580.439/639 Homework #3 Solutions
Problem 1

Part a) If the membrane is depolarized, the number of open gates increases in the HH
K™ channel; in the model, this means that the gating charges move to the outer membrane
surface. With this definition of gating charge movement, a positive gating charge z¢ is required
to favor the open states as membrane potential increases (depolarizes).

Part b) Using the rate theory formulation developed in class, the unidirectional rates of
transfer over the barrier are given by (k is the constant associated with rate theory models):

rate of opening = fraction closed - ke (¢ * ¢V

(1.1)
(1.2)

rate of closing = fraction open - e 80+ =)z FV)/RT

and

dn : .
o rate of opening - rate of closing

Substituting Eqns. 1.1 and 1.2 and noting that the fraction closed is (1-#) and the fraction open is
n gives

di —(AG-Azg —(AG+(1- )z,
d_l:: (1= n)yke 4O 2 MVED g (802 T)RT

Collecting terms in 7n:

(1.3)

dn
—AG /RT Az FV/RT AG-AG—z;FV)/ RT —~AG /RT Az FV/RT
=—ke e’ [1+e( of7) ]n+ke e’

dt
To simplify, define the following dimensionless variables:
4
g=AG/RT g=AG/RT v,=(¢d-g)lz, a=k™" v=—x
Then Eqn. 1.3 can be written in terms of simplified variables as:

l4e’ (H”)]n+ aet (1.4)

which is the form given in the problem assignment.
Part c) The HH differential equation for n in terms of n,(¥) and t,(V) is

dn n n
—_—— = 1.5
dt T T (15

n n
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Comparison of Eqns. 1.4 and 1.5 yields the following expressions for n,(¥) and t,(V):
1

aeﬂ,va [1 + e—zG (v—vh )]

n,(V)=——7"°7 r,(v)= (1.6)
I+e

Part d) In order to fit Eqns. 1.6 to the HH model, the values of four parameters must be
specified: zg, v, a, and A. Some trial and error will show that Eqns. 1.6 are similar to, but not
identical to the HH equations. That is, using the HH equations in the problem set gives
expressions for n, and t, which are not the same as Eqn. 1.6; Eqns. 1.6 are an approximation of
the HH model and can give a close, but not perfect fit. Therefore there is not one correct answer
to this problem.

Because n,, involves only two parameters, it is easiest to start by estimating zg and vy,
from the n., equation and then estimate o and A from the t, equation. Two examples of fits of
no(V) from Eqn. 1.6 (labeled "n, model") and n,(V) from the HH model (labeled " n,HH") are
shown below.
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The fit in the left graph was done by selecting zg and Vi, = v,-26 mV to match the functions and
their slopes at the n, = 0.5 point. The fit at right was done by linearizing Eqn. 1.6 as

1- 1 |1-
% o = v, — —ln{ nw}
n Zg n

00 0

esz(v—vh)

(1.7)

Eqn. 1.7 predicts that a plot of v versus In[(1- n.)/ n.] should be a straight line. n,, can be
computed from the HH equations in the problem set and plotted in this form and a straight line
fitted to the result by least squares. The slope of the straight line is then an estimate of 1/ zg and
the intercept is an estimate of v,. When the fit is done over the voltage range [-100, 30] mV, the
result is the fit in the right hand graph above.
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Neither fit is perfect; the gating charge ranges from 1.3-1.7 and V)= v;RT/F ranges from -
51 to -59 mV. V), is a measure of AG'-AG, that is of the energy difference between the open and
closed state, measured as the "equilibrium potential" for the two states. The fact that V is
substantially negative (with zg>0) means that the open state is strongly preferred to the closed
state at 0 membrane potential (as drawn in the problem set). For a discussion of gating charge
zg, see Hille, p. 54-57 or Johnston and Wu, pp. 161-169.

In order to fit the remaining parameters, o and A, a similar procedure can be used. One
way to approach this problem is to note that

n

T

n

—= =qge* 5o that ln{n—“’} =lna+Azy

T}’l

and a plot of In[n./ty] versus v should be a straight line with slope Azg and intercept Ina. Once
again, least squares can be used to estimate the slope and intercept and o and A computed from
the parameters of the fit. When this is done, the results are shown below. The graph at left is
based on a fit near n,=0.5, over the voltage range [-80, -40] mV. The values of z¢ and V,
obtained above at n,=0.5 are used here. The graph at right is based on a fit over the wide

voltage range used above [-100, 30] mV. In either case, the peak of the energy barrier is at (1-1)

~ 0.25-0.3 of the way through the membrane. Unlike the other parameters, the value of a varies
widely with the fit strategy.

ae = L3 V=51 A bear 11t over [- 4KLEC]
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The rate theory model is only a crude fit to the HH equations (and to the HH data), but
the fit could probably be improved by adding more barriers. Hodgkin and Huxley took a
different approach by adding "fudge factor" terms to the rate-theory model in order to make the
result a more accurate reflection of their data.

Part e) The value of 4.8 given by Hille (Fig. 13, p. 42) and Johnston and Wu (Fig. 6.20,
p. 163) is for the potassium conductance, which is proportional to n* whereas we are
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considering the motion of only one gating particle in this problem, i.e. n. Hille’s value should be
about 4 times ours, which is only approximately so.

Problem 2

The energy diagram at right is the basis for the analysis. There is a difference AG*
between the closed and open states of the channel, without the contribution of the spring;
AG*>0, so that the channel tends to be in the closed
state. The spring's effect on the channel can be
modeled by considering the energy transferred into or
out of the spring when the channel closes or opens.
Suppose the length of the spring with the channel
closed is d,. and the spring's length with the channel
open is d,. Both d. and d, are functions of x, the
separation between the cilia. Then the change in
potential energy AGy of the spring when the channel

. ]
opens is 1c/

AG=radd 2 - o0,
d (d> d*) \-:_J (I
AG, =, s¢de=s| =] " v
[ [ |

where s is the spring constant. This amount of energy u FA 1

is added to the open state of the channel in the diagram above, because when the channel opens,
this amount of energy must be added to the system. In fact, AGs < 0 because d, < d., and the
attachment of the spring to the channel favors the open state of the channel; this makes sense in
that the spring tends to pull the channel into the open state. We assume that a fraction A of the
spring's energy is transferred when the channel is passing over the energy maximum. In fact, A
does not affect the final answer to part a).

The rate constants &, and k. are given by

k :(const) o (AG=AG*~(1-1)AGy)/RT
C

k= (const) e—(AGMAGS)/RT 2.1)
The rate of channel opening is given by
do
% =—kO+kC=-kO+k(T-0)=kT—-(k,+k,)O (2.2)
where 7 is the total amount of channel, 7= C + O. In the steady state, dO/dt= 0 and
k
O=T—"= 2.3
k,+k @3)

so that
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(AG+AAGg )/RT

b (0] (const) e
prob. open = — = - —
T (const) o (AGHAAGS)/RT | (COIlSt) o (AG-AG*(1-2)AGs )/ RT

with some algebra

0 1 1
T

- 1+ e(AG*+AGS)/RT - e(AG*+s(d§ /2—d? /2)/RT

1+

All that remains is to specify the dependence of
AGg on x, the spacing of the cilia. To do this fully

requires various assumptions about the geometry of the Y

system, and quite complex equations can be derived. dy de
Consider the simple case sketched at right: x is the

spacing of the cilia, y is the vertical distance from the tip <>
of one cilium to the tip of the next, and Ax is the change in Ax
position of the tip of the spring when the channel opens. < >

In real hair cells, the distance traveled by the spring when
the channel opens is small, i.e. (dy,-d.) << d,, d.. In this case, the spring lengths d,, and d. can be
computed as

d, =\/x2 +y2
d, =+/(x—Ax)’ +)°

= x* + )7 — 2xAx + AY?

2xAx — Ax?
e

x* 4y
( xAx ) [ xAx) X Ax
z\/xz-i-yztl—szsz:dckl— dCZJIdC—d—C

where the assumption Ax << x has been used to make the approximation of d,, on the last line.
With these assumptions, (d,-d.) = -x-Ax/d, which is negative because d, < d.. Furthermore, d, =
d. = d.(x), the function of the spread of the cilia given on the first line above. With this
assumption

s(d)2-d*[2)= %(do +d)(d,—d)~—sd xAx/d, =—sxAx

so that

O 1
? 1 4 o(AG*-s¥AV)/RT
As the cilia are spread apart, x increases, the exponential in the denominator decreases, and O/T

increases, opening channels which depolarize the cell. This is thought the be the means by
which mechanical transduction occurs in hair cells.
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Part b) The rate of opening is given by Eqn. (2.2). At time 0-, i.e. just before the cilia
are moved apart, the system is in steady state with O(0-) open channels. At this time, dO/dt = 0,
so Eqn. 2.3 applies, and

- _ k,(x,)
O = ) k() (23

The rate constants in the equation above have their values at separation xgp. When the cilia are
moved apart to x=x,, the values of k, and k. will change and the system will no longer be in
steady state. Now

% = k{)(‘xl T _[ko(x1)+ kc(xl)]O

Substituting the steady-state value for O at time 0- from Eqn. 2.3a gives the initial rate of change
of open channels

d_O _ _ k,(x,)
il k,(x)T — [k, (x))+ k,(x, )]T—ko(x0)+ P
— ko (xl )kc (xo) B ko (xo )kc (xl ) T
k,(xq)+ k. (x,)

Problem 3

Part a) The barrier system is shown below.
N

|‘(1
—. %

\A

Two A states are shown, to account for the fact that the energy diagram is cyclical, like the
reaction system; of course, they are the same state and have the same energy level. Writing out
the rate constants in terms of barrier energies:

-G4/RT —-Gg/RT —-Gc/RT
kiky ky =(const)ye 747" e BT e 7€

~G_4/RT ~G_p/RT ~G_c/RT
k_tk_yk_3=(const)ye 4" e "B e €

()

taking the ratio k;koks / k_jk.ok3 gives
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ki ke ks :e—[GA—G,A+GB—G,B+GC—G,C]/RT ©6)
k_1k_yk_5

The sum of barrier energies in the exponential of Eqn. 6 is zero, since it begins at the ground
state energy of the A4 state and ends up at the same level. Thus, the cyclical nature of the energy
diagram forces kkoks / k_jkok 3 to be 1.

Part b) The fluxes are given by the three equations below. J; is the flux leaving the i

state.
‘]A :klA—kle
JB:sz—k_zc (7)
JC :k3C—k_3A

If the fluxes are zero,

k
OzklA—k_lB = :_1
k_y
ky
0=kyB-k,C = =—= (8)
k
0=k Coksd = 4=2c
ks

Now, substituting the right-hand equations in Eqn. 8 into one another gives

A:ﬁczkik_zgzﬁ&ﬁfl (10)
ks ksk,  kyk,kg

Because 4 must equal 4, it follows from Eqn. 9 that k;koks / k_jkoks=1.

Part c) Using the definitions of fluxes in Eqn. 7, suppose that J=J,=/5=J>0. Recall
that, in a steady state, the fluxes in a system like this one must all be equal in order that the
concentrations be constant in time. Then, from Eqn. 7,

k
J=kA-k,B>0 = A>k;1

1

J=kyB—k ,C>0 = e o 4kl (11)
kZ kl k2

J=kC-k;4>0 = cxl=my o skhkk,
k3 kl kz k3

The bottom rightmost equation implies that, in a steady state, 4>4, which cannot be true, as long
as 4, B, and C are non-zero. Thus a steady state with non-zero net flux cannot exist in a system

like this one.
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Part d) Now the rate constants are modified by the membrane potential, so that the
barrier diagram is changed by elevating the B state and the barriers leading to it.

koo
k1
—_—

AJ) A

The modified barrier heights include potential as

G, =G, +AzFV G ,=G ,+(4, - 1DzFV
G,=G,+ (A, - 1)zFV G, =G ;+ A,2FV
It is evident that the argument of part a) still holds and microscopic reversibility is still true. This

would not be so if the charge z varied among the states, as in the transporter model considered in
class.



