] - (D.29)

From formulas(D.26), (D.27), (D.28), (D.29) we can evaluatethe integral (D.13) which, di-
vided by thewronskian givesthe wave amplitudeandthenthe enegy spectrum.
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D.2 The eccentriccase

D.2.1 Computation of the source

Let usconsiderthe caseof aneccentricorbit. For lateruse, we remindthat:

@w_rE ar_ o dp_L
dr A’ ar 77 dr — r2’
dr, 1r? dt r*Eo dr, dt r? Eo A r?
= — _—= — —=—11 o A = — e 4+ 1w— ,
dr A’ dr A v’ ar ©dr A<+’y>’ * 7’2(6 MA)
wherey = [£|, o = sign(Z£).
The stress—engyy tensoris
dz* dz¥
w - (4) _
T 47rm0/d7' . 0 (z — z(1)). (D.30)
We have
1
SF—r(r) =) |d_T75(T — (7)), (D.31)
i dr 7 (7)
wherethe7;(7) aresolutionsof the equation
r(r)=r. (D.32)

Thereis asolutionif themasdalls ontothestar two if it is scatteredrom the star We consider
the caseof a massorbiting aroundthe star sotherearetwo solutionfor eachorbit. The source
S(r) is the sumof the S§(r) correspondingo the variousbranchesf the trajectory Here
k = —o0,...,+oc denoteghe k-th orbit, ande = +1 denoteghe branch:+1 whenthe mass
is goingfrom the periastronp to theapoastrom 4, —1 whenit is goingfrom r 4 to rp. So,

+00
drmy dz* dz¥
™ = 225t — ()6 (Q — Q5 (r)). D.33
ZZOO 2 dr g0 I - %) (D.33)
If we put
00
Toxo =Y . Tipw: (D.34)
e=%1 k=—00
then
. ArmeAZy (dt  dr.\? . .
Tow = —g5 \gr + g ) SE—5)I(Q - (1))
. drmoAo (dt  dr, ay .. _do . 9 .
Teoym = W R <$+W) (E—lsmﬁg) 5t —t5(r)d@(Q — Q(r))

Tiayemy = <— — isin ﬁﬁ) 8(t — t5(r))s(Q = Qg (r)) . (D.35)
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We remindthat, on the equatorialplane,,S; (Q(r)) =5 Sem(7/2,0)e ™. Thisimpliesthat
the FouriertransformgD.7), if we putmy = 1, aregivenby

. A2y (dt  dr,\’ et s i
Tk(n)(n)(war) = 56 (%—i- dr)te() 0S¥ (Qf(r))e % =
k’/’

¥ 2Ec EQ) .
= 1+ —+ 0S5 (7/2,0) el =mek)
27“2< 7y ’)/ £ ( / )

e Ao (dt dr, dv dp e e ot e
Tk(n)(m)(w,r) = _\/§7°3 (——l— dT) (E —1sm19d7_> " —15gm(Qk(7‘))e( f—mey)

i E * i(wtS —mps,

] & . . dp\’ .
Tk(m)(m)(war) = —<E—ISHN9%>QE() —9S™ (. (r))e =

= I aSin(n/2,0) e

We alreadyfound,dealingwith thesemirelatvistic quadrupoleeomputationthat,if thesolution
of thegeodesiequationdor ¢ € [0, 4] is (1.75),thesolutionfor ¢ € [—£t, 0] is (1.76),and
thegenericbranchof thetrajectoryis (1.77).1f we sumonthetwo branches = +1, we get

2

; 1 FE
Thmymy (w,7) = iklwAt-mAg] 0S5, (7/2,0) {(—2 (7 + —) cos(wT — m@)) +
r Y

2F
+i (7‘—2 sin(wT — m@))] (D.36)
ikfwAt— . V2L, .
Temym)(w,7) = e klwAt—mAgy] _15;,(1/2,0) p [—sin(wT — m®)+
)
+i (; cos(wT — m@))} (D.37)
i 1
Tiimyem) (w, ) = elklwAt—mAy] _25;,(1/2,0) [—QI@W cos(wT —m®)| . (D.38)

So,T"™(w, r) canbewrittenin theform

Tp)qyem (w,T) ( D eitlar mA“’}) Tow)(qyem (w,T) - (D.39)

k=—o00

wherethe k—dependencis only in theexponential.ln generalthefollowing relationholds:

+0oo
Z efX = or Z § (X —2myj). (D.40)

k=—o0 j=—00
If wedefineX (w) = wAt — mAgp, thesolutionsof X (w) = 275 are

_2mj+mAp

Wmj = —xy (D.41)
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SO
+o0
Z ik X (w —27T25 w) —27mj) =
k=—00 j=—o00
X or
Z — Wmg) = ) A0 (@~ Wmy)
]_—oo wmj j=—00
andeq. (D.39)canbewritten as
o I
Tyoum (@0,1) = 5 D " 6 (W = wmg) Toygyem (@, ) - (D.42)
j=—00
Of coursethisimplieseq.(D.9),i.e
o <X
Tom(w,r) = A7 j:ZOO(S (w — wmj) Ty m(w, ). (D.43)

D.2.2 Evaluation of the integrals
Let uscomputetheintegral

2 [ dr'!

A7 . A2 U, (w, ") Ty gm(w, "), (D.44)

whereTy ¢, (w, ) is, from formula(D.3):

To tm(w,r) = =2 n(n+1)r4To(n)(n)gm(w,r) (D.45)
rd A
— 2\/ﬁAA+KT0(n)(m)gm(w,r) A+AA+TT0 ymyem (W, 7) -

From the expressionof T 4, (r,w) we seethat the last two termscontainthe differential
operatorA, appliedto a functionof r; whenwe evaluatethe integral (D.44) thesetermscan
beintegratedby partsdefiningthe operators\.. = %Ai, whereA. = % + iw, andusingthe
property

/ T drf()Aag(r) = - / " drg(rA_f(r) (D.46)

8

which holdsif, asalwaysin our case,f(r) or g(r) vanishesat the extremaof theintegration.
We split theintegralin threepiecedabeledby their spinweight,

d oo
/ ATZ UL (w,7") Ty gm(w, ') = / dr(lp+ 11 + 1), (D.47)

andwe have, omitting the harmonicindices(¢, m):

4
re ~
IO = —2\/ n(n + 1)@7})(”)(”)\111 =

2
= —2y/n(n+1)¢S;,(7/2,0)— A7 (v* + E*)¥! cos(wT — m®) +
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—diy/n(n +1) ¢S}, (7/2, O) Ellll s1n(wT ma)

AQ

I = - S = S S~

= 2\/_ TO(n )(m) (8 _WTA) \71”;_21 =

= —2v2n_,S*L, [A\Illl <riA + ZZT) \111] [sin(wT —md) — z% cos(wT — m®)
I, = ;,;M A6A+T‘To<m><m> = —Z‘II—Z,A+T4A+TT0<m)(m> =

_ @_f)mmmmwwbgﬁwmﬁjﬁégz

= _ETO(m)(m)A r (8 —iwrg) \f—; =

= —gfo(m)(m)f\j <\I'1, B 37\111 B 'wg‘lﬂ) a

T~ or? Y L
= —ETO(m)(m) <6, —Z(,UZ) (T\I’ —3v —ZwZ\I’ >

Now, since
oy [ r¥Y — 30! — iwﬁ\lfl =yl —2ul iwﬁ\llll zwﬁ(r — AM)T!
" A B A A?
we get:
1 . 4 4 w27.6
I, = _ETO(m)(m) (r o2 (7" —{—zwA) (VL ZZWP(T — MU' — A2 \I’1>
Actually, to remove the 1/~ divergenttermswe integratein dy the quantities
- d
=1 (). (0.48)
dx
whoseexpressionsre:
fo = —2 (TL + 1)A2 OSem\Ill
d
X [(v*+ E?) cos(wT — m®) + 2iyE sin(wT — m®)] (dT> ,
X
__— Jan v 2 dwr?\ )
I—l = —2V2n 1S£m A\IJ '{'—A —+ A2 v
d
X [ysin(wT — m®) —iE cos(wT — m®P)] (dT> , (D.49)
X

Iy = _3S; L*cos(wT — m®)

o 20t A ol dr
v- o8 fAa . 9 _ 2.2 ary
X { T A (7"2 -er) N [2iw(r — M) — w?r }} (dX)
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D.3 Computation of the derivativesof the BPT function

In orderto evaluateexplicitly formulas(D.26) and (D.49) we must be able to computethe
function ¥,. andits derivatives. Sincewe integratenumerically dependingon the selection
rule givenin section4.1, eitherthe Zerilli or the Regge-Wheelehomogeneousquationsjn
orderto know ¥,! andits derivativeswe mustdifferentiateformulas(4.5), giving the relation
betweerthe perturbatiorfunctionsin thetwo approaches.

Now we turn to this computation.We shall definean auxiliary function X to simplify the
algebra,

X =0/ (D.50)

Fromformulas(4.5)we seethenthat,exceptfor a constanfactorwhoseexpressiordepend®n
theselectiorrule, we have, bothin the polarandin the axial case arelationof theform

X =VZ+ (W +2iw) (%Z,r + in) . (D.51)

Usingthefactthat(in bothcases)

(éz'>l _ (V —w?)Z

r2 A
wefind then
1 3 3 3yt 3 3 '
U o= (X)) +r X' =r =X+ X',
r r
vo= S (Cxex) el (2 x e Sxxn) = (Sxq dx x|
r T r? r r? r
where

X = VZ+VZ+W(Z, +iwZ)++(W + in)%(v — W) Z +iw(W + 2iw)Z' =

2 9 9
-7 [V, +iwW' + (W + in)%(v - w2)} +Z,, [TEV +W iw%(W + in)] :
and(remindthat(%) = _21\A42r
2 2Mr?
X' =z {V” +iwW" + WI%(V - w?) - A2T (W + 2iw)(V — w?) +
N N L .
HOV 2TV S0 =[SV W07 2]+

2 2
V7, {% {V’ +iwW! + (W + in)%(v - w2)} +

IM 2 2
" i (W + 2iw) +iw%W’} .

2Mr? r?_ "

The potentialsV andthe functionsW to putin the previous formulasdependon the selection
rules,andherewe list the functionsandtheir derivatives.
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When/{ + m is even

2A
Vo= yrl= 5 [n®(n+ 1)r® + 3Mn*r® + 9M nr + 9M?)

r3(nr + 3M)
V= —— 2 - (39 MPn®r® 4+ 99 M?nr® — 6 Mn'*r* — 30 M?n’r®+
r3 (nr+3 M)
—126 M3n%r? — 270 M*nr + 3n®r*M + 81 rM* — 216 M° + 2n*r® + 2n3r5)
V" o= - 12 - (n°r® + 1627 M° + n*r® — 828 r M°n — 540 M°+
8 (nr+3 M)
+138 M3n%r + 243 M*nr? — 4 Mn®rS — 28 M*n*r* — 156 M3n?r3+
—504 M*n?r? + 2 Mn*r® + 34 M2n37“4)
nr? — 3Mnr — 3M?
r?(nr + 3M)
n?r® — 6 Mn?r? — 18 M?nr — 18 M3
r3 (nr+ 3 M)2
nirt —9ndr3M — 45n2r2M? — 99 nrM?> — 81 M*

WII — 4 5 ,
r4(nr+3 M)

W o= wrl=2

w o= -2

while when? + m is odd

2A
V = Vam = 7“—5[(” + 1)7' — 3M]
2
Vo= —ﬁ[z(n +1)r? — 157 M — 6 Mnr + 24M?
12
V" = —[(n+1)r* = 10rM — AMnr + 20M?]
T
2(r — 3M
W — WG,LE — (T 5 )
T
2(r —6M)
WI - —T
4(r —9M)
WII — /r4

We finally wish to make a point on the relative normalizationof the functionsin the two
approachesFor definitenessconsiderthe polar case(analogousconsiderationsexceptfor a
factorw, hold in the axial case). Given an outgoingsolution Z° of the homogeneouZerilli
equationof unit amplitude suchthat Z°(r — oo) = e“™, the correspondin@®PT functionis

1
¥o(r) = —$T3 V() Z + (WH(r) + 2iw) (0, +iw)Z],
sothat
Wr — o00) = —r*Y—"—~ n(;L ks 1)iw(8r* +iw)e“™ = y/n(n + 1)w?rde™ .

It canbe shawvn thatthe outgoingBPT function U° beharesasymptoticallyas ¥°(r — oo) =
r3e“r, soin orderfor ¥° to have unit amplitudethe correspondingoutgoing)Zerilli function
hasto be normalizedn suchaway that
1 .
ZO(’I‘ S X)) = e T
n(n + 1)w?
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Radiation gauge

E.1 Polar perturbations

E.1.1 Asymptotic behaviour of the perturbation functions

Defining the tensorsphericalharmonicsas Zerilli doesin [90], the generalexpressionfor the

(even

polarperturbatior,,, ), prior to arny choiceof gaugejs ([90], p. 2143):

1)+

m

even 2M )
b = (1= 228 (1002 = iV2Hs .00

+ (1 — ¥> B Ho g (7, 1) Qg — i?hwm(ra t)\/mb% +
R /20(¢ + 1T)hum(r, t) b+ Gom(r. 1) V20 +1)(E—1)(€ —2)

9 fém +
G, )0(£ + 1
e e (1)
or, explicitly,
(W © ) \
(1 M)}I (7", t)nm hO Bfom Hlnm h 3f9m
Y 52 8
h%en) _ Sym. Ry hlﬁ r*G [m — cot 19%} Yim (E.2)
Sym Sym (Iff(g)) Yim h agf;”
\ Sym Sym Sym r? [K + Gaa—;] Yim /
where

: o* . 0
hpp =12 [Ksm2 I+ G (6—@2 + sin ¥ cos 19679)] Yim.

(E.3)

Notethatthis expressions consistentvith the notationusedby ReggeandWheeler[71]. The
perturbationvariablesin our gauge(seeour internalnoteson the sphericalharmonics;in par

138
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ticular, compardormula(127)in theinternalnoteswith the matrix we have just written down)
aresuchthat:

ho=hy=H; =0 (E.4)
Hy(r) =2N(r), Hy(r) = —2L(r), K(r)=-2T(r), G(r) = =2V (r).(E.5)

andh{"" takestheform:

o1/ oM\~
h(even) -9 <1 . _) Nem(T, t) a(o) 2 (1 — —> Lém(r, t) Qgm —

tm r tm r

(+1)

Vi1, )T D D)D) fom — 22 (Temm - Vi t)) gom

Oncewe know the asymptoticbehaiour of the Zerilli function, from the Einsteinequations
we candeterminethe asymptoticbehaiour of Ly, (t,7), New (t,7), Tom (t,7) @and Ve, (¢, 7). In
thegaugewe areusingto write down theequationstheasymptotiexpansioncanbewrittenas:

L L 1 —-—
old 1 2 Lewr
L —[7+T—2+O(T—3>]6

1 q *
Vold — |:V1 +%+0 <_>:| elewr

T 73
N- N. 1 -
Nold — [_1 + _22 +0 (_3>:| elewr
T T T
T, T 1 —-—
Told — 41 + L2 +0 (= elewr
roor? r3

wheree = +1 for outgoingor ingoingwaves. A (w) is theamplitudeof the Zerilli functionat
infinity (Ae—y1(w) = Z2°% | A—_1(w) = Z™).

Sincethe time dependences irrelevantfor the presentconsiderationsywe shall omit a factor
e~ commonto all perturbatiorfunctions.

Substitutingthe precedingexpressionsn the Einsteinequationsve obtain(seethe Maple code
in AppendixH):

Vl = Ae(w)
Ly = —nA.(w)
Ny = —nA (w)

Ti=(n+1)A(w)

Note thatall the normalizedtensorsphericaharmonicsa® , o™  a,b® b, f, g, whenpro-
jectedontoanorthonormalketrad

ey = (1,0,0,0)
1
Hu — _
“ = (0’ rsinﬁ’o’())
ey = (0,0,-1,0) (E.6)

1
M — _
ey = (o,o,o, T)
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behae asconstantsn thelimit » — oo; this meanghatthe asymptotichehaiour of evenper
turbationsprojectedontothetetradis determinedoy the asymptoticoehaiour of the spherical
harmoniccoeficients (Remembethat the projectiononto the tetrad(E.7) is simply obtained
from therelationsh,w) = ef,,€(,hoo)-

SinceLym(t, ), Vim(t, ), Nem(t, ), andTy,(t, ) go asymptoticallylike X, from (E.6) it fol-

Iowsthathe”eg/) goesasymptoticallylike } asit should(beinga physicalperturbation).

E.1.2 Gaugetransformations

To computethe stress-engly pseudotensoiwe mustusethe radiationgauge.Undera change
of coordinates

o' =2t 4 ¢, (E.7)

thevectoré? mustbehae asa polarvector of theform

. Yy, Yo,
€ = | Mo(t, 1)V, Mo (t, 1) 2t : ]

dp 09

Themetric perturbatiom ;" , dueto thetransformation(E.7), transformsn thefollowing
way:

hzsw = hzlj - g/.L;I/ - fu;u = hlo}f - g,u,u - gu,u + QFZVSG' (Eg)

In particular the singletensorcomponentsransformlik e this:

y My (t,7)Yom, Mo (t, 1) ——— (E.8)

. 2M 2M
Byt = bt = 26, + 5L, = Byt = 2MoYem + —5- (1 - )MlYem
oY, oY,
new  __ old old Im m
B = B = b = G Y = B = Mo=3 2 — M, 5
new old old ! ) 2M
htr = htr _gtr §Tt+2r 60 _htr _MOYva_MIYer'f' T(T‘—QM)MOY%m
oY, oY,
new old old m m
- - 9T €, = hold — I, .y
t0 — &0 — o0 + 20558, ) 05y 259
9°Y,,,
hrew = pod g, + 209 €, = hod — 2M, 8;2 -
. 9 . OYem
=2 [(r — 2M) sin® 9 M, Yy, + sin 9 cos Y My 59
aY, oY, ay,
new  __ old o __gold m m m
W = W = € = g 206 = WS = M7 — My —M2 5
new X o ho aQY aY
NS = hO — o — Eop+ 20056, = ld—2M2819(9 90

This meansthat after the gaugetransformation(E.7) the new perturbationvariableswill be
relatedto theold onesby:
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Krew = Kold _ 2 (1 — —QM) M, (E.10)
T T
H;zew — Hgld _9 (1 _ 2M) M{ _ %Ml (Ell)
r T
2r . 2M
new __ old
2M My (r,t) -
Hrew = gotd — pph 4 200 gy E.l
1 ! ot r(r—2M) ' (E.13)
hg.ew — hgld - MO o M2 (E14)
2
h?ew — hfld - Mé + _]\4’2 _ M1 (E15)
T
Grev — Gold _ 2‘7\32 (E16)
T
Takinginto accountthatin our gaugerelations(E.4)and(E.5) hold, we obtain:
2
Trew — Told + 1 (1 _ M) ‘]\41 (E17)
T T
2M M
ew — Lold + (1 _ . ) M{ + ﬁMl (E18)
new __ old r ) M
N™ =N _r—2MM°+_2M1 (E.19)
2M
new __ _ g/ —
H?Y = —M, + r(r — 20) My — M, (E.20)
hRe = — My — M, (E.21)
2M.
By = =My + = 2 M, (E.22)
M.
Vnew — Vold + _2 (E23)

r2
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E.1.3 Choiceof the gaugefunctions
In the new gaugethemetric(E.1) will begivenby:

2M

héeven) — {2 <1 _ _> Nnew( )GZm _ 2\/_I_Inew( )aﬂm

r

oM\ i/20(0 + 1
-2 <1 — —) L™ (1) apm — i ) (€+1) h§e (r) bE?r)L +
T T

+Mhnew( ) bem — V/20(0 + 1) (€ — 1) (£ — 2)V™ (1) fom —

22 (1) - L)) g (€.24)

For thenew gaugeto be asymptoticallytransvese andtracelesswe mustrequirethat:

o all thecoeficientsof theharmonicsz¥ ,a™ | a,b©® b, f, g, goatleastas1/r, for the
spacetimdnasto be asymptoticallyflat;

e /"% pethe dominanttermat infinity, sincethis coeficient multiplies f, , whichis the
only evenharmonicto betrarverseandtracelessSowe mustrequirethat V"¢ ~ % and
theremainingcoeficientsmustgoto zeroat Ieastasri2

We shall determinethe functions M,, M; and M, that specify the gaugetransformation
requiringthatthe new perturbationvariableshave the behaiour:

new é(f—{— ) new 1 1

r 7‘2

1
r

We have sevenasymptotidoehaioursto determinepnefor eachperturbatiorfunction. We
will now shaw, in sevenstepsthatthegaugefunctionscanbechoserin suchaway asto satisfy
theasymptoticconditionswe have just written down.
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1. Let's startrequiring7™* ~ % We shall later verify that, evenif T7¢% ~ % thelinear

combinationI™e® — @V“ew ~ r% sincethe coeficientsof order% cancelout. From
(E.17)and(E.6)it follows thatwe mustimposethe condition:

1 2M
Trew — Told+ - (1 _ _) M1 ~
r

T
T T T

) T T 1
Nelﬂd"'* (_1 + _; +O (_3))
T T T
It followsthat
eiewr* C]_ 1
M= [C(’ e <_>] =2

wherethe costants:;, and¢; canstill befreely chosen.

2. Letusnow requirethat L™¢* ~ %.

Formulas(E.18)and(E. 25)|mply

, L 2M 1
LY = ' {—1 + tew (co +2 4 “to0 (—2)>}
T r r T

andsincethis quantityhasto be O (%) we candeterminethe coeficientsappearingn
(E.25):

Sothefirst gaugefunctionis determinedo be:

oM\ '] L1 1
My = gieor (1 _ _) [_;_ ) (_2)] (E.26)
T 1LEW T T

3. Letusrequirethat N™¢* ~ T%; from (E.19)and(E.6), consideringhat,accordingto our
corventiononthe Fouriertransform every time derivative correspondso afactor(—iw),
we get:

) M 1
Nnew:|:_+_+:| 616(07*_{_1WM MlNO( )

r2

but from (E.26)it followsthat 3 M, ~ =, sowe shallimpose

My — L (1 _ ﬂ) [& Koo (%)] gieor. (E.27)

w r r r?

whereK is anundetermineadonstant.
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4. Considemow theasymptoticbehaiour of H7***. From(E.27)we obtain:

dM, N K N 1 1 -
Mo _ [ o ML (1] e

Thereforefrom (E.20):

; 6N1 elC N1 1 1w L1 1 1
Hrew — prewrs | 7 2 e O
! ¢ [r +r2 iw 12 1—¥iewr+

sothatimposingH“* ~ 1/r% correspond$o the condition:

thatwe obtainedfrom the asymptoticexpansionof the metricfunctions!

5. We canchoosehegaugefunctionsimposingthe conditionhge” = 0.
From (E.21)we seethatthis requesfixes M, asafunctionof Mj:

_2M
M, = iMO — M (& + E + 0O (i)> plewrs (E.29)

w w?
where/C is, of coursethe sameconstanthatappearsn the expressiorfor M.

6. Let'sturnto A7*. From(E.29)

dM2 _ 2M &'FE‘FO i eiewr*+
dr — w2r? T 72 73

SinceZ2 ~ %, equation(E.22)implies

. Ly + N 1
h?ew ~ ezewr* [g + O < >] (E.30)

1ewT r2

But L, = Ny, sothatthe coeficient L; + N; # 0, andasymptoticallyh?¢” ~ % (asit
should).
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7. Finally, letusconsidert ™. Since-; M, ~ -3, equation(E.6)implies

M. ) 1
prew — Vold + M2 — elewrs [E + Vé + O <_):| (E31)

r2 r r2 r3

sothatV"e* ~ % To completethe proofwe only needto notethat

Trnew eiew’r* {5 + O <i2>} (E32)
r r

andthat,beingT; = (n + 1)V,

1
Trew _ %Jvnew —
) T, — W 1 1
_ rew _ (g 4 )ymen = giar. [ — OV, (—2)} ~ (—2)
T T T

As anticipatedthe coeficient multiplying g, diesoutasymptotically~ 7%2

In summarythetransformatiodeadingfrom our gaugeto a TT-gaugeis specifiedby:

eiewr* n 1
My = (1- %) [iewr +0 (r_Q)}

_ 2M _
P Y]
T T

w? r3

. 1—2M) r_
2y = _ger (L= %) [_ngcw(;)}

w r r2 r3

Theasymptoticboehaviour of A52¢" in the new gauges determinedy the harmonicfy,,:

m

Hize = {2+ D= D+ 2 V™ fim } +0 (l)

andthemetricperturbatioratinfinity canbeexpressedn termsof theamplitudeof theoutgoing
Zerilli functionatinfinity:

eiwr*

even
hﬁm

_)_

{\/26(6 TN 1)+ 2) Zeu f@m} (E.33)

r

E.1.4 Relation betweenh,, and the Zerilli function

Theasymptotidorm of the perturbednetrictensoiin theradiatve gaugewhereall components
have the correctdependengon theradial coordinate canbewritten as:

eiw'r *
heven

m W(w, T, e, 19) =

Z fZZg#f(w) . flm iz (E34)

m
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wherewe have defined

fe=200+1)(0—1)(£+2) (E.35)
and
00 0 0
o= 00 0 0
bm = fg 0 0 Wﬁm Xﬁm ’
0 0 Xgp —sind*Wiy,

is atensorsphericaharmonic,which satisfieghe normalizationcondition

/ Fin pod0dY = 1. (E.36)

Theangularfunctionsaregivenby

ng = [83 — cot 19819 - gin 192 83, ngm, X(gm = 2({9%0[819 — cot ﬁ]nm,

andr, is the usual“tortoise” coordinatey, = r + 2M log(53; — 1). By projectingh;;*" onto
theorthonormaltetrad
)i (1 0,0, O) (E.37)
emi = (0, ,0)
eyi = (0,—r sm19 0,0)
6(19),- = (0 0 0 )
we find thetrans\erse-tracelessomponenbf the perturbedmnetrictensor

ZUJT'*

b = ———f Z Z8(w) + fom s (E.38)

where fy, u 1S NOW atransvese tracelessarmonic

00 0 0
A 1 00 0 0
fém p — ﬁ 0 0 Wi ﬁXém (E39)
00 =5Xm —Wmnm
(E.40)
Thisimpliesthat:
7 even -7 even __ err out ZXZm
heven 4 jheven = — Zz (ng - 19), (E.41)
Now, usingthe definitionswe obtain
i Xom m? 2m

Wem + = Yim,09 — cot VY9 +

—Yy — —— (Yoo — cot 9Yy,, E.42
sin ¢ ’ ’ sin? ¥ ¢ sinﬁ( tm,9 — €O m) ( )
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sothat, definingthe spin-weightedphericaharmonicwith spinweight2 as:

1
2¥m = NI D) 8 (E.43)

m 2m
Y09 — cot Yo, Yin — —— (Yoo — cot 9,
X {e,w co e,ﬂ-i-singﬁe smﬁ(e’ﬂ co e)}

we finally have:

ZUJT'*

hever 4 ipeven = Z\/ﬂ (E+1)(£—1)(+2) 25 (w) 2Yem (E.44)

ZUJT*

= 22 n(n+ 1) Z5"(w) 2 Yom.

Note that, even correctingfor a factor /27 dueto our different corvention on the Fourier
transform this formuladiffersby afactor2 from equation(39) in [45].

E.2 Radiation gaugefor axial perturbations

A genericaxial perturbatiorcanbe written as

200+ 1 12/20(0+ 1
hem = —¥hozm(ta r)ch + %hum(t, r)eem (E.45)
12/ 2006 +1)(£ — 1) (£ + 2
\/ ( )23.2 )( ) h%m (ta T)dﬁm

or, in matrix notation,

Y 7 - 1 8y,
0 ho sin 19—6197” 0 ho e 3<Pm
L hosin9 8 —Lhysind Xy, hisindZE —Lhysin Wy, (E.46)
m = 0 hy sin 92X 0 —hy L i ' '
1 9Y, 1 o 1 9Y, Sm g
— £ — 2 1 — £
hO sin ¥ Bcpm 2 h2 Sin 19ng hl sin ¥ Ocpm 2 h’ 25ind X({m

Underaninfinitesimalcoordinatdransformatiorof theform (E.7)themetricchangesccording
to formula(E.9),sothat,choosinganappropriategauge we caneliminatesomecomponent®f
hold.

uv
Themoregeneralaxial vectorhastheform

) 0 1 0
azial _ ; o Y, Y, .
gém 7’7‘63(7‘, t) |:Oa Slnﬁa'ﬂ m Oa sind 6g0 Em:| ; (E 47)

or, defining&s(r, t) = —ZA,

1 0
Y, Y, E.4
8’19 m 07 198(,0 Zm:| ( 8)

Im

atal — A(r, ) [O, —sin192
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Undera gaugetransformatiorthe metriccomponentghangean thefollowing way

1 1
By = —5hg?sind Wey, = [—5112(7«, t) + A(r, t)] sin W, (E.49)
h%d _ hgld sin ¥ YEm,ﬁ = [ho (7", t) + A(T, t)} sin 19Yem,19 (E.50)
2
hsd = Rosin® Yoy = [hl(r, £) + A(r,t) — —A} Sin VY9 (E.51)
r
1 X 1 X
old old “3tmy9 tm
= = (LA —A .
1 1
By = —5hgsind Xe, = [—§hz(r, £)+A(r, t)} sin 9 Xem (E.53)

The Regge-Wheelegaugecorrespondso the choice2A(r, t) = hy(r,t). With this choice,the
coeficient h5i, multiplying dy,, is zero,sothat

2000 + 1 /200 4+ 1
pgt = V2D 0 VEHER D a1, (E.54)
T T
Let usdefinea new function
hold
Z%(r,t) = 7{ e (E.55)

Then,sincefrom the Einsteinequationst follows that

: oM\ 2 oM oM
fo= (1) e 2 (12 ) (=:50)

r2 r

andusingour corvention(1.40)on the Fouriertransform:

h(t) = / = (00) duw, (E.57)
we have
iwhgd = L (rz°). (E.58)
0 dr,

At radialinfinity the Regge-Wheelefunctionbehaesasa pureoutgoingwave:

lim Z°* (w’ ’f‘) — Za:c,out(w)eiwr*
7% —>00

andtherefore
hgld _ (17"Zc;j/[) ~ Tzaw,out(w)eiwh’
1 .
hgld = —— [Zam + TZHH] ~ _Tzaa:,out(w)ezwn )

w
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Sincethe perturbationfunctionsgo like r at radial infinity, the Regge-Wheelegaugeis not a
radiationgauge,sinceat infinity the perturbationshoulddie outas1/r. We canmove to a
radiatve gaugeby anothercoordinatedransformationJustlik e before,

1 1
WY = —ShE™ sind Wy, = [_§hgld(r, t) + A(r, t)] sin YW, (E.59)
hISY = R in ) Yy g = [hg’d(r, t) + A(r, t)] $in 00 (E.60)
2
RO = R sind Yy = [h;’ld(r, t) + A (r,t) — ;A} sin Ym0 (E.61)
new __ 1 new Xém,ﬁ _ 1 old X@m
Mg = g S g - A0 22 (E.62)
1 1
hEY = _Ehgew sin 9 Xy, = [—Ehgld(r, t) + A(r, t)] sin 9 X, (E.63)
wherehgd = 0. Let uschoosehe gaugefunctionsothat
hae = hg + A=0= A = —hg".
In Fourierspace
old
A= h.o : (E.64)
ww
sothat
hrev = 0, (E.65)
new old thld
Riew = pgld g\ = A = —Z0 (E.66)
w
2
hpew = pold g A - ZA (E.67)

r

Being the Einsteinequationsgaugeinvariant, the equationswritten in the old gaugeare still
valid whenwe replaceh?® by h™*. Fromthe Einsteinequationsve have therelation

.2, oM\ 2
by — bl + Zho + (1 - —> h =0, (E.68)
T T T
or, in Fourierspace,
0;
—W?h 4 ikl — T ot (1 ) g =, (E.69)
T
Usingequation(E.64)we find

2 2
held 4 A — S = 2 (1 - —) hoe . (E.70)
T

r r2w?
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But in this equatiortheleft handsideis justh?¢*, sothat

new 2n 2M old 2n az,out LT
2 old 2 .
hgew - _ ].10 ~ ._rZaw,out(w)euun_ (E72)
w w
SubstitutingequationgE.71)and(E.72)in
/2000 + 1 200 +1)(0—1)(£+2
A T

andusingthefactthat, lik e the polarharmonicsthe axial harmonicdbehae asconstantsn the
limit » — oo whenprojectedonthetetrad,we find thatthe axial partof the metricatinfinity is
relatedto the Regge-Wheelefunction,in radiationgaugeby:

foad € { V20U + D)~ 1)(( +2)

m pv r w

Z95 () d g W} (E.74)

Heredy,, v 1S Obtainedprojectingthetensorharmonic

0 0 0 0
—ir> | 0 0 0 0
dm pw = fo 0 0 +sindXy, sindWg,, (E.75)
00 sin 19ng —ﬁXgm
onthetetrad,andis givenby
00 0 0
A — | 0 0 0 0
d@m wy — E 00 _ﬁsz Wem s (E76)
00 me ﬁXZm

wheref, wasdefinedin equationE.35). EquationgE.74)and(E.38)canbecombinedo yield:

T

€

hém uy — —

SR DT D E 4 2% fo | ET



Appendix F

The Pade-approximants expansion

The Pade-approximantgxpansiontriesto improve the corvergencepropertiesof the standard,
Taylor-seriesPost-Nevtonianexpansionon the basisof a physicalanalysisof the behaiour of
theenegy functionin thepoint-masgimit. Theusuallyconsidereenegy function £ is related
to thetotal relatvistic enegy F;,; (Bondimass)of thebinarysystemby

Eiot = Miot(1 + E) (F.1)

where M,,; = M + my is the total massof the binary. For a testparticle mq moving in the
backgroundf a Schwarzschildblackhole of massM thetotal, consered mass-engy reads

Eir = M + &, (F.2)

where,if we denoteby &, the time-translatiorKilling vectorandby p* the 4-momentunof
thetestmass,£, = —k,p" is the consered relatwvistic enegy of the testparticle. At infinity
k¥ = P*/M, soE;,,; = M — P - p/M, whichis clearly a very asymmetricexpression.One
shouldinsteadconsideithe Mandelstanvariables = EZ, = —(P + p)? = M? + m? — 2P - p,
or better a quantity which is very well suitedto extend one-body-in-&ternal-fieldresultsto
two-bodyresults,i.e.

2 2 2 2 2
s—M*—my  Ej, — M*—mg

F.
2Mm0 2Mm0 ( 3)

€

whichreduceso e = —P - p/Mmg = & /myq in thetest-particldimit. For atest-mas®rbiting
a Schwarzschildblackhole,

C1-2¢
€= =3 (F.4)

where¢ = »?, andthis suggestshatthe“true”, two-bodyfunctione will alsohave asquare-root
singularityin the complex ¢ plane. This led Damour lyer and Sathyaprakas[28] to consider
anenegy functionhaving a simplepole singularity givenby

E2 — M2 _—m2 2
— 2 1 = tot 0 _
e(§)=e—-1= ( 2Mme ) 1. (F.5)
Fromthis functiononecaneasilyobtainthe “standard”enegy E(&):
1/2
E(€) = {1+2n[ 1+e(§)—1}} ~1 (F.6)

151
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Incidentally we notethatthe v-derivative of this functionreads

dE(€) N de(§)

E(v) =9 — , F7
(v) = 20 d€ lemr  [L+E©)]V1+e(§) dE | D
In thetest-masdéimit, the“new” enegy functionis analyticallygivenby
1-4
e(€,n=0)=— ﬁ =—(1-€6-38—-98—...=3"1¢"— ). (F.8)

In the equal-massase at presentwe only know an expansionaccurateup to the secondPost-
Newtonianorder:

eopn(L,7) = — [1 . (1 ¥ g) o — (3 - ﬂ?) $2] . (F.9)

Now, anexcellenttool to approximateationalfunctions,evenwhenthey have polesingularities,
is the Pade-approximantsechnique.
A Pack approximanbf a givenfunctionwhoseTaylor approximanto ordern is

Sn(v) = iakvk (F10)
k=0

is definedby two integersm, k suchthatm + &£ = n. If T,[...] denotesthe operationof
expandinga functionin a Taylor seriesandtruncatingthe expansionat ordern (included),the
P Pack approximanbf .S, is definedby

B (v) = T [Py (v)] = Su(v), (F11)

where N,,, and D, are polynomialsin v orderm and k, respectiely. If one assumeghat

D¢(0) = 0, thenthe last equationcan be shavn to uniquely definethe Pade approximants.
In mary casesthe mostuseful Pace approximantgurn out to be the onesnearthe diagonal
m = k. In particular we shallfollow Damour lyer and Sathyaprakasi usingdiagonalPace

approximantspP”, if n = 2m is even,andsubdiagonaapproximantsp;”, ,, if it is odd. These
approximantanbe corvenientlyexpressedn a continuedfractionform; for example,given

Sy(v) = ag + ayv + agv? (F.12)

onelooksfor

o 1+ cov

Pl(y) = _ ’ F13

1 (U) 1 + lj_lc’l;v 001 + (Cl + CQ)'U ( )
andgiven

S3(v) = ag + ayv + agv® + asv® (F.14)

onelooksfor

1
Piw) = —2— — ¢ tlatah (F15)
1+ %QU 1+ (01 + co + Cg)U + 0163’(}2

1+ 1+cav
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Usingthisapproaclonehastheadwantagehatthelowerordercoeficientsc;, remainunchanged
aswe increasehe orderof the polynomialwe wantto approximateandthatthe ¢,’s arealgo-
rithmically obtainablefrom the coefientsa; of the Taylor-seriesexpansiorwith j < k.

As we saidbefore,Pacé approximantsare excellenttools to approximategunctionshaving
polesingularities.For example,if we knew only the 2PN-accuratéi.e., O(v*)) approximation
to thetest-masgnepy function,i.e.

er, (&, =0) = —£(1 - £ - 3¢?), (F.16)
the correspondindPace approximantvould be uniquelydefinedas
o 1 —4¢
ep(§m=0) = 61_%, (F.17)

whichis the exactresult! Thiswould alsolead,alreadyat this ordet to a perfectlocationof the
laststableorbit in thetestmasscase sincewe would have

1 — 602

T (F.18)

Ep,(v) = —nu
which hasa zerofor v = v, 50 = 1/4/6. Theideais to considem asa perturbatiorparameter
andusea sortof structuralstability of the solutionto locatethe ISCOin the equal-masgase.

Sincethe only known coeficientsfor the expansionof the enegy functionin the equal-mass
case,

er,, = =€) ar (F.19)
k=0
are
ag =1, a; = —1-17/3, as = —3 + 351/12, (F.20)

applyingthe diagonalPace approximatiorasdescribedeforeyieldsfor the coeficientsof the
continuedfraction:

1 4—9n/4+7°/9
=1 =14+ =— F21
Co ) C1 + 3’ C2 1+7/3 ) ( )

sothatthe bestavailablePade approximanis

1+n/3—(4=9n/4+1%/9)¢
1+n/3—(3—36m/12)€

Now, from formula(F.7) it followsthatthelaststablecircularorbit necessarilgorrespondso a
minimum of thefunctione(z), while the lastunstablecircularorbit (or light ring) corresponds
to a square-roosingularity~ (z — x,,.) /2 in E(z), correspondindo a simplepole ~ (z —
Tpore) "t iN e(z). Theseconsiderationandformula(F.22) predictfor thelight ring

(F.22)

€P4(xa 77) =—£

1 1+7/3
= ZTpote(n) = =——"——, F23
while for thelaststablecircularorbit we have
1 14+n/3 14+n/3
$Lso(77) = 777/ 2 77/ (F.24)

T 61-350/36 |°  \/1—9n/16+ 1n2/36|
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In theequal-massasey) = 1/4, this predictionyields
vES© = 5719.4 x (Mg /M) Hz. (F.25)

For two neutronstarsof massequalto 1.4 M, thecorrespondindrequeny is 2042.6 Hz, while
for two 10-solarmassblackholesit is of 286.0 Hz.

Of course themainingredientwe needfor the computatiorof the numberof cyclesandof
the signal-to-noiseeductionis notthe enepgy function, but theflux function.

In the point-masgasethe flux functioncanbewritten as

11 11
Z A +1nw Z Byo*
k=0 k=6

wherethe coeficients A, and B, canbereadoff from equation(4.55). In theequal-massase,
instead pnly thefirsty five coeficientsareknown,

: 32
E(Ua n= O) = 37”2”10 ’ (F26)

32
E(v,m) = —n"v"?

ZAk(n)v’“] , (F27)

(nologarithmiccorrectionsappear!)andthey aregivenby

1247 357

Ao(m) =1,  Ai(n) =0,  Ay(n)= 33 12 Az(n) = 4m, (F.28)

44711 9271n  651° 8191 5357
Ag(n) = — As(n) = — ([ 4 2201 o
«(n) <9072 TR ) (1) (672 T )"

In bothcaseswetheflux functioncanbereducedo aform allowing theapplicationof the Pacé
procedurddy thefollowing steps:

e Weintroducea “f actored”flux function

é(v,m) = (1 — v/vpate(n)) E(v,1m), (F29)

where,of course,vyue(n) = +/Zpae(n). This operation‘regularizes”the Taylor-series
expansionintroducinga linear termin v which is otherwiseabsentboth in the equal-
massandin thetest-masgasesinceA; (n) = 0.

In particular noticethatthe pole velocity for thev* Padé approximantjn theequalmass
casejs:

1 1+n/3

Py - F
vpole(n) \/g 1— 3577/36’ ( 30)

while in the test-massase,sincethe v*-accuratePacé approximantyields the correct
result,all subsequentrderspredict(correctly)v,q.(n = 0) = 1/1/6.

e Wefactorizethelogarithmsby writing the new functionas

1+In—2 (ka)] x !Z fkvk] . (F.31)
k k

vLso(n)

. 32
é(v,m) = gn%w
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e We applythe Pack procedure:

32210
517

x P™

éPn (’U, 77) = m-+te

1+ 1In v (Z gk?)k)
k

vLso(n)

> fkvk] . (F32)
k

wheree = 0 whenn is even,or e = 1 whenn is odd.

e Fromthe new functionwe go backto the old one,identifying the pole velocity vfg‘le(n)
definedby thev™ approximanbf e(z) andcomputing

v

EPn(UaTI) = (1 - T) ép, (U’ 77)' (F33)
(n)

Upole

In practice the coeficients/, appearingn thedefinition(F.31) arerelatedto the original coef-
ficientsby

ls = Bg, l; =0, lg = By — A3 Bs, by = By — A3Bs (F-34)
l1g = Byo — Agly — AyDBs, 011 = By — Agly — Azl — A5 B,

andthe f,’s aregivennumericallyby

fo = ]_, f1 = —1732, f2 = —3711, f3 = 1899, f4 = —266935)
fs = —29.76, fo = 196.66, fr = —327.26, fs = 11.06,

We have computedexplicitly, bothin the point-mass<aseandin the equal-massase the coef-
ficientsappearingn the continued-fractioriorm of the Pacé expansionin equation(F.32).
Looking for thediagonalor subdiagonaPade approximantsn the point-massasewe find:

co =1, ¢ =1.732, co = —3.875, cs = 4.015, cs = 0.629,
cs = 0.590, ce = —0.345, ¢y = 5.960, cg = 2.035,
co = —31.576, c1o = 22.653, c11 = —0.101.

Notice however thatthe Pade expansionsat orderv” andv'® shav polesin the velocity region
of interestfor a binary coalescenceln principle,onecanbypasshis problemby usingsuper
diagonalPade approximantsnsteadof subdiagonabnes but we shallsimply avoid usingthese
irregularapproximants.

In theequal-massase pn theotherhand,the seriesappearingn theflux functionreads

5
1 1247 35 67338 + 52920 725767 Vpore

> fir* = 1- v+ 7)o+ i nt TOpole ) 48 —
o 1814400,

~(72576m + (89422 — 3337561 — 635201 vpete | 4
181440, v

Upole
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andthe coeficientsof the continued-fractiorexpansionare:

Co = 1
1

C1 =

Upole

1

Cy = — 3360, (336 + 1247vpole + 98077vp0le)

Upole
3 = 3“’36 (418992 + 3292807 + 155500902, + 2444120702, + 960400702, +

+ 4515847 0p0) X (336 + 124702, + 980nv2,,,) "

1
¢4 = (1365590016 + 1111063984vpote7) + 16714252800p01617° + 6384911568p0tc +

+ 39829708807 vy.1 + 227461685081);’0167) + 5068127232707, + 9443785680v5,,,n° —
—  5462360064v3,,,7° + 4874990400v%,,n° + 23696383111v3,,) x
X (336 + 12470}, + 980m02,,) " X

pole

(418992 + 3292801 + 155500902

pole

+ 2444120mv2

pole

+ 9604007%02,;, + 4515847 Vp0e) 1

In practice to sumthe continuedractionwe usethealgorithmdevelopedby Teichroev and
Gautsch{37]; givenacontinuedfractionof theform

ay a2 as ai

F.36
b1+ bo+ b3 + ... b1-i-b2+ ( )
with k£ terms,thatwe write as
aq Qo ag
W = 7—— —,
T bt by + ... by
its valuecanbe obtainedrom therecursiorrelations(p=1,2,3...):
1 (F.37)
U +1 = T Gpy1 .
P 1+ bpb:+1 Uy
Vpt1 = Up(Upp1 — 1) (F.38)
Wpi1 = Wp + Vpi1, (F.39)
wheretheinitial datato starttheiterationare:
p—— (F41)

by



Appendix G

Spin-weightedspherical harmonics

This Appendixexplainsin detailhow to computehespin-weightedsphericaharmonics, S™ (19, o).
We shallfollow the definition by Goldbeg et al. [38]. The spin-weightedsphericaharmonics
arerelatedto ordinarysphericaharmonicsyy,, (¢, ¢) by therelation:

s)!

Sn(0.9) = (1[50 10 2D i (09, D
(I + s)!
sSlm (19790): (Z—S)' s— 185 2a . OaY}m ("97(,0)7 _ZSSSO
(G.1)
wherethe operatorsd ed,d, actingon quantities;, of spin-weights, aredefinedas:
. as| O i 0 s 0 i 0 _
sOns = —(sin?) {8_19 + sinﬁ%] (sin?)™’ns = (819 00, scot 19) =
0 m
= — <% ~ Sno —scotﬁ) s
= s | O v 0 s 0 i 0
sOns = —(sin®) [% w%} (sin¥)’ns = (819 S0 99 + scot 19)

0
= <% —19 + scot 19)
Fromthesedefinitionswe have:

_ =2
—QSlm - (l—|—2)' 3 8Y2m

—9)! m? 2m
= 4/ E 7 2;, [Yzm,w — cot IYimp + mYzm + =5 (Yimp — cot ‘9Ylm)]

(1 —2)! m
Y,
(2" " s1n19619 sin 19 sm19819 TSz

(1—1) - (1—1)! m
“18m = (-1) x \/annm = \/% [Ylmﬂ? + @Y’m}
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0Sim = Yim (G.2)
R (RN (] P
ZSlm

)
[(l —2)!
H 18 OaYZm
(1—-2)! m? 2m
\/ ( +—2)! Yim,90 — cot 9Yim, 9 + mnm Sn (Vi — cot 9Y,,)

(l—2)!sin2 1 2_ m 1 2_ m v
sing 09  sin29 ) \sin9dd sin2g) ™

wherethesphericaharmonicgor m > 0 canbeobtainedrom theLegendrepolynomialsP,(z)
through:

2041 (1 —m)!
Ylm(ﬁ,@:\/ AT El-l—m;!

1 mn ,
2} Py(cos9)e™?,

(sin9)™ [sinﬁaﬁ (G.3)

while thosewith m < 0 canbe obtainedfrom the harmonicswith m > 0 usingtherelation

Yiem (9, ) = (=1)"Y5 (9, 9)-

Thefollowing Maple codecomputeghe spin-weightecharmonicghroughtheserelations,and
attheendit printsthevaluesof the harmonicdor (¢ = 7/2, ¢ = 0):

(G.4)

restart:

with(orthopoly)

Digits:=20:

#

# Compute the spherical harmonics  Y_{Im}(\theta, \p hi ), which
# are also spin-weighted harmonics of spin 0.

# Since Y_{Im}(\theta,\p hi )=Y_{l m}(\t heta ,0)e” {i m\phi} ),
# the code computes only Y_{Im}(\theta, 0,

# using different names in the cases m>=0 and m<O0.

# If m>=0, call Y(I,mtheta)=Y _{Im} (\ th eta, 0).

# If m<0, call Yb(l,mtheta)=Y {Im} (\ th eta, 0).

#

dz:=x->1/sin(th
Y:=(l,m,theta)-
sin(theta)"m*(d
Yb:=(l,m,theta)

_{-2}S_{Im}(\th
Even in this
_{-2}S_{Im}(\th
compute only

HHHHHHH R

If m>=0, call

Compute the spin-weighted

using different

eta) *diff (x,t heta):
>sqrt( (2% 1+ 1) /( 4*Pi) *( - m)Y/ (I+ m)!) *
za@n{ P(l ,c os(t heta) )) :
-=> (- 1) 'm*Y(l, -m,t het a):
harmonics of spin s=-2,

eta, \phi) .
case, since

eta, \phi) = {- 2} S {Im} \t heta, 0) e {i m\phi },
{-2} S {Im}(t heta, 0),

names in the cases m>=0 and m<0.

S2(I,m,theta)= {-2} S {I| m}\ theta \ 0).
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# If m<0, call Sb2(l,-m,theta) = {2 1S _ {Im}( \th eta, 0).
#

dzz:=(m,x)->dz( X) +ms in( th et a) "2 *x:

S2:=(l,m,theta) >sqrt (I -2) /( 1+ 2)0 )*

sin(theta)™2*dz z( m,dzz(m,Y (I ,m,t het a))) :
Sb2:=(l,m,theta )->sqart(( I-2) (1 +2)1) *

sin(theta)"2*dz z( m,dzz(m,Y b(1, m,the ta)) ):

#

# Compute the spin-weighted harmonics of spin s=-1,
# _{-1}S_{Im}(\th et a, \ph i) , calling them S1 and Sbl
#

S1:=(l,m,theta) Ssgrt (I -1) /( 1+ ) )

(-diff(Y(I,m,th eta),t heta) -m*Y(I ,m, theta)/s in( theta)):
Sbl:=(l,m,theta - >sqgrt(( - )Y (1 +1)hH *

(-diff(Yb(l,m,t heta ), the ta )- m*Yb(l, m,th eta)/si n(th eta)):
#

# Compute all the spin-weighted harmonics required in the source
# and put them in an array.

#

fd:=fopen(“c:/o rb it echiu se/a rmonich espi nMaple" ,WRITE);
for | from 2 to 4 do for mfrom -l to -1 do
fprintf(fd,"%d %d %d %16.10g\n",I,m,- 2,

evalf(subs(thet a=Pi /2 ,Sb 2(1, m,th eta)) ))

od od:

for | from 2 to 4 do for mfrom O to | do

fprintf(fd,"%d %d %d %16.10g\n",I,m,- 2,

evalf(subs(thet a=Pi/2 ,S2 (I ,m,t heta) )) )

od od:

for | from 2 to 4 do for mfrom -l to -1 do
fprintf(fd,"%d %d %d %16.10g\n",I,m,- 1,

evalf(subs(thet a=Pi /2 ,Sb 1(1, m,th eta)) ))

od od:

for | from 2 to 4 do for mfrom O to | do

fprintf(fd,"%d %d %d %16.10g\n",l,m,- 1,

evalf(subs(thet a=Pi/2 ,S1( ,m,t heta) )) )

od od:

for | from 2 to 4 do for mfrom -l to -1 do
fprintf(fd,"%d %d %d %16.10g\n",I,m,0

evalf(subs(thet a=Pi/2 ,Yb (I ,m,t heta) )) )

od od:

for | from 2 to 4 do for mfrom 0 to | do

fprintf(fd,"%d %d %d %16.10g\n",I,m,0

evalf(subs(thet a=Pi/2 ,Y( I, mitheta)) )

od od:

#

# Compute the spin-weighted harmonics of spin s=2,

# _{-2}S_{Im}(\th et a, \phi) .

# Even in this case, since

# _{-2}S_{Im}(\th eta, \phi) = {- 2} S {Im}( \t heta, 0)e" {i m\phi },
# compute only _{-2} S {Im}(t heta, 0),

term
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# using different
# If m>=0, call
# If m<0, call
#
dzzp:=(m,x)->dz
S2p:=(I,m,theta
sin(theta) 2*dz
Sb2p:=(I,m,thet
sin(theta) 2*dz

#

names in the cases m>=0 and m<O0.
S2p(l,m,theta) = {2 }S _{Im} \th eta,\0).
Sb2p(l,-m,theta )= _{- 2} S {l m}\t heta,0).

(x )- m/sin (t heta)” 2*x:

- >sart(( - 2) (I +2)1) *
zp(m,d zzp(m,Y (I ,m,ith eta))) :
a)->sqrt( (I -2) /( 1+2 ) )*
zp(m,d zzp (m,Y b( I, m,t heta)) ):

# Compute the spin-weighted harmonics of spin s=-1,

# _{-1}S_{Im}(\th
#

S1p:=(l,m,theta
(-diff(Y(I,m,th
Sblp:=(l,m,thet
(-diff(Yb(l,m,t

et a, \ph i) , calling them Slp and Sblp

->sqart(( - 1)V (1 +1)) *

et a),t het a) +ntY (I ,m, th et a) /s in( th et a)):
a)->sqrt( (I -1)! /( +1 ) )*

heta ), the ta )+ m*Yb(l, m,th et a)/si n(th eta)):

for | from 2 to 4 do for mfrom -l to -1 do

fprintf(fd,"%d %d %d %16.10g\n",I,m,1 ,

evalf(subs(thet a=Pi /2 ,Sb 1p(I ,m,t het a))) )

od od:

for | from 2 to 4 do for mfrom 0O to | do

fprintf(fd,"%d %d %d %16.10g\n",I,m,1 ,

evalf(subs(thet a=Pi /2 ,S1p(l, m,th eta)) ))

od od:

for | from 2 to 4 do for mfrom -l to -1 do

fprintf(fd,"%d %d %d %16.10g\n",I,m,2

evalf(subs(thet a=Pi /2 ,Sb 2p(l ,m,t het a))) )

od od:

for | from 2 to 4 do for mfrom 0O to | do

fprintf(fd,"%d %d %d %16.10g\n",I,m,2

evalf(subs(thet a=Pi /2 ,S2 p(l, m,th eta)) ))

od od:

fclose(fd);

The analyticformulafor the spin-weightedsphericaharmonicggeneralizinghe onegiven

by Poissoris

V2l+1 AN
S (0, 0) = 2\/:_; VIE+m)(—m)(l+s)(l—s)! <sin 5) e x

p1 _1\s+l+m+p 9 2p+s—m
Z ' (-1) (cot 2) ’ (G.5)
= pll=s=p)(p+s—m)(l+m—p)

wherep, = max(0,

m — s) epr = min(l — s, + m). In writing the previous relationone

shouldremindthatthe spin-weightecharmonicsarenot definedfor |s| > 1.
To checkthe computatiorof theharmonicsonecouldverify, for example,the property

Sin(0,0) = (1) _Sim (9, ¢), (G.6)

which, since
sSlm(’&a QO) =

sSim (09, 0)e™? (G.7)
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where; S, (9, 0) containsderivativeswith respecto ¢ of the orsinarysphericalharmonicsjs
equialentto

3Sicm(0,0) = (=1)™** _, Spu(9,0). (G.8)

We have checled that Poissors relation (G.5) yields, for ¥ = 7/2 e ¢ = 0, numberswhich
agreewith thoseobtainedrom formulas(G.2).

G.1 Ordinary sphericalharmonicsin analytic form

To evaluateanalyticallythe sphericalharmonicsandtheir derivativesfor generall andm we
canusethe following procedure which is also usedas a checkof the resultsin the Maple
programFIm. We specializgéheanalyticexpressiorfor the spin-weightedgphericaharmonics,

BT 2
sSim (0, ©) 2l + \/ L+ m)/(l —m)!(+ )1l — s)! (sin g) e x
1 s m 9\ 2p+s—m
pz (_1) Hmtp (COt 5) (G.g)
= pl(l—s—p)lp+s—m)(l+m—p)!

wherepy = maxz(0, m — s) ep; = min(l — s, + m), to thecases = 0 (correspondingo the
ordinarysphericaharmonics):

\/2 AN
Yim(9,0) = il \/ —m)!! (sin 5) e x
p1 1 l+m+p t 9 2p—m
>< z S <C°, K (G40
Z pl(l = p)l(p —m)!(l +m —p)!
wherepy = maz (0, m) ep; = min(l, ! + m). Thenwe differentiatethis formulato get:
P1 p1
1
Im 21 _im lm . 2p—m-+1 lm 2p—m—1
Vi = lroe w{zcz e 55 e mer| @a
P=po P=Po
where
\/2 -1 +m+p
Clm I+1 \/ m)' l', cglm = ( )

pl(l = p)l(p — m)I(l +m — p)!’

o =sin(9/2), X = cot(9/2)
If we now decomposéhe sphericaharmonicdan a (real)9—dependenparttimesa (comple)
p—dependenpartasfollows

Yim (9, ) = O (9)e™ (G.12)
we cangetthe secondy—derative of ©,,,,(9) = P,,,,(cos ) usingthe Legendreequation:

2
Om,go = — cot ¥ Oy 9 + [ mQ — I+ 1)} Oim (G.13)
sin®
Thenwe have:
X0, ¢) = —2im [O,9 — cot VO] [cos(my) — isin(myp)] (G.14)

m2

W (9, ¢) = [@lm 99 — €Ot VO, 4 + 196””] [cos(mp) — isin(my)] (G.15)
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H.1 TetradWaveform

> # Given as an input the quadrupole moments matrix, project it
on the sphere. The Q_ij's are unspecified.

> restart:

with(linalg):

> Q:=linalg[matri X] (3,3, [Qxx,Qxy,0, Oxy, Qyy, 0,0 ,0,Qzz]) ;

\

> P:=matrix(3,3,[ 1-si n(t heta)” 2*cos(p hi )" 2, -si n(th et a) "2* si n( phi) *co s( phi) ,
-sin(theta)*cos (t heta )*c os(p hi ), -si n(th eta) 2* si n( phi) *co s( phi) ,
1-sin(theta)™2* si n(phi)® 2,-sin (t het a) *c os(t het a) *sin (p hi) ,

-sin(theta)*cos (t heta )*c os(p hi ), -si n(th et a)*co s(th et a)*si n(phi) ,

sin(theta)"2]);

> PQ:=simplify(in nerp rod (P,Q)) :
> Hl:=innerprod(P Q,P):
> T:=simplify(tra ce(PQ)):
> H2:=-evalm(T*P) /2 :

> H:=simplify(eva Im (2 *(H 1+H2)) ):
> H11:=simplify(H [1,1]:
> H12:=H[1,2]:

> H13:=H[1,3]:

> H22:=H[2,2]:

> H23:=H[2,3]:

> H33:=H[3,3]:

> AT:=matrix(3,3, [sin (th eta)*cos(phi) ,sin (t het a)*sin (p hi) ,c os(t heta) ,
cos(theta)*cos( phi) ,c os( th et a) *sin( phi) ,- si n(t heta), -sin( phi) ,cos(phi) ,0]) ;
A:=transpose(AT ),
QA:=simplify(in nerp rod (Q,A)) :

ATQA:=simplify(  in nerpr od(A T, QA):
Pradial:=matrix ®,3,0,00,0,1,00 0,0,1]);
PradialQ:=simpl if y(inn erprod(Pradial, ATQA):
Hl:=innerprod(P radi alQ,Pradi al ):

T:=simplify(tra ce(Prad ia IQ)) :

H2:=-evalm(T*Pr  adia l)/ 2:

H:=simplify(eva Im(2 *(H 1+H2)) ):

Hrr:=H[1,1]:

Hrtheta:=H[1,2]

VVVVVVVYVYVYVYV

162
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V V. V V

Hrphi:=HI[1,3];

Hthetatheta:=fa ctor(si mai fy (H[2, 2])) ;
Hthetaphi:=fact or (simpli fy (H[2,3] )) ;
Hphiphi:=factor (simpli fy (H[3,3]) ;

H.2 FIm

VVVVVH*%fVVVVVVVYVHVVHFzHRYVYVVHEVVHVVHVV HVV HFZV HHHTHYVV HH

Given as an input the quadrupole moments matrix, project it

on the sphere. The Q_i's are unspecified.

restart:

with(linalg):

Define K™ as the polar harmonic on which to make the projection,
comment the others

a_Im"(0)

#Kstar:=linalg[ mar ix] (4,4, yylmstar, 0,0,0,0,0,0,0,0,0, 0,0,0,0,00) ;
a_Im

#Kstar:=linalg[ matr ix] (4,4, 0,0,- I/ sqrt (2)*y yl msar, 0,0,0,0,- I/ sqgrt( 2)
*yylmstar,0,0,0 ,0,0,0, 0,0]);

b_Im~(0)

#Kstar:=linalg[ mar ix] (4,4, O,-I* nl* *yyl mphs tar, O, -I* nl *r *y yl mthet as
tar,-I*nl*rryyl mphi sta r, 0,0, 0, 0,0 ,0,0 ,- I* nI* r* yylmth eta st ar 0,0 ,0] );

b Im

#Kstar:=linalg[ mar ix] 4,4, 0,0,0,0,0,0,nP*r *yyl mphistar, 0,0, nl *r* yylm
phistar,0,nl*r* yyImthe ta st ar ,0 ,0, nl *r *y yl mthet astar, 0]) ;

g_Im

#Kstar:=linalg[ matr ix] (4,4, 0,00,0,0,r "2/sq rt (2)* si n(t heta)” 2*yyl msa
r,0,0,0,0,0,0,0 0,0, 2/sqrt (2)*y yl mgar] );

f Im

Kstar:=linalg[m atri xJ( 4,4,[0,0,0, 0,0, -ml* r"2 *sin (t heta) "2 *Wst ar ,0, ml*r
"2*Xstar,0,0,0, 0, 0, m* r~ 2*Xstar,0 ,ml* r~ 2*Wstar]) ;

Define the matrix e {(\alpha)\mu} , where \alpha is the tetrad index

and \mu the tensor index

tetrad:=linalg[ mar ix] 4,4, 1,-0, 0,0,0,-1/(r *sin (t heta) ), 0,0,0, 0,- 1, 0,
0,0,0,-1/r]):

Take the product e{(\alpha)\mu}K “* {\mu\nu} e {\ nu(\ beta)}
temp:=innerprod (Kst ar, te tr ad):

Kstartetradup:= si mdif y(in nerprod (t etrad, temp)):
hplus:=((aa*cos (p hi )2 +bb*si n( 2*p hi )) *( 1+cos (t heta)” 2)+ cc*c os(t het a) "2
+dd)/r;

hcross:=-cos(th et a) *(a a*si n( 2* phi )+ 2*bb*( 1-2 *cos(p hi )2 )) Ir ;
H:=linalg[matri x] (4 ,4, [0,0,0,0,0, -hplus,0,hcross,0,0,0, 0,0, hcross, 0, hp
lus]):

integrand:=sum(  sum(Kst ar te tr adup[ i, j] *H[i j J =1.. 4),i= 1. .4);

Define Xstar, Wstar and so on

yylmstar:=ylm*( cos( m*phi )- I* si n(m*p hi)) :

yylmphistar:=-I *m*y Im* (c os(m*p hi) -l *sin (m*phi) ):

yylmthetastar:= yl mt*(c os(m*p hi )-I *sin (m*p hi) ):

Xstar:=-2*I*m*X th et a*( cos( m*phi)- I* si n( m*phi )) :

Wstar.=Wtheta*(  cos( m*phi )- I* si n(m*p hi)) :
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VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVYVYVYVYVYVHHH

Project

[:=2:

m:=2:
ylm:=1/4*sqrt(1
yimt:=diff(ylm,
ylmtt:=-cot(the
Wtheta:=yImtt-c
Xtheta:=ylmt-co
imag:=simplify(
reale:=simplify
realeth:=int(re
imagth:=int(ima
K2R:=int(realet
K2l:=int(imagth
[:=2:

m:=1:
ylm:=-sqrt(15/(
yimt:=diff(ylm,
ylmtt:=-cot(the
Wtheta:=yImtt-c
Xtheta:=ylmt-co
imag:=simplify(
reale:=simplify
realeth:=int(re
imagth:=int(ima
K1R:=int(realet
K1l:=int(imagth
[:=2:

m:=0:
ylm:=sqrt(5/(4*
yimt:=diff(ylm,
yimtt:=-cot(the
Wtheta:=ylmtt-c
Xtheta:=ylmt-co
imag:=simplify(
reale:=simplify
realeth:=int(re
imagth:=int(ima
KOR:=int(realet
KOl:=int(imagth
[:=2:

m:=-1:
yim:=sqrt(15/(8
ylmt:=diff(ylm,
yimtt:=-cot(the
Witheta:=yImtt-c
Xtheta:=ylmt-co

imag:=simplify(

and find

the components with [=2 and different m’s

5/ (2*Pi )) *sin (t het a) "2;

th et a):

ta)* yimt+ (m"2/( sin (t heta)) "2- I* (I +1)) *yl m:
ot (t het a) *y Imt+ m"2/s in (t heta) "2 *y Im:
t( th eta )* yl m:

coef fi ntegrand,l) ),

(i ntegrand-I* imag) ;

al e, phi =0.. 2*Pi);

g, phi=0 .. 2*Pi);

h*si n(t heta ), th eta =0.. Pi);

*sin (th eta),t heta= 0. .Pi) ;

8* Pi))*
th et a):
ta )* yimt+ (m"2/( sin (t heta)) "2- I* (I +1)) *yl m:
ot (t het a) *y Imt+ m"2/s in (t heta) "2 *y Im:

t( theta)* yl m:

coef fi ntegrand,l) ),

(i ntegrand-I* imag) ;

al e, phi =0.. 2*Pi);

g, phi=0 .. 2*Pi);

h*si n(t heta), th eta =0.. Pi);

*sin (th eta),t heta= 0. .Pi) ;

si n(th et a)* cos( th et a);

Pi)) *(3 /2*cos(t heta)2-1/2);

th et a):

ta)* yimt+ (m™2/( sin (t heta)) "2- I* (I +1)) *yl m:
ot (t het a) *y Imt+ m"2/s in (t heta) "2 *y Im:
t( theta)* yl m:

coef fi ntegrand,l) ),

(i ntegrand-I* imag) ;

al e, phi =0.. 2*Pi);

g, phi=0 .. 2*Pi);

h*si n(t heta), th eta =0.. Pi);

*sin (th eta),t heta= 0. .Pi) ;

*Pi) )*s in (t heta )*c os(t heta);

th et a):

ta )* yimt+ (m"2/( sin (t heta)) "2- I* (I +1)) *yl m:
ot (t het a) *y Imt+ m"2/s in (t heta) "2 *y Im:

t( theta)* yl m:

coef fi ntegrand,l) ),
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reale:=simplify (i ntegrand-I* imag) ;
realeth:=int(re al e, phi =0.. 2*Pi);
imagth:=int(ima g, phi=0 .. 2*Pi);
KimR:=int(reale  th *sin( th et a),t het a=0. .Pi) ;
Kiml:=int(imagt h*si n(t heta), th eta =0.. Pi);

l:=2:

m:=-2:

ylm:=1/4*sqrt(1 5/ (2*Pi )) *sin (t het a) "2;

yimt:=diff(ylm, th et a):

ylmtt:=-cot(the ta )* yimt+ (m"2/( sin (t heta)) "2- I* (I +1)) *yl m:

Wtheta:=yImtt-c ot (t het a) *y Imt+ m"2/s in (t heta) "2 *y Im:
Xtheta:=ylmt-co t( theta )* yl m:

imag:=simplify( coef fi ntegrand,l) ),

reale:=simplify (i nt egrand-I* imag) ;

realeth:=int(re al e, phi =0.. 2*Pi);

imagth:=int(ima g, phi=0 .. 2*Pi);

K2mR:=int(reale  th *sin( th et a) ,t het a=0. .Pi) ;
K2ml:=int(imagt h*si n(t heta ), th eta =0.. Pi);

Check the previous results using the analytic formula for the spherical
harmonics obtained  specializing that for tensor spherical harmonics.
Before proceeding, unassign the harmonics, | and m

yim:="yIm’:

yimt:="yImt’:

yimtt:="yImtt":

m:='m’:

=T

Wtheta:=ylmtt-c ot (t het a) *y Imt+ m"2/s in (t heta) "2 *y Im:
Xtheta:=ylmt-co t( th eta )* yl m:

yylmstar:=ylm*( cos( m*phi )- I* si n(m*p hi)) :
yylmphistar:=-I *m*y Im* (c os(m*p hi) -l *sin (m*phi) ):
yylmthetastar:= yl mt*(c os(m*p hi )-I *sin (m*p hi) ):
Xstar:=-2*I*m*X th et a*( cos( m*phi)- I* si n( m*phi )) :
Wstar:=Wtheta*(  cos( m*phi )- I* si n(m*p hi)) :

integrand:
imag:=simplify( coef fi ntegrand,l) ):
reale:=simplify (i ntegrand-I* imag) :

realeth2:=simpl if y(int (s ubs( m=22,r eale), phi=0 .. 2*Pi)) ;
realethl:=simpl if y(int (s ubs( m=lL,r eale ), phi=0 .. 2*Pi)) ;
realethO:=simpl if y(int (s ubs( m=0,r eale ), phi=0 .. 2*Pi)) ;
realethlm:=simp |i fy (in t( subs(m=-1,r eale ), phi =0.. 2* Pi));
realeth2am:=simp li fy (in t( subs(m=-2 ,r eale ), phi =0.. 2*Pi));
imagth2:=simpli fy (i nt( subs(m=2,im ag), phi=0.. 2*Pi)) ;

imagthl:=simpli fy (i nt( subs(m=1,im ag), phi=0.. 2*Pi)) ;

imagthO:=simpli fy (i nt( subs(m=0,im ag), phi= 0.. 2*Pi)) ;

imagthlm:=simpl if y(int (s ubs( m=1, imag), phi=0 .. 2*Pi)) ;
imagth2m:=simpl if y(int (s ubs( m=2, imag), phi=0 .. 2*Pi)) ;

F+H*HVVVVVVVVVVVVVVVVVVVVVVVYVVHzHEHRHRHxRVVVVVVVVVVVVVVVVYVYV

Project and find the components with =2 and different m’s
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[:=2:

m:=2:
p0:=max(0,m):
pl:=min(l,I+m):
ylm:=sqrt((2*1+
'(-1)"(+m+p)*(
..pl):
yimt:=diff(ylm,
ylmtt:=-cot(the
Wtheta:=yImtt-c
Xtheta:=ylmt-co
K2R:=int(realet
K2l:=int(imagth
[:=2:

m:=1:
p0:=max(0,m):
pl:=min(l,I+m):
ylm:=sqrt((2*1+
'(-1)"(+m+p)*(
..pl):
ylmt:=diff(ylm,
yimtt:=-cot(the
Wtheta:=ylmtt-c
Xtheta:=ylmt-co
K1R:=int(realet
K1l:=int(imagth
[:=2:

m:=0:
p0:=max(0,m):
pl:=min(l,I+m):
ylm:=sqrt((2*1+
'(-1)"(+m+p)*(
.pl):
ylmt:=diff(ylm,
yimtt:=-cot(the
Wtheta:=yImtt-c
Xtheta:=ylmt-co
KOR:=int(realet
KOl:=int(imagth
[:=2:

m:=-1:
p0:=max(0,m):
pl:=min(l,I+m):
yim:=sqrt((2*+
'(-1)"(H+m+p)*(
..pl):
ylmt:=diff(ylm,
yimtt:=-cot(the
Wtheta:=yImtt-c

/P 2xsqrt (( +m)! *( - m)h*
cot( theta/2 )" (2*p- m)/( p! *( I-p

th et a):

ta )* yimt+ (m"2 /( sin (t heta)) "2-
ot (t het a) *y Imt+ m"2/s in (t heta)
t( theta)* yl m:

h2*sin( th et a) ,t het a=0. .Pi) ;
2*si n(t heta), th eta =0.. Pi);

1) /Pi) 2xsqrt (( +m)! *( - m)h*
cot( theta/2 )" (2*p- m)/( p! *( I-p

th et a):

ta )* yimt+ (m"2 /( sin (t heta)) "2-
ot (t het a) *y Imt+ m™2/s in (t heta)
t( theta)* yl m:

him*sin (t heta ), the ta =0.. Pi);
Intsin( th et a),t het a=0. .Pi) ;

/P 2xsqrt (( +m)! *( - m)h*
cot( theta/2 )" (2*p- m)/( p! *( I-p

th et a):

ta )* yimt+ (m"2 /( sin (t heta)) "2-
ot (t het a) *y Imt+ m"2/s in (t heta)
t( theta)* yl m:

hO*s in( th et a) ,t het a=0. .Pi) ;
0*si n(t heta ), th eta =0.. Pi);

/P 2xsqrt (( +=m)! *( I- m))*
cot( theta/2 )" (2*p- m)/( p! *( I-p

th et a):
ta )* yimt+ (m"2 /( sin (t heta)) "2-
ot (t het a) *y Imt+ m"2/s in (t heta)

I' *sin (t het a/ 2) °( 2*1)* sum(
! F(Cp-m( +m-p) ) ), p=p0

* (1 +1)) *yl m:
"2*y Im:

I' *sin (t het a/ 2) °( 2*1)* sum(
! FCp-m*(C +m-p) ) ), p=p0

* (1 +1)) *yl m:
"2*y1Im:

I' *sin (t het a/ 2) °( 2*1)* sum(
! p-m( +m-p) ) ), p=p0

* (I +1)) *yl m:
"2*y1Im:

I' *s'in (t het a/ 2) °( 2*I)* sum(
! FCp-m(C 1+ m-p) 1) ), p=p0

* (I +1)) *yl m:
"2*y1Im:
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Xtheta:=ylmt-co
K1mR:=int(reale
Kiml:=int(imagt
[:=2:

m:=-2:
p0:=max(0,m):
pl:=min(l,I+m):
ylm:=sqrt((2*1+
'(-1)"(+m+p)*(
..pl):
ylmt:=diff(ylm,
yimtt:=-cot(the
Wtheta:=yImtt-c
Xtheta:=ylmt-co
K2mR:=int(reale
K2ml:=int(imagt

t( theta)* yl m:
th 1ntsi n(th et a) ,th et a=0. .Pi);
hlm*sin (t heta ), the ta =0.. Pi);

1) /Pi) 2*sqrt (( +m)! *( - m)h* II *sin (t het a/ 2) "( 2*)* sum(
cot( theta/2) (2*p- m)/( p! *( I-p ) *( p-m)!*( I+ m-p)!) ), p=p0

th et a):

ta)* yimt+ (m™2/( sin (t heta)) "2- I* (I +1)) *yl m:
ot (t het a) *y Imt+ m"2/s in (t heta) "2 *y Im:

t( theta)* yl m:

th 2ntsi n(th et a) ,th et a=0. .Pi);

h2m*sin (t heta ), the ta =0.. Pi);

H.3 NewtonianQuadrupole

with(linalg);
%

% Build
%
X[1]:=a*(cos(u)
X[2]:=a*sqrt(1-
X[3]:=0:

f= (@)  -> XX

M1:=matrix(3,3, f) :

Xsq:=factor(sim plif y(sum( X[k] "2’/ k' =1.. 3))):
M2:=-1/3*matrix (3,3,[ Xsq,0,0,0,Xsq, 0,0,0, Xsq]) :
Qreduced:=simpl if y( evalm(mu* (M1+M2))) ;

the matrix containing the reduced quadrupole moment

-e):
e 2)*sin( u):

%

% Take the second time derivative (called “Q")

%

Qdot:=simplify( eval m(map(d if f, Qreduced, u) *s grt (G*M/a "3 )/( 1-e*cos(u)) )) :
Q:=simplify(eva Im(map(di ff ,Qdot, u)* sqrt (G*M/a” 3)/( 1-e*cos(u)) )) :
%

% Take coefficients

%

Qxx:=factor(Q[1 A7)

Qxy:=factor(Q[1 270

Qxz:=factor(Q[1 31

Qyy:=factor(Q[2 270

Qyz:=factor(Q[2 31 ;

Qzz:=factor(Q[3 31

%

% Take the projection and find the two independent components of h
%

AT:=matrix(3,3, [sin (t het a)*cos(p hi) ,sin (t heta) *sin (p hi ),c os(t heta),
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cos(theta)*cos( phi) ,c os( th et a) *sin( phi) ,- si n(t heta), -sin( phi) ,cos(phi) ,0]) :
A:=transpose(AT ):

QA:=simplify(in nerp ro d(Q,A)) :

ATQA:=simplify(  in nerprod (AT, QA) :

Pradial:=matrix 3,3,,00,0,0,1,0,0, 0,1]):

PradialQ:=simpl if y(in ner prod(Pradia |, ATQA) :

Hl:=innerprod(P  radi al Q,Pradi al ):

T:=simplify(tra ce(Pradia IQ)) :

H2:=-evalm(T*Pr adia l) /2:

H:=simplify(eva Im (2 *G*(H 1+H2)/ (c "4* 1) )) :

Hthetatheta:=fa ctor (simpli fy (H[2,2] )) ;

Hthetaphi:=fact or (simpli fy (H[2 ,31])

%

% Verify the tensor is traceless!

%

Hphiphi:=factor (simplify (H[3,3] );

simplify(Htheta th et a+Hphip hi );

%

% Circular case: specialize to e=0

% Show explicitly that only functions of (2 omegaO t) appear
%

Hthetathetac:=f acto r( simpl if y( subs( e=0, cos( u)” 2=(1 +cos(2* u) )/ 2,
sin(u)=sin(2*u) /( 2*cos(u )) ,Hth et ath et a))) ;

Hthetaphic:=sim pl if y( subs( e=0, cos(u)” 2=(1 +cos( 2*u) )/ 2,
sin(u)=sin(2*u) /( 2*cos(u )) ,Hth et aphi) ):

Hthetathetac:=s ubs( u=omega0O*t, Hthet at heta c) :

Hthetaphic:=sub s( u=omega0*t, Hthetap hi c) :

%

% Take the Fourier component of H_{theta theta} at n=2

%

n:=2:

Htt:=simplify(o mega0/ (2* Pi)* in t( Hth et at heta c*e xp(n *I *o mega0*t ),
t=0..(2*Pi)/lome ga0));

%

% Verify that the Fourier component vyields the correct result
% in the time domain

%

simplify(evalc( Htt* exp(- 2* I* omega0*t) +conju gat e( Htt* exp(- 2* I* omega0*t) )
-Hthetathetac)) ;
Htt2:=simplify( in t( evalc (abs(Htt )2 *sin (t heta) ), th et a=0.. Pi)/ (4 *Pi))

%

% Integrate over the solid angle

%

Htt2:=simplify( in t( Htt2, phi=0..2 *Pi )) ;

%

% Do the same for H_{theta phi}

%

Htp:=simplify(o mega0/ (2* Pi)* in t( Hth et aphi c* exp (2 *o mega0*l *t ),
t=0..(2*Pi)/lome ga0));

Htp2:=simplify( in t( evalc (abs(Htp )2 *sin (t heta) ), th et a=0.. Pi)/ (4 *Pi))
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Htp2:=simplify(
%

% Compute flux

%
flux;=2*c"3*(n*
lum:=simplify(f

in t( Htp2, phi= 0. .2 *Pi )) ;

and luminosity

omegal)™2 *( Htt2 +Htp2 )/ (1 6* Pi *G) ;

lu x* 4* Pi* r~ 2) ;

H.4 RadiationGauge

readlib(mtaylor
rstar(r):=r+2*M
nur:=M/(r*(r-2*
N(r):=exp(I*eps
L(r):=exp(I*eps
T(r):=exp(I*eps
V(r):=exp(I*eps
X(r):=n*V(r):

%

% Show that V1

% (later we'll
%
Z:=simplify(r"2
Z:=simplify(sub
extrtaylor:=rho
Z1:=coeff(extrt
%

% It turns out

%
eql:=simplify(T
eqg2:=simplify(d
eqg3:=simplify(d
eq4:=simplify(2
-2*(1/r+2*nur)*
-L(0)/(r*(r-2*
eq2:=simplify(s
extrtaylor:=sim
e2_1:=coeff(ext
eqg3:=simplify(s
extrtaylor:=sim
e3_1:=coeff(ext
eq4:=simplify(s
extrtaylor:=sim
e4_1:=coeff(ext
eql:=simplify(s
extrtaylor:=sim
el_1:=coeff(ext
solve({el_1,e2_
%

% The result

is:

);

* n(r/ (2* M)-1);

M));

il on*sigma*rs ta r( r))
il on*sigma*rs ta r( r))
il on*sigma*rs ta r( r))
il on*sigma*rs ta r( r))

is the amplitude of
check that L1=-n*V1).

/(. n*r+ 3*M)* (3 *M*X(r)
s(r=1/rho ,2)) ;

*simpl ify (mtayl or (Z,

aylo r, rho);

that Z1=-L1/n

(r)- V(n+ L(n ):

*( NUr +N2/r
*( L1/r +L2/r
*(T1/r +T2/r
*(V1r +V2/Ir

the Zerilli

In/r -L (r))*

[r hol, 4));

it f( N(r), r) -dif fC L(r ), r) -( 2/ rn
if fC L(r), r) +(2/r- nur)* L(r) +(1/r
*dif f( N(r), r) /r -2*(n +1)* N(r) /(r

L(r) /r -2* (1 /r +nur )*(

M))- 2*sig mda2 *( L(nN+ n*V(r) )/ (1-

di ff (L (r )r

function at infinity

exp( -l *e psi lo n*si gma*r st ar (r )) );

ur )* N(r) -(1 /r +nur)* L(r )) :
-nur )* X(nN+ di ff (X(r ),r )) :
*(r- 2xM))

A nxdi ff (V(r) ,r)) -2*n* (V(r)
2*M/r) "2):

ubs( r=1/r ho,e q6*e xp( -1 *e psil on*si gma*rs tar (r )) )) :

pl if y( mtayl or (e g6,[r
rt aylo r,r ho):

ho], 3));

ubs( r=1/r ho,e q7*e xp( -I *e psil on*si gma*rs tar (r )) )) :

pl if y( mtayl or (e q7,[r
rt aylo r,r ho):

ho], 3));

ubs( r=1/r ho,e g8*e xp( -I *e psil on*si gma*rs tar (r )) )) :

pl if y( mtayl or (e g8,[r
rt aylo r,r ho):

ho], 3));

ubs( r=1/r ho,e g4*e xp( -I *e psil on*si gma*rs tar (r )) )) :

pl if y( mtayl or (e g4,[r
rt aylo r,r ho):

ho], 3));

1,e3_1,e4 1}, {N1, V1, L1,T1});
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% {T1 =V1+nVl L1 =-n V1 V1=Vl Nl=-n V1}
%

H.5 SemiRelatvisticSpectrum

restart:

#

# Define the factors H+j, H-j and HOj

# for h_{\thetaltheta }

#

Hjp_thth:=(lap+ Ib p) *( cos (2 *p hi )+ I*s in (2 *p hi ))* (1 +cos(t het a) "2);
Hjm_thth:=(lam- Ib m)*( cos (2 *phi)- I*s in (2 *p hi))* (1 +cos(t het a) "2);
HjO_thth:=3*K*( cos(theta) 2-1);

#

# Define the factors H+ j and H-_j

# for h_{\theta\phi}

#

Hjp_thph:=(lap+ Ib p) *2*co s(th et a) *(s in (2 *phi)-I *cos(2*phi) )
Hjm_thph:=(lam- Ib m)*2 *co s(th et a) *(s in (2 *p hi )+I *c os(2 *p hi) );

#

# Evaluate the two square moduli and integrate over the solid angle
#

hththmodulus:=s  impl if y(e valc (0 mp*Hj p_th th *c onj ugat e( onmp*Hjp _t ht h)
+omm*Hjm_thth*c onju gate( onm*Hj m_tht h)

+omO0*Hj0_thth*c  onju gate( onmD* Hj 0_tht h))) :

hthth1:=int(emo dulu s*sin (t heta ), the ta =0.. Pi):

hthth2:=int(e1, phi= 0. .2* Pi);

hthphmodulus:=s impl if y(e valc (0 mp*Hj p_th ph*c onj ugat e( omp*Hjp _t hph)
+omm*Hjm_thph*c onju gate( omm*Hj m_thp h))) :

hthph1:=int(fmo dulu s*sin (t heta), the ta =0.. Pi):

hthph2:=int(f1, phi= 0. .2* Pi);

#

# Sum over polarizations

#

final:=factor(s impl if y(h th th 2+ht hph2) );

H.6 ABC

> restart;

> Omega0:=sqrt(AM ASSAIr0 “3):

Qui uso la convenzione G _\mu\nu=2T_\m u\ nu, e nel programma moltiplico la
sorgente  per 4\pi.

Definisco BO e F (trasformate di Fourier!) ponendo mO0=1 e non mettendo
la delta di omega.

> BO:=-I*sqrt(2)/ sqrt (I* (I +1)) *I *m*OnegaOl/s grt (1 -3 *AMASSAr 0) *
(1-2*AMASSA/r)/  r* Pl*delt a(r) :

> F:=(*(1+1)-2*m 2) sqrt( 2% (1 +1) *( - 1) *( 1+2 )) *( AMASSA/(r 0" 3*
sqrt(1-3*AMASSA /r 0))) *PI *del ta (r ):
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Definisco i fattori davanti a BO, B0, BO” ed F nella sorgente

in gauge di Chandrasekhar- Ferr ari.

> BOfact:=sqrt(2) *( (r -2* AMASSA* (n° 2*r" 2- 12*AMASSAfr -3 *AMASSA*N *r
+12*AMASSA™2)/r /(| n*r+ 3*AMASSA) "2 -t~ 3* (m*s gr t(A MASSA/r0 "3) )" 2
/(n*r+3*AMASSA) )/ (m*s grt (AMASSA/r0” 3) )/ sqrt (I* (I +1)) :

> BoOrfact:=-(r-2* ANMASSA)*( 3* n*r" 2+15* ANMASSA*r- 4* ANASSAN* r- 24*AMASSA2)
I(n*r+3*AMASSA) "2*sqgrt(2 ) sqrt (I *(I +1)) /m/s grt (AMASSA/r0" 3):

> BOrrfact:=-r*(r -2 *AMASSA)” 2*sqrt( 2) /( n*r+ 3*AMASSA) /s grt (I *( I+ 1) )/m
/sqrt(AMASSA/f0  "3):

> Ffact:=-2*sqrt( 2) *( r-2 *AMMASSA)/sq rt (I *( I- 1)* (I +1)* (I +2)):

Calcolo la sorgente

> n:=(I-1)*(1+2)/ 2:

> Ftot:=simplify( Ff act*F ):

> BOtot:=simplify (( BOfac t* BOQ)) :

> BOr:=simplify(d if f( BO, r) ):

> BOrtot:=simplif y( (BOrf act* BOr) ):

> BOrr:=simplify( di ff (BOr, r) ):

> BOrrtot:=simpli fy (( BOrrf act* BOrr) ):

> BOpBOr:=simplif y( BOtot +BOr to t+ BOrrt ot ):

> BOpBOr:=subs(di ff (delt a(r) ,r )=del tar( r) ,BOpBOr):

> BOpBOr:=subs(di ff (delt ar(r ), r) =delt arr, BOpBOr) :

> sourceMia:=simp |li fy (su bs(d el tar(r )=delt ar,ex pand(BOpBOr +Fto t) )) :
> sourceMia:=simp li fy (su bs(d el ta (r) =del ta ,s our ceMia) ):
Prendo i coefficienti della delta, della deltas e della delta”...
> C:=simplify(coe ff (s our ceMia, delta rr)) :

> B:=simplify(coe ff (s our ceMia, delta r) ):

> A:=factor(simpl if y( coeff (sourc eMia, delt a))):

... li divido per (1-2M/r), poi calcolo le derivate.

> Astar:=simplify (A*r I(r -2*AMASSA)) .

> Bstar:=B*r/(r-2 *AMASSA):

> Bstarprime:=sim pl if y(dif f( Bstarr )) :

> Cstar:=simplify (C*r I(r -2*AMASSA)) :

> Cstarprime:=sim pl if y(dif f( Cstarr )) :

> Cstarprimeprime = si mplif y(di ff (Cstarpri mer) ):
Calcolo tutto in rO=r (raggio dell'orbita).

> r0:=r:

> Astar:=simplify (Ast ar) ;

> Bstar:=simplify (Bst ar) ;

> Cstar:=simplify (Cst ar) ;

> Bstarprime:=sim pl if y(B st ar prime);

> Cstarprime:=sim  pl if y(C st ar prime);

> Cstarprimeprime = si mplif y( Csta rpr imepri me);

H.7 AsymptoticPolar

#

# Define the potential and write down the equation

#

V(n:=(2*n"2*(n +1)* 17 3+6*n "2 *M*r "2+ 18*n *M"2 *r+ 18*M"3)
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*(1-2*MIn)/(r"3 *( n*r+ 3*M)" 2) ;
rstar(r):=r+2*M ' n(r/ (2* M)-1);
simplify(diff(r star(r),r ));

dzdrs:=(1-2*M/r y*diff (Z(r) r);
ddzdrs2:=(1-2*M  /r )* di ff( dzZdrs, 1) ;
eq:=ddzZdrs2+(om ega” 2- V(r)) *Z(r ):
Z(r):=exp(-1*om ega*rstar (r)) *( 1+a/r +b/r "2);
eq:=simplify(eq )i

z We expand in rho=1/r !

ﬁq::simplify(su bs(r =1/rh o, eq)) ;

z From “eq” we extract the coefficient multiplying the exponential:
ﬁxtr:z—z*l*(lz* I* a* M"2*n "2 *r ho™3 -9* I* M"3*rh 0"3 -0 mgga*a *n” 2+18* *M4* rh 0" 4
-1*n"2-1*n"3+4* omega* M*b*n "2 *r ho"2+ 2* omega* M*a*n "2 *r ho+12*0 megga*M"2

*a*n*rho"2-12*0 mega*b *n* M*rh 0" 2- 6*0 mega*a *n *M* rh 0+24*0 mega* M"2* b* n*r ho"3
-18*omega*b*M"2 *r ho"3 +18*0 mega*M"3* a* rh 0" 3- 2*0 mega*b *n "2* rh o- 9* omega
*a*M™2*rho"2+36  *o mega*M” 3* b*rh 0" 4+2* *b *n "2 *rh 0" 2+27* *b* M"2*rh 0" 4-5 4*
I*a*M"3*rho"4-9 * *M°2 *n* rh 0" 2+72*1* a*M"4*rh 0°5 -1 35* *b *M" 3*rh 0" 5+9*| *a
*M"2*rh0"3+18*| *n*M"3 *rh 0" 3+2* I* n"3 *M*r ho+6*I* n" 2* M"2*rho "2 -1 *n"3 *a* rh o
-I*M*n"2*rho-I* n~ 3*b*rho "2 +162* *b* M"4*rh 0" 6+22* I* b* M"2*n "2 *r ho™4 -6* |
*a*M*n"2*rho”2- 39* *a*M” 2* n*rh 0" 3+2* *n "3 *M*a* rh 0~ 2+2* I*n "3 *M*b *r ho™ 3
-15**b*M*n”~2*r ho"3 -9 3*| *b *M"2 *n *rh 0" 4+54* *a* M"3* n*rh 04 +114* *b *M" 3*n
*rho”5+6*I*a*n* M*rh 0" 2+18* I* b*n* M*rho"3)* rh 0"2 /( (n +3*M*rh 0) "2);

#

# Expand and take coefficients

#

readlib(mtaylor )

extrtaylor.=mta yl or (e xtr ,[ rh o] ,4);
coeff(extrtaylo r, tho” 2);
a:=solve(%,a);

coeff(extrtaylo r, tho" 3);

b:=solve(%,b);
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