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HINTS FOR THE READER

Prerequisites

This book is essentially self contained. Occasionally some elementary
parts of first order logic, topology, set theory, recursion theory and category
theory are needed. For these topics the reader may consult the following
books if necessary.

First order logic: Enderton [1972], Barwise [1977a].

General topology: Kelly [1955].

Set theory: Halmos [1960], van Dalen et al. [1978].

Recursion theory: Rogers [1967].

Category theory: Arbib and Manes [1975], MacLane [1972].

Notation

" The following notation is used in this book.
N: set of natural numbers.
P (N) or Pw: set of subsets of N.

Xx.- - - : (meta lambda abstraction) the set theoretic function f
such that f(x)= - - - for all x (e.g. A x.x*+ 1) (3)=10).
px - - - : the least x € N such that - - -

Seq: Set of coded sequence numbers, i.e.

Seq={<(ny,...,m>ENKEN,n,...,m N}

If a=<{ny,...,n)» €Seq, then 1h(a) = k. By convention { ) € Seq and
Ih(( » =0 If a=<{n,...,n>,B={m,...,m), then a+B=
ny ooy ny, my, ... ,m and a < B iff p <gq and n,=m, for 1 <i<p.
Write a <8 if a < 8 but not B <a.

The logical connectives are — (not), v (or), A (and),= (implies),< (if and
only if, iff), V (for all) and 3 (there exists). These are usually used in the
informal metalanguage. 3! x denotes that there is a unique x.

xiii



xiv HINTS FOR THE READER

Often some “category theoretic” pictures are used to denote statements.

For example, let R be a binary relation on a set X, then

expresses
Vx,x,%, €X [ xRx;axRx, =3x3 € X[ x;Rx;nx,Rx,]].

Others uses will be self explanatory.

Presentation of the material

The main subjects within the pure lambda calculus are: conversion,
reduction, theories and models. These topics are systematically treated in
the main parts of this book. Moreover there is an initial part that gives an
mntroduction to each of the other ones: chapter i (with the last section
giving a survey) is an introduction to part i for 2 < i< 5. Chapter 1 is a
general introduction and also presents the prerequisites of the less familiar
theory of complete partial orders.

The following table roughly indicates the interdependence of the
chapters. The broken arrows indicate that some results of a later chapter
are stated without proof in an earlier one.

|
|
I
|
N

I

(I hope the reader will find it easier to follow the book than this diagram.)
Each chapter is followed by a section with exercises. The more difficult
ones are marked with an asterisk (*).

HINTS FOR THE READER XV

Since this is a systematic rather than didactical treatise, let me indicate
how one might present (or read) the material. A very short course would
consist of §§ 2.1, 3.1, 3.2, chapter 6, §§ 1.2, 5.1, 5.2, 5.3 and 5.4. This gives
insight into the recursive power of the language and proves consistency in
both a model-theoretic and a syntactic way.

To this basic course one might add at first §§ 7.1, 7.2, 8.1, 8.2, 8.3, 10.1,
11.1, 11.2, 13.1, 13.2, 18.1 and 18.2, dealing with 1. the theory of combina-
tors; 2. solvability, Bohm trees, special reductions; 3. the models Pw, D,,.

Then one could add §§ 10.2, 10.3, 14.1, 14.3, 16.1, 16.2, 19.1 and 19.2,
giving an analysis of the values of terms inside models.

Other topics of interest, depending on the reader’s taste, can be found
using the last sections of chapters 2, 3, 4 and 5, which give an overview of
the rest of the book. The author’s favorites are the following: §§ 13.4, 15.3,
17.1, 20.4; and also: §§ 9.4, 10.4, 17.2 and chapter 21, although the latter are
somewhat more technical.
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CHAPTER 1

INTRODUCTION

1.1. Aspects of the lambda calculus

The lambda calculus is a type free theory about functions as rules, rather
than as graphs. “Functions as rules” is the old fashioned notion of
function and refers to the process of going from argument to value, a
process coded by a definition. The idea, usually attributed to Dirichlet,
that functions could also be considered as graphs, that is, as sets of pairs.of
argument and value, was an important mathematical contribution. Never-
theless the A-calculus regards functions again as rules in order to stress
their computational aspects.

The functions as rules are considered in full generality. For example, we
may think of functions as given by definitions in ordinary English applied
to arguments also expressed in English. Or, more specifically, consider
functions as given by programs for machines applied to, that is, operating
on, other such programs. In both cases we have a type free structure, where
the objects of study are at the same time function and argument. This is
the starting point of the fype free A-calculus. In particular a function can be
applied to itself. For the usual notion of function in mathematics (as in
Zermelo-Fraenkel set theory), this is impossible (because of the axiom of
foundation). (See also exercise 18.5.30.)

There are three aspects of the A-calculus:

I. Foundations of mathematics.
I1. Computations.

I11. Pure lambda calculus.

These aspects will be described in the following pages. Some other views
on the foundations of lambda calculus are expressed in Scott [1975b],
[1980] and [1980a].

1. Foundations and lambda calculus

The founders of the A-calculus and the related theory of combinatory
logic had two aims in mind:

(1) To develop a general theory of functions (dealing, for example, with
formula manipulations).



4 INTRODUCTION CH.1,§1

(2) To extend that theory with logical notions providing a foundation for
logic and (parts of) mathematics.

The first point was explicitly stressed by Schonfinkel and Curry, the
founders of combinatory logic, and it was also implicit in the work of
Church founding the A-calculus.

Unfortunately all attempts to provide a foundation for mathematics
failed. Church’s original system [1932/33] was inconsistent as shown by
Kleene and Rosser [1935]. As was pointed out in Aczel [1980], Frege’s well
known inconsistent theory [1893, 1903] essentially contains the A-calculus;
so that was in fact another failure.

Curry [1930] did provide a consistent theory fulfilling the first point
above (pure combinatory logic), but the logical part of his theory is too
weak to be adequate as a foundation.

After the discovery of the Kleene—Rosser paradox Church was discour-
aged in his foundational program. Church [1941] gave a consistent (as
shown by the Church-Rosser theorem) subtheory of his original system
dealing only with the functional part. This theory is the A I-calculus.

Curry on the other hand did not want “to run away from the paradoxes”.
He proposed to extend pure combinatory logic by so-called illative notions
in order to fulfil the second aim and to give at the same time an analysis of
the paradoxes; see Curry et al. [1958], [1972]. Although Curry’s program
has not been completed, some progress has been made: see Fitch [1974],
Scott [1975a], Seldin [1976/77] and Aczel [1980].

There are other foundational approaches related to the A-calculus.
Feferman [1975], [1980] develops systems based on a partial application
function as a foundation for constructive mathematics. The underlying sets
of partial functions are related to Uniformly Reflexive Structures of
Wagner [1969] and Strong [1968], (see also Barendregt [1975]). It is an open
question how these URS’s relate to the A-calculus models where application
is always defined (see addendum 1 at the end of the book).

Then there are relations between the A-calculus, proof theory and
category theory. The A-calculus used in this context is, however, the typed
A-calculus; see appendix A, in particular §A.3.

II. Computations and lambda-calculus

Recursion theory

The part of the A-calculus dealing only with functions turned out to be
quite successful. Using this theory Church proposed a formalization of the
notion “effectively computable” by the concept of A-definability. Kleene
[1936] showed that A-definability is equivalent to Godel-Herbrand re-
cursiveness and in the meantime Church formulated his thesis (stating that
recursiveness is the proper formalization of effective computability). Tur-
ing [1936], [1937] gave an analysis of machine computability and showed
that the resulting notion (Turing computable) is equivalent to A-definability.

CH.1,§1 ASPECTS OF THE LAMBDA CALCULUS 5

After the discovery of the paradoxes, Kleene translated results on
A-definability and obtained several fundamental recursion theoretic theo-
rems (see Crossley [1975], p. 4-7). The enumeration theorem for partial
recursive functions, the s-m-n theorem and the recursion theorem were all
inspired by the A-calculus.

Computer Science

The rise of the computer in the last few decades resulted in an extensive
development of programming languages. The A-calculus possesses several
features of programming languages and their implementations. For exam-
ple, bound variables in the A-calculus correspond to formal parameters in a
procedure; and the type free aspect corresponds to the fact that for a
machine a program and its data are the same, namely a sequence of bits.

By the analysis of Turing it follows that in spite of its very simple syntax,
the A-calculus is strong enough to describe all mechanically computable
functions. Therefore the A-calculus can be viewed as a paradigmatic
programming language. This certainly does not imply that one should use
it to write actual programs. What is meant is that in the A-calculus several
programming problems, specifically those concerning procedure calls, are
in a pure form. A study of these can bear some fruits for the design and
analysis of programming languages.

For example, several programming languages have features inspired by
A-calculus (perhaps unconsciously so). In Algol *60, *68 or Pascal, proce-
dures can be arguments of procedures. In LISP the same is true and
moreover a procedure can be the output of a procedure. The language
GEDANKEN, see Reynolds [1970], is explicitly founded on the A-calculus.
For relations between A-calculus and programming languages, see Mc-
Carthy [1962], Landin [1965, 1966, 1966a], Morris [1968], Reynolds [1970],
Gordon [1973] and Burge [1978].

Because of the similarities of A-calculus and some programming lan-
guages, ideas for the semantics of the former may be applied to the latter.

Landin [1965] gave a semantics of Algol by translating this language in
A-calculus and by describing an operational semantics for the latter. For
further work on this kind of semantics, see Wegner [1972], Ollongren
[1975], Plotkin {1975], O’Donnell [1977] and Burge [1978].

In the mean time there was a need for a denotational semantics of
programming languages (in order to express what is the functional mean-
ing of a program). A similar problem had occurred in a pure form in the
A-calculus. Due to the type free character it was not clear how to construct
models for that theory. One would want a set X in which its function space
X —>X can be inbedded; for cardinality reasons this is impossible. The
difficulty was overcome by Scott in 1969, who constructed A-calculus
models by restricting X — X to continuous functions on X (with a proper
topology). Only then did it become clear how to develop a denotational
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semantics for programming languages. This is because Scott’s method
is powerful enough to give also a meaning to the following two features of
programming languages: recursion (least fixed points) and data types
(integers, lists, arrays etc.). See Scott—Strachey [1971], Milne-Strachey
[1976), Stoy [1977] and Gordon [1979].

What kind of computations are captured by A-calculus? Berry showed
that these must be essentially sequential: see theorem 14.4.8. Not being
able to deal with parallel computations may seem at first to be a severe
restriction. This is not so, however, since most programming languages do
not deal with parallel processes either. On the other hand, in the Scott—
Strachey approach to semantics, there is a natural place for functions like
the “parallel or”, i.e.

f(x,y)=1if x or y is defined and true, then true else undefined.

Therefore the semantics of the A-calculus has a place for this kind of
parallelism. See also Plotkin [1977].

III. Pure lambda calculus

Lambda calculus as treated in this book is not directed towards applica-
tions as above, but is studied for its own interest.

The formal (type free) A-calculus, a theory denoted by N, studies func-
tions and their applicative behaviour and not, as in category theory,
functions under composition. Therefore application is a primitive operation
of N. The function f applied to the argument a is denoted by fa. Comple-
mentary to application there is abstraction. Let t(= t(x)) be an expression
possibly containing x. Then Ax.z(x) is the function f that assigns to the
argument a the value #(a). That is

(B)  (Ax.t(x))a=1(a).

That one considers only application and abstraction for unary functions
is reasonable, following an observation of Schonfinkel [1924]. He remarked
that functions of several variables could be reduced to unary functions. If
f(x,y) is e.g. a binary function, then define f, =Ay.f(x,y) and a=Ax.f,.
Then one has (ax)y =1y =f(x,y).

This is an important principle in the A-calculus. It corresponds to the
equation

XY><Z= (XY)Z

in the category of sets. This equation holds in all cartesian closed categories
and in fact all models of the A-calculus are objects in such a category.

The theory A has as terms the set A (A-terms) built up from variables
using application and abstraction. The statements of A are equations
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between A-terms and A has as its only mathematical axioms the scheme
(B). [Some trivial identifications like Ax.x =Ay.y have to be made how-
ever.}

As was mentioned above, the A-calculus studies functions as rules.
Because of this intensional character, the linguistic means to describe these
functions—the A-terms—play a central role. By the theory A some of these
A-terms are identified (so called convertible terms). But it is important to
note that the theory A is itself not the focus of interest; it is just a way to
generate the principal objects, namely the terms modulo convertibility. Only
then does the real A-calculus start: the study of these objects using all
possible mathematical tools.

The following questions show how these objects are studied.

(1) What kind of functions (on terms) are definable (as term)?

(2) Let M, N be non-convertible terms. Is it reasonable to identify M and
N (taking a less intensional view)?

(3) What is the correspondence between the applicative behaviour and
the syntactic form of terms?

Some typical answers to these questions are as follows. First consider
).

(i) Restricted to numerals exactly the recursive functions are definable
(theorem 6.3.13).

(ii) The range of a definable function on terms is always infinite or a
singleton (theorem 17.1.16).

(iii) There is a natural topology on terms, the so-called tree topology.
With respect to this topology all definable functions are continuous.

Result (iii) is non-trivial and has several interesting consequences. The
topology is obtained by associating to terms so called Bohm trees and then
translating the Scott topology on these trees to terms. '

The second question can be approached by either giving consistency
proofs of natural extensions of A or by constructing models I for A and
considering the set of equations true in . The theory An (extensional
A-calculus) is obtained by the first method. The theories % (which identi-
fies terms with the same Bohm tree) and IC* (the unique maximally
consistent extension of IC) are formed by the second method (B =
Th( Pw); I* = Th(D.,.)).

With regard to (3), let F be a A-term. One has e.g. the following.

(iv) F is solvable iff F has a head normal form (theorem 8.3.14).
This relates the syntactic notion of head normal form, ie. F=
Ax,...x,.x;M,...M,, to solvability, which indicates applicative be-
haviour: V@ 3n 3AP,...P, FP,...P,= Q.

(v) F is By-invertible iff F is a finite hereditary permutation (theorem
21.2.21). Here By-invertibility means that there exists a A-term G such that
in the extensional A-calculus

FoG=GoF=Ax.x,
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where o denotes the composition of functions. The finite hereditary
permutations are some syntactically defined class.

Now that we have seen the questions and some results, let us indicate
how the subject is treated. There is some connection between pure A-
calculus and number theory. The connection is superficial, in that the
methods and results are totally different, but it is nevertheless good to
indicate it in order to obtain some feeling of how the subject matter of the
pure A-calculus is organized.

If 9 is a consistent extension of A, write Mg for the term model
consisting of open or closed (i.e. with or without free variables) A-terms
modulo §. The principal object of study is I, (in number theory this is,
say, the ring of integers Z). One considers various extensions > A and the
corresponding Mg (in number theory Z/(m)). If FC ', then there is a
canonical homomorphism of Mg onto M. (in number theory Z/(m)—
Z/(m’) if m’ divides m, i.e. for the ideals (m) C (m’)). Some Mg (e.g. Vg
and Mg) have a unique homomorphic image that is simple (in number
theory Z/(p), with p prime, is simple; Z/( p*) is of the second kind, a
so-called local ring). In number theory the field Q (rationals) is extended in
a topological way to R (reals) and also to the Q, (p-adic field). Similarly in
the A-calculus the models Mg and Mg are embedded in Pw and D,
respectively, models which are constructed via topological notions. Figure
1.1 shows some of the parallels (and differences).

An interesting aspect of number theory is that results about Z and Q are
sometimes proved via results about R, the p-adic numbers @, or C
(complex numbers). Similarly results about A-terms are sometimes proved
via the “continuous” models Pw and D,, e.g. theorem 21.2.21 mentioned
above. In this context the Bohm trees play an important role. These
possibly infinite trees may be compared to the continued fractions of the
reals. Each tree is the limit of finite trees. A natural topology on A-terms
can be defined using the Bohm trees. With respect to this topology the
A-calculus operations are continuous (theorem 14.3.22). This continuity
theorem has several applications. Thus we agree with a remark of Scott
that the introduction of models and continuity considerations make the
theory really A-calculus.

QP
ul
/EIR,\\ /l cQCRcC
o My “local” Z/(ls)\ Z/(81) local ring
e N\ / N
\ “local” Mg C Pw Z/(9) local ring
/ /

“simple” Mg C D, Z/(3) field

FIG. L.1.
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So far we have indicated roughly what happens in parts I1, IV and V of
this book. Part III, which is about reduction, is of a different nature. This
group of results is about the A-terms themselves (i.e. not modulo convert-
ibility). The main purpose is to give a proof theoretic analysis of convert-
ibility and some extensions by Church-Rosser theorems—-a method analo-
gous to cut elimination in proof theory.

Finally we list some topics that belong to the pure A-calculus (or are
closely related) but are not treated in this book.

(1) Already mentioned was the typed A-calculus. This theory is rather
different from the type free theory, see Appendix A. For alternative type
theories, see Coppo et al. [1980] and the references there.

(2) Relations with higher type recursion theory; see Kleene [1961/62].

(3) Ordinal notations in the A-calculus; see Church and Kleene [1937].

(4) Embeddings of the A-calculus in first order logic; see Barendregt
[1973] and Bel [1977].

(5) Optimal reductions; see Lévy [1980].

1.2. Complete partial orders and the Scott topology

This section 1s an introduction to the category of complete partial orders
with continuous maps. The material is needed in §10.2, §14.3 and in part V
for the construction of A-calculus models. The reader may skip this section
until necessary while reading the text.

Originally Scott defined his topology on complete lattices, see Scott
[1972), Gierz et al. [1980]. The definition generalizes immediately to
complete partial orders. This more general situation will be treated here,
since it has some advantages to work with the latter structures (there is a
natural interpretation of A-terms as certain trees and they form a complete
partial order, not a complete lattice; complete partial orders are more
abundant).

Another setting in which constructions for A-calculus models can take
place, is Ershov’s category of f;-spaces (and various of its subcategories);
see Ershov [1975]. These categories have the advantage to be cartesian
closed in which each object is a topological space, such that the topology
on a product is the product topology and on a function space the topology
of pointwise convergence. This is not true for the category of complete
partial orders. We will treat nevertheless these latter structures, since they
are somewhat easier to describe than fj-spaces (see exercise 1.3.19).

1.2.1. DEFINITION. Let D =(D,[C) be a poset, i.e. a partially ordered set
(with reflexive [).
(i) A subset X C D is directed if X £ and

Vx,yEX 3z€X [x[Czandy [ z].
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(ii) D is a complete partial order (cpo) if

(1) There is a least element L € D, i.e. Vx € D L[ x. The element L
1s called botrom.
(2) For every directed X C D the supremum LI X € D exists.

A complete lattice is a poset D where every X C D has a supremum. Each
complete lattice is a cpo, since 1 = L@

1.2.2. ExaMpLEs. (i) Let X be a set and P(X) its power set. Then
(P(X), C)is a cpo (even a complete lattice).

(1) Let T=({L,s,f},C) with L[C#, L[ f (no other relations). Then T
is a cpo.

1.2.3. DEFINITION. Let ( D,[C) be a cpo. The Scott topology on D is defined
as follows.

O C D is open if

(D) x€e0AxCy=y€0,
) UX € 0, with X C D directed =X N O #9.

Clearly & and D are open and open sets are closed under arbitrary
unions; if O,, 0, are open, then O, N O, is open by the fact that in (2)
above, X is directed. Therefore definition 1.2.3 indeed determines a topol-
ogy.

Unless stated otherwise, cpo’s will always be considered with the Scott

topology. From now on in this section D= (D,),D=(D",[_"),... will
range over cpo’s.

1.2.4. LEMMA. Ler U, = {z € Dlzix}. Then U, is open.
Proor. Easy. []

1.2.5. COROLLARY. D is a T, space which is generally not T,.

PROOF. Let x,y € D with x#y, say x¢y. Then xe U,, y& U, and U,
open. Hence D is T,,.

If x(_ y, then every neighborhood of x contains y. Therefore D does not
need tobe 7. O

The following characterization of continuous functions is the main
~eason for introducing the Scott topology.
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1.2.6. PROPOSITION. Consider a map f: D— D’. Then
S is continuous iff f(U X)=U f(X) for all directed X CD,

where f(X) = { f(x)|x € X'} and the second supremum is in D’'.

PROOF. (=) Let f be continuous. Suppose x [ y in order to show f(x)[_'f(»).
If not, then f(x) € Up,,, so x Ef“(Uf(y)) which i1s open. Therefore y €
f _'(Uf(y)), Le. f(y) € Uy,,, a contradiction. This shows that f is mono-
tonic. Therefore Vx € X f(IUX) J f(x), hence f(LUX)_1Lf(X). If
f(LlX)QUf(X), then f(LIX) € U ;;x, and a contradiction can be ob-
tained as above, using condition (2) for open sets.

(<) Again it follows that f is monotonic, since if x[~ y, then y = xLl y,
hence f(y) = f(x)Uf(y), so f(x) f(»). Therefore if O C D’ is open, so is
f~'(0) C D: eg. if for directed X C D one has LiX € f ~0), then f(LlX)
= U f(X) € O; but f(X) is directed, hence f(X)N O+ and it follows
that Xnf~'0)#0. O

1.2.7. COROLLARY. Continuous maps on cpo’s are always monotonic. []
The direct product of two cpo’s can be considered again as a cpo.

1.2.8. PROPOSITION. Given D, D’, let D X D’ be the cartesian product partially
ordered by

aG,xCy,y’ > iff xCyand x' [Ty
Then D X D’ is a cpo with for directed X C D X D’
Ux =X, Ux,>,
where
Xo={xeD|3x' €D (x,x'YEX}

and

X,={x'eD|AxeD{x,x'>EX}.

Proor. Easy. {1, 1’> is the bottom of D X D’; moreover, note that if
X C D X D’ is directed, then so are X, X,. [
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The following is somewhat unexpected.

Fact. The topology on DX D’ is in general not the product of the
topologies on D and on D’; see exercise 1.3.12. See also proposition 1.2.27.

1.2.9. DEFINITION. Let D, D’ be given. Define

[D—>D']={f:D— D’ f continuous}.

This set can be partially ordered pointwise:

flg & VxeD f(x) [ g(x).

Clearly [D— D’] is a poset.

1.2.10. LEMMA. Let { f}; C[D—> D’] be a directed family of maps. Define
J(x)= U ().
Then f is well defined and continuous.

PROOF. Since {f}, is directed, {f(x))}; is directed for all x and hence f
exists. Moreover for directed X C D

AUX)=U U jx= U Ufx=Ue0. O

1.2.11. ProPOSITION. [D—D’] is a cpo with the supremum of a directed
F C[D— D’] defined by

UF)x)y=U{f(x)|fEF}.

PROOF. N\ x. 1’ is the bottom element of [ D— D’]. By lemma 1.2.10 the
map N x.LI{ f(x)|f€ F} is continuous. Clearly it is the supremum of F.
W

1.2.12. LEMMA. Let f: D X D’ — D". Then f is continuous iff f is continuous in
its arguments separately, that is, iff N\x.f(x,xy) and \x'.f(xqy, x") are
continuous for all x, xg.
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PROOF. (=) Let g = X\ x. f(x, xg). Then for directed X C D
g(UX)=f(Lx,x5)
= flLU{(x, xp)|x € X})

=U{f(x,xq)|x€X}, sincefis continuous and
{(x, xp)|x € X} is directed,
=llg(Xx).

Hence g is continuous and similarly N\ x". f(xg, x").
(<) Let X C D X D’ be directed. Then

f(UX) =f(UX0, LIX:)

= U f(x,UX,) by assumption,

XEXg

= U U fixx)

XEXy X’ €EX,

= LU f(x,x’) since X is directed,
(x,x'YEX

= U f(X),

and so f is continuous. []
1.2.13. ProPosITION (Continuity of application). Define application
Ap:[D—»D']|XD—-D’

by Ap(f, x) = f(x). Then Ap is continuous (with respect to the Scott topology
on the product [D— D'] X D).

PROOF. A\ x. f(x)=f is continuous. Let A=\ f. f(x). Then for directed
Fc{D-D

hUF)= (U F)(x)
=U{f(x)|f€F} by proposition 1.2.11,
=U{h(N)IfEF}=Uh(F).

Hence 4 is continuous. Now lemma 1.2.12 applies. []
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1.2.14. ProposiTioN (Continuity of abstraction). Let f€[D X D'—D"].
Define f(x) =Xy € D'f(x,y). Then
(1) f is continuous, i.e. fE[D—[D'—>D"]);
WNFf.f:[DXD' -D"l-[D—[D'—=D"]] is continuous.
ProoF. (i) Let X C D be directed. Then
fUX)y=Xpy fUX,y)

=Xxy. U f(xy)
xeX
= I (\y.f(x,y)) by proposition 1.2.11,
xXEX

= U f(Xx).
(i) Let L= X\ f.f. then for F C[D X D’ — D"] directed
LIUUFY=Xx\y.(LUF)(x,y)

=XxXy. U flx,y)
JEF
= U XNxXhy.f(x,y)=UL(F). O
fEF

1.2.15. DEerFINITION. CPO 1s the category of cpo’s with continuous maps.
1.2.16. THEOREM. CPO is a cartesian closed category, see definition 5.5.1.
PRrOOF. It is easy to show that D X D’ is a product in CPO. Moreover the

singleton cpo is a terminal object. By propositions 1.2.13 and 1.2.14 for
each f: D X D’ — D" there exists a unique f: D—[D’— D”] such that

D)fD'
- 1
S xidp, : %
'
[D'>D"|x D’

commutes. This is the required adjointness condition. []

The following theorem (for complete lattices) is due to Tarski [1955]; see
also Knaster [1928].
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1.2.17. THEOREM. ( Fixed point theorem for cpo’s)

(i) Every f €[ D— D] has a fixed point.

(ii) Moreover there exists a Fix € [[ D — D}— D] such that for all
f € [D— D] Fix(f) is the least fixed point of f.

ProoF. (i) Since 1 [_ f(L) it follows by monotonicity that f( L)L f(f(L))
=f3(L), fA(L) f3(L) etc. Therefore

x,=U f7(1)
exists. Now by continuity
fxp)y=U fr+i(L)=x,,

i.e. x;is a fixed point of f.
(ii) First note that x, constructed in (i) is the least fixed point of f: if
f(y) =y, then it follows by monotonicity that

ALy =y,
hence

x=U f7(1)Cy.
Now define

Fix=Xf.x, =N fU f7(L).

Then by proposition 1.2.13 and lemma 1.2.10 Fix is continuous. []
Now it will be shown that in CPO projective limits exist.

1.2.18. DEFINITION. Let D,, Dy, ... be a countable sequence of cpo’s and let
fi €Dy~ D]
(i) The sequence ( D,, f) is called a projective (Ot inverse) system of cpo’s.
(11) The projective (or inverse) limit of the system (D, f) (notation

lim(D;, f)) is the poset (D_, [~ . ) with
€«

D, ={<{x¢,%x1,... >|Vix; € D;afi(x;4}) =x,}

' AT ARILY TP AARTAY vy voe o o ]
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and
XOC ) iff Vix, Ty, (in D).

REMARKS. (i) As usual an infinite sequence {xg, x,,... > is identified with a
map x: N— U D, such that x(i) = x; € D, for all i.
(i1) Often lim(D,, f;) is written as lim D,.
“«— «—

1.2.19. PROPOSITION. Let (D,, f;) be a projective system. Then lim(D,,f) is a
cpo with <

UX =XNiU{x(i)|x e X}.

for directed X Clim D,.
e—

Proor. If X is directed, then {x(i)|x € X} is directed for each i. Let
yi=U{x(i)|xeXx}.
Then by the continuity of the f
S =Uf{x(i+ Dix € X}
=U{x()|xEX}=y,.

Therefore (yy,y,,... > €lim D,. Clearly it is the supremum of X. []
“«

1.2.20. DeFINITION. Let D be a cpo and let X C D.
(i) f €[D— D] is a retraction (map) of D onto X if X = Range (f) and

f=fer

(i) X is a retract of D if there is a retraction map f of D onto X.

1.2.21. PROPOSITION. Let D be a cpo with retract X. Then X is a cpo whose
directed subsets have the same supremum as in D and whose topology is the
subspace topology.

PrOOF. Let f: D — X be the retraction map. Let Y C X be directed. Then Y
is also directed as subset of D and LIY =y exists in D. Now

f(y)=AUY)
=LIf(Y) since fis continuous,
=LY since Y C X,
=y.

Therefore y € X and hence is clearly the supremum of Y in X. [
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1.2.22. DEFINITION. (1) x € D is compact if for every directed X C D one has

xCUX = x[x,for some x, € X.

(ii) D is an algebraic cpo if for all x € D the set {y L x|y compact} is
directed and

x= Ll{ygx|y compact}.

1.2.23. ExampLE. Let D = (Pw, C). Then x € D is compact iff x is finite.
Therefore D is algebraic.

1.2.24. PROPOSITION. Let D be algebraic and f: D— D. Then f is continuous
iff f(x) = U{ f(e)|e [ x, e compact).

PrOOF. (=) Let f be continuous. Then
f(x) =f(Ll{e Cxle compact})
= U{f(e)|e [Cx,e compact}

by proposition 1.2.6.

(<) First notice that f is monotonic. If x [_ y, then

{egx|e compact} C {e C y]ecompact},
hence

f(x)= Ll{f(e)le Cx,e compact}
CL{ f(e)le T v,e compact | =f(»).

Now let X C D be directed. Then
f(UX)=U{f(e)le CUX,e compact}
CU{f(x)|x€ X}, bycompactness,
CfUx), by monotonicity.

Therefore f(LX) = LI f(X). By proposition 1.2.6 we are done. []
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1.2.25. PROPOSITION. Let D be algebraic. Define O, = {x € D|e[_x}. Then
{O,|e compact} is a basis for the topology on D.

PrOOF. By the compactness of e the set O, satisfies the second condition to
be Scott open. The first condition is trivial.

Now let x € 0, O open. Since x = LI{e[” x|e compact} is a directed sup
one has

Jel x e € 0, ecompact,

hence x € 0, C O. Therefore each open O is the union of basis opens. []

1.2.26. LEMMA. Let D, D’ be cpo’s.
(i) (x,y) € DX D' is compact <> x and y are compact.
(ii) D and D' are algebraic = D X D' is algebraic.

Proor. Easy; do exercise 1.3.9. [

It is easy to show that if O C D X D’ is open w.r.t. the product of the
Scott topologies on D and D’, then O is Scott open in the product cpo
D X D', The converse is not true in general: see exercise 1.3.12. However
for products of algebraic cpo’s the two topologies on D X D’ coincide.

1.2.27. ProOPOSITION. Let D, D’ be algebraic cpo’s. Then the Scott topology
on D x D’ is the product of the Scott topologies on D and D’.

PROOF. D X D’ 1s algebraic by lemma 1.2.26. Hence by proposition 1.2.25
the family

{O(e,f,le,fcompact}

is a basis for the Scott topology on D X D’. But O, ;,= O, X O,. Hence
each Scott open set of DX D’ is the union of product open sets and
therefore itself product open. []

It follows that since we work mainly with algebraic cpo’s, there will be
no confusion as to what topology to take on D X D’. Cf. exercise 1.3.16.
Several natural cpo’s have other nice properties.

1.2.28. DEefFINITION. Let D be a cpo.
(1) X C D is consistent if Vx,y € X 3z€ D [x[z and y[_ z].
(ii) D is coherent if each consistent X C D has a supremum.

1.2.29. DEFINITION. (i) Let x,y € D. Then x is way below y (notation x <y)
if y is in the topological interior of {z|x[_z}.
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(i) A continuous lattice is a complete lattice in which x = U{z|z< x}
for every x.

(iii) An algebraic lattice 1s a complete lattice that is algebraic as a cpo.

In exercise 1.3.7 it 1s shown that an algebraic lattice is always a

continuous one. For extensive information on continuous lattices, see
Gierz et al. [1980].
The following examples of special cpo’s are important.

1.2.30. ExampLES. (i) Let P(X) be the power set of a set X partially
ordered by inclusion.

(ii) A partial map ¢: X — Y is a map ¢ with Dom(¢) C X. For x € X the
notation ¢(x)| means that ¢(x) is defined, i.e. x € Dom(gp). Similarly
@(x)T means that @(x) i1s undefined, i.e. x & Dom(¢). Let

XY = {¢|@is a partial map from X to Y }.

Partial functions as sets of ordered pairs are partially ordered by inclusion.
Clearly (X7, C) is a cpo.

1.2.31. ProrosITION. (i) P( X)) is an algebraic lattice with A € P(X') compact
iff A is finite.

(i) Xo>Y is a coherent algebraic cpo with ¢ € Xo»Y is compact iff @ is
finite (as a set of ordered pairs).

Proor. Easy, do exercise 1.3.10. [

1.3. Exercises

1.3.1. Show that in a cpo {z|x[Cz} is not necessarily open.
1.3.2. Let X € D X D’. Show that in general

Xy, X, directed # X directed,

where X, X, are defined as in proposition 1.2.8.
1.33. Letf: DD’
(i) Show that in general

fmonotonic % fcontinuous.

(ii) Show that if in the definition of the Scott topology on a cpo clause (2) is omitted, then
one still obtains a topology and

fmonotonic < fcontinuous.

1.34. Let e € D, ¢’ € D’ be compact. Define f, (x) =if e[Cx then ¢, else L. Show that
J.,« €[D— D] is compact. o
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1.3.5. (i) Show that for x € D
x is compact < {zlxgz} is open.

(ii) Show that an algebraic lattice is a continuous lattice.

1.3.6. Let f, g be retractions of D. Write f < g for f= fo g =g o f. Show that < is a partial
order. Does one have f < g iff Range(f) C Range(g)?

1.3.7. Show that
algebraic lattices C continuous lattices

C complete lattices

C cpo’s.

and that the inclusions are proper.
1.3.8. Show that in a complete lattice D the infimum [ 1x exists for every X C D.
1.3.9. Prove lemma 1.2.26.
1.3.10. Prove proposition 1.2.31.

The following two exercises are due to Hyland.
1.3.11. For a topological space X, let O(X) be the collection of open sets in X, partially
ordered by C.

For a cpo D, let TD be the topological space consisting of D with the Scott topology. Write
O(D) for &(TD).

Let0={L, T} with L[_ T be the complete lattice with two elements.

(i) Show that 8(X) is a complete lattice. What is [ |7
(ii) Show that O( D) = [ D—0], where = denotes isomorphism.
(iii) Show that for compact K C X the set

= (0€8(X)|KC 0}
is Scott open in O(X).
(iv) Let D be a complete lattice and let D’ = O( D). Show that the E-relation
&={(d,0>€EDXD'|de0}

is Scott open in D X D’.
1.3.12*. Show that in general (see exericse 1.3.11)

TD X TD" = T(D x D’).

[Hints. Let N be equipped with the discrete topology and let B =N™ with the product
topology be Baire space. Take D = O(B), D’ = O( D). Consider the set & defined in the previous
exercise. Suppose & were open in TD X TD’ in order to derive a contradiction.

For fEB U, =, is a Scott open set in D, see previous exercise. Let fEOED be
arbitrary. Then {O,%; > €&, hence by assumption for some %, open in D,%U, open in D,

(0,9, €Uy X W, C6.

(i) Show
fEOEQ,, )
Wcaed = WUeW,, 2)

WEYW, = UgCTU. 3)
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(i) Prove YaeN 30'€9, 3geB [feo’/\gezo’/\f(n)=§(n)],

(where f(n) is the sequence number < f(0),...,f(n— 1))).
[Hint. For a sequence number a, let 0, = {g & B|3ng(n) = a}. By (1), for m sufficiently large

f € Oz € O. Then, writing & =f(m) and

0=(0- O)UU € AUy,

i=0

u-( >

use the fact that U is Scott open in D.]
(iii) Construct a sequence g, € B such that lim,_, . g, = f and

VneN 30,€U [fEO, A8y -8, & O,)

(iv) Conclude from (i) and (iii) that

o0 n
U, e, but | U, e,
i=0 i=0

contradicting that U, is Scott open in D’]

1.3.13. (i) Let e,e’ € D be compact. Show that if elJe’ exists, then it is compact.
(i) Show that even in an algebraic cpo elle’ does not need to exist.
(iii) Show that if D is a complete lattice, then e € D is compact iff for all X C D

eCllxy = LU X, for some finite Xy C X

1.3.14. Does the theory of continuous lattices generalize to continuous cpo’s?

1.3.15. Let (X,[C) be a coherent algebraic cpo. Show that the set of compact elements of X is
dense in X.
1.3.16. (i) Show that if D, D’ are algebraic cpo’s, then so is [ D — D’]. Hint. Use exercise 1.3.4.)
Conclude that the algebraic cpo’s form a cartesian closed category.

(ii) If D, D’ are coherent algebraic cpo’s, then the Scott topology on [D — D’ comc1des
with the (trace of the) product topology (on D’?).

(ii)) Show that the coherent algebraic cpo’s form a cartesian closed category.

1.3.17.* (Scott [1972]). Let D be a continuous lattice. Show that D is an injective topological
space, .. for arbitrary topological spaces X and Y with X subspace of Y, every continuous f:
X — D can be extended to a continuous f: Y - D.

1.3.18. Define f:R2 > R by

Xy .
if (x, = (0,0),
f(xy)={ x24y? (x.y)=(0,0)

0 else.

Show that £ is continuous in its two arguments separately, but not continuous.

1.3.19.* (Ershov). An fy-space is a structure (X, X,, <, L ) such that
1. {X, <) is a partial ordering with least element 1 ;
2. 1 € X, C X, the elements of X, are called “finite”;
3Vx,yeXxdy=Axg€ Xy xo< x Axg £yl
4. Vx,yeEXy[3z€ X x, y<z=xUy (in X) exists and x Ly € X,].
(i) Show that { y|x, < y) with x, finite, is a base for a topology on X.
(it) Show that f;-spaces with continuous functions form a ccc.
(iit) Show that the topology of a product of two f;-spaces is the product of the topologies.




CHAPTER 2

CONVERSION

2.1. Lambda terms and conversion

The principal object of study in the A-calculus is the set of lambda terms
modulo convertibility. These notions will be introduced in this section.

2.1.1. DEFINITION. (i) Lambda terms are words over the following alphabet:

0g,0y,... variables,
A abstractor,
(,) parentheses.

(i) The set of A-terms A is defined inductively* as follows:
() xeA;
QM e A=>AxM) EA;
(B3) M, N eA=s(MN)€eA;
where x in (1) or (2) is an arbitrary varnable.

2.1.2. NoTtATION. (i) M,N,L,... denote arbitrary A-terms.
(i) x,y,z,... denote arbitrary variables.
(iii) Outermost parentheses are not written.
(iv) The symbol = denotes syntactic equality.

The following notation is used constantly. It results from Schonfinkel’s
reduction of functions of many variables to those of one variable.
2.1.3. NotaTION. (i) Let X =x,...,x,. Then
Ax, - - x,. M =MEM =Mx (A - - - (Ax,(M)).0)).
(iiy Let N=N,,...,N,. Then

MNI"'N,.EMA?E(' - ((MN\)N,)---N,)
(association to the left ).

(i11) || M || 1s the length of M, that is, the number of symbols in M.

*If an inductive definition is given, it will always be understood that the class defined is the
least class satisfying the conditions.

22
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ExaMmpLES. The following are A-terms:

(1) xx,

(1) Ax.xx,

(iil) Axy. yx(=Ax(Ay(yx))),

) Axy. yx(Az.z (= Ax(Ay((yx )X Az.2)))).

It will not always be necessary to rewrite terms like (iii), (iv) above in
their unabbreviated form. Once lemma 2.1.23 is proved the applicative
behaviour of such terms is immediate.

The basic equivalence relation on A-terms is that of convertibility. This
relation will be generated by axioms. In order to formulate these axioms, a
substitution operator is needed. M[x:= N ] denotes the result of substituting
N for x in M. As in the case of predicate logic (or of programming), some
care is needed in defining this operation in order to avoid confusion
between free and bound variables. This care will be postponed for a
moment.

2.1.4. DerINITION. The theory A has as formulas

M=N
where M,N € A and is axiomatized by the following axioms and rules:
@ (Ax.M)N = M[x:= N}, ( B-conversion);
(ILD) M= M;
(11.2) M=N=N=M,
(IL.3) M=NN=L=>M=1L,
(11.4) M=N=MZ=NZ,
(1L.5) M=N=ZM=ZN,
(1L.6) M= N=Ax.M=Ax.N, (rule ).

Provability in A of an equation is denoted by AF M = N or often just by
M=N.If AbrM=N, then M and N are called convertible. Note that
M= N=M =N, but not conversely.
The names “B-conversion™ and “rule £ are historical. In the literature
the theory A appears under various names:
A-calculus,
AB-calculus,
A K-calculus,
A K B-calculus.
The K is to distinguish A from a restricted theory A[I introduced in §2.2.
Note that A is logic free: it is an equational theory. Connectives and
quantifiers will be used in the informal metalanguage discussing about A.
For example,
YM (Ax.x)M=M,

M=N=MM=NNAMN=NM
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the meaning being

VMEA At(Ax.x)M=M,

ArM =N=ArMM = NN and A\FMN = NM.

The following quite useful theorem gives an illustration of what can be
proved in A.

2.1.5. FIXED POINT THEOREM. VF 3 X FX = X.

PrOOF. Let W=Ax.F(xx)and X = WW. Then
X=WW=(Ax.F(xx)))W=FWW)=FX. O

Some syntactic notions and notations

2.1.6. DEFINITION. A variable x occurs free in a A-term M if x is not in the
scope of a Ax; x occurs bound otherwise.

For example in M = x(Ay.xy) the variable x occurs free (twice) and y
occurs bound. A variable may occur both free and bound in a A-term:
Y(Ay.y). . . .

In this respect Ax has the same binding properties as Vx in predicate
logic or f,---dx in calculus.

2.1.7. DerFINITION. (i) FV(M) is the set of free variables in M and can be
defined inductively as follows:

FV(x) = {x},
FV(Ax.M)=FV(M) - {x},
FV(MN)=FV(M)UFV(N).

(i) M is closed or a combinator if FV(M)=4.

(ii)) A° = {M € A|M is closed}.

(iv) A%F) = (M € A[FV(M) C (F)).

(V) A closure of M € A is AX. M, where {xX} = FV(M).

E.g. Axy.xy € A% Axy.xpz € A%2).
Note that a closure of M depends on the order of the X.

2.1.8. DEFINITION. (i) M is a subterm of N(notation M C N) if M €
Sub(N), where Sub(N), the collection of subterms of N, is defined induc-
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tively as follows:

Sub(x) = {x},
Sub(Ax.N;) =Sub(N,)uU {Ax.N,},
Sub(N,N,) = Sub(N,) U Sub(N,) U { N|N,}.
(i) A subterm may occur several times; e.g. M =MAx.xl(xl) has two
occurrences of the subterm I =A\p.y.
(ii1) Let Ny, N, be subterm occurrences of M. Then N,, N, are disjoint if

N, and N, have no common symbol occurrences.

(iv) A subterm occurrence N of M is active if N occurs as (NZ) c M for
some Z; otherwise N is passive.

EXAMPLE. (1) Let M = Ax.xy(Az.y). Then xy C M, but z ¢ M and y(Az.y) &
M, since M = Ax.((xy)(Az.y)).

(i) The occurrences of x and (Az.y) in M are disjoint. So are the first
occurrences of y and (Az.y).

(iii) x, xy are active subterms of M; y, Az.y are passive ones.
2.1.9. DEerFINITION. Let F, M € A. Then

(i) F°M =M; F**'M = F(F'M),

(i) FM~°=F; FM~"*'=FM~"M.

Terms modulo a change of bound variables

Now it will be shown why some care is needed for substitution.
2.1.10. FALLACY. VMN M =N,
ProOF. Let F=Axy.yx. Then for all M,N
FMN=((Ax(Ay.yx))M)N=(Ay.yM)N=NM.
In particular Fyx = xy. But
Fyx=((Ax(Ay.yx))y)x=(Ay.yy)x=xx.

Hence xy = xx. From this it is not difficult to derive any equation. See
exercise 2.4.2 ii). [

REFUTATION. The apparent contradiction results from the step

(Ax(Ay.yx))y=Ay.yy.
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The free variable y becomes bound after substitution for x in Ay. yx. This
should not be allowed. In predicate logic one expresses this by “y is not
substitutable for x in A y. yx”, and in programming by “confusion of local
and global variables.” [

This problem will be avoided in 2.1.11-2.1.14 along the following lines.
See appendix C for the details.

(1) Identify two terms if each can be transformed to the other by a
renaming of its bound variables.

(2) Consider a A-term as a representative of its equivalence class.

(3) Interpret substitution M [x:= N] as an operation on the equivalence
classes of M and N. This operation can be performed using representatives,
provided that the bound variables are named properly as formulated in the
variable convention below.

2.1.11. DEFINITION. (i) A change of bound variables in M is the replacement
of a part Ax.N of M by Ay.(N[x:=y]), where y does not occur (at all) in
N. (Because y is fresh there is no danger in the substitution N[x:=y]).

(ii) M is a-congruent with N, notation M =, N, if N results from M by a
series of changes of bound variables. For example

AX. XY = Az 2V FEoA Y. yy,
Ax.x(Ax.x) = Ax" . x'(Ax.x) =aAx’ . x'(Ax".x").

In Church [1941] the renaming of bound variables was built into the
conversion rules: there the theory A was extended by the axiom scheme

Ax.M=Xy M[x:=y] ( a-conversion)

where y is not free or bound in M.
We prefer to identify a-congruent terms on a syntactic level.

2.1.12. ConVENTION. Terms that are a-congruent are identified.
So now we write Ax.x =Ay.y, etcetera.

2.1.13. VARIABLE CONVENTION. If M|, ..., M, occur in a certain
mathematical context (e.g. definition, proof), then in these terms all bound
variables are chosen to be different from the free variables.

Examples of the use of the variable convention.

(1) Already in the proof of the fixed point theorem 2.1.5 the variable
convention was implicitly used. In defining W= Ax. F(xx), it is essential
that x € FV(F).

(2) Let K=Axy.x. Then

KM=(Ax(Ay.x))M=Ay. M.
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Hence

(*) VM KM=Ay M.

But
Ky#Ay.y.

This is so, because by the variable convention ( * ) has to be interpreted as
VM KM=Ay.M, wherey @FV(M).

Hence by the identification of a-congruent terms

Ky=Ay'.y.

2.1.14. MoraAL. Using conventions 2.1.12 and 2.1.13 one can work with
A-terms in the naive way.

Naive means that substitution and other operations on terms can be
performed without questioning whether they are allowed. The moral will
be proved in appendix C.

Substitution

2.1.15. DeriNiTiON. The result of substituting N for the free occurrences of
x in M (notation M [x:= N)) is defined as follows.
x[x:= N] N;
y[x=N]=y, ifx#y;
(Ay.M)[x:=N]=Ay.(M[x=N]);
(M M,)[ x:=N]=(M,[ x:=N])(M,[ x:=N]);

In the third clause it is not needed to say “provided that y #x and
y & FV(N)”. By the variable convention this is the case.

2.1.16. SUBSTITUTION LEMMA. If x #y and x € FV(L), then
M[x:=N][y:=L] ——_—M[y:=L][x:= N[y:=L]].

Proor. By induction on the structure of M.
Case 1. M is a variable.
Case 1.1. M = x. Then both sides equal N[y:= L] since x £y.
[ Case 1.2]. M =y. Then both sides equal L, for x & FV(L) implies
Lix=---]=L.
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Case 1.3. M =z £ x,y. Then both sides equal z.
Case 2. M=MAz.M,. By the variable convention we may assume that
z# x,y and z is not free in N,L. Then by the induction hypothesis

(Az.M)[x=N][y=L]=Az.M [ x:=N][y=L]
=Az.M[y=L][x:=N[y:=L]]
=(Az.M))[y:=L][x:==N[y=L]].

Case 3. M = M, M,. Then the statement follows again from the induc-
tion hypothesis. [

2.1.17. PROPOSITION. (i) M=M'=M[x=N]=M'[x=N].
(ii) N=N'=>M[x:=N]=M[x=N"].
i)y M=M 6 N=N=M[x=N]=M1|x=N]

PROOF. (i) By induction on the length of proof of M = M’. Since this kind
of proof occurs often, this one will be spelled out in detail. Later on such
details will be left to the reader.
Case 1. M = M’ is an axiom (Ay.A)B = A[ y:= B]. Then
M[x:=N]=(Ay.A[ x:= N])(B[ x:=N1])

=A[x:=N][y=B[x=N]]

A[y:=B][x:=N]

M'[x:=N]

by the substitution lemma 2.1.16 (by the variable convention y #x, y &
FV(N)).

Case 2. M = M’ is an axiom because M = M’. Then the result follows
immediately.

Case 3. M =M’ is ZM, = ZM, and is a direct consequence of M, = M.
Hence

M[x:=N]=Z[x=N]|M,[ x=N]
=Z[x:=N]M{[x:=N] by the induction hypothesis,
=M'[x:=N].

The other derivation rules are treated similarly.
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(1) Alternative proof.
M=M =AxM=Ax.M
=(Ax.M)N=(Ax.M')N
:>M[x:=N] =M/[x:= N].
(ii) Use induction on the structure of M.
(ii1) By (i) and (i1)
M[x:=N} =M'[x=N]=M[x=N']. O
Is the following true?

N=N=Ax.x(Ay.N)=Ax.x(Ay.N’).

It is, but this does not follow from proposition 2.1.17 (i) since
(Ax.x(Ay.N)) cannot be written as (Ax.x(Ay.z))[z:=N]if x or y is free
in N. Therefore the following notion of context is useful.

2.1.18. DEFINITION. (i) A context C[ ] is a term with some holes in it.
More formally:
X 1s a context,
[ ]is a context,
if C,[ ]and C,[ ] are contexts, then so are C,[ ]C,[ ] and
Ax.C\[ ]
(i) If C[ ]is a context and M € A, then C[M] denotes the result of
placing M in the holes of C[ ]. In this act free variables of M may
become bound in C[M].

ExampLE. C[ |=Ax.x(Ay] 1 is a context. If M=xy, then C[M]=
Ax.x(Ay.xy)

Contexts are not considered modulo a-congruence. The essential feature
of a context C[ ] is that a free variable in M may become bound in
C[M). Par abus de langage we write C[ ]€ A to indicate that C[ ]isa
context.

2.1.19. PROPOSITION. Let C[ 1€ A. Then
N=N'=C[N]=C[N].
Proor. Use induction on the structure of C[ ]. O

2.1.20. Lemma. (i) VC[ ] VX 3FVM € A%(X) C[M]=F(AZ.M).
(i) VC[ ]VM 3x IF C[M]=F(AZ.M).



30 CONVERSION CH.2,§1

ProoF. (i) Use induction on the structure of C[ .
() By (). O

Sometimes simultaneous substitution is needed.

2.1.21. DeFINITION. (i) Let N= N,...,N,; X=x,,..., x,. Then ﬁfits

m

in X if m=n and the x do not occur in FV(N).
() Let N=N,,...,N,; L=L,,...,L,. Then

N=L if n=mand N,=L,for1<i<n.

Similarly ﬁﬂE L is defined.
(ii)) Let N fitin X=x,, ..., x,. Then

M[X=N]=M[x;=N]- - [x,=N,].

[Here it is needed that the X do not occur in FV(I\7 ). For an alternative
definition, see exercise 2.4.8.]
(iv) Let M € A. As in predicate logic sometimes we write M = M(X), to
indicate substitution: - .
if M =M(X) and N fits in X, then M(N)=M[X:= N].
2.1.22. PROPOSITION. Let N, fit in X. Then
M|(X) = My(X)AN, = N2=M1(Nl) = MZ(NZ)'
PrOOF. By proposition 2.1.17 (iii). [
Combinatory completeness
2.1.23. LEMMA. Let X=x,...,x,. Then (AX.M)X =M.
Proor. If n=1, then
(Ax; M)x,=M[x;:=x]=M.
If n=2, then
AX.M)X=((Ax,;.(Ax,. M))x,)x,
=(Ax,.M)x, bythecasen=1forAx,. M
=M.

The general case follows similarly (by induction on n). [
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2.1.24. CoroLLARY (Combinatory Completeness). Let M = M(X). Then:
() AF Fx=M(x). ~
(i) AF YN FN = M(N), where N fits in X.
(iti) In (i), (ii) one can take F=Ax. M.
ProOF. By the lemma, using proposition 2.1.22. []

ExampLE. 3F VMN FMN = Az.zNM. Indeed, take
F=Axy. (Az.zyx) =Axyz.zyx.
Three combinators are of particular importance.
2.1.25. DEFINITION.
I=Ax.x, K=Axy.x,
S=Axyz.xz(yz).
2.1.26. COROLLARY. Forall M, N, LEA
HIM=M,
(i) KMN =M,
(iii)) SMNL = ML(NL).

Proor. By Corollary 2.1.24. J

It will be shown that I, K, S generate the set A® using only application,
see §8.1. Note that SKK = 1, hence just K, S generate A°,

Extensionality

Lambda terms denote processes. Different terms may denote the same
process. For example, Ax. Mx and M both yield the same result MN when
applied to a term N. Therefore the following rule is introduced.

2.1.27. DerFINiTION. (i) Extensionality is the following derivation rule
Mx=Nx=M=N (ext)

provided that x € FV(MN).
(ii) The theory A extended by this rule is denoted by A + ext.

The question rises what can be proved in A + exz but not in A. We have
seen the example A x. Mx = M. The following shows that this is essentially
the only difference.
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2.1.28. DerFINITION. Consider the following axiom scheme »
Ax.Mx=M (n-conversion)

provided that x & FV(M). An is the theory A extended with 7.

2.1.29. THEOREM (Curry). The theories A + ext and A are equivalent.

ProOF. First we show A + extl 7. Indeed
(Ax.Mx)x = Mx
Hence if x & FV(M), then by ext

Ax.Mx =M.

Conversely, An is closed under the rule ext. Let
Mx = Nx,

with x € FV(MN). Then by rule £

Ax.Mx = Ax.Nx.
Hence by n one has M = N. []

Note that the rule £ plays an essential role in the equivalence between
A + ext and An. Therefore rule £ is sometimes referred to as the rule of
weak extensionality.

The extensional A-calculus will usually be denoted by Axn. The following
other names appear in the literature:

An-calculus,

A Bn-calculus,
A Kn-calculus,
A KBn-calculus.

One of the reasons for considering An is that it enjoys a certain
completeness property, see theorem 2.1.40.

Consistency

Since the theory A is logic free, the notion of consistency has to be taken
in the following sense

2.1.30. DEFINITION. (i) An equation is a formula of the form M = N with
M,N € A; the equation is closed if M,N € A°.
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(i) Let I be a formal theory with equations as formulas. Then ¥ is
consistent (notation Con(%)) if § does not prove every closed equation. In
the opposite case F is inconsistent.

(iii) If 9 is a set of equations, then A +J is the theory obtained from A
by adding the equations of I as axioms. J is called consistent (notation
Con(9)) if Con(A + ).

The reader may be worried by the fallacy 2.1.10. Moreover the proof of
the fixed point theorem 2.1.5 is in fact a diagonal argument often leading
to inconsistencies. Therefore it is not obvious that the theory A is con-
sistent.

The concept of reduction, introduced in chapter 3, will provide an
important proof theoretic tool for the theory A and some extensions. Using
this one can prove the following.

2.1.31. FacT. The theories A and Ay are consistent.
PROOF. See theorems 3.2.10(ii) and 3.3.11(ii). See also corollary 2.1.38. []

The theory A extended by a single axiom may become inconsistent.

2.1.32. DeFINITION. Let M, N € A. Then M and N are incompatible,
notation M # N, if 2 Con(M = N).

2.1.33. EXAMPLE. K# S.

PROOF. Reason in A+ K=8S: forall X, Y,Z €A
KXYZ=8XYZ,

hence
XZ=XZ(YZ).

Take X=Z=I. Then for all Y € A
=YL

B.y taking ¥ =K M, M arbitrary, it follows that for all M
=M.

Therefore A+ K=8+-M =1=N for arbitrary M,N, in other words,
- Con(K=S8). [J
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Normal forms

Consider a term like

(Ax.xa)l.

This term can be “computed” to yield
fa

and this gives

a.

The term a 1s called a normal form, for it does not “compute” any further.
This notion is made precise as follows.

2.1.34. DEFINITION. Let M € A.

(i) M is a B-normal form (abbreviated as S-nf or just nf) if M has no
subterm (Ax.R)S.

(1) M has a B-nf if there exists an N such that N=M and N is a S-nf.

If M is a nf, it is also said that M is in nf.

ExAMPLEs. (1) 1 1s in nf.

(ii) KI has a nf (namely A y.I).

(iii) Let € = (Ax.xx)(Ax.xx). Then £ has no nf as will be proved in
chapter 3.

In the extensional theory An the notion of nf is a bit different, since
there also terms such as A x.ax “want to be computed”.

2.1.35. DEFINITION. Let M € A.
(1)) M is a Bn-nf if M has no subterm (Ax.P)Q or (Ax.Rx) with
x & FV(R).
(ii) M has a Bq-nf if
AN[AntM =N and Nis a Bn-nf].

ExAMPLES. (i) K, S are Sn-nf’s.
(1) Ax.x(Az.xz) is not a Bn-nf, but has as Sn-nf the term A x. xx.

2.1.36. Fact (Curry et al. [1972]). M has a Sn-nf< M has a S-nf.
ProoFr. See Corollary 15.1.5. J

Normal forms and consistency are connected as follows.
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2.1.37. Fact. (1) If M,N are different 8-nf’s, then
A¥YM=N.
(i1) Similarly for B7-nf’s and provability in An.
PrOOF. By theorems 3.2.10 and 3.3.11 and propositions 3.2.1 and 3.3.2. []
2.1.38. COROLLARY. The theories XA and Aw are consistent.

Proor. By fact 2.1.37 one has Anl¥K =S, since both Kand S are in Sn-nf .
O

On the other hand one has the following.
2.1.39. Fact (Bohm [1968)). If M, N are different Bn-nf’s, then M # N.
ProoF. See corollary 104.3. O

It follows that for terms having a nf the theory An is Hilbert-Post
complete, cf. definition 4.1.22.

2.1.40. THEOREM. Suppose M,N have a nf. Then either AntM =N or
An + M = N is inconsistent.

PRrROOF. By fact 2.1.36 the terms M,N have Bn-nf’s, say M’, N'.
Case 1. M’ = N’. Then

ApFM =M =N =N.

Case 2. M' £ N’. Then by fact 2.1.39 one has —Con(M’ = N"), hence
-Con(An+M=N).

2.2, Some variants of the theory

In this section two variants of the theory A are considered: combinatory
logic and the A I-calculus. The technical development of these systems is
given in chapters 7 and 9 respectively. Also a discussion is made about
‘significance’ of terms.

Combinatory logic

Independently of the A-calculus a related theory, combinatory logic, was
initiated by Schonfinkel [1924] and Curry [1930].
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Curry developed combinatory logic with the intention of providing an
alternative foundation for mathematics. His theory is divided into two
parts: pure combinatory logic, concerning itself with notions like substitu-
tion and other (formula) manipulations; and illative combinatory logic,
concerning itself with logical notions such as implication, quantification,
equality and types.

As was mentioned before, Church had a similar aim with an extended
version of the theory A. After the proposed system was shown to be
inconsistent, Church abolished his program. Curry tried to be more careful
with his theories and wanted to provide consistency proofs whenever
possible. This was done for several systems of combinatory logic (see
appendix B). But these systems are all very weak and hence inappropriate
for a foundation of mathematics. In spite of this there are several interest-
ing aspects of the theories that did come out.

The illative theories do not belong to the scope of this book. They are
briefly discussed in appendix B. Pure combinatory logic is treated in
chapter 7. Par abus de language the adjective “pure” is often suppressed.

The starting point of the theory is that the general scheme of combina-
tory completeness, corollary 2.1.24, follows from two of its instances. It
suffices to assume that there are objects K and § satisfying

(*) KMN=M, SMNL=ML(NL)

for all M, N and L. Combinatory logic, CL, is the formal equational
theory with operation application and primitive constants K and S, satisfy-
ing the axioms ( * ). In presence of the rule of extensionality the theories
CL and X become equivalent.

In CL it is not necessary to have a variable binding operation. Abstrac-
tion can be defined in terms of K and §. This has several important
applications to the A-calculus itself. For example a term E € A° that
enumerates all closed A-terms is constructed via CL. Moreover a proof-the-
oretic analysis is often more easy to give for extensions of CL than for
extensions of A. This is especially useful if extensionality is present, since
then the theories are equivalent.

In the A-calculus the terms K, $ satisfy ( * ). It will be indicated briefly
how abstraction in A can be defined using these terms.

2.2.1. PROPOSITION. In A one has:
(1) | = SKK.
1) () Ax.x=1;
O)Ax. M=KMif x¢¢ FV(M);
© Ax.MN=S(Ax.M)Ax.N).
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PROOF. (i) SKK = Ac.Kc(Kc) =Ac.c =L
(ii) (b) KM = Ax. M with x & FV(M).
(€) SOx. MYAx.N) = Ax.(ux. M)x((Ax.N)x) = Ax. MN. []

Therefore in each term in A the A’s can be eliminated successively in
favor of K and S. Example:

Axy.yx=Ax(Ay(yx))
= Ax(SI(Kx))
— S(K(S1))(S(KK)I)
— S(K(S(SKK)))(S(KK)(SKK)).

Using this method, standard translations can be defined from A-terms to
CL-terms and back. These translations do not yet constitute an isomor-
phism between the two theories. The A-terms have a fine structure that is
not visible from the corresponding CL-terms. For example,

AFSKK = SKS =1
but
CLYSKK = SKS.

Curry succeeded in constructing a finite set Ag of equations between
CL-terms such that the theories CL + A; and A are equivalent via the

- standard translations. Similarly there is a set 4 pn Such that CL + 4, and

An are equivalent. See §7.3.

The A I-calculus

Church [1941] originally defined a restricted class of A-terms.

2.2.2. DEFINITION. (i) The set of Al-terms (notation A,) is defined induc-
tively by

x€A;
MeA,, xEFV(M)=Ax. MeA,;
M, NeA,=(MN)€EA,.

(i) The theory AJ (“the A[I-calculus™) consists of equations between
AI-terms provable by the axioms and rules of A restricted to A,.
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To emphasize the difference, the theory A is sometimes called AK.
Similarly the set A is sometimes denoted by A,. Indeed, the essential
difference between A, and A, is the term K: one has KE A, — A, and in
fact alb. AK-terms are definable from K and AJ-terms.

The following names for the theory AJ appear in the literature:

Al-calculus,

AlB-calculus.
Similarly the theory AlIn, equivalent with Al + ext, is denoted by the
following:

A Im-calculus,

A IBn-calculus.

In Curry et al. [1958] Ch. 3 §3 Church is cited as giving the following
arguments for his preference of the Al-calculus over the AK-calculus.

(1) What Church wanted to do with the A-calculus could be done with
the Al-version; e.g. the representation of the (partial) recursive functions.

(2) If one—like Church—considers as significant only terms having a
nf*, then significant AK-terms may have non-significant parts (e.g. KIQ
with € without nf). This is not so for A/-terms.

223. Fact. Let M€ A, and N C M. Then
M has a nf = N has a nf.

PROOF. See corollary 9.1.6. O

(3) The K-calculus might lead to inconsistencies.

Let us discuss the three points.

The reason behind argument (1) can be explained by the existence of
several approximations of K definable in the A/-calculus. In the first place
there exists a K; € A} such that

K,xc,=x

for all numerals ¢, =Afz.f"z. Take, say, K,=Axy.ylix. Moreover in
corollary 9.4.24 it will be shown that for a finite set 9 of nf’s

K5 EAN) VM YN €N KyMN = M.

Such a K, is said to be a local K for 9.

The fact that all recursive, and hence by Church’s thesis all computable,
processes can be represented in the Al-calculus has, however, a restricted
value. The representation in A is not the most efficient one since a

* On several occasions Scott disagreed with this position e.g. in his [1973), p. 159, 165. Below
it will be shown that the views of Church and Scott are nevertheless compatible.
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A -computation of 0-2'® first has to evaluate 2'® and only then is it able
to multiply the result by 0. In the AK-calculus 0-2'® can reduce im-
mediately to 0. Moreover, in AK a program (e.g. KI) may successfully act
on another piece of program (e.g. Q) even if the latter has no value when
executed. Therefore argument (2) works rather in favour of the full
AK-calculus.

As to argument (3), we know that AK is consistent. Church probably
had in mind the following. If one considers terms without nf as unsignifi-
cant, then it is natural to identify them. This is consistent in the AZ-calculus
(see theorem 16.1.13) but not in the AK-calculus.

2.2.4. PropoSITION. Let & = {M = N|M, N € Ay without nf}. Then
- Con(9).

PROOF. Let M =Ax.xKQ, N =Ax.x8Q. Then M = N €% . Hence
SFK=MK=NK=S.

Since K # S by example 2.1.33, it follows that = Con(%). [

Below it will be argued, however, that in the AK-calculus not all terms
without a nf should be considered as meaningless.

In view of this discussion we choose to call the AK-calculus the A-calcu-
lus. Therefore, unless stated otherwise, by A-calculus is meant AK-calculus.
In spite of this, A, is an interesting subset of Ag. Moreover there are
applications of the Al-calculus to the full theory. See, for example lemma
17.2.16.

Representing recursive functions

In the A-calculus some sequence '0', "1',... of terms in nf is
selected to represent the natural numbers. These A-terms are called
numerals. Relative to such a numeral system the notion of definability of
functions can be given.

2.2.5. DEFINITION. Let f:N* — N. Then f is A-definable if for some F € A°
and all n|,...,n, €N one has

;
F'nl -« "nl="f(n,....n) .

2.2.6. FacT (Kleene [1936]). Let f: N* —>N. Then

fis definable < f is recursive.
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PROOF. See theorem 6.3.13 for AK and theorem 9.2.16 for AI. []

In order to represent a partial function by a A-term, one has to choose
how to represent “undefined”. The question is this. If F is going to
A-define a partial function @, what should F "'n' be whenever g(n) is
undefined. The classical proposal by Church (see his [1941], p. 29) is to
represent undefined by terms without nf.

2.2.7. DEFINITION. Let ¢: N* - N be a partial function. Then ¢ is called
A-definable if for some F € A and for all 7 € N*

F'n! - o) ="m" ife(A)=m

F'n/ -+ "n hasnonf if @(77) is undefined.

This definition has—at least for the A K-calculus— the following disad-
vantages.

(a) The concept of having a nf is not preserved under the translations
between A and CL. It therefore does not follow automatically that if a
class of partial functions can be defined by A-terms, then this can be done
also by CL-terms. In fact in Curry et al. [1972], p. 236 footnote 37, separate
arguments are given for the proof of the definability in A and in CL of the
partial recursive functions.

(b) The notion of normal form is too syntactical. For example, it is not
clear that it makes sense for elements of a model of the A-calculus. In fact
Wadsworth has shown the following.

2.2.8. Facr. Let D, be one of Scott’s lattice theoretic models of the
A-calculus. Then for no subset 9UC D one has

M has a nf o [M]P~ € 9.
Here [ M ]}°= denotes the value of M in D_.

PROOF. See exercise 19.4.2. []

The disadvantage mentioned under (a) is in fact another aspect of the
syntactic feature of the notion of nf.

(c) One is tempted to identify terms whose intended meaning is “unde-
fined.” This, however, is not possible by proposition 2.2.4.

(d) The partial A-definable functions are closed under composition, but
not intensionally so. That is, the A-defining term of a composition is not
necessarily the composition of the A-defining terms.

2.2.9. ExampLE. For all n let f(n) =0 and let g(n) be undefined. Then
Sf(g(n)) is undefined for all n. Now f and g can be A-defined by F=K'(Q'
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and G = K{Q respectively. But then
FoG=Ax.F(Gx)=Ax."0"

does not A-define fog.
The mentioned difficulties all result from the identification

undefined = not having a nf.
In the next subsection a different approach is proposed.

Solvable and unsolvable terms

A proper subclass of the class of terms without a nf will be introduced.
The elements of this class are called unsolvable terms. It is proposed that
these terms represent the notion of ‘undefined’. This was first done in
Barendregt [1971]. Independently Wadsworth [1971] introduced a class of
terms ‘without a head normal form’. He gave arguments that elements of
this class should be considered as the meaningless terms in the A K-calculus.

2.2.10. DEFINITION. (1) Let M € A°. Then M is solvable if

3n AN,---N,€EA MN,---N,=1.

(1)) An arbitrary M € A is solvable if the closure of M, that is AX. M
with {X} = FV(M), is solvable.

(i) M € A is unsolvable if M is not solvable.

In this definition one can take everywhere A = Ay or A = A,. In the first
case one speaks about K-solvability, in the second, I-solvability. If it is
clear from the context which notion is meant, one simply speaks about
solvability. Usually this will be K-solvability.

EXAMPLEs. (i) § is I-solvable: Sl =1.
(i) xIQ is K-solvable: (Ax.xIQ)K = 1.
(iii) & is both I- and K-unsolvable.

2.2.11. DerFINITION. (i) M is a head normal form (hnf) if M has the form
M =AXyN
(i1) M has a hof if AN M = N and N is a hnf.

EXAMPLE. Ax.)xQ has no nf, but has as hnf Ax.xQ. It is not hard to show
that each nf is a hnf.

2.2.12. Facr. (i) (Wadsworth) In the A K-calculus:

M is unsolvable < M has no head normal form.
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(i1) (Barendregt) In the A I-calculus:

M 1s unsolvable < M has no normal form.

PrOOF. (1) Theorem 8.3.14. (i1) Corollary 9.4.21. [

Below the following identification will be proposed for A-terms:
‘undefined’ (or ‘meaningless’) < unsolvable.

Using fact 2.2.12, this reconciles the positions of Church and Scott. Church
had in mind the A /-calculus, hence

meaningless < unsolvable < no nf.

Scott on the other hand considered the A K-calculus, hence

meaningless < unsolvable < no hnf Zno nf.

It turns out to be possible to A-define the partial recursive functions
when undefined is represented by unsolvable. This avoids the difficulties
mentioned above when non-normalizing terms are used (definition 2.2.7).

(a) (Un)solvability is a notion that is preserved under the standard
translations between A and CL, see proposition 8.3.22. Also the notion is
not changed when extensionality is added to the theory, see proposition
15.1.7.

(b) The concept ‘(un)solvable’ is not syntactic. It refers to the applicative
behaviour of a term and therefore makes sense also in models of the
A-calculus.

Indeed, the images of unsolvable terms in Scott’s models D and the
graph model Pw are the least elements L and @ respectively. Moreover
solvability is a useful tool for the analysis of the structure of D and Puw,
see chapter 19.

(c) Both for the AJ- and AK-calculus it is consistent to identify all
unsolvable terms, see §16.1.

(d) The A-defining term for a composition can be found uniformly from
the A-defining terms of the factors (by a kind of generalized composition).

Therefore the A-definability of the partial recursive functions can be
proved in such a way that a definition of a u-recursive partial function is
transformed into a A-term defining that function. This intensional aspect
would be lost if a partial recursive function ¢ were first to be expressed in
Kleene’s normal form

@(n) = U(um T(e, n, m)), for some e,

and then the term defining ¢ constructed via the terms U and 7.
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It has been stressed by Kreisel {1971}, p. 177, 178 that in connection with
the so-called “superthesis”, Church’s thesis expresses less than we know.
When we say that all partial recursive functions are A-definable, we merely
speak of the results of computation, of their graphs. But we have in mind
that A-terms correspond to our procedures for defining these functions.
Thus as far as the p-recursive and the A-definable functions are concerned,
the equivalence is proved not only in the sense of Church’s thesis, but also
of the superthesis.

In general, evidence for Church’s superthesis is provided by the proofs of
the equivalence between the various formalizations of the notion effective
computability. See Rogers [1967], p. 19, Basic Result III.

This discussion strongly pleads for the identification of the unsolvable
terms with undefined. A final argument is the following genericity property.

2.2.13. Fact. Let M be unsolvable and N be a nf. Then
C[M] =N=VX C[X] =N.

ProoF. See proposition 14.3.24. [
Therefore we will accept the following heuristic principle.

2.2.14. ProposaL. The unsolvable terms should be considered as repre-
senting the notion undefined.

By fact 2.2.12 (i) this implies the proposal of Wadsworth [1971] to
identify in the A K-calculus terms without a hnf with undefined.

2.3. Survey of part II

Chapter 6. Classical lambda calculus
This is about A-terms modulo (provability in) A, sometimes modulo Ax.
6.1. Fixed point combinators
DEFINITION. Y € A° is called a fixed point combinator if
VF YF=F(YF).

As a corollary to the fixed point theorem 2.1.5 it is proved that such terms
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exist. The following is a consequence of combinatory completeness and the
fixed point theorem:

THEOREM.
VM € A%X,y) 3F YA FA = M(A, F).

6.2. Standard combinators

Combinators are defined representing truth values (T =Axy.x =K; F=
Axy.y = Kl), a pairing operation ((M, Nj=Az.zMN) numerals (0" =1,
“n+1'=[F, 'n']). The term @ =Ax.xx)(Ax.xx) will play in later
chapters the role of “undefined”.

6.3. Lambda definability

DEerINITION. Let f: N— N. Then f is A-definable if
AFVneN F'n'=f(n).

THEOREM. Let f: N> N, then
f1is A-definable < f is recursive.

6.4. Numeral systems

The definition of numerals in §6.2 was chosen so that A-definability of
the recursive functions is easy to show. Some other numeral systems are
defined on which this class of functions can be represented. Included is the
system of Church in which n=A fx. f"(x).

6.5. More about fixed points; Gédel numbers
Some alternative fixed point combinators are constructed.
MULTIPLE FIXED POINT THEOREM.
VF,---F, 3X,---X, X,=FXa---aX,=F0X.
Let "X' be the numeral corresponding to the Godel number of X.

SECOND FIXED POINT THEOREM.

VF3IaX F'xX'=X.
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6.6. Undecidability results
DEFINITION. A set @ C A is closed under equality if

Me@ M=N=Nc@.

THEOREM. Let @, B C A be disjoint non-empty sets, closed under equality.
Then @, B are (after coding) recursively inseparable.

COROLLARY. Let @ C A be closed under equality and nontrivial (# 0, # A).
Then & is not recursive.

COROLLARY. The set { M|M has a nf} is r.e. but not recursive.
COROLLARY. The theory A has no recursive models.

6.7. Digression: Self-referential sentences and the recursion theorem

Both are interpreted as an application of the fixed point theorem.

6.8. Exercises

Chapter 7. The theory of combinators

7.1. Combinatory logic

Combinatory logic (CL) is a formal theory with as primitive terms K
and § and as primitive operation application (no abstraction). The axioms
for CL are

KPQ=P, SPQOR= PR(QR).

It is shown that in CL an abstractor A* can be defined such that
B-conversion holds. It follows that all closed A-terms can be defined in
terms of K, S € A, using application only.
7.2. Reduction for CL

Provable equality in CL can be generated by a notion of reduction
satisfying the Church—Rosser theorem.
7.3. The relation between CL and A

Using the defined abstraction A* in CL, there is a canonical way of
translating A-terms in CL-terms and vice versa. There is a finite set 4, of
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equations between CL-terms such that A and CL + A, become equivalent.
Similarly there is a finite set of axioms 4z, such that the theories

An,A+ext, CL+ext, CL+ A4,

are equivalent.

7.4. Exercises

Chapter 8. Classical lambda calculus (continued)

8.1. Applications of CL to A

It is shown that A° is generated by the A-terms K, S using application
only. A® can even be generated by a single element.
A term E € A° is constructed which enumerates A%:

VMeA®> IneN En' =M.

8.2. Uniformity, infinite sequences

DEFINITION. A sequence My, M,,... EAis called uniformif AIM EAVnEN
M'"n' = M,. An intrinsic coding of uniform infinite sequences of A-terms
is defined.

8.3. Solvability; head normal forms

DEFINITION. (i) M € A° is solvable if AN MN =1.
(i) M has a head normal form if M is convertible to a term of the form
AX.yN.

THEOREM In the AK-calculus
M is solvable < M has a hnf.

8.4. Definability of partial functions

DEFINITION. A partial function ¢ : N_— N is called A-definable if for some
FeA®

Frn' = {\P(n), if Y(n) is defined
unsolvable, else.

THEOREM. V is A-definable iff y is partial recursive.

8.5. Exercises
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Chapter 9. The AI-calculus

This theory is about the restricted class of A/-terms modulo convertibil-
ity.

9.1. Generalities
THEOREM. AK is conservative over AlI.
THEOREM. M € A, has a nf iff each subterm of M has a nf.

Several notions about Ay relativize to A;. For example M € A} is
I-solvable iff

INEA, MN=I.

9.2. Definability

It is proved that the partial recursive functions can also be A-defined by
A I-terms.

9.3. Combinators

A theory CL, is introduced which corresponds to A1 in the same way
that CL corresponds to A. :

9.4. Solvability

The notion of /-solvability is analysed.
THEOREM. M is I-solvable<> M has a nf.

Using the method of proof one can show that there exists a AJ-term K*
that locally acts like K, i.e.

(+) K*MN=M allMandall N €N,

where 9 is some given finite set of normal forms. The construction of K*
can be made impredicative: one may assume (+) for a set 9 containing
K* and some terms containing K* as subterm.

9.5. Exercises
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Chapter 10. Bohm trees

10.1. Basics

For each M € A a certain tree BT( M) is constructed, the so called Bohm
tree of M. BT(M) may be finite or infinite; it can be compared to the
continued fraction of a real. The essential computational behaviour of a
term M can be read off from BT(M).

The set of all possible trees (not necessarily the BShm tree of a term) is
denoted by ‘B.

Characterizations are given of when an element of B is the Bohm tree of
a A([])-term.

10.2. Comparing Bohm trees; the tree topology on A
On the set B a partial ordering is introduced: 4 C B iff 4 results from B
by deleting some subtrees.

PROPOSITION. (B, C) is an algebraic cpo.

DEFINITION. The tree topology on A is the least topology such that the map
BT:A—B is continuous, where B has the Scott topology. (In §14.3 it will
be proved that the A-calculus operations are continuous with respect to the
tree topology.)

A kind of %-reduction is defined on 8. By composing the relations C
and —», on B several other relations are obtained. In chapter 19 it is
proved that these correspond to inequality in the models D and Pw.

10.3. Bohm out technique
Given a tree 4 and a subtree A’, a technique is developed to isolate A’
from A. In general this will leave some traces on A4”.

10.4. Separability of terms

DEFINITION. Let % = M,, ..., M, be a finite sequence of closed terms.
Then ¥ is separable if YN, ..., N, AF FM; =N n- -+ nFM,=N,.
A characterization is given for the separability of such ¥.

COROLLARY. Let F=M,,....M € A° have distinct Bn-nfs. Then F is
separable.

10.5. Separability for the N I-calculus

The notation of separability relativizes to the A I-calculus.
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THEOREM. Let § = M|, ..., M, be closed. Then in the N-calculus F is
separable iff M|, . . ., M, have distinct fn—nf’s.

10.6. Exercises

This completes the survey of part II.

2.4. Exercises

2.4.1. Show that the following terms have a nf.
@ AyoyyX(Aab.a)l(SS)).
(ii) Qwz.zy (Ax. xxx)Ax. xxx))Aw.1).
(iii) SSSSSSS.
(iv)* S(SSKSS)SS)SS.
2.4.2. Show that
D 1#K.
(i) E# S.
(ii1) xy # xx.
2.43. Construct closed terms My, M|, ... such that M, # M; for all i #.
2.4.4. Show that application is not associative; in fact, x( yz) # (xy)z.

24.5. (C. E. Schaap) Let X =Sl. Show that XXXX = X(X(XX)). Does X"X = XX ~" hold
for all n € N?

24.6. Show that ~3F VMN F(MN) = M. [Hint. Show that F(xy) # x.]
2.4.7. Show 3M YN MN = MM. [Hint. Use the fixed point theorem.)

248 Let M€ A, x= Xp,..., X, and N=N,,..., N,. If some of the x occur in FV(]\7). then
M{x:= N] (simultaneous substitution) is defined as follows:

y[i'.=1\7]'=-N,. ify=x,€{x},
=y fye{x},

(MM)[—]=M[-]IM,[-],

W-M)[-1=0.M[~].

Show that proposition 2.1.22 and coroilary 2.1.24 remain valid.
2.4.9. Show that (y.(\x. M)N = Ax.((Ay.M)N).
2.4.10. (i) Construct an M € A° such that M = MS.

(ii) Idem with MI1SS = MS. [Hint. Use the fixed point theorem.}
2.4.11. Construct an F € A such that F1 = x and FK = y. [Hint. Use the proof to be found in
exercise 2.4.2 (i).)
2.4.12. (Jacopini). Let w; = Ax.xxx and §; = w;w;. Show

(i) 1 # w,.

(i) | # Q.
2.4.13. Show that for all terms M starting with a A one has Ax.Mx = M.
2.4.14. Let M = Ax.x(\v.yy)Ay.yy); show that M is I-solvable.
2.4.15. Suppose a symbol of the A-calculus alphabet is always 0.5 cm wide. Write down a
A-term with length less than 20 cm having a nf with length at least 10'°" lightyear. The speed
of light is ¢ = 3.10'° cm/sec.



CHAPTER 3

REDUCTION

There is a certain asymmetry in the defining equation for A-abstraction.
The statement

(Ax.x2+1)3=10

can be interpreted as “10 is the result of computing (Ax.x2 + 1)3”, but not
vice versa. This computational aspect will be expressed by writing

(Ax.x*+ 1)3- 10,

which reads “(Ax.x2 + 1)3 reduces to 10”.

Apart from this conceptual aspect, reduction is also useful for an
analysis of convertibility. The Church—Rosser theorem says that if two
terms are convertible, then there is a term to which they both reduce. In
many cases the inconvertibility of two terms can be proved by showing
that they do not reduce to a common term.

3.1. Neotions of reduction

The convertibility relation on A introduced in §2.1 is not the only
equality relation that can be analyzed by reduction. Therefore this latter
concept will be introduced in a general setting,

3.1.1. DEFINITION. (i) A binary relation R on A is compatible (with the
operations) if
(M,M'YER=(ZM,ZM'YER,(MZ , M'Z)ER
and (Ax.M,Ax.M’') ER,

forall M, M’', Z€ A.

(1) An equality (or congruence) relation on A is a compatible equiva-
lence relation.

(i) A reduction relation on A is one which is compatible, reflexive, and
transitive.

50
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Note that a relation R C A? is compatible if
(M,M')ER=(C[M],C[M'])ER
for all M, M’ € A and all contexts C[ ], with one hole.

3.1.2. DEFINITION. (i) A notion of reduction on A is just a binary relation R
on A.
(i) If R, R, are notions of reduction, then R R, is R, U R,.

Many important examples of a notion of reduction are given by the graph
of a partial recursive function on A. For example, this holds for the

classical notion of reduction .

3.1.3. DEFINITION. 8= {((Ax.M)N, M[x:= N))

M, N €A).

3.1.4. DeFINITION. If >— is a binary relation on a set X, then the reflexive
closure of > (notation: >_) is the least relation extending R that is
reflexive. The transitive closure (notation: >—") and the compatible closure
(no notation) are defined similarly.

3.1.5. DEFINITION. Let R be a notion of reduction on A.
(1) Then R induces the binary relations

— one step R-reduction,
~»p R-reduction and

=g R-equality (also called R-convertibility),

inductively defined as follows.—, is the compatible closure of R:
() (M,N)ER=>M > N,
QM- N =SZM-,ZN,
B)M—-zN =MZ > NZ,
@D M->gN =AM A N.
—», 1s the retlexive, transitive closure of —p:
(D)Mo N=M-—>yN,
2Q) M—>g M,
BYM—>gN, N»  L=>M-—» L.
= g is the equivalence relation generated by —»4:
(WMo N=>M=,N,
QM= N=>N= M,
BYM= ;N N=L=>M=,L.
(1) The basic relations derived from R are pronounced as follows:
M—,N: M R-reduces to N or N is an R-reduct of M,
M —yN: M R-reduces to N in one step;
M =, ,N: M is R-convertible to N.
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The relations —,, —», and =, are introduced inductively. Therefore
properties about these relations can be proved inductively.

3.1.6. LeMMA The relations — g, —, and = r are all compatible. Therefore
—»g is a reduction relation and = . is an equality relation.

PROOF. For — this is immediate. For —», and = r it follows by induction
on the generation of these relations. This kind of proof occurs quite often;
usually the details will be omitted, but here we shall give the proof for —» .
explicitly.

Case 1. M—y N because M —,N. Then by the result for — g one has
C[M]—,C[N] and hence C[M]—»,C[N].

Case 2. M—y N because M = N. Then trivially ClM]—», C[N].

Case 3. M—» N is a direct consequence of M—»pL and L—»,N. By the
induction hypothesis C[M]—» 5 C[L] and C[L}—»xC[N]. Therefore C[M]
—»:C[N] O

3.1.7. REMARKs. (i) By the compatibility of —, it follows (by induction on
the structure of M) that

N—>pN' = M[xi= N> M[x:= N].

For —, this is in general not true, since N, N’ may be substituted for
several x’s in M.

(1) The notion of compatible relation can be generalized directly to any
set X with some operations on it. Also then one can speak of equality and
reduction relations. In particular, this will be done to define on combina-
tory terms or on some extended A-terms (like labelled A-terms) reduction
and equality relations via a notion of reduction.

(1ii)) Notions of reduction will be denoted by boldface letters; e.g. 8, u,
Q. The derived relations will be written using the corresponding lightface
symbols; e.g. —p, —»p €tc.

EXAMPLE. ()\x.xx)()\y.y)z—>ﬁ()\y.y)()\y.y)z

—=p(Ay.y)z —p2Z.
Hence

()\x.xx)()\y.y)z—»ﬂz
and if one is interested only in equality,
(Ax.xx)(Ay.y)z =4z
For the remainder of this section R is a notion of reduction on A.

Often a notion of reduction is introduced as follows. “Let R be defined
by the following contraction rules

R : M N provided - - - 7.
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This means that R = {(M, N)|- - - }. E.g. B could have been introduced by
the contraction rule

B:(Ax.M)N—MJ[ x:= N].

3.1.8. DEFINITION. (i) An R-redex is a term M such that (M, N)€ER for
some term N. In this case N is called an R-contractum of M.

(1) A term M is called an R-normal form (R-nf) if M does not contain
(as subterm) any R-redex.

(i11) A term N is an R-nf of M (or M has the R-nf N)if N is an R-nf and
M =gN.

The process of stepping from a redex to a contractum is called contrac-
tion. Instead of “M is an R-nf” one often says “M is in R-nf”, thinking of
a machine that has reached its final state.

EXAMPLE. (Ax.xx)(Av.y) is a B-redex. Therefore (Ax.xx)(Ay.y)z is not in
B-nf; however this term has the S-nf z.

3.1.9. LEMMA.
M—gN < M=C[P],N =C[Q]and (P, Q)ER
Jor some P, Q € A, C[ with one hole.

PrOOF. By definition of —,. []

3.1.10. COROLLARY. Let M be an R-nf. Then
(1) For no N one has M —yN.
(i) M—>» ,N=>M=N,

PROOF. (i) Immediate by the lemma and the definition of R-nf.
(ii) By (i), since —» is the reflexive transitive closure of —e O

It is not true in general that if
VN [M—,N=M =N],
then M is in R-nf. Take for example R = and M = Q.

3.1.11. DEFINITION. (i) Let ~— be a binary relation on A. Then > satisfies
the diamond property (notation >—F 0) if

YM, M\, My [Mo M, AM>M,=3M[ M~ Mn My>—M,]]

see figure 3.1.
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M, M,

M,

FIG. 3.1.

(1)) A notion of reduction R is said to be Church-Rosser (CR) if —» 4
satisfies the diamond property.

3.1.12. THEOREM. Let R be CR. Then

M= N=3Z[M—>,ZAN—>,Z].
PrROOF. By induction on the definition of =4. If M =xN is a direct
consequence of M—», N, then take Z=N. If M =,N is a direct con-
sequence of N =M, Z can be found by the induction hypothesis. If
M =N is a direct consequence of M = L, L =N, Z can be found using
the induction hypothesis and the assumption that —», satisfies the di-
amond property, see figure 3.2.

FIG. 3.2. O

3.1.13. COROLLARY. Let R be CR. Then
(i) If N is an R-of of M, then M—»yN.
(i) A term M can have at most one R-nf.

Proor. (i) Let M =N and N be an R-nf. By theorem 3.1.12 for some Z
one has M—»,Z and N—»,Z. But since N is an R-nf, one has Z =N by
corollary 3.1.10(ii). Therefore M—» N.

(ii) Suppose N,, N, are both R-nf’s of M. Then N, =xN, (=xM). By
theorem 3.1.12 one has N,—»zxZ, N,—»,Z for some Z. But then by
corollary 3.1.10 (ii) it follows that N, =Z =N,. [

In the next section it will be shown that 8 is CR.
Note that for any R one has

NN = M[xi= Nl ,M[x:=N’]
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but not always
Mo M = M[x:= N}, M'[x:=N].

Therefore the following notion. is useful.

3.1.14. DEFINITION. A binary relation R on A is substitutive if for all
M, N, L € A and all variables x one has

(M,N)€ R=(M[x:= L], N[x:=L]) ER.
3.1.15. PROPOSITION. If R is substitutive, then so are —sg, —» p and = p.
PrROOF. By induction on the definition of —, —» 5, =&. []
3.1.16. PROPOSITION. B is substitutive.
PrROOF. Let (M,N) €. Then M= (Ay.P)Q and N = P[y:= Q]. Hence
M[x=L]=M\.(P[x:= L)NQ[ x:= L}),
N[xi= L] =P[yi= 0] [x= L]
=Plxi= L][yi= @[ x= L]],

by the substitution lemma 2.1.16 and the variable convention 2.1.13. It
follows that (M{x:= L], N[x:=L)EB. O

3.1.17. DerINITION. (1) Let A be a subterm occurrence of M, that is,
M = CJ[A]. Write

M5 N

if Ais an R-redex with contractum A" and N = C[A'].
(ii) An R-reduction (path) is a finite or infinite sequence

8o 4
Mo—)RMl—>RM2—>R SR

3.1.18. CONVENTIONS. (i) 0, 7, . . . range over reduction paths.
(11) The reduction path o in definition 3.1.17 (ii) starts with M, If there is
a last term M, in o, then ¢ ends with M. In that case one also says that ¢ is
a reduction path from M, to M,. If n=0, then o is called the emprty
reduction and is denoted by 8: My—» M, If n#0, then o is a proper
R-reduction and one writes (6:) My —» M.
i
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(iii) Sometimes the A, A, are left out in denoting a reduction path.

(iv) We often write 6: M,—M,—--- to indicate that o is the path
My->M —--. .

WMIfe:My—--->M,and7: M, —- - — M, , then

otT:My—- >M > SM, .

(vi) If A is an R-redex occurrence in M with contractum A’, then (4)

denotes the one step reduction M iRN. That is
A
A):C[A Ccla.
(8):c[8]5 c[a]

(vii) If ¢ 1s an R-reduction path, then ||¢ || is its length i.e. the number of
—g steps in it. Note that o] ENU {o0}.

3.1.19. ExaMPLEs. (i) Let A be an R-redex with contractum A’ and let
M= (Ax.xx)A. Then

Mi (Ax.xx)A’, MﬁBAA,
R

(i) Let wy; = A x.xxx. Then the following is an infinite B-reduction

w3w3 wiws w3w;
W34 —)ﬁw3w3w3 —>Bw3w3w3w3 ——)B' .

(111) In examples (i) and (ii) one could recover the A from the M and N
in M3 &N. The following example of Lévy shows that this is not always
S0:

Ix I(x)
(lx)— Ix, I(1x) — Ix.
B B

For each M € A one can draw all the R-reducts of M with connecting
arcs representing — 5. These objects are called ‘pseudo digraphs’ in Harary
[1969] and ‘directed multigraphs’ in Bollobas [1979]. We will simply call
them graphs.

3.1.20. DEFINITION. The R(reduction) graph of a term M (notation Gr(M))
is the set

{N e AIM—»RN}

directed by —: if several redexes give rise to My—zM,, then that many
directed arcs connect M,, to M, in G(M).
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3.1.21. EXAMPLES. (i) Gg(lx) =1x—x or simply - —-
(i) Go(l(1x)) = I(1x)=zlx —>x

(iii) Gy(R) = @

(iv) Go(WWW) with W= Axy.xyy is

(V) Go(MM) with M =Ax.(\y.yy)x is

(Vi) Gg(wyw3) with wy = Ax. xxx is

LI QL G

3.1.22. DEFINITION. Let M € A.
(i} M R-strongly normalizes (notation R-SN(M )) if there is no infinite
R-reduction starting with M.
(i) M is R-infinite (notation R-oo( M)) if not R-SN(M ).
(ii1) R is strongly normalizing (SN) if VM € A R-SN(M).

3.1.23. FACT. (i) M having a B-nf neither implies nor is implied by Gg(M)
being finite.

(ii) B-SN(M) implies Gg(M) is finite and M has a B-nf, but not
conversely.

PROOE. (i) (%) Let w; =Ax.xxx and M = (Ax.)(w;w;). Then M has the nf
I but Gg(M) is

(s£) Note that G4(f) is finite but © has no nf.
(i) (=) Trivial, by Konig’s lemma.
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(s¢) Consider M = (Ax.1). This term has as f-nf the term | and a
finite B-graph:

But M has also an infinite 8-reduction (loop around). []

3.1.24. DEFINITION. (i) A binary relation >— (on a set X) satisfies the weak
diamond property if

Vix,xp,x; [x>—x; Ax>—x,=3x;[x, > x5 Ax, = x;3])

where > is the transitive reflexive closure of >—.

(i) A notion of reduction R is weakly Church-Rosser (WCR) if —,
satisfies the weak diamond property.

It is not true that WCR=CR, see exercise 15.4.7. But one has the
following result of Newman [1942].

3.1.25. PROPOSITION. For notions of reduction one has
SNAWCR=CR.

PrOOF. By SN each term R-reduces to an R-nf. It suffices to show that this
R-nf is unique. Call M ambiguous if M R-reduces to two distinct R-nf’s.
For such M one has M —»,M’ with M’ ambiguous (use WCR, see figure
3.3). Hence by SN ambiguous terms do not exist.

M M M, M, M,
FIG. 3.3. a
3.1.26. NoTATION. (i) R-NF = {M € A| M is in R-nf}, R-NF® = R-NF 1 A°.

(i) If X C A, then M €% iff M’ =M for some M’ € .
In this notation, M € z8-NF iff M has a B-nf.
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Finally the notion of solvability is relativized to a notion of reduction R.

3.1.27. DEFINITION. (i) M € A° is R-solvable if 3P € A MP = ..
(i) M € A is R-solvable if some closed substitution instance of M is
R-solvable.

3.2. Beta reduction

In this section the notion of reduction B will be studied more closely.
This notion is quite useful, since on the one hand it characterizes provabil-
ity in A and on the other hand it is Church—Rosser.

3.2.1. PROPOSITION. M = ;N AFM = N.

PROOF. («) Use induction on the length of proof of M = N.
(=>) Show by induction on the definition of the relations involved that

M N=AFM=N,
M ,N=SAFM =N,

M=,N=AFM=N. O

Now a proof will be given that 8 is CR. This proof is due to W. Tait and
P. Martin-Lof and is quite short. A somewhat longer but more perspicu-
ous proof is given in §11.1. Sections 11.2 and 14.2 contain other conceptu-
ally important proofs of the Church-Rosser theorem.

3.2.2. LEMMA Let ~ be a binary relation on a set and let ~—" be its
transitive closure. Then

PRrOOF. By a simple diagram chase suggested by figure 3.4.

»

T T
: '
i |
| !

—— g — -

b
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Now a binary relation — on a A will be defined such that (1) ~p satisfies
the diamond property, (2) the transitive closure of —» is —»B Then it
follows by lemma 3.2.2 that —, satisfies the diamond property, i.e. 8 is
CR.
3.2.3. DEFINITION. Define a binary relation —p on A inductively as follows:
M M;
1
Mo M =AM >M.M;
1 1

M—>»>M_ N-—>»>N=MN-»MN’
1 1 1

M-»>M, N—»N’:(}\)C.M)N—;»M'[x:= N’
1 1

3.24. LEMMA. If M—p M’ and N—N’, then M[x:= N]-»M[x:= N'].

PrRoOF. By induction on the definition of M—»M".

Case 1. M— M’ is M— M. Then one has to show M[x:= N]»M[x:=
N’]. This follows by induction on the structure of M, as is done in the
following table.

M LHS RHS Comment
X N N’ ok.
y y y ok.
PQ Pl 101 1 Pl 101 1 use induction hypothesis
NP M.P[ } Av.P[ ] idem

Case 2. M—f»M " 18 Ay. P—»}\y P’ and is a direct consequence of P—»P’.
By the induction hypothesm one has P[x:=N | P[x:= N’]. But then
M. P[x—N]—»)\yP[x—N] 1.e. M[x—N]—»M[x—N]

1
Case 3. M—»M’ is PQ—»P’Q’ and is a direct consequence of PP/,
Q—»Q Then

M[x:=N]=P[x:=N]Q[x:= N]

—»P’[ Xi= N’] Q’[ Xx:= N’], by the induction
1 hypothesis,
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Case 4. M—»M s (Ay. P)Q—»P Ty:= Q] and is a direct consequence of
P— P’ Q—»Q Then

M[x:= Nl=(Ay.P[x=N])(Q[ x:= NT)

—>P'[x:= N’][y:= Q'[x=N"] ] by the induction
1 hypothesis,

=P[y=0Q[x= N’], by the substitution
lemma 2.1.16,
EM’[x:=N’:|. N

3.2.5. LEMMA. (i) Ax. M— N implies N =Ax.M’ with MM
(ii) MN —p L implies etther

L=M'N" withM M, N—> N',
1 1
or

M =Ax.P, LEP’[x:= N’] and P—>»P , N-»N'.
1 I

PROOF. By an easy induction on the definition of - O
3.2.6. LEMMA. —p satisfies the diamond property.

ProOOF. By induction on the definition of M—f) M, it will be shown that for
all M— M, there is an M, such that M, > M, M —>M,.
Case 1. M—» M, because M =M. Then we can take M,=M,.
Case 2. M—»Ml is (Ax. P)Q—»P [x:= Q'] and is a consequence of
PP’ » @—Q'. By lemma 3.2.5 one can distinguish two subcases.
Subcase 21 M, =(Mx.P")Q” with P—P”, Q—Q". By the induction
hypothesis there are terms P/, Q" with P’—I»P’“ P” P’ and similarly
for the Q’s. Then by lemma 3.2.4 one can take M;=P"[x:=Q"].
Subcase 2.2. M, =P"[x:= Q"] with PP, Q—»Q” Then, using the
induction hypothesis, one can take again M3 P”'[x =0
Case 3. M—;)M 1s PQ—P’Q’ and is a direct consequence of P—»P’
Q—»Q Again there are two subcases.
Subcase 3.1. My=P"Q" with PP, Q—Q”. Then, using the
induction hypothesis in the obvious way, one can take M,=P"Q"
Subcase 3.2. P = (Ax.P)), M, =P/[x:= Q"] and P‘—»P (', Q0" By
lemma 3.2.5 one has P’ =Ax.P; w1th P,— P{. Using
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CH. 3,83
the induction hypothesis in the obvious way one can take M,=P"/[x:=
Q"’]; see figure 3.5.

ETA REDUCTION

Similar applications of corollary 3.2.9 will be frequently made.
M=(Ax.P)Q

3.2.10. THEOREM. (i) Let M, N &€ B-NF be distinct. Then M #gN.
(i1) The theory A is consistent.
M, =(Ax.P})Q’ My=P[x:=Q"]

-
s

\ -

N -

ProoF. (i) If M =4 N, then M would have two nf’s, itself and N.
My=P"[x:=Q"]

(ii) By proposition 3.2.1 one has A¥ M = N for M, N as in (i).

O
3.2.11. ConvenTION. The notion of reduction 8 will be used throughout

this book. Therefore to simplify notation the subscripts will often be
suppressed. That is
FIG. 3.5. g g =g GB(M)’ B-NF, B-c0(M) and B-solvable

Case 4. M— M, is Ax.P—»Ax.P’ and is a direct consequence of P—»P’. :
i .l . . Il be denoted b

Then M, =Ax.P"”. By the induction hypothesis one can take M; =Ax.P"". Wit be denoted by
(]

—, —>», =, G(M), NF, oco(M) and solvable.
3.277. LEMMA. —» is the transitive closure of —» .
1

In this notation one has
Proor. Note that (for relations as sets of pairs) one has

"N

AFM=NeoM=N
B g—l»g—»ﬁ

which is consistent, since one likes to suppress the Al anyway. The new
notion solvable is the same as the old one by proposition 3.2.1.

The notation €, will however not be replaced by € for obvious
reasons.
Since —» is the transitive closure of

> g SO itisof —». [J

1
3.2.8. THEOREM (Church—Rosser theorem).
(i) B is CR.

3.3. Eta reduction
() M=y N=3Z[M—>,Z  N—>,Z].
ProOOF. (i) By lemmas 3.2.2, 3.2.6, and 3.2.7.

Another important notion of reduction is the following.
(ii) By (i) and theorem 3.1.12. []

3.2.9. CoroLLARY. (i) If M has N as B-nf, then M—»4N.

3.3.1. DEFINITION. (i) 9:Ax. Mx > M provided x & FV(M); that is n=
{(Ax.Mx,M)|x & FV(M)}.

(i) Bn=BuUn.
(if) M can have at most one B-nf.

The point of Sn-reduction is that it axiomatizes provable equality in the
extensional A-calculus and it is CR.
PrOOF. By corollary 3.1.13.
¥ corotiary = 3.3.2. PROPOSITION. M =3 NoAntM =NoA +exttM=N.
For example it follows that € = (Ax.xx)(Ax.xx) does not have a f-nf.
The only possible reduction path is
ﬂ—)BQ—>B cee g

PRrOOF. By theorem 2.1.29 it is sufficient to prove only the first equivalence.

(=) By induction on the length of proof.
and as  is not in B-nf, it does not have one.

(=) Clearly M —; N=AntM = N. Since =, _is the equality relation
generated by —,, and provability in Ay is an equality relation, the result
follows. []

63
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3.3.3. PROPOSITION. n is substitutive.

PrOOF. Clearly (Ax.Mx,M)€En=(Ax.M'x, M) En, where M =
M{[y:= N] (by the variable convention x & FV(N)). []

To show that Bn is CR we will use a method of Hindley [1964] and
Rosen [1973].

3.3.4. DEFINITION. Let ~ and >, be two binary relations on a set X.
Then >— and > , commute if

1
x X
|
1
— | > —
2 : 2
]
Xpmmmm e X3
—
1
FIG. 3.6.

VX, xp, X3 EX[xo— X Ax>— X, =3x5 € X[x;>—,x; A X, %3],
see figure 3.6.
Note that >~ F ¢ iff = commutes with itself.

3.3.5. ProposITION (Lemma of Hindley-Rosen) (i) Let >, and >—, be two
binary relations on a set X. Suppose
1) ~—,F0, ~,E0,
(2) >—; commutes with >—,.
Then (—,U >—,)*F 0.
(1) Let R, R, be two notions of reduction. Suppose
(1) R\, R, are CR.
(2) —, commutes with g,
Then R\R, is CR.

Proor. (i) By a diagram chase suggested by figure 3.7.

1 2 2
2 2! 2] 2!
L N S N
1] 1! 1! 1!
b2 2
FIG. 3.7

(i) By (i), since —»p g, = (5, U —>g)* [
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3.3.6. LEMMA. Let >—,, =, be two binary relations on a set X. Suppose

>
1

j—

Then >:'l and >:'2 commulte.

ProOOF. By a simple diagram chase. []
3.3.7. LemMA. q is CR.

Proor. Note that —», =(—,)* hence by lemma 3.2.2 it suffices to show
that —_ satisfies the diamond property. For this proof write — for 2y

By induction on the definition of M — M, it will be shown that for all
M — M, there is a common — reduct M; of M, and M,.

If M, =M, then one can take My;=M,. If M, =M or = M,, then one
can take M;= M. Therefore we may assume that M, Z M, M,=M and
M,=M,.

Case 1. M— M, is A\x.Px— P. Then M, =Ax.P’'x with P— P’. Take
M,=P.

Case 2. M — M, is ZP— ZP’ and is a direct consequence of P—» P'.

Subcase 2.1. M, =Z'P with Z— Z’'. Take M, =Z'P’.
Subcase 2.2. M,=ZP” with P—P”. By the induction hypothesis
there is a P’ such that P’ — P"”’, P” — P’”. Then take M,=ZP".

Case 3. M— M, is PZ — P’Z. This case is treated as case 2.

Case 4. M — M, is Ax.P—Ax.P’ and is a direct consequence of P— P’

Subcase 4.1. M, =Ax.P"” with P—P". Take M;=Ax.P"’ by the
induction hypothesis.

Subcase 4.2. P =Pyx, M,=P, Then P'=Pjx and we can take
M,=P, [J

ALTERNATIVE PROOF. The above is all very well, but what really is going on
is seen in figure 3.8.

C[Ax.Px]

C[P) /C[}\X.P’X] C'[Ax.Px]
A / //
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3.3.8. LEMMA. —»5 commutes with -,

ProoOF. By lemma 3.3.6 it suffices to show

]

M———— M,
{
i
|
1
|
1
|
|
|
|

Again, what is really going on can be seen from the following three
pictures:

¢l (xx.P)Ql

Clp(x:=0]] Cl(Ax.P")Q]

B I CIAxPQ)
ClPlx:=0'1] T~
CTPx:=Q]]
cl (XX.POX)Q]
B "
c[po?] C/[POQ]
C[POQ]

cirax. (Ay.2)x]
B n

Clxx.z2[y:=x]1] C_[Ay.Z]

N
= ~
=a o _ -

N
Clhy.z] O

-

Wy

The following was first proved in Curry and Feys [1958] by a more
complicated proof.

3.3.9. THEOREM (Church—Rosser theorem for Bn-reduction).
(i) The notion of reduction By is CR.
(i) M= N=3Z[M—>5Z N>, 7]
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PRrOOF. (i) By lemmas 3.3.7 and 3.3.8 using proposition 3.3.5.
(i1) By corollary 3.1.12. [}

3.3.10. COrROLLARY. (1) If M has N as Bvn-nf, then M-, N.
(1) Each M has at most one Bn-nf.

ProoOF. By corollary 3.1.13. [

In corollary 15.1.5 it will be proved that
M has a B-nf<> M has a Sn-nf.

3.3.11. THEOREM. (1) Let M, N € 4-NF be distinct. Then M #g,N.
(1) The theory X + ext is consistent.

PROOF. As for theorem 3.2.10. [

Remember that for distinct M, N € By-NF one even has M # N; see
corollary 10.4.3.

The following is so obvious, that often it is not quoted explicitly: free
variables cannot be created during a Sy-reduction.

3.3.12. PROPOSITION. Let M — g N. Then
xEFV(N)=xeFV(M).

PrOOF. By induction on the definition of —»,4,. [

3.4. Survey of part III

Chapters 11, 12 and 13 are mainly about B-reduction on A-terms.
Chapter 14 studies reduction on a set of so called labelled A-terms. This
has applications on B-reduction itself and on the analysis in part V of
several A-models. Chapter 15 studies other notions of reduction in order to
analyze A-theories different from A.

Chapter 11. Fundamental theorems

11.1. The Church—Rosser theorem

Although the CR theorem has been proved already in §3.2, a more
perspicuous proof is given here. The technique involved is useful for the
rest of the chapter.
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11.2. The finiteness of developments

DEFINITION. Let M be a term and 9 a set of redexes in M. A development
(relative to % ) of M is a reduction starting with M in which only redexes in
% and their ‘residuals’ are contracted.

THEOREM. Given M and % as above, then all developments of M are finite. All
maximal developments of M end in the same term.

Using this theorem still another proof of the CR theorem is given. In
fact the proofs in §3.2 and §11.1 are both particular cases of this new
proof.

11.3. Conservation theorem for Al

DEFINITION. An I-redex is a term (Ax.M)N with x € FV(M).
THEOREM. Let M A) N where A is an I-redex. Then co( M )= co(N).

COROLLARY. If a A I-term has a uf, then each subterm has a nf as well.
11.4. Standardization

DEFINITION. A reduction o: M —» N is standard if all contractions proceed
from left to right, i.e. no redex is ever contracted which is a residual of a
redex to the left of one already contracted. E.g.

I((Ay.yy)a)—>Waa)—aa

1s not standard, but the following reduction 1s:
W(Ay.yy)a)y—>(Ay.yy)a—aa.
THEOREM. If M-» N, then there is a standard reduction from M to N.

A short proof of this theorem is given, using §11.2.

11.5. Exercises
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Chapter 12. Strongly equivalent reductions

]
12.1. Reduction diagrams

THEOREM. Given o: M—»N,, 7: M—»N,, then there is a canonical way fo
obtain:

/0

SO —

Ny ——— - N.
2 a/T 3

7/0 (0/7 respectively) is called the projection of T over o (o over )
12.2. Strong versions of CR and FD!

DEFINITION. Let 6: M —» N and 7: M — N. Then o is strongly equivalent
with 7 (notation 6 = 1) if 6 /7 = 7/0 = @ (the empty reduction).

THEOREM.

M

and the two reductions from M to P are strongly equivalent.

THEOREM. Let M be given with a set ¥ of subredexes. Then all maximal
developments of M are strongly equivalent.

12.3. Strong version of standardization

THEOREM. Let 6: M —» N. Then there is a unique og = ¢ such that 6g: M —» N
is a standard reduction.

12.4. Exercises
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Chapter 13. Reduction strategies
13.1. Classification of strategies
DEFINITION. (1) A reduction-strategy F is a map F: A— A such that
M—» F(M) for all M € A.
(i) F is a one step strategy if for all M not in nf one has M — F(M).
(1) F is recursive (respectively effective) if F is recursive (relatively
simple to compute) after some coding to integers.

13.2. Effective normalizing and cofinal strategies

DEFINITION. A strategy F is normalizing if

M has a nf=3n F"(M) is a nf.

THEOREM. There exists an effective normalizing one step strategy.

DEFINITION. A strategy F 1s cofinal if for all M, N € A
M—>»N=3n N> F'(M),

ie. {F"(M)|n € N} is cofinal in (G(M), —»).

THEOREM. There exists an effective cofinal strategy.

13.3. A recursive Church— Rosser strategy

DEFINITION. A strategy is Church—Rosser if

M=N=3nm F'(M)=F"(N).

THEOREM. There exists a recursive CR-strategy.

13.4. An effective perpetual strategy

DEFINITION. A strategy F is perpetual if
o(M)=>M—» F(M)—» FX(M)— - - -
>0 >4 >0

1s an infinite reduction path.

THEOREM. There exists an effective perpetual strategy.

CH.3,§4 SURVEY OF PART II1 7
13.5. Optimal strategies

DEFINITION. (i) Let F, G be normalizing strategies. Then G is r-better than F
if

VM ENF pun[ F"(M)isanf] > un[ G"(M)is anf],

but not conversely.
(ii) A one step strategy F is called r-gptimal if F is normalizing and no
one step strategy G is f-better than F.

THEOREM. There is no recursive t-optimal one step strategy.

13.6. Exercises

Chapter 14. Labelled reduction

14.1. Strong normalization

The set of labelled A-terms 1s obtained by adding a constant 1 and
labels €N to ordinary A-terms. Labelled reduction is as ordinary S-reduc-
tion, except that labels are decreased and redexes with label 0 are con-
tracted as follows: (Ax.M)°’N —(M[x:= L])°.

THEOREM. All labelled reductions starting from a term M terminate.

14.2. Applications

Using the results in §14.1 there are very fast proofs of the CR-, FD- and
standardization-theorems. Some new results are proved as well.
14.3. Continuity

The following theorem has several applications. It is proved using the

strong normalization theorem for labelled reduction.

CONTINUITY THEOREM. Define f: A— A by f(M) = C[M] for some context
C{ ] Then f is continuous w.r.t. the tree topology on A.

14.4. Sequentiality

It is proved that the A-calculus computations are essentially sequential.
A consequence is the following.
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THEOREM. Let P = Q iff BT(P) = BT(Q). Suppose 3IM,

i

P,YM

FMM ,M,, <P,

FMy MMy, = P,

FM M, M =P,

Then

VM M,M, FM M,M,=< P,(~P,~P,).
If Py, P), P; are assumed to be in nf, then = may be replaced by =.

14.5. Exercises

Chapter 15. Other notions of reduction

15.1. BH-reduction

THEOREM. M € A has a B-nf iff M has a Sn-nf.

COROLLARY. M is B-solvable iff M is By-solvable.

THEOREM. (postponement of n-reduction). If M —» g, N, then for some L
M—>gL—> N.

15.2. BHS2-reduction

DEFINITION. £2-reduction is defined by the contraction rule

Q:M->Q if Misunsolvable and Q.

THEOREM. B Q-reduction is CR.
THEOREM. M —» 5 o N=3L, L, M —»4zL,—~>oL,—» N.

THEOREM. Let o be a cofinal reduction path in Gp( M) such that infinitely
many terms on o are in nSl-nf. Then o is cofinal in Gg,o(M).
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15.3. A-reduction

Delta reduction is not a particular notion of reduction but a collection
of these. They are introduced in order to make some external functions P
on A definable. This is done by adding a new constant § and postulating

M —op(M).

A typical case is the following.

DEFINITION. Add to A a constant §.. Define on the extended set of terms
the following notion of reduction.
5. 6cMM T if M is closed and in 88.-nf,
| 8cMN>F if M, N are closed and different BSc-nf’s.

THEOREM. B8 is Church—Rosser.

Some notions of delta reduction are not Church—Rosser in an unex-
pected way.

THEOREM. Add 10 A constants 8, €. Define on the extended terms the Jollowing
notion of reduction

6: MM —¢.
Then B& is not Church-Rosser.

15.4. Exercises

This concludes the survey of part III.

3.5. Exercises

3.5.1. Draw G(M) with
(i) M = (Ax.dxx)Ax.Ixx).
(i) M = x (xx))Ax.I(xx)).
(iii) M = WI(WI), with W = Axy.xpy.
(V) M = KIQ.
(v) M = ngm).
3.5.2. Find terms with the following B-graphs:
&)

; generalize to n.
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L
\/

(i)

(iii)

(v)

3.5.3. Construct a term Mg such that

My>»gM,—> My My— Mg --

*3.5.4. Let M = (Abxz.z(bbx)}Abxz.z(bbx))x. Construct G(M). Note that this graph has for
each n as subgraph the n-dimensional cube. [ Hint. Make systematic abbreviations.]

*3.5.5. (Bohm). Draw G(M) with
(i) M =HIH and H = Axy.x(A\z.yzy)x
(i) M =LLY and L = Axy.x(yy)x
(ii1)) M = PQ and P = Au.ulu, Q = Axy.xyl(xp).
*3.5.6. (Visser). (1) Show that there is essentially only one term M such that G(M) is

O

(i1) Show that there is no term M with G(M)

[Hint. Consider the relative positions of redexes.]
3.5.7. (i) Show that if G, and G, are the B-graphs of some term, then so is their cartesian
product (see e.g. Harary [1969] for the definition).

(11) If G is the B-graph of a term, then so is G+ K, (add one point that is below each point
of G).
3.5.8. Show that if >, and >, are two commuting binary relations on a set X, then >—‘|
and >—", commute.

SN i 05 i
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3.5.9 Let R be a notion of reduction. Show that if R-SN(M) and each R-redex has only
finitely many contracta, then Ggr(M) is finite.
3.5.10. (Hindley; Rosser; Staples). (i) Give an example of a binary relation >— on a set X
such that
(1) >— satisfies the weak diamond property;
(2) =" does not satisfy the diamond property.
(ii) As (i) but with the extra condition
(3) X is finite.
3.5.11. Write MTN if L—»M and L—» N for some L. Show:
(i) KIK{KIS.
(i) Ax.ax)bt(\y.yb)a.
(iii) (Ax.x¢)cT(Ax.xx)c.
(iv) (Ax.bx)ct(Ax.x)be.
(V) Ax.bx(bx))ct(Ax.xx) bc).
(Vi) (Ax.bx)et(Ax.x)(bc).
*(vii) (Plotkin).(Ax.bx(bc))ct(Ax.xx)Xbc). Conclude that the “upside down CR property”
does not hold.
3.5.12. (Klop). Let A = (X, ) where > is a binary relation. Define
My x>—yif Axy, ..., x, x=x>— x> - - -
) x>—"yif3n x> y;
(3) AFWCR(n, m) if

> X, =y.

- -
VX, xp, X [x>— X A X >— = Ty, > X3N Xp>— x3]}

(4) B CN?is closed if (n, m) e B=(m,n)€E Band (n+1,m)E B=(n, m)<€ B.
(5) WCR(Y) = {(n, m)|A+= WCR(n, m)).
(i) Show that WCR(¥) is closed and that

>—" F O WCR(X) = N2
< WCR(Y) is infinite
«Vn(l, n) € WCR(X).

(i) Let B C N2 be a finite closed set. Construct an 9 = (X, >—) such that WCR() = B.

3.5.13. Let R be a notion of reduction such that if M has N as R-nf, then M—»,N. Show that
each term has at most one R-nf.

3.5.14 (D. Isles, Klop). Define
SNo = {M € A[SN(M)},

SN,,,={M €AVN €SN, MN &SN, }.
Show that SNy 2 SN; =SN,=-.. .
3.5.15. Let R be a notion of reduction. Write x € o M if

VN = M x € FV(N).

Note that if x €z M and x & FV(N), then M #zN.
(i) Show that if R is CR and does not create variables (ie. M—> N = FV(N)C
FV(M)), then x € o M iff

VN[M—>»xN = x € FV(N)].

(ii) Let A, =Ap.ppx, B, = A, A,. Show that B, »p, B, for x #y.



CHAPTER 4

THEORIES

4.1. Lambda theories

Lambda theories are consistent extensions of the A-calculus that are
closed under derivations. They are studied because of their own interest
and because there are applications to ordinary A-conversion.

Remember that a (closed) equation i1s a formula of the form M =N
(with M,Ne€ A®). If T is a set of equations, then the theory A+ is
obtained by adding to the axioms and rules of the A-calculus the equations
in 9 as new axioms.

4.1.1. DEFINITION. Let F be a set of closed equations.
(i) 97 is the set of closed equations provable in A + .
(i) T is a A-theory if F is consistent and §+ = 9.

By corollary 2.1.38 both A and An are A-theories.

4.1.2. REMARKS. (i) Since the rule ¢ is in A, each A-theory F is closed under
¢£and hence T+ M = NoTHAx.M = Ax.N. The « follows since (Ax.M)x
=Min9.

(i1) By (1) 1t follows that it does not matter to restrict ourselves in 4.1.1
to sets of closed equations.

(iii) Clearly Con(9)=A+9FT =F.
For the Al-calculus one has Con(9)=A +JH¥1=8; this follows from
Bohm’s theorem 10.5.31 for AL

(iv) Each A-theory is identified with the set of closed equations provable
in it. In particular, A= (M =N|M,N€ A® and AF M = N}.

4.1.3. PROPOSITION. Let 5 be a A-theory. Then
() FtM=M =9I+ C[M]=C[M],
(i) FrM=M", Tt N=N'=FFM[x=N]= M[x:=N’].

PROOF. (i) By induction on the structure of C[ .
(ii) Assume I+ M = M’. Then by (i) T+(Ax.M)N = (Ax.M")N hence

THM[ x:= N]=M'[x=N].
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If moreover I+ N = N’, then by (i) T+ M'[x:= N]= M/[x:= N'] and we
are done. [

4.1.4. NoTATION. Let § be a A-theory.
() T+ M = N stands for A + T+ M = N; this is also written as M =gN.
(i) § + M = N stands for (T U {M = N})*.
(ii1) I stands for (An +F)*.
(iv) If T =(Jp)", then J is said to be axiomatized by To-
(v) Write x EgM if YN =4M x € FV(N); see exercise 3.5.15.
(V) M EgX if IN=gM N € X. '
(vii) 1= Axy.xy, Church’s numeral 1.

4.1.5. LEMMA. For a A-theory T one has Tn=9 + (1= 1).

ProoF. Clearly Ank1 =1, hence Iyt1=1. Conversely

A+(=D)tNy.My=1M ify&FV(M)
=IM=M.
Hence A+ (I=1)=Ayn. [

An important A-theory is obtained following proposal 2.2.14 to identify
unsolvable terms.

4.1.6. DEFINITION. (i) 3y = {M = N |[M, N € A°, unsolvable}.
(i) IC= I} .

In §16.1 the consistency of 3 and ICn will be proved via the CR
property for an appropriate notion of reduction. In chapter 19 model
theoretic proofs of these facts will be given.

Although

A, An, XK, Kg
are all A-theories, in general

Con(9J )s4Con(Tq);

see corollary 15.3.7. If § is semi-sensible, to be defined below, then the
implication does hold, however; see corollary 17.1.2.

4.1.7. DEFINITION. Let F be a A-theory.
(1) J is r.e. if after coding 9 is a recursively enumerable set of integers.
(ii) T is sensible if I C F.
(iti) T is semi sensible (s.s.) if § does not equate a solvable and an
unsolvable term.



78 THEORIES CH.4,§1

Clearly both A and An are r.e. theories. Moreover both A and Anare s.s.
as will be proved in §17.1.

Remember that M # N stands for mCon(M = N). M # ;N stands for
—Con(Al+ M= N).

4.1.8. LEMMA. (1) Let K= be a fixed point of K. Then 1 # K.
(i) (Jacopini [1975]). Let wy =Ax.xxx and ;= ww;. Then V# 52,

PRrOOF. (i) First note that K*x = KK®x = K*. Hence
I=K*FM=IM=K°M=K*=K*N=IN=N.
(i) Note that €; = ww; = wyw,w; = ;w;. Hence
1=, == Qw; =lw; =w,.

Since | and w, are different By-nf’s, one has by Bohm’s theorem for Al
theorem 10.5.31, that | # ,w;; hence we are done. []

4.1.9. COROLLARY. F sensible =% semi sensible.

PrOOF. Suppose J is not s.s., i.e. for some solvable M and unsolvable N
St M = N. By taking closures it may be assumed that M, N € A°. Hence
MP = and still NP is unsolvable for some P. Therefore

Y-NP =[]
where [ is K® or €; (clearly [] is unsolvable). It follows that
Y CFH-1=MP=NP=[]

and hence by lemma 4.1.8 J is inconsistent, a contradiction. []

Rules

The rule of extensionality (ext) and the rule £ were introduced in
chapter 2:

ext: Mx=Nx,x¢ FV(MN)=M=N.
EM=N=Ax.M=Ax.N.

The following rules are introduced to study models consisting exclu-
sively of the interpretation of the closed terms.

4.1.10. DEeFINITION. (1) The w-rule is

w:YVZEAN’MZ=NZ = M=N.
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(i1) The term rule is
tr:vZe A°’°MZ=NZ = Mx = Nx, for arbitrary x.
4.1.11. DEFINITION. Let § be a A-theory.
(i) T is closed under the w-rule notation FF e if
VZeA’ F-MZ=NZ = F-M=N.
(i1) Similarly one defines JF R for the other rules.
Note that, by definition, for every A-theory 9 one has FF£.

(iti) & is extensional if T+ ext.

4.1.12. LEMMA. (i) Treoo T+ tr and T+ ext.
(i) TrexteoTHi =19 = Iy,

PROOF. Trivial. (i) (<)
VZeA FtMZ=NZ
=3+ Mx = Nx by tr (x fresh),
=>9-M=N by ext.
=)
tr:YZeAJ-MZ =Nz
=2J-M=N byw,
=T+ Mx = Nx.
ext: I+ Mx= Nx, x fresh,
=T +MZ =NZ forall Z € A° by proposition 4.1.3(ii),
=29+-M=N byw.
(i) By lemma 4.1.5 and theorem 2.1.29. []

4.1.13. NoTaTION. For a A-theory § and a rule R let T+ R or TR be
{M=N|M,NeA’andA\+R+T+tM=N)

in the obvious sense.

79
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In general SR does not need to be a A-theory; corollary 15.3.7 shows
that = Con(9n) for some A-theory .

4.1.14. DerINITION. Let R® be the rule R restricted to closed terms. E.g.
ext® is

Fx=F'x,F,FFeAand x gFV(FF) = F=F".

4.1.15. PROPOSITION. Let § be a A-theory. Then
(i) (Hindley and Longo [1980}). T F«’< T e,
(i) THer’s Tt tr,
(iti) T+ ext®ss T ext.

PROOF. (i) <. Trivial. =. Suppose J +«” and for M, N € A assume
(1) VvZeAN FrMZ=NZ.

Let {x} = FV(MN). Then M = M(x), N = N(x) and
VPEAN VZEN FHM(P)Z=N(P)Z, by (),
=VPeA’ JHM(P)=N(P) by’
=VP A’ THAX.M(X)P = AX.N(X)P
=T FAX.M(X) = AX.N(X) by &’
=JFM=N.
(11) Similarly.
(i) In exercise 16.5.2 it is shown that JCFext® but I Jrext. [

Term models

Although models will be treated in detail in chapter 5, it is useful to
introduce already now the so called term models. These consist of the set
of (closed) A-terms modulo some A-theory ¥ and reflect the properties of
such a theory.

4.1.16. DEFINITION. (i) A combinatory algebra is a structure
M=<X, ,k,s>

such that Card(X) > | and kxy = x, sxyz = xz(yz) are valid in M.
(i1) Moreover such a structure is extensional if in M

(Vxax=bx)—a=5b.

4.1.17. DEFINITION. Let § be a A-theory.
(1) The (open) term model of F is the structure

M(T) =N/ =g . [Klg [S]g
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where for M, N € A
M=gNoTtM=N,
[M]g={N EAIM =4N},
A/ =g= {[MHM EA},
[M]s[N]g=[MN]g
(ii) Similarly one defines the closed term model

MA(T) =AY/ =g -, [K]g, [S]g):

4.1.18. PROPOSITION. Let 5 be a A-theory. Then
(i) M(F ) and M(F ) are combinatory algebras.
(il) Ttext M (T ) is extensional.
(iil) FrweoM (T ) is extensional.

PrOOF. (i) Note that [S]q, [K]gE DM (T ) satisfy the axioms for s and k
Similarly for M%(F).
(ii) (=) Suppose [ Flg,[F']lg€ M(T ) and

Va e DY) [Flea=[F']sa.

In particular for some fresh variable x

[Fld xlg=[F'lglx]g
=[Fx]lg=[F'x]g

=>T+Fx=F'x
=J+F=F since Tt ext,
=([Flg=[F'lg

(<) Suppose for some fresh x

TJ-Fx= F'x.

Then
F-FZ=F7Z forall ZEA,
—[Flg[Zlg=[F15Z]s for all [Z]g€ M(T),
=[Flg=[F']lg since M(F ) is extensional,
=>J-F=F".
(iii) (=) As in (ii).
(<) As in (ii) one can show J+w°. But then by proposition 4.1.15 (i)
Frw. [
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REMARK. In general
T+ exts5 M (T ) is extensional.

This is so since Ankext but Anyw, as will be proved in §17.3. The w-rule
was introduced to study this situation.

4.1.19. DEFINITION. Let J be a A-theory. Then the canonical map
pg 1 A—B(T) is defined by pg(M) =[ M],.
(i) If 9,, 9, are A-theories with J, C 9,, then the canonical map
¢g.5,: M(F)>D(T,) is defined by g ¢ ([ M]g) =[ Mg,
(iii) Similarly one defines canonical maps
% : A°>IMUF)  and Pg.9, - MAF,) - WMAT,).

4.1.20. LEMMA. For the canonical maps one has the following commutative
diagram

A(O)
(0)

Ps, ‘P&Oz)
MO(T,) WMO(T,)
©;

‘Ps.)sz

Proor. Trivial. [

The canonical maps will be used to transfer topologies defined on A to
term models.

Lambda theories are in fact non degenerate congruence relations on
P(A). Next remark shows that these are less orderly than one would hope
for.

4.1.21. ReMARK. Combinatory algebras (allowing the trivial one poipt
structure as a degenerate one) form an algebraic variety. Such a variety is
called a Mal’cev variety if for each two congruence relations ~,, ~, on a
structure one has ~,- ~, = .~ (- denotes the product operation for
binary relations). In exercise 16.5.8 it is shown that the combinatory
algebras do not form a Mal'cev variety.
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Completeness of theories.

4.1.22. DEFINITION. An equational theory F is called Hilbert Post (HP)-
complete if for every equation M = N in the language of

J-M=N or T+ (M=N)is inconsistent.

The notion applies in particular to A-theories. HP-complete theories
correspond to maximally consistent theories in first order model theory.
Note however the following difference. If ¥ is a first order structure then

Th(¥) is maximally consistent. But if 9 is, say, a combinatory algebra,
then

Th(M) = {M = N|MEM = N, M, N € A°)
is not necessarily HP-complete. For example Th(SR(A))=A and this
theory has many proper extensions.
By Zorn’s lemma every A-theory can be extended to a HP-complete one.

It will be proved in §17.2 that JC has a quite natural uniqgue HP-complete
extension JC*.

4.2. Survey of part IV

Chapter 16. Sensible theories

This chapter is about A-theories equating all unsolvable A-terms.

16. The theory I

In several ways it is shown that 3 and JC# are consistent. By relativiz-
ing to the A/-calculus one obtains the consistency of

Al +{M = N|M, N € A} have no nf}.
It is proved that IC is S3-complete.

16.2. The theory JC*

It will be proved that JC has a unique maximal consistent extension JC*.
This theory is [19-complete. Moreover one has

H*-M=NeoM= N.

In the A J-calculus 3C* is simply JCn.
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16.3. 2% sensible theories

An infinite set of combinators is constructed that is independent over
C. It follows that there are continuum many sensible theories.
16.4 The theory %

The continuity theorem implies that the theory % identifying terms with
equal Bohm tree is consistent.

A general scheme for defining A-theories is given: if ¥ C A is non trivial
and closed under equality, then

Ty={M=N|M,NeANandV¥([ ][C[M]€P<C[N] D]}
is a A-theory. One has Jg5, = I* and B9 C Fr C H*.

16.5. Exercises

Chapter 17. Other lambda theories

17.1. Semi-sensible and r.e. theories

It is shown that s.s. theories behave nicely:

F s.s. A-theory = 9 s.s. A-theory;

F, 9’ s.s. A-theories=F UF” s.s. A-theory;

TJ s.5.D(T) with its tree topology is not indiscrete.

For each r.e. theory 9 there is a term £* such that

VM eA Con(9+Q*=M).

Moreover r.e. theories are dense. As a consequence it follows that the reals
can be embedded in the A-theories partially ordered by C.

By defining a topology on term models of r.e. theories it is proved that
all definable functions have as range a singleton or an infinite set.

17.2. Omega theories

It is shown that J*hw. Alternatively, by an ordinal analysis the
consistency of Aw is shown. As a consequence one obtains

Aot M =1=AptM =1,

17.3. Partial validity of the w-rule

It is shown that the w-rule for M, N holds in Ay provided that M or N is
not a fBn-universal generator. The w-rule for M, N holds in I(xn provided
that M or N has a B8Q-nf.
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17.4. Omega incompleteness

The w-rule does not hold in general in Ay or ICx, nor does the term rule
in A or IC.

It is shown that there is a term II representing in e universal
quantification over N:

[VrnEN ek Frn= F'n]e o-ITF=11F".

An argument is given for the conjecture that the theory 3w is IT}-com-
plete.

17.5. Exercises

This completes the survey of part IV,

4.3. Exercises

4.3.1 Show that Ax.x # Ax.xxx.
4.3.2 (Visser). M € A is called easy iff YN € A® Con(M = N ). (In proposition 15.3.9 it is
shown that  is easy) Suppose M is easy. Show

(i) VN € A°MN is easy.

(ii) M is unsolvable.

(i) VPy, ..., P,EA°Con(M "0 =Py, ..., M 'n" =P).

(iv) For an arbitrary sequence (P,),cn Of closed A-terms Con({M ™= P|neN)).
{ Hint. Use (iii) and a compactness argument.]

(v) Con({M = N|M, N easy)}).
4.3.3 Let (M) (respectively (A);) be the classical (intuitionistic) first order theory, with A as
terms and equations as atomic formulas, having as axioms

-K=8,
(Ax.M)N = M[x= N],
(VxM =N)>Ax. M =Ax.N.

(1) Show that (A). is conservative over A, i.e.
A chM=N=AEM =N,

[Hint. Use that T(A) is a model of (A).]
(ii) Let TR be the rule

A(Z)forall Z € A°=VxA(x),

where 4 is any first-order formula. Show that (A). + TR is conservative over A + tr.
(1i1) Let AC, the axiom of choice, be the scheme

Vx 3y A(x,y)—>3z Vx A(x, zx).

Show that (A)- + AC is inconsistent. [in Barendregt [1973] it is shown that (A);, + AC is
consistent and conservative over A.]

(iv) Show that A), + ACF ~Vx (x =Ty x#1).
4.3.4. Show that -~ IM VYN Con( + M = N).



CHAPTER 5

MODELS

In the type free A-calculus the objects serve both as arguments and as
functions to be applied to these arguments. Therefore one would like that a
semantics for the A-calculus consists of a domain D such that its function
space D? is isomorphic to D. By Cantors theorem this is impossible.

In 1969 Scott solved this problem by restricting D” to the set of
continuous functions with respect to some convenient topology on D.
Because of Schonfinkels identification of D?*? with (D?)? it is natural to
work with a class of topological spaces that form a cartesian closed category
(ccc). For this reason Scott worked within the category of complete lattices
with continuous maps and constructed an object D, isomorphic to D=,
thus yielding an extensional model of the A-calculus. Later it was found that
for the construction of a A-calculus model it is sufficient to have an object
D in a ccc such that D? is a retract of D. The graph model Pw is an
example of this.

Some related cartesian closed categories are also of importance. First, the
continuous lattices have a more natural relation between their lattice struc-
ture and topology. E.g. the topology of a product is the product of the
respective topologies; this is false for complete lattices. Then there are
the complete partial orders (cpo’s) of which there are many more than the
complete lattices. Plotkins [1978] model T“ is a cpo and not a complete
lattice. Another useful category is that of f,-spaces as defined by Ershov
[1975]. These objects have the advantage of not having to be complete, e.g.
the set of r.e. sets partially ordered by inclusion is an f;-space. Scott [1982]
gives an interesting alternative description of this category.

It took some time after Scott gave his model construction for consensus to
arise on the general notion of a model of the A-calculus. See Koymans
[1982] for the history. Presently one considers two kinds of models, viz. the
A-algebras and the A-models. The A-algebras satisfy all provable equations
of the A-calculus and form an equational class (axiomatized by kxy = x,
sxyz = xz(yz) and the five combinatory axioms of Curry). Therefore the
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A-algebras are closed under substructures and homomorphic images. The
A-models on the other hand satisfy all provable equations and moreover the
axiom of weak extensionality

Vx(M=N) > Ax.M=Ax.N.

It turns out that A-models can be described by first order axioms, but not
by equations. Indeed A-models are not closed under substructures nor under
homomorphic images.

Besides the first order definition of A-algebras and A-models, there is a
syntactical and also a categorical description of these classes. The syntacti-
cal description is convenient when calculating the interpretation of terms in
a model. The categorical description of A-algebras is rather natural and
unifies the two concepts. It consists of a cartesian closed category C
together with a so called reflexive object U€ C, i.e. UY is a retract of U:
there are maps F:U— UY and G: UV~ U such that FoG=id,u. As
shown in Koymans [1982], in this context a A-model is a A-algebra that
arises from a category C with an object U that has “enough points”.

Using the categorical description of the A-calculus models, Scott [1980]
makes the following philosophical remarks.

(1) The models for the type free A-calculus come from ccc’s with a
reflexive object. The ccc’s themselves correspond to the typed A-calculus.
(This connection was emphasized several times by Lambek, see e.g. his
[1980].) Therefore the typed A-calculus has priority over the type free
theory.

(2) Let € be a ccc with reflexive object U. By the Yoneda lemma C can be
embedded into a topos D = Set®”. Using the Kripke-Joyal semantics,
inside D one has that UV is the full function space of U and therefore the
axiom of weak extensionality is satisfied by U in D. The price one has to
pay 1s to use intuitionistic logic, since classical logic is not sound for the
Kripke-Joyal interpretation.

Some comments. As to (1), there are certainly nice results in the typed
A-calculus, for instance Statman [1980], [1982]. However, we disagree with
Scott’s conclusion that the typed A-calculus has priority over the type free
theory. Anyway not from a computational viewpoint: the typed A-calculus
(even in the presence of the recursor) can represent only a proper subset of
the recursive functions, whereas the type free theory represents them all. As
to (2), Scott’s suggestion to make true the old dream of Church and Curry,
namely UY = U, inside a topos is very interesting indeed. In spite of not
being weakly extensional, A-algebras are worth studying; they are e.g.
precomplete numbered sets in the sense of Ershov, see Visser [1980]. So now
inside a proper topos these structures can be considered also as consisting of
real functions.
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5.1. Combinatory algebras

5.1.1. DEFINITION. (i) ¢ = (X, -) is an applicative structure if - is a binary
operation on X.
(ii) Such a structure is extensional if for a, b € X one has

(VxeXa-x=b-x) = a=b.

Notation. (i) As in algebra, a - b is usually written as ab. If b= bi,..., b,
then ab=ab, --- b,=(---((aby)b,)--- b,).
(ii) If M = (X, -) then we write a € IR instead of a € X.

5.1.2. DErFINITION. Let I be an applicative structure.
(1) The set of terms over MM, notation F (M), is inductively defined as
follows.

Ugs U1y Ugs--- €ET(IM), (variables)
aeM = c,€T(M), (constants)
A,BET(M) = (4B)eT(M).

Notation. A, B,... denote arbitrary terms and x, y,... arbitrary variables
in T(IM).

(ii) A valuation in I is a map p: variables — . For a valuation p in N
the interpretation of A €9 (M) in M under p (notation (A)g’? or (A4), or
(A4)® if M or p is clear from the context) is inductively defined as usual:

(x)o =p(x); () =
(4B)," = (4)," (B),".

(i) A = B is true in I under the valuation p (notation M, p = A = B) if
(¥ = (B)P.

(iv) A= B is true in M (notation ME=A4=B) if M,p=A =B for all
valuations p.

(v) The relation k is also used for first order formulas over ¢. The
definition is as usual.

FV(4) is the set of (free) variables in A. Clearly (A) , depends only on
the values of p on FV(A). In particular for closed 4 (i.e. FV(4)= ) the
interpretation (A4), is independent of p and may be denoted by (A).

5.1.3. DerINITION (Curry). An applicative structure % is a combinatory
complete if for every A € (M) and x; - - - x,, with FV(4)C {x,,..., x,}
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one has in N
f Vx; - x, fx;--x,=A.

Note that an extensional applicative structure is combinatory complete iff
for all 4 € 5(M) one has

31 Vi fX = A(Z).

5.1.4. NoTaTION. (i) Let p be a valuation in 9% and let a € M. Then
p(x:= a) is the valuation p’ with

p(x)=a,
p'(y)=p(y) ify=x.

(i) If Xx=x,,..., x, are distinct and d=a,,..., a,, then
p(Zi=d)=p(xii=a) - (x,i=a,).

(iii) A[x:= B] is the result of substituting the term B for x in A.

5.1.5. LEMMA. Let M be an applicative structure and A, A’, B, B’ € T(IM).
Then

() (A[x:= B])p = (A)p(x:=(8),,)
(i) MEA=AAB=B" = MEA[x:=B]=A[x:=B'].

PROOF. (i) Induction on the structure of 4.
(ii) By assumption (A4), = (4"), and (B), = (B’), for all p. It follows that

(A[x:=B)),=(A)px:=(m),, by (i),

= (A) o=y, = (A[x:=B']),,
and we are done. [J

5.1.6. DerINITION. Let 9 =(X,-) be an applicative structure and let
@: X" — X be a map.
(1) @ is representable over It if

Ife X vae X" fa=o(d).

(ii) @ is algebraic over M if there is a term A € T(M) with FV(A4)C
{xy,...,x,} such that

(1) va ¢(@)=(4)px:-a)

(Clearly (1) does not depend on p).
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Combinatory completeness says that all algebraic functions are represen-
table. The converse is trivial. Schonfinkel showed that combinatory com-
pleteness follows from two of its instances.

5.1.7. DEFINITION. A combinatory algebra is an applicative structure I8 =
" (X, -, k, s) with distinguished elements satisfying

kxy = x, sxyz =xz(yz).

5.1.8. DEFINITION, Let ¢ be a combinatory algebra.

(i) Extend (M) with new constants K and S denoting k,s respec-
tively. Moreover define I = SKK.

(ii) For A € 9(IMM) and a variable x, define A*x. 4 € T(M) inductively
as follows:

AMx.x=1,
A*x.P = KP, if P does not contain x,
A*x.PQ = S(A*x.P)(A*x, Q).

(iii) Let X=x,...,x,. Then A*X. 4 = (A*x; - - (A*x,.4)---).
5.1.9. PROPOSITION. (i) FV(A*x.4)=FV(4)— {x}.
(i) (A*x.A)x = A, in every combinatory algebra.

(iii) (A*X. A)X = A, in every combinatory algebra.

PROOF. (i), (ii). Induction on the structure of A. Note that Ix = SKKx =
Kx(Kx)=x.
(iii) By (i1). O

5.1.10. THEOREM. An applicative structure M is combinatory complete iff it
can be expanded to a combinatory algebra (by choosing k,s). Hence every
combinatory algebra is combinatory complete.

PROOF. By proposition 5.1.9(iii). [J

5.1.11. REMARKS. (i) Note that a combinatory algebra IR = (X, -, k, ) is
nontrivial (i.e. Card(IM) > 1) iff k£ # 5. Indeed, k = s implies a = s(ki)(ka)z
= k(ki)ka)z =i for all a, so M is trivial.

(i) When considering combinatory algebras, we usually tacitly assume
that they are nontrivial.

5.1.12. DEFINITION. (i) Let IR, = (X, -,, k;, 5,), i = 1,2, be two combinatory
algebras. Then ¢: X; — X, is a homomorphism (notation @: M, — M ,)if ¢

g e R 1, AP i
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preserves application and k and s, i.e. @(x-,y)=@(x),9(y), 9(k)) =k,
and @(s;)=s,.

(ii) I, —>9.R2 if g: §m1—>9Je for some ¢.

(iii) M, is embeddable in M, (M, C M,) if @: M, —>§mz for some
injective ¢.

M, is a substructure of M, (M, CIM,) if ¢: M, - M, with ¢ the

identity.

(iv) M, is isomorphic to M, (M, =M
bijective ¢.

o) if @Ik — W, for some

5.1.13. DeFINITION. (i) € is the set of terms of combinatory logic, i.e.
applicative terms built up from variables and K, S only.

={PeCFV(P)=0}.
(i1) Let I be a combinatory algebra. Then
Th(M)={P=QMEFP=Q,P,0cC’}.

5.1.14. PROPOSITION. Let ¢: M, —M,. Then for P,Q € I (M,)
@) e[ P} = II(p(P)Il‘p 200 where @(P) results from P by replacing the
constants c,, by Cota
M, EP=Q = M,=e(P)=9(Q), provided P,Q€C’ or ¢ is
surjective.
(1) Th(M, ) € Th(M ,).
(iv) Th(I )= Th(M ), provided that @ is injective.

PROOF. (i) Induction on the structure of P € S(M).

@My =P=0Q = [P],=[Q], forallp,
= [P],.,=10Q],., forall p by (i),
= [P],=[Ql, forall p’if ¢ is surjective,
= M,EP=0.

If P,Oe ©° then their values do not depend on a p.

(iii) By (ii).

(iv) As for (). O

The axioms for combinatory algebras are suggested by the analysis of
recursive processes, not by algebra. The following shows that these struc-
tures are in fact algebraically pathological.

5.1.15. PROPOSITION. Combinatory algebras (except the trivial one) are
(1) never commutative,
(it) never associative,
(i1i) never finite,
(1v) never recursive.
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PROOF. (i) Suppose ik = ki. Then k = ik = ki, hence a = kab = kiab=ib=b
for all a, b and the algebra is trivial.

(ii) Similarly triviality follows from (ki)i = k(ii).

(ii1) Define k; =k, k,,, = kk,. Then the k, k,,... are all distinct.

(iv) See exercise 7.4.14(iii). O

5.2. Lambda algebras and lambda models

Since in a combinatory algebra ¥ abstraction can be simulated by k and
s, it is possible to interpret A-terms in .

NOTATION. Let C be a set of constants. A(C) is the set of A-terms possibly
containing constants from C. The A-calculus axioms and rules extend in the
obvious way to equations M = N with M, N € A(C). For these M, N we
still write A-M=N. If M is an applicative structure, then A(M) is
A({cJaeMm)).

5.2.1. DEFINITION. Let I be a combinatory algebra.
(i) Define maps

CL: A(M)->T (M),
At T(M) > A(M)
as follows; write M, for CL(M) and 4, for A(4).
X =X, X, =X,
CcpL =26, ON=¢,
(MN)cp=Mc Ny, (AB)\=A,B,,
(Ax.M)cp=Ax.M,, K, =Axy.x,
S\ =Axyz.xz(yz).

We write 4, (., for (4,), etcetera.
(ii) For M, N € A(R) one defines

ML =DM 1%,
M,pEM=N = [M]®=[N],

MEM=N o M,p=M=N forall p.

If I8 is a combinatory algebra and a € M, then we write e.g. Ax.xa for
[Ax.xc,]*.
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Not all equations provable in A-calculus are true in every combinatory
algebra. E.g. if M is the term model of CL, then

MEAz.(Ax.x)z=Az.z

since (Az(Ax.x)z)); = S(KI)I and (Az.z)c;, =1; but A+ Az(Ax.x)z =
Az.z.

5.2.2. DEFINITION. (i) A combinatory algebra M is called a A-algebra if for
all 4, B G(M)

(i) A A-algebra homomorphism is just a combinatory algebra homomor-
phism.

5.2.3. LEMMA. Let It be a combinatory algebra. Then M is a A-algebra iff for
all M,Ne A(M)

1. AFM=N=MEM=N,
2. EIR'zK)\’CL:K, SLR':SA,CL=S‘

PROOF. (=) First note that by induction on M€ A(IR) one has A+
Mcy =M. Then

1. AFM=N = M—MCL,A=NCL,,\
= MEM., =N, since IR is a A-algebra,
= MEM=N, by definition of .
2. Moreover for all 4 € () we have
A Ay cpa =4,

Therefore M = A4, -, = A.
(=) First note that by induction on4 € G(IM) it follows from 2 that
M E A, o =A. Hence
A}_A)\zB}\ = SD?’:A)\,CL=B}\,CL’ byl,

= M=A=5. 0O

5.2.4. PROPOSITION. (i) If @: My > M, then pIMI): =[o(M)D2:2, for
M e A(M). In particular oI M]™ = [M]™: for M € A°.
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(i) Let M, —> M ,. Then Th(M )< Th(IM ,). Thus if M, is a A-algebra,
so is P ,.

(@ii)) M, C M, = Th(WM,)=Th(IM,).
PrOOF. By proposition 5.1.14. [

By using Curry’s combinatory axioms 4, one can axiomatize the class of
A-algebras.

5.2.5. THEOREM. Let M be a combinatory algebra. Then M is a A-algebra iff
M satisfies the following set of equations A e

(A1)  K=S(S(KS)(S(KK)K))(K(SKK)),

(A2) S=S(S(KS)S(K(S(KS)))
(S(K(S(KK)))S)){K(K(SKK)))
(A3)  S(S(KS)(S(KK)(S(KS)K)))(KK)=S(KK),

(A.4) S(KS)(S(KK))
=S(KK)(S(S(KS)(S(KK)(SKK)))(K(SKK))),

(A5)  S(K(S(KS)))(S(KS)(S(KS)))
= S(S(KS)(S(KK)(S(KS)(S(K(S(KS)))S))))(KS).

PROOF. By the fact that the theories N and CL + 4, are equivalent, in the
sense that

see theorem 7.3.10(iv) and corollary 7.3.15. [

The lambda algebras usually arise as substructures of a more natural class
of A-calculus models, the so called lambda models. For these structures
there is a uniform method to find the elements representing algebraic
functions, independently of the way these functions are given (by terms); cf.
theorem 5.5.8.

5.2.6. DEFINITION. Let % be a combinatory algebra. It is called weakly
extensional if for A, B € G(IM)

MEVx(A=B) - Ax.A=Ax.B.
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The condition of weak extensionality is rather syntactical. Meyer [1980]
and Scott [1980] replace it as follows.

5.2.7. DEFINITION. (i) In a combinatory algebra define 1 = S(KI).
(i) A A-model is a A-algebra M such that the following Meyer—Scott
axiom holds in I

Vx(ax=bx) - la=1b.
5.2.8. LEMMA. Let M be a combinatory algebra. Then in N
(1) 1ab = ab;

If moreover M is a A-algebra, then

(i) 1 = Axy.xy, hence la = A y.ay;

(iii) W Ax.A)=Ax. A, forall A € T(M),

(ivyi1=1L
PROOF. (i) 1ab= S(KI )ab = KIb(ab) = ab.

(1) 1= S(KI )= (Axyz.xz(yz)(KI)=Ayz. KIz(yz)= A yz. yz.

“@iil) I(Ax. A)=Ax.(Ax.A)x = Ax. A4, by (ii).

(iv) By (iii) and (ii). O

5.2.9. PROPOSITION. IR is a A-model <= W is a weakly extensional A-algebra.

PROOF. (=) Let M be weakly extensional. Then
Vxax=bx = Ax.ax=Ax.bx
= la=1b,  bylemma 5.2.8(ii).
(=) Let M be a A-model. Then
VxA=B = Vx(Ax.A)x=(Ax.B)x
= 1(Ax.4)=1(Ax.B)
= Ax.A=Ax.B, bylemma5.2.8(ii). O
5.2.10. PROPOSITION. Let I be a A-algebra. Then
W is extensional < W is weakly extensional and satisfies I = 1.
PROOF. (=)
A=B = (Ax.A)x=(Ax.B)x

= Ax.A=Ax.B, by extensionality.
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Moreover Ixy = xy = 1xy, so by extensionality (twice) I = 1.
(=) By proposition 5.2.9 M is a A-model. Hence

Vxax=bx = la=1b
= a=b sincel=171. 0O

An extensional combinatory algebra is automatically a A-algebra. This is
because N+~ A, = B, = CL + ext— A = B, see theorem 7.3.14.

Term models, interiors

5.2.11. DEfFINITION. Let § be a A-theory.
(i) Define

M=4gN o J-M=N, this is a congruence relation on A.
[Ms={NeAM=5N).
A/T=([M]4Me ).
[M]s-[N]g=[MN]g;  thisis well-defined.
The open term model of F is
M(T)=(A/T,,[K]s,[S]s).

(ii) By restricting everything to closed terms one defines the closed term
model of §

MO(T )= (AT, [K]%,[S]%).

Clearly if J is consistent, i.e. does not prove every equation, then
T K=S, so M(T ) and M°(T ) are nontrivial. In particular IM(A) and
M°(A) are nontrivial since it follows from the Church-Rosser theorem that
the theory A is consistent.

5.2.12. PROPOSITION. Let 5 be an extension of the A-calculus and let M be
M(T) or MYT). :
(i) For M with FV(M) = {x,,...,x,} and p with p(x,)=[P]® one has

[MI%=[M[z:=F]]?,

where [X:= f’] denotes simultaneous substitution, see exercise 2.4.8.

@ I-M=N = M=M=N.

(i) J-FM=N < MEM=N, provided that M = M(T) or that M, N
are closed.
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PROOF. (i) Show by induction on 4 € J(M) that [A],=[A\[X:=P]] and
use I+ My =M.

(i) I- M=N = VP §+ M[%:= P]=N[%:=P]

= MEM=N.
(i) For M =M (T ). Let py(x)=[x]s. Then
MEM=N = IIM]]po=ﬂN]jp0
= [M]e=[N]5, by (),
= J-M=N.
For M, N closed.
MEM=N = [M],=[N],
= [M]s=[N]s, by,

= -M=N. O

5.2.13. COROLLARY. (i) MY T ) is a A-algebra.
(i) M(T) is a A-model.

PROOF. Write It = MM (F).
(i) By 5.2.12(ii), the fact that 9~ Ky c.=K,S, =S and lemma 5.2.3.
(i)
MEVx ax=bx = MEVx[M]x=[N]x, where a=[M] and b=[N],
= ME[M]z]=[N]z], for some fresh variable z,
= S Mz=Nz
= J+=Az.Mz=Az.Nz
= J-1M=1IN
= Mela=1b. O

Remarks. (i) (Jacopini [1975a]). IM°(T ) is in general not a A-model.
Consider T2 A axiomatized by {QKZ=QSZ|Ze A’} where Q=
(Ax.xx)(Ax.xx). Then VZ € AT+ QKZ = QSZ, hence M%T)E
VxJQKx = QSx. But MU(T )k 1(QK) = 1(S'), since otherwise T+ QKx
= (8x, which is false.
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(ii) Plotkin [1974] shows, see corollary 20.1.2(i), that even M %(N\) and
M 2(\n) are not A-models.
(ii1) By (i) it follows that proposition 5.2.12(iii) does not hold in general
for MO(T ): take M = QKx, N = QSx.

5.2.14. DEerFINITION. Let % be a combinatory algebra.

(i) The interior of 9 (notation A?), is the substructure of A generated
by &, s.

(i) A is hard if N°= 9.

Note that up to isomorphism R °(9 ) is the interior of M (T ).

5.2.15. PROPOSITION. Let N be a A-algebra.

i) MO(Th(A ) = A°

(i) Let Th(W)={M =N\M,Ne€J (), M, N closed and A =M= N }.
Then MO(Th(A)) = .

PROOF. (i) ([ M)y y,)=[M]* is a well defined isomorphism onto %°.
(i) Similarly. O

It follows that all A-algebras arise as a substructure of a A-model.

5.2.16. PROPOSITION. (i) (Barendregt, Koymans [1980]). Every A-algebra can
be embedded into a A\-model.

(ii) (Meyer [1982]). Every A-algebra is the homomorphic image of a
A-model.

PROOF. (i) A = MO(Th(A)) € M (Th(A)).
(i) Moreover M (Th(Y)) - MO(Th(A))= A by the surjective map that
replaces every free variable by say K. [

The following is shown in Barendregt and Koymans [1980]. We state the
result without proof.

5.2.17. THEOREM. (i) There is a A-model that cannot be embedded into an
extensional A-model.

(ii) There is a combinatory complete applicative structure that cannot be
made into a A-aigebra (by choosing k, ).

(iit) There is a A-algebra that cannot be made into a N\-model (by changing
k,s).

(iv) There is a A-model that cannot be made into an extensional one (by
collapsing it).

The term models make it possible to give the following completeness
proofs.

§
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5.2.18. THEOREM. Let M, N € A. Then
(i) N\ M=N e M=N is true in all »-models (or A-algebras).
(ii) Ler I be an extension of the A-calculus. Then

JEM=N < M=Nistrue in all A-models satisfying 7 .

(i) Let (N), be the classical first order theory axiomatized by the universal
closure of

Kxy=x,
Syxz = xz(yz),
K+S§,
Vx(ax=bx)->1la=1b,
.
Then
(N);FM=N & A-M=N.

PROOF. (i) (=) By lemma 5.2.3. (<) If M = N is true in all A-models, then
it is true in M(N); hence N\ M =N by proposition 5.2.12(iii).

(ii) Similarly.

(iii) (=) Note that M (N) = (N),. Therefore

(N),-M=N = M(N\)EM=N = N-M=N.
(=) Trivial. O

Models and rules

Let R be one of the rules for the A-calculus considered in § 4.1. Then R
has the form

R, =R,,

where R, is always an equation and R, is either an equation (e.g. as for
ext) or a set of equations (e.g. as for w).

There are two different ways in which a A-algebra M can “satisfy” such a
rule R:

(1) Th(2) can be closed under the rule R; or

(2) M can satisfy roughly speaking the axiom corresponding to R.
(‘Roughly’ because it is not always immediate what the precise formulation
of the corresponding axiom is.)
In the first case one writes I = R-rule, in the second It = R-axiom.
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5.2.19. DEFINITION. Let R = R; = R, be one of the rules ext, £, , tr. Let N
be a A-algebra.
(1) M satisfies the R-rule (notation M = R-rule) if M E R, = MER,.
(ii) M satisfies the R-axiom (notation I = R-ax) is defined for each of
the rules separately.

MEext-ax = ME(VxMx=Nx)>M=N,
MEetax & ME(VxM=N)—->Ax.M=Ax.N,
MEwax < ME(VxeM'Mx=Nx)-M=N

in the obvious sense,
MEtrax < ME (Ve M'Mx = Nx)—» VxMx = Nx.

In the above M, N € A are arbitrary and x € FV(MN) in the first and last
two cases.

(iii) The notions of M satisfying R%-ax or R°-rule are defined similarly
by restriction to closed terms.

Note that é-ax = w.e.

5.2.20. FAcT. (1) It = R-ax = M &= R-rule, but the converse does not neces-
sarily hold.

(i) MO = R-ax < MO = R-rule; therefore one writes for hard models
simply It = R.

(i) M°E R = M= R

(iv) M = R-ax neither implies nor is implied by M° = R.

PROOF. (i) (=) Trivial. («) Take M = D_, R = w; sec exercise 19.4.6.

(i) (=) Let M= R-rule with R-ax = R, = R,. To show M’k R-ax,
suppose M, p = R,. Let Rf, be the result of substituting in R, , for ¥
terms corresponding to p(X). Then M~ R*, hence M’k R%, ie. MY,
p = R,. Therefore VoM, p= R, > R,, i.e. M= R-ax.

(iii) Trivial.

(iv) (=) Take M = M (N\n), R = ext; see theorem 20.1.1.

(=) Take R = ext, see exercise 20.6.3. [

5.2.21. PROPOSITION. Let It be a A-algebra. Then
1) M = ext — ax = M is extensional.
(i) M = &-ax = M E &-rule (<= M is weakly extensional).
(iil) M = w-rule = M = w = M is extensional.

.
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PROOF. (1) Trivial.
(it) By corollary 5.2.23.
(i) M = w-rule = M= w
=M= °
= M = «’-rule
= I = w-rule by the proof of theorem 4.1.15(1). [

5.2.22. PROPOSITION. Let § be a A-theory and R one of the rules. Then
Jt-R = M(T )= R-rule
< M(9 ) = R-ax.
PROOF. Let R = R, = R, and suppose I &= R. Then
M(T )&= R, = T+ Ry, by theorem 5.2.12(ii),
= J+ R,, by assumption,
=>M(T )ER,.
Therefore (Y )= R-rule. Similarly one shows M (Y )= R-rule = T+ R.
To show that M (J )= R-rule iff M (9 )= R-ax is similar to the proof of
fact 5.2.20(ii). O
5.2.23. COROLLARY. (i) If ¥ is an extensional A-theory, then () is an
extensional A-model.

i) If 9+ w, then M°(T ) is an extensional A-model.

PROOF. By propositions 5.2.21 and 5.2.22. O

5.3. Syntactical models

In this section a syntactical description of the A-algebras and A-models
will be given, which is equivalent to the first order description in § 5.2. For
some models, in particular the filter model of Barendregt et al. [1983], this
syntactical description is more convenient than the first order one. The
method is due to Hindley and Longo [1980].

5.3.1. DEFINITION. Let ¢ = (X, -) be an applicative structure.
(1) Val() is the set of valuations in .
(ii) A syntactical interpretation in I is a map 7: A(M) X Val(M)—> X
satisfying the following conditions; I(M, p) is written as [ M] .
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(1) [x1, = p(x),

) [c,l,=a,

3) [P01,=1P1,-101,,

(4) [Ax.P},-a= [P1, xza)

(5) pt FY(M)=p't FV(M) = [M], =[M],.

Note that by the variable convention, (4) implies that for y & FV(M(x))
one has

(4,) IIM(X)]]p(x;=a)= [[}\X-M(X)I'pa

=[Ay.M(p)),a=IM(Y)], -0

(iii) A syntactical applicative structure is of the form M = (X, [ 1)

where [ ] is a syntactical interpretation in J%.

5.3.2. DEFINITION. Let I be a syntactical applicative structure.
(i) The notion of satisfaction in It is defined as usual:

M,pEM=N « [M], =[N],
MEM=N <« VoM, pEM=N

and this is extended to arbitrary first order formulas over the A-calculus.
(i) M is a syntactical A-algebra if

AN-M=N = IME=EM=N.
(iii) M is a syntactical A-model if
(&) MEVX(M=N) - Ax.M=Ax.N,
ie.

Va I[M]]p(x:=a)=I[N]|p(x:=a) = [[}\x.MIIp=|[}\x.N]]p.

5.3.3. LEMMA. Let MM be a syntactical A-model. Consider the statement

q)(M’ N) = Vpl[M[x:= N]]]p = [[M]]p(x:=[N]p)‘

Then for M, N € A(IN)
() z&FV(M) = o(M,z);
(i) p(M,N) = @(Ay.M,N);
(i) (M, N).

PROOF. (i) Write M = M(x). Then

lIM(Z)]]p = IIM(Z)]]p(ZZ=p(Z))= |Ij‘l(x)]]p()c:=p(z)) by (4’)
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(i) First assume x & FV(N). By the variable convention y#x, y¢
FV(N). Then for p* = p(x:=[N],) and arbitrary a € M

[[M[X: =N]]]p"(y:.=a)= IIM[XI =N]:"p(y:=a)
=[[M]]p(y:=a)(x:=[N]]p)5 Since (p(M,N),
=M1 pm 03

(note that [N],=[N1,,._,,)- Therefore by (§)
[Ay.M[x:=N]l,.=[Ay.M],.
and hence

[Ay.M[x:=N]l,=[Ay.M[x:= N]l,.= [[}\y.M]]p(X::[N],p).

If x € FV(N), then let z be a fresh variable. We have for M =Ay. M
[[M[x:=N]]]p=[[M[x:=z][z:=N]]]p

=[M[x:=z]1,.cm,)

=MD, g yemivy,e BY (),

=[[M]]p(x1=lN]I,,)'

(iii) Now @(M, N) follows by a simple induction on the structure of M
O
5.3.4. THEOREM. Let I be a syntactical A-model. Then

AFM=N = MEM=N,

i.e. M is a syntactical A-algebra,

Proor. By induction on the length of proof.
The axiom (Ax.M)N = M[x:= N] is sound:

[(Ax.M)N],=[Ax.MLIND,, by (3),
=|IM]]p(_x:=[N]p)’ by (4)’

=[M[x:=N]l,,  bylemma 5.3.3(iii).
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Soundness of the rule M=N = Ax.M=Ax.N follows from (£). The
other rules are trivial. [

5.3.5. DEFINITION. A homomorphism between syntactical A-algebras is a
map ¢: Ik, - M, such that for all M € A(M) one has

ol MDL =[o(M)]Z.,

where in ¢(M) the ¢, are replaced by ¢ (-
5.3.6. THEOREM. The category of syntactical A-algebras and homomorphisms
and that of A-algebras and homomorphisms are isomorphic. Moreover syn-
tactical A-models correspond exactly to A-models under this isomorphism.

PrOOF. Easy. For a syntactical A-algebra M = (X, -,[ ]) define FM =
(X, ,[KLIST); for o: M, > M, let Fp=¢: FM, —» FM,. Then one
has [M]F™" =[M]} for Me A(M). Conversely for a A-algebra U =
(X, -, k,s) define G =(X,-,[ 1") and Gp = ¢ as above. Then F, with
inverse G, is the required isomorphism. O

5.3.7. REMARK. In view of theorem 5.3.6 we say that M =(X,-,[ Dis a
A-algebra (A-model) if I is a syntactical A-algebra (A-model).

5.3.8. CoNvENTION. When working inside a A-algebra P&, we write equa-
tions valid in % informally, e.g. for a € 2N one writes

(Ax.xx)a=aa

rather than the formal [[()\x.xx)y]lp(y:=a) = [[yy]]p(y:=a) or [Ax.xx]a = aa.

5.4. Models in concrete cartesian closed categories

In this section the framework will be explained in which Scott constructed
his non-syntactical A-models. We will use the category of cpo’s. But the
method works for arbitrary concrete cartesian closed categories.

Recall that if D is a cpo, then [D — D] is the set of continuous maps
considered as cpo by pointwise ordering,.

5.4.1. DEFINITION. A cpo D is called reflexive if [D — D] is a retract of D,
i.e. there are continuous maps

F:D-[D-D], G:[D-D]-D
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It will be shown that every reflexive cpo defines in a natural way a
A-model.

5.4.2. DEFINITION. Let D be a reflexive cpo via the maps F,G.
(1) For x, y € D define
x.y=F(x)(»).

(ii) Let p be a valuation in D. Define the interpretation [ ] o' A—-> Dby
induction as follows.

[x],=0(x), [lcld,=a,
[MN],=[M],-IN],,
[Ax.M],=G(NdIM],,._,).

5.4.3. LEMMA. X d.[ M1, (,._4, is continuous; hence [Nx. M1, is well-defined.

PROOF. By induction on M one shows that [M],,._,, depends for all p
continuously on d. The only nontrivial case is M =X y.P. Then

ﬂ:}\y'P]]p(x:=d) = G(Xe'llD]]p(x:=d)(y:=e))
=G(he.f(d,e)), say

=g(d), say.

By the induction hypothesis f is continuous in d and e separately, hence by
lemma 1.2.12 continuous. Therefore, by proposition 1.2.14(i) and the con-
tinuity of G, the map g= G ¢ f is continuous. [J

5.4.4. THEOREM. Let D be a reflexive cpo via F,G and let M =(D,-,[ 1.
Then
(1) M is a A-model.
(i1) The functions representable are exactly the continuous functions.
(iti) M is extensional iff Ge F= id,, i.e. G=F ' and D =[D — D] via
F,G.

PROOF. (1) We verify the conditions in definition 5.3.1. (1), (2) and (3) are
trivial. As to (4)

[Ax.P},.a= G(Xd.l[P]]p(x:zd)).a
= F(G(Xd'llpllp(x:=d)))(a)
= (Xd'ﬁp]]p(x:=d))(a) = |IP]]p(x:=a)

Condition (5) follows by an easy induction on M.
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Therefore I is a syntactical applicative structure. Moreover It satisfies

(%)
Vd [MD,..coy=IN],(cuy = NAIM],(._s,=NdIN],._q

= G(Xd‘ﬂM]]p(de‘)) = G(Xd‘IIN]]p(.\':=d))
= [Ax.M1,=[Ax.N],.

It follows that It is a A-model; see remark 5.3.7.
(ii) Application - is continuous, since F is; therefore all representable
functions are continuous. Conversely, a continuous f: D — D is represented

by G(f):
G(f)a=F(G(f))(a)=f(a).
In general, a continuous f: D" — D is represented by
Nd, --- N, .f(d,,...,d,)
where
Nd. -+ =G(Nd.---).
(i) If Go F=id, then
Vede=d'e = VeF(d)(e)=F(d')(e)
= F(d)=F(d’)
= d=d’, by applying G.
Therefore N is extensional.
Conversely, suppose M is extensional. Let d€ D and d’' = G(F(d)).
Then for all e€ D
d'e=F(d’)(e)=F(G(F(d)))(e)=F(d)(e)=de.
Hence d'=d ie. Ge F=id,. O
To give an idea of how a reflexive cpo can be defined, we will describe the

models D, introduced by Engeler [1981] as a simplification of the graph
model Pw introduced in § 18.1.
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5.4.5. DEFINITION. Let A4 be a set.
(i) B 2 A is the least set such that

BC B, B finiteand b€ B = (B,b)<EB.

(Assume that A does not contain such pairs).

(ii) D, = P(B), the powerset of B partially ordered by inclusion. This is a
cpo (even an algebraic lattice).

(iii) For x, ye D, and f€[D, — D,] define

x-y={beBIBCy(B,b)Ex},
Xox.f(x)={(B,b)< B|B finite CBand b f(B)}.

5.4.6. THEOREM. D, becomes a reflexive cpo by defining F(x)= X\ y.xy,
G(f)=Xx.f(x). Therefore D, defines a A\-model.

PROOF. The continuity of F,G follows easily from propositions 1.2.24 and
1.2.3130).

FoG(f)=F({(B,b)bef(B)})
=X\y.{bABCybef(B)}

=X yU{/(BIBCy}
=Xy.f(y),  bycontinuity of f,
—-f. O

See exercises 5.7.7, 18.5.29 and 18.4.31 for more information on D,,.

5.5. Models in arbitrary cartesian closed categeries

In this section it will be shown that in arbitrary cartesian closed cate-
gories reflexive objects give rise to A-algebras and to all of them. The
A-models are then those A-algebras that come from categories “with enough
points”. The method is due to Koymans [1982] and is based on work of
Scott. In exercise 5.8.9 a categorial description of combinatory algebras is
given.

5.5.1. DerINITION. Let C be a category. The identity map on an object
A € C is denoted by id ,.

(1) C is a cartesian closed category (ccc) iff

(1) C has a terminal object T such that for every object A € C there exists
aunique map !,: 4 > T. '
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(2) For A, A, € C there is an object A; X A, (cartesian product) with
maps p;: A X A, = A; ( projections) such that for all f,:C—> A4, (i=1,2)
there is a unique map { f}, f,): C - 4; X A, with p,°{f,, f,) =f,, see figure
5.1.

Notation. If g, A, > B, (i=1,2), then g, X g,={(g,° P, 8, °P5): 4; X
A, = B, X B,, see flgure 5 1.

(3) For A, B € C there is an object B € C (exponent) with map ev =
evy g: BAXA—B such that for all f:CxA— B there is a unique
Af:C— B satisfying f=eve(AfXid ), see figure 5.1.

(ii) Let C have a terminal object 7. A point of A€ C isamap x: T — A.
The set of points of A is denoted by |A|. An object A has enough points if
for all f,g: A — A one has

f#g = Ix€jd| fox#geox.

It then follows that the same holds for all f, g: A — B.
Note that in a ccc one has

A(hogXid,)=A(h)eg,
(f.8)oh={feh,g°h),
[Xge(h,ky=(feh,gek).

5.5.2. DEFINITION. Let C be a ccc. An object U € C is reflexive if UY is a
retract of U, i.e. there are maps F: U — UY and G: UY - U such that

F°G=idUU.

5.5.3. DErFINITION. Let € be a ccc with reflexive object U (via the maps
F,G). Then these data determine a syntactical applicative structure i (C)

C

/ i ) CgAﬁf_.B
!
\
|
\
|
\
\

A4, ><A2 4,

x4} !gl X g 2, Afxid, ev
|
Bl~~——rw — B XB—muo .
! " 1 2 P B2 ‘
product B x4/
exponent
Fi1G. 5.1
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(=M (C,U, F,G)) as follows:

(1) The domain of M(C) is |U}.

(ii) Let Ap: U? — U be the map ev, , o F X id,,.
For f,g: A — U define f-,g = Ap°(f, g). In particular for x, y € |U|

X y=x-py=Ape{x,y).

As applicative structure M (C) is (|U|, - ).

(i) U=T, U"* = U" X U.Let A=x,,..., x, be a sequence of distinct
variables Write U2 =

iv) 72:U*> Uis the canonical projection on the ith coordinate.
W) If fl,.. Jfo: A= U, then (f,,..., f,): A— U" is defined by

(="'

Jiseos sy = {Siseeos bds fov1)
Clearly

'”x%o<f1""’fn> =f;

(viyLet I'=y,,..., y, with {y}C {X}.
Define

=(mh,...,m2y: U > U".
This is the canonical “thinning”, i.e. “A{X{,..., X, Y.{ V1, -+ Ypu) -
(vii) For { A} 2 FV(M) define inductively [M],: U* - U (with intended
interpretation of e.g. [M(x, y)l, , being “A(x, y).IM(c,,c,)]”) as follows:
[x]]A =7TxA§
leJy=ael,s  (forae|U));
|IPQ]]A = l[P]]A 'UA‘IQ]IA;

[Ax.P]y=GeA([P}, ), where by the variable con-
vention we assume x & {A}.

(viii) For a valuation p in |U| let
pr=p = (p(x)),....p(x,)).
[M],=[M],°p* with A=FV(M).

Clearly [M1, € |U|.
(ix) Finally 2% (C) is the structure (|U}, -,[ ).
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5.5.4. LEMMA. (i) Let {A} 2 {T} 2 FV(M). Then [M],=[M]~II}.
(i) Let {A}y={%}2FV(M), N fitin X and {I'} 2 FV(N). Then

HM[)?:=N]]]F=[[M]]A°<|IN1]]F""’[[Nn]]r>'
(i) Ler {A} 2 FV(Ax.M), {T} 2 FV(Ax.M)N) and {T'} 2 {A}. Then
HM[XZ=N]]]F=[[M]]A‘XO<H£’[[N]]F>‘

PROOF. (i), (ii) Induction on the structure of M. We only treat M = Ay. P
(i) [Ay.PYp o lIf= G APl ,)°TIp
=Go APl IIp X idy),
=G o APl ° T}
= GoA(LPly,,)=[Ay.Pla

by 4.1(1),

Here TH denotes “by the induction hypothesis”.
(i) [(Ay. P)[5:= N]lp=[Ay.P[%, yi= N, yll;
=GoA(P[X, y:=N, yllr,)
=G APy, o(INTr . IyDr,))
= Go APy, ~(INIp) Xidy),
= Go AP, (INT)
=[Ay.Plyo(IND)r.

Now * is shown as follows.

see below,

ANTr DD,y = AN e T a0

= <|[ﬁ]]r ° pp.idy ° 129
= (INTp) X idy o py. po) = (INT) X idy,.

(iii) Apply (i) to A’=A,x and T, writing A=y and M[x:=N]=
M{y,x:=y,N]. O

5.5.5. PROPOSITION. Let M, N € A(M(C)) and {A} 2 FV(MN). Then
A-M=N = [M],=0[N],.

PROOF. Induction on the length of proof of M = N. We treat the essential
axiom (B) and rule (§).

E
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Axiom (Ax.P)Q = P[x:= Q).

[(Ax.P)Qls=(G°A([PL, ) 2[QDs

=eve(FoGoA([P], ,).[Q]4)

—eve A([P], ,) xido(id,[Q1,)

=[P1, , ~(id,[Q1,)

=[P[x:=Q]l;, bylemma 5.5.4(ii).
Rule P=Q = Ax.P=Ax.Q.

[P, =101,
= [PlyoII5*=[Q], oI5~
= [Pl =[Ql,
= [Ax.P],=[Ax.Q},. O

by the induction hypothesis,

5.5.6. THEOREM. Every ccc € with reflexive object U determines a A-algebra

M(C)=0],-,[ D).
PrROOF. Immediate from proposition 5.5.5 and the definition of [ ] o O

5.5.7. PROPOSITION. Let M =M(C, U, F,G).
(1) Let {AY D FV(M). Then [I1M],=Geo Fe[M], in C.
(it) U has enough points < M is a A-model.
(i) U=UY%via F,G « MEL=1.
(iv) U= UV via F,G and U has enough points < M is extensional.

PrOOF. (i) [1M],=[Ay.My] ,
=GoAeve (FO[[M]]A’),,I[yIIAJ))
=GoA(eve(Fo[M] o TI3* m}"))
GeoA(eve(Fe[M]y°py, p2))
GoA(eve(Feo[M],)xid)
= G ° FO'IM]]A.
(if) (=) Let U have enough points. Then the same is true for U' (= U).
Now for a, b M

VxEMax=bx = eve(Foa,x)y=eve(Fob, x)
= evo(Foa)Xido(id,x) =eve(Fob)Xide(id, x)
= eve(Foa)Xid=eve(Fob)Xid,
= la=1b,

since U' has enough points,
since by (i) lc=Ge Foc=Ge Afeve(Foc)Xxid).

Hence 9 is a A-model.




112 MODELS CH.5,85

(=) Suppose M is a A-model and let f, g: U— U. Then

Vx€|U| fox=goex =

= Vxf-x=g-x, wheref=GoA(f° p,)andsatisfies f-x =fox

= 1.f=1.g

= GoFof=GoFog

= A(fep,)=A(gep,), since FeG=id,
= f°p2=g°p2

= f=g.

Therefore U has enough points. .
(iii) (=) If U= UV via F,G, then G » F = id,;, hence by (i)

HIMHA='IMIIA,

in particular [1x], =[x],. Then as in the proof of proposition 5.5.5 it
follows that

(1], =0Ax1x],=[Ax.x], =111,,

e ME1=1.
(=) Assume M = 1=1. Now

(1] =[Axy.xyl = Go A([Ay.x],)
=GeoA(Ge Folx],), by (i),
=GoA(GeFop,);
and [I] = G » A(p,). Therefore
GoA(GeFeop,)=GoA(p,)
o A(GoFop)=A(py)  (use F)
= GoFop,=p, (Ah uniquely determines /)
(use (1,id,,)).
(iv) By proposition 5.2.10 and (ii), (ii)). O

= GoF=id,

Let % be a A-algebra that arises from a category that is “concrete”, i
roughly one that is based on sets. Then ¥ is a A-model and the interpreta-
tion in 9 has a simple form.
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5.5.8. DEFINITION. A ccc C is strictly concrete if there is a functor ®:
€ — Set such that
(1) @ is faithful (i.e. injective on arrows).
(2) @ is full (i.e. surjective) on Hom¢ (7, 4) for 4 € C.
(3) @ preserves the terminal object, products and projections.
(4)Forall A,BeC

®(B*)c@(B)*",
D(evy, 5) = Vo405 P(B*) X O(4).
Note that this implies that every object in C has enough points. Moreover
Q(Acf)=As(2f), |

where Ag.g(ay,...,a,)=Xd.g(ay,...,a,,d) for g: X"X Y —>Z in Set.
Write {*} for the terminal object in Set.

Complete partial orders or complete lattices with continuous maps are
strictly concrete ccc’s.

5.5.9. DEFINITION. Let C be a strictly concrete ccc with reflexive object U.
D @:|U] > @(U) is the bijection @(x)= P (x)(*).
(i)3: ®(UY) - ®(U) is the map O = ®(G).
(i) a-b=®(F)a)b) for a,bs ®U).
@iv) I[M]]‘I> = (P(I[(p_l(M)IICAl o) for M € A(®(U)).
VM =(eW),-,[ 1° )

5.5.10. THEOREM. (Koymans [1982]). (i) The map [ 1° in definition 5.5.9
satisfies

(D) [xI3 = p(x),

2) [c, ]Iq’—a foracs ®U);

3) [[PQ]IQ [r13-1013;

@ Dx P12 =0 I PI%,._ ).

(i) M?® is a A\-model zsomorphzc to M(C).

PROOF. (i) As an example we show (4). Let p, = ¢~ ' o p and A = FV(Ax.P).
[Ax.P12=®(GoAc([PLs ) 05)(*),
where for simplicity we assume ¢~ !(P) = P,
= O(Asa(2([P14,.))(0*))
=o(xd.2([Pl,,)(p(x:=d)""))
=0(nd.9([P1s , * po(x:= 971(d)) " *)(+))
oA d.o([P1, . .o0))
=0(NdLPI%,.o0)-
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(i) The map ¢: M(C)— M? is by definition 5.5.9(iv) an isomorphism.
By condition (4) it follows that I® is a A-model. O

IM® is called the concrete version of M (C) via the functor .

Now it will be proved that every A-algebra can be obtained from a ccc
with a reflexive object.

5.5.11. DeErFINITION. Let % be a A-algebra. The Karoubi envelope of U,
notation C(), is the category defined as follows. Let a © b = Ax.a(bx), for
a,bed.

Objects: {a€N|aca=a}.
Arrows: Hom(a,b)= {feUlbe fea=f}.
Identity: id,=a.

Composition: fog.

It is easy to verify that C(¥) is indeed a category.

Karoubi [1978] defined the envelope for additive categories under the
name “derived pseudo abelian category”. This can be generalized to arbi-
trary categories. The notion then applies to a A-algebra U by introducing
the monoid

M(A)=({aeWa=1a},°,T)

considered as category with one object and as arrows the a € M (U) with
composition.

We need some notation from the A-calculus. Let [M, N]=Az.zMN be
pairing in the A-calculus with projections 7, = Ay.y(Aa,a,.4,), for i=1,2.
Let [M|]=M,, [M,.... M, \]=[[M,,....M,], M, ] with 7" the canoni-
cal A-terms such that «"[M,,..., M,}=M, for 1<i<n. [af =1, 7"} =

m, "t =aeq for 1 <i<nl

5.5.12. PROPOSITION. (Scott [1980]). (i) C(A) is a ccc.
(ii) 1 is a reflexive object in C(%) via the arrows F= G = 1.

PROOF. (i) 1. Terminal object. This is t =Axy.y. Note that f:a—t <
f=rt
2. Products. Let aj,a, € C(%). Then a; X a,=Az[a;(mz), a,(m,z)] is
the cartesian product with projections
pir=a;°m;

(f.g)=Az[fz, g].
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3. Exponents. Let a, b€ C(N). Then
b®=Az.bozoa
ev, ,=Az.b(mz(a(mz)))
A(f)=Axy.f[x, y].

The calculations which show that everything works are straightforward
and are left to the reader.
(i1) Note that I' = 1. Moreover 1:1—>1,1: I - 1 and le1=1=id,. O

5.5.13. THEOREM. (Koymans [1982]). T (C(¥), 1, 1,1)= 9.

PrROOF. Let I =M (C(A)). By induction on the structure of M € A one
can show

(+) IMIT =z M[x,,...,x,;:=7z,...,7n"z].

As an example we treat M =Ay. P,
[Ay.Pl,=G-A([P];,,)

1 n+1

;{1°qu.()xz.P[xl,...,xn,y:=7r1"+ z,..,m iz p.q]

=Apq.P[x,...,x,, y:=mp,....m"p,q]
= Ap.(Ay.P)[xy,....x,:=alp,....7"p]
= Az.M[x,, ... x,;:=alz,... 7"].
Let © be application in . Note that
a®b=Ap-c{a,b)

=evy r°(lea,b)

=Az.evy ;[1(az), bz]

=Az.az(bz)= Sab.

Now define ¢: A - I by ¢(a)=Ka. Then ¢ is clearly injective. If
x € | =t—-1, then x is constant so x = K(xI )= @(xI); therefore ¢ is
surjective. Finally ¢ is a homomorphism:

L o(xy)=K(xy)

= S(Kx)(Ky), since % is a A-algebra,
=9(x)Op(y).
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2. p(K)=KK=[K]" by (+) and similarly for §.
Thcrefore @ is an isomorphism and A =M. O

It follows that every A-algebra (A-model) can be obtained from a ccc with
reflexive object U (having enough points).

Remarks. (i) 1t is not hard to show that if % is a A-model, then every
object of C(A) has enough points, see Koymans [1982].

(ii) It is not true that C(MM(C,U)) = C. The category C may have many
more objects.

The notion of A-algebra homomorphism can be characterized in a cate-
gorical way.

5.5.14. DErFINITION. A functor ¢ between two ccc’s is cartesian if @
preserves the terminal object, products and exponents.

5.5.15. PROPOSITION. (i) For i=1,2 let C, be a ccc with reflexive objects U,
via the maps F,,G,. Let ®:C, — C, be a cartesian functor with ®(U,)= U,,
®(F))=F,, ®(G,)=G,. Then ® induces a homomorphism ®*: I (C,)—
M(C,).

(i) If ¢: A, = A, is a homomorphism, then @ induces a cartesian functor
@* :C(A,) > C(A,) preserving the reflexive elements I and retraction map 1.
Moreover ¢** = @ up to isomorphism.

PrOOF. (i) For x € |U;] define ®*(x)= ®(x) €< |U,|. This is a homomor-
phism since @ preserves F, G and the cartesian structure.,

(ii)) For a an object of C(¥,) define ¢*(a)=¢(a) and for fe
Homg 4 ,(a, b) define @ (f)=@(f). Since ¢ preserves all closed A-terms,
this is a cartesian functor preserving I and 1. Clearly ¢ * * = ¢ on I (C(A))
=9y. O

5.6. Other model descriptions; categorical models

Lambda models were defined as lambda algebras satisfying the
Meyer—Scott axiom. Since the combinatory axioms describing A-algebras
are not memorable, one may wonder whether these can be simplified in
presence of the new axiom. This is indeed the case; the result is due
independently to Meyer and Scott.

5.6.1. DEFINITION. Define the following combinatory terms.

L=1=8(KI); 1,,,=S(K1)(S(K1,)).

i
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Remark. Using the simpler definition 1, =1,1,,, = S(K1,) the results
5.6.2, 5.6.3 and 5.6.6(i) remain valid.

5.6.2. LEMMA. (i) If M is a combinatory algebra, then
MEL,ab, ---b,=ab, --- b

(i) If M is a A-algebra, then
MEL,=Aab, --- b,.ab; --- b

PROOF. (i) (ii). Induction on n, e.g. in a A-algebra
=S(KI)=(Axyz.xz(yz))(KI)=Ayz. KIz(yz) =Ayz.yz. O

5.6.3. THEOREM. (Meyer [1982]; Scott [1980]). Let It = (X,-,k,s). Then M
is a A-model iff M satisfies

(1) Kxy = x,

(2) Sxyz = xz(yz),

(B)Vxax=bx = la=1p,

@ L,K=K,

%) 1,85=S.

PROOF. (=) If I is a A-model, then by definition (1), (2), (3) hold.
Moreover 2t is a A-algebra, hence satisfies (4), (5) since these equations are
provable in A.

(=) First show that for all a,b€ M 1(Ka)=Ka and 1(Sab)= Sab
Indeed, Ka=1,Ka= S(K1)Ka = 1(Ka) and similarly for .

Since Ax.A is always of the form KP or SPQ it follows that

(*) I(Ax.A)=Ax.4.
Therefore M is weakly extensional:
VxA=B = Vx(Ax.A)x=(Ax.B)x
= 1(Ax.4)=1(Ax.B), by3,
= Ax.A=Ax.B, by(*).
It remains to show that 9% is a A-algebra. By lemma 5.2.3 it suffices to
show that
@N-M=N=MEM=N,

b M=K=K, -, MES= Sy.cL-
Now, (a) follows by induction on the proof of M = N, weak extensionality
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taking care of the rule P = Q= Ax.P = Ax.Q. As to (b), we will prove this
in several steps.

Step1.Vx,---x, ax;---x,=bx;---x,=1,a=105b.

Proof. Induction on n. If n=1, then this is 3. If n=p + 1, then

axy < X,y =bx; o x,, = 1,(ax,)=1,(bx,)
= S(K1,)ax; =S(K1,)bx,
= 1(S(K1,)a)=1(S(K1,)b)
= S(K1)(S(K1,))a=S(K1)(S(K1,))b
= 1,,a=1,.b. O

Step 2. 1(1,a)=1,a.

Proof. First note lax = ax, hence 1(1a) = 1a, by 3. So we are done for
n=1.1f n=p+1, then 1,a=1(---), hence 1(1,a)=1(1---)=1--- =
1,a 0O,

Step 3. 1,(Ax; -+ x,. A)=Ax, - x,.A.

Proof. Induction on n. If n=1, then this is (*). If n=p + 1, then

L(Ax; - - x,. A)x; = S(K1)(S(K1,))(Axy -+ x,.4) x,

=1,(Ax, - x,.4)

n*

=Ax, --x .A
H 2 n

=(Ax; - x,.4)x,.
Hence 1(1,(Ax; - x,.4)) = 1(Ax, - x,.4) and therefore
L,(Ax; -+ x,.A)=Ax, - -~ x,.A by (*) and step 2. [,
Finally let K’ = K, ., =Axy.x. Then we have Kxy = x = K'xy,
1,K=1,K', by step 1,
K=K, by 4 and step 3.
Similarly § = Axyz.xz(yz). O

The following definition of Meyer [1982] simplifies even further the
description of the essence of a A-model.

5.6.4. DEFINITION. (i) A combinatory model is a structure IR = (X, k,$,€
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(1) Kxy = x,

(2) Sxyz = xz(yz),

3) exy = xy,

(4) Vxax=bx - ea=¢eb.

(ii) A combinatory model is stable if moreover

(5) £e = g,
(6) &K=K,
(7) &S=S,

Here, of course, ¢, = ¢ and ¢,,, = S(Ke)(S(Ke,)).

5.6.5. LEMMA. Let M ={ X, -, k, s, €) be a combinatory model.
(i) g,0.1a=a <= ea=aAVx g, (ax)=ax.
() e,a=a = Vx;---x;eaxy - x;)=ax; -~ x;, 0<i<n.
(iii) M is stable = &k, ka, s, sa, sab are for all a, b fixed points of e.
PROOF. (1) (=) By assumption
(1) a=S(Ke)(S(Ke,))a=e(S(Ke,)a).
Hence by definition 5.6.4(3)
ax = S(Ke,)ax=¢,(ax);
therefore by 5.6.4(4) and (1)
ca=¢(S(Ke,)a)=a.
(=) In a combinatory model one has eab = ab, therefore
(2) e(ea)=¢ea
Now ¢, ,a=¢e(S(Ke,)a), therefore by (2)
(3) e(e,.1a) = &,,14,

but also

€, ax =¢,(ax) = ax.

119
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Hence by definition 5.6.4(4) and assumption
e(e,,a)=ea=a.

Together with (3) this implies ¢, ,a = a.
(ii) By induction on n, using (i).
(iii) (=) As to Sab:

(4) Sab = €;Sab = (Sab).
As to Sa:
Sa =¢,8a=S(Ke)(Sa),

and it follows by (4) and (2) that Sa is a fixed point of e. Similarly it follows
that §, Ka and K are fixed points. By assumption ¢ is a fixed point of e.
(=) By assumption and (ii)). [

5.6.6. PROPOSITION. (i) Let M= (X, -, k,s,e) be a stable combinatory
model. Then €=1 and (X, -, k,s) is a A-model. Moreover k, s are uniquely
determined by e.

i) If M=(X,-, k,s,¢) is a combinatory model, then IM' =
(X,-,k',s’,€") is a stable combinatory model, where k' = ¢,k, s’ = e;k and
& = ee.

PrROOF. (i) Note that
xy = lxy
by definition 5.6.4(4),
= 1x, by lemma 5.6.5(iii) since 1x = S(KI )x,

by definition 5.6.4(4),

= ex=-¢(1x),

= ge=¢l,
by stability and lemma 5.6.5(iii).

Therefore (X, -, k, s) is by theorem 5.6.3 a A-model.
As to uniqueness, let {( X, -, k,, 5, £) be also a stable combinatory model,
in order to show k =k, s =s,. Then

= ¢=1,

kxy=x=kyxy = e(kx)=ce(kyx)
= s(ke)kx =s(ke)kyx
= e(s(ke)k)=e(s(ke)k,)
= ek = ek,

= k=k,.
Similarly s = s,.
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(ii) Now let x € {¢, k', k’a, s’, s’a, s’ab }. By lemma 5.6.5(iii) it suffices to
show that ex = x since then €'x = eex = ex = x. But x = ¢y for some y, e.g.

x=k'=e,k=s(ke)(s(ke))k=e(s(ke)k).

Then by 5.6.5(2) it follows that ex = ¢(ey)=¢ey=x. O

Although in A-models k, s are uniquely determined by 1 = s(ki), a map
that preserves application and 1 is not necessarily a homomorphism: take
e.g. the constant map X\ x.1": It — MW",

5.6.7. DEFINITION. (i) Let I = (X, -) be a combinatory complete applica-
tive structure. An expansion of M is of the form (M, k,s5)=(X, -, k, 5)
which is a combinatory algebra.

(ii) M = (X, -) is a categorical A-model (A-algebra, combinatory algebra)
if there is a unique expansion (I, &, s) making MM into a A-model (A-alge-
bra, combinatory algebra).

(iit) An element & of I is called a stable ¢ if

ce =¢ A eab = ab A (Vx ax = bx — ea = &b).

5.6.8. THEOREM. (i) Let M = (X, -) be combinatory complete. Let [ X = X]
= {f: X X| frepresentable} and define F: X - [ X — X] by F(x)(y)= xy.
Then M can be expanded to a \-model iff there exists a G:[ X = X]— X such
that

(1) FOG:Id[X*X]’
(2) GeFe[X— X].

(ii) The G’s satisfying 1,2 in (i) correspond exactly to stable €’s.
(iii) I is a categorical A-model iff the G in (i) is unique iff there is a unique
stable &.

PROOF. (i) (=) Let (M, k, 5) be a A-model. Define
G(f)= la,

for some a, representing f. G is well-defined: if ax = f(x)=a'x for all x,
then 1a=1a’ by the Meyer-Scott axiom. Clearly F(la,)= F(a;)=f, so
F o G =1id. Moreover G » F(a)= 1a, since a represents F(a); hence G F is
representable.
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(=) Let kg, 55 € X satisfy the k, s axioms. Define ¢, = G(G o F). Then
(X, -, kg, 59, &) is a combinatory model:

egab=G(Go F)ab

=F(F-G(G-F)(a))(b)
= F(a)(b), since FoG=id,
= ab.

Vxax=bx = F(a)=F(b)
= GoF(a)=GoF(b)
= gya=¢yb, since g, represents G o F.

It follows by proposition 5.6.6(ii) that I can be expanded to a A-model.
(i) As in (i) define G,(f)=ea, and e; = G(G ° F). First note that ¢ is
actually stable:

egeg = Fleg)eg) = F(G(G° F))(G(G o F)) =¢.
Moreover X G.e; and X\ .G, are inverse of each other:
Gec(f) =£Ga/=F°G(G°F)(af) = G°F(a/) =G(f);
¢G,= G(G,° F)=ceag . ¢
=ee,  since e represents G,o F: G, o F(b)=eap,=¢eb,

=E.

(iii) M is a categorical A-model <
«< there are unique k, s making I into a A-model
< there are unique k, s, ¢ making ¢ into a stable combinatory model
< there is a unique stable &
«< there is a unique G satisfying 1,2 in (i). O

5.7. Survey of part V

Chapter 18. Constructions of models
18.1. The graph model Pw

THEOREM. Let f: Pw — Pw be continuous with respect to the Scott topology on
the cpo (Pw, C). Then f is completely determined by

graph(f)={(n,m)ime f(e,)} € Po,
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where ey, e\, ... is an enumeration of the finite elements of Pw and (n, m) is a
pairing on N.

THEOREM. The map
graph:[ Pw — Pw] > Pw

is an embedding of [Pw — Pw] as a retract into Pw. Hence Pw can be
considered as a \-model by the theorem in § 5.4.

18.2. The models D,
DEFINITION. Let D be a cpo. Define Dy=D, D, ,=[D,— D,].

THEOREM. There are maps §, € [D,,, — D,] such that for the projective limit
D ,=1mD,,y, one has D, =[D,_— D,_].

In particular D, is an extensional A-model by § 5.4.

18.3. The model B

B is the set of Bohm-like trees considered as a cpo.

DEFINITION. For A, BE® let A-B= U ,BT(M . Mg.) where M,. is the
term corresponding to the nth approximation of A4.

THEOREM. A - B is well defined and continuous on B. Moreover BT(MN ) =

BT(M)-BT(N).

THEOREM. (3B, -) is a A-model such that for all M, N € A
BEM=N<BT(M)=BT(N).

18.4. Exercises

Chapter 19. Local structure of models
19.1. Local structure of Pw

THEOREM (Characterization theorem for Pw).
PoEM=N < BT(M)=BT(N),
PoEMC N < BT(M)"CBT(N).

The main tool in proving this is the following approximation theorem which
states in fact that the interpretation map [ ] o+ A = Pa is continuous (W.r.t.
the Scott topology on Pw and the tree topology on A).
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THEOREM. If M € A, then M= U, M® in Pw.
19.2. Local structure of D,

THEOREM (Characterization theorem for D).
D ,EM=NeM=Ne¥*
= BT(M)=7BT(N)
< oonBT(M) = conBT(N),
D =MCN e BT(M)"C"BT(N)
= conBT(M) C conBT(N).
Again the main tool is the following approximation theorem.
THEOREM. In D, one has M = LI, M.
As a corollary to the characterization theorem one obtains
THEOREM. D = w; in particular the interior Dy is extensional.

19.3. Continuous A-models

DEFINITION. A continuous A-model is a structure I = (X, -, A) which is a
cpo that is also a A-model in which - is continuous and the approximation
theorem holds.

THEOREM. Pw, D, and B are all continuous A\-models.

THEOREM. If I is a continuous A\-model, then
BT(M)=BT(M)=M=M=N.

THEOREM. Let M be a continuous N\-model and let Y € A be a fixed point

operator. Then Y represents in M the least fixed point operator of the cpo M.

Chapter 20. Global structure of models

20.1. Extensionality; categoricity

THEOREM. (i) (N\n) is extensional, but M°(N\n) is not.

M (N) is weakly extensional, but M(N) is not.
(i) Similar statements hold when in (i) N\ is replaced by X or B.
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THEOREM. (i) Neither Pw nor Pw® are extensional.
(i) D,, and D2 are both extensional.

THEOREM. Pw is a categorical A-model, but D, is not. Pw is not a categorical
combinatory algebra.

20.2. The range property

DEFINITION. A A-algebra It satisfies the range property iff every definable
function on M has either an infinite range or a singleton range.

THEOREM. (i) Each open term model MM (I ) satisfies the range property.

(i) If F isr.e., then M°(F ) satisfies the range property.

(iii) If M is a continuous A-model, then M and MM° satisfy the range
property.

20.3. Nondefinability results

THEOREM. ( Nondefinability of Church’s 8). There is no 6 € A such that for all
closed nf’s
SMN=T ifM=N,
=F ifM%N.
THEOREM. A definable map on M (T ) (or, for T r.e., on MO(T)) with range
included in the numerals is constant.

20.4. Local is global representability

DEFINITION. (i) A map ¢: M — M is locally representable if for each b € M
the function y, defined by {,(a)= ¢(a)-b is representable.
(i) A A-algebra M is rich if all locally representable ¢: M — I are
representable.
THEOREM. I is rich = M is extensional.
THEOREM. IR (Nn), M (ICn) and D are rich.
THEOREM. If M is hard and satisfies B, then I is not rich.
20.5. The tree topology on models
DEFINITION. Let It be an open (or closed) term model. The tree topology on

IR is the largest topology that makes [ ]: A — 3% continuous (when A has
the tree topology).




126 MODELS CH.5,87

PROPOSITION. Let MM be an open or closed term model.
(i) M is semi-sensible <= WM is not indiscrete.
(i1) If WM is semi-sensible, then for M € A
M is unsolvable < M in IR has as only neighborhood the whole space.

PROPOSITION. Let R be M(T) or MOT) with T=N, A\, 9, K1, B or
Bv. Then for M € A
M has a nf < M is isolated in M.

20.6. Exercises

Chapter 21. Combinatory groups
21.1. Combinatory semigroups

DEFINITION. Let IR be a A-algebra. Then
(1) S(M) is the monoid ({lala€e m}, , I).
(11) G(M ) is the subgroup of S(M ) consisting of the invertible elements.
(iii) If & is a A-theory, then S(f )= S(M(T)), G(T )= G(M(F)).

THEOREM. S°(An) = S(M°(\)) is a recursively presented semigroup having
two generators with an unsolvable word problem.

21.2. Characterization of invertibility

DEFINITION. A € B is a hereditary permutation (I P) if A is of the form

Azxy ... X,.2

N

VI T . SRS e

A= Yo1 A= Yom, A=y -A

AYA ANA

where 7,0,7 are permutations and the numbers n,m,,...,m,,... are
arbitrary > 0. The tree may be finite or infinite. If the tree is finite, then 4
is called a finite hereditary permutation (5 JC%).
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THEOREM. (i) M € S(\n) is invertible < BT(M) is a FIHP.
(i) M € S(I*) is invertible < BT(M) is a .

COROLLARY. (i) G(AY) = G(Aw)=G(Hn) = G(Hw).
(i) G(I*)2 G(An).

21.3. The groups G(An) and G(IH*)

DEFINITION. (i) S, is the group of permutations on N with finite support.
(ii) For a group G, let G¢ be the weak infinite power, i.c. almost all
coordinates are the unit element.
(iii) For a group G, let G¢ ® S, be the wreath (semidirect) product of G¢
and S,, where # €S, acts in the obvious way on elements of G¢:

{(xg, xlv,...)7r = (X000 Xps--- -

DEFINITION. (i) Let G, = {e} be the trivial group and define G, = G2 ®
S,- There are obvious maps f,: G, > G, and g,:G,,, > G,.
(i) G = hm(Gn,f ), G hm(G,,,g,,)

G" is the recursive projective ltmzt consisting of all recursive (after some
coding) sequences (X, X;,...» With g,(x,,,)=x,.

n

THEOREM. G(An) = G, G(¥*)= G',G(D,) 2 G.

21.4. Exercises

This completes the survey of part V.

5.8. Exercises

5.8.1. Let I be a combinatory algebra. Show that in I
(1) 3a Vxy axxy = xyy,
(i) Ja Vxy axxy = xaa.

5.8.2. (Barendregt and Koymans [1980]). Define the combinatory algebra MM (CL). Show that
this structure cannot be made into a A-algebra.

5.8.3. (Koymans). Let M, M, be A-algebras. Construct the categorical product 3, X M, and
show that Th(M; X M,) = Th(M,) N Th(IM,).

5.8.4 (H. Volken). Let %= (X, -) be an applicative structure and let $= U G, be a family of
functions such that Vf€ 9, f: X" — X. F is called a combinatory family on M if

(1) ¥ contains all algebraic functions on I;

Q) VfeF,,, Ig€ T, ¥x,§ g(¥) x=f(¥, x).
% is called a A-family on M if

(1) ¥ contains all algebraic functions on IR and is closed under substitution of constants
(e.g.if f€F, and a€ X, then X\ y.f(a, y) € F));
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(2) There is a map G: %, — X such that Vf€ %, Vx G(f).x=f(x);

BGYVfEF 1 XFCXS(F, x) €T,

(i) Show that there exists a combinatory family on ¢ iff M can be expanded to a
combinatory algebra.

(ii) Show that there exists a A-family on M iff M can be expanded to a A-model.

5.8.5 (F. Honsell). Assume (this is proved in exercise 6.8.15)

(*) Every finite applicative structure can be embedded into every combinatory algebra.
Show that every applicative structure can be embedded into some extensional A-model. [ Hint.
Use the compactness theorem of first order logic and (*).] See also exercises 18.4.29 and
18.4.31.

5.8.6 (F. Honsell). Let D be a cpo with Card(D)=¥,. Show that Card({D — D])=2%0.
Therefore there are no countable reflexive cpo’s. [ Hint. Distinguish the following cases:
(1) Ix € D x is not compact;
(2) Vx € D x is compact;
(2.1) ¢ is not well founded;
(2.2) ¢ is well founded;
221)Vxe D {y|yE x} is finite;
(22.2)3x € D {y|yE x} is not finite.
For eg. case 1 let xokx; Ex,--- with Ux,=x; use that Dy={xg,x},...,x} 15 a
continuous lattice, hence injective, see exercise 1.3.17.)

5.8.7 (i) Compute [M]124 for M =1, K, S, 2. Which of these sets are empty?
(i) (Longo [1983)). For fe€ [ D, — D,] define Mx.f(x)=(X°x.f(x))UA.
Show that Ax. f(x) also represents f.

5.8.8 (Coppo et al. [1983]). A type structure is an S=(D, <, A, = ,w) with

(1) < is a partial order on D with largest element w;

(2) anb=1nf(a, b);

B)w—ow=w;(a—>b)A(a’=b)=(ana’'>b),a’<a, bsb = a-bga —Pb.

A filter in S is a subset xC D such that weEx; a,b€Ex = aAnbeEx; azbex =
a € x. Write |S| = ({x|x filter in S}, -) with

x-y={bl3a€y a>bex}.

Consider the statement

c<a A Aa;

(+y { (a2 b)A - AN(a,»b)scodand d#w =

o by N - Aby <d forsome {iy,...,i }C {1,...,n}.

Show that if S (+), then |S] is a A-model. [ Hint. |S| is an algebraic lattice with principle
filters ta={b|b>a} as compact elements. It is sufficient to show that a finite sup of step
functions (f,,(z)=if x C z then y else §, for x, y compact) is representable. Now LI {f1a,18)
i €1} is represented by A{a; — b,|i € I'}. Remark. In Barendregt et al [1983] it is shown that
the “free type structure over countably many generators™ satisfies (+).]

5.8.9 (Longo, E. Moggi). A category is called cartesian if it has a terminal object T and for
each two objects a cartesian product. In such a category an arrow u:UX U — U is called
Kleene universal if Vf:UXU— U 3g:U— U f=uogXid,. Show that combinatory alge-
bras can be described exactly by an object U of a cartesian category such that T< U,
UX U< U and there exists a Kleene universal u: U X U — U. [ Hint. In one direction, show
that there is a universal ¥”:U X U” - U for each n. In the other direction, let (X, -) be a
combinatory algebra. Consider the category with as objects X" and as arrows [ Xt X"
“representable” maps.]

PART II

CONVERSION
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CHAPTER 6

CLASSICAL LAMBDA CALCULUS

This chapter is about the set A modulo B-convertibility. According to
convention 3.2.11 this congruence relation is denoted by =. Similarly
B-reduction is denoted by —».

The main topics that are treated are the fixed point theorems, the

introduction of numerals and on these the representation of the recursive
functions.

6.1. Fixed point combinators

The fixed point theorem 2.1.5 is one of the basic results in the A-calculus.
The reader may have noticed a peculiarity in the proof of this theorem. In
order to show FX = X, one starts with X and reduces this to FX, rather
than conversely.

6.1.1. THEOREM. VF 3 X X — FX.

Proor. Take W = Ax.F(xx) and X = WW. Then

X = (Ax.F(xx))W— F(WW)=FX. []

This explains why the related constructions in Godel's self-referential
sentence and the recursion theorem are somewhat puzzling; see §6.7 below.

From the proof of theorem 2.1.5 it follows moreover that fixed points
can be found uniformly.

6.1.2. DEFINITION. A fixed point combinator is a term M such that
YF MF= F(MF),

i.e. MF is a fixed point of F.

6.1.3. COROLLARY. Let Y =Af(Ax.f(xx)(Ax.f(xx)). Then Y is a fixed
point combinator,

131
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PrROOF. Let W = Ax.F(xx). Then
YF=WW=FWW)=FYF). [

The term Y is called by Curry the paradoxical combinator.

Note that one does not have Yf—»f(Yf). Therefore the following nota-
tion is useful.
6.1.4. DerINITION (Turing [1937a]). Let 4 = Axy.y(xxy). Define @ = AA.
6.1.5. COROLLARY. OF > F(OF).
PROOF. OF = AAF—» F(AAF)=F®F). [

The following example shows how the fixed point theorem can be used.

ProBLEM. Construct an F such that
0))] Fxy = FyxF
SoruTioN. (1) follows from
F=Axy.FyxF,
and this follows from
F=(Afxy.fyxf)F.
Now define F = Y(Afxy.fyxf) and we are done. []
In general:
6.1.6. PrROPOSITION. Let C =C(f, X) be a term. Then
(i) IF VN FN = C(F, N),

(i) 3F VN FN—»C(F, N).

Proor. Take F = Y(AfX.C(/, X)) or, even better, F = O\ X.C(f, X)). [

For more information about fixed points see §6.5.

6.2. Standard combinators

In §2.1 the combinators I, K and § were defined. Other terms or
definable operations on terms that play an important role are introduced
in this section.
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6.2.1. DEFINITION. £ = ww, where w = A x. xx.

Note that € is not in nf and only reduces to itself. Therefore by
corollary 3.2.9 € has no nf. In fact Q is the simplest term not having a nf.
Also note

Yi=0Q.

6.2.2. DEFINITION (Truth values).

T=Axy.x, F=Axy.y.

Then TMN > M, FMN —»N. Note T=K and F<«KI.

6.2.3. DeFINITION (Conditional). Let B (Boolean) be a term. Then
If B then M else N

is the term
BMN.

If B =T (B =F), then this equals M (N respectively). If B is neither T nor
F, then BMN may be arbitrary.

As is the case in arithmetic or set theory, ordered pairs can be defined in
the A-calculus. The following definition is due to Church:

6.2.4. DEFINITION (Pairing).
[M, N]=Az.zMN,

(M)y=MT, (M), =MF.

Then
(Mo, M\ ]),>M,, i=0,1.

This pairing does not satisfy the conventional restraint of being surjec-
tive:

[(M)O’(M)l] =M

does not hold in general. In fact, no such surjective pairing exists, see
exercise 15.4.4 and Barendregt [1974].

There are two ways to define ordered n-tuples. Using [ , ], one can
define inductively [M,,..., M,].
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6.2.5. DEFINITION (finite sequences).
[M]=M, [My,...M,_ ]=[My[M,,. .. M_,]]

More direct is {M,,..., M, >.

6.2.6. DEFINITION. {M,, ..., M, > =Az.zMy--- M

-
Projection functions for these codings are easy to construct.

6.2.7. DEFINITION.

()] o = M.xFT, 0<i<n,
7 = Ax.xF~".

(i1) U'=Axg- - - x,.x, 0<i<n,
P} = Ax.xU7.

Then 1t follows by induction on n that for / < n,

7' My,....M,]>M,;

moreover

P"{My,....M >—>M,.

6.2.8. DErFINITION (Composition). M o N =Ax. M(Nx).

In the A-calculus various systems of numerals can be defined. A conveni-
ent one is the following; see §6.4 for other systems.
6.2.9. DEFINITION (Numerals). For each n€N a term "'
follows

is defined as

rol =1, “n+1"=[F, "n'].

Note that the numerals are distinct normal forms.

6.2.10. LEMMA. (Successor, predecessor, test for zero). There are terms
St P, Zero such that

St 'n'="n+1', P Tn+1'="n',
Zero "0'=T, Zero "'n+1'=F.
PrROOF. Define

s+ E)\x.[F, x], P~ = Ax.xF, Zero = Ax.xT,

then the equations follows easily. [
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6.2.11. NoTATION. M* =(S* M), M~ =P~ M).

Note that "0' ~=F.

Note that by combinatory completeness all operations on terms intro-
duced in this section are definable. For example, a P for which

VM.N PMN=[M,N],

is P=Axy. (Az.zxy) =Axyz. zxy.

6.3. Lambda definability

The A-calculus represents a certain class of (partial) functions on the
integers. By a classical result of Kleene this is exactly the class of (partial)
recursive functions. This section considers total functions. We follow an
idea of Turing [1937a] to use the fixed-point combinator to represent
primitive recursion and minimalization. Kleene’s original proof is a bit
more complicated, since the constructions were done in the A/-calculus,
see §9.2.

A numeric function is a mapping ¢ : N” - N for some p € N.

6.3.1. DEefFINITION. Let ¢ be a numeric function with p arguments. ¢ is
called A-definable if for some F € A
(%) Vn,, ..

r 1 r.1 _ ¢ 1
Hm €N Finl - nl =Tg(n,...,n) .

If ( * ) holds, then ¢ is said to be A-defined by F. Since numerals are in nf,
it follows by the Church-Rosser theorem that if ¢ is A-defined by F, then

r,l r0 r L

Finj - "n,—> o(n,....,n,) .
NOTATION. If n= ny,...,n,, let

[ I roa.

nt="nl,...,"n};

P

with this notation (*) becomes
VieN? F'r'=Tg(d)' .
It will be proved that for numeric functions
¢ 1s A-definable < ¢ is recursive.

In §8.4 the notion of A-definability will be extended to partial numeric
functions. Then one can prove that for a partial numeric function g,

¢ 1s A-definable < ¢ is partial recursive.
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6.3.2. DEFINITION. The initial functions are the numeric functions U7, S*, Z
defined as follows.

UF(ng,....n,)=n,

i’

0<i<p,
S*(n)y=n+1, Z(n)=0.

Let P(n) be a numeric relation. As usual,
pm{ P(m)]

denotes the least number m such that P(m) holds if such a number exists;
otherwise um|[ P(m)] is undefined.

6.3.3. DEerFINITION. Let @ be a class of numeric functions.
(i) & is closed under composition if for all ¢ defined by

o(n) =x(¥,(n), ..., 4, (7))

with x,¢y,...,¢,, €&, one has p € &.
(i) & is closed under primitive recursion if for all ¢ defined by

®(0,7) =x(n),
e(k+1,n0)=y(g(k,n),k,i)

with x,y €&, one has p €4.
(i) @ is closed under minimalization if for all p defined by

o(A) =pm| x(ri,m)=0]
with x € @ such that
Vi Am x(i,m)=0,

one has p €Q.

6.3.4. DEFINITION. The class R of recursive functions is the least class of
numeric functions which contains all initial functions and is closed under
composition, primitive recursion and minimalization.

6.3.5. LEMMA. The initial functions are \-definable.
PROOF. Take as defining terms
W=\ x,x,
$* =M-[F x],
Z=Xx-"0". O
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6.3.6. LEMMA. The A-definable functions are closed under composition.
ProoOF. Let x,¢,,...,,, be A-defined by G, H,, ..., H,, respectively. Then
@(n) =x(dy(7), ... ¢, (7))

is A-defined by
F=AX-G(H,X)---(H,xX). O

6.3.7. LEMMA. The A-definable functions are closed under primitive recursion.

PROOF. Let ¢ be defined by
@(0,7) = x(n),
o(k+1,n)=4(p(k,n), k,n),

where x and ¢ are A-defined by G and H respectively.
The intuitive algorithm to compute @(k,7) is the following:

Test whether k = 0.
If yes, then give output x(#);
if no, then compute y(p(k — 1, n), k — 1, n).

Therefore let F be a term such that
Fxy = If Zero x then Gy else H(Fx ~y)x 7).

F exists by proposition 6.1.6 and definition 6.2.3. By induction on k it
follows that

Frkj r’—{‘l — r(p(k’h*)j ,

1.e. @ is A-defined by F. []

6.3.8. DEFINITION. In order to represent minimalization define for P € A
Hp=0O(Nhz. If Pz then z else hz ™),
pP=H,0".

6.3.9. PROPOSITION. Let P € A be such that for all n€N
P'n'=T or P'n'=F.

Then

(i) Hpz —» If Pz then z else Hpz™.

@) If 3nP 'n =T, let m=pn[P "n’ =T).
Then yP = "'m’ .
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PRrROOF. (1) By corollary 6.1.5.
(i) By (i)
WP =T=H,n"="n",
QP =F=H,n' =HSn+1".
If m=pn[P "n' =T], then
Vi<mPk'=F and P'm' =T.

Hence by (2)
HPr01 = HPFIW - . . = Hprm1
andby (1) H'm' = "m' . Thus yP =H, 0" = "m'.

6.3.10. LEMMA. The A-definable functions are closed under minimalization.
PRrROOF. Let
o(r)=pm|x(n,m)=0],
where x is A-defined by G, say. Now define F by
Fx =p[ Ay.Zero(Gxy)].
By proposition 6.3.9(i1)) F A-defines . []
6.3.11. PROPOSITION. All recursive functions are A-definable.
Proor. By 6.3.5, 6.3.6, 6.3.7 and 6.3.10. []
6.3.12. LEMMA. Let ¢ be A-defined by F. Then for all iym € N

p(n)y=meF'ni'="m".

PROOF. (=) Trivial by the definition.
(<) Suppose F'ri'="m' . Then ¢(n)' = "m" . Since numerals are
distinct normal forms it follows from the Church—Rosser theorem that

e(M)=m. O

6.3.13. THEOREM (Kleene). The A-definable numeric functions are exactly the
recursive functions.

ProOOF. If ¢ is recursive, then by proposition 6.3.11 ¢ is A-definable. If Qis
A-definable, by F say, then by lemma 6.3.12

p(i)=moALF 'R ="m’,

T ———
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Since A is recursively axiomated, the RHS is r.e.. It follows that the graph
of @ is r.e., hence @ is recursive. []

6.3.14. COROLLARY. Let R C N* be a relation. Then R is recursive iff there is
a term F such that

F'n* =Te R(n),
(*)
F'n' =Fo = R(#).
PROOF. (=) Let K be the characteristic function of R, i.e.
Kp(7) =0e R(A),
Kp(n) = 1< - R(n).

Then K, is recursive and hence can be A-defined by H, say. Now take
FX = Zero( HX).
(=) By assumption it follows that R and — R are r.e., hence recursive.

a

If Fis a term such that (*) holds, then F is said to A-define R.

6.4. Numeral systems

Only a few properties of the numerals are needed to prove theorem
6.3.13

6.4.1. DEFINITION (i) A numeral system is a sequence

d=d,.d,,...

consisting of closed terms such that for some A-terms S; and Zero,
Si'dy=d,,,

Zerody, =T, Zero,d,, ,=F

n+1
for all n €N. §;* and Zero, are called the successor and test for zero for d.
(i) 4 is called a normal numeral system if each d, has a nf.
@) s="0", "1', ... with successor S* is called the standard numeral
system.

NOTATION. Any numeral system d clearly is determined by d, and S .
Therefore one writes d = (d,, S; ).
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6.4.2. DEFINITION. Let d be a numeral system.
(1) A numeric function ¢ : N” N is A-definable with respect to d if

3F Vn,.....n,eN Fd, - -d, =d

n, o(ny,..., np)'

(i1) d is adequate iff all recursive functions are A-definable with respect
tod.

6.4.3. PROPOSITION. Let d be a numeral system. Then d is adequate iff

3P, VvneN P;d,, =d

PrOOF. (=) By definition. (<) As for proposition 6.3.11. [

Such a P; is called a predecessor for d. Therefore a sequence d=
dy.d,,... is an adequate numeral system iff 4 has a successor, test for zero
and predecessor.

The standard numerals were chosen the way they were to give an easy
representation of the recursive functions. In the following system ¢, due to
Church, each numeral ¢, has a more direct connection with the number »:
¢, 1s an n-fold iteration operator. Therefore some concrete numeric func-
tions have simple A-defining terms with respect to ¢, see exercise 6.8.6. In
§9.2 the ¢y, ¢c,, ... are part of an adequate system for the A I-calculus.

6.4.4. DEFINITION (Church numerals). ¢ = ¢4, ¢y, ..., with
c,=Afx.f"(x)

Let S_* =MAabc.b(abc); then clearly S,* is a successor for ¢. Note that
c=My.xy=1.

6.4.5. LEMMA. There are H, H ~' € A such that for all n € N
H ™’ =c,, H_'c,,=rn1.
Proor. Define by proposition 6.1.6
Hx = If Zero x then cy else S,* (Hx™);
H 'x=x8*70".
Then the two equations follow easily. [J

6.4.6. COROLLARY. ¢ is an adequate numeral system.
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Proor. Define

Zero,=Zero o H ™',
P =Ho.P oH™
and use proposition 6.4.3. []

Some other numeral systems are given in the exercises.

6.5. More about fixed points; Godel numbers

Two proofs will be given for the following theorem. The second one is
symmetrical and extends more easily to the n-fold case.

6.5.1. DOUBLE FIXED POINT THEOREM.
VF, G 34, B[A =FABAB = GAB].
FIRST PROOF. Define
A, = 6(A\a.Fab),
By=8(\b.GAyb),  Ay=Ay.
Then
Ay =Ap,—>»FAp By=FAB,,
By—»GAp Bo=GAyB,. O
SECOND PROOF. Define
X = G(M.[F(x)o(x)l, G(x)O(x)l])’
A=(X),, B =(X),.
Then
X>[F(X)o(X)), G(X)o(X ) ];
SO

A= (X)o—» F(X)o(X ), = FAB,
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and similarly
B—»GAB.
6.5.2. MULTIPLE FIXED POINT THEOREM.
VF,....F, 3X,,....X,
X, =F X - X,

X,=F,X, X,

n

PrOOF. As the second proof of theorem 6.5.1, using Ax, - - - x,.{xy,..., x,>.

g

In addition to the fixed point combinators Y and 6, many others exist.
The following result is independently due to Bohm and van der Mey.

6.5.3. LEMMA. Let G=Ayf. f(yf) =Sk Then M € A is a fixed point combi-
nator iff M = GM, that is, iff M is a fixed point of G.

Proor. If M = GM, then for all F
MF=GMF=F(MF),

i.e. M is a fixed point combinator. Conversely, suppose M is one. Then
Mf=f(Mf)( fa variable).

Hence
M=AfMf=Af.f(Mf)=GM.

The reason that M = A f. Mf 1s as follows: By assumption and the Church-
Rosser theorem

Mf—>f(- )« f(MS).

Since M € A°, it follows that M must reduce to a term of the form A f. N.
But then

Af.Mf=Af(Af.N)f=Af.N=M. [

6.5.4. DEFINITION. (i) (B6hm) Y =Y;Y"*! = (Y")(SI).
(1) Yy = AL WWM, where W=Axz. f(xxz).

6.5._5. PROPOSITION. (i) The YO, Y', . .. are fixed point combinators.
(11) Yy is a fixed point combinator for each M.

SRR g e

CH. 6,85 MORE ABOUT FIXED POINTS; GODEL NUMBERS 143

ProoF. (i) By lemma 6.5.3.
(i) As ever. [

Note that Y' > 0.

6.5.6. DEFINITION (Godel numbering). (1) It 1s easy to define, by standard
techniques, an effective one-one map # : A— N. In the rest of this book #
denotes one such map.

(ii) §M is called the Godel number of M.

The following convention will be used throughout:

6.5.7. ConveENTION. Notions about sets of integers, sequences of integers,
etc., are translated to terms via the mapping #.

EXAMPLES. (i) A set @ C A is recursive iff & = (§M|M € @} is recursive.
(i) A sequence of terms My, M,,... is recursive iff X n.fM, is a recursive
sequence.
In fact the convention was already used in the proof of theorem 6.3.13
where it was shown that {(M, N)AFM = N} is an r.e. set.

6.5.8. NOTATION. "M ' ="M .

There is little danger of confusion between the " ' of definitions 6.2.9
and 6.5.8. The first is defined on N, the second on A.

6.5.9. SECOND FIXED POINT THEOREM.
VF3IX F'X'=X.
PrOOF. By the effectiveness of #, there are recursive functions Ap and

Num such that Ap (M, #N)=#MN and Num(n)=4#"n'. Let Ap and
Num be A-defined by Ap and Num € A°. Then

Ap ' M'"TNT="MN" Num' ' n'=""n'";
hence in particular

Num M '=""M"".
Now define

W =Ax.F(Ap x(Num x)), X=w"w'.
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Then

X=W W' =FAp "W (Num'™ W"))
=F'Wwi=FXx". QO

As for ordinary fixed points one has X—F "X '. Moreover the con-
struction is uniform in the following sense.

6.5.10. CoroLLARY. 38, EA°VFEA’ O, F'—»F 'O, F' .

PROOF. See exercise 8.5.6. [

6.6. Undecidability results

6.6.1. DEFINITION Let @ C A.
(1) & is non-trivial if @ #90, @ # A.
(i) & is closed under equality if

VM,NEA[MEéEandM=N-——>N€@].

Recall that two sets of integers €, % are recursively separable iff there
exists a recursive set & such that @c Cand BN C=9.

The following theorem is due to Scott [1963]. It is related to Rice’s
theorem in recursion theory, cf. Rogers [1967], p. 324.

6.6.2. THEOREM. (i) Let @,% C A be non empty sets closed under equality.
Then @ and B are not recursively separable.

(i) Let @ C A be a non-trivial set closed under equality. Then @ is not
recursive.

Proor. (i) Let Mye@, M, € B. Suppose C is a recursive set such that
& c C,% N C=#0. The characteristic function of 4C is recursive and hence
A-defined by some F. Hence

MeC=>F™M'="0",

MgC=oF ™M™ ="1".
Now define

G=Ax.IfZero( Fx) then M, else M.

etz
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Then
Mel=G"M' =M,
MgC=G "M =M,.
By the second fixed point theorem, G "X ' = X for some X. But then
XeEC=2X=G"X"=MeP=>XeC,
XgCP=2X=G"X'=M,e@=>X€C,

a contradiction.
(i) If @ C A is a nontrivial set closed under equality, then (i) applies to
@ and its complement. Hence @ cannot be recursive. []

Theorem 6.6.2 is false for the Al-calculus. Take @= (M € A,| FV(M)
= {x}}. This set is recursive and in the A /-calculus closed under equality,
see lemma 9.1.2(iv). The following relativization of theorem 6.6.2 also
holds for the A I-calculus.

6.6.3. DEFINITION. Let @ C A°. @ is closed under equality of combinators if
VM,NEAO[ME@andM=N=>NE@].

6.6.4. COROLLARY. Theorem 6.6.2 holds for @, B c A°® which are closed under

equality of combinators.

PROOF. Same as for theorem 6.6.2. []

Church [1936] gave one of the first examples of an r.e. set which is not
recursive:

6.6.5. THEOREM. { M | M has a nf} is an r.e. set which is not recursive.

PrOOF. The set is r.e. since
Mhasanf iff IN Nisinnfand \FM=N.

By theorem 6.6.2 the set is not recursive. []

A theory J is called essentially undecidable iff T is consistent and has no
consistent recursive extension. The following was noticed by Grzegorczyk.
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6.6.6. THEOREM. The A-calculus (i.e. the theory N) is essentially undecidable.
PRrOOF. Suppose J is a consistent extension of A. Then {M|F+M =1} is

closed under equality and nontrivial. Hence by theorem 6.6.2 not recursive.
Therefore ¥ is not recursive. []

6.7 Digression: Self-referential sentences and the recursion theorem

To conclude this section it will be shown how the constructions of
Godel’s self-referential sentence and the recursion theorem can be inter-
preted as applications of the fixed point combinator.

Let P be first-order Peano arithmetic. If s is a syntactic object of P, then
s is its Godel number (“code”) and "s'="4#s' the corresponding
numeral in P.

I. THEOREM (Godel). Let A(x) be a formula of P with FV(A(x))= {x}.
Then there exists a sentence B of P such that

P-BsA("BY).
(B says: “I have property A.”)
PROOF. Define for n|,n, € N

n,~n, iff for some sentences A4,,4, of P
n,=4#A4; and PtA, - A4,.

It is sufficient to show that given A(x) one has

e 3n n~%A4("n").

For then, taking B such that n = £B,
PtBeA("n')y=4("B).

In order to prove (1) make the following abbreviations.
(1) For a variable x and n € N

Ax.n={tx,n),

where { , ) is a primitive recursive pairing function with inverses ( )os

( )y

SRS 5
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(i) For n, m € N write

n.m =the code of the result of substituting " m"

for the free variable with code (n), in the

formula with code (n),.
Then - is primitive recursive and
(2) (Ax$A(x)).m=44("m").

Since the (primitive) recursive functions are representable in P, it may be
assumed that there is a binary function symbol o of P such that

3) Pt'n' o "m'="n.m".
Now let v=Ax.f4(x°x) and n=v.v. Then
n=v.v=Ax$A4A(x o x)).v
=44("0" o To7) by (),
~BA(T o0 )=44("n").
The step ~ is valid, since by (3)
PrA("o' v "o )eod(Te.0). O

II. RECURSION THEOREM (Kleene). Ler {e} denote the partial recursive
Junction with index e. Suppose f is a total recursive function. Then for some n,

{f(n)}={n},

i.e. f(n) and n are index of the same partial recursive function.
ProOOF. Define x.y ~ {x}(») and

x~yoVzxz~y.:z,

In this notation, one has to prove that for each total recursive f,
f(n)~n for some n.

LEMMA. Let y(x) be partial recursive. Then for some v

(1) v.x ~Y(x), for all x; (if Y(x)1, then v.x is index of \z.7).
(i1) {v} is toral.
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PROOF. A xy.{¢(x)) y) is partial recursive, hence for some e
{e}(x, ) ={d(x)}(»).

By the s-m-n theorem
{¥()} ()= {si(e,x)}(»).

Now v is defined by {v}(x)=s,(e, x). Then

v.x.y=s1(e,x).y=y(x).y,

$0 v.x ~y(x). Moreover {v} is total since s, is primitive recursive. []

NortaTioN. The v constructed in the lemma will be denoted by Ax.y(x).
Then

@) (Ax.(x)).a~y(a),

(11) (Ax.y(x)).a is always defined.
Now define v = Ax. f(x.x), n=v.v. Then by (ii) n is well defined and by
®)

n=v.o={(Ax.f(x.x)).o~f(v.v)=f(n). O

The recursion theorem can be interpreted as the fixed point theorem for
an appropriate precomplete numbered set in the sense of Ershov; see
exercise 6.8.18.

6.8. Exercises
6.8.1 Prove
(My,...,M,>=(Ny,...,NY>>M,=N, ..., M,=N,.

6.8.2. Construct K®, 4 € A such that
(1) K®x = K%,
(1)) Ax = xA.
6.8.3. Show that for K™ as above one has K # K®

6.8.4. Construct F, r € A? such that
DVAENF 'n xy=xy~"
W VnENVi<na 'n" 77 =g,
6.8.5. Construct a sequence 4y, 4,, ... €A such that
Ap=8 and A4,,,=A,4

nTn+2°

6.8.6. (Rosser). Let 4, A4, A cyp be terms such that

A,y =hpqxp(ypq), A xy=xcy, = Ay Xy =yx
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Show that with respect to Church’s numerals ¢, = Afx.f"(x) the functions addition, multiplica-
tion and exponentiation are A-defined by 4,, 4, and A, respectively (except cyc, =
1=,cp

6.8.7. State and prove a general fixed point theorem, combining proposition 6.1.6 and
theorems 6.5.2. and 6.5.9.

6.8.8. Show that VM IM’'[M’ in nf A M'I = M].
6.8.9. Prove (i) Ypyy = ¥Yy=M =N,

*(@) Y™ =Y"=>m = n. [Hint. Let m % n. Introduce a convenient notation to show that Y™
and Y” have no common reduct and apply the CR theorem.]

6.8.10. Show AIM M= "M,
6.8.11. (Church). Show that the set {M|M =1} is not recursive.

6.8.12. Let @, B C A be non empty sets closed under equality. Show that @ and B are
effectively inseparable (see e.g. Rogers [1967] for the definition of this concept).

6.8.13. Show that a numeral system d is adequate iff
AF, F'VYneN F'n'=d a F 'd,="n"
Conclude that for all adequate numeral systems d, d’
36,67 'VneN Gd,=dAG 'd.=d,
6.8.14. (Klop). Define

£ = Aabcdefghijkimnopgstuvwxyzr.r( thisisafixedpointcombinator),
S = LELLEEESEELEEELELLLLELLEES

Show that $ is a fixed point combinator.

6.8.15. (Barendregt, Dezani and Klop). (i) Let X = {x,, .. ., »} be a finite set and let - be a
binary operation on X. Construct terms X, . . ., X, € A? such that for all i,j,k<n

XX, =Xy & x;-x,= x.

Take e.g. Klein’s fourgroup. [ Hint. First solve (ii).]

(i) Let f: NN be recursive. Construct distinct Xo» X5 - - - €EA° such that for all
nmeN

XoXo = Xgin, my-

[Hint. Try X, =[A4, "n']]

(iii) Show that in (i) the assumption that f is recursive cannot be ommited.
6.8.16. Let dy, dy,... be an adequate numeral system. Define d;=YCd,, where C=
Axyz.x(zy). Show that all unary recursive functions can be represented on the do, dy, ... .
[Hint. Consider F' = Ax.xF]
6.8.17. (B. Friedman) Let f, = Axyz.y and Sf+ = Ax.{x). Show that P =(I) and Zero, =
Axyz.x(Ax'y’'z’.z")yz make (f, S/*) into an adequate numeral system.

For the next exercise we need the following concepts from Ershov [1973].
(1) A numbered set is a pair y = (S, »), where S is a set and » : N> § is a surjective map.
(ii) P = {y : N—N|y partial recursive}, F = { f : N—N]|f (total) recursive}.
(iif) Let y = (S, ») and y' = (S”, »") be numbered sets. A morphism between y and v’ is a
map p: S— S’ such that

3feF vVof=pon.

In that case it is said that p is given by f.
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(iv) A numbered set y = (S, ») is called precomplete iff

Yy EP 3f€ F Vx€Dom(y) »(f(x)) = r(y(x)).

6.8.18. (Ershov). Show that if y=(S,») is a precomplete numbered set and p:y —>7y is a
morphism, then 35 € § ps=s. [ Hint. Let p be given by f. Consider y(x) = f({x} x)).]
6.8.19. (i) (van der Poel et al. {1980]) Show that the sequence p, = Axy.xy™" is an adequate
numeral system.

(ii) (Bohm, Dezani-Ciancaglini) Show that the following two numeral systems are adequate:

d=(Y, Ax.[x, P]), P arbitrary,
e=(K, Ax.[x, Y]).

[Hint. For d use as a predecessor (K) and as test for zero [KT, 1).] Hence an adequate
numeral system is not necessarily normal.

6.8.20*. A numerical system d is adequate for Ay iff for all recursive functions ¢ : N >N
there is a term F € A° such that

Fd, =, d..

Show that the following two sequences b and w are numeral systems, adequate for Ay.

(i) (Bohm). If xo, ..., x,, n > 1, is a sequence of variables, then x,, . . ., x, denotes the
same sequence with the last two variables interchanged, ie. xg, x,..., X, 5 X,, X,_.
Define :

b’l EAXO t x’l+l'x0 to 'i'l‘f'l'

(i) (Wadsworth [1980]).

Wo =Axg - - - X, X000 (- - (X (KK).))x - - - x,

n n

6.8.21*. (Barendregt; Wadsworth). Consider the sequence a, = K*(1). Show that g is not a
numeral system.

6.8.22*. (i) (C. E. Schaap) Let sch, =Ax.Ix™". Show that sch is an adequate numeral system.

[Hint. Use exercise 2.3.5.]
(i1) (H. den Hoed) Consider the following definitions.

(1) If a is a finite word over {0, 1}, say a = 1101, then « is the converse, in this case
a=1011.

(2) If « is a finite word over {0, 1}, say a =iy, . . ., i, then xa is the A-term xx; - - - x,,
e.g. x(1101) = xx;x;x4x,.

(3) If n € N, then a, is the word over {0, 1} which denotes n in binary notation.

(4 If n € N, then h, = Axxyx,.xa,.
Show that & is an adequate numeral system. {See van der Poel et al. {1980] for solutions.]
6.8.23. (J. Terlouw). Prove Scott’s theorem 6.6.2 without the use of the second fixed point
theorem. [Hint. Let @ CA and Mye @, M, ¢ @. Define B = (X|X ‘X" € @). If @ were
recursive, then there is an F € A with

XER=>F'X =M,
XeB=F'X" =M,

Derive a contradiction.]
6.8.24. Let X = O(f - g). Show that g(X) is a fixed point of g » f.

CHAPTER 7

THE THEORY OF COMBINATORS

This chapter studies the formal system combinatory logic, CL, and its
relation to A. For motivation to introduce this theory see §2.2. Applica-
tions to the A-calculus will be given in chapter 8. The title “Theory of
combinators” indicates the informal meta theory over CL.

7.1. Combinatory logic

7.1.1. DerINITION. CL is an equational theory formulated in the following
language:

Alphabet: K.S§ constants,
Ug,0,... variables,
= equality,
(,) improper symbols.

The set of CL-terms, ¢, is defined inductively as follows:
i) xel;

() Kel, se;

(i) P, Q € =(PQ)EC.

Formulae of CL: P= Q,with P, Q € C.

As for A, x,y, ... range over arbitrary variables. P, Q, ... range over
€. Syntactical conventions for CL are like those for A (e.g. association to
the left).

Since there is no variable binding operation in CL, the notions of free
variable and of substitution are simpler for CL than for A. FV(P) denotes
the set of all variables in P; P[x:= Q] denotes the result of substituting Q
for all occurrences x in P.

Pisclosed iff FV(P)=9.

= {P e C|Pclosed).

151
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7.1.2. DErINITION. CL 15 defined by the following axioms and rules.

(I.1) KPQ = P,
(1.2) SPQR = PR(QR).

dL) P=P,

(12) P=Q0=Q0 =P,

(13) P=Q,0=R=>P=R,

(I14) P=P =PR=P'R,

(I.5) P=P'=RP=RP'.

7.1.3. PROPOSITION. Let Q,, Qz both fit in X. Then
CLFP(X)=Py(X), CL+Q, =0, = CLFP,(0,) = Py (0,).

Proor. Like the proof of proposition 2.1.22 but easier since there is no
variable binding in CL. [

Now it will be shown that A-abstraction can be simulated by K and S.
The proof is related to that of the deduction theorem for some Hilbert type
formulation of propositional logic, see Howard [1980].

7.1.4. LeMmMA. Define I= SKK. Then

VPEC CL+-IP=P.

PROOF. CL+IP = SKKP = KP(KP)=P. [

7.1.5. DEFINITION. Define A*x. P by induction on the structure of P as
follows:

A*x.x=1,
Ax.P=KP if x@&FV(P),
A*x. PO =S(A*x.P)(A*x.Q).
As in notation 2.1.3 set
A*xpcoox, P=Ax.(- - (A*x,. P)..).
EXAMPLE. A*xp yx = A*x.(A\*y yx) = A*x. SI(Kx) =
S(K(SI)(S(KK)I).
7.1.6. PROPOSITION. (i) FV(A\*x.P) = FV(P) — {x)}.

(i) CLF(\*x.P)x = P.
(ili) CLF (A\*x.P)Q = P[x:= Q).
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PROOF. (i), (ii) By induction on the structure of P.

Case 1. P=x. Then A*x. P =1, hence (1) is trivial and (ii) follows from
lemma 7.1.4.

Case 2. x € FV(P). Then A*x.P = KP, hence (1) is immediate and (ii)
follows from the axioms for K : KPx = P.
Case 3. P= PPy, x € FV(P, P,). Then

A*x. P=S(A*x.P)(A*x.P,).
Therefore by the induction hypothesis
FV(A*x.P) =FV(A*x.P) U FV(A*x. P)
=FV(P P)— {x}.
Moreover by the axioms for S:
CLE(A*x.P)x =S(\*x.P,)(A*x.P,)x
=(A*x.P)x((A\*x.P,)x) = P,P,= P.
(1) By (ii) using proposition 7.1.3. O
7.1.7. LEMMA. Let x ¢ FV(Q) and x £y, then
(A*x.P)[ y:= Q] =N*x.P[y:= Q]

ProoF. By induction on the structure of P. O

7.1.8. COROLLARY. Let P = P(X) and éﬁt in X. Suppose X & W(é). Then
CLF(\*X.P)Q = P(Q).
PrOOF. By proposition 7.1.6(iii) using lemma 7.1.7. O

The variable condition in lemma 7.1.7 and corollary 7.1.8 are not
superfluous. For example,

CLY (A*xy.x)yQ = x[x=y][y= Q]

Therefore it is convenient to assume the variable condition also for CL.
There is no need however to identify a-congruent terms: they are identical.
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7.1.9. LEMMA. Let y &€ FV(P). Then
A*x. P=A*y P[xi=y].
PrOOF. By induction on the structure of P. [
To conclude this section the rule of extensionality is considered for CL.

7.1.10. DerINITION. CL + ext 1s CL extended by the following rule of
extensionality:

ext: Px=Px,x&FV(PP)=P=P.

7.1.11. LEMMA. (1) CL + extt K = A*xy. x(= S(KK)I), and CL + ext+-S =
A*xyz-xz(yz).

(1) CL + ext is closed under the rule
(£) P=Q0=A*x.P=A*x.Q.

ProOF. (1) CLtKxy = x = (A*xy.x)xy. Hence by applying the rule ext
twice

CL + extt K =A*xy.x.
Similarly
CL + exttS =A*xyz-xz(yz).
(11) Suppose
CL+ext-P=0Q
Then by lemma 7.1.6(11)
CL + extt-(A*x. P)x = (A*x.Q)x.
Hence by ext, using lemma 7.1.6(i),

CL+exttrA*x. P=A*x.Q. O

7.2. Reduction for CL

There is a notion of reduction, w, that generates equality provable in
CL. The corresponding relation —»is called weak reduction.

|
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7.2.1. DEFINITION. w = {(KMN, M) M, N € C} U
{(SMNL, ML(NL))|M, N, L € C}. As in remark 3.1.7 w induces binary
relations —,, —», and =, on C.

—»,, is the smallest relation extending w that is compatible with applica-
tion and —», is the reflexive transitive closure of — .

= is the least equivalence relation extending —»,,.
—»_ is called weak reduction because, for example, SK is in w-nf but its

w

corresponding A-term (Axyz.xz(yz))(Axy.x) does reduce.

7.2.2. PROPCSITION. M = NeCLEM =N

PrROOF. Analogous to the proof of proposition 3.2.1. [
7.2.3. THEOREM. w is CR.

ProOE. See exercise 7.4.13. []

The following consequences of proposition 7.2.2 and theorem 7.2.3 are
summarized as follows.

7.2.4. CHURCH-ROSSER THEOREM FOR CL. (i) If CLF M = N, then 3Z € ¢
[M—> ZAN—>,Z]
(i) If CL- M = N and N is a w-nf, then M— N.
(iii) Ler M, N € C be distinct w-nfs.
Then CLY M = N. In particular CL is consistent.
PrOOF. By theorem 3.1.12 and corollary 3.1.13. [

Next we mention that equality provable in CL + ext also can be
analyzed by a recursive notion of reduction s (strong reduction).

7.2.5. Facrt. (i) (Hindley [1967]; Lercher [1967]). There exists a recursive
notion of reduction s such that for M, N € C

M= _NeCL+extb-M=N.
(i1) (Curry et al. [1958] §6F). Moreover, s is CR.

PRrROOF. See references. [

That (ii) was proved before (i) is due to the fact that first —» was defined
(Curry’s strong reduction >—) and only later —_ and s.
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Strong reduction will not be considered any further. The reason is that
the theory CL + ext is equivalent with A + ext and for the latter theory
there is the convenient notion of reduction Bn, while strong reduction is
rather complicated. In fact, that s is CR is a consequence of Bn being CR,
and no direct proof is known. Moreover s is, as a set of pairs, not a
function, i.e. an s-redex may have several contracta.

In Klop [1980a] some differences between w- and B-reduction are
proved. It is shown that if G_( P) contains a reduction cycle (e.g. SIHI(SIT)),
then it contains infinitely many reduction cycles. This is not so for
B-reduction, consider e.g. Gg((Ax.xx)}Ax.xx)). In Hindley [1977] the
notions w-, s- and S-reduction are compared.

7.3. The relation between CL and A

Once abstraction is defined in CL, there are canonical mappings be-
tween Cand A.

7.3.1. DEFINITION (standard translations between ¢ and A). The following
mappings

( )a:CoA, ( Jer:A-C

are defined inductively as follows:

¢ (O =x,
(K), =K,
(S)A = s’

(PO = (PI(Q)

( Jews (X)eL=x,
(MN)cL=(M)c(N)eyp,
(Ax.M)c,=X*%.(M) ..

NOTATIONS. Py = (P),, P\ L =(P\)¢, for PEC.
Mcp =(M)cp; Mg = (Mcy )y, for MEA.

7.3.2. LeMMA. (i) FV(P) = FV(P,) for P€C.
(ii) FV(M) = FV(M_,) for M€ A.

ProoF. By induction on the structure of M, using lemma 7.1.6 (i). []

7.3.3. LeMMA. CLFP = Q=AF P, = Q,.
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PrOOF. By induction on the length of proof of P=Q. []

The converse is not true however. For example A SK = K1, but CL# SK
= KI. This is because CL is not closed under the rule £, i.e. in general

CLF-P= Qs CLFA*x.P=\*x.Q.

For example CL} Ix = x, but CL¥S(KI)I = I.

Curry extended CL by a finite set 4, of closed equations such that
CL + Ag is equivalent to A. We follow his construction.

First an auxiliary abstraction operator is introduced.

7.3.4. DEFINITION. A, x. P is defined by induction on the structure of P.
Ax.x=1,
Aix.c=Kc ifcisavariablexorc€{K,S},
AMx.PO=S(Ax.P)(Ax.0).

Let A be a set of equations between closed CL-terms. CL + A is the
theory CL extended by the elements of A as axioms.

7.3.5. LEMMA. Consider the schemes
(1) K=Axy.x,
Q) S =A*xyz.xz2(yz2),
() S(KP)(KQ) = K(PQ),
4 A*x.KPQ =A*x.P,
(5) A*x.SPQR = A*x.PR(QR).
(1) If CL + 4 proves 1, 2 it also proves P, o, = P for all P € C.
(i) If CL + A4 proves 3, it also proves A*x.P =A,x.P for all P € C.
(iii) If CL + A proves 3, 4, 5, then CL + A is closed under the rule &:

CL+AFP=0Q = CL+AFA\*x.P=\*x.0.

ProOF. (i) By induction on the structure of P.
(it) By induction on the structure of P it follows that

Ax.P=KP if x&FV(P),
Ax.P=A*x.P.

(it)) By induction on the length of proof of P = Q in CL + A. The axioms
of CL follow from 4, 5. The axioms in A are easy to treat. For the rule
P = Q= RP=RQ, use (i) and the induction hypdJthesis. The rest is easy.

O
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7.3.6. DEFINITION. 4, is the following set of axioms.
(A1) K=Mxy.Kxy, (A1) K=Axp.x;
(A2) S =A*xyz.Sxyz, (A2) S=Nxyz.xz(yz);
(A3) M*xy . S(Kx)(Ky) = A*xy . K(xy);
(A.4) N xy.S(S(KK)x)y =AN*xyz.xz;
(A5 Az . S(S(S(KS)x)y)z = AN* xyz.S(Sxz)(Syz).

7.3.7. LEMMA. In CL + A, one can prove schemes (1), (2), (3) and (5) of
lemma 1.3.5. In particular

A*x.P=Xx.P.

Proor. (1) and (2) are given. (3) follows by applying both sides of (A.3) to
P and Q. It follows by lemma 7.3.5.(ii) that A*x.P = A x.P. Therefore, to
obtain (5), it is sufficient to prove

A x.SPQR = A x.PR(QR).
This follows by applying both sides of (A.5) to A\x.P, A\ x.Q and A, x.R.

O

REMARK. Note that by replacing the RHS of (A.4) by A*xy. x, also scheme
(4) will follow this way. However this new version of (A.4) is not a valid
equation when translated into A-terms.

7.3.8. LEMMA. In CL + Ay one can prove
(1) A*z.8PQz = SPQ, provided z & FV(SPQ),
(i) A*z.(A*x.P)z = A*x. P, provided z & FV(P),
(i) A*z. KPQ = \*z.P.

PRrROOF. (1)
SPQO = (A*xyz.Sxyz) PQ by (A2),
=A*z.8PQ: by lemmas 7.1.7, 7.1.8.

(1) Case 1. P = x. Then A*x. P= I = SKK and we are done by (i).
Case 2. x € FV(P). Then

AMx.P=KP=(Axy.Kxy)P by(A.l),
=A*y. KPy by lemmas 7.1.7, 7.1.8,

=A%z (A*x.P)z by lemma 7.1.9.
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Case 3. P =P, P,. Then A*x.P =SQR and we are done by (i).

(iii)) A*x.KPQ =\, x.KPQ bylemma 7.3.7,
=S(S(KK)(\x.P))(A\,x.Q)
= (A*xy.S(S(KK)x)y)(A,x.P)Ax.Q)
= A*xyz.xz)(A*x.P)(A*x.Q) by A4,
=A*z.(A*x.P):z
=A*x.P by(ii). O

7.3.9. CorOLLARY. CL + Ag proves schemes (1),...,(5) of lemma 1.3.5.

7.3.10. THEOREM. A and CL + A, are equivalent in the following sense.
(1) AEMep = M; in fact My \—>pM.
(i) CL + Agh Py o =P.
" () AFM=NeCL+ gk My, = N, .
(iv) CL+ Ap-P= Q= AFP, =Q,.

Proor. (i) First show by induction on the structure of P €

(*) (A*x.P),—> ghx.P,.

Then the statement follows by induction on the structure of M € A.

(i1) By lemmas 7.3.7 and 7.3.5 (3).

(1) (=>) First show by induction on the structure of M that

(M[x:=N1), =M¢[x:= N ]

Then the result follows by induction on the length of proof of M = N,
using that by corollary 7.3.9 and lemma 7.3.5 (ii1) CL + A is closed under
the rule &.

(iv) (=») First show that A proves all translated 4, axioms (use ( *)).
Then the result follows by induction on the length of proof of P = Q.

(1if) (<) Suppose CL + AgtM ;= N;. Then by (iv) (=) one has
AFMc, = N - Hence AEM = N, by ().

(iv) («=) Similarly. J

Now it will be examined what happens if extensionality is added.

7.3.11. LEMMA. CL + extt (A.1), (A.1), (A.2), (A.2'), (A.3), (A4), (A.5).
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PROOF. As a typical example we show (A.3).
(A*xy.S(Kx)(Ky))xyz =S(Kx)(Ky):
= Kxz(Kyz) = xy.
(Mxy. K(xp))xyz = K(xp)z=xy.
Hence the result follows by applying ext three times. a

7.3.12. THEOREM. CL + ext is equivalent with \ + ext in the sense of theorem
7.3.10.

PrROOF. The analogues to (i), (ii) in theorem 7.3.10 follow since A CA+ext
and CL + Ag C CL + ext, by lemma 7.3.11. Analogues to (iii), (iv) follow
by induction on the length of proof. Lemma 7.3.2 is needed to show that
after translation an application of ext remains valid. []

By theorem 2.1.29 the theories A + ext and Ay are equivalent. Similarly
one can axiomatize the rule ext in CL.

7.3.13. DEFINITION. A gn 18 the theory 4 g extended by the following axiom
(A6) \*x.S(Kx)I=1I.

7.3.14. THEOREM. CL + Ag,tP=Q<CL + ext-P = Q. Hence the four the-
ories

A+ ext, Ay, CL + ext, CL +Ag,

are all equivalent.
PROOF. (<) Applying both sides of (A.6) to P gives
6) A*x.Px=P if x¢&FV(P).

Then CL +Ag, is closed under the rule ext: for if x & FV(PQ) and
CL + A4, Px = Qx, then

CL + g, FA*x. Px = A*x.Qx
by corollary 7.3.9 and lemma 7.3.5(iii) and so

CL+ A, FP=Q, by(6).

The statement now follows by induction on the length of proof in CL + ext
of P=Q.

i
H
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(=) First show that CL + extt(A.6). Then the result follows by induc-
tion on the length of proof. []

Now the axioms A4, and 4 o are given explicitly.

7.3.15. COROLLARY. Consider the following combinatory axioms.

[ (A.]) K= S(S(KS)(S(KK)K)) K(SKK)),

(A2) §=S(S(KS)S(K(S(KS))S(K(S(KK)))S)NK(K(SKK))),

m [(A3) S(S(KS)S(KK)S(KS)K)XKK)=S(KK),
A [Ad) SKS)S(KK))=
S(KK)(S(S(KS ) S(KK ) SKK))) K(SKK))),
(A.5) S(K(S(KS))NS(KS)S(KS)) =
4 = S(S(KS)S(KK)S(KS)S(K(S(KS)))S)N(KS),
" lA6) S(S(KS)K)K(SKK)) = SKK.

If we take
Ap={(A.1),(A2),(A3),(A4),(AD))

and
AB"I = {(AB)’ (A4)’ (AS)’ (A6)}’

then (in the sense of the theorem)
() CL + Ag and X are equivalent,
(1) CL + A, and An are equivalent.

PROOF. (i) (A.1) and (A.2') of definition 7.3.6 follow from (A.1),...,(A.5).
The explicit axioms are obtained by working out A*x (sometimes using
short cuts like A, x, see exercise 7.4.3).

(i) (A.1) and (A.2) follow from (A.3),..., (A.6).
Do exercise 7.4.12 for the details. []

It follows that there is a first order description of the concept of
A-algebras. See theorem 5.2.5.

It should be noted that the standard translations do not preserve normal
form or reduction.

7.3.16. ExampLEs. (i) SK € Cis a w-nf, but (SK), = SK is not a -nf.
(ii) Let o=SIll and P=S(Kw ) Kw).

Then P is a w-nf, but P, =B)\x.9 does not even have a 8-nf.
(iii) One has

}\x‘ll—>ﬁ?\x.l,
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but for the CL translations
S(KI)Y(KI-», KI.

Also strong reduction is not preserved by the standard translations; see
Curry et al. [1958] p. 221.

On the other hand the concept of solvability is invariant under the
standard translations. For CL solvability is defined as follows.

7.3.17. DEFINITION. (i) P € C° is w-solvable if 3Q PQ = I.
(i) P € Cis w-solvable if there is a substitution instance P* € CO that is
w-solvable.

In proposition 8.3.22 it will be shown that M € A is B-solvable iff M, is
w-solvable.

7.4. Exercises
7.4.1. Show that for P, Q € C
P, Q= P, >0,

7.4.2. Draw G,(R(,) and Gg(S).
7.4.3. Apart from A* and A, there are other ways to define abstraction in CL.
(i) Show that A, defined inductively as follows is one such possibility.

Ax.x = SKK,
Mx.P=KP if x&FV(P),
Mx.Px=P if x @ FV(P),

A x.PQ =S(Mx.P)(A;x.Q) if the previous cases do not apply.

Prove CL+(\,x.P)Q = P[x= Q]
(ii) Show that if x @ FV(Q) and x sy, then

(Apx.P)y=Q]=Nx.Ply= Q]

Note that the structure of A,x.P is in general simpler than that of A*x.P or A;x.P. See
Curry et al. [1972], §11C for a discussion of the various possible ways of defining abstraction
in CL.

7.4.4. Show that

VPE@ 3Q €@, Qinwnf, YREC QOR—»,P.

7.4.5. An S-term is a CL-term consisting of only S’s (and parentheses). Find out which of the
following S-terms have a w-nf. See also Barendregt et al. {1976] §7.
(1) SSSSSSS.
(i1) (A. Petorossi) SA4(SAA), where A =SSS.
*(iii) (M. Baron; M. Duboué). S(SS)SSSS.
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7.4.6. (Bergstra, Klop [1979]). Show that no S-term P “cycles”, i.e. not P—» P.
>0

7.4.7. (Klop). (i) Let P be a term of CL that can be written without parentheses (e.g. SKSSK).
Show that P has a w-nf (P even strongly normalizes). [ Hint. Use the previous exercise.]
(ii) Show that (i) becomes false if I is treated as a constant.

7.4.8. Memorize the following definitions; they are frequently used in Curry et al. [1958,
1972].

@) B = Axyz.x(yz2), B =B,
C = Ayz.xzy, C =Cy,

J = Ayzw.xy(xwz), J =d¢r,
W=2Ay.xy, W=W¢,

P = Ayzw.x(yw)zw), =P,

¥ = Agyzw.x(yz X yw), v=¥.

(ii) For arbitrary M, M, = M. In particular C, = A xy. yx.
7.4.9. (Hindley). Construct a P € C° in w-nf, such that

voee PQ—», P
7.4.10. (Bohm, Dezani-Ciancaglini [1972]). Consider the alphabet = = {K, S,(, )}. =* is the
set of all words over X (i.e. finite strings «a, ..., a,, with a; € Z). Note that @0 =*. Define
(PY=A*x.xP,
P.Q=A*x.Q(Px),
B=A*xyz.x(yz).

Define ¢ : =* —C° as follows.

e(K)=(K>, @(S)=<S>.
o(()=B  ¢())=1l
plajay - a)=@(a)eaz) - ela,)
Show that
VPel CL+ext-@(P)=(P).
[ Hint. First show that . is associative and that P.I=1.P= P

Moral. The meaning of P can be found without parsing.
7.4.11. (Church [1936a]). Using results about CL, show that the predicate logic with a binary
relation and a binary function symbol is undecidable. [ Note. Kalmar [1936] showed that the
predicate logic with just one binary relation symbol is undecidable. Behmann [1922] showed
that the predicate logic with only unary relation symbols is decidable. See also Church
[1956].]
7.4.12. Fill in the details needed for the proof of corollary 7.3.15.

!
7.4.13. Show that the notion of reduction w is CR. [ Hint. (Rosser [1935]). Define M —» N iff

there are disjoint w-redexes R,,...,R, in M and N results by contracting R;,...,R,. For
1

n

example S(KPQ ) SPQR) — SP(PR(QR)). Show that
!
(1) — satisfies the diamond property

1
(ii) —»,is the transitive closure of — ]

7.4.14. (Grzegorczyk). (i) Show that if @ C ° is a non trivial set (=8, = ) closed under
equality (M €@ M =N € @= N € &), then @ is not recursive.
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(i1) Prove that the first order theory T, with axioms
Vxy kxy=x,
Vxyz sxyz=xz(yz), sk

is essentially undecidable (that is, T¢, has no consistent recursive extensions).
(iii) Show that T, has no recursive models.

7.4.15. Define ( )¢z, : A—C as follows:
XLz = x,
(MN)cr2= (M)cr2(N)cra,

Ax.M)cpy= Ayx.(M)cry,  see exercise 7.4.3.

(1) Show that A + ext and CL + ext are equivalent via the translations ( hand ( )ego
(ii) Show that P, ¢y, =P and (P[x:= Q])¢y, = Ppofx= Qcro] forall P, Q €C.

CHAPTER 8

CLASSICAL LAMBDA CALCULUS (CONTINUED)

8.1. Bases and enumeration

In this section some applications of the theory of combinators to the
A-calculus are given. The point is that the set A® can be generated by the
A-terms K, S. A priori this not obvious since A° is defined via the set A of
open terms and not directly by an inductive definition.

8.1.1. DeriNiTION. (i) Let X C A. The set of terms generated by %X,
notation X, is the least set %Y such that
Xy,
QOMNEY=>MNEY.
(i) Let @ c A. X C A is a basis for @ if
YMe@ ANEXT N=M.
(ii) %X is called a basis if X is a basis for A°.

8.1.2. ProOPOSITION. {K, S} is a basis. In fact
VM eA®’ AN (K S}" N>M.

ProoOF. Clearly if P € @, then P, € (K, S}*. Now let M €A’ then
M, € &, hence M, , € {K, S}*. Moreover M, x—»zM, by theorem
7.3.106). [

8.1.3. CorOLLARY. If %X is a basis, then

VM eA’ AN EX* N->M.

PROOF. By assumption 3Ny, Ng € X* N, =KA Ng=S8. Since K, S are in
nf, it follows by the CR theorem that

Ny—>K,  Ng—»S.

165
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By the proposition,

VM eA ILe(K S} L>M.
But then

AL €N, N} T CX* L'»>L—»M. O

Now it will be proved that there is a basis consisting of one combinator.
The given construction i1s due to Rosser simplifying a construction of the
author. Prior to this C. A. Meredith (see Meredith and Prior [1963]) had
found one point bases by considering a single formula axiomatizing
positive implicational logic. See also exercise 8.5.16.

8.1.4. PROPOSITION. There exists a basis consisting of one element X.

ProOF. Define X=<K, S, K. It can be readily verified that
XXX =K and X(XX)=S8.

The result now follows from proposition 8.1.2. [

8.1.5. DEFINITION. A term M € A enilmerates aset @ CAif

VNe@ IneN M'n' =N

If one wants to enumerate the set A° then it seems that one has to
enumerate also all subterms of terms in A°. This is impossible, since no
(finite) term can produce all free variables. This difficulty will be avoided,
essentially by constructing the enumeration via a base. Following Kleene
[1936] a term E € A° will be constructed enumerating A°.

8.1.6. THEOREM. There is a term E € A° such that
VMeAN E'M' >M.
ProOF. The proof is given in several steps.

(1) Lemma. Let {X)} be the one point base for A° constructed in proposition
8.1.4. Then

VM eA®’ IM e{X})" M—>M.

Moreover, M’ can be found effectively from M.
Proof. By corollary 8.1.3 and its proof. [J,
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(2) Definition. For M € {X}™ define M € N inductively as follows:
BX =0, HAB=ChA, 5B,

where { , > is some recursive pair function such that 0 is not a pair and
having recursive projections pg, p,.

(3) Lemma. AF € A° YM € {X}* F'tM ' —»M.
Proof. Let p,, p, be A-defined by respectively Py, P, € A% Define F by

Fx — If Zero x then X else F(Pyx)(F(P,x)).

By induction on the structure of M € {X} * it follows that F "gM ' —> M.
s
(4) Lemma. 3G € A° YM €A’ G "M —> "5(M")" with M’ as in (1).
Proof. By (1) and (2), fM’ can be found effectively from M and hence

from # M. Therefore by Church’s thesis there exists a recursive function g
such that

g(# M) =h(M’).
Let G be a A-defining term for g. Then by definition 6.3.1
G"M - "a(M) . O,

(5) End of the proof. Finally define E = Ax. F(Gx) with F and G as above.
Then for all M € A° :

E'M »>F(G M)>F M) >M>M. Os O

From now on E denotes the term constructed above.
Terms containing at most a fixed finite set of variables can also be

enumerated.

8.1.7. COROLLARY. For each X there is a term E; € A°(X) such that
VMeAN(X) EIM' >M.

PrOOF. Let X be given. By the effectiveness of the Godel-numbering there
exists a recursive function f such that for all M € A

F(#M) = #(AZ.M).
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Let F A-define f; then
VMeA FTM'S5"AX.M'.
Now define
E;:=MAa.E(Fa)x.
Then for M € A%(x)
EIM »E(F"M)%
—>E"AX.M'X
—»(AX.M)X since AX.M is closed,

M.

8.2. Uniformity; infinite sequences

Infinite sequences of terms that are ‘uniform’ can be coded as a single
term.

8.2.1. DEFINITION. Let M, € A be defined for each n € N. M, is uniform in
n if for some F

(%) VneN F'n'=M

If (* ) holds, then F is said to A-define the sequence An.M,.

8.2.2. PROPOSITION. Let M, be a sequence of terms such that
(1) IXVneN M, € A%,
(i) Nn.# M, is recursive.

Then M, is uniform in n.

PROOF. Let G A-define X\ n.#M,. Then by corollary 8.1.7
(EzoG) ' n' =EiM =M,.
Hence M, is uniform in n. [
Note that condition (i) above is also necessary. If F'n' = M, for all n,
then M, € A°(X), where X = FV(F).
Condition (ii), however, is not necessary. Let M, =1~/ where f is some

nonrecursive function. Then (i) is not satisfied, although for each n,
M, =1 and hence M, is uniform in n.
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Let M, be uniform in n. We want to code the infinite sequence
My, M|, ... asasingle term [ M, ], cn-

8.2.3. DEFINITION. Let M, be sequence uniform in », say

F'n'=M, forallneN.

Define
A=06(\ax.[ Fx, a(S*x)]),

[M,], =407,

Jne
@, =wt = A xF~'T (cf. definition 6.2.7).

A is called the generator of [M, ], .. Note that 4 and [ M, ], depend on
the choice of F A-defining N\ n. M,. Whenever necessary we say that 4 and
[M,],cn are defined via F. If there is little danger of confusion we
abbreviate [M, ],y as [M,] or write [ My, M,,...] instead.

8.2.4. LEMMa. If [M,] is defined via F, then FV({M,]) = FV(F).
PROOF. [M,]=O(Aax.[Fx,a(S*x))0". O
8.2.5. PROPOSITION. (i) Let A be the generator of [M},cn. Then for alli € N

[M

) wen=[Mo»-- s My, AT i+ 1" ]
(i) ForallieN

W[M ]nEN=Mi‘

I n

ProOF. Let A,[ M, ] be defined via F. Note that for all i €N
AT =[FTi AT+ 1 =M, ATi+ 1.

Therefore
[M.]

n

A70'

[ My, 4717 ]

[ Mo.[ M, 472" ]]=[ My, M, 472" ]

=[My,.... M, ATi+1"].

() m(M,]=a/*'[My,... .M, A"i+1 =M. O
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8.2.6. COROLLARY. Let the sequence Xxn.M, be A-defined by F and suppose
that for alln €N F'n' —>M . Let [ M, with generator A be defined via F.
Then for all i € N

() [M,]>»[M,..... M, ATi+17];

) w{M,}>M.

PROOF. In this case for all i€ N
AT S M AT+
Then (1) and (i1) follow as above. []

REMARK. If the sequence \n. M, is A-defined by F, one could have defined
[M,]en=F, 7 =Ax.x"i!

Then one has also
771',[ Mn ], = M

But [M,] codes the sequence in a more intrinsic way: no numerals are
needed to produce the term of the sequence — the numerals are to say built
in. This will be useful e.g., see proposition 8.2.8. Moreover the Bohm tree
of [M,] (see §10.1) is built up directly from the Béhm trees of the
M, ,neN.

As an application of the coding of infinite sequences a so-called univer-
sal generator will be constructed. This is a term whose reducts become
arbitrarily complex.

8.2.7. DeFINITION. (1) Let R be a notion of reduction. The R-family of a
term M is the set

Fe(M)={N[AM M >, M and N C M"}.
(i) M is an R-universal generator ( R-UG) if ST(M)= A
8.2.8. PROPOSITION. There exists a closed UG (i.e. f-UG).
PrOOF. Consider M =[E"0',E"1", . ..] defined via E. For N € A° there
exists an / € N such that E i ' —» N. Hence

M>[...,E"i', ... ]>[....N....]

Therefore A° C'T(M). Since each term is subterm of its closure, also
ACU(M), and so T(M)=A. Hence M is a UG. By lemma 8.2.4 M is
closed. [

-
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Note that if M is an R-UG, then GR( M) is universal in the sense that for
each N € A, Gg(N) is a subgraph of Gx(M). Thus the term constructed in
proposition 8.2.8 has a universal 8-graph.

Universal generators will play a role in connection with the w-rule; see
§17.3.
The concept of uniformity can be extended as follows.

8.2.9. DEFINITION. Let for each 4 € A, M, € A be defined. M is uniform
in A if for some F

(*) VA FA=M,.

As before, if (*) holds, F is said to A-define the map N 4. M .

8.2.10. PROPOSITION. M, is uniform in A iff for some variable x and all A
M,=M][x:=4].

PROOF. (=) Suppose V4 FA = M,. Let x & F. Then
My=FA=Fx[x=A]=M[x=A4].

(<) Suppose VA M, = M [x:= A]. Then Ax. M, A-defines NA.M .

8.3. Solvability; head normal forms
Remember the definition of the notion of solvability.

8.3.1. DEFINITION. (i) Let M € A°. M is solvable if
In AN, ...,N,EA MN,--- N, =1

(ii)) An arbitrary M € A is solvable if a closure Ax.M of M is solvable
(this is independent of the choice of X).
(iii)) M € A is unsolvable iff M is not solvable.

8.3.2. ExaMPLES. K is solvable: Kl =1. Similarly $ is solvable. xIQ is
solvable: (Ax.xI2)K =1. Y is solvable: Y(KI) = KI(Y(KI)) =1. On the other
hand € is unsolvable: VN QN =1 cannot hold since QN—>M = M =N’
with N—> N'.

To see the particular role of I in definition 8.3.1(3), note that a closed M
is solvable iff VP IN MN = P.

The following lemma explains the use of the closure operation in
definition 8.3.1(i1).
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8.3.3. LEMMA. Let M € A. (i) M is solvable iff there exists_a (closed)
substitution instance M* of M and terms N € A° such that M*N =1.
(ii) M is solvable iff Ax.M is solvable.

ProOOF. (i) Let Ax, - - - x,.M be the closure of M.
(=) Suppose M is solvable. Then for some terms ¥, ..., N,

(*) Ay x, M)N, - - - N, =1

By making closed substitutions in the LHS it may be assumed that the N
are closed. Moreover by adding I's to the sequence Ny, ..., N_ it may be
assumed that m > n. It follows that

(* *) M[x;=N,]- - [x;=N,]N, ‘N, =1,

and since M* =M|[x;:= N,]- - - [x,:= N,] 1s a closed substitution instance
of M, the result follows.

(<) If (* =) holds, then ( * ) holds and M is solvable.

(it) Let x, =x. Then by (i)

M is solvable &

<=>BN PeA® M[x;=N,- [x—N]P-I

=>EIN P e (AxM)N[x2 Nyl - [x, —N]P—I

<3N, PEA® (Ax.M)[x,;=N,]- - - [x,;:= N,JN,P =1

< Ax.M is solvable. []

n+1 "

8.3.4. CorROLLARY. If M is unsolvable, then so are MN,M[x:= N] and
Ax.M, for all N.

ProoOF. By lemma 8.3.3. O

8.3.5. CorOLLARY. The definition of solvability of open terms M & A is
independent of the order of the variables. X in the closure AX. M.

ProoF. By lemma 8.3.3(1). O

Now a syntactic characterization of solvability will be given in terms of
the so-called head normal forms and head reduction. These notions are
due to Wadsworth [1971].

8.3.6. DEFINITION. (i) M is an application term if M is of the form NL.
(i) M is an abstraction term if M is of the form Ax.N.

8.3.7. LEMMA. (i) Each term M is either a variable, an application term or an
abstraction term.
(i1) Each application term M is of the form
M=NN,---N,; nz2,
with N, not an application term.
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(iii) Each abstraction term M is of the form

M=Ax,---x,. N, n>1,

with N not an abstraction term.
ProOF. By induction on the length of M. []

8.3.8. COROLLARY. Each M is of one of the following two forms:

@M=Ax;--x,.xM---M,_, nm>0,

B)yM=Ax, - x, (AxM)M,---M_,n>0,m>1.
PROOF. If M is a variable, then M is of form (a) with n = m = 0. If M is an
application term, then M =N N, - - - N, with N, not an application term.
Hence M is of the form (a) or (b) with n =0, dependmg whether N is a
variable or an abstraction term. Similarly M is of the right form if M is an
abstraction term. []

8.3.9. DEFINITION. (i) A term M is a head normal form (hnf) if M is of the
form M =Ax, - - - x,.xM, - - - M, n,m>0. The head variable of this M
is x. HNF is the set of hnf’s.

(ii) M has a head normal form if M = M’ for some M’ & HNF.

(iii) If M is of the form
M=M - x, . (M.MMM,--- M, n>20,m>1,

m

then (Ax. M)M, is called the head redex of M.

Note that the head redex of a term is also the leftmost redex, but not
conversely (e.g. Ax.x((Aa.a)b)).

8.3.10. DEFINITION. (i) Suppose M has A as head redex. Write
M —> N

if M5 N, ie. N results from M by contracting A. =2 is called a one step
head reduction.

(1) —» is the transitive, reflexive closure of 2

(ii1) Tﬁe head reduction (path) of M is the uniquely determined sequence
My, M, ... such that

M=M,>M -

If say M, is a hnf, then the head reduction of M is said to terminate at M,,.
Otherwise M has an infinite head reduction.

The following result of Wadsworth is an immediate consequence of
Curry’s standardization theorem 11.4.7.
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8.3.11. THEOREM. M has a hnf iff the head reduction path of M terminates.
PROOF. See corollary 11.4.8. []

8.3.12. LEMMA. If M - M’, then M| z:= N]T M'[z:=N].

ProoF. By assumption

M=AX.(Ay.Ny)N/N,--- N,

and

M =X N[ yi=N|Ny- - - N,
Hence

M[z:=N] EA)?.()\y.NO[z:=N])N1[z:= N]NS--- Ny
and

M'[z:=N]=AX. Ny yi= N J[z:=N]Ny- - Ny,

where N*=N[z=N]for2<i<m.
Now by the substitution lemma 2.1.16 and the variable convention 2.1.13 it
follows that

8.3.13. PROPOSITION. (i) Ax. M has a hnfe M has a hnf.
(it) M[z:= N] has a hnf = M has a hnf.
(iti) MN has a hnf =M has a hnf.

PROOF. (i) By the fact that if Ax. M —» N, then N=Ax.N" and M > N".
(ii) Suppose M has no hnf. Then by theorem 8.3.11 its head reduction

M=My—>M — -
h h
is infinite. Hence by lemma 8.3.12 the head reduction of M[z:= N] would

be infinite, contradicting that M[z:= N] has a hnf.
(iii) Let

(*) M=M->M —---
h h

be the head reduction of M.

B s
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Case 1. M, is not an abstraction term for any k. Then

MN=MyN—>MN— -
h h

1s the head reduction of MN. Since the latter reduction is finite, ( *) must
also be finite. Hence M has a hnf.

Case 2. For some k, M, is an abstraction term, say M, =Ax.M'. Choose
k minimal. The head reduction of MN begins by

MN=M/N— --- ﬁMkNE(Ax.M’)N—)M’[x:= N]—) e
h h h h
Now

MN has a hnf=> M'[ x:= N] has a hnf
= M’ has a hnf, by (ii),
=M, =Ax. M has a hnf, by (i),
= M hasa hnf. [

Now we can give a characterization of solvability in terms of hnf’s.
8.3.14. THEOREM (Wadsworth). M is solvable & M has a hnf.

PrOOF. By lemma 8.3.3(i1) and proposition 8.3.13(1) it may be assumed that
M is closed. -

(=) If MN =1, then MN has a hnf. Hence by proposition 8.3.13(ii)) M
has a hnf.

(=YU M=Ax, - x,. x;M,---M,, then M(K")™"=K"IM} --- M}
=|. Hence M is solvable. O

In particular normal forms are solvable, or, conversely, unsolvable terms
have no nf.

8.3.15. COROLLARY. M is unsolvable < M is hergditaril)i without a of, i.e. for
all substitution instances M* and all sequences N, M*N has no nf.

Proor. (=) If M*N had a nf, then by theorem 8.3.14 and lemma 8.3.3(i)
for some P

(M*N)*P =1,
where (M*ﬁ)* is a closed instance of M*N.
Thus

MNP =

and M would be solvable by lemma 8.3.3(i). . .
(<) If M is solvable, then by lemma 8.3.31) M*N =1 for some N. []
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Now some results are proved that will be needed in chapter 10.

8.3.16. LEMMA. Ler M=Ax,---x,.xM,--- M

N me If M—>N, then N=
Ax, - x,.xN;--- N, for some N with M,— N,.

ProoF. The only possible redexes in M are in the M|,..., M, . Hence if
M—-NorM—»N, then N=Ax;--- x,.xN;--- N,_, with M,—N, or M, —»
N. O

8.3.17. COROLLARY. (1) Let M € HNF and M —» N. Then N € HNF.
(1) Let M have the hnfs

N=Ax,---x,.xN,---N

n m

and
N =Ax, - x,.x'N{-+-N.,
Thenn=n',x=x',m=m’and N;= N/ for 1 <i<m.

PROOF. (i) Immediate by lemma 8.3.16.

(i) By assumption N=M = N’. Hence by the CR theorem 3IZ
N—>Z«N'. By lemma 83.16 Z is of the form Ax, - - - x,.xZ, - - - Z_,
n=n', x=x', m=m and N—>»Z «N/forl<i<m. [J

8.3.18. LEMMA. The set of normal forms, NF, can be defined in either of the
following two ways:
1) x € NF;
M, .. .M eNF=Ax ---x

n

xM---M_€ENF, n.m>0.
(i1) x € NF;
M,....M ENF=xM,---M,_ ENF, withm>0;

M eNF=Ax.M €NF.

PROOF. (i) Let °X be the set determined by the inductive definition. Clearly
X C NF. Now let M be a nf. Then by corollary 8.3.8 M is of the form
Axy---x, xM---M,. Moreover the M,,...,M, are again in nf. By
induction on the length of M it follows that M & %X..

(i) The set defined by this inductive definition is the same as that
defined-in (i). ]

8.3.19. COROLLARY. M has a nf <A X. M has a nf.
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PROOF. (=>) Suppose M = )\E'.Xﬁ . Then AX. M = Ax‘?.yﬁ € NF.
(<) Suppose AX.M—»AZ yN. Then z = X, w and M—»Aw.yN € NF, O

A term M may have several hnf’s. For example M = Ax.lx(ll) has the
hnf’s Ax.x(Il) and Ax.xl. Theorem 8.3.11 provides a canonical choice.

8.3.20. DeFINITION. If M has a hnf, then the last term of the terminating
head reduction of M is called the (principal) head normal form of M.

For example, let M = (Ax.xx)ly(la). Then ya is a hnf of M and the
principal hnf of M is y(la).

Next lemma is used to compare solvability in A and in CL.

8.3.21. LemMa (Hindley [1977)). (i) If M—N and M is not of the form
Az.M,, then M, —» N,.

(i) Let M-—»x. Then Mo, —»  x (and similarly Mc;,—»,x, where ( )¢y
is defined in exercise 7.4.15).

PROOF. (i) By assumption M — N is (\x.R)TU - R[x:= T]U. Hence
Mo =N*x.Rep )T, (_jCL
_»WRCL[X:___ TCL] Ucr
=(R[x:=T|U)_, =Ng.
(11)) By assumption one has the head reduction

o:M=M ->M,»--- 5M,=x.
h h h

~
Since the last term is a variable, none of the M, is of the form Ay.Z.
Therefore the result follows by (i). (Similarly for ( )., using exercise
74.15) O

The following result is taken from Barendregt [1971]. The present proof
is due to Hindley [1977].

8.3.22. PROPOSITION. (i) Let M € A. Then

M is B-solvable =M., is w-solvable.

(ii) Let P C. Then

P is w-solvable < P, is B-solvable.
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PrOOF. (i) Without loss of generality we may assume that M is closed.
(<) Suppose M, is w-solvable. Then M, Q =1, for some Q. Hence

MO, =My O\ =1, =1

and therefore M is SB-solvable.

(=>) If M is fB-solvable, then MN =1, _hence MNx = x. By theorem
8.3.11 1t follows that MNx—:x Then MCLNCLx—» x, by lemma 8.3.21 (11).
Therefore M., No, I— .1, 1.e. M, is w-solvable.

(11) Similarly, using also exercise 7.4.15. []

8.4. Lambda definability of partial functions

In this section the notion of A-definability will be extended to partial
functions. It will be proved that of the partial numeric functions exactly
the partial recursive functions are A-definable.

A partial numeric function is a partial rr{apping ¢ : NN for some
P EN. Let ¢, be two partial functions. Say @(#)~=y() holds iff ¢(r) =
asy(m)=a. That is if the LHS is defined, so is the RHS and has the
same value and conversely.

Let x,y,,...,,, be partial numeric functions, x with m arguments and
Yy, ..., Y, all with the same number of arguments. Then

x(i(7), (1)
denotes the partial numeric function ¢ such that

p(r)=a iff 3Ja,---a,[y(n)=a,forl <i<m,

and x(a,,...,a,) =a].

That is, in order that ¢(n) be defined, all the y,(#) have to be defined.
Remember that if ¢ is partial, p(#)] means that ¢ is defined at # (i.e.
Jae(n) =a) and ¢(7)} means that ¢ is undefined at 7.

As mentioned before, the original notion of A-definability was as fol-
lows.

A partial numeric function ¢ with p arguments is A-definable iff there
exists an F € A such that for all e N”

Finl="g(n)" ife(n)],
F'r" hasnonf else.

In the spirit of proposal 2.2.14 this definition is changed into the following,.
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8.4.1. DEFINITION. A partial numeric function ¢ with p arguments is
A-definable if for some F € A
VieN? FTra'=Tg(n) if @(7){,

F"n' is unsolvable else.

(*)

If (*) holds, then ¢ is said to be A-defined by F.

For total functions this definition coincides with definition 6.3.1. There-
fore the following is immediate.

8.4.2. LeMMA. The total recursive functions are A-definable as partial func-
tions.

8.4.3. DEFINITION. Let & be a class of partial numeric functions.
(i) @ is closed under composition if for all ¢ defined by

p(n)=x($,(A),. ..., (7))

with x,¢,,...,¢,, € € one has y €.
(il) & is closed under minimalisation if for all ¢ defined by

o(n)=um|x(n,m)=0],
where x € @ and is total*, one has ¢ € &.
8.4.4. DEFINITION. The class PR of partial recursive functions is the least

class of partial numeric functions which contains the total recursive
functions and is closed under composition and minimalization.

Providing A-defining terms for partial functions presents the following
difficulty. The representation of a composition is not necessarily the
composition of the representations, as was the case for total functions, see
example 2.2.9.

This problem will be resolved in lemma 8.4.6.

8.4.5. LEMMA. (i) Vm €N m' KNl =\, that is the numerals are uniformly
solvable.
(ii) Let F € A A-define a partial numeric function ¢. Then for all

Flr'Kin=1 ifo(n)l,
FTr KW is unsolvable  else.

* The requirement that x be total may be dropped at the expense of having to modify the
proof of lemma 8.4.11 by employing the jamming factors used in the proof of lemma 8.4.6.
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PRrROOF. (i) One has

"0'KH=IKII=1.

"n+1"Klt=[F, "n'KII=Fll= 1.

(i) If @(#), then F'n" is unsolvable and so is F" #n" KIl by corollary
834. [

The following lemma uses a trick first employed in Lercher [1963].

8.4.6. LEMMA. The A-definable partial numeric functions are closed under
composition.

ProOF. Let (7)== x(¢,(#),...,$,(7)), where x,¢,,...,{,, are A-defined
by G,H,,..., H,, say. Define

F=AZ(H,ZKN) - - - (H,XKN)(G(H,Z) - - - (H,,%)).

We claim F A-defines @. Indeed, if one of the y,(#) is undefined, then
F"#" is unsolvable since the ith “jamming factor” H,"n' Kl is in that
case unsolvable by lemma 8.4.5(ii). If all the y,(n) are defined, then the
jamming factors are all | and hence F'n' =G(H/n')---(H n') as it
should be. [

In order to define partial functions that are defined by minimalization a
result of part I1I is needed. First some definitions.

8.4.7. DEFINITION. (i) Let A C M be an occurrence of a redex, A= (Ax.A)B.
Then the first occurrence of A in A is called the A of A.

(ii) Let A, A, C M be occurrences if redexes in M. A is to the left of A,
if the A of A, is to the left of the A of A,. Write A, <A, if A, is to the left
of A,and A, <A, if A, <A,or A=A,

(ii1) A redex occurrence A C M is called the leftmost redex of M if A is to
the left of all other redexes in M.

ExamPLE. Consider

M=Xa.(Ab. (Ac.c)b b)d ((Ae.I)a).

The redexes of this term are underlined. The leftmost redex of M is
(Ab.(Ac.c)bb)d.

Note that the head redex of M is always leftmost, but not conversely;
take e.g. M=Ax.x((Ay.y)x).
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8.4.8. DEFINITION. Let o be a (finite or infinite) reduction path of M
Ay A
o:M=My>M > -

Then o is called a quasi leftmost reduction if

Vn Am>n A, isleftmostin M, ,
1.e. the leftmost steps in o are cofinal.

8.4.9. THEOREM. If M has an infinite quasi leftmost reduction, then M has no
nf.

PROOF. See theorem 13.2.6. [
Now we can prove the following application.

8.4.10. PROPOSITION. Let P be such that for all nE€ N one has P"n' =F.
Then

(1) p P has no nf.

(i1) u P is unsolvable.

PROOF. (i) By definition 6.3.8 one has pP=H; 0", with

Hp =O(Mx. If Px then x else hx™).

Then
Hgon'—>IfP"n' then "n" else Hin+ 1" .

Therefore p P has the following reduction path.
pP=H,0'
—> IfP 0" then "0 else HJ 1"

rq1
> Hp 1
Fi

—IfP"1" then "1 else H,'2'
H, 2!
;"? P
Here M —» N indicates that in the given reduction at least one leftmost

ksl
redex is contracted. It follows that wP has an infinite quasi leftmost
reduction and therefore by theorem 8.4.9 has no nf.
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(if) Take a closed substitution instance of p P. By definition 6.3.8 this is
of the form p(P*), where P* is a closed substitution instance of P.
Similarly to (1) one proves that for all Z

yP*Z has no nf.

Hence by corollary 8.3.15 u P is unsolvable. (Alternatively, exercise 13.6.13
may be used to show that u P is unsolvable). []

8.4.11. LEMMA*. The A-definable partial numeric functions are closed under
minimalization.

PrOOF. Let @(n)=pm[x(#,m)=0)], where x is total and A-defined by,
say, G. Define
F=XX.u[Ay.Zero(Gxy)].
If @(n)|, then Imx(n, m)=0. Hence by proposition 6.3.9(ii)
F'a'=¢(n).

If @(n)t, then Vmx(n,m)# 0 and so Vm Zero(G' ' "m"' )= F. Hence
by proposition 8.4.10

F'i' =p[Ay.Zero(G 5’ »)]
is unsolvable. Thus F A-defines ¢. [J

8.4.12. LEMMA. If F A-defines a partial ¢, then

p(A)=meF'n'="m'.
PROOF. (=) By definition.
(<=)If F'i' = "m", then as m is solvable, ()| and @(#) = m’. But then

"m’ = "m'" and hence m=m’. []

8.4.13. TueoReM (Kleene). A partial numeric function is partial recursive iff it
is A-definable.

PrROOF. By definition 8.4.4, lemmas 8.4.2, 8.4.6 and 8.4.11 it follows that
the partial recursive functions are all A-definable. Conversely, let ¢ be
A-definable by F. Then by lemma 8.4.12

p(M)=meAbF 7 ="m'

* See footnote on p. 175.
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Since the RHS is r.e., so is the LHS and hence the graph of ¢. Thus ¢ is
partial recursive. [

8.5. Exercises

8.5.1 (Rosser). Show that the following terms each form a one point base.
(1) Xo=<K", S, K>.
(i) X, = (KK, K, KS>.

8.5.2. Construct a one point base for A%x,, .. ., x,).

8.5.3. Show that A cannot be enumerated by a single term.

8.5.4. (i) Derive the fixed point theorem 2.1.5 from the second fixed point theorem 6.5.9, using
E.

(ii) Let F € A°. Define W = Ax.F(Exx). Show that W "W is a fixed point of F.

(iii) Show VF €A’ IneN F'n' =E .

(iv) Let w=Axy.Ey(xxy) and G = ww. Show that G enumerates a set of fixed points of
closed terms.
8.5.5. Show that for some E € °

VvMe@ dneN E('nl)», M.
8.5.6. (1) Prove corollary 6.5.10.

(ii) Show that ~3Y EAVF EA® YF»FTYF.

8.5.7. (i) Show that "M is not uniform in M.
(i) Show that uP is uniform in P.

8.5.8. Let K* = YK. Show that
M is solvable= M # K*.

The converse is also true.

8.5.9. Let C = Y(Acab.b(cb(ca))).
Show that Cab has no nf but is solvable.

8.5.10. Construct a term M such that

M has a nf<» Fermat’s last theorem is false.

8.5.11. Define the p operator

pm[@(r, m) = 0]
also for partial . Show that the A-definable partial functions are also closed under this kind
of minimalization.
8.5.12. Show that the notions “M has a nf” and “M is solvable” are =%-complete.
8.5.13. Construct a term F € A° such that

Fnl =Xy x"yx™",

8.5.14. (i) Let S = M°(A) be the term model consisting of closed A-terms modulo S-convertibil-
ity. Define a surjection » : N— S by »(n)=E "n'. Show that y(A) = (S, ») is a precomplete
numbered set (the definition is just before exercise 6.8.18). Show that p : S— § defined by
w(M) = FM, with F € A® is a morphism.

(11) Show that for all total recursive functions f

(*) IneN E'n’ =ETf(n) .
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[ Hint. This follows directly from (i) and exercise 6.8.18, or alternatively, use excrcise 8.5.4(iii).]

(i) Show that (+) and the second fixed point theorem 6.5.9 are directly equivalent.

(iv) Show that for all recursive f such that VM 3n M = E"f(n)" one has

E'f(n)) =E f(m)" for some n%m.
8.5.15* (Craig, in Curry et al. [1958], p. 183). A proper combinator is a closed A-term M of the
form AX. P(x), with P(X) € (x)". Show that a basis consisting of proper combinators contains
at least two elements. [ Hint. (P. Bellot). Show that if { P} is a basis with P proper, then Pis a
projection (= Ax; - - - x,,.x;). This is impossible. (First assume that P is a new constant with its
own contraction rule; then apply theorem 13.2.2.) ]

8.5.16 (i) (C. A. Meredith). Let H = Aabcd.cd(a(Ax.d)). Show that (H) is a basis. [ Hint.
LetH =H, H,,,=H,H, U= HH,, X= H,(KH,), Y= XX and Z = H,(H,Y)(KH,). Then
Hy(HUH,)H, =K and X(UZ)=S8]

(ii) (Barendregt). Let X = Ax.x(xS(KK))K. Show that {X} is a basis. [Hint. XXX =K, XK
=s]

(iii) (Bohm). Let X = Ax.x(xS(K*))K. Show that {X} is a basis. [Hint. XX =K, XK = 8]

(iv) (Rosser). Find a J € A® such that J/ = and JS =K.

8.5.17. Infinite fixed point theorem (Klop).

(i) Let f be a unary recursive function and let M, € A® be a recursive sequence. For
n €8Seq =N write n=(n,, . . ., ny,>. Construct a sequence Xp, X, . .. €A such that one
has for all n

X,=MX, - X,,
where m = f(n) and k = lh(m).

(ii) Deduce the multiple fixed point theorem 6.5.2 from (i).

8.5.18. Show that on "0¢,, "1, ... all partial recursivé functions can be represented in
CL. [Hint. Use proposition 8.3.22.]
8.5.19. Show that one may assume that E; is in nf. [Hint. A solution is in the proof of lemma
16.3.15] ~
8.5.20 (D. Turner). Remember ® = A fabc. f(ac)(bc). Show that

A*xp oo X, PQ=®"'S(A*x; -+ x,. P)(A*x; - - X,.Q).

Therefore {1,K,S, ®) U (U]'[n > 2, |1 <i< n)is an efficient base for multiple abstraction.

CHAPTER 9

THE AI-CALCULUS

Remember the definition of the restricted class A,:
x EA,,
MeA, xEFV(M)=(M\x.M)EA,,
M, N eA,=(MN)€EA,.

The elements of A, are called Al-terms. A7 is the formal theory consisting
of equations between A/-terms provable from the axioms and rules of A
restricted to A;. See §2.2 for a discussion about the full and the restricted
theory.

The development parallels that of the full A-calculus. The partial recur-
sive functions will be represented by Al-terms. A combinatory equivalent
of the theory will be given along the lines of §7.1. By analyzing the concept
of solvability for the Al-calculus, it turns out that there are several
approximations of K by A/-terms.

9.1. Generalities

It will be proved that the full A-calculus is a conservative extension of
the Al-calculus. Several concepts for the full A-calculus can be relativized
to the Al-calculus. A result of chapter 11 is borrowed, which states that if
M € A, has a nf, then M strongly normalizes.

9.1.1. NotATION. (i) The same syntactic conventions as for A are used for
AL

(i1) If necessary to distinguish, the full A-calculus is called the AK-calcu-
lus. Similarly one distinguishes between AZ and AK, and between AY and
X3

(iii) AY(X) is defined a bit differently from the K-case:

AY(Z) = (M € AJFV(M) = (3}).
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The reason for the modified definition of A%(x) is that only classes of
terms with a fixed set of variables can be enumerated by a A I-term, see
lemma 9.1.2(1v).

The theory AT has the same axioms and rules as A K, but relativized to
A . For example,

(Ax.M)N=M[x:=N]

is an axiom of AJ forall M, N €A,.
The following shows that this relativization makes sense.

9.1.2. LemMA. () M. NEA = M[x:=N]€A,.
(i)Ax.Me A, =FV(Ax.M)N)=FV(M[x:= N]).
(i)MeEA, M—>g N=>NEA,
(ivyMeA, M—>z N=FV(M)=FV(N).

ProoOEF. (i) By induction on the structure of M.

(ii) The assumption M € A, is necessary: FV((Ax.1)y)+ FV(I). Once
this is noticed, the result is obvious.

(iii) By induction on the generation of M —»; N, using (i) for the base
and (ii) for the clause

P> QO=Ax.P>Ax.Q.
(iv) Similarly. [
9.1.3. COROLLARY. (i) AK is conservative over Al.
(i1) A K is conservative over A 7.
PROOF. (i) Suppose M,N € A, and AK-M = N. Then M =4N, hence by
the Church—Rosser theorem
Iz M—>Z, N->Z.
By lemma 9.1.2 (iii) it follows that Z € A,. But then
AItM=Z=N.
(ii) Similarly, using the CR theorem for 81. [

Relativized to the A I-calculus, the notion of solvability becomes differ-
ent. In fact, for A K-terms one can also distinguish two kinds of solvability.

9.1.4. DEFINITION. (i) Let M € AY. M is K-solvable iff AN € Ay MN = I.
M is I-solvable if AN € A; MN = I
(ii) A general M € Ay is K- or I-solvable iff its closure AX. M is.

Many other concepts defined for the full A K-calculus can be relativized
to the A I-calculus.
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Now (for the last time) a result about reduction has to be borrowed from
part III. As was noted before, the AK-term KIQ has a nf, but nevertheless
an infinite reduction path. For Al-terms this is impossible.

9.1.5. THEOREM (Church, Rosser {1936]). If M € A, and M has a nf, then
SN(M), i.e. all reduction paths starting with M terminate. In particular the
reduction graph G( M) is finite.

PrOOE. See corollary 11.3.5. [
9.1.6. COROLLARY. Let M € A, have a nf. Then for all N C M, N has a uf.

PROOF. Suppose M =C[N] and N has no nf. Then N has an infinite
reduction path, and hence so has M, contradicting theorem 9.1.5. [

It should be noted that corollary 9.1.6. is somewhat weaker than theo-
rem 9.1.5: in the A K-calculus there are terms such that each subterm has a
nf, but the term itself has an infinite reduction path.

9.1.7. ExampLE. Constder M = (Ax.F(xx))(Ax.F(xx)). Then M€ A and
all subterms of M have a nf but co(M).

PrOOF. Let W= Aa.F(aa). Then M = WW. Since F=Axy.y every sub-
term of M (including M itself) has a nf. An infinite reduction path of M is
the following

WW SE(WW)FF(WW))---. [

9.2. Definability

In this subsection it will be proved that for some system of numerals the
partial recursive functions can be defined by A I-terms.

The numerals "»' defined in §2.1 are A K-terms. However, Church’s
numerals c,, except c,, are Al-terms. After modifying c, these latter
numerals will be used as an adequate numeral system in the A I-calculus.
There is a modification of the standard numerals which also gives an
adequate A I-system; see exercise 9.5.11.

9.2.1. DEFINITION. ¢j = Axy.xlly, ¢/, = ¢, .
Then for each n, ¢ is a nf € AY and ¢/l =1. Also note that
coclel = ¢l

This motivates the choice of ¢g as approximating o=y,
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In this subsection A-definability of a partial numeric function will always
refer to the sequence cj,c1,....

9.2.2. NOTATION. (i) n;=c,.
(ii) M, = HM, .
(i) f i=ngy, ..., n, then Fony= Fing, - - - (ny,

9.2.3. DEFINITION. A partial numeric function ¢ is Al-definable if for some
FeA

Firi,=.m, if p(n) = m,

(+) F ri,hasnonf if (#)].

If ( *) holds, then ¢ is Al-defined by F.

From corollary 9.4.21 it will follow that this is the proper relativization
of definition 8.4.1 to the A I-calculus. ' o '

The truth values and the conditional can be partially imitated in the
A I-calculus.

9.2.4. DEFINITION. T; =Axy. yllx, F; = Ax. xI(=T,I).

9.2.5. LEMMA. Let B take values T, and F,. Let P, Q be such that PW =1 and
QW = 1. Then

If B then P else Q
can be represented by
BPQ.
In particular this is the case for
P,Qe{1,T,,F;,0,.1,...}.
PrOOF. Trivial. [

9.2.6. DEFINITION. (i) Zero; = Ax.x(T,F;)T,T,F,.
(1) Uk =Axq - xp(xoll) - - - (x, M)x;.

9.2.7. LeMMA. (i) Zero, 0, =T,, Zero,n+ 1,=F,.
(ﬁ)U’;iLﬁJ=LniJforﬁ=no,...,nk,and0<i<k. D

9.2.8. PROPOSITION. The initial functions (see definition 6.3.2) are AI-
definable.

#
3i
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ProoF. Take as defining A /-terms

U;iv
S7 =Ax. IfZero,x then 1, else (S} x),

where S_* = Aabc.b(abc) was defined in definition 6.4.4. Note that s.ron
=1, hence lemma 9.2.5 applies.

Z=xx.xl10,. O

From now on S} will denote the representation of the successor defined
in this proof.

9.2.9. PROPOSITION. The partial \I-definable functions are closed under
composition.

ProoF. Let x,yy,...,¢,, be Al-defined by G,H\,...,H, respectively.
Then

o(7) = x(4,(7), ..., %,(7))
is A I-defined by
F=X.G(H,X) - - - (H,X).
In contrast to the situation for AK-definability (see §8.4), this is also true

for partial functions. Namely if one of the Y (n) is undefined, then H,n,
has no nf and hence by corollary 9.1.6, F 7, also has no nf. O

9.2.10. DEFINITION. Let Pf=Ax.xU}. Then PA(M,,...,M,>= M,, for
0<i<k,if Vi<k MN=1

9.2.11. PROPOSITION. The X I-definable total functions are closed under primi-
tive recursion.

PROOF. Let ¢ be defined by
9(0, 7)) = x(#),
¢(k + 1, i) = y(7, k, p(k, 7)),
where x and ¢ are A I-defined by G and H respectively. Let

Mk,p-;=<Lk+ lJyL(p(k+ l,ﬁ)J,Lq)(k,’_i)J>.
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If M, ; can be defined uniformly in k,n by a Al-term, say for some
M’ €AY M' k, n,=M, ; then ¢ can be A /-defined by

F =My PL(M xp).
In order to find M’, define

X EA&X~<57(P}ZOX)’ HE(P%ox)(P%Ix), P ix).

Then
XMy =M, 5
and
X n0,G.n,0,)=M,..

‘ Hence
M, = (X ) (0,6 7,0,
= k+1,(X.n){0,,G.n,.0,).
It follows that M, ;is uniform in k, n and we are done. [
9.2.12. LEMMA. Let Ao, A, € AY be such that for some k € N
Al*=1, i=0,1.
Then for some M € A9

MT1=A0, MF1=AI.

ProOOF. Let T, =Axy.y1~*x, F, = Axpy.x1™%. Note that
THN=Fl=I

Define
M=Ax.xT,F,AyA,.

Then
MT, =TT F, AgA, =T AgA, = A,,

and similarly MF,=4,. J
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The following construction is due to Kleene.
9.2.13. DErFINITION. Let P € AY be such that for all nEN
P.on,=T, or P.n,=F,.
In order to represent minimalization define
Ay =Aewt wT 13 (1)1,
A, = xewr.w(1(SFx))(S)x)wr.
Then
AN =1 fori=0,1,
(note that S71=2,). Hence by lemma 9.2.12 there is a W € AY such that
WT,= A, WF,=A4,.
Finally define
Hp =Ax. W(Px)xWP, P =H,0,.
9.2.14. LEMMA. Let P, Hp and p, P be as above.
() Hp.n,= n, if Pn,=T,;
=Hpn+1, if Pin,=F,
@1) If An Pon, =Ty, let m= pn[P . n,=T,]. Then p,P = m,
(iii) If Vn P n,=F,, then u, P has no nf.
Proor. (1) If P .n,=T,, then

Hpon,= WY, .n,WP = Ayn,WP

WTN3(Pon )12 n,
= AN TN~ n,=n,
If P .n,=F,, then
Hpn,= WF nWP=A, n WP
=W(Pn+1)n+ 1, WP=Hpn+1,

(ii) As for proposition 6.3.9(ii).
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(iii) In this case

M'IP = HPLOJ g W(PLOJ)LOJ WP
=2 W(PL) WP
3 W(PLn_,)LnJ WP

Thus p, P has an infinite reduction path and therefore by theorem 9.1.5
p,P has nonf. [J

9.2.15. PROPOSITION. The partial X I-definable functions are closed under
minimalization.

PROOF. As for lemma 8.4.11 using lemma 9.2.14. [

9.2.16. THEOREM (Kleene). A partial numeric function is X I-definable iff it is
partial recursive.

PrOOF. Analogous to the proof of theorem 8.4.13, using the results of this
subsection. []

9.3. Combinators

In this section a theory CL, is developed, the so-called combinatory
version of Al The starting point, due to Rosser [1935], is that, as in the
unrestricted case, combinatory completeness follows from a finite number
of instances. CL, is a theory without bound variables and is like CL, but
with a different set of constants. Again an important application of the
combinatory theory is that it provides a basis for the closed terms.

To stress the difference between the two combinatory theories, CL and
CL,, the full theory CL is called sometimes CLj.

9.3.1. DEFINITION. CL, is an equational theory like CL. The constants of
CL, are

I, B, C, and S

instead of K and § for CL,. Terms of CL, are built up from these
constants and variables as in CL. C, is the set of CL -terms. Formulas of
CL, are equations between CL -terms.

i
]
ES
i
3

7
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Instead of the axioms of group I for CL, (see definition 7.1.2) CL, has
the following axioms:

IM=M,
BMNL = M(NL),
CMNL = MLN,
SMNL = ML(NL),

where M, N, L are arbitrary CL -terms. The axioms and rules in group (II)

of CLg, stating that = is an equality relation (see definition 7.1.2), remain
valid for CL,.

The same conventions will be used for CL, as for CL.

Now it will be shown that Al-abstraction can be simulated by the
constants of CL,.

9.3.2. DEFINITION. For M € CL, with x € FV(M), define A*x. M by induc-
tion on the structure of M as follows.

A*x.x=1,

BP(A\*x.Q) if x € FV(P) and x € FV(Q),
A*x.PQ =] C(A*x.P)Q if x € FV(P) and x & FV(Q),
S(A*x.P)(A*x.Q) if x € FV(P)and x € FV(Q).

As in the case for CLy, one now can prove combinatory completeness.
9.3.3. THEOREM. (i) FV(A*x. M) = FV(M) — {x};
(@) O*x, - - - %, M)N, - -+ N,y= M[x;:=N,] - - - [x,:= N}

provided that the notation makes sense, i.e. x € FV(M) in (i) and similarly
Jor ). O

As in the case for CLy, equality provable in CL, can be generated by a
notion of reduction, which is defined by

w={UM,M>MeC}u---U
U {<SMNL, ML(NL)>|M, N, L € C,)

Moreover this w, is CR; see exercise 9.5.15.




194 THE AJ-CALCULUS CH.9,§3
It is clear how standard translations
( ar:C=A,,
( Jew,:A—C
can be defined. In particular one has

(1)A1=Iv

(B)y;=B=Axpz.x(yz),
(C)r;=C=Axyz.xzy,

($)as=S.
In the same way as for the K-case one can construct axioms 4,4, such
that Al and CL, + A, are equivalent and A/, Al + ext, CL,; + Ay, and

CL, + ext are all equivalent. See exercise 9.5.12.
Now some applications of CL, to the Al-calculus are given.

9.3.4. DeFINITION. X C A9 is an I-basis if
VMeA INEXT N=M

9.3.5. PROPOSITION. The set X = {1, B, C, S} is an I-basis. In fact
VMeEA, ANEXT No>M.

PrOOF. As for the K-case, proposition 8.1.2. []

9.3.6. COROLLARY. If X is an I-basis, then
VMeA, AINEXY N->M.

PROOF. As for corollary 8.1.3. [

9.3.7. PROPOSITION. (Rosser [1935]). Let
J = Aabcd.ab(adc).

Then {1, J} is an I-basis.

H
!
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PrOOF. Note that

Il - Cu(=Aab.ba),
JC.(JC:)(JCyx)—>C,
C(JIC)(J1)—>B,
C(C(BC(C(BJC.)Cx)}Cu)—» W(= Aab.abb),
B(B(BW)C)(BB)—»S.
Hence {l, J} is a basis for {1, B, C, ) and therefore also for AJ. []

From now on J = Aabcd.ab(adc).

Note that 266 symbols (not counting brackets) are needed to express S
in terms of I and J.

The following proposition was first proved in Klop [1975] by a different
construction.

9.3.8. PROPOSITION. There exists an I-basis consisting of one element.
ProoF. Define
K* = Ay y1~ %, X, =<(K* J, 1.

Note that K*xN = x for N € {I, J}, (“K* is a local K™).
Then {X,)} is a basis for {I, J} and hence for AY:

X, X, — X;K*J - K*K*JIJI
> K*IJl >l >,
X, 1> IKJl-»K*Jl—>Jd. [
From now on X, denotes the term constructed in this proof.

9.3.9. LeMMA. For each M € AOI, there exists a normal M’ € AOI such that
M1, M'X,—>M.
PrOOF. Let M, € {X;}* be such that M, - M. Let M, be obtained from

M, by replacing each occurrence X; by the variable x. Set M'=Ax. M,.
Clearly M’ € AY and is in nf. Moreover

M1—>»1 and M'X,>M,—>»>M. [
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9.3.10. LEMMA. VA , 4, € AS IF € A°
Fii,—»A4,, i=0,1.
ProoF. Let 4] be such that
Al—->1 and A.X,—»A, fori=0,1.
Define F=Ax. Zero,xAy,A,X;. Then
FO,>»T Ay A1X; > A X, —>» A,
and similarly

Fll,>»A4,. O

Theorem 10.5.2 gives a considerable strengthening of lemma 9.3.10. See
also exercise 9.5.2.

9.3.11. ProposiTION (Kleene [1936]). Let G, H € AS. Then there exists an
Fe A(} such that

F0,—>G, Fon+1l,—>»HF n+1,.
PRrOOF. Let the function sg be A I-defined by M € AY, i.e.
MO0,=0, and M n+1,=_1, forallneN.
Define
P=Axy . H(Az.y(Mz)zy)x.
By lemma 9.3.10 there exist Q, R € AY such that

QLOJ—»}\X-XLOJLIJ, 0.1,>»G

and

R 0~>0Q, R 1,>»P.
Now define

F=Az.R(M:z)zR.
Then

FLOJ—»RLOJLOJR—»QLOJR—»RLOJLIJ—»QLIJ—»G
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and
FLn+ ]J-—»RLIJLn"' lJR—»PLn+ IJR
—»H(AZ.R(MZ)ZR)L’I"*‘lJ—»HFLn+1J. D

9.3.12. THEOREM (Kleene [1936)). There exists a term E,; € AY such that for
all M€ AS

E“_MJ—»M.

ProOF. The proof is in two steps.

(1) Lemma. AF e A’ VM € AS3n N Fin,—» M.

Proof. As in the proof of theorem 8.1.6 step 3 let P, P, € AY be terms
Al-defining the recursive projections pg, p,. By proposition 9.3.11 there
exists an F € A9 such that

Fin—»X, ifn=0,
—-» F(PoLn_,)(F(PanJ)) else.

Then as in the proof of 8.1.6 step 3 it follows that F has the required

properties. [,
(2) End of the proof. As in the proof of theorem 8.1.6 steps 4 and S the F
constructed in (1) can be modified to obtain E;. [J, [J

From now on E; denotes the term constructed in theorem 9.3.12.

9.3.13. REMARK. As for the K-case there is also an enumerator E, ; for
A%(X), i.e. a Al-term such that

VMeA)(X) E, ;1 M,»M.
Note however the differegce between
AY(F) = (M EA,[FV(M) = (%))
and
(%) = (M &AL [FV(M) C (%)}.

9.3.14. DEFINITION. A sequence {M,} of terms is I-uniform if for some
FeA,

(*) FLnJ=Mn.

When ( *) holds, then M, is said to be I-uniform via F.
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The sequence xg, xgXg, XgXoXgs - - - 18 [-uniform.

The sequence xg, x,, Xg, X,, . . . for different variables x,, x, is K- but
not /-uniform.

Using E; ; one can prove that a sequence M, is I-uniform in »n if

(i) Vn M, € A%X) for some X

(i1) Nn.fM, is recursive.

If M, is J-uniform via F € A, then [M,], o can be defined as for the
K-case via F.

The term

[EanJ]nEN

is a universal generator for the A/-calculus.
Together with the second fixed point theorem the term E; ; can be used
to provide many generalizations of lemma 9.3.11.

9.3.15. FIXED POINT THEOREMS (i) VF €A, 3X € A, X = FX.
() VFEA X EA X=FX,
(iii) Moreover in (1), (i) FV(X)=FV(F) and X »FX (resp. X -»F_X)).

ProOF. As for the K-case. Note that Y, 8 € A‘,). |
The following construction is a typical example of the use of the second
fixed point theorem in conjunction with E,.

9.3.16. APPLICATION. There exists an F € A such that
Fk, =Gk, 1ifkiseven,
= HF k, 1if kis odd.

PrROOF. As in the proof of theorem 6.5.9 let Ap and Num be recursive
functions such that

Ap(#P, Q) =#(PQ),  Num(n) = #(.n.).

Define
p(f, k)= Ap(#G, Num(k)) if k is even,
= Ap(Ap($H.,f), Num(k)) if k is odd.

Then p is recursive, and hence A/-definable by say P € AY. Then for any
term M
PLMJLk_J=LAp(#G, #LkJ)J =LGLkJ_l lkaS €ven,

= Ap(Ap(t H, # M), Num(k)), = HM k,, if k is odd.
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By the second fixed point theorem 9.3.15(ii) there is an F € AY such that

F=ME, (P Fx).

Hence
FLkJ=E1(PLF_JLkJ)=EILGLkJJ=GLkJ if k 1s even
=E1LHFLk_JJ=HFLkJ lkaSOdd. D

Of course a construction in the style of the proof of proposition 9.3.11
could have been given too (see exercise 9.5.9). But the advantage of the
method followed is that one can rely on Church’s thesis for recursive
functions: it is relatively simple to prove that an effectively given numeric
function is recursive. A direct construction of the term above is more
involved.

9.4. Solvability

In this section it will be shown that in the A I-calculus, M is solvable iff
M has a nf. From the method of proof it follows that a finite set X of
closed nf’s can be solved in a uniform way. This makes it possible to define
a local K for X : there is a K* € AY such that

(*) K*xN=x forNe%X.

These results were proved in Barendregt [1973a]. The method of
proof was simplified by Klop [1975]. By the method of his proof, the local
K can be made impredicative, that is (*) even holds if N €
{Ci[K*), ..., C,[K*]}, where C,[ ],...,C,[ ] are previously given con-
texts such that all occurrences of x in C[x] are passive, i.e. do not occur in
a subterm (xM) c C[x].

In order to prove that the nf’s are I-solvable, the following class SO of
Al-terms is introduced.

9.4.1. NOTATION. Let

—

Po=Py,..., P

> Ono’

—

P =P

m mQ> -

Y

be some (non empty) sequences of terms. Then

{Fo, cel, 1;,"} =Axg - - xm-(xOI;O)- .- (xmﬁm).
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Sometimes the matrix notation

Py e POno
P R P,
is used to indicate {ﬁo, . .,ﬁm}.

9.4.2. DErINITION. The class SO c AY is defined inductively as follows:
1 €S0,
P,E€S0,...,P,ES0={PF,,...,P,} €SO.

It is useful to assign to each M € SO a certain tree T(M) (different from
BT(M) defined in the next chapter).

Remember that Seq C N is the set of sequence numbers. On Seq one has
the relations and functions <, <, lh and * ; see p- Xiii,

9.4.3. DEFINITION. (i) A tree is a set A of sequence numbers such that
(NDa€eAd,BLa=pEA,
R)ax{n+1>EA=>a*r{(n>EA.
The elements of 4 are called the nodes of the tree.
(i) The subtree of A at node a (notation A4,) is the tree {B|a* B € 4).

9.4.4. EXAMPLE.

6 it {2

(2,00 (2,1}

is a tree. But what really matters is the structure

/I§\

The subtree at node (2 is

-—
9.4.5. DEFINITION. Let SO be the set of finite sequences of elements of SO.
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Lo -
For each P €SO and each P € SO certain trees T(P) and T(P) are
inductively defined as follows.
) 1) = {< >)
Q) T(Py, .. P)—-{< DYU (D) *ala €T(P), 0<i<n);

@) T(Py, .., B,H={{ D}U (KD * ala € T(P), 0<i <n}.
Informally thls can be written as

MTMH=",

Q) T(P,,...,P)= /\ ,

T(Py) . ... T(@)

(3)T({B,,...,P,)) = /\

TE) ..., TE)

ExaMPLE. Let

P EMoxm-(xo")(xn(%yoyl-(yol)(ylll))l)(lell)-

Then T(P) is

Note that subtrees at sequence numbers with an even (odd) length
correspond to objects €SO (& SO respectively).

9.4.6. DEFINITION. The following subclasses SO,,_;,, C SO are defined by

induction on n. If P= Py, ..., P, write Pe SO for P,...,P E
SO

n,m*

SOy, = {1},
SO,41,m=850, U {{Py,...,P}lk<m
. - -
and P,, ..., F, €50, ,}

Clearly SO=u, SO, ,.. Note, however, that for n+ 0 the set SO,
infinite. In terms of trees SO, ,, can be defined as follows. Define

Seq, ,, = {a € Seq|lh(a) < 2nAVk < lh(a) a(2k) < m)
Then SO, ,, = {P € SO|T(P) C Seq,, ,,}-
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9.4.7. DERINITION. Let X C A. %X is closed under application (modulo B) if
VM, NEX MN € X.

9.4.8. PROPOSITION. (i) SO, ,, is closed under application
(i1) SO is closed under application.

ProoF. The proof is in several steps.
(1) Lemma. If M € SO then either M =1 or

n+l,m»

Mz{ﬁo,...,a}wzthk mana’PESO R Jor 0<i<k.

Proof. By induction on n. [ .
(2) Lemma. Let M, N ESO,,+I m With M = {PO, .., P}, where p <m
andPESO, Jor 0 <i < p. Let
L=Xxy - - %,.N(xPp) - - - (x,P,).

then L €550,
Proof. If N =\, then L = M and we are done. Otherwise, by (1)

N={0y....0,} with QaiES_())"'mforO<i<q,q<m.
Case 1. p > q. Then
L=Axy - -xp.()\yo- : 'yq'(YOQo) T (yqéq))(xoﬁo)' o (xpﬁp)
=N - - xp-(xOﬁoQo) o (5 Py Pat) - (% F)
={PyOp -+ PO Ppyro. .. P} €SO, .
Case 2. g >p. Then similarly

L={PyQp - -+ P00 Qs s 0y} €S0,y o [

(3) Lemma. Suppose SO,, ,, is closed under application. Then

M eSO, ,..N €SO, ,, = MN €550, .
Proof. If M =1 we are done. Otherwise
. . - —>
M={P,...,P}, withP,€SO,  ,0<i<p.

Now

MN=Xx,- - xp.Nﬁo(xli;l)' . (xpl;;)
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By assumption

NPy €480, ,, C SO

n+1,m*

Hence by lemma 2 MN €,S0,,, ,,- [
(4) Proof of 9.4.8. (1) By induction on n. The case n=0 is trivial, so
consider the case n + 1.

Let M, N €80, , ,. If M =1, then trivially MN €550
wise

Other-

n+1t, m

- — _ —>
M={P,...,P}, withP,€SO,  0<i<p.

P
Hence MN = Ax, - - - x,.NPy(x,P\) - - - (x,P,).
By lemma 3 and the induction hypothesis
NPy €450,
Hence by lemma 2 one has MN €,SO,, | .
(ii) Immediate since SO=uy, SO, ... [, O

9.4.9. LemMa. (i) Vo, mEN Ik EN VM €50, ,, MI~*=1.
(i) VM €SO Jk €N MI~* =1.

ProOF. (i) By induction on n. For n =0, take k =0. For n + 1, suppose
that for some k,

(*) P €SO, ,,= Pl k=1,
Take k = m + k,. Then

M €S0, = MI~*=1.

n+1l,m

Indeed, if M =1, this is trivial. Otherwise

M={P,...,P

p} with p < mandP ESO

for 0<i<p. Hence MI~? = 4(13) (P )ESO, ,., by proposition
9.4.8(i). Therefore MI~P* %o =] by ( *). A fortiori M1~k =1,
(11) Immediate by (i). [

9.4.10. DEFmNITION. (1) C and C are binary relations on SO and SB
respectively defined by simultaneous induction as follows.
MHicp
) {Py, ...

jC{QO,.. Q}c»p q and Vi <
3) Py ..., P, C Qs

pP
-, Qyep <gand Vi < pPCQ
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—)
(i) U and U are binary operations on SO and SO respectively defined
by simultaneous induction as follows
MIuP=PuUl=P.

O (P, BYU Qo Q) = (P 0 Cos- . B0 0,,0prs -0 ,)
if ¢ > p. Similarly if p > ¢
{Por- -} U{Qor.- ) ={PTGy,....P,0Q,.P,, ..., P,).

(3)P0,...,PPOQo,...,Qq=PouQ0,...,Pqup,QpH,...,Qq,if
q > p. Similarly if p > q.
9.4.11. LemMA. (i) For P, Q €SO

PcQeT(P)CT(Q) (as sets of sequence numbers)
and
T(PUQ)=T(P)uU T(Q).
(ii) For P, €SO
PCOaT(P)CT(Q)
and
T(PGQ)=T(F)u T(Q).
Proor. By induction on the definition of the relations and operations. []
EXAMPLES.

@ Axy.(xI)(y M) C Az (xIAp. pO)(y (A pg. pY(qIPH)(z1),
Tree picture:

AN .

(ii) Axy (xKAp.pD))(»(Ap.p))
UAxyz.(x(Ap. pIN)( (A pq.( pl)(q1)))(z1)

=Axyz.(x(Ap.(pM)(Ap.p))(¥(Apg.(pI)(gh)))( z1).
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Tree picture:

SV O R TY

9.4.12. COROLLARY. C and U (respectively C and O) enjoy the usual
Boolean properties of inclusions and union (e.g. C is transitive, P C (P U Q)
etcetera).

ProOF. Immediate using 7. []

9.4.13. DEFINITION. Let M € Ay, with FV(M)C {x,, ..., x,} (the X in
their standard order); let P=P,, .. ., P, be a sequence of closed terms
with p > n. Then

MOPYy=M[x,,...,x,:=P,,...,P,]|P P

sitnkitn+1o L pe
L > .

9.4.14. DEFINITION. Let M € A .. P € SO is a critical sequence for M if

VOGS P MYQ)E,SO.
9.4.15. MAIN LEMMA. For each normal M € A there is a critical sequence
— e
P € SO.
PrOOF. By induction on the generation of nf’s in lemma 8.3.18 (ii).

If M = x, take for P the singleton sequence I.

Suppose M = Ax.N, with say
M=M(xg ..., x)=Ax, . N(xg . - -5 Xy X0 1)

Then also N is in nf, hence by the induction hypothesis N has a critical
sequence P, i.e.

0 5 P= NyQj €,450.
Then also P is a critical sequence for M:
@S P=MR=MQy -, 0001 "~ Q,
=gN(Qo - - Qp Qs )iz - Oy

=N)Q) € 4SO.
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Suppose M =xM, - - - M,, with say x =x, and M;=M(x,, ..., X,)
for 0 <i < k. By the induction hypothesis there exist critical sequences P,
for each M..

In order to find a crltlcal sequence for M, let us evaluate MOQO where

(I)QEQO,...,QqE SO,Wlthq/n

M) QO = QoMo(Qo’ R Qn)

Mk(QO’ D4 QH)QH+1 T Qq'

Now suppose moreover
2) Qp= {RO, ..., R .} with r > k. Then

MOQO =Axpy - X (My(Qps - - - s Qn)ﬁo)

(M(Q, -, 0)RL)

(Xx+1Ris1)

(xrﬁr)]Qn+l T Qq'

By sublemma 2 in the proof of lemma 9.4.8 and lemma 9.4.8 (ii) itself, it
follows that MOQO € 4SO provided that

M(Qq ., 0,)R €450 for0<i<k

Now by the induction hypothesis this is the case if
3) Q- Qn RDP, for0<ic<k.
Hence P™ is a critical sequence for M if

05 PM=(1)AR)IAO).

Such a P™ is constructed in the following sublemma and hence we are
done.

Sublemma Let n, k €N and let P S SO

P"‘ESO such thatthDP* then
(l)Q Qo - - » Q, with g >
(2)Q05{R0,..a§}w1thr/ ,
3Qy.... 0, RDOP for 0<i<k.

< k. Then there exists a
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Proof. Suppase

Omy
ﬁ=P/<0’ ’Pkmk
and define
PT=uU{P,0<i<k,0<j<m,},

m=max{m;|0<i<k}.

Finally set

Py Py,
Pr=Pfu|--- JPY L P
PI:-O Pl:-m
where
Pr=P* for0<i<n
and

P=P* forO<i<k,0<j<m.

Now suppose @ 5 P*. It will be shown that (1), (2) and (3) hold.
(1) Trivial.

(2) Since QoD [P ] = {Fy,..., P} it follows that

Qo={Rp ..., R} withr>k.

(3) Since P* is the supremum of the P, it suffices to show that
(@) QD P" for0<

(b)Vi<k R = R,o, .. R and s; >

(©) R, DP+for0 kand0<j

As to (a), since Q 35 P* one has Q, D P+ =P+,

As to (b), (¢), since

lj’

N ~ Po?) p0+
Ry ..., R} =0QyD "
{ ’ } QO (Pk+0 Pk:.n
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one has

Rg ..., R, =R DP,

which means

s;2m for0<i<k

and

CH.9,§4

R,;DP5=P" for0<i<k,0<j<m. [Oublemma O

9.4.16. COROLLARY. Let M € Ay be a nf. Then

3P €50 Vn,meN VQeso
[QDP:MOQOE SO, ).

PrROOF. Analogous to the previous proof. (Choose P such that if Q 5P

then Q &80, ). O

-

For the construction of an impredicative local K a bound on the SO

class of P, is needed.

9.4.17. DeFINITION. Let M € A, be a nf and x be a variable. Define

numbers
n(M) and m. (M)

by induction on the generation of nf’s in lemma 8.3.18 (ii).

n(z) = m,(2) =0,
n(\z.M) = n(M),

mAz.M)=m (M),

{ max{n (M)I0<i<k} ifz#x,

n(zMy- - - Mk)=\max{nx(M.~)} +1

0
m?x{m,(Mi)}
m (Mo - - - M) =13 max {k,m (M,))

0

if z=x and some M,
contains a A,

else;
fz#Ex,

if x =z and some M, contains
ani,

else.
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9.4.18. COROLLARY. For all M =M(x,, . . ., x,) € Ay in nf

IP =Py, ..., B[ Po €SO, i1y m oy

AVn,mV¥Q eSO, [0 P=>MyQ) eﬂSO,,,,,,]}-

ProoF. Repeat the proof of the main lemma 9.4.15 and note that if
M =x,M, - - - M, and none of the M,, ..., M, contains a lambda, then
in the critical sequence P =P, .. ., P, one can take Py=1. In tlle other
case the bounds follow by the definition of the critical sequence P for M.

O

Now we can collect the results.

- 9.4.19. COROLLARY. Let M € Ay have a nf. Then M is I-solvable.

PROOF. Let M = M(%). By the main lemma 9.4.15 for some Q € A?

MYOY=M(Qy, - - -, Q) Qrs1 - - - Oy €4SO.

Hence by lemma 9.4.9 for some &
AXME)NQ, - - -

1.e. M is I-solvable. []

Q1+ =1,

9.4.20. THEOREM. For a closed M € A, the following statements are equw-
alent.

(a) M has a nf,

() 3N € A9 MN =1,

(c) BFEA0 FM =1

PROOF. (a)=(b). By corollary 9.4.19.

(b)=(c). If MN =1, then for F =Ax.xN one has FM =1.

(©)=(a). If FM =, then FM has a nf. Hence by corollary 9.1.7 M has a
nf. []

9.4.21. COROLLARY. In the A I-calculus:
M has anf iff M is solvable.

PrOOF. By lemma 8.3.3(ii) and corollary 8.3.19 it may be assumed that M
is closed. But then the result follows. [
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By the proof of corollary 9.4.19, via the main lemma 9.4.15 it follows that a
finite set of normal terms can be solved uniformly by AZ-terms.

9.4.22. THEOREM. Let M, ..., M, € A, have nfs. Then
30 €A Vi<n MGQp =1

PrROOF. By the main lemma 9.4.15 each M, has a critical sequence 1;, Take
P=P,0--- 0P,

Then
MyP) €480 for0<i<n.

Hence by lemma 9.4.9 (ii) for some &
Vi<n MyPgl~*=1.

Thus we can take é =P, I~k 0O

See exercise 10.6.11 for an alternative proof of theorem 9.4.22.

9.4.23. DEFINITION. Let X C Ag. K* €AY is a local K for X if

VMeEA, VNEX K*MN=M.

9.4.24. COROLLARY. Let X C A% be a finite set of terms having a nf. Then
there is a local K for %X.

PrOOF. By theorem 9.4.22 there exist 0 € A? such that
VNEX NO=I.
Define K* =Aab.bQa. Then
VMEA, YNEX K*MN=NOM=M. []
Next will be constructed an impredicative local K. That is, a term

K* € A% which is a local K for a given set together with some given
contexts of K* itself.

9.4.25. THEOREM. Let X C AY be a finite set of terms having a nf. Let
GCol 1-..,Cil ] be some contexts such that for 0 <i <k .

(@) C[x] € A% (x) and is in nf, and

(b) x occurs only passively in C,[x].

}

CH.9,§4 SOLVABILITY 211

Then some K* is a local K for
XU {Co[K*T,..., C[K*]}.
Moreover for this K*
K*ll =1.
PrOOF. Define for 0 < i<k
Ni(x)=C[Aab.xba].
Since the x in C;[x] are all passive, the N,(x) are again in nf. Moreover
Vi<k n(N(x))=m(N(x))=0.

By taking the union of the critical sequences of the members of %X one
obtains using corollary 9.4.16

(1) 3P €SO Vn,m VQESO, ,, VNEX
[0 P=Ng eg50, ]
And similarly by using corollary 9.4.18
(2) AP'=P;, ..., P;ESO[P;ESO, on¥n, m ¥Q' €S0, ,
[0'D P'=Vi <k N(Q)Qi - - - 0; €450, ,,]].

Let P=P,, ..., P,. Since SO, o= {I}, we have P’ =1, P|,..., P,.
Define R=PyU - - - UP,UPjU - UP,,and R=R,, ..., R, where

r=max(p,p’)and Vi <r R,=R.

Since R € SO, one has R €SO, ,, for some n, m.

By (1) and (2) it follows that

(3) VNeX NRE,SO,,, CSO

n+1,m>
and (since Py =1)

(4) Vi<k Q,E€S0,,,,=N(Qy)RESSO

n+l,m-*
Now by lemma 9.4.9(1) for some k' €N

(5) M €S0 = M~ =1.

n+1l,m
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Therefore by (3) and (4)
(6) VNEX NRIN¥=|
(7 Q0 €S0, 1 »=>Vi <k N(Qy)RI™¥ =1.
Now take Qo =Ax.xRI1-¥. Then Q, € SO, ,, ,, and hence by (7)
(8) Vi<k N(Q)RI=¥=1.

Finally define K* = Aab.bR1~*a. Then by (5) (note that IR € 850, )
9) K*li=1.
Moreover by (6) and (8)
(10) VMEA, VNEX K*MN=M
(11)  VMEA,Vi<k K*M(N(Q,)=M
But

NA(Qy) = C,.[ )\ab.Qoba] = C,-[K*].

Hence by (11) -
(12)  VMEA,Vi<k K*M(C[K*])=M.
By (9), (10) and (12) we are done. [

9.4.26. COROLLARY. In the statement of theorem 9.4}.25 it may be required
that K* is a local K for

XU {Co[K*],....C[K* ]} U {LnilnEN}.
PrOOF. Observe
P,Q€S0, ,= k,PQELSO, . I

Note that theorem 9.4.25 becomes false if the condition that x occurs
only passively in C,{x] is dropped.

ExampLE. Let X = (1} and let Cg[x] = xW(Az.zz)(Az.2z). In spite of the fact
that 1 and Cy[x] are in nf, there is no K* local X for {l, C,[K*]}:

Co[K* ] = K*N(Az.2z)(Az.22) = L.
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and hence
K*I(Co[K*]) =1
is impossible by corollary 9.1.6.

See exercises 9.5.8 and 9.5.10 for applications of theorem 9.4.25.

9.5. Exercises

9.5.1. (i) Construct an M € A, such that for all n
MO0,=1, Mn+1,=8.
(ii) Construct an M € A, such that for all n
M 0,=9, Mn+1,=M.
9.5.2.(i) Let M, ..., M, € AJ. Construct an F € A such that
Yi<n Fli =M,
(it) Idem without the use of E;.

9.5.3. Construct a P € €, such that P is in w-nf, but P, has no nf.

9.5.4. Construct a K* € A} which is a local X for:

@ {,B,C,S},

@) (S, Ax.xQyyy)hy.yy), K*}.
9.5.5. Where does the proof of theorem 6.6.2 break down for the Al-calculus? Give an
adequate modification for the AZ-calculus and prove it.

9.5.6. Draw in a Venn diagram the sets
A%, A} {M € AYIM has a nf },
{ M € A}|M is I-unsolvable} and {M € A%|M is K-unsolvable }.

Construct seven terms to show that the sets have no more relations than indicated in the
diagram.

*9.5.7 Klop). If M =Ax; - - - x,.x,M, - - - M, is a hof, then n is the arity of M. Show that
the SO terms have maximal solving power, that is, for each normal M € A% of arity n

3P,...,P,€SO MP,--- P,=1.

*9.5.8. Prove the result in application 9.3.16 using an impredicative local X.

*9.5.9. Prove the result in application 9.3.16 directly, without the use of the second fixed point
theorem or an impredicative local X.

*9.5.10. Construct a A/-defining term for every partial recursive function using an impredica-
tive local K.

*9.5.11. Let "0™ =1, "n + 1™ = [F;, "n™]. Show that {"n"|n € N} is an adequate set of numer-
als for AL [Hint. Use an impredicative local K to represent primitive recursion and
minimalization.]

9.5.12. Construct finite sets 4,5 and 4,5, consisting of equations between closed CL,-terms
such that the theories CL, + 4,3 and CL; + Ay, become equivalent with AJ and Aly
respectively.
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9.5.13. (i) Let N* = N U {*}, where » &N. Define forn,meN
{ {n}(m) if defined,
m=
. else.
Moreover define
N *s=x%x-1= % %=z
Show that there are elements i, b, ¢, s € N such that the structure K, =(N*,-, i, b, ¢,s) is a
model of CL,;. [Hint. Use the s-m-n theorem of recursion theory.] This model is called the first
Kleene model of CL;.
(i1) Show that for some k €N
k-m-n=m forallm,neN.
Why is the structure (N*,-,k,s) not a model for CLg? Note. In Barendregt [1975] it is
essentially shown that
Mhasnow-nf e EM= ».
Hence Con({M = N|M, N € G, have no w-nf}).
*9.5.14 (Kleene). Let B = NN equipped with the product topology. For « € B and n € N, let

an) =< a0),...,a(n—1)>, a0 = >.
Let B*=B U { « } with « €B. For a, 8 €B define

Vndma({n) »B(m)) »0and
Vny(n)=a(pmla(<{n)+B(m)] #0)—

=s else.

alf=v iff

Moreover define a: ¢« = » :a=* - » = » .

Construct ¢, 8, v, 6 € B such that ¥, = (B*,, ¢, 8, v, 0) is a model of CL,. This structure is
called the second Kleene model of CL,. [Hint. Show that for each continuous F : B — B there
exists an a € B such that VB8 € B a| 8 = F(B).]

9.5.15. Show that the notion of reduction w; is CR. [Hint. Use the method of exercise 7.4.13.]

9.5.16. (Bohm, Dezani-Ciancaglini). Let ¢ =¢g, ¢;,... EAg be the Church numerals with
successor S.*. Let A, =B and A4,,, = C, represent multiplication and exponentiation on ¢
(see exercises 6.8.6 and 7.4.8).

(D) Show that {¢|, S;", Ay, Aexp} is an I-base (in NIv).

(ii) Show that {cy, 5", A, Aexp) is @ K-base (in NK).
[Hint. (Church, Curry). For (i) note that

C =B(C.(BBC,))(BBC,),
1=BCC,
W, = B(Cc,))C,,
W = B(B(C.(BW,.(B(C,C,)(B(BBB)C,))))(BBC.))(B(C.(B(C,I)(C.1))B),
S = C(CB(CB(CB)(CB(CB))}(CB))W = B(B(BW)C)(BB),
J = B(BC(BC))(B(W(BBB))C).

Hence {¢,, 4, 4.y} is an I-base. For (ii) note that K = Ccy.]
Moral. “Combinators are generalized numerals.”

9.5.17. Show that { M € Ajoo(M)) is a ITj-complete set.
9.5.18. Show that if M € Ay is I-solvable, then M does not necessarily have a nf.

CHAPTER 10

BOHM TREES

10.1. Basics

For each M € A we will define a certain tree BT(M), the so-called
Bohm tree of M. The notion is suggested by the original proof of Bohm’s
theorem 10.4.2, the notion of hnf and proposal 2.2.14 (unsolvable <
undefined). Bohm trees will play an important role in the analysis of the
models Pw and D

Terms and their BT’s roughly relate to each other as a real number
relates to its continued fraction expansion. If M has an nf, then BT(M) is
finite. In this respect nf’s correspond to rational numbers. For example in
§10.2 it is shown that with respect to an appropriate topology on A the
normal forms are a dense subset.

First BT(M) will be introduced informally. Remember that Seq ¢ N is
the set of sequence numbers. On Seq one has the relations and functions
<, <, lh and =*; see p. xiii. A partial map ¢ : Xo>Y is a map ¢ with
Dom(¢) C X. For x € X the notation ¢(x)| means that g(x) is defined, i.e.
x € Dom(¢); ¢(x)? means that ¢(x) is undefined, i.e. x € Dom(¢p).

10.1.1. DEerFINITION. Let 2 be a set of symbols.

(1) A X-labelled tree is a tree where at each node an element of 3 is
written.

(ii) More formally, a Z-labelled tree is a partial map ¢ : Seq—~2 such
that the set 7, = {a € Seq|p(a)l} is a tree. T, is called the underlying
naked tree. The label at node a € T is p(a).

ExAMPLE. Let 2 = {a, b, c}. A Z-labelled tree is e.g.

215
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Another notation for this tree is

/C\\

a C a

b b

10.1.2. NotaTioN. (i) The letters 4, B,... will be used for labelled trees.
Thus A is some partial map ¢.
(ii) | 4] is the underlying tree T,. We write a €4 for a € T,.

10.1.3. INFORMAL DEFINITION. Let
S={L}uU{Ax;- - x,.y|nEN,x,,...,x,,y variables}.
Then BT(M) is a =-labelled tree defined as follows.

BT(M)= L if M is unsolvable (i.e. one single
node with label L),

BT(M)=\X.y

N\

BT(M,)---BT(M,) if M is solvable and has as
principal hnf AX.yM,- - - M,

REMARKS. (i) Remember that by theorem 8.3.14 a A-term M is solvable iff
M has a hnf.

(1) If M has AX.yM, - - - M,, as principal hnf, then the M, may be more
complex than M itself. Therefore 10.1.3 is not an inductive definition.
Rather it describes a process that yields a possibly infinite tree.

(ii)) Note that in accordance with proposal 2.2.14 unsolvable terms all
have the same Bohm tree.

(iv) Bohm trees were introduced in Barendregt [1977], with instead of
“L1” the symbol “Q”.

The formal definition of BShm trees can be given as follows:

10.1.4. DEFINITION. Let = be the set as in definition 10.1.3. The B6hm tree
of a A-term M (notation BT(M)) is the Z-labelled tree defined as follows:
if M is unsolvable, then

BT(M)( )=,
BT(M )((kD *a)t forall k,a;

if M is solvable, say M has the principal hnf Ax, .- x,.yM,- -+ M

m—1
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then

BT(M)( D)=Ax; - x,.y,

BT(M)(Kk> *a) =BT(M, )(a) forallaandk<m,
=1 foralla and k > m.

Free and bound variables in a Bohm tree are defined as for terms. Trees
differing only in the names of bound variables are identified. The best way
to do this is to use the notation of de Bruijn explained in appendix C. To
keep matters readable we will write (labels in) Bohm trees in the naive way
(i.e. with names for bound variables) and assume the variable convention,
for example by using at node a the bound variables xg, x,....

10.1.5. EXAMPLES.

i) BT(S) = Aabc. a
VN

c

o — o

(ii) BT(SaQ) = Ac.a

VRN
¢ 1

(iii) BT(Y) = \f.f
|
f
|

Indeed, note that Y=Af.ww;, with w,=Ax.f(xx) and wyw;— f(wsw;).
Hence

BT(w,w ) =f =f
l |

BT(w;w;) f

l
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(iv) Let A = @ (Aax.{ax)). Then Ax—>»{Ax)>=Az.z(Ax) and

BT(Ax)=Az.z

Az.z

Az.z

|

(v) Let M, be uniform in n. Then

BT(M,],en) =Az.2

BT(M,) Az.z
BT(M,) Az.z

BT(M,)

Note that BT([M,]) is independent of the generator of [M,] and its
defining term. Moreover

Vi BT(M,)=BT(N)=BT([ M,]) = BT([ N,])
for uniform M,, N,.
(vi) Let M = O(Amab.a(mm)). Then M — Aab.a(MM) and

BT(M) =\ab.a
|
BT(MM)

Now
MM —(\ab.a(MM))M
—>Ab.M(MM)

—Ab.(Aa'b .a'(MM))(MM)

—SAbb (MM)(MM).

H
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Hence MM has an infinite head reduction and is therefore by theorem
8.3.11 unsolvable. It follows that
BT(M)=MAab.a

|
L

10.1.6. ProPOSITION. If M = N, then BT(M )= BT(N).

PROOF. Suppose M = N. By induction on lh(a) it will be shown that
BT(M)(a) = BT(N)(a).

Suppose lh(a) =0. Then a =( ). If M is unsolvable, so is N and
BT(M)< >)= L =BT(N){ )). If both M, N are solvable, then they
have hnf’s which by corollary 8.3.17(ii) have the form

M=Xx, - x,xMy- -+ M

m—Db

(*) N=Ax;- - x,.xNg- - N,

m-—1
with M, =N, fork <m.
Now BT(M)C ) =Ax, - - - x,.x=BT(N)X( ).

Suppose lh(a) > 0. Then for some k, &’ one has a = (k> *a’. If M, N
are unsolvable, then BT(M)(a) =1 = BT(N)(«). If M, N are solvable, then
they have hnfs satisfying ( * ). Hence if ¥ > m, then

BT(M)(Ck) x ) =1 =BT(N)(Ck) *a');
if k < m, then
BT(M)(<k ) * ') = BT(M, )(«') = BT(N,)(«)
=BT(N)(<k) * o)
by the induction hypothesis. O
The Béhm trees as introduced above are not effective: an oracle is

needed since the notion of (un)solvability is not recursive. Therefore the
following variant of labelled trees is introduced.

10.1.7. DEFINITION. Let = be a set (of symbols).
(1) A partially Z-labelled tree is a partial map
¢ : Seq—~>2 X N

such that

(D) @(a) A T<o = ¢(7)|.
) 9(0) =<a, n) =Yk > ngp(a * {kH)N.
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(ii) The underlying (naked) tree of a partially =-labelled tree ¢ is
T,={< >}u{o€ESeqlo=0"* Kk>np(a’) =<a,nynk <n}

(iii) Let 0 € T,,. If (o) = {a,n), the a is the label at node o. If p(o)T,
then the node ¢ is not labelled.

REMARKS. (i) The intuitive meaning of ¢(6) = {(a, n) is: node o has as label
the word a and n successors in the tree. If 6 €T, then o does not
necessarily have a label.

(ii) Clearly T, is a tree: if 6 € T, and @(0), then by 10.1.7(1) for all
o’ <o, ¢(c’)} and hence o' € T,,. If { ) #0 € T, and ¢(o)], then o=
o’ * (k) and ¢(0")|; therefore for all 6” < ¢’, 6” € T, and thus ¢” € T, for
all 6” <o. Also ox(k+ 1) E T, = o+(k) €T,

(iii) If o € T, then o has only finitely many successors: if p(o)1, then o
has no successors; if ¢(c)], then this follows from 10.1.7(1)(2).

10.1.8. NOTATIONS. (i) Partially labelled trees will be denoted by 4, B, .. ..
|A| is the underlying tree. T, corresponding to 4. Write a € 4 for a € |4].
(ii) Write
A(a)= 1 if A(a)t andyeta €A,
A(a) 11 ifA(a)t and a & A4.
Then there are three cases

(1) ()i,
) A() = L,

(3) A(a)11.
Note that a € 4 in cases (1), (2); A(a)T in cases (2), (3).

ExAMPLE. Let = = {a,b,c} and define 4 by

A D) =<a,3),
A({0>) =<b,05,4(CIH)1, 4(K2)) =<e, 2),
A(C2,0)) =<a,05,4(<2, 1)1

Then A is the partially Z-labelled tree

a

N
AN

and one has A({0))}, A1), A(C2)) and AI))M.

Y P

o
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10.1.9. DEFINITION. Let 2, be the set
{Ax,---x,.y|n>0,x,,...,x,,y variables}.

The effective Bohm tree of M (notation BT(M)) is the partially =, labelled
tree defined as follows:
if M is unsolvable, then for all ¢

BT*(M)(o)1;

if M is solvable, and has the principal hnf Ax, - - - x, yM,- - - M,

m-—D
BT (M) >)={Ax; - x,.p,m)
and for all o

BT(M)((k> +0) =BTY(M)(o) ifk<m,
=1 if k > m.

10.1.10. REMARKS. (i) It is easy to show that BT*(M) is indeed a partially
labelled tree; see exercise 10.6.1(1).
(ii) Let M = Axy.yx(2Q). Then BT(M) and BT*(M) are

Axy.y Axy.y
N VRN
x 41 X
respectively.

(iii) Note that in general the underlying trees of BT(M) and BT®(M)
are identical, see exercise 10.6.1(ii). Therefore the only difference between
the two objects is as in (ii): the labels L in BT(M) are removed in
BT*(M).

So the objects BT(M) and BT*(M) are isomorphic. The only difference
is intensional, i.e. in the way the objects are given to us (cf. Troelstra
[1975]). It will turn out that the effective Bohm trees have several technical
advantages.

10.1.11. CONVENTION. (i) From now on only the effective Béhm trees will
be considered and will nevertheless be denoted by BT(M).

(ii) The informal notation of the examples 10.1.5 will still be used. for
making pictures of Bohm trees. Labels 1| are drawn or omitted as we
please.
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10.1.12. DEFINITION. (i) A Bohm-like tree is a partially = -labelled tree with
2, as in definition 10.1.9: B is the set of all Bohm-like trees.

(ii) AB={A4€BjAM € ABT(M)=A}. Note that AB relativizes to
AgB and A,B.

(iii) A € B is r.e. iff the partial function A is partial recursive (after some
coding of X)).

(iv) A €Bis L-free iff Va € 4 A(a)|.

(v) If A €8, then d(4) = sup{lh(a)|a € A}. Note that d(4) < oo iff 4 is
finite.

Given a tree 4 and a node a € A4, then the subtree of 4 at a consists of
all B € 4 extending «. More precisely:

10.1.13. DEFINITION. (1) Let 4 € B and a € Seq. If a € 4, then the subtree
of A at node a (notation A ) is

A, =NB.A(a * B).
Clearly V4 €8 Va 4, € 8.

(ii) BT,(M) = (BT(M)),.
(iii) Let M € A and a € BT(M). Define M, € A by induction on lh(a):

M =M,

Mgy o =(M;), fAX.yM;--- M,

m~1

is the principal hnf of M.

Note that if M has no hnf or i > m, then (i) * a & BT(M).

10.1.14. ExaMPLES. (i) Let 4 be

Aoy= A, oy=x, and Aoy=y.
(it) Let M = Ax.1xQ(1x). Then My = Q and M, =Ix.
10.1.15. LEMMA. For M € A and a € BT(M)

BT(M,) = BT,(M).
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ProoF. By induction on lh(a). The case a =< > is trivial, and if a =
(i * B and M has a principal hnf, say AX.yM,- - - M, then

m—1’
BT(M,) = BT((M,);)
= BTz(M;) by the induction hypothesis,

=BT, 4(M).
The last equality holds since for all y

BT4(M;)(v) = BT(M,)(B * v)

=BT(M)((i) * B+ v) =BT, (M)(v). O

Each finite B6hm-like tree is the Bohm tree of a A-term.

10.1.16. DEFINITION. Let 4 €8 be finite. By induction on the d(4), a

‘A-term M(A) (sometimes denoted as M,), will be defined having 4 as

Bo6hm tree.
Case 1. A= 1. Take M(A)=Q.
Case 2. A =AX.y. Take M(A)=AX.y.
Case 3. A =AX.y. Take M(A) =AX.yM(A,)- - - M(A,).
VRN
A] DR |

n

10.1.17. COROLLARY. For finite A €8, BTI(M(A)) =A4. []

EXAMPLE. Let 4 be

Axy.x

RN

y 1 y
Ax.x

Then M(A)=Axy.xyQ(pl).
Note that M € A has a nf iff BT(M) is finite and L -free.

10.1.18. DeFINITION. (i) Let A € B. For k € N define

A(a)  if Ih(a) <k,
1 else.

AX(a) = {

(ii) BT(M) = (BT(M))".
(iii) M® = MBTX(M)).
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(iv) For 4, B €8 write 4 =, B iff A*= B*,

Note that A is a finite Bohm tree resulting from A by cutting off all
subtrees at depth k. For example, if A4 is

Axy.x
/N
/\
X Y
then
A2=Axy.x , A'=Axy. x = Ax.x
7\ ZANVAN
/\
and 4%= 1.

10.1.19. LEMMA. For M € A BT(M*)) = BT*(M).
Proor. BT(M®?) = BT(M(BT*(M))) = BT*(M) by corollary 10.1.17. []

Now a characterization will be given of A®B, i.e. of those trees that are
the tree of a term.

Intuitively it should be obvious what the set of free variables of an
A €8 is. The following definition makes this notion more explicit.

10.1.20. DEFINITION. Let 4 € 8.
() Let e € A. If A(0) = <Ax, - - - x,.y, m), define

Xy =Xpyeoas Xy Yo=Yy, mg=m.

If A(G)=1, then X, =y, =m,=1.
(i) If 0 € 4, then X; (the set of binding variables up to 6) is defined
inductively as follows (see also the remark before 10.1.5):

— - =

X=Xy X = X X

Example. f<—,,0>= 5c'< >,5E<I>,5c'<,,o>.

(iii) FV () = | %0} — (¥} if (o)L,
) > g else.
(iv) FV(A) = U {FV(0)|o € 4).

(v) A is closed if FV(A) =#.
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EXAMPLE. Let 4 be

Axy.z

7\
x Yy

Then f< SEX Y Y y=2,mcy=2etc. FV(4) = {z}.

10.1.21. PROPOSITION. Let A =BT(M) and let X_,y,,m, be as in definition
10.1.20. If A(a) = |, then M, has the principal hnf

A,y M,

ooy M,

as{m,—1)°
Proor. This is so by definition. Do exercise 10.6.2. [

10.1.22. ReMARK. Note that FV(BT(M)) CFV(M); see exercise 10.6.3.
The inclusion may be proper. Let e.g.

MoAzx.x(Mz),
then BT(Mz) looks like

and hence is closed, but Mz is not closed (and not even convertible to a
closed term). We say that in BT(Mz), “z is pushed into infinity”.

10.1.23. THEOREM. Let A €B. Then
A €A BSFV(A) is finite and A is r.e.

PrROOF. (=) If 4 =BT(M), then by remark 10.1.22 FV(A) CFV(M) is
finite. Moreover, as BT(M) is given by an effective procedure, 4 is r.¢. by
Church’s thesis.

(<) Let 4 be partial recursive and let FV(4) = 4. Define inductively Z,:

2( >=5 if A N,

=1 else.

Zky=Zor Xy if A(a)],

a

=1 else
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(where X, is defined in definition 10.1.20(i)). Note that for all & such that
A(a)}

(M

, X, =d,

QNl

=7z forallk <m,.

By theorem 8.1.6 there is an E € A® such that E'M " —» M. It may be
assumed that if M is unsolvable then EM is unsolvable. (This is in fact true
for the E constructed in theorem 8.1.6, but if you do not wish to check this,
take

E’' = Ax.xTIEx).

If A(a)}, define

B, E)\mx?a)\)_c;.ya(Em fa* 0)'Z, .<0>) T

e (Em Ta * <ma~ 1>12a.<ma—1>)'

Note that by (1), one has B, € A° for all « such that A(a)|.
Since A4 is partial recursive, there is a partial recursive function ¢ such
that

#B, if A(a)|],
1 else.

¥(a) = {

Let F A-define . By the second fixed point theorem 6.5.9, there exists a
term M € A° such that

M—»\s.E(Fs) M.
If Y(a) =,
M'a'Z, »E(F'a') "M Z,
—E"B] "Mz,
— BIM'Z,
% rtMT 17 .
—> }\xa.ya(E M' a0 Za'<o>)
) > Nvo(M Tax O)Z,, )

Similarly, if 4(a)?, then M "a'Z, is unsolvable.
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Claim. For all a one has BI(M "a' Z,) = A,. Indeed, if A(a)], then 4,
and BT(M"a' Z,) are both the empty tree, since then M "o’ 7, is un-
solvable. If A(a)|, then we will show by induction on 1h{B) that

BT(M"a' Z,)(B)=A(a*B) (=4,RB)).
If B=< >, by (),
BT(M "o’ z,)({ D) =X .p,m,)>=A(a).

Suppose 8 =<k * B’ If k <m_, then

BT(M "a'Z)(B) =

=BT(M "a * (k)'Z,, ¢ ) B’) by the definition of BT and (2),
= A(a * (k) * ) by the induction hypothesis,

= A(a * B).
If k > m,, then

BI(M a' Z,)(Ck> «B) =1
and by condition 2 in definition 10.1.7(i) also
A(a*<k) =By =1.
This proves the claim. It follows that
BT(M'C Y17 ) =4 =4,
hence A€AB.
Now an analogous characterization of A, % will be given.

10.1.24. DEFINITION. Let 4 €98 and let X,,y, be defined as in definition
10.1.20(1). A variable indicator for A is a partial map

X : Seqo—>{sequences of variables}

such that:
Nacd «x(a)l,
@ {X} U {x(@)} = {y.} u U {x(a * {iD)i <m,},
3) (%) N {x(0)} =2

In the proof of the following theorem it will be seen that if M € A ;> then
x(a)=FV(M,) is a variable indicator for BT(M).
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10.1.25. THEOREM. Let A € B. Then
A € ABoFV(A) is finite, A is r.e.
and has a partial recursive variable indicator.

PROOF. (=) Since 4 € A;B C A DB it follows from theorem 10.1.25 that
FV(A) is finite and A4 is r.e. Let A = BT(M), with M € A,. Define

(a) FV(M,) ifacd],

a =

X 1 else.

Then x is partial recursive. Moreover Y is a variable indicator. Condition 1
in definition 10.1.24 is trivially satisfied. If 4(«)| then by proposition
10.1.21 M, has the principal hnf

AXo-YaMaicoy " Mouim~1yE A

a o

Hence by lemma 9.1.2(iv) it is clear that conditions 2 and 3 are satisfied as
well.

(<) Let
Z,=x(a),
X 2 Ve>»M, asin definition 10.1.20,
Define
B, =Mz, %,y (E;m ax 0 Z,, ) - s
Y(a) = #B,.

Since x is a variable indicator it follows that B, € A if 4(a)]. Moreover
since 4 and x are partial recursive, so is Y. The rest of the proof proceeds
analogously to the proof of theorem 10.1.23. []

One might wonder why the characterization of A ;% cannot be given in a
simpler way.

10.1.26. DEFINITION. 4 € B looks like a A I-tree iff FV(A) is finite, A4 is r.e.
and

VaEA (%) C U (FV,(B)B>a).

In exercise 10.6.4 it will be shown that for some 4 € A B, A4 looks like a
Al-tree but has no variable indicator; hence 4 & A,B.
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10.2. Comparing Bohm trees; the tree topology on A

Bohm like trees are in fact partial functions: B C Seqs>Z2,. Since partial
functions with inclusion form a cpo, see example 1.2.30, the relation C is
also a partial order on B.

Note that for 4, B € B

AC Bs A results from B (both drawn as effective trees)
by cutting off some subtrees.

10.2.1. EXAMPLES.

Ax.x C  Ax.x

VAN

X

Axy.x and Axy.x
@ N /N
X Yy
are consistent (see definition 1.2.28).

Axy. x and Axy.x
() NN 7/ \
X Yy

are not consistent. Also

Ax.x and Ax.x

7N\ 7IN

are not consistent, since for the first tree A({ >)={Ax.x, 2) and for the
second one 4({ >)=<{Ax.x, 3).

In proposition 1.2.31(ii) it is proved that Seqs> 2, is a coherent algebraic
cpo. The same is true for the subset B.

10.2.2. PROPOSITION. (i) (B, C) is a coherent algebraic cpo, with A compact
iff A finite.
(ii) If ® C B is non empty, then NP € B and is the infimum of ®.

PROOF. Let ® C B be consistent. Then U @ is a partial function. It is not
hard to show that U ® €B. Therefore B is a coherent cpo. Each Bohm
like tree is the union of finite ones (4 = U, 4%). Clearly finite trees are
compact. Hence B is algebraic.

(i) Also easy. [
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10.2.3. NOTATION. Let M, N € A.
() M < N iff BT(M)=BT(N).
(ii) M L_ N iff BT(M) C BT(N).

The tree topology on A.

10.2.4. DeFINITION. Consider the cpo B = (B, C) with the Scott topology.
The tree topology on the set A is the smallest one that makes the map

BT:A—>8
continuous; i.e. the open sets of A are of the form BT~ !(0) with O Scott
open in B.

Using the tree topology, familiar A-calculus concepts can be expressed
topologically, e.g. nf’s are isolated points and unsolvable terms are com-
pactification points, see § 20.5.

In §14.3 it will be proved that application and abstraction are continu-
ous with respect to the tree topology on A. For application this is a non
trivial result which has several interesting consequences.

In § 20.5 the tree topology for term models will be defined as the
quotient topology.

Note that the tree topology on A itself is not yet T, for if BTI(M) =
BT(N), then M, N cannot be separated.

Topological notions used for A without specifications always refer to the
tree topology.

10.2.5. ExaMPLE. Let SOL C A be the set of solvable terms. Then SOL is
open.

PROOF. In a cpo the set {x|x# L} is always Scott open. Hence SOL =
BT (4|4 +# L} isopenin A. [

10.2.6. LEMMA. O C A is open iff

(OMeO, ML N=N €O,

(2) if M € O and BT(M)= U ,BT(M,), with {BT(M))}, CB directed,
then 3i M, € O.

PROOF. (=) By assumption O = BT ~!(X) with X CB open. Then (1), (2)
follow from the definition of Scott topology.
(<) Let O C A and assume (1), (2). Define

X =BT(0)= {BT(M)|M €0},
XV={BeB|IA€X ACB).

Then BT '(XV)= 0. Claim: XV is Scott open. The first condition is
trivial.
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As to the second condition, let U 4; € XV with {4,)}, directed. Then for
some B

Ud4,DBEX
ie. U4, D BT(M) with M € O, hence
U, (4" nBT(M)) =BT(M).

Set
BT(M™) = 4{” n BT(M),

then {BT(M ™)}, , is directed and
U, .BT(M)=BT(M).
By condition (2) for some i, n
M®™ e 0.
But then 4, D BT(M) € X, hence 4, € XV. []
10.2.7. COROLLARY. (i) The sets
Op.={N eAMPL N}

form a base for the tree topology on A.
(i1) The set NF of B-normal forms is dense in A.

PRrROOF. (i) By the lemma these sets are open. Now let N € O, with O C A
open. Since

BT(N)= U ,BT(N®)
it follows by the lemma that for some &
N®eQ.

But then Ne Oy , CO. _
(ii) Let O, , be a basis open set and let 4 = BT(M®). Define 4, to be
A with all L’s replaced by Ax.x and M, =M(A4,). Then 4 CA,, hence

M®L_M,, ie. M| € Oy . Since M, is a nf, the result follows by (i). []

Infinite m reduction for trees.

Note that although Ax.x =, Axy.xy, the Bohm trees of these terms differ.
Therefore some kind of “n-conversion” will be considered for Bohm like
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trees. Since these are infinite objects, the conversion will have an infinitary
character.

The notion will be used in the rest of this chapter and in the analysis of
the models D, and Pw in §§19.1 and 19.2.

10.2.8. DEFINITION. (i) Let A € B and let « € 4 have the label (AX.y,n>.
An n-expansion of 4 at a is the result 4’ of replacing in A the subtree 4,
which has the form

AX.y

B,...B,
by

AXz.y

AN

B, ... B z

(i1) Notation. A'— A if A’ is an n-expansion of 4 at some node a € 4
with A(a)# L. The transitive reflexive closure of —, is denoted by —», .

Wadsworth [1971] remarked that one can have also infinite 7-expansions
as shown by the following.

10.2.9. EXAMPLE. Let J = O(\jxy.x(jjy)). Then Jx — Az.x(Jz), hence
B=BT(Ux) = Azx '

Azy.zg

I

Azy.zg

l

Azjy.zy

One can consider B as the limit of the following series of n-expansions:
A =x , < BT(Azg.xzp), - BT(Azg. x(Az,.242})), < . . ..

Therefore B is called an infinite n-expansion of A (and A an infinite
n-reduct of B). The following will define this notion in general.

10.2.10. DEFINITION. Let A €8 and X C Seq.
() X extends A iff
(1) X is a tree and |4| C X; moreover X is finitely branching.
(2) A(a) = L =« is an endpoint (i.e. terminal node) in X.

e B 2
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(i) If X extends A, then (A4:X) is the Bohm like tree (with underlying
tree X') defined as follows.

(D (4; X)(a) = A(a)
if a €4 and has the same number of successors in A4 as in X.
@ (4; X)) =Nxzg - - - zg_ .y, m+ k)
if A(a)=<{A\X.y, m)> and a has m + k successors in X.
(4; X)) =Azg - - - 27 y.2F, n)

QB)ifa=pB*k+i)E X—|A|, B €A and B has k successors in 4 and a
has n successors in X;

or

@ifa=B=*{i)EX—|A|, B &A and a has n successors in X.

(4; XN (a)=1 fa&X.
(The numbers (1),. .., (4) refer to the next example.)

(i) B is a (possibly) infinite n-expansion of A (notation B >,A4 or
A <, B) if for some X C Seq extending 4 one has B=(A4; X).

The tree (A4; X) is simpler than it seems.

10.2.11. ExampLES. (i) Let

A=Ax.x : ,|A|=
x}x]\ /%\
x a x

X = (1)
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Then

(ii) Let 4 = x; then | 4| =-. Let

X=

Then

(4;X)= APydg-X

AP)-Py Ay -9y

|

AP,-Py Ap-qy -
] !

Thus for X extending A, the tree (A4;X) is the obvious (infinite)
n-expansion of 4 with underlying tree X.

10.2.12. LEMMA. (i) (B, <,) is a partially ordered set.
(i) If A <,B and |B| — |A| is finite, then B> A.

PROOF. (i) Obviously <, is reflexive and transitive. Note that if X = |4,
then (4; X) = 4. Hence
A <3B < A= B=(A4;|B|)~|4| =|B|
=A=B8.
(i1) Obvious. []-
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10.2.13. LEMMA. Suppose A <A, and A <,A,. Then

(1) 3B A, <,BAA, <4B. (Upside down Church-Rosser property. The
usual form also holds, see proposition 10.2.15.)

()4, CA,=>A4,=A,.

PrROOF. Let 4, = (A4; X)) fori=1, 2.

(1) Take B = (4; X, U X,).

(i1) Since 4, C A4, one has X, C X,. Suppose a € X, — X,, then B € 4,
and A4,(B)! for some B <a. But then already 8 € 4 and A(B)]. By
definition 10.2.10(i)(2) it follows that 8 is a terminal node in X. »» contradict-
ing B <a € X,. Therefore X, = X, and the result follows. []

10.2.14. LEMMA. Let A C B. Then
() B<,B'=34" 4 <,4'CH,
(i) A <,4'=3B’ A’ C B’ »,B,

(i) 4 >,A'=3B" A’ C B’ <,B.

Diagrammatically:
c
() A—————— —B
|
|
<a | <n
|
|
A B
c
c
(i) A———————o B
|
|
<y } <9
|
A B
c
(i) 4 B
i
|
<y I' <y
I
A B’
c

PROOF. (i) Let B’ = (B; X). Then take A’ = (4; X '), where
X' ={a€X|23B<ad(B)=L}.

(i) Let A" =(A4; X). Then take B’ = (B; X u |B}).
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(iii)) Let 4 = (A4’; X). Define

A(a) fA' ()],
B(a)={B(a) if3B<ad(B)=L1,

1 else.
A
1 X-|a] >~ I
Al

Then one has B=(B’;X U |B’|) >,B’and 4'C B". ]
Note that in general
ACB>,B' 534’4 >,4 CB.
Take e.g.
A=MAz.x, B=2Az.x, B = x.

10.2.15. PROPOSITION. (i) Each A €8 has an infinite n-nf, notation con(A4),
which has the following properties.

(1) con(4) <44,

(2) VB[B <,A=> 00n(A) <,B].

(ii) Moreover con(A) satisfying (1) and (2) is unique.

PRrOOF. (i) Define oon on B as follows.

con(L)= 1
on(Axy - x,.y. )=
VAN
Ay A,
[con(hx, -+ - X,y ) ifx, <A,
VERN and x, €FV(4,), 1 <i<m-—1;
A] « e Am—l
Ax - x,.y else.
7\
| com(4) - - - con(4,,)
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Working our way through the tree, we see that con(A) is well-defined and
that (1) holds. Also condition (2) holds, since in oon(A) all possible
m-contractions are made.

(11) If con’(A) satisfies conditions (1) and (2), then

oon'(A4) <qoom(4) <q00m'(A4).
Hence by lemma 10.2.12(1) con’(4) = con(4). [

10.2.16. REMARK. In exercise 10.6.6 it will be shown that A®B is not closed
under oo, i.e. for some M € A the tree con(BT(M)) is not the Bohm tree
of a term.

10.2.17. COROLLARY. A >, B=> con(A) = con(B).
PrROOF. By the uniqueness of the infinite n-nf. [

A sequence number a belongs virtually to a Bohm like tree A iff a
belongs to some n-expansion of 4. Clearly a belongs virtually to A iff
-3 <ad(B)= 1.

The following definition gives the virtual label of a Bohm like tree at
virtual nodes.

10.2.18. DErFINITION. For 4 €8 and a € Seq let X, C Seq be the least set
(if it exists) such that « € X, and X, extends A. Clearly X, exists iff
—3B8 <ad(B)= L. Define
(4; X )a) if 23B<ad(B)=1,
(i) Ala=1 1 if A(a) = L,
" else.
As in 10.1.8 one can have A|a = AX.y, m), = L or =11,
(ii) M|a = BT(M)|a.
(i) M, = (M; X,),, where a is a virtual node of BT(M).

ExaMPLE. Let

A=Ax.x - Az 29
x Ayx 2§ Az§P- 2§

and a; =<0, 1),a, = (1), a3 = {(1,0>, a, = (2,2). Then 4|a, = z{¥; A|a,
= 1; A]a; =11 and 4}a, = 25?” (see figure 10.1).
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AX.X

I

X s AY.X
/A 1 ,
SN H 0N
I
¢

/
/

A 1
. el 40y J

Fi1G. 10.1.

Equivalent hnf’s and locally equivalent Bohm trees.

The following equivalence relation on hnf’s was introduced in Bohm
[1968].

10.2.19. DerINITION. (1) Let M =Ax,---x,.yM,--- M, and N=
AX,* - X,.y'Ny--- N_ be two hnf’s. Then M is equivalent with N, written

M~N

iff y=y’ and n — m=n’ — m’ (these are possibly negative integers).
(i1) For arbitrary M, N € A say M ~ N iff either both M, N are unsolva-
ble or both M, N are solvable and have equivalent hnf’s.

10.2.20. REMARKS. (i) By the variable convention it follows that in defini-
tion 10.2.19(i) the condition y =y’ holds only if both variables are free or
both variables are bound. E.g. Ax.yM < Ay.yM and Ax.xM ~Ayz. yMN.
(ii) Let M, N be hnf’s. Let X be a string of variables such that Mx =
yM,-+ M  NX=y'N---N,. Then M~Niff y=y and m=m’.
(ii1) By corollary 8.3.17(i1) it follows that for M, N not in hnf the notion
M ~ N is well-defined.

10.2.21. DEFINITION. (i) Define for elements of X, (the label set for Bohm
like trees)
QAAxy o x, y,my~{Axy - x,.p,m'
ffy=y andn—m=n"—m'.

(ii) Let 4, B €®B and a €Seq. Then 4 ~_ B iff Ala~ B|a (both A|a
and B|a« are defined and are equivalent or both are undefined (i.e. L or

™)

10.2.22. LEMMA. If A <, B, then YaA ~ B.

Prookr. Note that if B—-)nA, then Va4 ~_ B, see figure 10.2.
Since the relation >, is the transfinite transitive closure of —>,, the
conclusion holds. []

CH.10,§2 COMPARING BOHM TREES 239

FiG. 10.2.

Special Bohm tree inclusions.

The following two relations on trees are important for the analysis of the
models Pw and D, in chapter 19.

10.2.23. DErFINITION. Let 4, B =8, Then
()A"CBe3A A<,4' CB,
1) A"C"B=3A4',B' A <,A CB >,B.

EXAMPLES.
(1) AX.X ”g AX. x\
b4 X X/)Z rz.x
x/\x AUV, zZ
u/\v
(ii) Ax.x e AX.X

N
N——s;/
it

7

10.2.24. LEMMA. (i) " C is a partial order on B.
@i1) " C" is reflexive and transitive.
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<
a"__ . . _ B!'—=_C
{
< <
N, c '\ﬂ
Al B
<
n
A
FiG. 10.3.

ProoF. (i) Reflexivity is clear. As to transitivity, suppose A "C B" C C.
Then

34',B° A<,A CB<,B CC.

By lemma 10.2.14(1) 34” A’ <,A” CB’. Hence 4 <;A" CC,ie. A"CC
(see figure 10.3).

Now suppose 4 "C B" C 4 in order to show 4 = B. Then 34’, B'A <,
A CB<L,B CA.Let A/=(A;X)and B'=(B; Y). Then

ld|cXC|BlCYC|A].
Hence |4| = X = |B| =Y. Therefore 4 = (A4; X) C B and similarly B C 4,
1e. A= B.
(i1) Similarly, using also lemmas 10.2.13 and 10.2.1431). O
10.2.25. DEFINITION. Write
A=B if A"C"B"C"4.
By lemma 10.2.24(ii) =, is an equivalence relation on B. Note that

A<,B=>4=B.

Remember that for 4, B € B one has 4 =, B iff 4*= B*. Similarly one
defines

AC,BeA*C B*.
10.2.26. LEMMA. For A, BB

A<,BeVk 34,[A,—>,ArA, =,B].

PrROOF. (=) One has B = (4; X) for some X extending 4. Define

X, =|A|U {a« € X|Ih(a) < k).
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Then X, extends 4 and, because X, — |4] is finite
(A; X) >, A

for all k. Moreover
(4, X)) =,(4; X) = B.

Therefore one can take 4, =(4; X,).
(<) Let the 4, be given. Define X, = [4}| and X = U, X,. Then X
extends 4 and (4; X)= B. Hence 4 <;,B. []

10.2.27. COROLLARY. (i) 4 " C BVk 34, [Ay—>,ANA, Ci B
(i) A" C"B=Vk 34,, B, [Ax—>, A B,—, BAA, C, Bl

PROOF. (i) (=») By assumption 4 <,4' C B for some A’. Hence by the
lemma

Yk 34, [ A, >, AnA, =, A"]
and since A’ C B

Vk 34, [4,>,AnA, C,B].

(<) Let the 4, be given. Define X, = |4}, X = U, X,. Then X extends
A and for A"=(A; X) one has 4 <,4“C B,ie. A" C B.
(i) Similarly. O

The following notions are introduced in order to analyse when it is the
case that A "Z B.

10.2.28. DeFINITION. Let A, B € B.
(i) A fits in B iff 34’—>», 44’ C,B.

(ii)) A supersedes B (notation A sup B) iff 4 does not fit in B. Say
A sup,B= A, sup B, for a € Seq.

Let 2, be the set of labels of Bohm-like trees and let a, b € 3, U {1}
where 1 stands for undefined.

(i) a fits in b iff eithera=1 ora={\x, - - - x,.y, m) and
b=Qx;- - Xy, m+ k.

(iv) a sup b iff a does not fit in b.

ExaMpLEs. (i) L fits in every tree.
(1) Ax.x fits in Axpx fits in Axyz. x.

| VRN VRN
(ii1) )\x.; sup )\xy)fy * ;AX.X su);) ;\Cx;
| /N | /N

x X o x x x_ _x
(iv) 4 fits in B A D) fits in B((C D).
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10.2.29. LEMMA. Let A, B €B such that A C, B.

(i) Suppose that A(a) fits in B(a) for every a € AN B with Ih(a)=k.
Then

34’ >, A A C,,,B.

(1) Suppose that A(a)~ B(a) for every a € A N B such that A(a)| and
Ih(a) = k. Then

34'—>,4 3B > B A C,. B
ProoOF. (i) Make at each node a €A with lh(a)=k and A(a)| the

appropriate 7-expansion of 4 that makes A(a) fit into B(a). Then one
obtains A° C, , , B. For example:

A=A7X\ S A 32
X Y

— A
k=2 y/ K Az,

(i1} Similarly make n-expansions both in 4 and in B. For example:

A = %

. X c
AN -1

N\

Take

s s O S S
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and
) 7}(\\
Y rz.y
N |
w

Then A" C,B". [J
Remember that
a € Dom(A)e=A(a)|,

a€EAsA(a)|vA(a)= L.

10.2.30. LeMMaA. (i) 4 " ¢ B=3a € B [4 sup, B].
(i) 4 " 2"B=3a € Dom(A4) [4 %, B].

PROOF. (i) Suppose 4 " Z B. By corollary 10.2.27(i), choose the least k for
which

() VA" >, 4 A" ¢, B.
Then & >0 and for some 4;—, 4 one has 4, C, _,B. It may be assumed
that 4, is a minimal n-expansion of A such that 4, C, _,B. In particular it
then follows that

(2) = 3aflh(a) > k — 1 A A, is an y-expansion of A at al.
By (1) it follows that

34" >, Ag—>,A A C,B
Therefore by the contrapositive of lemma 10.2.29(1)
Ja€A4on B [lh(a)=k—1Ad,sup, B].

It now follows by (2) that 4y(a) = A(a), hence (since A4 sup, B iff A(a)
sup B(a))

Ja€B [Asup, B].

(i1) Similarly, using lemma 10.2.29(ii). []
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10.2.31. THEOREM. The following statements are equivalent.
() 4=,B.
(i) con(A4) = com(B).
(i) Vk 34'—» A4 B’ —» B A'=, B’
(iv) Va A ~_B.

PRrOOF. (i)= (ii). By assumption
JA,B’,B", A" A<,ACB >,B<,B"CA" >,A.

Using lemmas 10.2.13(i) and 10.2.14(i), (ii) one can draw the following
diagram:

A||| CBIII CA"II
// _'/\ - \
’ s N
< < // \\ \ 2
IL n/ \n \n
A'" < B' B'"" « A"
< >\ /< \>
n n n n
/ //
B

By lemma 10.2.13 (ii) one has 4" = A", hence A”" = B"". Therefore by
corollary 10.2.17

oon(A4) = con(A”’) = con(B"") = con( B).

(i) = (iii). By assumption 4 >,00m(4) <,B. Hence by lemma 10.2.13 (i)
for some C one has C >, A4, B. Therefore by lemma 10.2.26

Vk 34'—» A,B'—> B A" =,C=,B".
(11)=(iv). Let a € Seq be given and let & = lh(a) + 1. By assumption
€))] 34’ —>»,A,B'>» B A =, B
Then
Ala~A’|a by lemma 10.2.22,
= Bla by (1),
~ Bla by lemma 10.2.22.
(iv)=(1). By the contrapositive of lemma 10.2.30 (ii) one has
Va(A~,B)=A"C"B

and the statement follows. [] -

i

e i s T
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The relations on trees define relations on terms.

10.2.32. DEFINITION. Let M, N € A, a € Seq.

(i) M"C NeBT(M) ™ CBT(N).

(i) M. "NeBT(M) " C"BT(N).

(iii) M<,NeBT(M) <,BT(N).

(ivy M= N=BT(M) =,BT(N).

V)M~ ,NsBT(M)~_ BT(N).

In exercise 10.6.7 it will be shown that
M"QN@EIM’MS,,M’(;N,
M"'C'NeIM), N’Ms,,M’EN’z,,N

(this is not immediate; the required intermediate tree may not be the BT of
a term).

10.3. The Béhm out technique

Let A =BT(M) and let A, be a subtree. The Bohm out technique
consists in finding a context C[ ] such that roughly BT(C[M]) = A,. (The
subtree 4, is “Bohmed out”.) The method was first used in B6hm [1968]
for separating different Sn-nf’s M and N, i.e. constructing a context C[ ]
such that say C[M]="0", C[N]="1".

10.3.1. ExampLEs. (i) Let

BT(M)=Ax.x

/N\

Bl B2
ahd suppose we are interested in B,. Define C[ j=[ JF. Then
BT(C[M]) = B, (provided x does not occur in B,).
(ii) Let

BT(M)=Ax.x

/\
AN

B, B,

and suppose we want B,.
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Define C[ ]=(@z] ]JF)UL Then BT(C[M]) = B,.
(iii) Less obvious is the following. Let

BT(M)=Ax.x

and suppose we want B,. If we take Cy ]=[ ]F, then Cy(M]=%Q.
However now take C[ |=[ |]P,FT, where P, =\ab.{a, b)>. Then C[M]
=<{Q,(By, ¥)>FT = B,

Notice that one has, in general, not C[M] = B, but rather C[M]= B, a
substitution instance of B,. One cannot do better.

10.3.2. DerINITION. (i) For M € A an instance M* is the result of substitut-
ing some terms for some free variables in M.

(i1) Notation. 3+ - - - M* - - - means that for some instance M* of M one
has --- M*. ... Similarly for V* - - -

10.3.3. DEFINITION. (i) A fransformation fis a map f: A > A.
(ii) A solving transformation f is defined either by

f(P)=Px forsome x

or

f(P)=P[x:=N] forsome x,N.

(iii) A Bohm transformation is a finite composition of solving transforma-
tions (including the identity as a composition of zero transformations).

(iv) Notations. 7 ranges over Bohm transformations; M™ stands for
a(M).

10.3.4. LemMa. () V7 AC,[ |VM M™=C,[M).
(i) In fact C[ ]in (i) can be chosen such that

VX AN VM EA(X) C,[ M]=(AZ.M)N.

ProoOF. (i) If M= Mx, take C,[ ]=[ Ix; if M™= M[x:= N}, take
Gl 1=(x[ DN;andif 7= o mylet C,[ 1=GC,[C,[ ]I
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(i1) Again this is clear if # is a solving transformation. Now let 7 =
m, o m, where m, is a solving transformation and C, [M]= (AxX.M )N for
M € AYX). B

Case 1. ( )"=( )y. Then C [M]=(AX.M)Ny for M € A%(X).

Case 2. ( )" =( )[y:=P]. Then C,[M]=AX.M)N* for M € A%x).
where * =[y:=P]. [J

10.3.5. DEFINITION. (1) A hnf M =Ax;--- x,.yM,-- - M, is called A-free if
n=0,ie if M=yM,---M,. .
(i) A hnf M =AX.yM is called head original if y & FV(M).

(ii1) A A-term M is ready if M is unsolvable or has a A-free and head

original hnf.

Now it will be shown that a A-term can always be made ready. Remem-

ber that U? =Ax, - - - x,.x;; these terms are called selectors. A permutator
is a term of the form Ax, - - - x,.x, - - - x,, where o is a permutation. A

particular group of permutators is defined by

P,=Ax) - - - X, (X X)) DX X Xy Xyt X,

10.3.6. LEMMA. (1) VM 37 M7 is ready.

(i) VM Va € BT(M) 37 [M" is ready and 3 » (M™), = (M_)*].

(ii1) The substitution needed in (ii) is done only in the head variable of M
(if M has a hnf).

Proor. (1) If M is unsolvable, then take M™ = M. If M is solvable, le
Ax - x,yM,- - - M_ be its (principal) hnf. Define :

NT=Nx,- - x,[y=P,]a,
where a is fresh. Then

MT=P, M} - - Mla=aMy - - M}
and this is ready.

(i) [The construction in (i) is not sufficient now; it may mix up the
structure of subtrees of M. E.g. let

M=Ax.x
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Then
M™ = Mx[ x:=P;]a =PyI(P,lyQ)a

a
=Pl(P,lyRQ)a=al(Qy)= .\,
I

and hence (M7) oy7 (M, oy)*.] Again the situation is trivial if M is
unsolvable. Otherwise M has a hnf, say M =Ax,---x,.yM,---M_. Let
lh(a) = k and let the nodes of BT(M) of length < k have at most ¢
successors in the tree. Define

N"=Nx; - x,[y=P)la,,, - ab
Then since
Mw:PqM;"...M’:am+l...aqb=bM;"...M':am+’...aq,_

where * =[y:=P,], it follows that BT** (M ") results from BT**!(M) by
replacing the top

(1) Ml‘” e by /bm
1 - m 1---m am+l"'aq

and the internal nodes (of length < k)

(2) Ay by AZXpe1t Xqr1s Xgu
1 - p 1 p Xpay 0t X4

Clearly M™ is ready and (M"), is an [y:=P,] instance of M,.
(iii) Immediate. []

10.3.7. ProPOSITION (BGhm out lemma).
(1) VM Ya € BT(M)3A7 3+ M™ =(M)*.
(1) The substitution * in (i) is done only in the variables in M, that occur
as head variable at a node B < a.
(iii) The transformation 7 in (i) is such that

for some N, P which are either variables, permutators, or selectors, and
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where { X} consists of those free variables of M that are the head variable of
a node 3 < a in BT(M).

PROOF. (i) By induction on lh(a) it will be shown that
VM [a€BT(M)=37,* M"= (M, )*].

Ifa=<{ ), hence M, ;=M and we can take 7 = id. Suppose a = () * .
Using lemma 10.3.6 let =, be such that

(1) M™=xM,--- M
0

m

is ready
and moreover for some *, .
@ (M= (M), = (M),
Define
()"=()[x=W], mp=meom,
Then by (1)
M™=(xM,- - M,)"=M,.
By the induction hypothesis applied to 8
3m v, Mp=((M),)".
Hence by (2)

(M) = Mo

Define 7 = @, o 7, o m, and we are done.
(i), (iii) Immediate. ]

Without extra work one can also B6hm out at a virtual node of a tree.

10.3.8. COROLLARY. VM Va virtual in BT(M) A7 3+ M"=(M)*.
Moreover w and * can be chosen as described in proposition 10.3.7 (ii), (iii).

ProOOF. By two examples.
(1) Let
M=MAx.x
/N and a=<{2>.

X X
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Then M, can be determined by drawing the n-expansion
M =Axy.x.
VAN
X xy
To Bohm out at « in M’ one uses 7 defined by
( )= )w[x=U}]
This 7 also works for M:
M” = U3y = 5.

(2) Let M be as in (1) and let o = (2, 1). Take

M =Axy.x
AN
x x Apq.y
VRN
P q

Define ()" =( )xy[x:=Uj]pgly:=VU}}. Then M"=4q. [

Note that by the preceding proof no substitutions are needed in the term
M itself, if a is virtually in BT(M).

The following result is taken from Barendregt et al. [1976a]; for an
application see theorem 20.2.6.
10.3.9. COROLLARY. Let M € A%(x), x € FV(BT(M)). Then for some P, §
€ A such that x & FV(P) one has

(i) MP = xQ. B

(ii) In (i) one may require that the P are closed and each of them is either
of the form U? or P,,.

PROOF. (i) Let a be a node of minimal length such that x occurs as the free
head variable at node « (i.e. is not bound at a node 8 < a) in BT(M). Then
M, =N/ .xN. By proposition 10.3.7 (i), (ii), (iii) for some =, *

M™=MP = (\j.xN)* = \y.xN*.

Therefore MI.’}' = xN* as required. .

(i) By proposition 10.3.7 (iii) the members of Py are variables # x or of
the form U} or P,,. By substituting in (1) some terms 1 = U] for variables
#x, one may assume that the P € A°. [J
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In the next section the Bohm out technique will have to be applied to
several terms at once. From now on ¥ will stand for finite sequences of
terms (possibly with repetitions). Notation = (M,,..., M, }.

10.3.10. DeFINITION. Let @ C A and a € Seq.
(i) @ is ready (A-free) if YM € @ M is ready (A-free, respectively).
(ii) 7 is a-@-faithful if

YM,Ne@ [M~aNc>M"~N"]/\[M|a¢©M" solvable].
7 is @-faithful if 7is { >-@-faithful.

(iii) Let M,N € A. Then M, N agree up to a if VB < aM|B=N|B.
(iv) @ agrees up to o if VM, N €@ M, N agree up to «.

10.3.11. LEMMA. Suppose & agrees up to a. Then for some =
(1) F~ is ready.
(2) 97 agrees up to a.
BG)VYM,NEF[M~,NeM™~ N7,

Proor. This is a corollary to the proof of lemma 10.3.6 (ii). Suppose that
a# { > and that the elements of % are solvable (the other cases are
simpler). Then for M, € % one has

M;=AZ.yN,y - N,,.

Define 7 by

( )'”=( )f[.y= Pq]al T ar’

where ¢, r are large (the attentive reader will easily see just how large these
need be). Then

7"— "_'— « o .
M7 =P,Mi=a

which is ready. This establishes (1).

As for (2), let 8 <a. For M € & one has that BT(M7) is obtained from
BT(M) by the changes (1), (2) in the proof of lemma 10.3.6 (ii). Let
M, N € . There are three cases.

Case 1. M|B=N|B=QAZy’, m),y #y. Then

M7[B=N7"|B=<Azy", m).

Case 2. M|B= N|B=<{\Zy, m)>. Then

MWIB= N"|B=<Exm+] T xq+l'xq+l’ q>
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Case 3. M|B=N|B=1. Then M"|B=N"|f=1.

As for (3), let M, N € ¥ and suppose M |a, N|a are both defined (the
other cases are simpler). If M|a~ N|a, then as above M7|a~N7"|a.
Suppose M »<_N in order to show M7 < NT. Let

Mla=Az, - - - 2,y my), Nla=QAz, - - - 2,0, my).

Case 1. y, £y,. Then also M" < N". (Distinguish y, #y, y,#y and

NWEV2FEY) .
Case 2. y, =y,,n, —m; ¥ n, —m,. Subcase 2.1. y, =y, #y. Then M"|a
= M |a and similarly for N, so M" < _N". Subcase 2.2. y, =y, =y. Then

M"a={Azy - ZnXmy41" " xq+l'xq+l’q>’

N a= Az 2, Xy 17" X g1 Xg0159)

ny
and hence M" < N7, since
n+(g+)—m—g#n,+(g+1)-my—q. O
For later use we need the following result.

10.3.12. LEMMA. (i) Let @ C A. Define ( )" =( )x. Then if x @ FV(&), =
is @-faithful.

(i) Let & ={M €A} ||M|| <k, M in By-nf}. Define ( Y"=( )x:=
P.]. Then

(1) 7 is @,-faithful.

(2) & C NF.

() 7 is injective on &, (M" = N"=M =N, for M, N € &,).

PROOF. (i) Easy.
(ii) By the same method as lemma 10.3.11 one shows (1). As for (2), by
induction on the depth d of BT(M) one shows

M € @, = M7 has a Bn-nf.
Suppose d =0. Then M = N\/.z and hence M[x:=P,] has a Sn-nf, both if
z#xand if z= x.

Suppose d > 0. Then

BT(M)=Ay.z
VAN
A, A

P
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If z # x, then
BT(M™)=Ay.z
VRN
AT A’;

and the result follows from the induction hypothesis.
If z is the free variable x, then

BT(M')=“>\)7/I’k”=)\}'zp+, o e 1Zran
AT A7 /\\
A7 .- A;zpﬂ"’ Z

since k> |[M| >p, and the result follows again from the induction
hypothesis.

As for (3), also by induction on d it is clear that from BT(M™) one can
reconstruct BT(M), for M € &,. [Note that since M is a B-nf, in BT(M™)
the subtree A7 is not equal to the last variable in 7 and therefore can be
retraced.] Hence 7 is injective on @,. [

10.3.13. PROPOSITION. Suppose F agrees along a. Then there exists a m which
is a-F-faithful.

Proor. Induction on lh(«). If a=( ), take = =id. Otherwise, suppose
a = /> *f. By assumption

(1) VM,NEF M|( >=N|( 5.

For notational simplicity assume ¥= {M, N}.
Case 1. M, N, are unsolvable. Then take 7 = id.
Case 2. M, N are solvable. By (1) one has, say,

M=AX.yM,--- M

s N=AX.yN;---N,.
By lemma 10.3.11 there is a =, such that

2 %7 is ready,

(3) M~,NoM™~ N7,

4 F™  agrees up to a.
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By (1), (2) one has, say,
Fro={aPy-- - P,aQ," - - Q,}.
Define ( )" =( )a:= usl Then
Freomo={P, Q.

Moreover, by (4), % ™ agrees along B. Hence by the induction hypothe-
sis there is a 7, which is B-%" ° "e-faithful. Then

M~aN©aﬁ~aaé by (3)
= Pi~pQ,
B~ 0}
SMT~NT

where 7 = m, o 7, o m,. Therefore this 7 is a--faithful. [

10.4. Separability of terms

Aset F={M,, ..., M,} of A-terms is called separable if the elements can
be mapped on arbitrary terms by a “definable” function.

Before examining the concept of separability in general, the case n =2 is
treated. The result is due to Bohm [1968].

10.4.1. LEMMA. (i) Let M, N € A be solvable. Then
MxN=VP, Q€A 37 [M"=PAN"=Q].
(i1) Let M be solvable. Then

MxN=VPcA Irn [M'”= PANT is unsolvable].

PROOF. (i) By theorem 8.3.14 M, N have hnf’s, say

M=X\x,- - x,.yM,--- M

m?

N=Axl...x",.lel...N,

m

Suppose M <N. Theny £y orn—m+=n’ —m’.
Case 1.y #y’. Assume n’ > n, say n’ = n + k. Define

(7= )x X

( )"=( )y=2rq,--- Apii-Pl[y'i=Xa, - a,. Q]
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and 7 =, o m,. Then
M"=(yM,---M,x, - x,,.,)"=P,
NT=(y'Ny-+ N,)"=Q.
Case2.y=y and n—m+#n"—m’'. Let n’ > n. Define

()"=0)x- x,e

Then one has (using the self-explanatory notation —w>), say,

MEyMl---M Xppr Xy =yLy--- L,

m

NOyN- - Ny=yLi--- L,
where p=m+n’—n and p’ = m’. Since p #p’, let p=p’ + k, say. Define
( )"=( )aby--- by,
("= )[y=A " z,125]
Then

yLl-”LpZ;yLl---Lpabl---bk——z)ab,---bk,

yLy- - L. —yLi--- Llab,- - by —b,.

Finally let
( )7=( ) a=Ab, - b,.P][b:=0Q],
7T=7T3°7T2°7Tl °7TO.
Then M"=P N"=Q.

(ii) Again M =Ax, - - - x,.yM, - - - M, and assume N unsolvable. De-
fine

( )1r=( )xl."xn[y:=Ml.“am'P]‘

Then M™ = P and N” is still unsolvable. []
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10.4.2. THEoREM (BShm [1968]). Let M, N be distinct Bn-nf’s. Then
() VP, Q37[M™ = PAN" = Q] L )
(ii) If moreover M, N € A°, then ¥V P, Q3L[ML = PANL = Q).

PRrOOF. (i) By assumption M #,N. Hence by theorem 10.2.31
M < N, (see also exercise 10.6.9),

for some a. Let a be such with minimal length. Then the set { M, N} agrees
along a. Hence by proposition 10.3.13 for some =,

M7 < N7,
Now apply the preceding lemma. .
(i) By (i), since for all 7 and closed M one can write M" = ML. []

It follows that for terms having a nf, the AByn-calculus is Hilbert—Post
complete. For terms not having a nf this is not true. See chapters 16 and
17.

10.4.3. COROLLARY. (i) Ler M, N be distinct Bn-nf’s. Then M =N is
inconsistent with .
(ii) For M, N having a nf one has in Ay M = N is provable or inconsistent.

PROOF. (i) Given P, Q there exists by the theorem a = such that M" = P,
N7 = Q. Hence

A+ M=NrP=M"=N"=Q,
therefore

A+ M =N proves every equation.

(i) If M, N have B-nf’s, then by reducing all n-redexes also 8-n-nf’s, say,
M, N'.1If M'=N’, then Ayt M = N. If M’ #N’, then by (i)

- Con(Ay+ M =N). J

Now general separability for the AK-calculus will be considered. The
formulation and proof of the final result is due to Coppo, Dezani-Cian-
caglini and Ronchi della Rocca [1978].

10.4.4. DEFINITION. Let & = (M, ..., M,} be a set of A-terms.
() If § C A%, then ¥ is called separable if
(+)  VYN,---N,€AIFEAN FM,=N,n--- \FM,=N,.

() If F CA is arbitrary, then ¥ is separable if its closure AX.5 =
(MM, ..., AX.M,)} is separable in the sense (i).
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One can define n-separability by changing = in (+) by =,- In chapter
17 it will be seen that

% if y-separable =% is separabile.

[n fact this holds much more generally.

10.4.5. LeMMA. (M, ..., M,} C A is separable <

P I

VNy,...,N, 3C[ ] C[M]=Nn--- AC[M,]=N,

PROOF. (=) Suppose F(AX.M,;)=N,. Take C[ }=F(AxX[ ).

(<) By lemma 2.1.20. []

For the remainder of this section, let & denote a finite set of terms.

10.4.6. DEFINITION. A sequence number a is useful for ¥ if
() VM eGM|al,
@ IM,NeFM < _N.

The following definition is by induction on the number of elements of %.

10.4.7. DEFINITION. & is distinct if 9 consists of one element or some
a € Seq is useful for & and the ~, equivalence classes of elements of &
are all distinct.

Important examples of distinct sets are given by the following lemma.

10.4.8. LEMMA. Let F consist of terms having different By-nf’s. Then F is
distinct.

PRrROOF. By induction on the number p of elements of %.
The case p = 1 is trivial, so suppose
p>1. Let M, N €% have different fn-nf’s. Then M % N, hence by
theorem 10.2.31 for some a one has M »<_N. Since the elements of § have
nf’s it follows that '
VLEF L|aj.

Hence a is useful for 4. By the induction hypothesis it follows that the ~,
equivalence classes are all distinct. Therefore ¥ is distinct. []

The main result of Coppo et al. [1978] is that in the A K-calculus
% is separable < ¥ is distinct.

In this section only «< will be proved. The implication = is postponed
until §14.
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10.4.9. DEFINITION. ¥ is original if % consists of A-free hnf’s and VM, N € §

[M =< N=M,N have different head variables].

10.4.10. LEMMA. Let F consist of solvable terms.
(1) 37 7 is F-faithful and F7 is A-free.
(ii) 37 7 is S-faithful and F” is original.

PrOOF. Define ( )" =( )x,- - - x,, with the X fresh and n sufficiently
large. Then by corollary 10.3.12(i) the transformation # is F-faithful.
(ii) By (i) it may be assumed that % is A-free. Let

J,={M € F|y is the head variable of (the hnf of) M}.

If MMNEY, say M=yM,--- M,,N=yN,--- N, then M~Nep=gq.

Let

q°

F)={pAMETM=yM,--- M,}
and p = max X(%). Now define 7, as follows
( )>=( )a--- ap+l[y:= Pp]’

where the 4 are fresh. Then & 5,7 1s original and 7, is & - and even F-faithful.
[Example. Let & , be
yPP

yPQ
yPPP
yPPPP.

Then % y is

yPPa,a,a;a,as [ ]=

yPQa,ayaza,as [ ]

yPPPa,a,aa,a; [ = P4:| a,P*P*P*a,a,a,a,
[ 1=

YPPPPa,a,a;a,a; a, P*P*P*P*a,a;a,a..]

Performing consecutively for each head variable z in ¥ such Béhm trans-
formation =, yields the required 7. []

10.4.11. COROLLARY. Let ¥ consist of solvable terms. Let $=F, U - - - UG,
be the partition of % into ~ -equivalence classes. Then

VN,---N, 31 VMEF, M"=N,, 1<k<gq.
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PrROOF. Let &= {M,..., M,} be given. By the lemma it may be assumed
that & is original. This means that for 1 <4,/ <p

M’. =nyil e M and M1~A4j<:>y‘,=yj

im,;

Let Ny, ..., N, be given. Define 7 as follows:

[ ]"=[ ][y,-l:=)\x1~~xm”.N,]-~ . [y,-q:=)\xl---xml .Nq],

q

where {y;,....» } are the different head variables of 4. Then 7 clearly
works. [Example = {xPP,xPQ,yPP,zPQR},

[ 17=[ J[x=Axpx N ][y=Ax;x3. Ny ][ 2:= Axyxpx5. M5 ].
Then 7= {N,, N, N,, N;}.). O
10.4.12. PROPOSITION. & distinct =% separable.

PRrOOF. By induction on Card(% ). Suppose Card(% ) > 1, for otherwise it is
trivial.

By assumption some « is useful for %. Let a be such with minimal
length. Then .

() AIMNEF Mx,N,

QVMEF Mlaj,

B)VB<a YM,NEF M~;N.
Let F= %, U - - - U%, be the partition of ¥ into ~, equivalence classes. By
(1) Card(9%,) < Card(%), hence, by the induction hypothems - 1s separable
for 1 <i<k.
By proposition 10.3.13 and (2), (3) for some 7,

VM,NEF [M™~N"eM~_N]|AM" solvable.

Claim. For all F,,..., F, there exists a 7 such that
(4) VMeYS, M"=F, 1<i<k.
Indeed, observe that ¥Fm=%my--- UJ is a partition of §™ into ~

equivalence classes. Hence, by corollary 10.4.11, given F,...,F, there
exists a 7, such that

(5) VMeg™ M™=F, 1<i<k.
Now define 7 = 7, o ;. Then by (5)
YMeS, M =(M")"=F,

proving the claim.
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Let FV(¥) C {x}. Given F,,..., F,, find a 7 such that (4) holds. Define
 I1=al JE[ ],

where C [ ] is such that VM C,[M]= M7 (by lemma 10.3.4 this exists).
Then

VM € F,C[ M] = C,[ M](AX. M)
= F(AZ.M) by (4).

Since the J; are separable we may choose F, such that for all M € %, the
term F(AX.M) equals a prescribed value. Therefore & is separable. []

In chapter 14 the converse implication will be proved.

10.4.13. THEOREM (Coppo et al. [1978]). For the A K-calculus one has

% is separable = % is distinct .

PrOOF. By propositions 10.4.12 and 14.4.14. [J

10.4.14. COROLLARY. Let F= {M,,..., M.} be a set of distinct Bn-nf’s. Then
% is separable.

ProoF. Immediate by lemma 10.4.8. []

10.5. Separability in the A I-calculus
The notion of separability relativizes in the obvious way.
10.5.1. DEFINITION. Let = (M,,...,M,} C A. Then ¥ is I-separable =
VL -+ L,EA] IFEAN, [FM=La- - AFM,=L,].
It is clear that if $C A, is I-separable, then FC A‘}: free variables
cannot be thrown away. For $C A9 one can completely characterize

separability.

10.5.2. THEOREM. Let F = (M, ..., M,} C AY. Then
% is I-separable<% consists of terms having distinct B7-nf’s.

PrROOF. (=) By assumption IF € A,[FM, = 1,A --- NFM, = p]
(Church’s numerals). Hence by corollary 9.1.6 all the M, have a 8-nf. By
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reducing all 5-redexes it follows that the M, have a Bn-nf. If M,, M, have
the same By-nf, then Ant i, =/, hence i =.
(<) By the next theorem. []

In fact something stronger can be proved.

10.5.3. THEOREM. Let F={M,,...,M,} C AS be a set of distinct fn-nf’s.
Then % is I-separable.

Proor. This occupies the rest of this section. []

10.5.4. DEFINITION. (i) An I-solving transformation = is one defined by
either

M”™=Mx forsome x,
or
M7=M[x:=N] forsomexand NEA,.
(i) An I-Bohm transformation is the finite composition of I-solving

transformations.
(iii) = € I denotes that 7 is an I-Béhm transformation.

10.5.5. DEFINITION. (i) A distinct normal set (dns) is a finite set % =
M,, ..., M, of terms having distinct Bn-nf’s.
(ii) ¥ ranges over dns’s.

10.5.6. DerFNITION. If M =Ax,--- x,.yM,--- M,,, then the argument
number of M (notation {( M)) is the integer m — n. Note that for hnf’s one

has
M~N<M and N have the same head variable and (M) =K(N).

Moreover
B(xM,---M,)=n, &(My)=48(M)+]1,

n

h(Ax.M)=h(M)—1.
10.5.7. DEFINITION. (i) %* = {7 € I| 7 is F-faithful and ¥ is a dns}.

10.5.8. LemMa. (i) If # € 5 and 7’ € (F")}, then ' o w E G},
(ii) Let x be fresh. Define ( ) =( )x. Then m € F}.
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ProOF. (i) ¥ is a dns=7(%) is a dns=7"on(F) is a dns. Moreover for
M, Ne¥F

7 on(M)~a"om(N)=>a(M)~a(N)=>M~N.

(i1) Clearly = € I. Moreover

(1) 7 is F-faithful. This is so by lemma 10.3.12(i).

(2) ¥7 is a dns. Clearly ™ consists of Bn-nf’s. Moreover these are
different: suppose Mx, M’'x (with M, M’ € 5, M #£M’) have the same
Bn-nf. Then also Ax.Mx =4 Ax.M’'x and hence (x is fresh) M= M
contradicting that & is a dns. [At this place is needed that terms in a dns
have distinct n-nf’s. Otherwise e.g. the sequence Ax.zx, z would become

zx, zx.} O

10.5.9. COROLLARY. V4 37w € G F7 is A-free
Proor. Take ( )=( )x; - - x,, with p large enough. []

10.5.10. DEFINITION. (i) A block in ¥ is a ~-equivalence class within 5.
(i) The head variable of a block is the head variable of any of its
elements.

Remember that ¥ is original iff % is A-free and different blocks in F
have different head variables.

10.5.11. DEFINITION. Let % be a A-free block (in some %), say B is
M =yM, - -M,,

M,=yM, - - M,

qm*

Then B is x-straight iff
if x € FV(M, ; ) for some M, ; in the block, then
x#y and for all 1 <i <gq one has M, = x.

10.5.12. ExaMPLES. (i) ylxx and xl are x-straight.
ySxx xS
(i) ylx, xlx and yl(xy)x are not x-straight.
yxx xSx yS(xp)x

10.5.13. DEFINITION. % is special iff

(1) F is original,

(2) If x is the head variable of some block in %, then all blocks in F are
x-straight.

Now we want to show that every dns can be transformed by a = into a
special one.
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10.5.14. NoTATIONS. (i) Remember that P, =Xx; - -+ X 1. X4 1%; - ¢ © X
(1) If M, ..., M, is a sequence of terms, then
M,....M,. .. M,
is the sequence My, ..., M, |, M,,,, ..., M, for some i with 1 <i < p.

(iii) @ = {M|M is a y-nf A || M| <k)}.

10.5.15. DeFINITION. Let % be a A-free dns. In % the multiblock with head
variable x is the set

¥, = {M € ¥ | x is the head variable of M}.

10.5.16. LEMMA. Let B be a multiblock in some A-free 5. Then An € G B" is
special.

ProoOF. Let % be

1 1
XM, Mlm,
1 1
'XMn,l : Mn,m,
2 2
xM2 - M
k .o ME
xME - Mlmq
where m; <m, <--- <m,. Define

( )=( )[X3= Pk]zl T 24

where k£ > ||M|| for all M € & and the 7 are fresh.
First it will be shown that ®” is special. Let M € B, M = xM, - - - M,,,.
Then

T * . .. * P ..
M"=z M} Mz, Zk+1—m Zrk+ 1
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where M* = M[x:=P,]. Hence B" is

Ix . ., lx , . 2 c.
zk+1—m,M11 Mlmlzl Zk+1—m, Zrk+1
1 1 -
Zisr—mM, M, .2, Zkt1-m, Zr41
L V7 S -
Zk+l—qull Mlqul Zkvt-m, " Zxal

Therefore it is clear that B” is original. Since the Z are fresh, B” is also
special.

It will now be shown that 7 € ¥*.

(1) Since P, € AY one has 7 € 1.

(2) By lemmas 10.3.12 and 10.5.8 9" is a dns.

(3) Since k> ||M|| for M € § one has F C & and hence by lemmas
10.3.12 and 10.5.8 7 is % -faithful. []

10.5.17. COROLLARY. V¥ 37 € G* F is special.

PROOF. By corollary 10.5.9 one may assume that % is A-free. Successive
applications of lemma 10.5.16 to the different multiblocks . 4. yields a dns
%7, with 7 € §*, that is original. Let z be one of the head vanables of §7
that is substituted in the head variable x of ¥, . Then not only blocks in G
become z-straight, but also those in (¥ — 6' 3. )" since z is fresh. Therefore
F 7 is special. [

10.5.18. DEFINITION. ¥ is discrete iff the terms of ¥ are not all ~-equivalent.

It will be shown that each % can be I-transformed into a discrete dns. To
this purpose an algorithm is constructed, intended to split blocks. In order
to show that this algorithm terminates, a natural number d(M,N) is
defined, indicating the depth of the essential difference in BT(M) and
BT(N).

10.5.19. DEFINITION. Let M, N have different 8y-nf’s. Then M ¢ N. Hence
by theorem 10.2.31 (see also exercise 10.6.9) M ~,N for some a. Define

d(M,N) = min{lh(a)|M < N}.
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10.5.20. LEMMA. VE VM £ N € F 3m € 5 [F7 is special and d(M™, N™) =
d(M,N)).

PrOOF. Let @ consist of terms having different 89-nf’s. A Bohm transfor-
mation 7 is called @-conservative iff VM £ N € @ d(M™, N") d(M,N). It
will be shown that the components of the # making % special are all
conservative on their appropriate domains so that = itself is %-conservative.

(1) The transformation ( )™ =( )x is clearly @ronservative for x &
FV(@). Hence the transformation that makes a dns F A-free is %
conservative.

(2) Now it will be shown that the transformation ( )" =( )[x:=P,]is
@, -conservative. Let M, N € & , M £N. By induction on k= d(BT(M))
+ d(BT(N)) it will be shown that d(M7, M) = d(M,, M,).

k=0. Then M =MNj,.2;,, N=N,.z,. If d(M, N)=0, then M < N and
hence by lemma 10.3.12(ii) M™ < N7, i.e. d(M™, N™) = 0. If d(M, N)#0,
then M ~ N which in this case implies M =N contrary to the assumption.

k>0.If d(M, N)=0, then again d(M", N") =0. If d(M, N)# 0, then
M~ N. We may assume that M, N are A-free: M=yM, - - M, ,N=
yN,---N,.

Case 1. y=x. Then the A-free forms of M", N™ are z,, MT - - -
Mz “ 2 Z N+« - N7z - z, respectively. Now

mém+1 " " mZm+1 " "
d(M",N") = Max{1 +d(M],N")|1 <i<m)
= Max{1 +d(M;,N,)|1 <i<m}, by the induction
hypothesis,
=d(M,N).

Case 2. y # x. Then the result follows similarly. []

10521. LEMMA. VM, =M, € $[M, ~ M, = 37 € Grd(M7, MJ) <
d(M,, M»)]

PrOOF. By lemma 10.5.20 it may be assumed that ¥ is special Assume
M, +# M,, M, ~M,. Then M,, M, occur in the same block in ¥. Let this
block be
M=xM,  --M
My=x M, - M

2m

1m

Mn = lenl nm
Since M; ~ M, one has d(M,, M,) > 0 and therefore for some i,
(H d(Ml,M2)=d(M“0,M2iO)+ 1

and M, #M,,. For 1 <j<nlet M;, =Ab,---b, Vil -+ L, and set
qg= max{q,, . ..,q"} By the varlable conventlon 1t may be assumed that
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the b, . .., b, are not free in ¥. Define
FE}‘al"'ambl"'bq«aiobr"bpal"'d' ceva
( )7=( )by~ b[x,:=F].

First it will be shown that = € 5*. It is clear that 7 € I. Now let  be

g Mim My =Aby---b, .y Ly L

x My M

Ir,

lenl e Mnio' o Mnm MniozAbl e bq,,'ynLnl Tt Lnr,,

X, + - x, (possibly) - - -

X, - x; (possibly) - - -

Xyt

Xyt

Since % is special, x, occurs actively only in the first block. Therefore 57 is

M7 = Y1L|1"'L|r,bq,+1'"bpMn"'Mlio"'Mlm
M7 =| y,L, - 'Lzrzquﬂ ; "bple" : Mzio' M,
ynLnl' o Lnr,,bq"-o—l' = bpMnl. . Mnio. o Mnm

Sl

X, - - F(possibly)- - -

X, + - F(possibly)- - - b

Xe b

Sl

X
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Clearly %7 consists of terms having a 871-nf. Moreover the y are distinct
from all the X: if, say, y, = x,, then since % is special, it would follow that
», =M, =M, contradicting the choice of i,. It follows that = is ¥-faithful.
In order to prove that ¥7 is a dns, we have only to show that the #-image
of each separate block in % consists of terms having distinct 89-nf’s. For
the first block this is true, since each term can be reconstructed from its
image. Also the other blocks remain a dns, since the possible substitution
[x,:= F] is innocent (the blocks are x,-straight). Thus indeed 7 € ¥*.
Finally we show that d(M7, M7) < d(M,, M,). One has
d(M7 M3)=1+d(L

1700 L2,,) for some jy,

=d(M, . M,,)

lig?
<d(M;,M,) by(l). O
10.5.22. COROLLARY.
VIVYM,#M, €5 An€FF M7 <xMj.

PrROOF. If M|~ M,, the lemma yields a 7; € J;* such that d(M", M) <
d(M, M,). If M' < M we are done. Otherwise the lemma applies again.
Since the d(-,-) cannot decrease forever, eventually one has M7 < Mj. [J

10.5.23. PROPOSITION. V¥ 37 € G} G7 is discrete.

PRrROOF. Let % be M,,. .., M,. By applying the preceding result at most p
times, the appropriate 7 can be found (use the faithfulness of the transfor-
mations involved). []

10.5.24. DEFINITION. A dns ¥ is regular if F is discrete, special and the
only free variables in ¥ are its head variables (that may occur in different
places however).
Examples. (i) {x,1x,8, x,x,88, x3x,x,x,K} is regular.

(ii) {x,18, x,8(x,1)} is not regular.

10.5.25. LEMMA. V& 37 € G 57 is regular.
PrROOF. By proposition 10.5.23 ‘and corollary 10.5.17 it may be assumed

that & is discrete and special. Let {x,,...,x,} be the head variables of the
terms in % and let {y,,...,y,} =FV(J)— {x,,...,x,}. Define

( )"=( )[)’13= Pk,]

where &, is so large that & C &, . Then by lemma 10.3.12 one has =, € F*
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and F™ has less free non-head variables than %. Continuing this way
finally a # € % is obtained such that §™ is regular. []

10.5.26. LEMMA. Let % be M, . . ., M, and let k, ..., k, EN. Then for
some m € I one has F" = { k,,- - - | 1)

Proor. By lemma 10.5.25 it may be assumed that ¥ is regular. Say ¥ is

x]M”...M

Im,
xpMpl. .. Mpmp
and either M;, € A° or M;; € {x,,...,x,} for all i,j with | <i<p,1<,<

m,. -
By theorem 9.4.22 there exists a uniform A I-solution O &€ SO for the closed

terms among the M, , i.e.

(1) M, ,EN=M0=I
By adding some I’s it may be assumed that 0= O,...,0, withr>m, +1

forall i, 1 <i<p.
Now define, for 1 <i < p,

Li=X\,-- .ym_(y15|~q) ... (ym6|~q)LkiJ
where ¢ has to be determined yet. Note that

LOV7=(00V9) - - - (0,,01~%).k,,0,

m,»+l.

01,

By lemma 9.4.9(ii) there is a g, such that for ¢ > g, the SO terms Q5 are
solved by 179, i.e.

001~ =1,
Then, for 1 <i < p, one has

LOV?=k,0, ,,0, ., - 01~

0f (O 1r) -+ - O if k50,

o

o+ 100, 42 - - - O 177 else.

—_ Hi|~q
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for a certain SO term H; which is independent of g. Again by lemma
9.4.9(i1) there is a g, such that if g > g,, then Hi~7=1forall 1 <i< p. It
follows that if ¢ = max{q,, ¢,}, then

() LoV =1,

(3) M;O1~=1 for M, €A’ by (l).

Define
()= )[xi=Li] - [x,=1,]

(where the g in the definition of the L, is max{q,, ¢,}). Then 7 € I and "
is

LM} - M}

Im,;

Ly M5 My,
where

. — 0 ;

(4) either M =M, , €A’ or M}e(L,,....L,}.
Therefore

M7=LM5- - M3,

= (M;01~9) - - - (M2,01~9)k,,

=.k;;, by(4),(2)and (3). [

10.5.27. LEMMA. There are P, Q, E € AS(X) such that

VN, - N,€AYX) 3k, ..., k

P

k POQE=N, 1<i<p.

Proof. Let P=Az.(zS*), 0=<0,> and E=E; ;, where S* is the
successor for Church’s numerals and E; ; € AY(X) is constructed in remark
9.3.13 with

VNeAY(X) 3keN E;;k+1,=N.
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Now let N,,...,N, € A%(X) be given. Find k,,...,k, €N such that
E k;+ 1,= N, First note that P"(Q) =< n,>. Then, for | <i<p,

Lk, + 1,PQE =P+ Y (QVE = k, + 1DE=E k,+1,=N. O
Finally the promised result.

10.5.28. THEOREM. Let F={M,, ..., M,} C A% be a dns. Then

VYN.....N,€ANYX) 3nel F"=(N,,...,N}.

PrOOF. By lemmas 10.5.26 and 10.5.27. []

10.5.29. COROLLARY. Let M, ..., M, € A be distinct Bn-nf’s. Then

VN,,...,N, € AY(X) L EN(X)
[MIL=Nn--- AM,L=N,].

P V4

PROOF. By the theorem and lemma 10.3.4 (ii). []
Now theorem 10.5.3 and Bohm’s theorem for A7 follow.

10.5.30. CoroLLARY. Let F={M,,.... M} C A% consist of distinct Bn-
normal forms. Then ¥ is I-separable.

PrOOF. Immediate, taking ¥ empty. []
10.5.31. THEOREM. If M, N € A, have different Bn-nf’s, then M # ,N.

PrOOF. Immediate. []

10.6. Exercises

10.6.1. (i) Show that BT®(M) as defined in 10.1.9 is indeed a partially labelled tree.
(i) Show that [BT(M)| = [BT(M)).
10.6.2. Prove proposition 10.1.21.
10.6.3. Prove that for 4 = BT(M) one has FV(4) CFV(M).
10.6.4. Show that some 4 € A B looks like a Al-tree but nevertheless 4 & AB. [Hint. Use
the fact that {n|{n}(n)=0) and (n|{n}(n) 0} are recursively inseparable r.e. sets. Let

{eX(n)=me32[T(e, n, )A U(z) = m], the Kleene normal form for partial recursive func-
tions. Let 4, € B be such that

BT(z"y) if T(n, n, m) A U(m) =0,

BT(z"x) if T(n, n, m) A U(m) =0,
A, =
BT(8z) if Vm—T(n, n, m).
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Finally for A take the tree

Axyz.z

10.6.5. Find terms having as Bohm trees the following trees. [ Hint. Do not use theorem
10.1.23]

- \
)
)

—

®

KX T X T X X /X

Kot —— 3 = X

X X

A

X X X X X
X X X X X X X X

L Pinus.
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10.6.6. Construct a tree 4 € A®B such that con(A4) & AB. [Hint. Make a construction analo-
gous to that for exercise 10.6.4.]

10.6.7. Prove
M "'Q Ne3IM'M< M [ N.
i) M 'C "Neoam, N'M<,M'L_ N’z N.[Hint. Use theorem 10.1.23,]
10.6.8. Let M € A be such that for all s € Seq one has
M s> [M Ts s (n)" ],cn. Construct BT(M "¢ 3V).

10.6.9. Show directly that if M, N are terms with different Bn-nf, then Ja M <,N.
10.6.10. Let J = (S, 1, C, K}. Construct a Bohm-transformation = such that I =
(K, 1,8, 8).
10.6.11. Use the Bohm-out technique to prove corollary 9.4.21.
10.6.12. (i) Show that if M, N € A have equal finite L -free BOhm trees then AF M = N.
(ii) Show that BT(M) is finite and 1 -free iff M has a nf.

10.6.13. Let F € A® define in T2(A) a non constant map with a nf M, in its range. Show that
then x € BT(Fx) for all x. [Hint. Otherwise BT(FM)=BT(FN) for al M, N€A; in
particular BT(Fx) = BT(M,). But then by the previous exercise A+ Fx = M,,. Therefore F is
constant on M(A).]

10.6.14. Let {n}(m) be the value of the nth partial recursive function applied to m. Define

{x if {n}(n) =0,

v, =4y if {n}(n)=1,
L else.
Show that
Axyz.z
v, z

S
VAN
is not in A ;%B. /\

10.6.15. (Coppo et al. [1978]). Construct an F = {M,, M), M,} that is not separable, but such
that nevertheless { M, M,}, {M,, M,} and {M,;, M 1} are separable.
10.6.16.* Given M € A find the place of the following sets in the arithmetical hiérarchy:
@ (alBT(M)@)L),

(i) (a|BT(M)(a) = 1),

(iii) {a|BT(M )11},

(iv) {aja € BT(M))}.
10.6.17.* (i) Write a program such that BT(M ) appears on a screen, when M is given as input
to a computer.

(ii) Include zoom facilities.
10.6.18. Construct an M € A, (respectively &A ;) such that M(Ax.x) =1 and M(Ax.xxx) =
L2J.
10.6.19. Show that the following problem is not recursively solvable. Given M € A, is there
an M’ € A, such that BT(M’") = BT(M)?

PART III

REDUCTION
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As we have seen, reduction is useful to analyze convertibility. For
various extensions & of A there is a corresponding notion of reduction R
such that §+-M = Ne M =,N and R is Church-Rosser. This gives a
proof-theoretic analysis of J: if M, N do not have a common R-reduct,
then 9 # M = N. Chapters 11 and 15 prove these CR properties, once more
for B and also for other notions of reduction. Moreover in chapter 11 other
important theorems on S-reduction are proved (finiteness of developments,
conservation theorem for the A/-calculus, standardization).

In chapter 13 the notion of reduction strategies is introduced. These are
often useful to show that two terms have no common reduct: if x &
FV(M) and

(1) VYN’ [N—»RN':-xEFV(N')],

then M, N do not have a common R-reduct (since variables usually cannot
be created in a reduction). In order to show (1) the reduction graph of M
must be inspected and this is often rather complicated. But (1) is true if it
is on a “cofinal” reduction path in Gg(M). Such a path is constructed by
several reduction strategies.

In chapter 12 equivalence of reductions is studied. This notion was
introduced in Lévy [1978] in connection with the search for optimal
reduction strategies.

Chapter 14 shows that the A-calculus is “locally strongly normalizable™.
This result has various applications.

More information on reduction can be found in Klop [1980].

275



CHAPTER 11

FUNDAMENTAL THEOREMS

Reduction was introduced in order to analyze B-conversion. In part II we
have seen already several applications of the Church—Rosser theorem and
the standardization theorem. These and other important results on S-reduc-
tion will be proved in this chapter.

11.1. The Church-Rosser theorem

There are many ways to prove the Church—Rosser theorem. In §3.2 a
short proof due to Tait and Martin-L6f was given. In this section a bit
longer but more perspicuous proof is presented. These two proofs will be
compared in §11.2.

In order to prove that —» (i.e. —»,) satisfies the diamond property, it
suffices by lemma 3.2.2 to show that this is so for —. However that is not
true. The following lemma throws some light on the situation.

11.1.1. LemMma. (i) The relations — and — do not satisfy the diamond

property.
(i) The relation — satisfies the weak diamond property .

PRrOOF. (i) Let R— R’ be, say l —1 and consider
(Ax.xx)R—>RR

(Ax.xx)R—>(Ax.xx)R".

A common reduct would be R’R’, but this cannot be reached in one step
from RR. Hence — does not satisfy the full diamond property (nor does its
reflexive closure).

(i1) Suppose

MM, MM,
277
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in order to construct an M, such that
M, —>»M,, M, M,.

Let (A)):M—>M,, i=1,2, with A,=(Ax,.P,)Q,. The possible relative
positions of A, and A, in M are given in the following table.

(DA NA,=0(@Ge. A, A, disjoint)
24, =4,
3.1
34, cA, Ghach
B32DACcQ,
@d4.HA,cP
@A, CA, —
42)A,cQ,
Let Ai=P[x;=Q,]
Case 1. Then
ME...AI...AZ...
M= Ay Ay
My=---A;--- Ay -
Then take
My=- Ao A

Case 2. Then M|, = M, and we can take M; = M,.

Case (3.1).ThenM=-- -(Ax,.--- A} - -)Q,) -+, where- - -A- - = P,,
Mlz"'((sz-“'All"‘)Qz)"'
MZE .(...Al...)[x2:=Q2]...

Take
M3E'”(”'A,]”')[:XZ:=Q2]”'

Then clearly M, — M, and M, M, by the substitutivity of B.

Case (3.2). Then M= - ((Axy.P))(---A;---))---, where

..AI'.'EQZ’
M= (Ax, . P)(- Ay ) - -
M;zE"'(Pz[X23=(‘"Al"‘)])"'
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Take
M3E"'(P2|:x2:=('”All"')])’

then clearly M, —» M, and M, —» M, by remark 3.1.7 (i).
Cases (4.1) and (4.2) can be treated analogously to cases (3.1) and (3.2).
O

Due to the existence of infinite reduction paths it does not automatically
follow from lemma 11.1.1 that B is CR, i.e. that — satisfies the diamond
lemma (see exercise 3.5.10). The diamond property for —» does follow,
however, from the following “strip lemma”, which is a strengthening of
lemma 11.1.1:

The idea of the proof of this lemma is as follows. Suppose M 4 M,. If one
keeps track of what happens with A during the reduction M —» M,, then by
reducing all “residuals” of A in M, one obtains M;. In order to do the
necessary bookkeeping, it is convenient to mark some redexes. For this it is
sufficient to give an index to the first lambda of a redex. (For applications
later on several indices will be allowed.) For these reasons the following
auxiliary extension of A is introduced.

11.1.2. DErFINITION. (1) A’ 1s a set of words over the following alphabet

0gs Oy - - - variables,
AN AL, ... lambdas,
(.,) parentheses.

(i1) A’ 1s inductively defined as follows.
xeN,
MeAN=(MAx.M)eA,
M,N €N =(MN)E N,
M,NeAN=((Ax.MN)e A’ forallieN
(x denotes an arbitrary variable).

(i) If M € A’, then |M| € A is obtained from M by leaving out all
indices. For example, |(A;x.x)((Ax.x)(Ax.x))| = KII).
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The elements of A’ are called A’-terms. The same conventions are
adopted as for A-terms. The notion of reduction 8 is extended to 8’ on A’
as follows.

11.1.3. DEFINITION. (i) Substitution on A’ is defined in the obvious way. In
particular

(A\x.M)N)[z=L]=(A\;x.M[z:=L])(N[z:=L]).

(i) The notion of reduction B’ on A’ is defined by B’ = B, U B, where f3,
and B, are defined by the following contraction rules:

By: (A x. M) N>M[x:=N],
B: ()xx.M)N—»M[x:= N],

whereieN and M, Ne A'".
(1i1) By remark 3.1.7(ii) the notion B’ generates relations — . and —»,. on
At M —g N iff for some (indexed) context C[ ] with one hole and some

(P,O)EPR
MEC[P:I and N_=_C[Q],

—» 4 is the reflexive transitive closure of —.

In the next section the notion of reduction 8, will play an important
role. For the purpose of this section the set A’ and the notion 8’ could
have been given simpler (using just one index).

11.1.4. DerINITION. Let M € A’. Define ¢(M) € A by induction on the
structure of M as follows:

P(x)=x,
o(PQ)=9(P)p(Q) if PENX.P,
P(Ax.P) =Ax.p(P),
?((Aix.P)Q) = o(P)[ x:=9(Q)].

In other words, ¢ contracts all the redexes with an index (from the inside
to the outside; in section 11.2 it will be shown that other ways of
contracting all the indexed redexes always lead to the same result).

11.1.5. NoTaTION. If |[M =N or ¢( M )= N, then this will be denoted by

M->N or MSN
I P
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respectively. This is convenient for a schematical formulation of state-
ments.

11.1.6. LEMMA.
@

(ii)

M',N' € AY,

M,N € A.

PrOOF. (i) First suppose M—»zN is a one step reduction. Then N is
obtained by contracting a redex in M and N’ can be obtained by
contracting the corresponding redex in M’. The general statement follows
by transitivity.

(ii) Similar but easier: just leave out all indices from a reduction path
from M"to N'. [

11.1.7. LeMMa. (i) Let M, N € A’. Then

p(M[x=N])=e@(M)[x:=¢(N)].

(i)
M g N
M,N € A",
ey T g *“»l w0 (N)

Proor. (i) By induction on the structure of M, using the substitution
lemma in case M = (A\,y.P)Q. The conditions for the substitution lemma
may be assumed to hold by the variable convention 2.1.13.

(ii) By induction on the generation of —»g., using (). [

11.1.8. LEMMA.

M€ AT,

(N,L € A).




282 FUNDAMENTAL THEOREMS CH.11,§1
ProOF. By induction on the structure of M. []

11.1.9. STRIP LEMMA.

M
< B8 M,M',N,N' € A.
M' S0
\\\ //N
N
ay
Nl

PrOOF. Let M’ be the result of contracting the redex occurrence A in M.
Let M € A’ be obtained from M by indexing A. Then |M |=M and
(p(]\jl)EM/. By lemmas 11.1.6 (i), 11.1.7 (ii) and 11.1.8 we can erect the
following diagram

which proves the strip lemma. []

11.1.10. CHURCH-ROSSER THEOREM. B is CR. That is,

M’ *‘/\N M,M' ,N,N'" € A.

PROOF. If M —» M’, then
M=M,>M - —->M, =M.

Hence the diamond property follows from the strip lemma and a simple
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diagram chase:

a

In chapter 3 we have proved that By is CR. It is instructive to notice that
the proof given for B does not generalize immediately to Bn (see exercise
11.5.4).

11.2. The finiteness of developments

The main theorem in this section states that for each M € A the so
called developments (a special kind of reduction starting with M) are
always finite. This theorem (denoted by FD) has important consequences,
among them being the CR theorem, the conservation theorem for the
restricted theory and the standardization theorem.

FD was first proved by Church and Rosser [1936] for the A I-calculus in
order to prove the CR theorem for that theory. For the full A-calculus FD
was proved by Schroer [1965] and independently by Hyland [1973] and
Hindley [1978]. The proof given below is taken from Barendregt et al.
[1976] and is a simplification of that of Hyland.

One formulation of FD is simply

SN(B,).

that is, reductions on A’ contracting only indexed redexes are always finite.
Often this theorem is formulated in terms of “residuals”. It is convenient to
introduce this terminology.

11.2.1. LemMa (Projecting). Let o’ be a B’-reduction starting with M’ € A’,
say

A Aj
o M=M-> M > ---.
;4 B’
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Then |o’| defined by
J 1 N Y1
o] [M'| =My - | M| — -
is a B-reduction starting with | M’|.
PROOF. Obvious, just erase all indices. []

The following result is a strengthening of lemma 11.1.6 (i).

11.2.2. LemMma (Lifting). Let ¢ be a S-reduction starting with M € A. Then
for each M’ € N’ with |M’|= M there is a 3'-reduction o’ starting with M’
such that 6’| =o.

ProoF. Obvious; just give the right indices to the terms in the reduction o.

O

Let 9 be a set of redex occurrences in a A-term M. If we are interested in

what happens with the elements of & during a reduction, then we can lift .

M to A’ by indexing the elements of ¥.

11.2.3. DeFINITION. (i) Let M € A; then A € M denotes that A is a redex
occurrence in M.

(i) Let ¥ be a set of redex occurrences. Then $C M denotes that
VAeFAEM.

(iii)) Let FC M e A. Then (M,%)€E A’ is the indexed term obtained
from M by indexing the redex occurrences of M that are in ¥ by 0. In this
notation M € A is identified with (M, € A’.

ExaMmpLE. Let M = (ly)(Iy)(1z). Then M has three redex occurrences (the
first and second (Iy) and (Iz)). Let & = {the second ly, I1z}. Then ¥ C M
and (M, F) = . x)y(Agx-x)y)(Agx.x)z2).

11.2.4. DEFINITION. Let M,N € A and let 6: M — N.

(i) Let $C M. The set of residuals of F in N relative to o (notation ¥/0)
is defined as follows.

Let M'=(M,%) and lift 0 to 6’: M’—»N'. Then |N’|= N. See figure
11.1. It is clear that B8’-reductions do not create new indices, therefore N’
has only 0 indices and hence N’ = (N, %) for some F".

M'=(M,F) 0! N'=(N,F')

N

a FiG. 11.1
Now /6 =9".
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(i) If A € M, then the residuals of A in N relative to o, notation A/g, is
the set {A} /0.

Also for B’-reductions one can define residuals. Let ¥ C M N ﬂ,N ’
Then

¥ /o' = {NEN||N|€|F|/]0']}.

The intuition behind residuals is this. Given a reduction ¢, mark a set of
redexes in the begin term of ¢ and follow this set throughout the reduction
path. Since the marking does not affect the reduction itself, lemmas 11.2.5,
11.2.6 and 11.2.8 are obvious.

11.2.5. LeMMA. Let M,N €A,0 : M—>»N and F={A,...,4,) CM.
Then 5 /o=A/oU - -- UA,/o. O

112.6. LeMMA. Let 6 : M—>N, 7 : N—>L, and $ CM. Then F /o + 1=
(F/0)/7. O

By lemmas 11.2.5 and 11.2.6 residuals in general are determined by
residuals of a single redex relative to a one step reduction.

11.2.7. ExampLEs. Let A = (Aa.a(lx))(xb). Consider the following (one step)
reductions.
(1) (Ax.xx)aA — aal,

(1) (Ax.xx)A — AA,

(111) Ax.p)A—y,

(iv) (Ax.x)A - (Ax.x)(xb(Ix)),

(V) Ax.A)P— (Aa.a(1 P))(Pb),

(vi) A— (Aa.ax)(xb).
In (1) the residual of A (relative to the given reduction) is as a term
unchanged. In (ii) A has two residuals. In (iii) and (iv) A has no residuals.
In (v) the residual of A is A[x:= P]. In (vi) the residual of A is (Aa.ax)(xb).

The following lemma shows that one can find out simultaneously the
residuals of several redexes by giving them different indices and following
these indexed redexes.

11.2.8. LEMMA. Let o' : M'—>», N’, M’, N’ € A’ and let ¢ = |d'|. Define for
PeN,|P|,={AJA€ Pis an i-redex}. Then |M’|,/a =|N’|,.

11.2.9. COROLLARY. Let 6 : M—» N, M,N € A and let Ay, A, € M be differ-
ent redex occurrences. Then'(A,/6)N (A, /0) = 9.

PrOOF. Let M’ be obtained from M by indexing A, with i. Then the result
follows by lifting 6. [
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It is important to note that A/¢ depends on ¢ and not just on the first
and last terms of o.

11.2.10. ExaMpLE (Lévy). Consider
I(lx) > 1x.

This one step reduction can be obtained in two ways:

'
o, : I(1x) S Ix,

I(Ix)
g, : 1(Ix) 2 ix
Now Ix /e, =8 but Ix/0e, = {Ix}. This situation is studied in chapter 12.

If ¥C M and one has in mind a certain reduction starting from M, then
one may speak about “the residuals of & ” without specifying that reduc-
tion path.

11.2.11. DEFINITION. (i) Let M € A and 9 C M. A development of (M, %) is
a reduction path

o:M= MO—>M—'>---

such that each redex A, €M, is a residual of a redex in F (relative to
(Ao) +- +(Ai~1))-

(i) 6:M—>N is a complete development of (M, %), notation
o:(M, )—» N, if o is a development of (M, %) and moreover %/o =

(i1) A develapment of M is a development of (M, %,,) where %,, is the set
of all redex occurrences in M.

(iv) M — N iff N occurs in some development of M.
dev

Developments and B;-reductions correspond to each other in the follow-
ing way.

11.2.12. LEMMA. ¢ is a development of (M, %) iff o lifted to o’ starting with
(M, F) is a By-reduction.

PrOOF. Note that o contracts only residuals of redexes in F iff o’ contracts
only indexed redexes. []

Now it will be proved that all developments are finite. By lemma 11.2.12
it suffices to show that B, strongly normalizes.
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To get some intuition, consider

(Aox.xx)(Ax.xx)—g (Ax.xx)(Ax.xx) € By-NF.

The second (A x.xx) cannot have an index because it is not the first part of
a redex. That on the other hand B-reductions can be infinite is caused by
the “creation” of new redexes. If only (residuals of) old redexes are
contracted, then a reduction always terminates. That is what will be shown
now.

The idea of proof is to assign to each M & A’ a set of special norms
(positive integers) such that

for each special norm for M there is a

M= N= strictly smaller one for N

These special norms are introduced via an auxiliary system A’*. The proof
occupies 11.2.13-11.2.21.

11.2.13. DEFINITION. A’* is the set of weighted A’-terms defined as follows.

x" €A™ for every variable and every n €N, n > 0,
MeA*=s(Ax.M) e A'*,

M, N € A'*=(MN)eEA'*,
M,NeAN*s(Ax.M)N)EA* forallieN.

The positive integers attached to variables are called weights. Note that
only variables not immediately preceded by a lambda are weighted.

Each M € A’* can be considered as a pair M = (M,, I) where M, € A’
is obtained from M by leaving out all weights and I is an weighting, i.e. a
map which assigns to each variable occurrence (not immediately preceded
by a A) a positive integer.

11.2.14. DeriNITION. The notion of reduction B, is extended to A’* as
follows. First define substitution for A’* by

x"[x:=N]=N

and the usual other rules. Then define B¢ by the contraction rule
By :(A;x. M)N>M[x:=N] forM,NeA*.

As usual, B generates relations — g, and —»g,.

Note that as for 8, only indexed redexes are allowed to be contracted in
a fB§-reduction.
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11.2.15. DErFINITION. Let M € A™*. For N C M define
[|N{I" = sum of the weights occurring in N.

Note that [|[N|' > 0.

11.2.16. DEFINITION. Let M =(M,, I) € A’*. The weighting I is called
decreasing if for every B§-redex (\,x.P)Q in M one has

|x]”>|I@]" for all occurrences of x in P.

EXAMPLE. (A;x.x°x")(Ax.x2x) has a decreasing weighting, but not
(A;x. x4x7)(>\x x2x3).

11.2.17. LEMMA. Let M € A’. Then there is a decreasing weighting for M.

PROOF. Number the occurrences of variables in M from the right to the
left, starting with the number 0. Give the nth occurrence the index 2”.
Example: if M = xy((A,z.z)(xx)) the result is

x16y8(()\,—z.z4)(x2x')).
Since 2" >2""!+ - .. +2 + 1, this is a decreasing weighting. []

The notion of residuals makes sense also for reductions in A’*. This
notion will be used informally in the next proof.

11.2.18. LEMMA. Let M* =(M,I) € A’*, with I decreasing and let
M*—g  N*=(N,I').

Then (1) || M*||" > || N*|".
(i) I’ is a decreasing weighting.

PROOF. Let A = (\;x,.P,)Q, be the 8%-redex contracted in M* — aN*.

(1) Each x, in P, is replaced by Q,. Since ||x,|’ > 19l this means that
the sum of the weights in the contractum is decreased. Also if P, contains
no x; this holds, since then Q, vanishes and ||Q, ||’ > 0.

(i) In order to verify that I’ is decreasing, let By = Ny xo o)Qo be a
Bo -redex in N*. Since A, is indexed, it is the residual of a redex in M*, say

8, = Nx,.P)) 0.

The possibilities for the relative positions of the redexes A, and A, are

given in the table on p. 274.
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In only two cases it is nontrivial to verify that for x, in P, one has
Ixoll” > 1| Qoll". Case (3.2). A, C Q,. Then

IIl

“ (A% Py)| - (WX PYQY) - -

B3l
N* = (AxuP)| - P[x=0,] - 0. .
where , = 0, and (\;x,.P)) 0= (A %0 Po) Qo-
Since M* has a decreasing weighting one has
(1 IAux- PO > 1Py [ xy:= Q4 ]I
and for all x,(=xy) in P)(=Py)
(2) [0l > Q"
From (1) it follows that ||Q,|| > || Qyll’s hence by (2)
ll%oll” > 11 Qoll"-
Case (4.1). A, C P,. Then
M*=. (}\le "'xi"'(()\sz-Pz)Qz)"' l)Ql...
B3l
N*=
(Axp Py xi= QN @[ =) - |-,
where =Py and A xo. P) Qg = Nxy. Pof xy:= Q) IN Dol x,:= Q))).
Since M* has a decreasing weighting one has
0] lx, "> 1Q,lI" forall x, in P,
and
(2) 1x,0l" > [[Q5]I”  for all x, in P,.

By (1) it follows that

Q. > ||Q2[x,:= Ql]”/ (=holds if x, & FV(Q,))
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and hence by (2)
llxall" > ”Qz[xﬁ: Ql]”/ for all x; in Pz[’ﬁ:: Ql]’

since by the variable convention it may be assumed that x, does not occur

nQ,. O

11.2.19. LeMMA. Let M,NE A’ and let M*=(M,I)EA'*. If M—»g N,
then for some weighting I

M* g N*=(N,I'):

M*= (M, 1) BX (N,I")
___¥A,O, _.__»T
[ |
M N
BO

PROOF. As in the proof of 11.1.6 (i), copy the reduction M —»5 N with the
weighted terms. []

11.2.20. PROPOSITION. On A’ the notion of reduction B, is strongly normaliz-
ing.

PROOEF. Suppose
O:MEMO_’BOMI_)BO' -

is a By-reduction starting with M € A’. By lemma 11.2.17 there is a
decreasing weighting / for M. But then by lemma 11.2.19 ¢ induces a
reduction

0% M*=(My, 1) =g (M, 1) > -

By lemma 11.2.18 each weighting /; is decreasing. Hence again by that
lemma

(Mo, )| > (M, 1) > - .
Thus ¢* and therefore 6 must be finite. []

11.2.21. THEOREM (FD: Finiteness of developments). Let M € A. Then all
developments of M are finite.

ProoF. By proposition 11.2.20 and lemma 11.2.12. [
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11.2.22. COROLLARY. Let M € A.
(i) For 5 C M each development of (M, ) can be extended to a complete

one.
(i) The set {MlMd—» N} is finite.
eV

PrROOF. (i) By the theorem there is a development of (M, %) of maximal
length. This is a complete one.

(i) Each term has only finitely many one step reducts. Hence the result
follows by the theorem and Konig’s lemma. (By the proof of the theorem
one can compute a bound on the maximal length of a development of M
(see exercise 11.5.8), hence the argument is constructive). []

Now it will be proved that all complete developments of an (M, %)
terminate with the same result. In terms of B, this just means that Bo-nf’s
are unique.

11.2.23. LEMMA. (i) B, is weakly Church—Rosser.
@i1) In fact, let M, M, M, € A’ and

A, a,
0.M—>BDM1, 'r:M—)BOMz.

Then there are reductions
o' i My—>p M, T M > M,

where o' (7' respectively) is a By-reduction obtained by contracting the
residuals A, /7 (A,/ o respectively) one after the other from the left to the
right.

(iii) Similarly for B’'.

PROOF. (i) Analogous to lemma 11.1.1(ii) (checking that the indices match).
(i1) This is just the information obtained while proving (i).
(i11) Equally simple. []

11.2.24. COROLLARY. (i) The notion of reduction B, on A’ is Church—Rosser.
(i) Each M’' € A’ has a unique By-nf.

PROOF. (i) By the lemma and propositions 11.2.20 and 3.1.25.
(i1) By (i), proposition 11.2.20 and corollary 3.1.13. [

11.2.25. THEOREM (FD!). Let M € A and $C M.
(i) All developments of M are finite.
(i1) AUl developments of (M, 5 ) can be extended to a complete development
of (M, %).
(iii) All complete developments of (M, %) end with the same term.
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PROOF. (i), (ii) By FD and its corollary.
(iii) By corollary 11.2.24 and lemma 11.2.12. []

Corollary 11.2.24 (ii) enables us to define the following.

11.2.26. DeFINITION. Let M’ € A’. Then Cpl(M’) is the unique Bo-nf of M’
Often this notion will be applied to M’ = (M, F) with F C M.

ExampLES. Let M = (Ax.x)(Ax.xDl) and let A, =M, A, = (Ax.xI)| be the
first and second redexes in M. Then

Cpl(M, {4, A,}) =,
CpI(M, (A,}) = (wr.xI)L,
CpI(M, (4,}) = (Ae.x)(M).

Now an alternative proof of the Church—Rosser theorem for B will be
given using FD!. The method is implicit in Curry and Feys [1958].

11.2.27. DERINITION. For M, N € A define
M-—»N
]
if Cpl(M, %)= N, for some .

There is no ambiguity with the notion —» of definition 3.2.3: the two
relations are the same; see exercise 11.5.3.

EXAMPLE. Let w = Ax.xx and let R be a redex with contractum R’. Then
wR—l»RR, wR—> R'R’, wR —>» wR’,
1 1
but not

«wR—» RR’.
1

11.2.28. LEMMA. (i) —»p is the transitive closure of —».
.. 1
(i) > satisfies the diamond lemma.

PROOF. (i) Same as for lemma 3.2.7.
(i) Define M; = Cpl(M, ¥, U %,). Then M — M,.
1
Now M —> M, results from a (partial) development of (M, % U %)

Hence by completely developing the residuals of %, U %, in M, (relative to
the given reduction M — M) one obtains by FD!
1
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M

%\

|

|

1 < LM,

b

\_gsflé_//

M3

FiGc. 11.2.

M, —->» M. Similarly M, > M, and one has a diamond; see figure 11.2. [J
1

11.2.29. COROLLARY. B is Church—Rosser.
PrOOF. By the lemmas 11.2.28 and 3.2.2. [

The proofs of the CR theorem in §3.2 and §11.1 are both related to the
proof just given.

In §3.2 the relation —» is the same as the one defined in this section (see
exercise 11.5.3). Howevler one did not need to know FD!; a direct induc-
tive definition was possible.

In §11.1 the map ¢ : A’ > A is such that (M, F)=Cpl(M, ¥); see
exercise 11.5.1. Therefore also that proof is essentially the same as the one
in this section.

11.3. The conservation theorem for A7

In this section theorem 9.1.5 will be proved, which stated that for
M € A, one has

M has a nf = M is strongly normalizable.

For M € A this is wrong: KI has a nf, but nevertheless co(KI2). See also
example 9.1.7.

The conservation theorem is taken from Church [1941]. The proof below
is due to Barendregt et al. [1976].

Let Aj={M EN||M|€A,}.

11.3.1. LEMMA. Let M € A, contain the redex occurrences A, A, of which
only A, is indexed. Consider the reduction

4,
M—)ﬂo N.

Then A, has at least one residual in N (which is not indexed).
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a
PROOF. Since M € A/, A, is an I-redex. Hence in M —;B N the only redex
that disappears (i.e. has no residual) is A|. [

Lemma 11.3.1 is of course false if M € A). Consider (Agx.)A,—1.
11.3.2. COROLLARY. Let M' = (M, F) € A} and let
0: M >, N =(N, %)
Let A be a redex occurrence in M', with A& 5. Then A/ o + 9.
PROOF. Let ¢ be
M'—)BOMI’—)BO- T o N

By lemma 11.3.1 A has a residual A, in M| (which is not indexed); A, one
in Mj, and so on. Hence by lemma 11.2.6 we are done. []

11.3.3. LemMA. Let M’ = (M,, F) € A} and let M’ 5, N".
(D) If A is a By-redex, i.e. A is indexed, then

M a N
Yz ="
cpl; _~"cpl
| e
| -
e
M

M' N'
"
! B, |
cpl, | cpl
! |
! )
R i ————»¥ g
#0

PrROOF. (i) Let M= Cpl(M’). Since A is indexed, one has A €F and
therefore M’ iﬁoN’ is an (uncompleted) development of M’. Hence it

follows by FD! (theorem 11.2.25) that also M = Cpl(N').
(ii) Since A is not indexed, A & . Note that

M3, N >N
1
cpl
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is a complete development of M " = (M, ¥ U {A}). Hence by FD!

M —>M
cpl

can be extended to a complete development of M ” to N. Therefore
o:M>» BN’

where o is a complete development of the residuals of A in M (relative to
some reduction M’ — M). Since by corollary 11.3.2 A had at least one such
residual, one has

M—> N. O
~8 B

11.3.4. CONSERVATION THEOREM (FOR AJ). Let M € A, and M— N. Then
oo(M )= 0o(N).

PRrROOF. Suppose M — N by contracting A. Let
o M=M,->M —>---
be an infinite reduction starting with M. Let ¥= {A}. By lemmas 11.2.2

and 11.3.3 one can erect the diagram in figure 11.3.
It remains to be shown that

$:Ngo> N, >N, > ---

is an infinite reduction. By lemma 11.3.3, N,= N, only if the reduction
(Mi’gi)—’ﬁ'(MiH’ng)

is a B,-reduction.

M=M, My M My M,
B B B B
I I I I [l
A (Mo, Fo) M, F)) \Mm’: ) (M3, F3) M, ,Fy)
81 Bo Bo B
cpl cpl 1 cpl cpl
#9 9
_ 8 N = B
N=NO N]=N2=N3 N,
FiG. 11.3.
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But by proposition 11.2.20 this happens consecutively only a finite
number of times. Therefore { is an infinite reduction path. []

11.3.5. CorOLLARY. If M €A, has a nf, then M strongly normalizes and
hence G( M) is finite.

PROOF. Let M— M| — - - - > N be a reduction of M to nf. Since — co(N),
it follows by the contrapositive of theorem 11.3.4 that —oco(M), ie.
SN(M ). By Konig’s lemma it follows that G(M) is finite. []

Theorem 11.3.4 can be formulated in a way which is also valid for A K.

11.3.6. DEfFINITION. Let A=(Ax.P)QE Ag. Then A is an I-redex if
x € FV(P), otherwise it is a K-redex.

11.3.7. CONSERVATION THEOREM. Let M, N € A . and M i N, where A is an
I-redex. Then oo(M)=>co(N).

PROOF. See theorem 13.4.12. [

In §13.4 it will be shown that the proof of theorem 11.3.4 cannot be
generalized immediately to yield 11.3.7.

11.4. Standardization

The standardization theorem of Curry and Feys [1958] is a useful result
stating that if M—» N, then there is a ‘standard’ reduction from M to N.

In terms of residuals the notion of standard reduction can be formulated
as follows. Remember that if A, A’ € M, then A is to the left of A’ if the
main A in A is to the left of the main A in A",

11.4.1. DeFINITION. (i) Let

Ao A A,
o:My—-M ->M,—> ---

be a reduction. o is called a standard reduction if Vi Vj <i [4; is not a
residual of a redex to the left of 4; (relative to the given reduction from M,
to M)].

(i) Write M > N If there is a standard reduction ¢ : M — N.

Standard reductions make contractions from the left to the right possibly
with some jumps. They also can be described as follows.
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“After each contraction of a redex R, index the lambdas of redexes to
the left of R. Redexes with indexed lambdas are not allowed to be
contracted anymore. Indexed lambdas remain indexed after contractions
of other redexes.”

ExampLE. Consider the following reductions (the contracted redexes are
underlined).
D Aa.(Ab.(Ac.c)bb)d—
Aa.(Ab.bb)d—
Aa.dd.
(ii) Aa.(Ab.(Ac.c)bb)d—
Aa.(Ac.c)dd—
Aa.dd.
Both reductions have the same start and terminal. The first one is not
standard, the second one is.

Note that if 6 =7+ p is standard, then so are 7 and p, but not
conversely.

Now we will present a proof of the standardization theorem due to
Mitschke [1979].

11.4.2. DEFINITION. (1) Let M € A and A € M be a redex. Then A is called
internal in M if A is not the head redex in M.
(i) M—» N if there is a reduction (a so called internal reduction)
1

1% A,
o M=My>M > -+ >M, =N

such that A, is internal in M, for 0 <i <n.
(iii) M — N if there is a reduction ¢ : M —» N which is at the same time
O ;

’ 1 . . 1
a complete reduction of some (M, %), i.e.0 : M - N.
Remember that —h» denotes head reduction.

ExaMPLES. Let M = Ax.(Az.zz)(I(1x)). Then Ix and I(Ix) are internal re-
dexes and (Az.zz)(I(1x)) is the head redex. One has

M —Ax. (Az.zz)(Ix),
Ml—}i)}\x.()\z.zz)x,

M —Ax. (1(1x))(1(1x)),
M~ Xx.x(1(1x)),

M —>Ax.xx.
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11.4.3. LEMMA. Let o: M 5 N, where A is an internal redex of M.

() If N has a head redex, then so has M.
(ii) If Ay, is the head redex of M, then A, /o consists of exactly one element
which is the head redex of N.

(1) If A is an internal redex of M, then all elements of A, /o are internal
redexes of N.

PROOF. (i) If M has no head redex, then M is in hnf, but then also N is in
hnf, contradiction.

(i) Give the head redex A, in M an index, say 0. Then by contracting
internal redexes this redex will neither be cancelled nor be duplicated.
Clearly the O-redex remains the head redex all the time.

(iii) Equally simple. []

11.4.4. LEMMA.

M,M",NE A,

PROOF. Let N be the complete reduct of (M, ¥). Now develop (M, %) as
follows. First contract consecutively the indexed redexes that are head
redexes. By FD this process stops say at M’. Then complete the develop-
ment by contracting the left-over internal indexed redexes (i.e. the residu-
als of ¥ in M’). By FD! this leads again to N. Clearly M—h» M’ and

M’—l» N. By lemma 11.4.3 (iii)) M’— M even. O
1,i

11.4.5. LEMMA.

M i M!
| 7
r \

h{ [h M,M'",N,N' € A.
I |
YooY

N i N'

PROOF. First it will be shown that
M 1,1 '
'“_7,71‘%)‘[‘4

() h| I

L
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Let M’ be the complete reduct of say (M, ¥), where all the elements of &
are internal redexes. By lemma 11.4.3(i)) M has a heafi redex, say A. By

A
11.4.3(i1) A has exactly one residual A" in M’ and M’ - N’. Hence

M—>M — N’
1,i h

is a complete development of (M, ¥ U {A}). Let M, be obtained from M
by contracting A. By FD! one has M, > N’ by a complete development of
all residuals of ¥ in M,. Hence by lemma 11.4.4 3N M, > Nl—? N’. This

shows ( * ); see figure 11.4,

M 1,i M’
Alh
M hi|aA
1
1

h

N 1,1 N'
FiG. 114.

Now, since M - M’'= M — M’, the statement of the lemma follows by
1 1i . -
(*)and a diagrarln chase suggested in figure 11.5.

FiG. 11.5. ad

M,N,M' € A,

PrOOF. Any reduction M—» N is of the form

M>M—->M,—>M;—> -+ >N,
h i h i i
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M
h
i i i

i | Con| .

A SR

I

f——v—»iu—»yf---ei—hf»y--~7> 1 L 1 N
FiG. 11.6.

This can be changed into the required reduction by lemma 11.4.5 and a
diagram chase suggested in figure 11.6. []

Now we can prove the standardization theorem of Curry and Feys
[1958].

11.4.7. STANDARDIZATION THEOREM. If M —» N, then M —» N.
s

ProOF. By induction on the length of N. By lemma 11.4.6

3Z M—»Z-»N.
h i

If N is a variable x, then Z =x and we are done (a head reduction is
clearly a standard one).

If N=Ax, -  x,.NyN, --- N,,, with n+ m >0, then Z must be of the

form

Z=Ax, %, 24Z, - Z,,
and

Z—>»N, 0<i<m.
By the induction hypothesis

Jo;, o, : Zi—s»Ni, 0<i<m.
Let o : M;» Z. Then

ot+o,+ - - - +om:M—s»N. O

11.4.8. COROLLARY. M has a hnf iff the head reduction path of M terminates.

PROOF. (=) Let M = AX’.yATI; By the CR theorem M—»Z, AX.yM —» Z, for
some Z. But then Z =AX.yN, with M,—» N,. Therefore by the standardiza-
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tion theorem

(1) M >M5yN.
s

Let this reduction be

Ao A =
M=My>M - - S5AXyN.

If all the A, are head redexes, then (1) is a terminating head reduction.
Otherwise let A; be the first internal redex. Then M, must be in hnf, for
otherwise its head redex would remain (M, — )\)'c’.yﬁ 1s standard). There-
fore M — M, is a terminating head reduction.

(<) Trivial.

11.5. Exercises

11.5.1. Let (M, 9) € A’. Show that Cpl(M, F) = @(M, F), where ¢ is introduced in definition
11.14.

11.5.2. Construct a reduction ¢ : M—» N such that for some redex A € M not all elements of
A/ g are disjoint. Conclude that the method of exercise 7.4.13 for proving the Church—Rosser
property for w does not extend to 8.

11.5.3. Prove that the relations —» as defined in 3.2.3 and 11.2.27 are the same.
1

11.5.4. Show that the proof given in §11.1 that B is CR does not generalize immediately to 8.
[Hint. Consider Ax(Ay.P)x. This term contains a B-redex and is an n-redex. If one of them is
contracted, the other disappears. Similarly for (Ax. Mx)N.]

11.5.5. State and prove for CL the standardization theorem and FD!, and also for CL, the
conservation theorem.

11.5.6 (Schroer). Let w = Ax.xx and M = (\y.wy}A\v.wy). Draw G(M). For what N does one
have M —1» N?

11.5.7. Let w= Aaxz.z(aax). Show that if wwx—>»M, then x € FV(M). [Hint. Consider a
standard reduction of minimal length.]

11.5.8. (i) Show that a development of M has length < 2/
(ii) Show that there is a real a > 0 and terms My, M,, ... such that

lim,,_, || M,|| = oo,
2¢IMll ¢ maximal length of a development of M,,.

11.5.9 (S. Micali). Show that if A€ M and ¢ : M—» N is a development, then the residuals of
A w.r.t. o are disjoint subterms of N. (cf. exercise 11.5.2))



CHAPTER 12

STRONGLY EQUIVALENT REDUCTIONS

In this chapter a relation =, strong equivalence, will be defined for
reductions. Using this notion, the standardization theorem can be im-
proved as follows.

For a given reduction 6 : M — N, there is a unique standard reduction
o,: M—> N suchthate=o,
Also FD! and CR can be strengthened:

(FD!™") All complete developments of an (M, F ) end in the same term
and are strongly equivalent.

A 0+O'ED+OI-
(CR™") >

The plan of this chapter is as follows. First in §12.1 the diagram of two
coinitial reductions is introduced. Using these diagrams in §12.2 the
equivalence = is introduced and CR* and FD!* are proved. Finally in
§12.3 the strengthening of the standardization theorem is given.

12.1. Reduction diagrams

Let 0 : M —>N be a reduction and A € M a redex occurrence. As was

noted in 11.2.10 the set of residuals A /o may depend on ¢ and not just on
M, N, A.

12.1.1. DeFINITION (Hindley). Let o,: M, —>N, i= 1,2, be two reductions.
() 0y,0, are (weakly) equivalent (notation 0,~=0,) if M{=M, and
N, =N,.
(i) 0,,0, are H-equivalent (notation o, =ya,) if 0,~0, and VAE M,
AJo,=A4/o0,.
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Below an equivalence = on reductions will be defined that is stronger
than =n. This concept is due to Berry and Lévy; see Lévy [1978], where
also the improvements of CR, FD! and the standardization theorem are
given.

We will define = via diagrams as introduced in Klop [1980] for this
purpose. The diagram of 6 : M — N, and p : M —» N, results from trying to
find a common reduct of N,,N, by continuously applying the weak
diamond property.

12.1.1. DEFINITION. Let R be a notion of reduction.
(i) Remember that M iRN denotes that N results from M by contract-
ing the R-redex A € M. This notion is extended to

M——)RN

where now A also may be the empty redex 0. In that case

M- N

R

1l =

is the empty reduction, i.e. nothing happens to M and N = M.
(i1) An R-= -reduction is a sequence
Ag &
0:My—> My —, -
where each A, is either an R-redex or empty. If the A, are all @, then o is
denoted also by 9.

A .
6: M —_ N is called a one step R-= -reduction.

o.M —_»RN expresses that o 1s an R-= -reduction from M to N.

As usual, no mention of R is made when R=f. In the rest of this
section R will denote B or B’, and terms will range over A or A’
accordingly.

A
12.1.2. DEFINITION. Let o : M-A:;R M, p: M:2>R M,. Consider A,/p C M,.
This is a set of disjoint redexes. Define o /p as the reduction starting with
M, obtained by contracting consecutively (from the left to the right) the
elements of A, /p. Similarly p/ o is defined; see figure 12.1.
If A, =9, then A, /p =0 and hence o/p = 9. But 6/p = is also possible
in other cases; see example 12.1.5.
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g

0 p/o

M,

2 o/p

FiG. 12.1.

F2.1.3. LEMMA. Let o, p be one step R-= -reductions. Then 6/pandp/c end
in the same term. Moreover, 6 + p/o =yp+0/p.

ProoF. By the proof of lemma 11.1.1(ii) (for R = 8/ seeing that the indices
match). The rest follows from lemma 11.2.8. (If this is not clear, see the
proof of proposition 12.2.3(G).) [

12.1.4. DEFINITION. Let 6, p be two coinitial one step R-= -reductions.
Then the elementary R-diagram of o, p1s

g

a/p

12.1.5. EXAMPLES. Let M — M’ be a one step reduction. Then the following
are elementary diagrams.

b 7 ' M o M
D, 0 o/o 0, o g
M ¢ M!
O/C M' g M!
M M KIM o KIM'
D3 g g D4 ] | FJ/O
M* M! I -
g O/(JZ g I
(AX.%xx)M a (Ax.xx)M"'
DS 0 p/o
MM M'M M'M!'
kh‘,—/

o/p

CH.12,§1 REDUCTION DIAGRAMS 305

Example % shows that o/p may be a reduction of arbitrary length.
= -reductions are introduced because of examples like %, and ,.

12.1.6. LEMMA. Let o be a one step R-= -reduction.

(i)o/o=40.
(i) o/F=o0.
(iii) 9/ = 2.

PROOF. See examples D, and 9,. []

12.1.7. DEFINITION. Let 6/p be a side of an elementary diagram. o/p splits
if it consists of more than one reduction step. An elementary diagram splits
if one of its sides does.

Example 12.1.5 %) splits. An elementary diagfam can split on at most
one side; see exercise 12.4.1.

CoNVENTION. If the elementary diagram of g, p splits, it will be drawn as
either

p p o or 0 o/o

o p o/p

depending on which side splits and on the number of one step reductions
into which it splits.

12.1.8. DEerINITION. Given two coinitial R-= -reductions
6:M—» M,p: M _» M, Split ¢,p into one step R- = -reductions:
0=g0 PP +0, and_p=pl +--- +p_. One can try to find a common
reduct of M,, M, by drawing elementary diagrams as follows. Start with
the situation
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draw the elementary diagram of o/, p,

01 ¥ O3

011 012

then that of p,,6,, and p,,, 0,

S—

etcetera, until one obtains after some steps

) ]

etcetera and finally, say,

M M

0/o

a/p

CH.12,§1
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Figure 9, if it exists, is called the R-diagram of o and p, (s, p). The
obtained R-=-reductions M, =, M;, M,—,M; are denoted by p/a, a/p
respectively. A figure like %D, is called a prediagram of o, p. %D, is denoted
as 9, GDB, as 9.

It is not immediate that %D (o, p) always exists. In principle one could
imagine that Escher-like pictures appear, e.g.

b4

or

But in 12.1.14 it will be proved that R-diagrams always do exist for R =f§
or R =f’. For §-reduction, see §15.3, Escher pictures do appear.

12.1.9. PROPOSITION. (i) ( Projecting). Let 0’ =%D'(o’,p") be a B’-diagram
and let |D’| be obtained by erasing all indices in D’. Then 9D = (o, p) exists
with a =|ao’|, p=|p’| and |D'| = D.

(i1) (Lifting). Let 6 : M —> M, p: M —>M, and let M = |M'| with M’ € A’.
Lift 6,p to o',p’ starting with M'. Then ' = D’(o’, p’) exists and |)’| = 9D.

Proor. (i) For elementary B’-diagrams this is obvious. The general case
follows by a diagram chase.

(i) Similarly. O
12.1.10. LEMMA. (1) Let

A
piM Sy Ml o My M

Then p' /o’ is a By-= -reduction.
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(i) Let
p M —g M, o : M —>p M,
and suppose °D'(p’, ¢’) exists. Then p’ /¢’ is a By = -reduction.

PrOOF. (i) By assumption A is an indexed redex. Hence A/o consists of
indexed redexes (or is empty). Hence p’/o’ is by definition a By =-
reduction.

(ii) By (i) and a diagram chase. []

12.1.11. DEFINITION. An = -reduction p starting with M is an =-
development of M if p~ , obtained from p by leaving out all empty steps, is
a development of M.

12.1.12. PROPOSITION. Let p : (M, Gf)d—» M, and o : M — M,. Suppose D
eV

= ) (p, o) exists. Then

(i) p/ o is an = -development of (M,, F /o).

(i) If moreover p is a complete development of (M, %), then p/o is a
complete = -development of (M,, % / a).

PROOF. (i) Let M' = (M, %) € A’. Lift D to M’, obtaining 0, say,

(M, F) ot M}

' '
Ml M

p’ is by lemma 11.2.12 a B,-reduction. Hence by lemma 12.1.10(ii) p'/ 0’ is
a By-reduction. Clearly p/a = [p’ /0’| is a development of (M,, ¥ /¢), since
% /o= {|A'] € M,JA" € M; and A’ is indexed).
(i) Now suppose p : (M, GJ')—>1> M|, then it follows that M; € A. Hence
C

p
M; € A and thus p/¢ is a complete = -development of (M,, F/0). O
The following lemma follows from FD, but not quite immediately.

12.1.13. LEMMA. Let o,p be two = -developments of M. Then %)(o, p) exists
and a/p and p/o are also = -developments.

ProoF. The proof is done in several steps.
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(1) DEFINITION. Multisets C N are sets in which each element £ may occur
more than once, i.e. with multiplicity m, € N. More formally, a multiset
X C N is a pair (X, m) where m: X —N.

Example. {0,3,0,0,4,3} is the multiset with my=3,m; =2, m, = 1.

For each multiset X = (X, m) C N, define the ordinal

K &
Ord(X)=w"'my + -+ tw ey
where

X={ky,....k,} withk, > - >k

pe

(2) DeFINITION. Let a particular way in which the diagram construction
proceeds be given. If the process is not finished at stage n, one has a
pre-diagram like

stage n

Now let D, be the finite multiset of terms on the south east edge of this
pre-diagram (bold face line).

(3) LEMMA. Each redex that is contracted in a pre-diagram of o, p is a residual
(with respect to all possible reduction paths) of a redex in M.

ProoF. This is true for the initial pre-diagram (consisting of o, p) since by
assumption o, p are developments. After adding a new elementary dia-
gram, say for o), p,, the statement remains true since the redexes con-
tracted in o, /p, and p, /o, are residuals of redexes contracted in o, p, and
hence also redexes in M. (The statement in parentheses follows from
lemma 12.1.3) [],

(4) DEFINITION. Let @ = {N|M — N }. By FD, & is a finite set. Moreover
dev

by lemma 3 all terms in a pre-diagram are in &. (We are not done yet since
there may be infinitely many duplications caused by empty reductions).
For N, N’ € @, write N — N’ if there exists a development
M

ogta:M—-»>N-=»N',

with ¢ : N— N’ non empty.
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For N € @ define

N||| = card{ N’ N’}
[IN]]| = card{ V" € &[N — N")

Since, by FD, there are no loops in —» reductions, it follows that if
N—» N, then [N || > {||N7]|l

Finally define for each n the ordinal a,, < w* as follows. a,, = Ord(|| D, |||),
where ||| D, || is the multiset {{|| M,]||,...,|[[M|l]}, if D,={M,,...,M,}.

(5) LeMMA. Let X CN be a multiset. If X' is obtained from X by replacing
one element k by new elements k, ..., k, <k, then Ord(X) > Ord(X").
PrOOF. By example. Let X = {3,5,7,5} and X' = {3,4,4,3,7, 5}. Then

Ord(X)=u" + &*2 + &,
Ord(X)=0w + &+ &' 2+ w’2.
Now
0+ >0 240+ - (for < ).
Hence

Ord(X) > Ord(X’). [Is

(6) LemMA. If at stage n+ 1 in the diagram construction the newly drawn
elementary diagram is splitting, then a, > a,,, .
PROOF. Let the elementary diagram that is added at stage n + 1 be, say,

0

1 2

Then D, , = D, — {Ny} U {N,, N,}. Since by (2) N07N1, N, one has by
) [[|Nolll > NIl [IIN,]||. Hence (5) applies and thus a, = Ord({[| D,||}) >
Ord(”an+l|||)= Qg D6

(7) CLAIM. %)(o, p) exists.

ProOF. It follows from (6) that after finitely many steps in the construction
of %(o,p) no new splitting elementary diagrams are added. After that
stage, say stage n,, only non-splitting elementary diagrams are added and
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hence the pre-diagrams cannot explode (or rather implode) to an Escher
figure. E.g.

F yields [

stage n, final stage. [,

(8) CLaM. 6 /p and p/ o are = -developments.
Proor. By 12.1.12¢). O, O

12.1.14. THEOREM. For each coinitial pair of finite B-reductions o,p the
diagram (e, p) exists. Hence o/p and p/¢ are well-defined.

Proor. Given, say,

(where it is assumed that o = o, + 0, + 65, with o, one step reductions and
similarly for p = p, + p,), draw the lines

0; C2 O3

Since o,p, are developments, it follows from lemma 12.1.13 that
°D(0,,p,) exists and that p,/o, and o,/p, are =-developments. Another
application of lemma 12.1.13 shows that ®D(e,,p,/0g,) exists. This way
proceeding it follows that all the rectangles in %), can be filled, obtaining

D(o,p). O

12.2. Strong versions of CR and FD!

Now the promised strengthening of =y can be defined. In the rest of
this chapter the results are all about ordinary B-reduction.

12.2.1. DerFINITION (Lévy). Let o, p be two coinitial reductions. Then o is
strongly equivalent with p (notation o ==p) if 6/p=p/a=9.
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It is not immediate that = is an equivalence relation. This, and the
compatibility of = with respect to the operations + and /, will be shown
in 12.2.2 and 12.2.7.

12.2.2. PROPOSITION. The following equations hold, provided that the terms
make sense.
Dp+P=P+p=p.
i) p+(o+1)=(p+a)+r.
(i) (py + p;)/o=p1/0 +p2/(a/p)).
(iv) o/(p, + py) = (a/p))/ P2

V)o/F=o0.
(vi)9/o=9.
(vil) /0 =4.

(vil) p=p,o=0'=p+ao=p +o.
(ix) p+to=p+o'=0=0".
() p=0=p=40.
(xi) p +(6/p) =0 + (p/0).

PRrROOF. (1), (ii). Trivial.

(i), (iv).
o
p1 pr/o
g/p1
P2 p2/(0/p1)
(6/p1) /02

(v), (vi), (vii). If o is a one step = -reduction, this is lemma 12.1.6. For
more steps, use (iit) and (iv) or draw a diagram.
(viil). Suppose p=p’,0=0’, 1e. p/p'=p'/p=8,0/6"=0"/a=4. Then

(p+0)/(p"+0)=((p+0)/p)/0
=(p/p"+0/(p"/p))/0’
=@+a/0)/0
=0/0'=9.

Similarly (o’ + ¢')/(p + 6) =0. Hence p + 6 = p’ + ¢’. Alternatively, look
at figure 12.2.

(ix) Draw 9 (p + o, p + &').

(x) If p=g, then p=p/9=20.

(xi) Compute or draw a picture. []
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p ) fo )
¢ g g
g g’
o o] 1]
g @
Fi1G. 12.2

12.2.3. PROPOSITION. (i) p = 0=p =yo
(i) But the converse is false.

PROOF. (i) Suppose p = 0. Let D = D(p, ¢) be, say,

M o :
M,

P g

M7 g M,

Then M, = M, = M,. Hence p~o.
Now consider M’ € A’ obtained from M by indexing all redexes in M
with different numbers. Lift D to M’, obtaining, say,

A ] L}
M g M2
DI pl pl/o,|
1 L T 1
M1 o' /p M3

with |%’| = ). Hence o'/p’ = p’ /o’ =@ and therefore M| = M;= M,.
Let A€ M. We have to show that A/p=A/c. Let the A’ € M’ corre-
sponding to A have the index i. Now by lemma 11.2.8

A/p= {|A”]|A” € M{ has index i}

= {|4"]|a” € M; has index i} = A/o

since M| = M;. Thus indeed p =Ho.
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(i1) Consider M = (Az.z(zx))I, and
M Ix
p:M—I(lx)—>lx,
M 1(1x)
o: M—>Klx) > Ix.

Then 9(p, 0) is

M M (Ix)— X oy
M g g

Y2 (g 1) Ix
Ix Ix Ix

Ix p sTx Ix }4

Thus p = 0. But p =yo, since M is the only redex occurrence in M and
M/p=M/o=0. O

Now the improved versions of CR and FD! can be given.

12.2.4. THEOREM (CR ™).

A
Ml M ) p+o' = g+p!

\\ V2
"
M3

PrROOF. Let p'=p /0,6’ =0/p. The strong equivalence follows from pro-
position 12.2.2(xi). []

12.2.5. THeOREM (FD!'*). All developments of an (M, %) are finite and hence
can be extended to a complete one. Moreover all complete developments of an
(M, %) end in the same term and are strongly equivalent.

Proor. By FD! it suffices to show that for
p: (M, F)>»M, o: (M, %) >M,
cpl cpl

one has p =g.
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Consider %)= D(p,0) and D’ which is 9 lifted to M'=(M,F)EA".
Then |%’| = 9. Since p, o are complete developments of (M, %) it follows
by lemma 11.2.12 that p’, 0" are B-reductions ending in M; € A. But then
by lemma 12.1.10(ii) both p'/¢’ and ¢'/p’ are also - = -reductions and
since M; € A, one has p' /o' =0’ /p' = 4.

[¢) g' 1
M M, M 1
D o p/o D' p'! o'/o!
1 1
My /0 My My at/et My

Therefore p/o = |p’ /0’| =0 and similarly o/p=9. Thus p=o0. []

The following lemma, due to Lévy, is used in order to show that = is an
equivalence relation, compatible with the operation /.

12.2.6. CUBE LEMMA. Let
o :M>M,, o :M>M, o:M>M,
Then
(01/0,)/ (03/0,) =(0,/03)/ (0,/03),
(0,/03)/ (01/03) =(0/0,)/ (03/0}),
(03/0)/(02/0,) =(05/0,)/(0,/0,),

see figure 12.3.

My 2/3 M, 4
> 3/2
M |
: M2
! (1/2)/(3/2) = (1/3)/(2/3)
11/3
1 : 1/2
' (2/3)/(1/3) = (2/1)/(3/1)
| //__.
U M
3,07 M 123
///L 13 (3/1)/(2/1) = (3/2)/(1/2)
My 271 M,

Fic. 12.3.
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Proor. First suppose that o, 0,, 6, are complete developments, say
o, : (M, $)—» M, By lemma 12.1.12(i1)
cpl

(01/03) : (M), g1/"2)0—1)’1’1"112
and therefore by the same lemma

(01/02)/ (05/3;) : (M2s,(F1/02)/ (03/ 92)) > Mas-
Similarly
(01/03)/ (03/05) : (M33,(51/03)/ (02/ 03)) > Mizs.
Now by lemma 11.2.6
(%1/02)/ (03/0)) = 5,/ (05 + (03/ 0,))
=9,/ (03 + (0,/03))
(9,/05)/ (02/ 03),

with the middle equation holding by lemma 12.2.2(xi) and proposition
12.2.3(1):

0, + (0;/6;) =no; + (0,/6;).
Hence by FD!™*

(61/0)/(03/0,) =(a,/03)/(0,/ 03)-

Similarly the other equations hold.

The general case follows by writing 6, =0, + - - - +0,,,i=1,2,3, draw-
ing an n; X n, X n; block and repeating the argument for n; Xn, X1
layers, using lemma 12.2.2(viii). [Because one does not know yet that = is
transitive, one has to repeat the argument for the simple case, rather than
to apply it several times.] []

See exercise 12.4.4 for a categorical proof of the cube lemma.

12.2.7. COROLLARY. (i) = an equivalence relation.
() p=p,o=0c"=p/o=p /o’

PROOF. (i) The reflexivity follows from proposition 12.2.2(vii). The symme-
try is trivial. For the transitivity suppose p=o0,06=1. Then p/o=0/p=
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o/7=1/0=4#. Hence by the cube lemma and proposition 12.2.2(v, vi)
p/1=(p/7)/(a/T)=(p/0)/(1/0)=4H.

Hence p/7 =0 and similarly 7/p = 0.

(i) It will be shown that

(@) p=p'=p/o=p'/o,

(byo=o'=p/o=p/05.
Then the result follows by the transitivity of = . As to (a), suppose p = p'.
Then p/p’ =p’/p =0. Then by the cube lemma and proposition 12.2.2(vi)

(p/0)/(0'/0) =(p/0")/(o/p)) =0

and similarly (o’/)/(p/06) = 0. Then one has p/o =p’/a.
As to (b), suppose 0 =¢'. Then 6 /06’ = 0’ /0 = 9. Hence

(0/0)=(p/0)/ (' /a) =(p/o")/(0/0") = (p]o),

by the cube lemma. []

12.3. Strong version of standardization

Now we shall treat the improvement of the standardization theorem,
mentioned in the beginning of this chapter. The proof given below is due
to Klop and has the advantage of giving an explicit algorithm for finding a
standard reduction equivalent to a given one. Moreover it also generalizes
to Bn-reduction; see Klop [1980], Ch. 4.

12.3.1. DEFINITION. Let 6: M—» N, say 6 =(4,) + - -+ +(A,). Let AE M.
(1) A is contracted in o if for some k < n, A, is a residual of A (relative to
the given reduction (Ay) + - -+ +(A,_))).
(1) A is secured in o if A is contracted in ¢ and moreover (A)/c =0,
(i) Imc(o) € M is the leftmost redex occurrence which is contracted
mn o.

Remember that for A, A’ € M we write A <A’ iff A is to the left of A’
Similarly A< A iff A<A" or A=A,

12.3.2. LEMMA. Let 0 : M — N and let A=Imc(c) € M.
(i) Suppose 6 =0'+ 6", where o’ is a one step reduction. Then either
(A)/0’ =8, in which case A is contracted in o', or (A)/¢’ = (Imc(0”)).
(ii) Same as (i), without the requirement that 6’ be a one step reduction.
(iii) A is secured in o.
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PROOF. (1) Let 6" = (4) : M — M,. Since A = Imc(o) one has A < A,,. There-
fore, if (A)/o’ =0, then A = A, hence A is contracted in o’. (If A, < A, then

(8)/(Ap) = P and A # A, is possible: (Ax.DA iO) 1) If (A)/6’ # 9, then A # A,
and hence A< A, Thus M= --- X - -+ Ay- - -, where A, is the first A
of A. Then clearly A/o’ consists of one element, say A’. Since A is
contracted in o, but not in ¢/, A’ must be contracted in o”. If A’ were not
Imc(o”), then A would not be Imc(o). Thus A’ =Imc(c”), hence (A)/d’ =
(Imc(a”)).

(ii) By transitivity.

(iii) Since A is contracted in 0,0 =6’ + 6, + 0”, where g, contracts the
residual Ay of A with respect to ¢’ (4, is unique by (ii)). Then A/o =
Afo’Joy/0” =Dy/0y/0” =0/a” = (association to the left). []

12.3.3. DEFINITION. Let 6: M —» N be a given reduction. Then the standard-
ization of ¢ (notation og) is defined by the following algorithm.

0=0,
00=U (Ao) .
Ay = Imc(a,)
%% +1=0,/(4,) ’s ) 92
Ay =1mc(o,, ) (4,) O3

os=(Ag)+ () +---

The algorithm for o stops if o, =# for some n. In that case og=(4,)
+--- (4, ).
First we want to show that if o is finite, so is ag.

12.3.4. LEMMA. Let o be a development of M. Then oy is a development of M
and hence finite.

PROOF. Let ¢ be a development of (M, %) and let og=(Ay) +(A)+ - -.
Claim. Each A, is a residual of a redex in Frelative to (Ag)+ - - - +(A,_,).
Indeed, since A; =Imc(o;) with 6, = 0/((8p) +- - - +(4,_})). There is a

step in o;, say (A}), with A a residual of A,. Since o is a development of %,

it follows by proposition 12.1.12 (i) that o, is a development of &, = F/(A,)

+ -+ +(4,_,). Hence A] is also a residual of a redex A € %,. But since

different redexes have disjoint sets of residuals, it follows that A,=A.

Therefore A, € ¥,.

By the claim og is a development of (M, ¥ ) and hence by FD finite. [J

12.3.5. DEFINITION. Let o, ¢’ be = -reductions. o’ is a refinement of o if o
can be obtained from ¢’ by leaving out some empty steps.
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EXAMPLE. Il 5l -1 -1 is a refinement of -

12.3.6. LEMMA. Let 0 =0’ + 0", where o’ is a one step reduction. Then og/0’
is a refinement of (¢")s.

PROOF. Let o5 = (A() + (A;)+ - - - . Define (see figure 12.4)
0=0"s  Ore1=0x/(A,).

pi=(Ay)/ oz,

— ” '’ —
0 =0", 61 =0;/p.
0' O,ll
(Ag) , Po "
01 5B
(Ay) , 01 "
(o2 02
(Az) , D2
g3 Ulal
FiG. 124,

Since for all k A, =Ilmc(o; + o) it follows from lemma 12.3.2 (i) that
either p, =0 and then ¢/, , = 6/ or p, = (Imc(o; )). Hence a5/0’ = p,+ p,
+ - -- is indeed a refinement of (¢”)g. []

12.3.7. COROLLARY. Suppose o =o' + a”, where o' is a one step reduction.
Then

og-is finite = o is finite.

PrOOF. Suppose oy is finite. Now a5/ 0’ is a refinement of ¢f and hence for
some n f=p, =p, . ,=-- -, assuming the notation of the proof of the
lemma.

Claim. Yk > n A, =1mc(o;). Indeed, by definition A, = Imc(o;, + o).
Hence A, < Imc(o;). But by lemma 12.3.2 (ii) applied to A, and o; + 0/,
px =#is only possible if A, is contracted in ¢;. Thus also Imc(o;) < 4,, i.e.
A, =1mc(oy).

By the claim and the definition of the standardization it follows that
(o)s=@)+@B,_p+---.
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By lemma 12.1.12 (i) o, =0’/((Ao) + - - - +(A,_))) is a development.
Hence lemma 12.3.4 applies showing that (A,) + (A, )+ - is finite.
Thus oy is finite. [
12.3.8. PROPOSITION. Let o be finite. Then og is finite.
PROOF. Write 6 =0,+0,_,+ - - +0, +0. By induction on k it follows
from the previous corollary that (o, + - - - +0, + 0)g is finite, in particular
ag is finite. []
12.3.9. COROLLARY. Let o be finite. Then o = og.
ProoOF. Define, see figure 12.5,

os=(8o) + - +(4,),

Oy = 0, Okr1 =0,/ (4;),

e=(4)/6,, 0<k<n.

Oo

(Ag) o

(ay) -
(Aﬂ) 0n<|»).
FiG. 12.5.

By definition A, = Imc(a, ), hence by lemma 12.3.2 (iii) p, =(4A,) /0, = 9.
Thus og/0=py+ - -+ +p, =0.

Conversely, 0/05 =0, . If this were not 9, then the algorithm for ag
would not have stopped. []

Now we will show that ds is a standard reduction.
12.3.10. LEMMA. Define for a ’-reduction o:

Index(o) = {i| there is an i-redex contracted in 6}. Let p, 0 be B’-reductions.
Then

Index(o/p) C Index(o).
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Oy [o] On
p 01 P2 pn pn+l
!’ ’ ;
Oy (o] On
Fi1G. 12.6.
PROOF. Leto =05+ - - - +0,;

Po =20, Pis1 =P/ 0>

6,=0,/p, forO<k<n.

Theno/p=o0y+ - - +0.; see figure 12.6.

A
Let 0,: M, — g Mivrs 0p: Mi—>p M. By lemma 12.1.12 (i) of is a
development of (M;,A,/p,). Moreover all elements of A,/p, have the
same index as A,. Hence

Index(o; ) C Index(o, )

(C because A, /p, may be empty). Therefore

Index(o) = (_J Index(o;) 2 |_J Index(o;) = Index(s/p). [

12.3.11. PROPOSITION. For each reduction path o, finite or infinite, og is a
standard reduction.

PROOF. Let og=(Ag))+ - - - +(A)+ - - - with A, € M,, We must show
that for all k, k&’ with k <k’ and all A€ M,

4, 1s not a residual of A with respect to

*

() b = )t B+ + ).
Let 0y =0, 0;,, = 6;/(4,); see figure 12.5.

Consider 9 = D((A) + - - - +(A), 6,). Let M € A’ be M, where A is
indexed by 0 and all other redexes by 1. Lift 9 to M| obtaining say D’;
identify the (sub)term occurrences in )’ with their corresponding ones in
. In order to prove ( * ), by lemma 11.2.8 it is sufficient to show that the
redex A, in 9’ is not indexed by 0. Since A < A, =Imc(g,), A is not
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contracted in o,; hence O & Index(s). By lemma 12.3.10 it follows that
0 & Index(o,.). But then A,. = Imc(o,.) cannot have index 0. [J

The final point is that for each finite o there is at most one standard
reduction ¢’ with ¢’ = 0.

12.3.12. LEMMA. Let o =(A)) + - -+ +(A,) be a finite standard reduction.
Let T < A,. Then T' /o consists of exactly one element.

Proor. Let o, =(A,)+ --- +(A,). By induction on k < n the following
stronger statement will be shown: I'/o, consists of one element, say T,
and unless k =n, I, <A, ,. The case k =0 is trivial. So suppose I' /g, =
{T,} with T, <A, . Nowlet (A, . ): M, ., > M, , Then

Mk+lE”'A'”Ak+l”.
where the A displayed is the A of I, and
Mk+2E...A...D...,

where [ is the contractum of 4,,,. Hence it follows that I'/e,,, =
T'/o./(Acy)) =T,/(Ay, ) consists of one element, say I, ,,. Moreover if
k + 15 n, then since (A, )+ (A,,,) is a standard reduction, it follows
that I, <A,,,. O

12.3.13. PROPOSITION. Let p, ¢ be finite standard reductions such that p =o.
Then p = o.

ProOF. Let
p=(Tp)+ -+ (L), a=(4g)+-+(48,).

Claim. Ty = A,. Suppose I') < A;. Then by lemma 12.3.12 T'y/o0 #0 and
hence by proposition 12.1.12 (ii), (I';)/o #9. But then p 2¢. Similarly
A, < T, is not possible.

By the claim and proposition 12.2.2 (ix) it follows that

T+ +(T)=(4) + - +(4,).
Continuing in this way, it follows that [ =A,, I, =A,,-«- . If n <m, then

(Ape) +--+(4,)=0.

But since the A, are real redexes (i.e. not empty) it follows by proposition
12.2.2 (x) that this is not possible, hence n=m. []
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12.3.14. THEOREM. For each finite o, its standardization og is the unique
standard reduction such that og = o.

PrOOF. By corollary 12.3.9 and propositions 12.3.11 and 12.3.13. [

In §14.2 another proof of this theorem will be given.

12.4. Exercises

12.4.1. Let o,p be coinitial one step reductions. Show that the elementary diagram of o,p
splits at most on one side.

12.4.2. (Levy; Berry). Let o, 7 be coinitial finite reductions. Define ¢ < r<0/7=#. Let
A,(M)= (o] o is a finite reduction starting with M }
(i) Show that < induces a partial ordening on } _(M)/=.

(ii) Show that | ,(M)/ = with < is an upper semi lattice which is not a lattice.

(iii) Show that s < 7e=3Jp o +p=T.

(iv) Show that s +p <o+ p'=p < p.
12.4.3. (i) Show that p + 6 = p’ + 0= p = p’ in general does not hold.

(ii) Show that p= p'<Ve 6/p=0/p.
12.4.4. Define the following category C. The set of objects of C is A. The set of morphisms
between M,N €A is Hom(M,N)= {g|o: M—»N} /=, i.e. reductions from M to N mo-
dulo =.

(i) Show that in C

ag

o p/o

G/p

is a pushout.

(if) Show that in any category with pushouts the cube lemma 12.2.6 holds for pushouts.
12.4.5. Let oy, 0,, 03 be coinitial reductions. Show that there is no canonical way to define a
three dimensional diagram %;(o,, 0, 05)-analogous to % (o, 0)). [Hint. Consider M =
Ax.xxx)((Ay 3y XID).]

12.4.6. Show that if ¢ is an infinite reduction path, then og is also infinite.
12.4.7. Show that if A€ M and o : M—>N, then (A)/o is a complete development of
(N, {A}/ o).



CHAPTER 13

REDUCTION STRATEGIES

A term may be reduced in several ways. Therefore its reduction graph
can become quite complicated. A reduction strategy provides a choice of
how to reduce a term.

Reduction strategies can be quite useful for proving negative results such
as showing that a certain term has no nf or that two terms have no
common reduct (see applications 13.2.3 and 13.2.13).

13.1. Classification of strategies

13.1.1. DEFINITION. Let R be a notion of reduction.
(i) An R-(reduction) strategy is a map F: A— A such that for all
MeA

M- .F(M).

(i) An R-strategy F is a one step R-strategy (or R-1-strategy) if for all M
not in R-nf

M= F(M).

(iii) An R-strategy is recursive if it is so after coding of the terms. A
strategy is effective if it is not just general recursive, but can be computed
in a relatively simple way.

(To explain the difference between recursive and effective define
f(n) =0 if the nth partial recursive function
with input n converges in less than n steps,
=1 else.

Then f is recursive, but not effective in our sense.)
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13.1.2. DEFINITION. Let F be an R-strategy. The F (reduction) path of a
term M is the sequence of terms

M,F(M),F*(M),...
The following notions are taken from Barendregt et al. [1976]

13.1.3. DEFINITION. Let F be an R-strategy.
(i) F is normalizing if for each M € A
M has an R-nf= F"(M) is in R-nf, for some n€E N.
(ii) F is cofinal if for each M € A the F path of M is cofinal in Gg(M),
i.e. YNE G M) 3n N> F'(M).
(iii) F is Church—Rosser (CR) if for each M, N € A

M = , N=the F paths of M, N intersect,

i.e.Am,n F"(M)=F"(N).

13.1.4. LEMMA. Let F be an R-strategy and suppose R is Church—Rosser. Then
(i) F is CR= F is cofinal,
(i) F is cofinal=> F is normalizing.

PROOF. (i) Let N € Gx(M). Then M = N. Hence by assumption
N> ,FY(N)=F"(M),

for some n, m. Thus the F path of M is cofinal in Gg(M).
(ii) Let N be an R-nf of M. Then N € Gx(M). Hence by assumption for
some k

N F¥(M).
But then, since N is in R-nf, FX{(M)=N. [

It follows that in order to obtain (recursive) normalizing, cofinal and CR
strategies, it suffices to construct a CR one. However, in §§13.2, 133
separate constructions will be given for the three kinds of strategies (all for
the notion of reduction B). The reason is that although there is a recursive
CR strategy, it is not very effective. There is an effective cofinal strategy,
but it is not a 1-strategy. And also there exists an effective 1-strategy which
is normalizing.

13.1.5. DEFINITION. An R-strategy F is perpetual if for all M € A‘._
0 (M)=> the F path-of M is infinite (and does not contain empty
reduction steps).
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In §13.4 an effective perpetual B-strategy will be constructed.

13.1.6. DEFINITION. Let F be an R-strategy.
(1) The length of the F path of M (notation L (M)) is

pn[ F*(M)is in R-nf].

If the F-path of M does not find an R-nf, then Lo(M) = c0.
(ii) The breadth of the F path of M (notation B.(M)) is

sup{[| F"(M)|| [n EN]).
Also B (M) may be oo.

13.1.7. DEFINITION. Let F, G be R-strategies.
() FKLGif VM L (M)< L;(M).
(ii) F is L-better than G if F <. G and not G <. F.
(i) F is L-optimal if F is normalizing and no R-strategy is L-better
than F. :
(iv) F is L-1-optimal if F is normalizing and F is an R-1-strategy and no
R-1-strategy is L-better than F.

Similarly one defines F < 3G, F is B-better than G, F is B-optimal and F
is B-l-optimal. In definition 13.1.7 (iii) and (iv) it is not necessary to
require that F be normalizing (it follows from the context). However, for
the corresponding definitions of B(-1)-optimal it is necessary to do so.

It is trivial that there are (1-)optimal strategies. But in §13.5 it will be
shown that there are no recursive L(-1)-optimal strategies.

In the rest of this chapter, only B-strategies are considered.

13.2. Effective normalizing and cofinal strategies

13.2.1. DEFINITION. (i) The leftmost reduction strategy, F, is defined as
follows:
F(M)=M if Misinnf,
=M M3 M and A is the leftmost redex in M.

(i) An initial segment of an Fpath is called a leftmost reduction.
The following is proved in Curry et al. [1958], p. 142.

13.2.2. NORMALIZATION THEOREM. F, is an effective normalizing 1-strategy.

PROOF. F is clearly an effective l-strategy. In order to show that F,is
normalizing, suppose that M has the nf N. Then by the Church—Rosser
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theorem M —» N. Hence there is a standard reduction

A

AO Al n—1
oM=M,->M,—»--- - M =N.

We claim that o is the F, reduction path of M. Otherwise for some i, A, is
not the leftmost redex R, in M,;. Then R, is frozen and hence remains a
redex (maybe somewhat changed internally) in the following terms. But
then N is not a nf. [J

13.2.3. APPLICATION. Let w = (Abxz.z(bbx)) and A = wwx. Then the left-
most reduction path of 4 1s

A->(Axz.z(wwx))x

Az z(wwx)={A4>

— ..

>4

—3 e ..

Thus by the normalization theorem A4 has no nf. As the full reduction
graph of A4 is complicated, see exercise 3.5.4, we see that the normalization
theorem is quite useful to prove that certain terms have no nf.

For the A-definability of the partial recursive functions, treated in §8.4, a
sharpening of theorem 13.2.2 is needed.

A .
13.24. DerFINITION. (i) M—> N if M—> N and A is the left-most redex
¢

in M, A

(ii) M - N if M > N and A is not the leftmost redex in M.

;
(ii1) —»;é and —» are the transitive reflexive closure of iy respec-
2 4 7

. . * ...
tively. —» is the transitive closure of e

g .
RemeTnber that a quasi leftmost reduction of M is of the following form:

Ap 4,
o:M=My>M —> -

such that

Vi 3j>i [A,is the leftmost redex in M,].
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Now we want to show that if M has an infinite quasi leftmost reduction,

then M has no

nf.

13.2.5. LEMMA. (i) M—T»M’ M,M’',N,N' € A.

%

el le

N--—--> N’
B

(ii) y—;»M' M,M’',N,N’ €A.
e¢ﬁi le¢ﬁ
N-———> N’
*

PrOOF. (i) Let M—;N and M —» M’ be
-0

()\XP)QTP[)C‘_'Q]

and

c AP)Q - = - AP)Q -
0

respectively, where P— 4P/, Q—»pQ and - - -
By the substitutivity of 8

but since M’ - N’

£

N=-..

and therefore N —» gN'; see figure 13.1.

oL (AxLP)QL L.

F1G. 13.1.

s

=Q] > P[xi= 0]
P x=0Q] -
# 1
_—— e e e =~ .___».
B
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(ii) Notice that if M >N, then this reduction consists of some (possibly
zero) leftmost reductions, followed by some (possibly zero) # ¢ reductions;
see figure 13.2.

M——»N
N S A
N 7

AN
*M/'
FiG. 13.2.

Now by (i), the standardization theorem 11.4.7 and the remark just
made, the diagram in figure 13.3 shows that we are done. []

{-__%Q- N

FiG. 13.3.

13.2.6. THEOREM. If M has an infinite quasi-leftmost reduction, then M has
no nf.

ProoF. Using lemma 13.2.5 an infinite quasi-leftmost reduction can be
changed into an infinite leftmost reduction, see figure 13.4.

M

2
#4
v 7t
WA P
RTIT)
g L7 4 248
! e = -

Fi1G. 13.4.
Hence by the normalization theorem 13.2.2. we are done. [
Now an effective cofinal strategy will be defined which, however, will

not be a one step strategy. The construction is independently due to
W. Gross and Knuth [1970].
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13.2.7. DEFINITION. The reduction strategy F, 1s defined by
ng(M) = Cpl(M’gM)’

where ¥, is the set of all redexes in M. Write M ;k» Nif Fy(M)=N
F, is called the Gross—Knuth strategy. Note that

M-—>»>N=M->»N.
gk 1
13.2.8. LEMMA.
/ﬂ
/
1 71

ProoOF. By assumption (M, JM)—» N and (M, %) —» L for some ¥ C F,,.

cpl
By completely developing the res1duals of %,, — % in L, one obtains by
FD! (theorem 11.2.25) L » N. []
1

13.2.9. THEOREM. F, is an effective cofinal strategy.

PRrOOF. Let ;k» * be the transitive closure of —» . It has to be shown that
gk

Since —» is the transitive closure of —» (lemma 11.2.28 (i)) this follows by
1

a simple diagram drawing suggested by figure 13.5. using lemmas 13.2.8
(triangles) and 11.2.28 (ii) (parallelograms). []

It is open whether there exists a recursive cofinal 1-strategy. Probably
this is not the case.
Now theorem 13.2.9 will be strengthened.
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Fic. 13.5.

13.2.10. DeFINITION. Let M € A. A quasi-Gross—Knuth reduction of M is a
path

M=My—>M,—>»>M,—>»---
such that

Vidjizi M, r M,

13.2.11. THEOREM. Any quasi-Gross—Knuth reduction path of M is cofinal in
G(M).

PrOOF. A quasi-Gross—Knuth reduction of M is of the form, say,
Mi>M >M,>M,—>»>M,—»Mg—>» - -
1 gk 1 1 gk 1

Using a diagram chase suggested by figure 13.6, the result follows from
theorem 13.2.9 (large triangle), lemma 13.2.8 (small triangles) and 11.2.28
(1i) (parallelograms). []

M

gk
B
gk
\\\\\ ok

FiG. 13.6.
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Theorem 13.2.11 can be used to show the non-convertibility of two
terms. Remember that x €, M iff VN =, M x € FV(N).

13.2.12. COROLLARY. Let M=My—>»M,—»--- be a quasi-Gross—Knuth
reduction. Suppose Vi x € FV(M,). Then

() xexM,

(i) x @ FV(N)=M #4N.

PrOOF. Suppose M = N. Then by the Church—Rosser theorem for some Z
M—>Z, N>»Z.
Claim. x € FV(Z). Indeed, by theorem 13.2.11 for some i

Z—>M..

H

Since x € FV(M,) it follows by proposition 3.3.12 that x € FV(2Z).
But then since N— Z, also x € FV(N). Therefore x €, M.
(i1) Immediate by (1). [

13.2.13. APPLICATION. Let A4 =O(Aax.{ax)). Note that Ax—»{Ax).
Hence
BT(Ax)=Az.z

and therefore BT(Ax)=BT(Ay) for all x,y. Nevertheless Ax 7 Ay if
x#Ey. :

PRrOOF. Let B = A pq.q( ppq), C = Aax.{ax). Note that Ax has the following
quasi-Gross—Knuth reduction path

Ax = BBCx ;k» (Ay.y(BBy))Cx —»
— ( BBCx) ;k» (Ay.y(BBCy))Cx -

> ((BBCx)) =+

Hence, since x & FV(Ay), the result follows by corollary 13.2.12. [J
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13.3. A recursive CR strategy

In this section it will be proved that there is a recursive CR strategy. The
construction is taken from Bergstra and Klop [1979].

13.3.1. DEFINITION. M € A is called minimal if

VN [N=M=N->M].

ExaMPLES. (1) Each nf is minimal.
(2) © is minimal.
(3) WWW, with W = A xy.xyy, is minimal.

13.3.2. LEMMA. If M is minimal, then either M is an nf or M has no nf.

PROOF. Suppose M has the nf N. By the minimality of M it follows that
N-—>» M. But then N = M by corollary 3.2.9 (i). Hence M is in nf. []

13.3.3. DeFINITION. Let H € Ao—> A be a partial mapping.
(i) H is finite if Dom(H) is finite.
(i) H 1s a partial reduction strategy if for all M € Dom(H)M — H(M).
(iii) A partial reduction strategy H is CR if for all M, N € Dom(H)

M=BN=>3p,qEN Yp' <p,qg<gq
[ H?(M),HY(N) € Dom(H) and H?(M)= HY(N)].

(iv) An H-cycle is a finite sequence (M, . .., M,> such that
H(MO)EM]7H(M|)EMz,...,H(MH)EMO,

This cycle is linked to a term M if M =ﬂM,-, for some i < n.

VY LetC={(M,y,...,M,>and C’'={(M, ..., M, be two H-cycles.
C and @’ are linked if M, =,4M; for some i <n,j<n'. @ and @’ are
identical if n = n' and M= M, for some i <n.

(vi) Let %X c A. The closure of X under H (notation Cl,(°X)) is the least
set X’ such that

XcX and VM eX' nDom(H) H(M)e¥X' .

(vii) An H-cycle Cis minimal if each M € € is minimal. Clearly this is the
case iff some M € C is minimal.

The following shows what requirements must be met by a CR-strategy.
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13.3.4. LEMMA. Suppose F is a CR-strategy and C,,C, are F-cycles. Then
) €, is minimal,
(i) If C,, C, are linked, then they are identical.
PRrOOF. (i) Let M € Cand M —» N. Then
In,m F(N)=F"(M)eC

and hence N — F™(M)—» M. Therefore M is minimal.
(i) Let M, € C, and M, = M,. Then

In,m F"(M,)=F"(M,).
It follows that the two cycles are identical. [

13.3.5. LEMMA. There is a sequence of sets &, C A such that
(i) &, is finite and computable from n,
(i) M, N € 6, M =N,
(iii) M =z N=> for some n (computable from M,N) M,N & &,.

PROOF. Let My, M|, M,, ... be an effective listing of A. Define CR (M, N)
iff both M, N reduce to some Z in less than n steps. Let

M, =M+ Z{ilo, EFV(M)},

where {vg, vy,...} is the set of variables of the A-calculus. Then
{M| ||M||, <n} is always finite. Let {n, m, /) be a recursive bijection of
N? onto N with recursive projections

ng,my,ny3),=n;, i=0,1,2.
Now define
&,={N|IIN|, <(n)oand CR,, (M, ,N)}.

Then (i) clearly holds by Church’s Thesis. As for (ii), if M, NE€ &, then
M=yM.,, =zN. As for (i), if M=,N, then by the Church—Rosser
theorem CR,(M,N) for some n;. Let M =M, and let n, =
max(|| M ||, | N||,). Then M,N €&, , ..,. O

13.3.6. LEMMA. Let & C A be finite.
(i) The following predicate of M is recursive

(») 3dNEE M-»N.
(ii) If (*) does not hold, then G(M ) C & and hence is finite.
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(iii) Let H be a finite partial strategy. If (*) does not hold then the
following predicate of M is recursive

there is an H-cycle in & linked to M.

PrOOF. (1) Let M be given and set
M,={N|M—N in less than n steps}.

Note that the I, are finite and recursive in n. Clearly I, CI, , , and if
M, =W, then for all k, W], =IN,.
Now compute the least n( < Card &) such that

(N M, z6 or )W, =M,,, Cb.

Then ( * ) holds iff (1) does.

(i) If ( * ) does not hold, then (2) and G(M) =, for that n.

(iti) Let € ={M,, ..., M,> be an H-cycle in & . Compute G(M). Then
C is linked to M iff My € G(M). Repeat this for all H-cyclesin &. []

13.3.7. MAIN CONSTRUCTION. There is a recursive sequence FyC F, C ...
of finite partial reduction strategies such that the following holds. Let &,
be as in lemma 13.3.5 and set

8, =9, Grs =Clﬁ(6k)-

Then for all &
(i) Dom(F,) 2 6.
(i) F, ' 8, is a partial CR strategy,
(ii) If Dom(F,) contains an F,-cycle € ={(M,, ..., M, >, then M, is
minimal,
(iv) If Dom(F),) contains two linked Fj-cycles, they are identical.

Proor. F, will be constructed by induction on & such that (i), ..., (iv) hold.
Moreover F, will be computable from k.

Take F,=#. Then (i), ..., (iv) are satisfied.

Suppose now that F, has been constructed satisfying (i), ..., (iv). Let

(*) Dom( £y, ) =94, U Dom( F,),

@4, =Dom(F,,,) — Dom(F,)
and set
Fo,(M)=F, (M) if MeDom(F,),

=M., fMe@,,,,

where M, _ | is defined as follows (see also figure 13.7).
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—
Is there an F, cycle Y I Mpqi=Ng ()
(Ng ... 2in Gy ?

no

Choose A , 1, @ common
reduct of ./,

Is there a reduct A of A, yes M, -A ) R
such that A & Dom (F, 4} ?
no
—
Is there an F cyclelly, .. .)W yes Mo = Lo 3) 1
in Dom (F, ) linked to A, ., ?
L J
no

inimal =
Choose l?lX,,a minima Msq =By (4
reductof A,

Decide whether there is an F-cycle C= <N0,...,1Ym> in 6, .. If so,
then by (iii) N, is minimal, hence M —» N, (M =4 N,, since M, N, EG, ).
Set

(1) M, =N,
(where N, is chosen in some canonical way).

If not, compute a common reduct, say A, (not necessarily in Sear)s of
all members of @, ,,. Decide (and this is possible by lemma 13.3.6 (1))
whether there exists a reduct of 4, not in Dom(F, ;). If so, then choose
one such reduct, say A4, and set

(2) M, =A4.

If not, decide whether there exists in Dom(F, ) an F,-cycle {L,,..., L,
linked to A, , (possible by lemma 13.3.6 (iii) in this case). If so, then set

(3) M, =L,

FiG. 13.7. Computation of M, , .
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If not, choose a B, , € Dom(F,,,) which is a reduct of 4,,, and is
minimal (B, exists since in this case G(A4,, ;) is finite by lemma 13.3.6
(i1)). Finally set

4) M1 =By

The computation for M, ., can be drawn as a flowchart given in figure
13.7.

This ends the construction of M, and the definition of F,,,. By the
construction Fy,, is computable from F; and &,. Hence \k.F, is recur-
sive. Clearly , CF, C---.

Now (i), . . ., (iv) will be verified for F, . ,.

(1) Immediate from ( * ).

(i) Case 1. M, ., is defined by (1). All members of @,,, go via F,,, to
Ny Members of G, , | N Dom(F,) either go via F,, to @, , and hence to
N, or cycle in §, ., N Dom(F}). But then by the induction hypothesis (iv)
they also go to N,,.

Case 2. M, is defined by (2), (3) or (4). Then there is no F,-cycle in
Sx+1- Hence all members of G, ,, N Dom(F,) go via F,,, to @, and
hence to M, ., and so do the members of &, ,.

(i1), (iv). If M, , , is defined by (1), (2), or (3), no new cycles are created.
Hence (iii) and (iv) follow from the induction hypothesis.

If M,,, is defined by (4) and a new cycle C is created, then (iii) is
satisfied because B, ,, is minimal and (iv) is satisfied because no other
F, . -cycles are linked to C. [

13.3.8. COROLLARY. There exists a recursive strategy F.gp which is CR.

PROOF. Let Fy, F, ... be as in construction 13.3.7 and define Fg = U, F,.
Then Fcp is a total strategy since each M € A belongs to some &, C§, , ,,
by lemma 13.3.5 (iii). Moreover, since this k can be found effectively, Fog
is recursive.

If M = N, then by lemma 13.3.5.(iii) for some nonehas M,N€&,C G, ,.

Hence since Feg [ 6,,,=F,,16,,, is CR, for some p, ¢

FEr(M)=Fg&R(N).
Thus F.p is CR. [

By definition Fig is not a l-strategy. In exercise 13.6.6 a (non recursive)
l-strategy will be constructed which is CR. See also Bergstra—Klop [1979]
for a recursive 1-strategy which is CR on S-terms.
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13.4. An effective perpetual strategy

In this section an effective perpetual strategy will be constructed. As an
application the general conservation theorem 11.3.7 will be proved. The
results are taken from Barendregt et al. [1976].

13.4.1. DeFINITION. Let the reduction strategy F, be defined by induction
on the length of the terms as follows:

M if M is in nf.
F,_(M) = Otherwise, let M = C[(Ax.P)Q] where R=(Ax.P)Q

is the left-most redex of M. Then:

( C[ P[x:= Q]]if Ris an J-redex.
Otherwise (if R is a K-redex):

C[ P]if Qisin nf.
{C[()\x.P)(Fw(Q))] if Q is not in nf.

The explicit action of F,, can be described by introducing the following
concepts.

13.4.2. DEerFINITION. (i) Let R be the redex (Ax.P)Q. The re of R is (Ax.P)
and the dex of R is Q.

(i) Let M be a term not in nf. The derived term of M (notation M *) is
the dex of the left-most redex in M.

(ili) Let M be a term. Its derived sequence M°, M*, ..., M" is defined
by M°=M, M**'=(M*)*, as long as M* is not in nf, otherwise M**!is
not defined. Clearly each derived sequence is finite.

(iv) R’, the left-most redex of M’, is called the special redex of order i of
M (0 <i < n). See figure 13.8.

M=M°
U
RO=(Axq. Po)M!
U
R'=(Ax.P)M?
U
R™“1=(Ax,_,.P,_,)M" where M" is in nf.

Fi1G. 13.8.
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13.4.3. REMARK. As can be seen from definitions 13.4.1 and 13.4.2 F,
contracts the first /-redex in the sequence R® R', ... R"~! if there is such
a redex, otherwise F,, contracts R"™ !,

13.44. LeMMA. Let M = C[(Ax.P)Q), where R = (Ax. P)Q is the leftmost
redex in M. If M —» M’, then M’ = C'[(Ax.P")Q’], where P—>P’, Q—»Q’

and C[z]->C'[z] for all variables z.

PrROOF. If M — M’ then this is evident: as R is leftmost, nothing is

-0
substituted in R nor is R substituted in some variable. The general
statement follows by transitivity. []

13.4.5. LeMMA. Let M = C[{(Ax.P)Q] where R=(Ax.P)Q is the left-most
redex. Suppose that
(1) R is a K-redex,
(i) o(M) and
(ii1) Not o (Q).
Then co(C|[ P]).

PRrROOE. Let
OZMEM0—>M1—>M2—>---

be an infinite reduction path. There are two cases.
(1) For all k one has M—)Z M,. Then by lemma 13.4.4 ¢ is
A

CO[()‘X'PO)QO:I_)Cl[()\x'Pl)Ql]_')CZ[(}‘X'PZ)Q2] T
with C [z]—>C,, [z]), P,>P,,,, Q,—>Q,,,. Now because not o (Q),

there is an m such that Q,, = Q,. for all m’ > m. That is, in the one step
reduction

Cm’[(Ax’Pm’)Qm’} m+l[(Ax +1)Qm +l]

a redex outside Q,,., , is contracted.
Therefore also

Cm'[ Pm’] _)Cm’+1[ Pm’+l]'
Hence

C[P]—>C,[P, ] = Contt[ Poiy] -

is an infinite reduction starting with C[P] and thus o(C[P]).



340 REDUCTION STRATEGIES h CH.13,§4

(2) For some k M —» M, — M, _,. Then by lemma 13.4.4 o is
o 4

Co[ (Ax.Py)Qq ] :;Ck[(Ax.Pk)Qk] 7ck[Pk] e,

Hence
C[P]—»Ck[Pk]—> R
which shows that «o(C[P]). O
Lemma 13.4.5 is false if R is not the left-most redex, see exercise 13.6.7.

13.4.6. THEOREM. F,_ is an effective perpetual one step strategy.

PrOOF. By remark 13.4.3 it is clear that F_ is an effective one step strategy.
In order to prove that F, is perpetual, let M= C[(Ax.P)Q], where
R=(Ax.P)Q is the left-most redex in M. Suppose that co( M) and let

oM=M,—->M ->M,—---

be an infinite reduction path.

That oo(F_(M)) will be proved by induction on the length of M (the
induction hypothesis being needed only in case 2.2.2).

Case 1. R is an I-redex. Then F_(M)=C[P[x:= Q]].

Case 1.1. For all k one has M > M,. Hence by lemma 13.4.4 o is
>~

Co[(Ax.Py) Q0] > C\[(Ax.P)Q, ] -+ - -

with P, > Py, Op— Oiiry Cilzl— G, ilz]l. Now we show that
oo(C[P[x:= Q). If oo(Q) this is so, since x € FV(P). If co(P) this is so
by substitutivity. If neither co(Q) nor oo(P), then oo(C[z]) and the result
follows again by substitutivity.

Case 1.2. For some k one has M—); M, and Mk—;M,(H‘ Hence o is
Eal

C[(AX-P)Q]—;'»CI([(M'PI()QI(]_)Ck[Pk[xz= Qk]] =Moo

Then also oo(F_(M)), since
Fw(M)ECO[PO[x:= Qo]}—-»Ck[Pk[x:= Qk]].

Case 2. R is a K-redex.
Case 2.1. Q is in nf. Then F,_(M) = C[P] and because not oo(Q) we
have by lemma 13.4.5 co(C{P]).

s -
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Case 2.2. Q is not in nf. Then F_(M) = C[(Ax.P) F_(Q))).
Case 2.2.1. not oo(Q). By lemma 13.4.5 co(C[ P]), hence oo( F, (M ))
because F (M) = C[(Ax.P) F_(Q)]—>C[P].
Case 2.2.2. o(Q). By induction hypothesis co( F,(Q)), and hence
o(F(M). O

REMARK. The proof of theorem 13.4.6 is non-constructive; however realiz-
ing the explicit action of F_, (see remark 13.4.3) the argument can be made
constructive.

As an application of the perpetuity of F_ the general conservation
theorem 11.3.7 will be proved.

First let us note that the proof of the conservation theorem for the
A I-calculus does not generalize to the A K-calculus. Recall that the former
proof was as follows.

a
Suppose M — M’, where A is an /-redex and oco(M). Let
o M=M,-M,—---
be an infinite reduction path. Then an infinite reduction starting with M’ is

0 M =Mj—>M|—> Mj—> - - -
A

~where each M, is the complete reduct of all residuals of A in M,. Hence
oo(M").
The following example shows that this method of proof is false for AK:

o: (Ax.KIx)Q (Ax. 1) (Ax.I)Q
. //’//,,
a': KIQ 1

Therefore the sequence o is said to be non-projectible. The general con-
servation theorem will be proved by observing that if oco( M), then the F,
path of M is an infinite reduction of M which is projectible and hence
oo(M’). The proof occupies 13.4.7-13.4.12.

13.4.7. DEFINITION. () M E A7 if M =(My, F)E A and AEF=A is an
I-redex (only I-redexes are indexed).

(it) Let M €A’. The special redexes of M are defined as for A-terms
(definition 13.4.2(iv)).
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13.4.8. LEMMA. 4 special redex R of M € A’ is not part of the re of any redex
inM.

Proor. By induction on the order i of R.

If i =0, then R is the left-most redex of M. If R were in the re of some
redex of M, then R would not be the left-most redex of M.

If i > 0, then R is the special redex of order i of M* . By the induction
hypothesis, R is not part of the re in a redex in M* . Hence if R were part
of some re in M, then also M™ is part of this re. But then R (see definition
13.4.2) would not be the left-most redex in M. [J

13.4.9. LeMMA. Let M,N € A". If M —,.N by contracting a special redex A in
M, then

MeA'=NeAl.

ProOF. An indexed I-redex (A, x. P)Q can degenerate to a K-redex only if
inside P all free occurrences of x are erased. Since A is a special redex,
A Z P by lemma 13.4.8, and so this cannot happen. [

13.4.10. COROLLARY.

o, F) ﬁ(N’F') A special redex
o,F) e art
o, Fyentt
Proor. By lemmas 11.2.2 and 13.49. ]
13.4.11. LEMMA. Let M',N' € A’
i My W
Q) s
cpl i " epl
M
(ii) M N Mt et
| E1 |
: |
cpl | ; cpl
| |
|
N
Yoo »¥
M $ 0 N

PROOF. Analogous to the proof of lemma 11.3.3, using that in (ii) M’ € A"’
(]

i
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A
13.4.12. CONSERVATION THEOREM. Let M —> M’ where A is an I-redex. Then
oo(M)=oo(M’).

ProoOF. Let M, = F7(M). Assume oo(M). By the perpetuity of F,_

Ay A A,
oM=My->M ->M,— -

is an infinite path. By remark 13.4.3 each A, is a special redex.
Let = (A}. Then (M,,%,) € A"". By corollary 13.4.10 there are ¥,
such that for all &
(M,,5,)EA" and (Mk’gk)_)ﬂ’(Mk+l’gk+l)'
Let M; be the complete development of (M,, ¥, ). Then M’ =M. If
(Mkagk)_)BI(Mk-i—l’gk-#-l)
then by lemma 13.4.11 (i)

’ !
My —>M,,.
=8

If, on the other hand,
(Mk’gk)_)ﬂo(Mk+l’gk+l)
then by lemma 13.4.11 (ii)
M =M,

Hence we have the situation in figure 13.9.

M=M, 8o My Ay M, b2 M; B3 M,
B B R g
My, Fo) My, Fy) M3,F2) M3,F3) My, Fu)
. 3, By 8, A
cpl cpl cpl cpl cpl
# B e
M' =M} M} =M} =M} w8 M}
Fi1G. 13.9.
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By theorem 11.2.20 a sequence of consecutive —g, 1s always finite.
Therefore a subsequence of the M, is an infinite reduction path for M’, i.e.

o(M). O

Note that in contrast to F,, the strategy F,  considers the “infra struc-
ture” of redexes (i.e. whether A 1san /- or a K-redex) and not merely their
positions. In exercise 13.6.8 it will be shown that this is essential for a
perpetual strategy.

13.4.13 DEFINITION. Let R be a redex with contractum R’. R is perpetual if
VC[ ][0C[R]= = C[R]].

Theorem 13.4.12 states that I-redexes are perpetual. In Bergstra—Klop
{198 + ] the following characterization is given for the perpetuity of K-
redexes.

13.4.14. DEFINITION. Let M, N € A. Then
M>.N if Vx [oo( N*)=o00(M*)],

where * ranges over substitution instances.
13.4.15. THEOREM. A K-redex (Ax. M )N is perpetual iff M > . N.
ProOF. See Bergstra—Klop [198 +]. [

13.4.16. COROLLARY. A redex (Ax.M)N is perpetual iff x EeFV(M) or
M >,N.

PrOOF. By theorems 13.4.12 and 13.4.15. []

13.5. Optimal strategies

In this section it will be proved that there are no recursive L-optimal,
L-1-optimal and B-optimal strategies. It is open whether there exists a
recursive B-1-optimal strategy; however, this seems impossible. Moreover
it will be shown that there is no strategy which is both L-1- and B-1-opti-
mal. The terminology and results are taken from Barendregt et al. [1976].
For another approach to optimal reduction, see Lévy [1980].

It is trivial that there are non-recursive optimal strategies.

13.5.1. PROPOSITION. (i) There exists an L-optimal strategy.
(i1) There exists an L-1-optimal strategy.
(i11) Similarly for B-optimal and B-1-optimal.

SR i
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PRrOOF. (i) Define
M if M is in nf,
N if M— N, N in nf,
F(M) = Y4
F (M) if M has no nf.
Then
0 if M is in nf,
Le(M)=<1 if Mhasa nf,
oo if M has no nf.

Hence F is L-optimal.
(i) If M has a nf, let o,, be the shortest reduction of M to nf. Define

M if M is in nf,
F(M)={M, if Mhasanfandoy, - M>M,— ...,
F(M) else.

Then F is L-1-optimal.
(iii) Similarly. [

13.5.2. PROPOSITION. (i) There exists no recursive L-optimal strategy.
(ii) There exists no recursive B-optimal strategy .

Proor. (i) If Fis an L-optimal strategy, then for all M having a nf F(M) is
a nf. Hence

M has a nfe F(M) is anf.

So if F were recursive, { M|M has a nf} would be recursive, contrary to
theorem 6.6.5.

(ii) Consider @ = {M|M has a nf N and ||N|| < ||M][}. Clearly & is a
0-complete set (do exercise 13.6.15) and hence & is not recursive. Define

A= {MEA||M]| <n).

Note that each A, is finite. Suppose that F is a B-optimal strategy.
Claim:

M € @< the F path of M lies entirely in A |, .
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Indeed, (<) is trivial since F is normalizing. (=) follows, because other-

wise F could be improved by setting F(M)=N where N is the nf of M.
Thus if F were recursive, then & would be too, contradiction. []

Now we show that also there exists no recursive optimal L-1-strategy.

13.5.3. DeFiNiTION. If M has a nf, then n(M) is the length of the shortest
possible (one step) reduction path of M to nf. Otherwise n(M) = co.

13.5.4. LeMMA. (i) If A = gAxy \, then for all B, C
n(ABC)=n(A)+2.
(1) If A =ga, then for all B,C

n(ABC)=n(A)+n(B)+n(C).

Proor. Do exercise 13.6.12. [

13.5.5. LEMMA. Let F be an L-1-optimal strategy. Let

M = (Ax.xAx)(W.yB(I)),
where A, B are in nf. Then
(1) AB=Axy. 1= F(M)=(Ay.yB(I))A(Ay.yB(ll)),
(i) AB=a= F(M)=(Ax.xAx)Ay. yBl).
PROOF. (i) By assumption and the Church—Rosser theorem AB— Axy.l. If

in M the redex Nl is contracted first, then after that the shortest reduction
to nf is

0 : M= (Ax.xAx)(Av.yB(IN))
— (Ax.xAx)(Ay yBI)
—(Ay.yBYA(M\y.yBI)

— ABI(Ay.yBl) —>» |,
L4

where o, is a reduction of shortest possible length. By lemma 13.5.4 (i)

lofl=3+lo,]|=3+n(AB)+2=n(AB)+5.
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If in M the left-most redex is contracted first, then after that the shortest
reduction to nf is

o' :M=(Ax.x4x)(Ay.yB(I1)) -

M, = (Ay.yB(l)) A(Ay.yB(Il))

s AB()(\y.yB(N) 5 1,

where again o; is a reduction of shortest possible length. Again by lemma
13.5.4 (i)

le'l=2+|o7]|=2+n(AB)+2=n(AB) +4.
Thus if F is /-1-optimal, then F(M)=M,.
(ii) Now AB—a. Again if Il in M is contracted first, then after that the
shortest possible reduction to nf is
0 : M= (Ax.xAx)(Ny.yB(l)) -
M, = (Ax.xAx)(\y.yBl)
— Ay yBl)A(Ay.yBI)
— ABW(Ay.yBl) > al(Ay.yBl),
where o, is shortest possible. By lemma 13.5.4 (ii)
loll=3+|lo,|=3+n(AB)+0+0=n(AB)+3.

If in M the left-most redex is contracted first, then a shortest possible
reduction to nf proceeds as follows:

o : M = (Ax.xAx)(Ay.yB(II))
—>()\y.yB(II))A(>\y.yBI(|I))
—> AB(I(Ay yB(I)) = al(Ay .y BI),
where o] is shortest possible. By lemma 13.5.4 (ii)
llo’ll =2 + n(AB(N)(Ay.yB(W)) =
=2+n(AB)+1+1=n(AB)+4.

Thus now F(M)= M|, since F is L-1-optimal. []
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13.5.6. THEOREM. There exists no recursive L-1-optimal strategy .

PrOOF. By Scott’s theorem 6.6.2 (i) the disjoint r.e. sets
@ ={N|N=Ay.l}, B ={N|N=a}

are recursively inseparable. Hence so are the disjoint r.e. sets
#Q@ = {nE/n' =Mo.l}, #B =(nE/n' = a)}.

By exercise 8.5.19 it may be assumed that E, is in nf.
Now consider

M, = (Ax.xE x)(Ay.y "n (I1)).
Suppose F were a recursive L-1-optimal strategy. Then the set
={n|M, — F(M,
e = {n|M,— F(M,)}

is recursive. By lemma 13.5.5 C separates #@ and #%, which is impossi-
ble. O '

13.5.7. THEOREM. There is no one step strategy F which is both L-1- and
B-1-gptimal.

ProoF. Consider the term

M = Ay pxx(y))((Ax pxx) A,
where A is in nf and very long. Let A, be the left-most redex of M and 4,
the internal one. Claim: '
(i) In order to minimalize L (M), F must contract A,.
(ii) In order to minimalize B-(M), F must contract A,
(i) is clear, since contracting A, duplicates A,. As to (ii), compare the
reductions starting with contracting A, and A;:
4,
6. M-
(Ay.p(Ax.pxx)A)(Ax.pxx)ANyDN —
P((Ax.pxx)A))(Ax. pxx)A)A)—
P(Ax.pxx)A)(Ax.pxx)A)N—
p(pAA(Ax.pxx)AN—

P(pAAY pAA);
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(since A4 is very long one could not have done better).
LY
o' : M—

(Axy. pxx(yD))( pAAN—
M*=(Ay. p(pAA) pAA) YD -
p(pAA) pAA)I)—

p(pAAY pAA).

Now M* is longer than any of the terms in the previous reduction 6. Thus
F must contract A,. This proves the claim.
Since a 1-strategy cannot contract A, and A, at once, F does not exist.

a

13.6. Exercises

13.6.1. Show that F, is not cofinal.
13.6.2. Show that F, is not CR.

13.6.3. Let C[a] be a context such that a occurs only passively in C[a). Let F = OQ\fx.C[fX)).
Then Fx —» C[Fx].
The natural reduction path of FxX is

6 : FX—» C[FX]|—>» C[C[Fx]]—> - - - .

Prove that o is cofinal in G(M).
13.6.4. Let H = @(Ahx.[hx, hx]). Show that HK = H1.

13.6.5 (Klop). 0 : My— M, — - - - is a maximal reduction path if ¢ is either infinite or ends
in a nf. Define

R™(M) = { o]0 is a maximal reduction path starting with M }.
Let g, 0’ € A™(M), such that
o: My-M,— ...,
o i My—>M{... .
Define 0 < o’ iff Yn Im M,—> M.
o~d¢ iff o<o ando’ <o.
Then ~ is an equivalence relation on R™(M). L.t [o] be the ~ equivalence class of 6. Define

[6] < [0']=0 <0’

(this definition is independent of the choice of the representatives of the equivalence classes).
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Finally the spectrum of M is the structure
Spec(M) = (R™(M)/~, <).

(1) If M is minimal, show that then Spec(M) is a singleton.
(i) Show that Spec(M) always has a largest element.
(ii) Consider the following terms

M,=KIQ,

M, = (e d(xx))(Ax.d(xx)) = 6(1),
M,=[R, D], €= (x.xxx)(Ax.xxx),
M= NW.w)dy.w), @=(Ax.xx).

Each of these terms has as spectrum one of the structures given in figure 13.10. Find out
which term corresponds to which structure

FiG. 13.10.

13.6.6. (Bergstra, Klop). Show that there exists a (non-recursive) one step CR strategy. (As
was mentioned it is open whether there exists a recursive 1-strategy which is cofinal or CR.)
13.6.7. Show that lemma 13.4.5. does not hold if R is not left-most.
13.6.8. The skeleton of a term M is the result of replacing each variable (free or bound) by [J.
Thus the skeleton of y(Ax.xx) is AL

A 1-strategy is a skeleton strategy if it can be determined from the skeleton of a term which
redex is going to be contracted. E.g. F, is a skeleton strategy.

(i) Show that a perpetual 1-strategy is never a skeleton strategy.

(ii) Show that a B-1-optimal strategy is never a skeleton strategy.

13.6.9 (Bohm). Let
My=HI\H, H = Axy.x(Az.yzy)x,
M,=LLI, L =Axy.x(yy)x,
M,=PQ, P =Mx.xlx, Q =My . xpl(xy).

Draw G(My), G(M,), G(M>).
13.6.10. Show that for F = F_, as defined in 13.2.7 one has
DFOEYM, - - - M) =AcyF(M)) - - - F(M,).
@FOOy. MM, - - - M,)=\E.F(Mo}y= F(MDIF(M,) - - - F(M,).
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13.6.11 (Bergstra—Klop). Write M >N iff M >N and N # M. Show that

(i) xxx > o0xX; XX >0 XX.

(i) xIx and xx are incomparable with respect to > .

(iii) M ODN=>M >,N.
13.6.12. Prove lemma 13.5.4.
13.6.13. Define the concept “quasi head reduction”. Show that if there is an infinite quasi
head reduction starting with M, then M is unsolvable.
13.6.14 (Klop). Let 0 : My— M, — - - - be a reduction. A redex A € M, is called secured if
for some j > i there is no residual of A in M; with respect to the given reduction; o is secured if
A is secured for all / and all A€ M,.

Show that if o is secured, than o is cofinal in G(M).

13.6.15. Prove that the set { M |M has a nf N and ||N|| < || M|} is not recursive.



CHAPTER 14

LABELLED REDUCTION

In § 14.1 an extension of the A-terms is considered, together with a
notion of reduction. The resulting system is called the labelled A 1 -calculus.
The main theorem in § 14.1 is that this system is strongly normalizing. In
chapter 19 labelled reduction is used for the local analysis of the A-models
D_, Pw.

Given a finite set of finite S-reduction paths in the ordinary A-calculus,
one can embed them isomorphically in the labelled A-calculus. Therefore
the A-terms with B-reduction are “locally strongly normalizable”. In § 14.2
several applications of this fact are given, including nice proofs of the CR-
and the (strong version of the) standardization theorem. Another such
application is given in § 14.3: the continuity of the A-calculus operations
on A with respect to the tree topology. Finally in § 14.4 it is proved that
A-calculus computations are essentially sequential.

14.1. Strong normalization

The labelled A-calculus studied in this section was introduced by Hyland
[1976] and Wadsworth [1976] as a tool for examining the A-models D, and
Puw.

In Lévy [1975], [1978] a more general labelled A-calculus is considered.
That system is related to the notion of strongly equivalent reductions, see
exercise 14.5.5.

14.1.1. DerFINITION. The set of labelled A-terms, notation A L N, is defined
as follows.

Alphabet
Vg>Vps-- s variables,
G)A, improper symbols,
1, constant,
0,1,...,n,..., labels (for each n € N).
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Terms
(i) A LN is the smallest class X such that

XEX, for variables x,
1ex,

M,NeX=(MN)€EX,
MeX=(Ax.M)EX,
MeX=(M")eX foralln € N,

(i)) A L is the subclass of A LN consisting of those terms that do not
have any labels.
@) | |: ALM—>AL is the map that erases all labels.

Substitution
For M,Ne A LN the substitution M[x:= N] is defined inductively as
follows.

Before introducing the notions of reduction on A L ™ that are important,
an auxiliary such notion is needed.

14.1.2. DeFINITION. Define on A LN the following notion of reduction

label : (M")™ — M™in(m,

14.1.3. LeMMA. Each labelled A-term .M has a unique label-nf, say M.

Proor. Each term does have a label-nf, since contraction decreases the
length of a term. As the function min(n, m) is associative, — wat ©; hence
by lemma 3.2.2 label is Church-Rosser. Therefore the label-nf is unique.
O
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EXAMPLE. (Ax.((x2)*(x"))®))e1= (Ax.(x2x*)®)C.

14.1.4. DEFINITION. On the set of labelled A-terms the following notions of
reduction are introduced.

O B, : Ax. MY 'Ns(M[x:=N"D"
Q) B,: Ax.M)’N(M[x:= L))"

1" 1,
L:dAx. 4 > 1,
1M 1.

In the above M, N € ALN and n € N is arbitrary.
(i1)
lab.B=p,UB, UL U label.
+ =B, UL Ulabel.

A notion of reduction R on A LN induces relations —>4, —» and =,
compatible with the operations. In particular

Mg N=>M"—>5,N".
14.1.5. ExaMpLE. Using the notation M™™ = (M")™ one has
L E(}\x.xlx)a(Ax.xx)—nu
((}\x.xx )2’ '(}\x.xx )2)2_»1abe1
((Ax.xx) (Ax.xx)?) o5,
((}\x.xx)2’0(}\x.xx)2’0)0’2 — ubel
((Axxx)°(Ax.xx)) =

(L) (L -L)O—»J_-L-

Therefore L—» 51, ie., L has a lab.f-nf. L also has a +-nf, namely
(w%%° with & = Ax.xx. Note that it is hygienic to reduce M to M!.

14.1.6. LEMMA. (1) lab.B is substitutive.
(i) lab.B is weakly Church-Rosser.
(iii) () and (i) hold for + .
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Proor. (i) This is a trivial extension of the proof that B is substitutive
(proposition 3.1.16).

(ii) This is an easy extension of the proof that B is weakly Church-
Rosser (lemma 11.1.1). Some examples

(Ax.()xy.yx)sb)3a—)(}\x.(b7x)7)3a

!

{ v
(()\y.yaz)sb)z—> (ba?)"?
(Ax.1)Ya— 12
l
1% > las 1
(i) Similarly. [

Now it will be proved that every labelled A-term is strongly lab.g-
normalizable. The proof is due to van Daalen [1980] and occupies 14.1.8—
14.1.12. The main step is to show that if M, N are strongly normalizing,
then so 1s M[x:= N].

Other proofs are due to R. de Vrijer (using a computability argument
familiar from the typed A-calculus) and Klop [1980] (using an interpreta-
tion into the labelled AZ-calculus and the conservation theorem).

In the rest of this section — and —» denote —,, s and —»,, 4.

14.1.7. DEFINITION. (i) SN = {M € ALN|M is strongly lab.B-normaliz-
able}

(i) If M € S, then d(M) is the length of the longest /ab.B-reduction
path starting with M.

14.1.8. LEMMA. Let M, N € ALN with M €SI. For L €ALN write
L*= L[x:= N]. Suppose M*—>(\y.P)". Then one has one of the Jollowing
two possibilities:

(1) M—(Ay.P))", and P} —> P,
(2) M—>L=xU, - - - U, (possibly some labels are left out)
withm > 0and L* - (Ay.P)".

PROOF. As the result has nothing to do with labels, we will not mention
them. More interesting is that one even does not need that M is SN; see
exercise 15.4.8. The present proof does use that M € SN, however, and is
by induction on (d(M),||M|) ordered lexicographically, ie. (n,m)<
(n’,m’) iff n<n or (n=n" and m < m’). (Equivalently: by induction on
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the ordinal w.d(M)+ ||M|.) For each M the statement will either be
proved directly or be deduced from the induction hypothesis, i.e. the
statement for M’ with smaller (d(M’), || M’||). We distinguish cases accord-
ing to the shape of M.

Case 1. M is a variable. If M = x, then we have (2). If M % x, then not
M*—>(Ay.P).

Case 2. M=Ay.M,. Then we have (1).

Case 3. M = M M,. Then M* = M} M} —Ay.P. This is only possible if
3) ME—>Az.Q,
4 Q[z:i=M3] —> Ay.P.

By (3) and the induction hypothesis (d(M,) <d(M), |M,|| <||M]||) there
are two cases:

(5) M, —>\z.Q, and QF — Q;
or
(6) M,~L,=xV,---V,, and L* »Az.Q.

Assume (5). Then
(7) MM, (A2.0,)M,— Q[ 2= M, ];
(8) MIM3 —> (N z.Q1)M5 — Q[ z2:= M3 ] =(Q,[ 2:= M, ])*

— Q[ z:= M3 ]—>»Ay.P,

by (5), (4). Since d(Q,[z:= M,]) <d(M) (by (7)) it follows from the last

part of the reduction in (8) and the induction hypothesis that there are
again two cases:

9.1)  Q[z=M,]»(Ay.P,) and P}->»P;
or
(92)  Q[z=M,]>»xW and (xW)*—»\y.P.
Now M =M M, Q,[z:= M,], by (5); hence in both cases we are done
(9. 1)=(1), 9.2)=(2)).
Assume (6). Then
M\M,~»xV,--- ¥V, M, and (xVM,)*—>(Az.Q)M}-—>Ay.P,

by (4), and we have (2). [
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14.1.9. LEMMA. Let (.(MPM )’ - - - M Y¥»—Av.N)Y, m > 0. Then q < p.

ProOOEF. By induction on m. Note that
(1 0 > Q0%=q,<q,,

since an outer label can only be decreased (by label-contractions). If
m =0, then M? —(Ay.N)? and hence g < p by (1). If m > 0, then, leaving
out some labels, one must have

MPM,-- - M__, —>(Az.N)%, M, —>»M,

and (if g, #0)
(Az.N)" My, — (N[ zi= M )"
- (Ay.N).
Hence ¢ < ¢, — 1 < g, <p by (1) and the induction hypothesis. [J

The first of the following two lemmas is a special case of the second.
Nevertheless it needs to be proved separately.

14.1.10. LeMMa. M € ST =>M[x:= L] € SIN.

Proor. By induction on (d(M), || M||) ordered lexicographically. Write P*
for P[x:= 1].

Case 1. M 1s a variable. Then the statement is obvious.

Case 2. M = y.M,. Then M* =Ay. M} and the statement follows from
the induction hypothesis M} € & 9.

Case 3. M =M. Then M* = (M})" and the statement follows from the
induction hypothesis. _

Case 4. M =M M,. Then M*=M}M}. By the induction hypothesis
M}, My € 59U. Suppose that there is an infinite reduction ¢ starting from
M*. Then one must have M} — (Az.P)", otherwise the reductions of M}
and M3 remain separate and ¢ cannot be infinite. By lemma 14.1.8 one
can distinguish two subcases.

Subcase 4.1. M, — (Az. P;)" and P} —» P. Then if n > 0 one has

n—1

(1) 6: M*= MM} —>(Nz.P)'Nf —(P[z:=(N3)""])
ad infinitum with M3 —» N¥. On the other hand
M=MM,—>(Az.P))"M,

—(P]z:= MZ"_‘])"_IEQ, say .
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Hence d(M) > d(Q). Therefore by the induction hypothesis O* € S.
But

n—1

0r=(rel == (M) ')
> (P[z=(Np)"' )

therefore P[z:=(N})""']""' €8N, contradicting (1). If n =0, then the

contradiction can be obtained similarly.
Subcase 4.2. M, —»xN and (xN)* = L'N—»(Az.P)". This is impossible.
a

14.1.11. COROLLARY (main lemma). M, N € V= M[x:= N} €SN.

PRrROOF. Let /(N) be the outer label of N, i.e.
I(L)=1(x)=I(PQ)=I(Ax.P)=0, I(P")=n.

The statement will be proved by induction on the triple (/(N),d(M), || M |))
ordered lexicographically. Write P* for P[x:=N].

Cases 1, 2, 3. M=z, M=Ay.M, or M=(M,)". As in the proof of
lemma 14.1.10.

Case 4. M = M| M,. Suppose there is an infinite reduction o starting with
M*. As in the proof of lemma 14.1.10 one must have M¥—»(Ay.P)",
M3} — N¥ and

(1) oMM} —(\y.P)"N}

(P[y=(ng)""])"" itn=o,
(P[y:=.l_})o . ifn=0,

ad infinitum. If » =0, then the contradiction follows from lemma 14.1.10.
Suppose n 7 0. One can again distinguish two subcases.

Subcase 4.1. M,—»Ay.P, and P} —»P. This case is treated as in the
proof of lemma 14.1.10. _ . .

Subcase 42. M, - xQ and (xQ)* = NQ* - (Ay.P)". Then by lemma
14.1.9 one has n <I(N). Therefore the induction hypothesis applies to P
and (N¥)"~ !, ie. P[y:=(N¥)""']€ SOU. This contradicts (1). O

14.1.12. THEOREM (Strong normalization theorem). Let M € A L N. Then
every lab.B-reduction starting with M terminates.
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PrOOF. By induction on the structure of M. If M is a variable, this is
trivial, and if M=Ay.M, or M=(M,)", the result follows from the
induction hypothesis. So suppose M =M M, and that o is an infinite
reduction starting with M. Since by the induction hypothesis M,, M, € N,
one must have M, —-»(Ay.P)", M,—» Q and

o:MM,—»(Ay.P)"'Q
(P[y= Q""‘])"_l if n#0,
(P[y=1))° ifn=0,

—_» ..

ad infinitum. Since M,, M, € S 9, also P, Q"' € S L. Therefore by the
main lemma (P[y:=0" )" '€SI or (P[y:=L])°€SN; a con-
tradiction. [

14.2. Applications

Applications of the strong normalization theorem for the labelled A-
calculus start with the simple observation that ordinary S-reductions can
be lifted to labelled reductions and thus become strongly normalizable.
Therefore one may say that B-reductions are “locally strongly normalizing”.
This idea is due to Lévy [1975], [1978].

14.2.1. LemMa (Lifting). (i) Letr M,NE A and M —»zN. Then for some
M N €A LN with | M'|=M,|N'|=N one has M'— _N'. .
(ii) Similarly for M,N,, ..., N, € A with M —>,4N,, 1 <i<n.

PROOF. (i) Simply give all subterms of M (of the form Ax.P) high enough
labels, e.g. always k& where k is the length of the reduction M—»,zN.

ExaMPLE. (Ax.xx)la—lla—la—a becomes

(Ax.xx)Pa—>, (1212 a>, Va— a°.

(i1) Similar to (). O

14.2.2. Lemma (Projecting). Let o' : M,— M|->_, - - - be a +-reduction
path. Suppose |M{| € A. Define

o'} = | Mgl > [Mi] > - - -

Then |0’| is a B-reduction path.
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PROOF. Since |Mg| € A, the term M| does not contain any L’s and
therefore the same is true for the M/ (there are no B -redexes). Hence
[M!| € A for all i. The rest is obvious. []

The first application is an alternative proof of the Church—Rosser
theorem for the labelled A-calculus. As a corollary one obtains the ordinary
Church-Rosser theorem.

14.2.3. THEOREM (Church—Rosser theorem for the labelled A-calculus).
(i) The notion of reduction lab.f on A L N is Church—Rosser.
(i) The same is true for + .

ProoOF. (i) By proposition 3.1.25, since lab.f is strongly normalizing and
weakly Church-Rosser (lemma 14.1.6 (i1)).

(it) Clearly the notion of reduction + is strongly normalizing. By lemma
14.1.6 (iii) it 1s also weakly Church—Rosser. []

14.2.4. CoroLLARY (Church-Rosser theorem for B-reduction). The notion
of reduction B is Church—Rosser.

ProoF. Given M —» M,, M— M,, lift these reductions to A L. Find a
common reduct there and project. [

Also the finite development theorem (in fact FD!) follows easily.

14.2.5. CorROLLARY (FD!) Let M € A and F be a set of redexes C M. Then
all developments of (M, ¥ ) are finite. Complete developments terminate in the
same term.

PROOF. Let (M, %) be given. Define M’ € A LN to be M with all redexes
(Ax.P)Q in F replaced by (Ax.P)'Q. Clearly a development of (M, F)
corresponds to a +-reduction of M’ (via projecting). By the strong
normalization theorem 14.1.12 all +-reductions are finite; by theorem
14.2.3 (ii) complete +-reductions all end with the same term. []

Before considering applications of strong normalization giving new
results, still another proof of the standardization theorem (in fact of the
strong version, theorem 12.3.14) will be given. The method is due to Klop
[1980] and has the virtue that it illuminates the process of standardization.
"The proof occupies 14.2.6-14.2.10.

14.2.6. DeFINITION. () RED = {¢|0 is some finite B-reduction path}. On
RED one has the partial operation + (o + 7 is defined only when the
endpoint of o is the beginning point of 7).
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(ii) Let M € A and A, A, C M be two redexes with A, <A, (i.e. A, to the
A

left of A)). Consider o : M - M, — M, obtained by contracting first A,

and then the unique residual Aj of A,. Such a ¢ is the smallest reductlon

that is not standard and is called a Klop-reduction—redex or simply K-redex.
(iii) If o is a K-redex as in (i1), then its contractum is

A, A Y
TMSM, S S M,

where
A,

M

Az 48

A, 4
My—-—= M,

is an elementary diagram (there may be n > 0 residuals A} of A)).
(iv) On RED the following notion of reduction is introduced:

K= {(0,7)|ois a K-redex and 7 its contractum}.

(v) As usual, K induces the following binary relations on RED:
— (which is compatible with +),
—» , (reflexive, transitive),

=y (equivalence relation).

14.2.7. LEMMA. — is acyclic, that is, there does not exist
(1) 0y—x0, =g * = =0, =0y n>0.

Proor. By induction on k, the number of B-reduction steps in o, a
contradiction will be derived by assuming (1).

If k=0, then o, does not contain a K-redex. So let k > 0. Suppose for
some i < n the K-redex in o, is at the beginning of that reduction. Let / be
the smallest such number. Then one has the situation in figure 14.1, where
A, < A, Moreover o, must start with a contraction of A, <A, <4, (if
A, < A,, then A, remains the first contracted redex). But then o, #g,, a
contradiction.

If for no o, the K-redex is at the beginning, then erasing the first step in
Oy - - -, 0, yields again a —, cycle oy, . .., 0, with shorter oy By the
induction hypothesis this gives a contradiction. []
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A
9 M2 .
K A
0 oM.
K
K A 43
s,  M—>-N L
K A A A
0,11 M—N——"u . —L
K
A
o=06,: M —2 ...
Fic. 14.1

14.2.8. PROPOSITION. (i) The notion of reduction K on RED is strongly
normalizing.
(i1) If o is in K-nf, then o is standard.

PROOF. (i) Suppose 0 —, 7 and let o start with M. By lemma 14.2.1 (i) one
can lift o to a +-reduction ¢’ starting with M’ € A L N.

Contracting a K-redex can be done also in the presence of labels. Hence
T can be lifted to a +-reduction 7’ starting with the same M’.

Now suppose there is an infinite K-reduction

Op—Kx 0, k" " °

By the argument just given there are +-reductions 63, 0{,... with |6/ =g,
all starting with the same M’. From the strong normalization theorem for
+ -reductions and Konig's lemma it easily follows that there are only
finitely many + -reductions starting from a fixed term (see exercise 3.5.9).
So ¢/ = ¢/ for some i/ #j and hence o, = g;. This contradicts lemma 14.2.8.

(i) If o: My—>M,—--- —>M,_is not a standard reduction, let k < n be
the smallest number such that M;— - - - > M, , is not standard. But then
M, ,—-M —>M,,  isa K-redex and hence o is not a K-nf. []

The converse of the following proposition is also true, see exercise 14.5.9.
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14.2.9. PROPOSITION. If 6 =, 7, then 0 =T,

PROOF. Since = is an equality relation on (RED, +) by theorem
12.2.2(vii1), it is sufficient to show

(6, 7)EK=0=1.

But if (0,7) €K, then o and 7 are the sides of an elementary and
diagram, hence o = 7 by proposition 12.2.2 (xi). [J

14.2.10. THEOREM. Every o € RED has a unique K-nf o5. Moreover o is the
unique standard reduction with o = og.

PROOF. By proposition 14.2.8 each o has a K-nf which is standard. Suppose
7,7" are K-nf’s of ¢. Then by lemma 14.2.9 one has 7=’ and since 1,7’
are standard it follows by proposition 12.3.13 that r =7’. Therefore the
K-nf of o is unique. The rest is clear. []

Next as an application a new result. Welch [1975] introduced the
following notion of inside out reduction and conjectured theorem 14.2.12.

14.2.11. DEFINITION. (i) Let M € A and

A 4
o M=M,—-M, - ---

be a reduction. Then o is inside out (i.0.) if A, is not a residual of a redex
A% C A for all j <.
(i) Write M — N if there is an i.0. reduction 6 : M—» N.
1.0.

ExAMPLES. (i) (Ax.xx)a)—(aa)— aa is i.o.
(i1) I((Ax.xx)a) - (Ax.xx)a — aa is not i.0.

One sees that i.0. reductions are dual to standard reductions, where
outer redexes have to be contracted first.
The following result, due to Lévy [1975], shows that the set {N|M —» N}
1.0.

is cofinal in G(M).

14.2.12. THeorEM (Completeness of inside out reductions). If M —» N, then
M — N, and N — N, for some N,; see figure 14.2.
1.0.

ProoF. Lift M—»N to M’ — , N’. Perform a +-reduction on M’ by each
time contracting an internal +-redex (i.e. without proper subredexes).
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Fic. 14.2.

Since +-reductions strongly normalize this process stops, say at N,. Then
N is the +-nf of M’. Hence N'—_ N by the CR property for +.
Projecting down one obtains M—;N,, N—;N, and clearly the first
reduction is inside out. 7]

14.3. Continuity

In this section it will be proved that the operations application and
abstraction on A are continuous w.r.t. the tree topology. This fact turns out
to be quite useful. It replaces several arguments which would otherwise
require some analysis of reduction. The essential lemma for the continuity
theorem is proposition 14.3.19 and was proved in Wadsworth [1971], in
Leévy [1975] and in Welch [1975], using different methods. We follow
Lévy’s proof (which makes use of some ideas of Wadsworth and Welch).

14.3.1. DEerFINITION. (i) The set A L of A 1-terms is obtained by adding a
constant L to the formation rules of terms (so A L =|A L N|).
(i) On A L the following notions of reduction are introduced

B:(Ax.P)Q—P[x:=Q],
L:dlPos1, Ly Ax.lol,
l=41,u4d,, BL=BuU.l.

14.3.2. ProposITION. (i) B(L) is CR.
(ii)) Each P € A L has a unique 1 -nf.

PrOOF. (i) By lifting (lemma 14.2.1), the CR property for lab.8 (theorem
14.2.3) and projecting (lemma 14.2.2).

(ii) L-reduction decreases the length of a term, hence is strongly
normalizing. Moreover, one has — | k ¢; by proposition 3.2.2 it follows
that 1 is CR and therefore L -nf’s are unique. [
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14.3.3. LEMMA. Let PE A L. Then

B g

L
I |
| | <
| ) :
5
1) 'L "L, P70,
! 1
! |
N - e 4
e JBuL,
-
1

The rest follows by some simple diagram chases. [7]

The notion of Bohm tree is extended to A L™ by treating 1 as @ (and
ignoring labels).

14.3.4. DEFINITION. (i) For P € AL, let P[L:= Q] be the result of replac-
ing all L’s by Q, and let BT(P) = BT(P[L:= Q).
(ii) For P € ALN, let BT(P) = BT(P|).
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(ii1) Let A be a finite Bohm tree. Then M[A] € AL is obtained from
M(A) (see definition 10.1.16) by replacing all €’s by L.
(iv) Let M € A. Then M!" = M[BT*(M)].

Note that BT(M "}y = BT*(M), by lemma 10.1.19; also M <M ®.

ExaMpLES. (1) BT(Ax.x(Az. L)) =Ax.x
|

L
(i) If Y is a fixed point combinator, then Y21 =Af. f( f(L)).

The following terminology (in a modified form) comes from Wadsworth
[1971].

14.3.5. DEFINITION. Let M € A L.
(i) P € A L approximates M (notation P[_ M) if BT(P) C BT(M).

(i) P € AL is an approximate normal form (anf) of M if PL_M and P is
a BL-nf.
(i) @(M)={PE A L|Pis an anf of M}.

EXAMPLES. (i) Az.xz LL_ Az xzK; SxQC Az.xzK; Ax.x L € @(Ax.1xS).
Gi) M) € @(M).

In order to prove something about approximation it is useful to go back
to Wadsworth’s original definition.

14.3.6. DErFINITION. (i) Let M € A L. Then a(M) € A L is obtained from
M by replacing the outermost (i.e. C-maximal) redexes by L. One can
define « inductively as follows:

a(AX.yM,--- M) =AX.ya(M,)- - - a(M,),
a(AX.(Ay.P)OM,-- - M )=a(AX.L M, --- M,)
=AX.La(M) - a(M).
(ii) w(M) is the L -nf of a(M). w can be defined inductively by
W(AX.y M, - M) =AX.yw(M))- - - w(M,),
w(AZ.(Ay.P)OM)=w(AX.LM)= 1

(iii) @ (M) = {w(N)|M—>;N}.
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EXAMPLE. (i) a(z(Ax.(Ay.y)x2)) = z(Ax. L 2).
(1) w(zAx.(Wyy)xz))=z L.

14.3.7. LEMMA. Let M € A1. Then
(i) w(M)L M,
(ii) M—»BN:m(M)f; w(N).

ProoF. (i) By induction on the length of M. If MEAE.(Ay.P)Qﬁ, then
w(M)= LT M. If M=XX.yN, - - N,, then

W(M)=AX.yw(N,) - w(N,)C M

by the induction hypothesis.

(1) Similarly one shows first by induction M—pN=w(M)C w(N).
(Typical case: AX.l yM —AX. yM ). The rest follows by transitivity. [

14.3.8. DEFINITION. Let M € A and X C ALl. Then
() UX = M if U {BT(P)|P €%} =BT(M)
(i) X is directed if (BT(P)|P € X} is directed in (B, C).

14.3.9. LEMMA. (i) (M) is directed.
(ii) @' (M) is directed.

PROOF. (i) Let P, P’ € @(M). Then PUP’ = M[BT(P) U BT(P)] € &(M).
(i1) By the Church—Rosser theorem and lemma 14.3.7 (i1). [

14.3.10. PROPOSITION. (i) @'(M) C@(M).
(i) M=U@(M)= LU (M).

PrOOF. (i) Let w(N) € ' (M) with M —, N. Then BT(M) = BT(N), hence

o(N)C M, by lemma 14.3.7. Clearly w(N) is a B L-nf, so w(N) E &(M).
(ii) Clearly M = U@(M) ILU@'(M), in the obvious BT sense.

Claim:

VPEQ(M) 3P E@(M) PL P

Intuitively this should be clear if one realizes how a Bohm tree “grows”. [If
not, define g( M, n), the “growth of BT(M) by the nth day”, by induction
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on n:
g(M,0)=M,

g(M.n+1)=Ax.yg(M,n)---g(M,,n)
if M has the principal hnf AX.y M;

=M if M 1s unsolvable.
Then by induction on n one shows
M—,g(M,n) and MU w(g(M,n)).
Now let P € @(M). Then for some n one has PEM["] and therefore

PLw(g(M, n)) € @' (M).]
Using the claim it follows that

M U@ (M)JUGM) =M. O

The following corollary expresses L in terms of its restriction to terms
with finite trees.

14.3.11. COROLLARY. Let M, N € A(L). Then
MUN iff VMje M IN; N (M) C o(N').
PROOF. (=) Since M = LI {w(M")| M —, M’} by the proposition.
(=) Let M—;M’. Then (by propositions 10.1.6 and 14.3.10 and lemma

14.3.7)

W(M)CM'=M=U{w(N)|N—>,N},

BT(w(M')) C U {BT(w(N’))[N—»ﬁN’}.

Since BT(w(M")) is a compact element of (B, C) and the RHS is directed,
one has for some Ng«—=N

BT(w(M’)) C BT(w(N')),

ie. w(MHCw(N). O
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14.3.12. LEMMA. Let M €A L and C[ | be a context over A L. Then
C[LICC[M].

ProoOF. Let C[Ll]—>4zL. Then C[M]—>zL[L:= M]. Moreover w(L)C
w(L[L:= M]), as one can show easily by induction on the length of the
term L (three cases: L=AX.yL; =AX.LL; =AX(Ay.P)QL). Hence
corollary 14.3.11 applies. [

14.3.13. CoroOLLARY. P € €(M )= C[P]L_C[M].

PrOOF. By assumption Pis a f1-nfC_M. Hence P=D[L,..., L], M=
D[M,,...,M,]. Therefore

c[P]=c[p[L]]Cc[p[M]]=C[M]

by repeated application of the lemma. [

14.3.14. LEMMA. (i) P—, 0= w(P) =w(Q).
(i) P>, 0=P=0.

Proor. (1) It is sufficient to show that P— | 0= w(P) = w(Q). This follows
by induction on the length of P.

(1) First assume P—, Q. Then P=C[LM],Q=C[Ll]. By lemma
14.3.12 one has QL P. To show the converse, let P—»BP’. Then by lemma
14.3.3 (1)) Q—»4Q’ and P'— | Q. By (i) it follows that w(P’) =w(Q’) and
hence by corollary 14.3.11 we are done.

Now assume P—, Q. Then, using the result for —  , a similar argu-
ment shows P~Q. []

14.3.15. COROLLARY. Let P,Q € A L. Then

P=ﬁ_LQ=PzQ

ProoF. By proposition 10.1.6 (generalized to AL) one has P = pQ=P =
Q. By the lemma the same is true for — . Since =, is generated by = B
and — |, the result follows. [J

The following notion is due to Welch.

14.3.16. DEFINITION. (i) Let M € A and 9 ¢ M. Then M reduces to N

without touching % (notation M —» N) if there is a reduction o : M—»N
‘ non %
such that a residual of an element of % is never contracted.
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(i) If PcM, write M - Nif M —» N, where ¥, is the set of all

non P non %,

redexes C P.

14.3.17. LEMMA. Let M — N by a reduction o. Then

non &
M[(’f:= _L]—» N[g’:= l},

where [F := 1] denotes the replacement of the (C -maximal) redexes in % by
L and F is the set of residuals of F with respect to o.

. A . .
ProOF. By transitivity one may assume M — N. The conclusion is

%
proved by an easy distinction of cases ((1) A diggint from %F; Q) ACA, €
%; (3) some maximal element of ¥ is sub A).

The following theorem was first proved by Welch, under the assumption
that theorem 14.2.12 was true, namely, that inside out reductions are
complete.

14.3.18. PROPOSITION. Let C[M ], N € A. Suppose C[M]—>»N. Then

AM M IN N C[M] — N,

non M,

PRrOOF. Lift C[M]—» N to the +-reduction C[M’]—»N"in A L ™. Let M;
be the +-nf of M’. Then by the CR property for +

c'[M'] + C'[Mi]
+ +
non M;
N + N

By projecting down one obtains the result. [

The next result was first proved in Wadsworth [1971]. The present proof
is due to Lévy [1975].

14.3.19. PROPOSITION. Let C{M ] € A. Then

VP e@(C[M]) 30 @ (M) PLC[Q].
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PrOOF. Let P € @ (C[M)). Then P=w(N) with C[M]—» N. By proposi-
tion 14.3.18 for some M, N, € A

(1) MM, N-»N,,

2 C[Ml] —» N,.

non M,

Take Q = w(M,). Then Q € @'(M). It remains to show P[_ C[Q]. By (2)
and lemma 14.3.17

(3) C[M][F=1]>,M[F=1],
where ¥ is the set of redex occurrences in M,. Now

P=w(N)L w(N) by (1) and lemma 14.3.7 (ii),
=w(N,[F":= L]) since all redexes have to be

replaced by L anyway,
L N [F=1] by lemma 14.3.7 (i),

~C[M,][F=1L] by(3)andlemma 14.3.15,
=C[a(M,)] ‘ ‘

=~ C[w(M,)] by lemma 14.3.15,
=C[Q]- O

14.3.20. COROLLARY. Let C[ € A[ ]Jand M, N € A. Then

(i) CIM]=U{C[Q]|Q € @' (M)} =U{C[Q]|Q € &(M)}
(i) C[M]=U,C[M"].
(ili) MCN=>C[M]CC[N]).

PRroOOF. (i) By corollary 14.3.13 one has C[Q]C C[M] for all Q € &(M).
Therefore

U{c[]le e @ (M)} C LU{c[Q]lQ € &M)} L C[M].

Since C[M]=U{P|P € &' (C[M]))}, by proposition 14.3.10 (ii), the rest
follows from the proposition.

(ii) Note that M € @(M) and that if P € (M), then PL M), for
some p; now use (i).
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(iii) Assume M [_ N. Then
C[M]=U{C[PlPE@(M)}, by(),
CC[N], by corollary 14.3.13,

since PL M=P_N. O

14.3.21. COROLLARY. The map NM.C{M]: A— A is continuous with re-
spect to the tree topology.

PrOOF. Remember that the sets O,, , = {N|M™I[_ N} form a basis for the
tree topology. Therefore we must show that if C[M]= N, then

Yk 3m YM' [M' €0, ,=C[M]€0,,].

Assume C[M]= N and let k be given. Define P=N*le @(C[M]). By
proposition 14.3.19 for some Q € @' (M) one has

(1) PLC[Q]

—~

Now QL M =U{M"|me N}, which is (after taking Bohm trees) a
directed supremum. Since BT(Q) is finite, it is compact in (B, C) and
hence QL M for some m. It follows that

M €0, =M™ LM
—QC M
=>C[Q] L[ M]
—>PCC[M'] by(l),
=C[M']€0,, sinceP=N¥. [

14.3.22. CONTINUITY THEOREM. On A the operations abstraction and applica-
tion are continuous with respect to the tree topology. That is

(i) Define Abs (M) = Ax.M. Then Abs, : A— A is continuous.

(ii) Define Ap(M, N)= MN. Then Ap : A’ A is continuous.
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PrOOF. (i) Trivial: M’ € Oy, , =Ax.M' € O,, 5 .
(ii) We must show that if MN = L, then

Yk 3m.n YM' €0,,,, YN €0,, M'N' €0, ,.

So assume MN =L and let k be given. By corollary 14.3.21 Ap is
continuous in each of its arguments separately. Therefore there is an n
such that

N €0, ,2MN €0, ,.

In particular MN(" € O, . Now be continuity in the first argument there
is an m such that

M €0, ,=MNEO, ;

in particular M™N € 0, ,. But then

M €0,.,.N €0, ,=
=SM'N JM"N JM™N® L&
by corollary 14.3.20 (iii),
=M'N €0, ,. O

The continuity theorem is a memorable result ready for applications. It
replaces arguments usually proved by an analysis of reductions. As an
example we show the “genericity lemma” (so called because it states that if
an unsolvable is mapped on a nf, then every term has that property; in
other words unsolvables are generic).

A point x in a topological space X i1s a compactification point if X is the
only neighborhood of x.

14.3.23. LEMMA. Let M € A. Then:
() M is isolated < M has a nf, ‘
(1) M is a compactification point < M is unsolvable.
PROOF. (i) (=) If M is isolated, then (M} = O,, , for some n. Therefore

VP [M‘“’QP:P:M].

By taking P = M it follows that BT(M )= BT"(M ). Moreover BT(M) is
1 -free. Therefore M has a nf.
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(<) If M has a nf, then BT(M) is finite and _L-free. Therefore
{M} = Op i, where k = d(BT(M)). .
(ii) (=) If M is not unsolvable, then M =AX.yM, hence MV=\x.y I.
Therefore Oy, , # A, so M is not a compactification point.

(<) If M is unsolvable, then O,, , ={P|LLC P} = A for all n. Then M
is a compactification point. []

14.3.24. ProrosITION (Genericity lemma). Let M, N € A with M unsolvable
and N having a nf. Then for all C[ ]€A

C[M]=N=VLEA C[L]=N.

ProoF. The set {N} is open by lemma 14.3.23. By continuity (corollary
14.3.21) there is a neighborhood O of M such that

VLEO C[L]=N.
But O = A by lemma 14.3.23. O

Similarly one obtains the following

14.3.25. COROLLARY. Let M, N € A with M unsolvable and N | -free. Then
for all C| 1} one has

C[M]=N=VL C[L]=N.

PrOOF. By continuity one has
Vn dm C[OM,m] C Oy -

-Since M is unsolvable, O,, ,, = A for all m. Hence
Vn VL C[L] IN™.

Butthen C[L]JU, N= N. Since N is L -free one has C[L] =N for all L.
O

In exercise 14.5.7 it is shown that this corollary does not hold if =< is
replaced by =,.
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14.4. Sequentiality and stability

Berry [1978] showed that the computation of a definable A-calculus
function is sequential rather than parallel. As a consequence it follows that
there is no “parallel or” (cf. Plotkin [1977]), i.e. no F € A such that

FMN =1 if M or N is solvable,

unsolvable else.

Such an F is clearly parallel computable (simultaneously try to find the hnf
of M and N; if you find one, then give output I, else give no output).
Now Berry’s results, theorems 14.4.8 and 14.4.10, and some con-
sequences will be presented.
It is convenient to work with contexts with numbered holes.

14.4.1. DerFINITION. (1) The set of multiple numbered contexts, notation
Al ]n, is defined as follows:

ol LEAl e
M.NEA[ ] =(MN).(Ax.N)EA[ ],

Example. (Ax[ 1) LEA[ In
(i) Let CEA[ ]y be such that the “holes” in C are among [ |,,...,
[ L, withi<i,<---<i.letM=M,....M, €A. Then
C[M,,....M

2] =C[M]
is the result of placing M, in the hole [ ],}_ for 1 <,j<n (some free
variables in M; may become bound).

Let }VIEM], ..., M, Then Ajlgl\jl’ means that A}’EM’, ..., M and
M,_M/ for 1<i<n.

144.2. DEFINITION. Let CEA[ ]y, MEA, C[M]=N and N|a= L (ie.
at node a in BT(N) one has a 1).

(i) C[M] is a-constant if VM' M C[M')a= L.

(i) Let 1 <i<n and BESeq. Then N|a(= L) is caused by M;|f (in
C[M)) if

() M,|B= 1, . -

Q) [M/|B=L=C[M]a= L}and [M/|B=z=C[M'||a% L],
for all M’ M and fresh variables z.
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ExaMmpLE. Let C=Ax.x[ ] (R[ ],). Then N=C[Q,,Q,] withQ, =Q,=
Q, has B6hm tree

Ax.x,

N
1L 4

so N[0>=N[(1)= 1. Now C[®,8] is <{1)-constant, but not (0)-
constant. Moreover N [(0) is caused by ©,[{ .

14.4.3. LEMMA. Let C[R]=N with @=Q,,...,Q,, @, =--- =Q,=Q and
N|a= L. Then either

HC [Q] is a-constant, or

(2) N|a is caused by Q.| > for some 1 <i<n

ProOF. Suppose C [ﬁ] is not a-constant. Then C [M Jla# L for some M.
In particular C[M] has a hnf, hence its head reduction terminates in, say,
k steps. By induction on (lh(a), k) we will show (2).

By a little thought one sees that C must have one of the following three
forms, cf. corollary 8.3.8.

Case 1.C[ ]J=AX[ ],C,---C,.Thena={ ) and N|{ ) is caused
by 2,[¢ .

Case 2. C[ |=MxyC, - - - C,. Then a = {j) * o’ with a’ ESeq, 1 <
<m and C[Qlja =1. Moreover C[M Jle’ # L. Hence by the induction
hypothesis C[Q]|a = C; [ﬂ]la is caused by some £,/ .

Case 3. C[ |=Ax(Ay.P)QC, --- C,. Then
C[M] > 2. P[M][y:=0Q[ M]]C,[ M]- -
=Ca[ M. M[ y:= o[ M]]]
= Cu[ M, M*].
Also C[8] = C.[D, R]. Hence
C.[2,8lla=1 and C,[M, M*)ja= L.
Note that the head reduction of C *[M M *] to hnf is < k. Therefore by the

induction hypothesis N |a is caused by some €[ ) (in C .[ﬂ 9]) But
then it is also caused by the ,[¢ > in C [Q] Wthh has @, as residual. [J

14.4.4. COROLLARY Let P= P,...,P, €Al all be in B.L-nf and let
C[P][a = 1. Then either

1) C[I_”] is a-constant, or

(2) C[P)|a is caused by some P,| B (with 1 <i <n and B € Seq).
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PROOF. Let C; € A[ _] be obtained from C [P] by replacing the different
1’s in the P in C[P] by[ J[ l»-.... Then one has C[P] Clli=
C [Q] and

VP'JP 3AM C[P']=C[M].
Now the result follows from lemma 14.4.3. [

14.4.5. DEFINITION. Let M, N, L € A(.L). Then
() MIIN =L if BT(M) N BT(N) =BT(L).
(i) MN if 3P M, NLP.
(iii) For sequences of the ~same length, one uses the self-explanatory
notation MIIN = L and M IN.

EXAMPLE. Ax.xbal Mx.xab = Ax.xt L, Ax.xaal TAx.xab'= Ax.xa l.
14.4.6. LeMMA. VM, N € A(L) AL EA M[IN= L.

Proor. Let 4 = BT(M) N BT(N). Then A is r.e. and has finitely many free
variables. Hence theorem 10.1.23 applies. []

We will work with MTIN as if it is a term. However it is determined only
up to <.

144.7. LemMA. Ler CEA[ |y, MEA, PEAL with M1P and P =
P,...,P,allin BL-nf. Then

C[MNP]=C[M]NC[ F].

Proor. Clearly M nep EM P. Hence by monotonicity
C [M ﬂP]EC [M nc [P] Suppose the inequality is strict. Then for some
« =Seq

C[MNPla=1, (C[M]NC[P])la+ L,

Hence C[M]|a== 1 and C[P]|a== 1. Therefore C[MI‘IP] is not a-con-
stant and it follows by corollary 14.4.4 that C [M ﬂP]|a is caused by some
(M, P)|B. Then (M;T1 P)|B= L, M|B= L (otherwise C[M]|a = 1) and
P|B =+ L (similarly). This contradlcts M tP. O

Now we are able to state and prove the sequentiality theorem. This
result is about contexts C[ | considered as a function with the arguments
to be put in the holes. It states that if in (the B6hm tree of) the output
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C [1\2 ] there is a L, then either this L is independent of the arguments M,
or 1 is caused by a specific L in (the Bohm tree of) one of the arguments.
This 1s not the case with functions like the parallel or:

d%r” L =1,
L% T =T,
T“r”1l =T.

14.4.8. SEQUENTIALITY THEOREM. Let M = M,,....,M, and C[M]Ja =1
Then either

(1) C[M] is a-constant, or

2) C[M]|a is caused by some M| with 1 <i < n and B € Seq.

ProoOF. Suppose C [ATI ] is not a-constant. Then
G) CIM ] = L
for some M - M. By continuity it follows that
) C[P]Ia + L for some P, € @(M)), 1<
Since PTM (namely both [_ M Y it follows by lemma 14.4.7 that

C[ PMM]|a=(C[ PINC] M])|a= L

as C lﬁ Jla = L. By (3) it follows that C [PT1M] is not a-constant. Since
the P[1M have finite Bohm trees it follows by corollary 14.4.4 that

3 C[PHM]Ia is caused by some P,[1M,| B.

Claim: C[M Jla is caused by M| B Indeed, note that P,|§=+ L (since
otherwise C[P)la= 1 by (5), contradicting (4)) and by (5) one has
P, M;|B= L ; therefore M|f= L.

Moreover assume M EN Then PNM EN hence

N|B= _L=>C[N]|a= 1
and
N;|B=z(fresh)=C[ N ]|a?‘= L. O
As a consequence of the sequentiality theorem we will now show that

A-definable functions are “stable”, i.e. preserve (B6hm tree) intersections of
bounded sets.

14.4.9. DerFINITION. Let % C A. Then
() % = M if BTI(M) = N {BT(N)|N € X).
() 1 if AM EAVN €X NL M.
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It is not the case that for all € C A there is an M € A such that
MX = M. However, N {BT(N)|N € X} is always a Bohm-like tree.

14.4.10. STABILITY THEOREM. Let X = Ki.... X, CA and assume
1%, .. X, Then

c[NX,, ..., NX, ] =NCc[%,, ..., %,];

more precisely, if [1X, = M, for 1 <i <n, then

C[My, ..., M,]=N{C[Ny,...,N,]IN,€X,, 1 <i<n).

Proor. Clearly M,C_ N, for all N; € X,. Therefore by monotonicity

-

BT(C[M])C n {BT(C[N])INeX}.

Arguing towards a contradiction, suppose that the inequality is strict. Then
for some a € Seq one has

(1) C[M]|a= 1, and

(Q)VN € X C[N]la# L.
It follows that C [M ] is not a-constant. Hence by the sequentiality theo-
rem, C[M]la is caused by some M| 8. Then for all N € % one has MEN
and

N|B=L=C[N]la= L.

Therefore by (2) one has VN, € X, N,|B+# L. Since 1%, for all N, N' €
X, one has N|B= N’|B# L. Therefore M,| 8 =%,|B+# L, contradict-
ing that M,| 8 causes C[M]la. O

14.4.11. COROLLARY. If M}N, then C[MTIN]= C[M]NC[N].

Proor. Immediate by the theorem since by lemma 14.4.6 MTIN always
exists as a term. []

The following consequence of the sequentlahty theorem shows that if
A-definable function C of n-arguments is constant (modulo =) on n
“perpendicular lines”, then C is constant (mod =) on all of A",
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14.4.12. THEOREM. Let n€ N and M,

i NEA for 1 <i<nand1<j<n.
Suppose that for all Z € A

C[an My, -, M,_,, Z] =N,
C[My, My, - - -, Z, M,,] =N,
ClZ, My, -, M,,_,M,] =N,

Then for allZ=Z,,...,ZnEAone has
C[Z]zN:le- - =N,

Proor. For simplicity suppose n = 3. Then for all Z
N

) C[My, Z, Myl= N,
N

Let N=C[Q,Q, Q]. Then NCN, 1<i<3. Suppose one inequality is
strict. Then for some a € Seq one has N|a = L and NJa# L. It follows
that C[€] is not a-constant, hence by the sequentiality theorem N |« is
caused by say £,|< >. But then

C[M“,Mu,ﬂ][a=_l_, C[M“,Mlz,zﬂa#_L,

contradicting (1). So we have proved N=N,~ N,~ N;.

Suppose 3M,, M,, My N'=C[M,, M,, M;] _JN,say N|a = L and N'|a #
L. Then C[€] is not a-constant, hence N |« is caused by, say, €,[C .
But then

C[ M21,z,M23]z N,=N
by (1) and C[M,,, z, My;}Ja # L. Contradiction. [
The theorem probably also holds with < replaced by =,.

The following application shows that there is no “parallel or” in the
A-calculus.

APPLICATION. For no F € A one has
FMN = if M or N solvable,

= unsolvable else.
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Indeed, otherwise VZ, FIZ=<FZI=<I| but FQQ <, contradicting the
theorem.

The following results, taken from Coppo et al. [1978], were needed in
§ 10.4.

14.4.13. LeMMA. If = {M|,..., M,} C A with n > 1 is separable, then there
is an a € Seq useful for F.

Proof. Let C[M,] =x;, | <i< n, and suppose towards a contradiction
that

¢ —3Ja €Seq «a is useful for .
By continuity, corollary 14.3.21, one has for some k€ N
(2) C[MM]=x, 1<i<n.

By making some 7-expansions in the M!*) one may assume that for
1<i,j<n

() M~ M= BT(M9)(a) = BT(M)(a).

[Use that the M/*] have finite B6hm trees. In (2) one will get on the RHS
some 7-expansions of x;; this does not affect the separability.]
By (1) no a € Seq is useful for 4= {M[¥1 . . }; hence

(4) MK e MF=3h M*|a= 1.

Replace in BT(M!*1) all labels at nodes a with 34 M[*lja = L by L. By
(3) and (4) the result, say 4, is independent of i. Let

plr1=ol Lo [ L=M4)[ L= 1]
Then there are 1\7, =N,,..., N, such that for 1 < i<n

(5) M= D[N,

1
1

(6) Vi3 N,=9.

Consider B = BT(C[D[£]]), with Q=2 1<j<m.
Case 1. B is L -free. Then by monotonicity (corollary 14.3.20(iii))

BT(C[ M!*1))=BT(C[ D[ N,]])=B

independently of /; this contradicts (2).
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Case 2. B| 8= L, for some 3. By the sequentiality theorem 14.4.8 and
(2) this must be caused by say £,. By (6) one has N; = for some i. Then

L =BT(c[D[N]])IB
=BT(x,)|B, by (2),(5);
again a contradiction. [J
14.4.14. PrRoPOSITION. If § = (M, . . ., M,} is separable, then F is distinct.

ProoF. By induction on n. If n=1, then % is distinct by definition. If
n > 1, then by the previous lemma there is a useful a for §. The ~ classes
in & are still separable and of smaller cardinality. By the induction
hypothesis they are distinct. Therefore % is distinct. []

14.5. Exercises
14.5.1. (i) Show that
M—»N=3N'[M—»NAN»N'].
1.0. 1.0.

(ii) Show that

M- a>N&HHM »N

i.o.
A
14.5.2. (i) Suppose M — N =(Ay.R)S and M is not a redex. Show that either

M=1(Ay.R)S and A=I(Ay.R)
or
M=(Axy.R,)QS, A=(Axy.R))Q and R |[x=Q]=R.

(ii) Suppose M[x:= N]is a B-redex and M = x. Show that M =xQ and N = (\y.P).

14.5.3. (Creation of redexes, Lévy [1978].) Let M 4 N and suppose (Ay.R)S C N is created
in this one step reduction (i.e. not residual of a redex in M). Show that M — N must be one of
the following cases:

(1) CiAy.R)S]1- C[(W.R)S]

(2) ClOxy.RDYOS]— Cl(y.Ri[x= Q])S]=C[(\.R)S]

3) C[Ax.D{xSHAy.R)}— C[D[(\v.R)S]).
14.5.4. Show that there is essentially one M € A such that M — M. (i.e. M — M but not so for
a proper subterm of M.) [Hint: Use exercise 14.5.2 (ii).]
14.5.5. (Levy’s labelled A-calculus (as formulated in Klop [1980]).) Let Ly = {a, b,c, ...} be
an infinite set of symbols. Define inductively the set L of Leévy labels

ac€ly=a€lL,
a,BEL=>aB EL,
a€El=a€clL.

Here af is the concatenation of a and 8 without brackets.
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Al is defined by adding to the formation rules of A-terms
MeAL a € L=>(M*) € AL,

Substitution on A’ is defined by adding the clause
(M) [x=Ll=(M[x=L)*

Let P C L be given. The following notions of reduction are defined on AL:
BY:(Ax.M)*N—>M%[x:=N%] provided thata € P,
lab: (M*)P > M5,

Bf=B7Ulab.

Write 87 for Bf. Define for a € L the height h(a):

h(a)=0 ifa€L,,
h(aB) =max{h(a),h(B)},
h(a)=h(a) + 1.

P C Lis bounded if InVa[a € P = h(a) < n].

(i) Show that if P is bounded, then B” is strongly normalizing. [ Hint. Use SN for
+ -reduction.}

(i) Let M, NeAand 0: M —> N, 7: M — N. Let M’ € AL be M with all subterms labelled
by different symbols in L. Show that o, 7 can be lifted to ¢’, 7: M’ — g# N’. Moreover

o=t iff o'=71.

14.5.6. Show that (i) =IF € A FIQ = KA FQI =S,

(i) ~3F, G € A° FGx = FxG = x.
14.5.7. Show that

C{M] =N, M unsolvable and N 1-free4VP C[P]= N.

[Hint. Let C[x] push x into infinity” in BT(C[x]).]
14.5.8. (i) Show that application Ap : A X A— A is not an open map.

(ii) Show that the A-calculus operations are in general not uniformly continuous in the
following sense: there is an F € A° such that not

Vk 3k’ YM, N [N € Oy ;.= FN € Opy, 4.

(iii) Let f : A— A be a continuous map. Show that in general there is no F € A such that
VM FM = f(M).

14.5.9. Let o, 7 be two B-reductions. Show that

O=T=>0 =KT

14.5.10. Construct a set X C A% such that N {(BT(M)M € % } is not the Bohm tree of a term.
14.5.11. Show that @(M) = {&(N)|N =z M).



CHAPTER 15

OTHER NOTIONS OF REDUCTION

15.1. BH-reduction

Because fn-reduction analyzes the equality of the extensional A-calculus
An, it is useful to have a closer look at this notion. The first aim is to prove
that

M has a B-nf < M has a S7n-nf.

Originally this was proved in Curry et al. [1972]. The proof below is a
simplification of that in Barendregt et al. [1976] and occupies 15.1.1-15.1.5.

6,9

We extend the set A with markers “7n” to trace 7-redexes.

15.1.1. DEFINITION. (1) A" is the set of terms defined as follows.

x &€ A" for variables x,
P,Qe N'=(PQ)E A",
PeEA'=(Ax.P)E A",
PeAN'=Pre A",

(i) On A" we define the notion of reduction B" by the following
contraction rules

B"{ (Ax.P)Q—P[x:=Q]
P"Q— PQ

where P"[x:= Q] = (P[x:= QD"
(iii) If P € A", then | P| is P without 5’s.
(iv) ¢ : A" A is defined by

o(x)=x,
?(PQ) = o(P)o(Q),
e(Ax.P)=Ax.¢(P),
e(P")=Az.¢(P)z.

384
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[
NOTATION. P — M means |P|= M; similarly for ¢.

15.1.2. LEMMA. Let P,Q € A" and M, M’ € A. Then
(i) P> 0= P)—>,0(Q).
(ii) 9(P)—>, | P|.
(iti) b |

M P,P'er’;

MM E N,

PRroOF. (i) By induction on the generation of —»gn. using o(P[x:= Q)=
p(P)[x:=(Q)].

(ii) By induction on the structure of P.

(iif) The —», reduction can be imitated by —» g since the 7’s are not in
the way (i.e. P'P,—4. P Py). [

15.1.3. LeMMA. Let P € A". Then
|P|is a B-nf=>¢(P) has a S-nf.

ProOF. Induction on the structure of | P|. First note that

(1) @(P™) = 4p(P"),

@) o((Ax.P)") = gp(Ax. P),

) @(P"Q) = 4o (PQ).

Case 1. |[P|=x. Then P=x"", where - -- indicate zero or more 7’s.
Hence by (1) it follows that (P)= x or = \Az.xz and we are done.

Case 2. |P|=Ax.M. Then P=(Ax.Q) . By (2)

?(P) =4p(Ax.Q) = Ax.9(Q)

and the result follows by the induction hypothesis.
Case 3. |P|=xM,--- M,. Then P=(---(x""P;)" --- P,) . Now by
(3) and (1) one has either

P(P)=pp(xP, -+ P)=xq(P))---@(P,)

or
P(P)=4((xP, - P)") =Az.xp(P))- - - ¢(P,)z.

In both cases the result follows from the induction hypothesis. []
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15.1.4. LEmMA. If M—»nM’ and M’ has a B-nf, then M has one too.
Proor. Let M =C[Ax.Lx], M'=C[L] and N’ be the nf of M’. Take

P=C[L"]. Then ¢(P)=M and |P|=M' and we have, using lemma
15.1.2,

M M!
!
|
¢ |
P
{ ;
, !
|
R B
! |
{ I
! -
) S R
e )R TN
N ' e
g
N
Pl
Fic. 15.1.

By lemma 15.1.3 it follows that ¢(P’) and therefore M has a S-nf. []
15.1.5. COROLLARY. M has a B-nf & M has a fin-nf.

PRrOOF. (=) Trivial, since i contractions decrease the length of a term and
do not create new redexes.

(<) By induction on the number of steps in a Sn-reduction of M to

Bn-nf. O

15.1.6. COROLLARY (Postponement of n-reductions).

M—»ﬁnN=>3L M——»BL—»"N.

Proor. Figure 15.1 shows
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hence

FiG. 15.2.

Remember that M € A is By-solvable iff 3P M* P = I, where M* is the
closure of M.

15.1.7. PROPOSITION. M is By-solvable<= M is solvable.

ProoF. (<) Trivial. . ,

(=) Let M*P =4 1. By corollary 15.1.5 it follows that M*P has a B-nf,
say M*P =,N. Then N =, |, hence N, 1 by corollary 3.3.10 (i). Since N
is a B-nf, it follows that N—» I (contraction of n-redexes does not create
B-redexes). Let k be the number of steps in a reduction ¢ : N—» l. By
induction on k it follows that

(1) N=Ax,---x,.x,Ny- - - N,,
with n > 1, FV(N)={x;} and
2) N,—»,x, in less than k steps.

Again by induction on k£ we show that N is solvable.
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If k=0, then N =1 and we are done. So let
k>0. Then n > 2. By (2) and the substitutivity of 7 it follows that
N[x;:=1]-» 1 1in less than k steps. Hence by the induction hypothesis

ir, - - - Py N.[xi:=l]Pi1- - P,.ki=l, 2<i<n.
Then
NL, - --L =1

where L, =Ny, - - - p,(y,P - Plk) RN 7% SR P,,kn) and L,
=... _L =1. So indeed N is solvable
It follows that M* PL =1 and we are done. O

Finally we mention that in Klop [1980] a natural form of the standardi-
zation theorem is proved for Sn-reduction and that contracting always the
leftmost Byn-redex is a normalizing strategy. Because these results are much
more complicated than for S-reduction (for example the first statement
does not immediately imply the second one) time does not permit us to
include them.

15.2. BH Q-reduction

The notion of reduction € is introduced because B U & analyzes prova-
bility in the theory J(. This section proves several results about this notion
in connection with 8n-reduction.

15.2.1. DeriNITION. (i) The notion of reduction @ is defined by the
following contraction rule

Q:M-Q if Misunsolvable and M # Q.
(i) B =B U ;B =Py U L.

15.2.2. LEMMA. § is substitutive and hence so are B2 and By Q.
PROOF. Let (M, Q)€ Q. Then M is unsolvable, and so M[x:= N] is
unsolvable for all N by corollary 8.3.4. Therefore

(M[x:= N, =Q[x:= N])) €Q. O

In order to show that B€ is CR we need that if M is an Q-redex and
within M a 8-, - or Q-contraction takes place, then the resulting M’ is still
an Q-redex. The following notion is due to Wadsworth.
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15.2.3. DEFINITION. M is solvably equivalent with M’ (notation M ~_M") if

VC[ ] [C[M]solvableeC[ M’] solvable |.
Clearly ~ is an equality relation on A.

15.2.4. LEMMA. () M =gN=>M ~N.
(i) M= N=>M~N.
(i) M = ﬂN=>M~ N.

PROOF. (i) Let M =4z2N and C[M] be solvable. Then C*[M]P =1 and
hence C“[N]P =1, where C*[ ]=AX.C[ ].So C[N]is solvable.

(i) Let M =, N and C[M] be solvable. Then C*[N]P-— C*[M]P—I
for some P. Hence C[N]is Bn-solvable and so it is solvable by proposition
15.1.7.

(iii) Since ~ is an equality relation it is sufficient to show for (M, Q) €
@ that M ~{2. So let M be unsolvable and suppose C[M ] is solvable. Then
for some P, X one has

(AX.C[M])P=1.

By the genericity lemma, proposition 14.3.24, it follows that
(AZ.Cc[Q])P=1.

Therefore C[£2] is solvable. Similarly, one shows

C[ €] solvable= C[ M] solvable. []
15.2.5. LEMMA. The notion of reduction @ is CR.

PrROOF. By lemma 3.2.2 it is sufficient to show that - gF ©. Assume

M —A_~l> M.,M i_2> oM, (if M =M, or M =M,, then the situation is trivial).
Case 1. A, 32 are disjoint subterms of M. Then one can find a common
reduct M, by replacing both A;, A in M by Q.
Case 2. A and A, overlap, say A, C A,. Then take M, = M,. This works,

M=Clal=CDIA)] = M=c[a)

4, /]

M, =C[D[Q]] s M;=C[Q]

Fi1G. 15.3.
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for A; ~,& by lemma 15.2.4 (iii), and so A, with A, replaced by € is still
unsolvable; see figure 15.3. []

In order to show that 8 and B9 are CR the lemma of Hindley-Rosen
does not apply, since —»5and —»g do not commute:

(Ax.)a 0 Qa

Therefore a different proof strategy is used, one that was originally
employed for the Bn case by Curry and Feys [1958].

First some more postponement properties (for Bn-reduction) are
proved.

15.2.6. LEMMA.

PrROOF. Let A= (Ax.P)Q be the B-redex contracted in N with contractum
A’. Then N = C[A], N'=C[A’]. Moreover N is the result of replacing an
unsolvable H Cc M by .

Case 1. In N the subterms A and @ are disjoint. Then the diagram is
completed as follows:

M=--H---A-- 5, N=-Q---A---

M’E..H...A’..._)Q N/E"ﬂ"'A/“‘

Case 2. Q CA.
Subcase 2.1.  C P. Then P = D[] and one has

M=C[(Ax.D[H))Q] > N=C[(Ax.D[2])Q]
,el ‘LB
m'=c[D[H][x=0]]> N'=c[D[8][x=0]],

by the substitutivity of .
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Subcase 2.2. £ C Q. Similar, but now one has M’ —»oN’.
Subcase 2.3. 2=A. Then one has M= C[H] and one can take
M’ = C[H’], where H' is any one step reduct of the unsolvable H.
Case 3. AC Q. Then A= and this is subcase 2.3. [

15.2.7. ProPoSITION (Postponement of £2-reduction).

M—»BQN=>3L M—»BL—»QN.

ProOOF. By lemma 15.2.6 one obtains by a diagram chase

b

|
I
¥
M —__ﬁ'“'»N

hence by another diagram chase the same holds with —g replaced by —».
But then the result follows using a final diagram chase as in figure 15.2.

a

REMARK. When combined the diagram chase in the above proof looks like

M
Q
B
9)
B
8 B
Q Q
g
L o N
15.2.8. LEMMA.
M—1 N
I
|
Q| Q
|
}
M _ —-N
=7
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PrOOF. Let M —, N by contracting Ax. Px to P and N o N’ by contracting
H o Q.

Case 1. In N the subterms P and H are disjoint. Easy.
Case 2. HC P. Then P = Py[ H] and one has

M=C[Ax.P[H]x]—>, N=C[P[H]]

. o

M =C[Ax.P[R]x]—, N=C[R[Q]]

n

Case 3. P C H. Then H = Hy| P} and one has

M=C[Hy[\x.Px]] -, N=C[Hy[P]]

QA[/!’ = C[Q]“J\'?E c[el. O

15.2.9. ProposITION (Postponement of Q- and n-reduction). If M —>gaa Vs
then

AL, L, M—gL,—>ql,—> N.

Proor. First one shows, using lemma 15.2.8, that

AII N : M 1 N

| i

i |

i )

Q! Q ;moreover B'l B

| 1

} } i
M- - N’ M -————— -~ N

by corollary 15.1.8. Now assume M —» gaolV. By the staircase diagram chase
one postpones the n-reduction obtaining M—»goL,—»,N. Then the result
follows from proposition 15.2.7. []

The notions of reduction n and € are so simple that nf’s always exist.

15.2.10. LEMMA. (i) Each term has a unique n-uf.
(ii) Each term has a unique Q-nf.

PROOF. (i) #-contractions shorten the length of a term, hence after finitely
many steps one reaches an n-nf. Since 9 is CR, one has uniqueness.

(ii) Call an Q-redex maximal if it is not properly contained in another
{l-redex. The maximal Q-redexes are mutually disjoint. By replacing them
all by @ no new Q-redexes are created (since H ~ 8 for unsolvable H).
Therefore M has an Q-nf, which is unique since £ is CR. []
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15.2.11. DerFINITION. Let M € A. Then
(1) n(M) 1s the n-nf of M,
(i) (M) is the Q-nf of M.

ExAMPLES. (1) n(a(Ax.y(Az.xz2))) = ay.
(i1) Q(a((Ax. x)wyw3 (Ax. z2(xx))w;) = aQ(Ax.z(xx))w;).

15.2.12. LeMa. (i) n(P)[x:= 9(Q)]—,n( P[x:= Q)).
(i) @(P)[x:= Q)] >R P[x:= Q)).

PROOF. (1) By the substitutivity of  one has
n(P)[ x=n(Q)] =, P[x=n(Q)] =,P[x:= Q] = 0(P[x:= Q]),

and the last term is in -nf. Hence by corollary 3.1.13 and the fact that ¢ is
CR (lemma 3.3.7), the result follows.
(i1) Similarly. [

15.2.13. LEMMA. (1)) M =, N=Q(M ) —p,Q(N).

(i) M—> N=Q(M)— o Q(N).

(i.ii) Mo N=n(M)—>zn(N).

(iv) M—>9N:>1,(M)—»n9n(N).
PROOF. (i) Note that @ can be defined as follows

Q(x)=x,
Q(MN)=Q(M)Q(N) if MN is solvable,
=0 else,

QAx.M)=Ax.Q(M) if Ax.M is solvable,

=0 else.

The statement is proved by induction on the generation of M —gN.
Case 1. M—yN is (Ax. P)Q —4z P[x:= Q]. Then

QM) =(Ax.Q(P))Q(Q) if M is solvable,
=Q else.
In the first case Q(M)—oQ(N) by lemma 15.2.12 (ii). In the second case

QMHY=QqN)=Q.
Case 2. M—4zN is ZP—,ZP’ and is a direct consequence of P—gP’.
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Then
QM)=Q(Z)Q(P) if Missolvable,
=0 else.
In the first case Q(M)— 3, Z)Q(P’) by the induction hypothesis. In the
second, Y(M)=QN)=Q.
Case 3. M—gN is PZ—yP'Z or Ax.P—z\x.P’ and is a direct con-
sequence of P—;P’. Proof is similar.
(i1) Similarly, using lemma 15.2.4 (ii).
(i) Note that n(M) can be defined by
n(x) =x,
n(MN) =q(M)n(N),
n(Ax.M)=n(M,) if M =M, x with x € FV(M,),
=Ax.p(M) else.

Again we use induction.
Case 1. M-, N is (Ax. PYQ —,; P[x:= Q]. Then

n(M)=n(P)n(Q)

=Ax.q(P))n(Q) else.

if P= P, x with x @ FV(P,),

In the first case
n(M)=n(Px)[x:=n(Q)]
= n((Px)[x:=Q]) bylemma 15.2.12 (i),
=n(N).
In the second case
(M) —>gn(P)[x:=n(Q)]
—> (P x=Q])=n(N).
Case 2. M —yN is ZP —3ZP’ or PZ—zP’Z and follows from PP
Then the result foliows from the induction hypothesis.

Case 3. M——)BN is }\x.P—->B)\x.P’ and follows from P—gP.
Subcase 3.1. n(M) = n(P,) because P = P;x with x & FV(P)).
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Subcase 3.1.1. P'= P/x with P, —4P|. Then
n(M)=9(P)
—m(P{) by the induction hypothesis,
=n(N).
Subcase 3.1.2. P= P, x =(Az.P))x and P’ = P,[z:= x]. Then
(M) =n(P,)=n(Az.P,)
=n(Ax.P[z:=x])=n(N).
Subcase 3.2. (M) = Ax.q(P).
Subcase 3.2.1. n(N)=n(P|) because P'=Px and x & FV(P)).
Then
n(M)=Ax.q(P)
—> 5, Ax.m(P’) by the induction hypothesis,

=Axq(P))x—>q(P)=n(N).

Subcase 3.2.2. n(N)=Ax.q9(P’). Then

(M) =Ax.n(P)
= 5, Ax (P’ )=n(N) by the induction hypothesis.

(iv) Similarly, making again sub- and subsubcases in case M —gN is
Ax.P—gAx.P’. The base of the induction argument uses lemma 15.2.4 (ii).
a

15.2.14. COROLLARY. (i) M - N=> QM) — 30N ); M — 5 o N=Q(M)
-—))@FQQ(N)'
(ii) Mg N=n(M)—>zn(N); Mg oN=>0(M)—>gon(N).

Proor. (i) Immediate by (i) and (ii) of the lemma. (M 5o N=>Q(M)=
QN))
(i1) Immediate by (iii) and (iv) of the lemma. []

15.2.15. THEOREM. (i) B is CR.
(i) BnQ is CR.
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PROOF. (1)

|
\&L—u/
(L)

Fi1c. 154.

Comments. (1) By the postponement of Q-reduction.
(2) By the CR property for B.
(3) Note that (L;) = £(M,) and use corollary 15.2.14 (i).
(i) Replace in figure 15.4 first all s by #’s and then all 8’s by Bs.

O

In order to show that a reduction path in Ggy(M) is cofinal, the
following theorem together with theorem 13.2.11 is often useful.

15.2.16. THEOREM. (i) Let o be a cofinal reduction path in Gg(M) such that
infinitely many terms on o are in 72-nf. Then ¢ is cofinal in Gpp(M).
(it) Same result as in (1), but without the two Qs.

PrOOF. (i) If M—>4.oN, then N has a fnQ-reduct N’ on o, as shown by
figure 15.5. :

Comments. (1) Proposition 15.2.9.
(2) o cofinal in G4(M).
(3) By corollary 15.2.14 (i), noting that &(L,) = Q(L,), AN)=N".
(4) By corollary 15.2.14 (ii), noting that n{N) =n(L).
(5) Corollary 15.2.14 (ii).
(1) Similarly. []

By the same method one obtains a stronger but a little less memorable
result.
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niN) &

(B)ni >
\
QLSRN L@
N \
N \\
\\ (5) \ B2
\\ \
N \\
Bn \\ \\
\\ \
NI
N \
\\\\
4y
3
9]
FiG. 15.5.

15.2.17. COROLLARY. (i) Let
oMM >M,—---

be a PnSd-reduction path such that

(D M—o>» M =3i M —p oM,

(2) Infinitely many terms on o are in 7Q-nf.
Then o is cofinal in Ggpa(M).

(i) Similar to (i), but without the s. [

Now we will construct a cofinal Bn(Q)-strategy. Remember that F. (M)
is the result of completely developing all redexes in M, see p. 326.

15.2.18. LEMMA. (i) M—q N= F,, (M) —> F,,(N).
(i) M-, N=F, (M) F,(N).

Proor. Corollary 8.3.8 states that a A-term M is always of one of the
following two forms:

(H)M=Ax.yM,---M,, n>0, x possibly empty;
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QD M=N.N, MM, - - - M, n > 1, X possibly empty.
The statements are proved by induction on the length of M.
(i) Let M5 N.
Case 1. M is of form (1). Then H C M, for some i and the result follows
from the induction hypothesis, using exercise 13.6.10.
Case 2. M is of form (2).
Subcase 2.1. H C M,. Then the result follows again from the induction
hypothesis.
Subcase 2.2. H =(M\y.My)M, - - - M; with 0 <j <n. Then

ng(M) EA}-ng(H)ng(A'IjH) T ng(Mn)’

ng(N) EU'Qng(Alj+l) T ng(Mn)

by exercise 13.6.10. Since F,(H) =4zH is unsolvable one has
ng(M)_»ﬂng(N)‘ .
Subcase 2.3. H =M. Then N = @ and Fu(M)—>oF () =Q.
(ii) Let M5 N with A= Ax.Px.
Case 1. M is of shape (1).

Subcase 1.1. A C M, for some i. Then we are done by the induction
hypothesis and exercise 13.6.10.

Subcase 12. M =Ax, - - - x,yM, - - - M, _x,, and A=
Ax,-yM,- -+ M,_x,. Then N=Ax,-- x,_,yM,- - - M,_, and the
result follows easily.

Case 2. M 1s of form (2).

Subcase 2.1. A C M, for some i. As before.

Subcase 2.2. A=A . My=MN.Py. Then M =XX.(N.PY)M,- - - M,
N =AX.PM, - - - M,. Then (by accident) also M —,N without creating
new B-redexes. Therefore Fyu(M)= F,(N) and we are done.

Subcase 2.3. M =Xx,- - - x, NWM)M,--- M, _,x, and A=
Ax, AW MM, - - - M,_,x,. As before. []

The following definition and theorem appiy both to Bn- and BnQ-
reduction.

15.2.19. DErFINITION. Let 6 be the Bn(£2)-reduction
o M=My—> M, > M,y -
where R = B1(R2). Then ¢ is called a quasi-Gross-Knuth reduction path of
M if
(1) Fy(M;) =M, , for infinitely many i,
(2) M; is an n(£2)-nf for infinitely many /.
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15.2.20. THEOREM. Any quasi-Gross-Knuth Bn(Q)-reduction path of M is
cofinal in Gg,o\(M).

PrOOF. By lemma 15.2.18 one has

(1) P—»n(Q)QZ“ng(P)—»,,(Q)ng(Q)-
Claim
(2) P—»ﬂQ:ng(P)—»Bng(Q)-

It is clearly sufficient to show (2) for P—4Q. This follows from lemma
13.2.8 and the following diagram:

By (1) and (2) one obtains
3) P—p.@2 0= Fyu(P)—>p@) Ful(Q).

The statement will be proved now using corollary 15.2.17. The second
condition in that result is fulfilled by definition 15.2.19 (2). As to the first
one, let M—>,M’. Then the following diagram shows that M’ Bn(§2)-re-
duces to a term on 6.

the triangle follows by theorem 13.2.9 and the rectangles by (3) above. []

EXAMPLE. Let

F,

. ’ 7’
o.M M,—»WQMl —>» MZ—»‘qSlMZ —» e
k Fex

gk
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where M, is the n(2)-nf of M,. Then ¢ is a quasi-Gross-Knuth BnQ-
reduction and hence cofinal in Gy, o\(M).

See exercise 15.4.2 for applications.

15.3. Delta reduction

Delta reduction is not one particular notion of reduction but a collection
of these. They are all defined on an extension of the set A. .

15.3.1. DEerFINITION. (i) Let 8 be some constant. Then Aé is the set of
A-terms built up from variables and 8 using application and abstraction in
the usual way. . R

(i) Similarly one defines Ad, where 8 is a sequence of constants.

Delta reduction serves to make some external function f on A internal
by postulating

M —f(M).

This is useful for applied (especially for computation oriented) A-calculus.
The first example of §-reduction introduces a test for equality on nf’s.

15.3.2. DeFiNiTION (Church’s 8). Let 8. be some constant. On Ad. define
the following notion of reduction

ScMN T if M,N € BS-NF°, M=N

S
| 8.MN SF if M,N € B5.-NF°, M = N,

where B8.-NF° C A8 is the set of closed 8-nf’s not containing a subterm
8.PO.

REMARKS. (i) Similar contraction rules which allow open nf’s are not
consistent:

(Axy.8xy)ll > 6Nl > T,
(Axy.8xy)l = (Axy.F)ll > F.

Also, it 1s necessary that 8 acts on nf’s. See, moreover, exercise 15.4.10.
(ii) If 9 C A is a finite set of closed 8y-nf’s, then there is a term D & A°
such that for all M, N € 9

DMN—>T ifM=N,
DMN —»F if M#N.
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This follows from corollary 10.4.14. For infinite sets of closed 8n-nf’s this
is generally false; see exercise 15.4.9.

That Church’s 88.-reduction is Church—Rosser follows easily from the
following.

15.3.3. THeEOREM (Mitschke [1976]). Let & be some constant. Let R,, . . ., R,
C(Ad)" be n-ary relations and let N\, . .., N, € A8 be arbitrary. Introduce
the notion of reduction 8 by the following contraction rules:

8M—N, ifR(M),
8yl - - -
8M—N, ifR, (M).

Then B8,, is CR provided that

(1) The R; are disjoint.

(2) The R; are closed under [38,,-reduction and substitution (i.e. R, (M )=
R, (M ) if M"ﬁs M’ or M’ is a substitution instance of M)

Proor. First we show that §,, is CR. By lemma 3.2.2 it suffices to show
that — 5, F ©- This follows easily by some case distinction and the fact that
the R: are closed under §,,-reduction. By the lemma of Hindley-Rosen
(proposition 3.3.5) it suffices to show that 8 and 8,, commute. One easily
shows

3
N

@t ————— @

)
[
|
|
}

>

by considering the relative positions of the 8- and 8-redexes; from this the
commutation property follows by a diagram chase. []

15.3.4. COROLLARY. Church’s B8q-reduction is CR.
ProoOF. Immediate. []
For some applications it is useful to have an analogue of theorem 15.3.3

not for a new constant § but for the term € which in S-reductions behaves
as a constant.
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15.3.5. THEOREM. Let R,,..., R, C A" be n-ary relations and let
Ny, ..., N, €A be arbitrary. Consider the notion of reduction Q; defined by

QM >N, if R(M),
Q:l -
QM->N, ifR (M).
Then B2, is CR provided that
(1) The R, are disjoint
(2) The R; are closed under 82;-reduction and substitution.
PROOF. Analogous to the proof of theorem 15.3.3. ]

15.3.6. COROLLARY. Define on A the following notion of reduction
Q,: M >T, Q2A>F.

Then B, is CR.
PrOOF. Immediate. []

15.3.7. COROLLARY. There is a consistent A-theory & such that Iy is incon-
sistent.

PrOOF. Let J be axiomatized by A + 21 =T + Q1 =F. Since clearly
M=4oN iff JEM=N

and BQ, is CR it follows that ¥ is consistent. But
InrT=Q1=QI=F,

hence 9y is inconsistent. []

15.3.8. DEFINITION (Jacopini, Venturini-Zilli). M € A is easy if
VNeEA Con(M=N).

15.3.9. ProPosiTION. (Jacopini [1975])  is easy.

PrOOF (Mitschke). Define the notion of reduction

Q,:Q->M.
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By theorem 15.3.5 for n =0 it follows that BQ,, is CR. Since clearly
P=pgo @ iff =MrP=Q

it follows that Con( = M). O

See also Baeten and Boerboom [1979] for a model theoretic proof of this
result.

Other applications of Mitschke’s method are in exercises 15.4.3 and
15.4.5. See Klop [1980] p. 225 for an extension of the method.

Non-Church—Rosser reduction

In 1972 C. Mann noticed that for the notion of reduction for “surjective
pairing” (see also Barendregt [1974]) it is not clear how to prove the CR
theorem. The system is obtained by adding to A new constants 8, §,, 8,
and postulating for M € Ad,8,

8,(8M\My) > M,  ie(l,2),
3(8,M)(8,M)— M.

Hindley observed in 1973 that the difficulty is already in the system

8 MM > M.

Staples [1976] noted that even for the simplified system

S MM —¢,

where ¢ is a new constant, the Church-Rosser property is not clear.

In Klop [1980] it is shown that B&g is in fact not Church—Rosser. It
follows that B8, and BSP also are not Church—Rosser.

In the rest of this section we write § for ds. The intuition behind Klop’s
counter-example is the following. For M € Ade, define BT(M) by extend-
ing the usual definition by

BT(AX.8M,,...,.M,)= A%d
VRN

and similarly for e. If M—;N, then BT(N) results from BT(M) by
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replacing a number of subtrees of the form

This number can even be infinite. E.g. take

M=(Az.zz)(Aa.x(8bb)(aa)),

N=(Az.zz)}(Aa.xe(aa)).

Then M —4N and

BT(M)= x -
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Now consider a term with tree

ANIVAN

This tree may be reduced to &. But also to
é
e/\/& \
/ [
/ N

by contracting the subtrees whose top node are circled. And now there is
no common reduct.
The following construction taken from Klop [1980] makes this precise.

15.3.10. DeFiNiTION. For the remainder of this section, let C and X be
defined in Ade by:

(i) C = B(Acx.0x(cx)),

(i) X =06cC.

By corollary 6.1.5 it follows that

Cx—»p8x(Cx) and X—»4CX.

15.3.11. LEMMA. (1) X —»g;¢.
(1)) X —» g5 Ce.
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PROOF. X —»5CX —»38X(CX ) —»,8(CX Y(CX ) —>se.
(ii) X —,CX —4Ce, by (). [

15.3.12. LemMa (Postponement of §-reduction). Ler M, N € Ad¢. Then

M—»B8N=>3L € Ade M—>zL—>»sN.

PrOOF. By a simple case distinction one shows

]

- __ 9

and the result follows by a diagram chase. []
15.3.13. LEMMA. Suppose
o : 8¢(Ce) _sx»ﬂL_»‘se’

where 8 denotes standard reduction. Then there is a o’ with 1h(¢”) < lh(o)
s
and

0 : Ce—>» L'—»;e.
st B
PROOF. Clearly L is of the shape L = e’ with Ce —>pL’. Therefore o must
go as follows
o : 6¢(Ce) % BeL’ —> ;Bee—pe

L J
o)

Let 6, be o with the last step omitted. Then ¢’ can be obtained from o, by
deleting in each term the initial de.

15.3.14. MAIN LEMMA. Ce and & have no common [38-reduct.

PrROOF. Otherwise Ce—»gse. By lemma 15.3.12 and the standardization
theorem it follows that for some ¢ one has

a:Ce;»BL—-»as.
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Take o of minimal length. Since the first part of ¢ is standard it follows
that

0:Ce—» 8&(Ce)—>» L—»ze.
st B st B

By lemma 15.3.13, for some ¢’ with lh(¢") < lh(s) one has

o : Ce—» L —»s¢,
st B

contradicting the minimality of 0. 3

15.3.15. THEOREM. The A-calculus with constants 8, ¢ and extra contraction
rule SMM — ¢ is not Church—Rosser.

PrOOF. Immediate by lemmas 15.3.11 and 15.3.14. [

Using that MM —¢& can be “imitated” by the §, §,, 8, of surjective
pairing, Klop [1980] shows that the latter system is also not Church-
Rosser; see exercise 15.4.4.

15.4. Exercises

15.4.1. Show that every M € A is Qn-strongly normalizing.
15.4.2. (i) Let 4 = ww with w = Aaxz.z(aa(xR)). Then Ax-»5{A(xS)). Show that

X € godx (see exercise 3.5.15 for the notation).

[Hint. Using theorems 15.2.20 and 13.2.11 find a cofinal reduction path o in Gg,g(A4x) such
that for all M, on ¢ one has x € FV(M,).]
(ii) Show that there is a natural choice of O € A° such that

Ox"n’ 22z Q~"(Ox "n+172)
and x €,,,0x 0" .
(iii) Let F € A° Show that there is a natural choice of H € A? such that
Hcia—»g[), Fca(Hcia™*)]

and x € gigHex "0" where a* =[F, a) is the standard successor of a.
15.4.3 (Plotkin). Let 4 C N. Define a notion of reduction £, by

Q _{an“_,'r ifneA,
19 SF  else.

(i) Prove that g2, is CR.
(i) Let 9, be the theory A extended with {2 'n? =Tln€ A} U {2 'n" =F|n & 4}. Show
that 9, is consistent.
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(iii) Conclude that there are 2*° consistent extensions of the A-calculus.
15.4.4 (Klop [1980]). Define on A§8,8, the notion of reduction SP (surjective pairing) by

S.(OM\M;)) > M, i=1,2;

Sp { 88, M)8,M)— M.

Show that BSP is not Church—Rosser. [Hint. Define 8s=Axp.8(8,{x>¥8,{y>XK8). Then
8sMM —» 8 and one can imitate the counter-example in theorem 15.3.15.)

15.4.5. (i) (Jacopini). Let 9 be the extension of A axiomatized by
(70" Z=0"1" Z|Z€ A°)}.

Show that F¥Q2 70" = Q" 17 . [ Hint. Use a Church-Rosser argument.]

(ii) Show that T'=F+ Q(Ax. 270" x) =T+ Q(Ax.2" 17 x) =F is consistent, but F'w
not.
15.4.6 (Barendregt, Koymans). Show that there is a A-algebra IR such that Th°P®(I) is
inconsistent. [ Hint. Take I = MO(F"), with F* as in exercise 15.4.5.]
15.4.7. Show that for a notion of reduction R on A one does not have, in general, that WCR
implies CR.
15.4.8 (van Daalen). Let L€ A. For M€ A write M* = M[x:=L]. If x is a free variable
occurrence in M, then the scope of x is the maximal subterm of the form xP in M starting with
the given x. E.g. in M =Ay. yxI(xIK) y the scope of the first x is x and of the second xIK.
Write M ~ Nif M= C[xP,,..., xP,], where all outermost occurrences of x with corresponding
scope are displayed, and N = C[Q|,..., Q,] with (xP))* - Q,, 1 <i<n.

(i) Show that M

[Hint. f M;~» N, i=1,2, then M|[y:= N J~» My[y:= N,]]
(ii) Show that if M* — N, then M —» M’ ~» N for some M’.
(iit) Show that if M* —»Ay. P, then either

M-—»Ay. P, and Pf—>»P
or
M-—»xQ and (xé)‘—»)xy.P.

15.4.9 (Barendregt; Wadsworth). Define 0 = I, n + 1 = Kn. Show that the function sg (sg(0) =
0, sg(n + 1) = 1) cannot be A-defined w.r.t. 0, 1, . ... [Hint. Otherwise for some F one has
FO=y, Fn+1=z; apply exercise 15.4.8 (i) with M =Fx, L=n+ 1.] Conclude that
Church’s 8 is not definable in the A-calculus.

15.4.10. Show that in the first order theory with a binary operation, equality, constants k, 8, &
and the axioms

kxy=x, sxyz=xz(yz), 8xx=K, x#y—->dxy=s

one can derive Vxy x = y.

PART IV

THEORIES
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CHAPTER 16

SENSIBLE THEORIES

A lambda theory ¥ is a consistent extension of the A-calculus. There are
three reasons for studying such extensions.

(1) There is a good motivation for the new identifications in 7.

(2) I gives useful information about the A-calculus itself.

(3) T is the theory of a model.

The theory I equating the unsolvables fits under (1) and (2). % has a
unique Hilbert-Post completion JC*, falling under all three points. It will
be proved that there are 2" different sensible theories (extensions of ().
The theory % equating terms with equal Bohm tree is one among them.

16.1. The theory 3C

In the discussion before proposal 2.2.14 it was argued that the unsolv-
able terms should be used to represent undefined. The genericity lemma
14.3.24 states that for unsolvable M,

if FM = P, P in nf, then VN FN = P.

This shows the computational irrelevance of the unsolvable terms and also
suggests that they may be identified.
Remember the following.

16.1.1. DeFINITION. (i) 3 = {M = N|M, N € A° and are unsolvable}.
(i) IC = Iy .
(iii) A A-theory ¥ is called sensible if I C F.

It will be shown that I is consistent, even in the presence of extension-
ality. Several consistency proofs will be given. In this section one via the
CR property of B¢ and another one via the genericity lemma. In § 16.2
another proof theoretic consistency proof will be obtained while proving
results about the HP-completion of JC. Finally in chapter 19 a model
theoretic proof is presented: there it is shown that the A-models Pw and
D both satisfy K.

411
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Remember that if § is a set of equations between A-terms, then Fy is
{(M=N|M,Ne€A’and \y+F+-M=N).

16.1.2. LEMMA. (i) The notion of reduction B generates I, i.e.
HrM= No M =goN.

(i1) The notion of reduction BnSk generates I, i.e.
HnFM=NoM=,,N.

PrOOF. (i) (=) Note that if M =N €3, then M =oN since M, N are
unsolvable and hence M—»; € and N-» Q. Therefore for all axioms
M = N of I one has M = ;3 N and the result follows.
(«<) Note that each 8 or € one step reduction is a provable equality in
JC. Hence the same holds for B convertibility.
(i1) Analogous to (i). [

16.1.3. THEOREM. Con(3(y).

Proor. By lemma 16.1.2 and the CR property for Bn@ it follows that
Hq¥l=8. O

Now a proof of Con(3(n) will be given, using the genericity lemma.
This method will yield some useful proof theoretic information.
The following conservative extension of JCn is needed.

16.1.4. DEFINITION. Let & be the formal theory with as alphabet that of A
extended with the symbols “~” and “~”. The terms of J are exactly the
A-terms.

J is axiomatized by the following axioms and rules (as usual
M,M’,N, L,Z denote arbitrary terms €A).

d1n M=M,

I12) (Ax.M)N=M|[x:=N], (B)
(I3) Ax.Mx=M, (1)

(.49 M~M, if M,M’ areunsolvable.

(I.1) M=N=N=~xM,

(1.2) Mx~N=M~N,

(I1.3) M~N=ZM~2ZN,
(14) M~N=>MZ~NZ,
(II5) M~N=Ax.M~Ax.N,
d1.6) M~N=M=N,

(1.7) M=N,N=L—=>M=L.
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REMARK. = i1s the reflexive symmetric relation corresponding to the
axioms of JCy.

~ is the compatible closure of ~.

= is the transitive closure of ~.

In the rest of this section 9 denotes the theory of definition 16.1.4.
16.1.5. LeMMA. St M = NoXn-M=N.

PrOOF. (=) By induction on the length of proof in J one shows that if
F-M~N, FG-M~N or F-M=N,

then
Xy-M=N.

(<) Note that provable equality in % is symmetric and compatible. Then
it follows similarly that

f A+ I -M=N,thenF-M=N. []
16.1.6. LEMMA. () SFM = Ne>3n IM,, ..., M,
F-M~M,~- - ~M,=N.
(i) F-tM~N&[M=N or N=M is an axiom of A\n or M =N € I(,}.

Proor. (i) (=) By induction on the length of proof of M= N.
(<) By rules (IL6, 7).
(i1) Equally simple. []

16.1.7. LEMMA. S+ M ~N=
3C[ 1 3IM N[C[M']=MAC[N']=NAT-M=~N].

PRrROOF. By induction on the length of proof of M~ N.

If M~N is a direct consequence of M~N, then take C[ ]=[ ]
M =M, N =N.

If M~ NisAx.P~Ax Q and is a direct consequence of P~(, then by
the induction hypothesis for some C,[ ], P’, Q’,

G[P]=P, C[Q]=0Q and P'=~Q'.

Now take C[ ]=Ax.C|[ },M'=P N =Q'.
IfM~Nis ZP~ZQ or PZ ~ QZ and is a direct consequence of P ~ Q,
the argument is similar. O
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16.1.8. MAIN LEMMA. Let N have a B-nf. Then
T+M=N=An-M=N.

PrOOF. Suppose I+ M = N. Then by lemma 16.1.6 (i) In M,,..., M

n

(1) F-M~M,~- - ~M,=N.

By induction on # it will be shown that if (1) with N having a nf, then
Ay M= N.
If n=0, then M =N and we are done. Now suppose

FetM~M~-- ~M,~M,, =N.

By lemma 16.1.7 3C[ ]3aM,, M,

n+1

ItM,~M,,,, C[M]=M, and C[M,, =M,
By lemma 16.1.6 (ii) there are two cases.
Case 1. M, = M, _,, say, is an axiom of An. Then
=N.

n+1] = Mpy

M,=C[ M,] =5 C( M, ]=M

Hence by Corollary 15.1.5 M, has a nf and therefore by the induction
hypothesis

An-FM=M,=N.
Case 2. M, M, | are unsolvable. Then, since

C[ r/t+l]EMn+lEN
and N has a nf, say N’, it follows by the genericity lemma 14.3.24 that
C[M,]= N'. Therefore M,=C[M,}=N’ and hence by the induction
hypothesis

AMbM=M,=N'=N. []

16.1.9. THEOREM. Let N € A have a B-nf. Then
Q) ntM=N=An-M= N,
(i) - M = N=>AFM = N,
(iii) Con(ICx).

PROOF. (i) Immediate by lemmas 16.1.5 and 16.1.8.

(i) Similar to (i), introducing first an auxiliary theory 9 not containing
the scheme (1.3), i.e. (7).
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(iii) By (i) e.g. S =1 is not provable in }n. O

Next it will be shown that the theory 3 is E3-complete. The proof is
taken from Barendregt et al. [1978].

16.1.10. LEMMA. Let R(7) be an t.e. predicate on N. Then for some F € A°
one has in X

Fa'= {' R,
Q tf—‘R(n)

PROOF. Let  be a partial recursive function such that R(#) iff (7). Let
¥ be A-defined by G € A°. Define F = Ax.GxKil. Then

R(r)=y(r ),

=G "'n'="m', forsomem,

=2F'it="m"Kll =1
2 R(rA)=y(n)1

=G 7' unsolvable

= F "' unsolvable

=>F'7i'=Q@in¥. O

16.1.11. THEOREM. The theory IC is =9-complete.

ProoF. Clearly 3C, = {M = N|M,N € A°, M, N unsolvable) is I1{. There-
fore this set axiomatizes a =9-theory.

Let P(p)=3n ¥Ym Q(n,m,p) be any =-predicate with recursive Q. By
lemma 16.1.10 there is an F € A such that in 3C

Frpt = {n if Vm Q(n,m,p),
1 else.

Let Hpzn—» [, Fpn(Hpz(S +n)')] and let x, y be different variables.
Claim. An Ym Q(n, m,p)=IC-H 'p'x 0" = H 'p'y "0'. Indeed, if
3n Vm Q(n, m, p), then H "p 'z 'n' —»44[l, @], for such n, hence

KFH " p' x"0" =[I,I,...,I,Q]=Hrpjyr01 .
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Conversely, if ~3n Vm Q(n,m,p), then Vn F'p? "n' =1. By exercise
15.4.2 (iii) it follows that the natural choice for H is such that

H'p 270" »40M=:E€FV(M).
But then VH 'p' x"0"=H "p"y"0" by lemma 16.1.2 and the CR

property for BS2.
Therefore each =9-predicate can be reduced to provability in 3C. [

Similarly one shows that 3Cn is =9-complete.
16.1.12. REMARK. Relativizing to the I-case the definition of IC becomes

W, ={M=NMMeA I-unsolvable} *
={M =N|M, N € AY without a nf}*,

by theorem 9.4.20.

16.1.13. THEOREM. In the A I-calculus (with extensionality) it is consistent to
equate all terms without a nf.

PROOF. By relativizing theorem 16.1.9 (iii) to the I-case one obtains
Con(3(;n). (Note that M has a nf iff AX.M has a nf.) [J

In corollary 16.2.12 it will be shown that 3C,n is a HP-complete theory.

16.2. The theory IC*

It turns out that the A-theory IC has a unique HP-complete (see defini-
tion 4.1.22) extension IC*. The theory JC* was first introduced by Hyland
and Wadsworth in connection with the A-models D, see theorem 19.2.12.
The relation between IC and JC* can, however, be examined without going
into the model theoretic details.

16.2.1. DEFINITION. Let M, N € A. Remember that M ~ N iff
VC[ ] [C[M]issolvable < C[ N] is solvable].
Define (* = (M= N|M, N € A° and M~ N).

16.2.2. LeMMA. JC* is an extensional \-theory. More specifically
(i) X*ntM=N=M~N;

in particular 3 *n = I*.
(i) Con(IC*).
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PrOOF. (i) By induction on the length of proof of H*nt-M = N.
If M= N is an axiom of Ay, then M =, N. Now

C[ M] is solvable =
=>(>\X'.C[ M])ﬁ= I for some ¥, P,
=(M.C[N])P =4, since M =, N,
= C[ N] is By-solvable
= C[ N] is solvable by proposition 15.1.7;

and conversely. Hence M ~_N.

If M = N is an axiom in JC*, then we are done.

If M=NisAx.P=Ax.Q and is a direct consequence of P =, then by
the induction hypothesis for all contexts C[ ]

C[ P] solvable< C[ Q] solvable.

Hence this holds for all contexts C[Ax.[ ]] and therefore M ~N.

A similar argument applies if M= N is ZP=ZQ or PZ=QZ and is a
direct consequence of P = Q.

If M= N is a direct consequence of M =L and L= N, then by the
induction hypothesis M ~ L and L ~N, hence for all contexts C[ ]

C[M] solvable< C[L] solvable< C[N] solvable, i.e. M ~.N.

(ii) Note that 1< since | is solvable and @ is not. Hence by (i)
=2 O

The following lemma yields a different consistency proof for 3v.

16.2.3. Lemma. ()ICC IC*.
(i) Con(ICy).

PROOF. (i) Since JC* is a A-theory it is sufficient to show that the axioms of

JC, viz. 9C,, are part of IC*.
Now let M =N € 3(,, i.e. M, N unsolvable. Then for all C[ ]

C[ M] solvable=
=3P (\Z.C[M])P=1
«3P (AX.C[N])P=1 by the genericity lemma 14.3.24,
< C[ N] solvable.

Therefore M ~ N, i.e. M =N € I(*.
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(ii) By (i) and lemma 16.2.2 (i)
I C H*ny=3C*.
Hence by lemma 16.2.2 (ii)) Con(J(n). [

16.2.4. MAIN LEMMA. Con (0 + M = N)=>M ~_N.

PROOF. Suppose M < _N; then for some context C[ ], say,
C[M]is solvable and C[N]is unsolvable.
Hence for some X, P
(AX.C[M])P=1
but (AX.C[N ])13 is unsolvable, by corollary 8.3.4. Now
I+ M=NH=(AX.C[M])P=(AX.C[N]))P=Q,.

where §2, is as in lemma 4.1.8 and is unsolvable. Hence by that lemma
2Con(+M=N). O

16.2.5. COROLLARY. Let § be a consistent set of closed equations between
A-terms extending IC. Then § C IC*.

Proofr. Immediate from the lemma. [J
16.2.6. THEOREM. JC* is the unique HP-complete \-theory extending IC.
ProoF. Immediate from corollary 16.2.5 and lemma 16.2.2 (i1). [

The following result is borrowed from §19.2. Remember that M =~y N iff
BT(M) = 2 BT(N).

16.2.7. THEOREM. For M\N € A

H*+-M=NoM=_N.

PRrROOF. See theorem 19.2.12. The implication (=) follows by the B6hm-out
technique; (¢<=) by the HP-completeness of JC*, provided we know that
{M=N|M=, N}(2X) is consistent. [The consistency of {M=N|M~_
N} follows model theoretically: D FM=NoM=, N. As a consequence
one has *=Th(D_)] O

Next it will be shown that IC* is a [19-complete theory. The proof is due
to Wadsworth.
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16.2.8. LEMMA. Let M,, N, € A be uniform sequences. Then (see definition
8.2.3)

Vn H*EM,=N,=¥*H M, ]=[N,].
PrOOF. (=) The Béhm tree of [M,] is
Az.z

BT( Mo)/;ﬁ z

BT(M,) Az.z

BT(M,)

. \
- \
A

and similarly for [N,]. Therefore, using theorem 16.2.7,
Vn ¥X*-M,=N,=
=VYnM,<_N,
=[M,]=,[N.]
=¥*H[M,]=[N,].

(<) By applying =, of definition 8.2.3. [

16.2.9. THEOREM. Let @, be the partial recursive function with index n. There
are \-terms F, € A° such that F, \-defines ¢, and

P =@ H*HF, = F,.
PRrROOF. By theorem 8.4.13 or 9.2.16 ¢, is A-definable, say by G,. let 7 be

such that 7 " n" = 7, and define F,=Ax.7x[G,"0",G, "1 ,...], see defi-
nition 8.2.3. Then clearly F, A-defines ¢,. Moreover if ¢, = ¢,,, then

VpeN X,+G,"p' =G, "p'

(if ¢,(p)1, then @, (p)t and both G, "p', G,, "p" are unsolvable). There-
fore

¥*+[G,"0",...1=[G,"0",...]
by lemma 16.2.8. It follows that JC*+ F, = F,,. The converse is trivial. []

16.2.10. COROLLARY. IC* is T19-complete.

PROOF. Clearly ~, is a I15-predicate. Since the F, can be found effectively
from n and the relation @, = ¢,, is I19-complete, the result follows by the
theorem. []
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By relativizing to the Al-calculus one obtains the HP-complete theory
JC;*. This theory can be described as follows.

16.2.11. PROPOSITION. In the A-calculus 3* = Iy, i.e.
I =K.

ProoF. By lemmas 16.2.3 (i) and 16.2.2 (i)
I;m €I =3t

Now suppose M = N € JC} in order to show that

(1) Y, p-M=N

By definition M~ N in the A I-calculus, i.e. for all contexts C[ ]€A,
C[ M] is I-solvable < C[ N] is I-solvable.

Hence in particular

M is I-solvable«> N is I-solvable.

Case 1. M, N are both I-unsolvable. Then M =N € I(,,, and therefore(1).

Case 2. M,N are both I-solvable. By corollaries 9.4.21 and 15.1.5 it
follows that M, N both have B7-nf’s, say M’, N’ respectively. If M’ = N,
then (1) follows:

Y- M=M'=N'= N.

If M #N’, then -Con(M’ = N’) by Béhm’s theorem 10.5.31 for Al
hence ~Con(M = N), and so ~Con(J(}*), a contradiction. []

16.2.12. CorROLLARY. AIn+ (M =N|M,N € A without a nf} is a HP-
complete theory.

Proor. By proposition 16.2.11 and remark 16.1.12. []

Finally it will be shown that 3C} and I} (= I(*) are overlapping sets of
equations and therefore by their HP-completeness incompatible, i.e. ICru
JC% is inconsistent.

16.2.13. REMARK. I 2 IC¢ and I z IC*.
Proor. Let J=0(\xy.x(jy)). Then 1=, J, see example 10.2.9, hence

I=J €3} by theorem 16.2.7. But | =J € I(*, since J has no nf and
therefore is J-unsolvable.
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On the other hand € = Ax.xQ € I}, since both terms have no nf; but
Q=Ax.xQ &I} since Ax.xQ is K-solvable and © is not. []

16.3. 2" sensible theories

In this section continuum many sensible theories will be constructed. By
taking closed term models it follows that also there are 2"° non-isomorphic
hard models. The result is taken from Barendregt et al. [1978].

16.3.1. DEFINITION. Let & be a A-theory.
(i) A set S of equations between A-terms is independent over J if for
M=NES$

JuS—{M=N}¥M=N.
(ii) A set X C A is independent over F if for some M, € X the set
S(X,My)={M=M|McX,M%M,}
is independent over 9.

16.3.2. LEMMA. Let X = {B,, B,,...} CA® be a countable set independent
over the A-theory §. Then there are 2*° different A-theories extending ¥.

ProOoOF. Assume that {B,= B,|n# 0} is independent over (and hence
consistent with) 9. For 4 C N, let

F(4) =(F + {B,,1=Bjn€4})".
Then clearly §C 9(A4). Moreover for 4,4 CN
0] A#*A=F(A4)#9(4),
forif ne 4, n& A’, then
5(A)+-B,,, =B, while F(4)¥B,.,= B,
By (1) there are 2"° A-theories extending 9. [

Next a uniform sequence {B'0',B"1',...} will be constructed which
forms a set independent over Iy.

16.3.3. NoratioN (for this section only). Let

w=Abxz.z(bbx) and B =ww.
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Note that

O(Abxz.z(bx))—»B and B-—»Az.z(Bx).

In order to show that {B'0',B"1",...} is independent over I(n one
must show that for each n%0

Xn+{B"'m =B"0" |m#n}¥B"'n"=B"0".

This will be done by introducing a notion of reduction R, which generates
equality in this theory.

16.3.4. DEFINITION. (i) Red(Bx) = {C(x)| Bx—» C(x)}.
(i) R, is the notion of reduction

{{<C("m™),C("0")>|C(x) € Red(Bx), m n}.
(iii) B2, is the notion of reduction
Bn1QUR,.
16.3.5. LEMMA. B9, generates provable equality in
Xn+{(B"m'=B"0" |m+n).
ProoF. Obvious. []

The following notation is used in order to facilitate the computation of
the reduction graph of Bx.

16.3.6. NOTATION. (i) (0 = Bx = (Abxz.z(bbx))(Abxz.z(bbx))x
(i) If A is a term, then

A =Az.zA,
A'=(Axz.zA)x,
A/ =(&Y fori,jE (0,1},

16.3.7. LEMMA. C(x) € Red(Bx) iff for some n >0 and some By oousd
{0, 1}

(+) =0
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PrOOF. Note that
() O—sM=M =00,
(ii) A>>4,M =M = A° where A A,
(i) A'>,M =M =A° or M = A" where A— A.
From (i)~(iii) it follows that all possible B-reducts of ] are of the form
(+). Moreover all terms of the form (+) are reducts of []. []

16.3.8. COROLLARY. Let C(x) € Red(Bx). Then

(1) C(x) contains no n- or Q-redex.

(1) C(x) has exactly one free variable occurrence. This variable is x and
occurs as the rightmost symbol (not counting the parentheses) in C(x).

(i) C("m' )>»gM=>M=C'( "m') for some C'(x) such that C(x)—»
C'(x).

(iv) C("m"Yy=Ae. M=M= cC'("m") for some C'(x) € Red(Bx).

(v) Let k=n or k=0. Then B "k'~» 50 M=M =C("k") for some
C(x) € Red(Bx).

PROOF. (i) to (iv) are immediate, and (v) follows from (i) and (ii)). [
16.3.9. LEMMA. For each n € N the notion of reduction R, is CR.

PROOF. Let M —, M|, M —, M,. Then M, is obtained from M by replacing

some part C,("m; ) by C("0"). A common reduct M, can be found by
making both changes in M. (If C,("m]) and C,("m,) are not disjoint,
then by corollary 16.3.8 (ii) m,= m, and C,("m))CCy,("m)), say. Then

take M; to be M with C,(" m, ) changed into C,("0").) Hence —_ satisfies
3 1 1 1 _ R,

the diamond property and therefore so does —» g, e Ry is CR. [
16.3.10. PROPOSITION. For each n € N the notion of reduction fn, is CR.
ProOF. By theorem 15.2.15 (ii) and lemma 16.3.9 the notions of reduction

Bn and R, are both CR. By the lemma of Hindley-Rosen it therefore
suffices to show that they commute. For this it is sufficient to show that

mM—S N
|
|
R, R,
|
|
7
L P
s

where § is the notion of reduction B, %, and £, respectively.
Case S =B. Let R=(Az.V )W be the B-redex occurrence contracted in
M—,N and C("m') the R -redex in M—, L.
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Case 1. RN C("m') =4 Then P can be found easily.
Case 2. RC C("m"). By corollary 16.3.8 (i11) P can be found.
Case 3. C("m")CR.
Subcase 3.1. C("m')c W. Then P can be found easily.
Subcase 3.2. C("m')C V. Since C("m") is closed, nothing can be
substituted in it and hence P can be found easily.
Subcase 3.3. C("m')=Az.V. By corollary 16.3.8 (iv) C("m’)=

}\z.zC’(rmW) with Bx—»BC'(x)_ Hence N=- .. ch(rm“l), o L
= C("OYW- - =+ A2zC("0")W- - - . Take
P=-... WC’(FOW)- ..

Case S=1. Let E=Xy.Fy be the n-redex and C("m’) the R, redex
constructed in M.

Case 1. ENC("m')=0. Easy.

Case 2. EC C("m"). This is impossible by corollary 16.3.8 (i).

Case 3. C("m")CE.

Subcase 3.1. C("m') C F. Easy.
Subcase 3.2. C("m')= Fy. This is impossible by corollary 16.3.8 (ii).

Case S = Q. Let H be the Q-redex and C("m") the R, redex contracted
in M.

Case 1. HN C("m")=0. Easy.

Case 2. HC C("m"). This is impossible by corollary 16.3.8 (i).

Case 3. C("m')CH. Then H=H[C("m")), M=---H---, N
=...Q... ,LE“-H’[C(rO-')]-“ .

Claim. H'[C("0")] is unsolvable. Indeed, notice that C("m") and
C("0') have the same Bhm tree, hence by theorem 16.2.7 C("'mh)=
C("0")€IC*. But then C("m")~.C("0") and since H= H[C("m")]is
unsolvable, H'[C(" 0")] is unsolvable too.

By the claim one can take P =N to complete the diagram. [

16.3.11. CoroLLARY. {B"0",B"17,...} is an independent set over Iy.
PROOF. One has to show that

{B"1'=B"0",B"2'=B70",...}
is independent over ¥y, i.e. for n# 0

Hn+{B"'m =B"0" |m#0,m+*n}¥B 'n" =B"0".

Suppose B'n' =B"0" were provable in this theory. Then by lemma
16.3.5 and proposition 16.3.10 B"n" and B'0" would have a common
BnS,-reduct. But this is impossible by corollary 16.3.8 (v) and (il). [

16.3.12. THEOREM. (i) There are 2*° sensible A-theories between Hn and IC*.
(i) There are 2"° sensible hard A-algebras
(iii) There are 2*° sensible extensional A\-models.
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ProOF. (i) By lemma 16.3.2 and corollary 16.3.11 there are 2™ A-theories
extending I€n. These are all sensible and hence C IC* by corollary 16.2.5.
(ii), (iii) Note that for A-theories F, I~

T=F oM(T)=M(T")

and similarly for closed term models. Hence by taking closed term modgls
of the theories in (i) one obtains 2™° sensible hard A-algebras. By taking
open term models, one obtains 2"° sensible extensional A-models. [

16.4 The theory %

The theory ¥ equates all terms with the same Bohm tree. The cogtinu-
ity theorem is needed to show that % is consistent. In § 19.1 it will be
shown that for the graph model Pw one has Th(Pw)=%.

Remember that M <N iff BT(M) = BT(¥N). '

16.4.1. DEFINITION. B = (M =N|M,N€ A’ and M <N}.

16.4.2. PROPOSITION. (i) BFM =NasM<N.
(i) B is a A-theory with L C B C IC*.

PrOOF. (i) (=) First note that
M=N=C[M]=C[N],
for if M= N, then
BT(C[M])= U, BT(C[M"])= U ,BT(C[N"™])
= BT(C[ N])

by corollary 14.3.20. Now by induction on the length of proof it follows
that

B-M=N=>M=N.
(&) M=N=AXM=<Ax.N
=2BFAXM=AX.M
=>PB-M=N.

(i) By (i) one has B+ = B . Since clearly I =8 €% it follows that B is
a A-theory. The rest is easy, using theorem 16.2.6. [
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16.4.3. LemMma. If M—, N, then BT(M) is obtained from BT(N) by
replacing in the latter some

AX.y by AXz.y
VRN VAR
sz

possibly infinitely often (but not changing the new variables z thus created).

PrROOF. Obvious, after seeing the following examples. Let

My = 6(Amxy.x(Az.yz)(mxy)),
Ny =0O(Amxy.xy(mxy))
Then M,—, N, and

BT(My)=Axy.x

Az.y x
Az.y \x
z / \
Az.y x

BT(Ny)=Axy.x
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Note however that for M|, N, corresponding to

Axy.x and Axy.x

/\

/\

Az.y X

Azy.z

2

one has M, 4 _N,. (O

427

The following lemma is needed to show that By ¥ w, see exercise 17.5.20,

16.4.4. LEMMA. Let 0*(x) be the tree

Az .x

Azy.z,

Let M, N have the following Bohm trees respectively :

Axy.x and Axy.x
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PROOF. Suppose Byt M = N. Then

MEM0=§M1=7’M2=S. e = M EN.

n'%n

Hence only finitely often can a change described in lemma 16.4.3 occur.
This is not enough to equate BT(M) and BT(N). []

The following way of defining A-theories is inspired by Morris [1968].

16.4.5. DEFINITION. Let & ¢ A. Define
() ML, NoVC][ [C[M]€9=C[N]ET];
(i) M~y N&ML 4 N and NL, M;
(ii)) Jg={M=N[{M,Ne A’ and M ~,4, N};

16.4.6. PROPOSITION. Let P C A be non trivial (+ 9, #+ A) and closed under
equality. Then

(i) ~ is a congruence relation.

(il) Ty is a A-theory.

PROOF. (i) Note that
M~3NeVC[ ] [C(M]ePaC[M] D).
Hence ~g is clearly an equivalence relation. Moreover,
M~gN=VC[ ] [C[M]~C[N]],

SO ~4 is a congruence relation.

(ii) By (i) 9o+ M = N=M ~gN. Therefore T3 = F,.
Let MeEP, N&P. Then M <4 N, hence Tg¥ M= N, i.e. Ty is con-
sistent. Since ¥ is closed under equality, one has A C J. Therefore Ty is a
A-theory. [

Note that for SOL = { M| M is solvable} one has Ty, = IC*. Remember
NF = {M € A|M has a nf}. T is called Morris’ extensional theory, see
exercise 16.5.5.

16.4.7. PROPOSITION. (i) B0 C Ty C H*.
(ii) The inclusions in (i) are proper.
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PROOF. (i) First we show 1 ~1:

C[1] has a nf & C[1] has a Bn-nf by corollary 14.4.5,
< C[1] has a Bn-nf
< C[1] has a nf.

Therefore Sp is extensional.

Now let BT(M) = BT(N) and assume C[M] € NF, say C[M]=L, L in
nf. Since nf’s are isolated in the tree topology, the continuity theorem
implies

3k YM'€0,,, C[M']=L.

But then C{N]=L, ie. C[N]JENF; By symmetry it follows that
M~ N.

So far we have Bn C Jyp. Since HC B and I* is the unique HP-
completion of IC one has Ty C HC*.

(i) For J = O(jxy.x(jy)) one has I =J € I* (use theorem 16.2.7) and
clearly 1=J & % (J does not have a nf). Moreover for the M, N in
lemma 16.4.4 one has M=N&%®n. But if C[M] has a nf, then by

continuity C[M®’] has a nf, for some k. Note that there is an N’ JM®
such that N' =, N. Hence C[N] =4, C[N'] has a nf. By symmetry M ~
N and therefore M =N € Jr. [

In the same way as for J* it can be shown that the theory % is
19-complete.

16.5. Exercises

16.5.1. (i) Show that
VzeA’IneN HHZzQ~"=Q.
(i) Let A be such that Ax —=»Az.z(A(xS)). Show that
VZ,ZEAN’ NrAZ=AZ';
AVZ,2Z’eA K+AZ=AZ;
VZ,Z’€A K*AZ=A4'Z.

16.5.2. Show that I I ext® but U ¥ ext.
16.5.3. Show directly that KC* is IT3-complete. Similarly for B .
16.5.4. Draw the reduction graph of Bx as defined in notation 16.3.3.
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16.5.5 (Morris [1968]). Define

M A NeVC[ ] [C[M]hasanf=C[N] has the same nf];
ML, ,NeVC[ J[C[M]has a fn-nf=>C[N] has the same Bn-nf];
ML NeVC[ | [C[M]hasanf=C[N]hasa nf];

ML NoVC[ ] [C[M]hasaBn-nf=C[N]has a By-nf].
Moreover let for 1 < i< 4
M~miN©MQmiNandNQm‘_M;

Fpi=(M=N|M,NEA and M~,, M}.

Show () ML N=M[ N.
(i) gggmlgg"ﬂ =9 = ,,,45‘36‘.
[8,2 is the original definition of Morris’ extensional theory; ., is called Morris’ theory.]
16.5.6. Show that if # C A is a nontrivial open set, closed under equality, then §,2 % .
16.5.7. Let 9, = T{N|N =M }. Show that
OR Fa.
(i) B = %
*(iii) G, g Tnr-
16.5.8. Show that the combinatory algebras do not form a Mal’cev variety, see remark 4.1.21.
[Hint. Let J=A+1=Q;=ww; with w3=Ax.xxx. Then (I, ;) € = ~=4 but (I, D) &
=g =, (Use lemma 4.1.8 (ii), proposition 15.3.9 and theorem 16.1.9 (i).)] By a theorem of
Mal’cev it follows that =3 F € A® Fxxy = y A Fxyy = x. Prove this corollary directly.

16.5.9. Show that M € A is solvable iff - Con(M = K,,), where K., = 0 K.

CHAPTER 17

OTHER LAMBDA THEORIES

In this chapter some A-theories are studied that are not sensible. Usually,
however, these theories are semi sensible, i.e. can be extended to a sensible
theory. The reason for considering these also is that sensible theories are
never recursively axiomatizable. :

A result about recursively enumerable A-theories states that they are
dense (with respect to inclusion) and even complete for countable partial
orderings. :

Another group of theories are the ones closed under the w-rule. The
strength of adding the w-rule will be examined. It turns out that both Ay
and JCx are not closed under the w-rule, but JC* is.

17.1. Semi sensible and r.e. theories

Remember that a A-theory 9 is called semi sensible (s.s.) if F¥ M = N
whenever M is solvable and N is unsolvable.

17.1.1. LEMMA. F is ss.e T C IC*.

PROOF. (=) Let M = N €9. Suppose that M = N ¢ IC*, i.e. M <N, say
for some context C[M] is solvable, C[N] is unsolvable. But F+ C[M]=
C[N]; contradicting that § is s.s.

(=) Let § CH* and I+M = N. Then M ~_N, hence M, N are both
solvable or both unsolvable. []

Consequently A, A, IC, Hn B, By, and IC* are all s.s. A-theories.

17.1.2. COROLLARY. (i) T is a s.s. A-theory = I is a s.s. A-theory.
(i) F,, T, are s.s. A-theories=F, UT, is a s.s. A-theory.

PrROOF. Immediate. []

In general the union of two A-theories does not need to be a A-theory. A
nice example is due to M. Bel: there are three terms M, N, L € A° such

431
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that
Con(M=N), Con(N=1L), Con(L=M)

but mCon(M = N = L) (see exercise 17.5.2).
One of the main features of s.s. A-theories is that the concepts of
solvability and separability are absolute.

17.1.3. DeFINITION. Let I be a A-theory.

i) MeA® is F-solvable if AN MN =gl. M € A is T-solvable if the
closure AX. M is & -solvable.

(i) F={M,, ..., M} is F-separable if

VN,...,N, 3C[ ] C[M]=gN, A - AC[M,]=gN,.

17.1.4. PROPOSITION. Let J be s.s. Then
M is S-solvable = M is solvable.

Proor. It suffices to show this for closed M. .

(=) Let MN =41. Then by semi-sensibility MN is solvable, hence M is
solvable.

(<) Trivial. [J

It is easy to see that proposition 17.1.4 characterizes s.s. A-theories.

17.1.5. LEMMA. Let F = {M,, ..., M,} C A be I*-separable. Then F is
separable.

ProOF. By assumption for some context-
C[ Ml:l =g Xy C[ Mn] =9 Xp.

Then C[M,]~ x,, by lemma 10.4.1, hence the C[{M,] are all solvable with
free head variables x,, x,, ..., respectively. But then by proposition
104.12 {C[M ], . . . } is separable, hence so is §. []

17.1.6. THEOREM, Let § be s.5. Then
% is F-separable <  is separable.

ProoF. Note that for A-theories F, C 9, one has

9 ,-separability = F,-separability .
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Therefore one has
% separable = % < -separable
=G I *-separable
% separable,

by the previous lemma. []

Another characterization of semi-sensibility is topological:
9 is semi-sensible iff M (T ) with the tree topology is not indiscrete. [The
canonical topology on (%) is the quotient topology via the canonical
map ¢g: A—M(F ), with on A the tree topology defined in § 10.2.] This is
shown in proposition 20.5.6

R.e. theories

Several results of this section are due to Visser. He has obtained them by
considering term models as precomplete numbered sets in the sense of
Ershov [1973]; see exercise 6.8.18. We present the results here without
making reference to numbered sets.

17.1.8. LEMMA. Ler : N—N be a partial recursive function. Then for some
neN

Y(n)|=E'n" =E"Y(n)'

PROOF. Let ¢ be A-defined by F. By the second fixed point theorem 6.5.9
forsome X €A, X=Eo F'X".Let '"n’ ="X". Then

E'n'=E"X'=X by theorem 8.1.6,
=E-F' X' =B(F'n")=E"¥(n)'. O
The following three results are taken from Visser [1980].

17.1.9. PROPOSITION. Let § be an t1.c. A-theory and let M, N € A be such
that TV M = N. Then

APVQ F+P=QKM=N.
PrOOF. Define 4, = {m €N|F +E'n" =E'm'+M = N}. Then

€)) Vn n&Ad,

2) meEA, <3z R(n,m,z)
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for some recursive R. Consider
¥(n) = (pzR(n,(2)o, (z)1))o-
Then for all n € N
(3) Y(n)l A, #8,
4) Y(n)|=y¥(n) €4,

By the previous lemma there is some n, such that
(5) Y(no)l =E"ng =E"¢(n,)" .

Suppose y(n,)|. Then y(n,) € 4, by (4). But E"ng =E"y(n,)" by (5),
hence Y(ny) & A, . Therefore y(n,) and hence A, =80by (3). Now we can
take P=E"n, . []

A term P is T-easy if VQ Con(9 + P = Q). Proposition 17.1.9 shows
that for every r.e. A-theory 9, there is a 9 -easy term P.

The following theorem shows that the r.e. A-theories are dense with
respect to inclusion.

17.1.10. THEOREM. Let & G 97 be r.e. A-theories. Then there exists an r.e.
A-theory & such that T C & ¢ 9.

PrOOF. Let §'FM = N and 9#¥ M = N. By the preceding proposition for
some P

(1) VO F+P=0QWM=N.

Take § =9 + PM =PN.Clearly S isre.and FC S CJ".
Suppose & = §. Then

F+P=1= FG+PM=PN+P=IFM=N
contradicting (1).
Suppose §'=8§. Then §+ PM=PN+-M=N. Now J + P=KI+- PM
= PN. Hence § + P =KIF M = N, contradicting (1). []

17.1.11. COROLLARY. There exists a family of A-theories {F } g Such that
for real r, r’

¢} r<re9 c9..

CH.17,§ 1 SEMI SENSIBLE AND R.E. THEORIES 435

ProoF. Using the preceding theorem one can embed the rationals into the
r.e. A-theories, i.e. construct a family {%},.q such that (1) holds for
r,r’ € Q. Now define, for r € R

. =U{9,l¢g<randgeQ}.
This clearly satisfies (1) for r,r’ €R. [

In Visser [1980] it is proved also that every countable partial ordering
can be inbedded into the r.e. A-theories with inclusion.

Another kind of results on r.e. theories is the following “range theorem”:
If 9 is an r.e. A-theory, then the range of a definable map in the term
model (¥ is either a singleton or infinite. This theorem was conjectured
by Béhm and proved by Myhill and the author independently. In Visser
[1980] it is pointed out that the proof can be given in a nice topological
fashion. For the (shorter) original proof, see theorem 20.2.5.

17.1.12. DEFINITION. (i) The Visser topology on A is obtained by taking as
basis open sets O C A such that

(1) O is closed under S-equality

(2) O is (after coding) a TIY set.

(ii) Let 9 be any A-theory. The Visser topology on (%) is the quotient
topology for @g: A — DY), where @g is the canonical map and A has the
Visser topology.

For example the unsolvables form an open set in A. In I(F) the set
{82} is open.

17.1.13. PROPOSITION. (i) If f is some definable map on A (i.e. (M) = FM
for some F € A), then f is continuous w.r.t. the Visser topology.
(ii) Similarly for a definable map on W(F) (i.e. f[M]g=[FM]g).

PROOF. (i) Let O be a basis open neighbourhood of FM. Let O,, = {N|FM
€ O}. Then since O is Visser open, so is O,, and we are done.
(1) By (i) and a diagram. [J

A topological space is called hyper-connected iff any two non-empty open
sets have a non-empty intersection. Such a space is clearly connected.

17.1.14. PROPOSITION. (i) A with the Visser topology is hyper-connected.
(i) M(F ) with the Visser topology is hyper-connected for each A-theory F.

PROOF. (i) A set 4 CN is called B-closed if [n€ ANE n" =4E"'m" |
m € A. We need the following
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Sublemma. Let A, B C N be B-closed r.e. sets such that 4 U B= N. Then
A=Nor B=N.

Subproof. Suppose A,B# N. Let X,YCN be a pair of recursively
inseparable disjoint r.e. sets. Let n, €4 — B, ny € B — A. Define

n, ifneX,
Y(n)=3in, ifney,
1 else.

Then ¢ is partial recursive and hence can be A-defined by say FE A.
Define

C={nlf(F'n")ed}, D={nlt(F n")€EB).
Then C, D are r.e. and CU D = N. Moreover
nEX=y(n)=n,&B

=#F"n' B, since F defines y and B is 8-closed,
=sn&D.

Therefore X N D =@ and similarly YN C=4#.

By the reduction principle for r.e. sets there are r.e. sets C' CC, D'C D
with C'UD’'=CuUD=N and C’'n D’'=#. But then C’ is recursive and
separates X and Y contrary to the choice of X, Y. Sub[]

Let O,, 0, C A be open and suppose O, N O, = @. Define
A={nE€'n' €0}, B={nE'n' €0,}.

Then A, B satisfy the assumptions of the sublemma. Hence 4 =N or
B =N and therefore O, =% or 0, =0.

(i) (T ) is the image of the hyper-connected space A under the
canonical map ¢g which is by definition continuous. Therefore (F) is
hyper-connected. []

As an immediate corollary we have Scott’s theorem: Every non-trivial
set € C A closed under equality is non-recursive. Indeed, if @ were recur-
sive, then & and A-@ would be H?, hence Visser-open, contradicting the
connectedness of A.

17.1.15. LEMMA. Let § be an r.e. A-theory.
(i) Let @ CIT) be finite. Then w.r.t. the Visser topology @ is discrete.
(i) Let BHg= {[M]s|M is a Bn-nf} C W(T). Then also BHg is discrete.

CH.17,§2 OMEGA THEORIES 437
PROOF. (i) Let @ = {([M|]s, . . . , [M,]g}. Define

0, = {[M]g|M #sM, 1 - - - AM #¢M,)}.
Then [M|lg€ O, and O, N (@ — {[M,]g}) =0. Moreover ¢;'(0)) is II°
and closed under equality, hence O, is Visser open. Therefore [M ] is an

isolated point of @. Since [M,]q is arbitrary, @ is discrete.
(i) Let [My)g € BH4; assume M, is in Sn-nf. Define

O={[M]g]VM’ in Bn-nf[ M' £My= M’ #eM]}.

As before O is Visser open. By Bohm’s theorem [M)g & O. Moreover
(BHg— {[M,]g}) N O =H. Therefore {[Mlg} is an isolated point of BHg
and so all of them are. []

17.1.16. RANGE THEOREM. Let & be an r.e. theory. Let f: T(T)— D(F) be
a definable map (i.e. f((M }g) = [FM]q for some F € A). Then the range of f
is either a singleton or infinite. Similarly for f restricted to (F).

PROOF. Suppose range f is finite. Then by the preceding proposition it is
discrete. On the other hand by propositions 17.1.13 (ii) and 17.1.14 (i), the
range of f is the continuous image of a connected space hence connected.

But the only connected discrete space is a singleton. As to the second
statement, note that A° is open hence also hyper-connected. [J

For several other models of the A-calculus, e.g. Pw, D, the range
theorem does hold, see theorem 20.2.6. It is an open problem whether the
range theorem holds for M(IC). :
17.1.17. COROLLARY. Let F be an r.e. theory. Let F be such that

VMEA AN infy-nf FM=g4N.
Then F is constant modulo J (i.e. VM, N FM =4FN).
Proor. Like the preceding proof. []

In exercise 20.6.12 the range theorem is interpreted in Ershov’s theory of

numerations.

17.2. Omega theories

The consistency of Aw was shown in Barendregt [1971] by an ordinal
analysis of proofs. Wadsworth [1976] and Nakajima [1975] showed that
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one has D _Fw, that is, for M, N € A°

[VZEA D FMZ=NZ]|=D FM=N.

Since Th(D_)= 9C* (see theorem 19.2.12) it follows that JC* must be
closed under the w-rule. An easy proof of this fact without reference to D,
will be presented. Nevertheless the consistency proof using ordinals will be
given also, since it gives more proof theoretic information, culminating in
theorem 17.2.17: :

Kk M=I1=An-M=1.

The proof that JC*+w occupies 17.2.1-17.2.8. Use is made of CL, since
closed CL-terms are presented without any variables. An auxiliary theory
CL is introduced in order to keep track of terms in a reduction.

17.2.1. DEFINITION. (i) The set ° (of closed CL-terms with underlining) is
inductively defined as follows:

(K Se,

(Q P, QeP=(PQ)EC,

B Pe=rPe
Note that by clause (3) only simple underlinings are present.

(i) On (@ the binary relations —, and —»,, are defined by the notion of

reduction w, with as contraction rules
KPQ— P,
SPOR - PR(QR),
PQ—PQ for P€(°.
(i) If P € ¢, then | P|is P without any underlining. P = Q iff |P| =| Q)|
for P, Q € @. P c Q denotes that P is a subterm of Q, eg. KCKS,
K 7 KS.

Note that & C & and that on & the relations —, and —,, coincide, as
do —»,, and —»,. -

17.2.2. LEMMA. (i) Let P, P’ € C°. Then
[P>,PAQ CP]=30€ [QCPrAQ—» 0.

(ii) Let F,PN C° and P’ € C°. Then

[Ff—»wP'/\g C P'] =P 0.
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PRrOOF. (1) By transitivity it suffices to show this for P—_P’. This follows
by induction on the generation of —_; examples: SPQR— _ PR(QR),
SPQR—, SPQR".

(ii) Assume FP— P’ D Q. By (i)

3Q1[21 C FPand 0, —>Q].
But then O, =P. ]

17.2.3. LEMMA. Let P, P’ € C° and Q € C°. Then
[P=Qand P> P']=30'€C’ ([P'=Q and Q—,0'].

]

PROOF. Again it is sufficient to prove this for —,_, on the LHS. This is easy
to show. Note that rule PQ— PQ is needed. E.g. KMN =KMN > _M.
Then KMN — KMN — M. [
17.2.4. DeriNtTION. For R € C°, define the map gg: C°—(C0 as follows:
pr(P)=P ifPEC’,
(pR(I_)) = R9
Pr(PQ) = Pr( P)eR(Q)-

@ just replaces all underlined terms by R.
For P, Q € % define

P~ Qo VFEC [ FP is w-solvable FQ is w-solvable].

17.2.5. LEMMA. Let M, N € A°. Then
M~NoMq, ~N, .

PrOOF. Immediate by proposition 8.3.22 and lemma 2.1.20. O

172.6. Lemma. Let P, Q € @, R, R’ € P and VZ € @ RZ ~R’'Z. Then
PrAP) ~ Q) under each of the following assumptions:
(i) P>, Qand VL C P L=_R.
() P»,Qand VL C P L=_R.
(iii) P =FR—,,Q with F € .
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ProoF. (i) By induction on the generation of P— Q. The only non-trivial
case is P=CD, Q= CD. Then C=_R, hence ~

9r(P) =R '9p (D) ~Reg(D) =, Cor (D) =g Q).

Now note that X~ Y = Z=X~_Z.
(ii) By (i) using transitivity and lemma 17.2.2 (i).
@) By (ii). O

17.2.7. PrOPOSITION. Let M, N € A° and suppose VZ € A° MZ ~NZ. Then
M~N.

PRrROOF. Since M, N are closed, it suffices by lemma 2.1.20 to show
VF [ FM solvable=> FN solvable].

Let F be given. Then
FM solvable=

= F.; M, w-solvable

=>F., M. P=_S forsomePeC",
=F., M., P—>,S byCR forw,
:FCLMCL}_;—»‘XS’ with §’ = §, by lemma 17.2.3.

Case 1. §'=S. By assumption VR € C® M., R~ N, R; therefore by
lemma 17.2.6 (iii) applied to F' =A*x.F., xP and gy

Fei Noy P ~ 8= F; N i1s CL-solvable=> FN is solvable.

Case 2. S'=S. Then by lemma 17.2.2 (ii) M, — S and by lemma
17.2.6 (iii)

FCLNCL}_;"’chu

Since by lemma 17.2.5 and the assumption M, I ~ N, I, one has
FeyNey PIH ~ Ny I~ M, IIT = SIH = 1.

Hence F, N, is solvable and so is FN. [J

17.2.8. THEOREM. (i) H* I .

(i) If F is semi-sensible, then so is Fw.
(iii) Ao C W C K>,
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PROOF. (i) By lemma 17.2.7 one has 3C*F«’. But then 3C*}w, by lemma
4.1.15 (3).
(1) Fss. =T C H*
=T0 C H*w=I* by (i),
=2Tws.s.
by lemma 17.1.1.
(i) Since A, IC are semi-sensible. []

Now the ordinal consistency proof of 3w will be given. Since the w-rule
implies extensionality and A + ext and CL + ext are equivalent the con-
sistency of A w is proved via the combinatory version CL%ew. This is
convenient since no (bound) variables are needed in CL. The proof
together with its proof-theoretic corollaries occupy 17.2.9-17.2.17.

17.2.9. DEFINITION. CLX " has the following language
Alphabet ., 5., = Alphabet, U {~,, ~,, =m},,‘€«,l s

where w, is the set of countable ordinals.

Terms. & is the set of terms for CL¥ .

Formulas. If P, Q € @, then P=_,Q, P~_Q and P~,Q are formulas
of CLK &'

Axioms and rules:

(I.1) CLXFP= Q= P~,Q (where I is axiomatized by
{P = Q|P, Q €@ are unsolvable}).
(12) [VZ €@ Iy <a PZ=,0Z]=Px,Q.
(Ll) P~,Q=P~_0Q.
12y P~ Q=C[P]~,C[Q]
diLy)) P~ Q0=P=_0.
a2y P=,0,0=,R=P=_R

ReMARKs. The intuitive interpretation of
P =_Q is that P = Q is provable using the w-rule at most a times, of
P~ Q is that P=_Q is provable without transitivity, and of
P=,Q is that P~ _Q follows directly from the w-rule (or is provable in
CLX in case a = 0). '

Note that

P~ 0=0=~,P

is a derived rule in CLX &' and similarly for ~,, =,. (Prove this
simultaneously by induction on proofs in CLIC«’.) Also one has

P=~,0,a< B=P=~z0

as a derived rule. Similarly, ~,, a < 8= ~gand =, a < 8= =,.
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17.2.10. LEMMA. (i) CLXwt P = Q< 3a CLHw'HP = Q.
(i) CLICHP = Q> CLI '+ P = Q.
(i) CLH '+ P=,Qe3P,- - - P, CLXw FP~ Py~ - ~ P, =Q.
(iv) CLX &'+ P ~_ Q< for some context C| ] and some P’, Q' € C one
has P =C[P’], Q =C[Q'] and CLX &'+ P'~,Q".
(v) CLX &'t P~,Q and a #0=VZ € @ Iy <a CLKw'+ PZ = QZ.

ProoF. Immediate. []J

17.2.11. LemMMa. Let R, R’ € & and suppose CL¥ 't R~_R’ for a #0.
Let P, Q € QO Then

() [P—>,QAVLC P L=_R]=3y <a CLX&'F g P) = 9xQ).

(1) Similarly for —,, replaced by —»,

Proor. (i) By induction on the generation of —_, the only non-trivial case
being LB —, LB. But then for some y <a -

CLIC't g (LB) = R'9p(B) =, Rop(B) =, Log( B),

since by assumption L =, R. Since =,= ~ ;= =, we are done.
(i1) By (1) using transitivity and lemma 17.2.2 (i). O

17.2.12. COROLLARY. Let F,R, R’ € C°. Suppose
FR—->,I and CLXo'FR~,R  for a0.
Then 3y <a CLIw't FR'I =_I.

PrOOF. FR— I=

=FR—» I'=1 bylemma 17.2.3,

=FRI» I'l » I since I’ can be SKK, SKK,

etcetera and in all cases
r'r—-» 1,

=3y<a CLX&'FFRI= ;I by the preceding lemma. []
17.2.13. LEMMA. Let P € C°. Then
CLXw'tP=_I=3n PI""—> I.
ProoF. By induction on a. Because use will be made of a double induction,

the induction hypothesis with respect to this induction is called the
a-ind.hyp.
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Case 1. « = 0. Then

CLXw'+P=_I=>

= CLXFP=1 bylemma 17.2.10 (ii),
= CL+P =1 by theorem 15.1.9 (for CL),
=P—» I byCRfor—,.

Case 2. a > 0. Assuming CL¥ o't P =1 it follows by lemma 17.2.10 (iii)
that 3P

) CLXw P~ P~ - ~ P> I.
By induction on k it will be shown that (1)=>3n PI™"—» I. The induction
hypothesis with respect to this induction is called the k-ind.hyp.

If k=0, then we are done. Suppose k >0. Then CLXw'tP,_,~, P,
—»_I. By lemma 17.2.10 (iv) for some context C[ ] one has

P._,=C[P,_,], P,=C[P;] and CLXw&'‘P,_,~_P;.

Define F'=A*x.C[x]. Then FP;_, =P, _, and FP,—» I. By corollary
17.2.12 it follows that

dy<a CLX&'FP, I=FP,_I=_I.
Hence by the a-ind.hyp.
3n P,?_ N/ al iy §
thus
In CLX&'FPII™ ~ P I~ - ~ P, _ ™" I.
Therefore by the k-ind.hyp.
An,n’ PI"I"" -1,
Le.
3n,n PI7"*"*' 5 1. O
17.2.14. CorROLLARY. Let P € C°. Then
CLXw+-P=1=3n CL-PI""=1.

PrOOF. By the previous lemma using lemma 17.2.10 (i). [
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17.2.15. THEOREM. (i) Let M € A. Then
HotM=1=3n AFMI™"=1.

(i) e is consistent.

PROOF. (i) First assume M € A°. Then the result follows by the preceding
corollary and the standard translations between A and € (use theorems
7.3.12 and 7.3.10).

If M is open, let F=AX.M be its closure. Then

KotFx=1=
=¥t FR =1

=3nAFFRI~"=1 since FQ €A°,
=3n AFFXI™" =1 by proposition 14.3.24,

=IAnAtMI™" =1,

(i) If 0w were inconsistent, then JwtR =1. But then by (i) 3In
Q1~" =1, contradicting the Church-Rosser theorem. []

The following lemma will enable us to improve theorem 17.2.15. The
method of proof is taken from Bergstra and Klop [1980], § 4.

17.2.16. LEMMA. Let M € A and M ~ \. Then
Mi=gl=M=,I.

ProoF. By assumption and theorem 16.2.7 it follows that M ~,l. Hence
BT(M) is of the form

AXzy- - z,.x
A}—"l-/"'\)\f,,.z"
A-n - = -1k, TV ~ Ynk,

AN AA

Since this tree is in A8 it is r.e. Clearly it has a recursive variable
indicator. Therefore by theorem 10.1.25 there is a term M, € A, such that

(1) BT(M,) = BT(M).
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Then, since B is a A-theory,

(2) BT(M,1) = BT(M]).

Remember that the remark before 10.1.18 states
3) M has a nf<> BT(M) is finite and L -free.

Now we have M1 =, 1=
= BT(M,l) = BT(M]) is finite and 1 -free, by (2), 3),
= M has a nf, by (3),
= M, has a nf, by corollary 9.1.6,
= BT(M) = BT(M,) is finite and 1 -free, by (1), 3),
= M has a nf, by (3),
=> M has a Bn-nf, Dby corollary 15.1.5,
=M =41, since otherwise M < by corollary 10.4.3. []

Combining the main results of this section one obtains the following.

17.2.17. THEOREM. If HwtM =1, then Ayt M =\. In particular e is
consistent.

PrOOF. If It M =1, then by theorems 17.2.8 and 17.2.15 one has M~}
and MI~" =, 1 for some n. Now it follows by repeated use of lemma
17.2.16 that M=, 1. [

17.3. Partial validity of the w-rule in Ay

In this section it will be proved that in the theory An the w-rule holds for
terms M, N provided that one of them is not a Bn-universal generator. The
proof occupies 17.3.1-17.3.24 (subsection I). In general the w-rule is
however not valid in Ay. This proof occupies 17.3.25-17.3.30 (subsection
II). Similar results hold for the term rule in A.

L Validity of the w-rule in Ay for non-universal generators.

The validity in An of the w-rule for non-universal generators was proved
in Barendregt [1974a]. The idea is to use a closed term of order zero, like
Q: if MZ = NZ for all closed Z, then also MQ = NS2. Because  behaves
almost like a variable, one is tempted to substitute for € a fresh variable x
obtaining Mx = Nx and hence by extensionality M = N. However, there is
a difference between a variable and €: in a reduction a fresh variable can
never be created, whereas € can. Therefore one should use a different term



446 OTHER LAMBDA THEORIES CH.17,§3

—_

= of order zero, which will not be generated by M or N. If M or N is a
universal generator there is not such a = and the proof breaks down. In
Plotkin [1974] two complicated universal generators are constructed for
which the w-rule is not valid.

17.3.1. DEFINITION. B(n)-US = {M € A|M is a B(n)-universal generator}.

See proposition 8.2.8 for the construction of universal generators. In
exercise 17.5.13 it is shown that

M EB-UG M € Bn-AUS

The notion needed in this section is that of a fy-UG.

17.3.2. DEFINITION. Let Z € A. Z is of order 0 (notation Z € 0) if

“3PEA Z-»zhx.P.

ExaMPLES. x €0, 2€0; K =0 K ¢ 0.

17.3.3. LEMMA. Let Z €0. Then
() ~IPEA Z>4 Ax. P,
() Z—>,4,7Z’= 27" €0,
(i) ZM >, N=3Z' M’ [N=2Z'M' and M-z M and Z—, 7'},
V) VMEAZM 0.

ProoF. Note that a term is either a variable, an application (term) (of the
form MN) or an abstraction (term) (of the form Ax.M).

(1) Suppose Z—» 4 Ax.P. Then by postponement of n-reduction, corollary
15.1.6, one has for some Z’

Z—»Z’—»,,}\x.P.

By assumption Z’ is not an abstraction. Clearly Z’ is not a variable, hence
Z’ is an application. But if M —», N and M is an application, then so is N
(by induction on the generation of —»,), a contradiction.

(1)) Immediate by (i).

(iii) By induction on the length of reduction using (i).

(iv) By (iii) it follows that if ZM—» N, then N is an application. Hence
ZM 0. O

In order to keep track of what happens in a reduction to a term of order
0, an auxiliary term system A is introduced.
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17.3.4. DerFINITION. (i) The set A (of A-terms with underlining) is induc-
tively defined as follows:

MeA=MeA,
MeN=MEeA,
M,N € A=>(MN) €A,
MeA=(Ax.M)eA.
(i) The notions FV(M) and M[x:= N] are extended to A in the
obvious way. Note that FV(M) =0 and M[x:= N]=M.

(i) On A the notion of reduction By is defined by the following
contraction rules:

(Ax.M)N->M[x:=N],

Ax.Mx—>M ifx@&FV(M).

As usual one has for the resulting relation — g that for C[ ] with one
hole
M—>ﬂM/=>C[M]—>ﬁC[M'];

in particular for M, M’ € A
MaﬁM’:)A_/I—)vﬁﬂ]\_l'.

17.3.5. DErFINITION. (1) For M, N € A the relation M C N is defined in
such a way that only L is a subterm of L. To be explicit:

PCxsP=x,
PCMNsPcMorPCNorP=MN,
PCAxMePcMorP=Ax.M,
PCcMesP=M.

(iii) If M €A, then |M|E A is M without underlining. M =N iff
|M|=|N|.

17.3.6. LEMMA. Let M, N € A. Then by
O M>pNasM—>gN.
(i) If moreover M, N € A°, then M — pNeoM—> g N.
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Proor. By induction on the generation of —»4, and gy O

17.3.7. LEMMA. Let M,NE€ A and L,L' € A. Then
() LcM[x=N]=>LcMor LCN,
(i) LCM[x=L1=LCM.
PrOOF. By induction on the structure of M. []
17.3.8. LEMMA. (i) Let M, M’ € A and L' € A. Then
[M—>g M'ALCM|=3LCM L, L'
(i) Let M,L,L’ € A and M’ € A. Then
[ML—>, M'AL' CM'|=L->», L'
PRrOOF. (i) By transitivity it is sufficient to prove this for —gy o1 the LHS.
This is done by induction on the generation of —pq using (i) of the
previous lemma.
(i) Immediate by (i).
17.39. LEMMA. Let M, Z, L € A and Z €0. Then
MZ >, L=>3L €A VZ'EA
[MZ>g L'=LA[Z cL=Z>,2]].

ProoF. Call P € A proper if Q C P= Q €0. By induction on the generation
of —»4, one can show that for all M,N€ A and M’ €A

[M—; N, M =M and M’ proper | =
=3N'€A [M'—» , N',N=N'and N’ proper].
Then the statement follows by (ii) of the preceding lemma. []

17.3.10. DerFINITION. Let x be any variable. A map ¢,: A—>A (which
replaces all underlined terms by x) is defined as follows:

o(¥)=y, @(MN)=¢(M)p(N),
o(Ay.M)=Ay.o (M), o(M)=x.

17.3.11. LeMMA. Let M,N€ A and M—»ﬂ,’ . If x is a fresh variable, then
q’x(M)—»ﬁ'q(px(N)
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ProofF. By induction on the generation of _”Bn using the following
sublemma:

zEy=q(M[y=N]))=q(M)[y=q(N)].
The sublemma is proved by induction on the structure of M. []

17.3.12. LEMMA. Let M,N € A, x FV(M) and Mx—»4, N. Then AM’ € A
[N=M'x,x @FV(M') and M —»z M’ or M—4 Ax.N.

PrOOF. Trivial. ]
Remember that for M € A its B8y family is
Fon(M)={N€ AI3M'M—»g M and NC M'}.
17.3.13. LeMMA. Let M,N,Z € A and L € A. Then

[MN—>p,Land ZC L]=Z €%, (M).

Proor. Without loss of generality we may assume that if N’ C L, then
N’"=N. Let x be a fresh variable. By lemma 17.3.11 it follows from the
assumption that

Mx—»z 0 (L).

By the preceding lemma there are two cases.
Case 1. @ (L)=M’'x with M—, M’ and x & FV(M’). Then L=M'N.
Nowif Zc L, then Zc M’, hence ZE Fpn(M).
Case 2. M—»g Ax.9,(L). Now Z C L= g (L)[x:= N}, hence by lemma
17.3.7 (ii) one has Z C ¢, (L) C Ax.p (L) and therefore also Z € Fpn(M).
O

17.3.14. DEFINITION. (i) M € A is called an Q-term if M is of the form QM’.

(ii) A subterm occurrence Z of M is called non-@ in M if Z has no
Q-subterm and Z is not a subterm of an ©-subterm of M.

(ili) U € A is a hereditarily non- UG if U is a closed 8-UG such that
VU U, U =3Zc U’ [Z € B-AUS and occurs non-Q in U']]

@iv) Ee A° is called variable-like if = is of the form QU, where U is a
hereditarily non-© UG.

ExampLE. Only the second occurrence of Z in the term x(UM2Z))Z is
non-{ (assuming that Z does not have an Q-subterm).
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17.3.15. LEMMA. (1) A variable-like term is of order Q.
(i) If Z—4,=’, and Z is a variable-like term, then so is Z'.
(ili) There exists a variable-like term = € A°.

ProoF. (1), (i1) Obvious.
(iii) Let E be the enumerator of A® and define F, = xTNE'lx, where by
exercise 6.8.8 E’ 1s a nf such that

E1—>E.

Then F, is a nf and since "n' Tll— I one has

Flx="n"]>E"n'.

X

Define

A=Nbx.bb'0’ (bb[ F, x])F,, B =A44.
Then

B'n' »>B"0" (B"n+1"XE"n").

Hence as in proposition 8.2.8, B'0' is a UG. We claim that it is
hereditarily non-Q. Define

P—>,003P - P, P=P >y -5 P=0.

Suppose B"0' —», U. Then for some k one has B" 0" —»,U. Since A4 is
normal, U is of the form B"0', (Ax.U'PQ)"0" or U'PQ, where B" 0’
—», U’ for some r < k. Now it follows by induction on k that U has a
subterm which is a 8-UG and non-£ in U.

Finally take Z=Q(B"0'). J

17.3.16. DEFINITION. Let LE A, L’€ A and L=L'. Then L and L’ are
equal except for the underlining and we can give the following informal
definitions.

(i) If Z’ 1s a subterm occurrence of L’, then there is a unique subterm
occurrence Z of L which corresponds to Z’, such that Z=2Z".

Instead of giving a formal definition we illustrate this definition by an
example: let L =S(KS}SKK), L' =S(KS)(SKK); then L=L'; § corre-
sponds to S, KS corresponds to KS and SKK corresponds to SKK.

(ii) Let L” € A be another term with L” = L. L” has more line than L’
(notation L’ <J L") if for all subterm occurrences Z’ of L’ there is a
subterm occurrence Z” of L” such that Z' C Z”, where Z’, Z” are the
subterm occurrences of L corresponding to Z' and Z” respectively.
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For example, let L” = S(KS)(SKK), then L’ <1 L”, where L’ is as in the
previous example. T

(iii) Let Z be a subterm occurrence of L. Then Z is exactly underlined in
L’ if Z is a subterm occurrence of L’ and Z corresponds to Z; Z is
underlined in L' iff ZC Z, c L and Z, is exactly underlined in L’; Z has
some lines in L' iff the corresponding subterm Z’ < L’ is not element of A.

For instance in the above example KS C L is exactly underlined in L’,
the first K in L is underlined in L’ and SKK C L has some line in L’.

17.3.17. LEMMA. Let LEA, L', L"€Aand L=L"=L".
)L QL"and L" L' =L"=L".
() If for all subterm occurrences Z of L' the corresponding subterm

occurrence Z of L is underlined in L”, then L' < L"”.
ProoF. Immediate. [

17.3.18. LEMMA. (1) Let LE A, L’ € A and L = L’. Suppose that

(1) If Z is a subterm occurrence of L which is exactly underlined in L',
then Z is an Q-term.

(2) If Z is a subterm occurrence of L which is a UG, then Z has some lines
in L.

Then every subterm occurrence = of L which is a variable-like term is
underlined in L'.

(i) Let M & PBn-UG and = be a variable like term. Suppose M Z—» g, L’
and L=|L'|. Then U C L is exactly underlined in L’ iff U is a maximal
(with respect to C) variable-like subterm of L.

PROOF. (i) One has = = QU with U a hereditary non-£ UG. Hence there is
a non-Q subterm occurrence Z in U which is a UG (see figure 17.1).

By (2) Z has some lines in L’. The possibility that some subterm
occurrence Z, of Z is exactly underlined in L’ is excluded, since by (1) it
would follow that Z, is an Q-term, whereas Z is non-Q subterm of L.
Therefore Z is underlined in L’, i.e. there is a subterm occurrence Z, such
that Zc Z, c L and which is exactly underlined in L’. We claim that
Z=QU C Z, (see figure 17.1)."

First it follows by (1) that Z, is an Q-term. Since Z is a non-2 subterm
of U, it follows that Z, is not a subterm of U. Therefore U is a proper
subterm of Z,, since subterms are either disjoint or comparable with
respect to the relation C. Hence indeed QU C Z,,.

—U—
L=-(R---Z---))---
1—22;

Fic. 17.1.
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By the claim it follows that = is underlined in L.

(ii)) We verify conditions (1) and (2) of (i) for L and L’.

(1) If Z C L is exactly underlined in L', then Z C L’, hence by lemma
17.3.8 (ii) one has Z—5, Z and therefore Z is an Q-term.

@ If ZCL is a UG, then Z & %, (M) (otherwise M would be a
Bn-UG). Let Z correspond to Z'C L. If Z’ €A, then Z =Z’ and by
lemma 17.3.13 one has Z’ € GJ'B,,(M ), a contradiction. Therefore Z' € A —
A, t.e. Z has some line in L’.

By (i) it follows that

U c L is exactly underlined in L’ iff
U C L is maximally underlined in L’ iff
U C L is a maximal variable-like subterm. []

17.3.19. PROPOSITION. Let M, N € A be such that M, N & Bn-9G. Let =
be a variable-like term. Then for some fresh x

= =B,,N.: = Mx =B,,Nx.

PROOF. Assume MZ =4 NZ. Then it follows by the CR property for 873
that for some L € A

M= —»ﬁ,,L, N= —»B,,L.

It follows by lemmas 17.3.9 and 17.3.15 (i) that there are L', L” € A such
that L= L'=L" and

Mg'—»ﬁ_nL’, Ng‘—»ﬂL”, (see figure 17.2).
By lemma 17.3.18 (i) it follows that for Z C L

Z is exactly underlined in L’ iff

Z is a maximal variable-like subterm of L iff
Z is exactly underlined in L”.

It follows that L' = L”.

Fic. 17.2

CH.17,§3 PARTIAL VALIDITY OF THE w-RULE IN Ay 453
Let x be a fresh variable. Then by lemma 17.3.11
Mx=@(ME)—>g0(L), Nx=@(NE)->ge.(L").
Therefore Mx =g, Nx. [J

17.3.20. COROLLARY. Let M, N & fn-US . Then in Ay the w-rule holds for
M, N, i.e.

0 = =
VZEN MZ=p NZ=>M=4N.

Proor. Immediate by the existence of variable like terms, the previous
proposition and extensionality in An. [

Plotkin has pointed out that in An the w-rule is valid for M, N provided
that only one of them is not a Bu-universal generator. This is proved in
17.3.21-17.3.24.

17.3.21. LEMMA. Let M € A and x be arbitrary. Then
) MQE By-U8 = Mx € By-AUG,
(i) Mx € Bn-UGE =M € Bn-AUG,
(iii)) M € Bn-UE = M[x:=Q] € Bn-AUG.

PROOF. Let U< B1-U8 N A° be such that @ ¢ U. By the construction in
proposition 8.2.8 or lemma 17.3.15 this is possible.

(i) If MQ € Bn-AUG, then by definition MQ—», C[U]=L, say. But
then by lemma 17.3.9

N MQ—»B,,L’;L.
By lemma 17.3.8 (ii) it follows that
2) PCL' =R—», P=Q=P.
On the other hand by lemma 17.3.11 and (1)
Mx—»g@(L).

Since € & U it follows by (2) that U in L has no line in L’ and therefore
U C ¢ (L). But then U € %, (Mx), hence Mx € By-UG itself.

(i) By assumption

Mx—, C[U]=L.

By lemma 17.3.12 there are two cases.
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Case 1. L=L'x and M—g L’. Then UC L' € ¥p,(M) and hence
M e pn-as.

C}zse 2. Mg Ax.L. Then also U € F, (M) and M € n-US.

(iii) By assumption

M“»BnC[U] =L.

Hence M[x:= Q]—»; L[x:= Q]. Since x & FV(U) it follows that
U € %p,(M[x:= L)), hence the term in question is a S9-UEG. []

17.3.22. LeMMA. () M@, L & Bn-UG =3L’ Mx—», L' & By-UG.
(i) Mx—»4 L' & Bn-UG =AM’ M—», M' ¢ By-UG.

PROOF. (1) MQ—, L & Bn-AUG =

=>MQ—»p L, =L bylemma 17.3.9,

=Mx 49 (L)=L" bylemma 17.3.11.
Now L =¢ (L,))[x:= Q]. Therefore by (iii) of the previous lemma it follows
that L' =¢ (L)) & Bn-US. !

(i) Suppose Mx—»g, L’ & Bn-QLG. By lemma 17.3.12 there are two
cases.

Case 1. L'=M'x and M-»5 M’'. Then M’'¢& Bn-AU§ (otherwise
M’x € Bn-AU8) and we are done.

Case 2. M—p Ax.L'. Then Ax.L’ & B7-UG (otherwise L’ € Bn-AUE)
and we are also done. []

17.3.23. LeMMA. If MQ = NQ and M & By-QU G, then
AN’ N», N’ & Br-9L6 .

PrOOF. By the assumption and CR for 87 one has for some L

Mﬂ—»BnLBT’«——Nﬂ.

By lemma 17.3.21 (i), (ii) one has MR & Bn-QU G, hence L & By-AU§. But
then the preceding lemma applies to NQ—» gL & Bn-US. O

17.3.24. THEOREM. Let M, N € A and M & Bn-UG. Then in Ay the w-rule
holds for M, N, i.e.

0 - =
vz EAMZ—B,,NZ:M—&,N.

PrROOF. By assumption M = gV, hence by the preceding lemma
AN’ N=, N & Bn-USG. But then M, N’ € Bn-ASE and VZ € A°
MZ =, N'Z. Therefore by corollary 17.3.20 M =mN =gN. O
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Similarly one can prove that in the theory A the term rule
VZeA’ MZ=NZ=Mx=Nx (xfresh)

holds provided that M & B-LG; see exercise 17.5.11.

11 Invalidity of the w-rule in Aq in general.

In this subsection a counterexample to the w-rule in An due to Plotkin
[1974] will be presented. Two closed terms =, ¥ will be constructed such
that

VZEAN EZ=5,¥Z but Z#pV.

]

By the result in subsection I it follows that = and ¥ must be complicated.
17.3.25. LEMMA. There exist F, G € A such that

(i) Fxyz = Fx[Fx*(Gx*)zy|(Ex),

(i) Gx = Fx*(Gx " YEx *)(Gx),

where x* =[F, x], i.e. the successor of x.

ProoF. Let

A= gxyz. fx[ fx* (gx*)zy](Ex),
B=Afgx. fx* (gx* WEx*)(gx).

By the double fixed point theorem 6.5.1 there are terms F, G such that
AFG=F, BFG=G.

One may assume F, G € A and the result follows. [J

17.3.26. DEFINITION (Plotkin terms). Let F, G € A° be determined by the
proof of the previous lemma. Define

E=FT07(G0"), ¥=AxEL
17.3.27. LEMMA. Write F,=F 'n', G,=G 'n' and E, =E "n'. Then

VmVn F,GE,=4F,GE,,,.
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PROOF. By induction on m. m = 0 is trivial, so suppose m > 0.
Then

F.G.E,= Fn[Fn+1Gn+lEn+ lGn]En
by lemma 17.3.25(i1),
= Fn[Fn+]Gn+lEn+l+m—lGn]En
by the induction hypothesis,

=F,G,E

n—n+m

by lemma 17.3.25G). !

17.3.28. COROLLARY. VZ € A° ZZ =¥ Z.

PROOF. By the lemma
Vm ZET0)=Z(E"m").
Since E enumerates A° one has
VZ,Z’ €N EZ=EZ' (=EE'0"))

and therefore

17.3.29. LEMMA. (i) For any variable x one has x € pn=X, i.e.

Ex—»g,M=x EFV(M)
(i) = #~p,¥.

PROOF. (i) After trying out some cases the reader will be convinced of this.
For a precise proof using the standardization theorem, do exercise 17.5.10.
() If Z=4 ¥, then Zx = ¥x = Z1 by CR for B7 one has

"x_»ﬂnMBn«_':l'

But then x & FV(M), contradicting (i). [
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17.3.30. THEOREM. (i) AnV w.
(i) Ater.

PROOF. (i) By corollary 17.3.28 and lemma 17.3.29 (ii).
(1) Similarly; do exercise 17.5.11. [

As a consequence of Anlw and Al ¢r it follows that MO(An), MO(A) are
not weakly extensional A-algebras, see § 20.1.

17.4. The w-rule and Iy

In this section it is first proved that in 3Cx the w-rule is valid for M, N
provided that one of these terms has a SnQ-nf. Then some counterexam-
ples to the general w-rule are given. These are much more natural than the
counterexamples for Ay. Finally some properties of e are considered. It
is proved that for some IT € A° one has for closed F, G

VieEN KwtF'n' =G "'n' o WetIIF=T1IG.

Using this and a “representation” of the sequence numbers, it is conjec-
tured that Jew is a complete 1] set.

17.4.1. PROPOSITION. Let M, N have BnQ-nf’s. Then in Hn the w-rule is
valid for M, N.

ProOOF. Without loss of generality it may be assumed that M, N are in-
Bn8-nf. Therefore

1) BT(M), BT(N) are finite and in n-nf.
Suppose
VZeAN HntMZ=NZ.
Then by theorem 17.2.8 one has
M=Ne¥XwcXK*
and hence by theorem 16.2.7
(2) M= N.

By (1), (2) it follows that BT(M) = BT(N) and hence JCy+M = N.




458 OTHER LAMBDA THEORIES CH.17,§4

17.4.2. LEMMA. Assume
(DHVZeAN K y-MZ=NZ,
(2) BT(M) is finite.

Then BT(N) is finite.

Proor. Do exercise 17.5.14. [

17.4.3. COROLLARY. In I0n the w-rule is valid for M, N provided that M has a
Bn-nf.

ProOF. By the preceding lemma and proposition, using M has a 87Q-nf <
BT(M) 1s finite. []

For results about JC and the term rule, see exercise 17.5.15.

Now two examples from Barendregt et al. [1978] are presented which
show that IylFw. As is the case with the Plotkin terms, the first one is
asymmetrical. The second example is symmetrical; the idea of its construc-
tion is used in order to represent universal quantification over N in (.

17.44. LEMMA. VZ € A 3neN HHZQ"=Q.

Proor. If M is unsolvable, then JCFZ = . Otherwise M has a hnf
Ay .ooox,.x;My - - - M, Then +-ZQ™"=Q. [

17.4.5. PROPOSITION. Let A € A° be such that
Ax—->»{A(xR2)>.

(for examplé, let A =ww, with w=\axz.z(aa(x)).) Then
VZeAN HrAzZ=A4Q but HntAx=AQ.

PrROOF. Let Z € A°, Then

AZ>{A(ZR)> > LA(ZX ) D> - (- - CAZR™)> - - -

=9l -+ {AR> - - - > bylemma 17.44.
On the other hand
AR =g (AR =g - =gl (AQY - .

If Iyt Ax = AQ, then by the CR theorem for By one would have for
some M

Ax_»ﬂnﬂMBnﬂ«—AQ'
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Since AR € A°, also M € A°. In exercise 15.4.2 (1) it is shown, however,
that

Ax—»p o M=x EFV(M)
and hence we have a contradiction. []

17.4.6. PROPOSITION. (i) There exists a term O € A° such that
(1) Ox"'n' »Az.zQ"(Ox"n+1"z).
(1) If O satisfies (1), then for all x, y
VZEAN Hrox"0'Z=0y"0"Z.

(i) O satisfying (i) can be chosen in such a way that for distinct x, y one
has

JHOox"0'=0y"0" .
PRrOOF. (i) Using proposition 6.1.6 there exists F, O € A° such that
Fzn— If zero n then z else Fzn™ Q,

Oxn—»hz. Fzn(Oxn™ z),

where n” =nF, n* =[F, n) are the predecessor and successor of n. Then
forallneN

Fz'n' Q™"

and therefore (1).
(i) Let Z € A°. Then in %

Ox"0'Z=2(0x"1" 2)

=Z(ZQ0x"2" Z))

=2Z(ZQ(--- (22"(0x"n+ 1" 2Z))---))
=Z(ZQ(---(R)---)) bylemma 17.4.4,

=z(zo(-- - (ze@"3(ze"™h)---))
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and similarly for Oy "0'Z (if Z=Q, ZQ=9 or ZQ~?=9Q, then the
computation is somewhat easier).

(iii) In exercise 15.4.2 (ii) it is shown that for the natural choice of O one
has

(2) Ox"0' >4 oM=x EFV(M).
Now assume Ox " 0' = Oy "0" . By the CR theorem for 89 one has
0x 70" >4 aMy g0y 0",

contradicting (2). [

17.4.7. THEOREM. (i) HnV w.
(i) IC W er.

Proor. (i) Immediate by proposition 17.4.5 or 17.4.6.

(ii) Similarly. [

Using the idea behind the construction in proposition 17.4.6 one can
construct a kind of universal quantifier for sensible w-theories. Using this
one can give a representation of arbitrary II} sets in such theories. The
method is again from Barendregt et al [1978].

17.4.8. DEFINITION. Let A € A° be such that
AfTnt Ay [Ty "(Af T n+17 )]
Define II€ A°by II=Af.Af"0".

17.4.9. THEOREM. For all sensible A-theories §J one has for arbitrary F,G eA°
OVRENTHF 2" =G "n' =FutIF=1IG,
M VnENToFF n' =G n' oJelIIF=1IG.

PROOF. (i) Suppose F+-F"n' = G n" for all n. Claim:
VZe AN SGHIIFZ=1IGZ.

Indeed, given Z € A°, by lemma 17.4.4 for some n one has I+ ZQ~" = Q.
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Take n the least such. Then in §
MIFZ=AF"0" Z

=[Fr0",z[F'1",29--- [F'n",Q]-- ]]
=[G¢"0",z[¢"1",zQ--- [G"n" ,Q].]]

=A4G"0' Z=TIGZ.

Therefore by the w-rule Fek [T F = IIG.
(ii) (<) By the Bohm out technique. Note that IT F respectively I1G have
as Bohm trees .

Ayz.z

Ay

S
>
S

T

L

where A4, is BT(F " n') or BT(G"n') respectively. By proposition 10.3.7
and lemma 10.3.4 it follows that there are contexts C,[ ] such that
C,[IIF)=F"n’ and similarly for IIG.

Therefore for all n

FobF ' =C[IF]=C[0G]=G"n'. O

In order to represent II} predicates in e first we construct a term that
“codes” the Baire space NN. For simplicity it will be assumed that the
coding of finite sequences {ng, . .., n, » is such that Seq=N. Let * € A°
A-define *, ie *'s' 7 = "sx57 and write M+ N for *+ MN. For
f €NN the sequence number {f(0), ... .f(n—1)> is denoted by f(n). In
particular, f(0)= ¢ >, the code of the empty sequence.

17.4.10. LEMMA. There exists a B € A° such that

B's'»[B"s+0" ,B sx1",...].
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PrROOF. The sequence b s*0' b s+1" ...
(s *n)). Hence we can take

is uniform (via An.b

B=6(Ab.[b"s+0" b s+1",...]). O

Now B "( > represents the set of sequence numbers: if
B "(ny,...,m>)" is abbreviated by Bn, - - - n,, then

4
i
1
i

B"( >'=(BO,Bl,...>

= ((B00,BOL,...>,{(BI10,Bl1,...>,...>

Let P(n) be a I1} predicate. Then
(N P(n)=Vf Im R(f(m),n)

for some recursive R. A sequence number s is n-secured iff s’ <s R(s', n),
otherwise n-unsecured. Then P(n) holds iff the n-unsecured sequence
numbers are well-founded (i.e. not s, <s, <s,< - - - for some infinite
sequence of n-unsecured sequence numbers).

Now the construction in lemma 17.4.10 will be modified in order to code
the set of n-unsecured sequence numbers.

17.4.11. LEMMA. There is a term [} such that in I

O'n s = { | ifsis n-unsecured,
Q else.

Proor. The notion “s is n-unsecured” is recursive, hence a fortiori r.e..
Therefore lemma 16.1.10 applies. [

NoTATION. []" denotes []" n' and similarly for terms derived from [].

17.4.12. LEMMA. There is a B € A° such that

B""sT "’ [B"rs*m LB sl ]
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PrROOF. As for lemma 17.4.10. []
Now B""( ->" represents in I the n-unsecured sequence numbers:

B"T( ' =[B"0,B"1,...]

=[[B"OO,Q,B”O2,...],[Q,B"ll,...],...]

if e.g. <0, 1> and {1,0> are n-secured.

17.4.13. DEFINITION. Given a II} predicate P(n) satisfying (1) above and
the corresponding [, then as before one can construct a term B € A° such
that

Bixs—» OxsII(Aa. Bix(s#*a)).
Let B"=B"i' "n'. Then
2) B's—[1"sI1(Aa.B](s*a)).

17.4.14. THEOREM. Let P(n) be 11} and satisfying (1) above and let B € A° be
the term satisfying (2). Then

P(n)=>XHwFBr"¢ Y'=Br"( .
Proor. First we claim
(3) sis n-secured=>3CwFBé’ "s'=Bp's'.
4) [Vm Wt By 's*m’ =B's+m’ |=>KwtBf's' =B's".
For by lemma 17.4.11 one has in I
sis n-secured=[1""s' =Q

=>By's'=Q=B7"s".

And if s is n-secured, then (4) follows from (3). Otherwise [T"'s' =1 and
hence by (2),

B§'s' =II(Aa.B{(' s = a)),
B"s' =1(Aa.B("s" +a))

and (4) follows from theorem 17.4.9.
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Now suppose P(n). Then by (1)

(5) Yf Am f(m) is n-secured.

Now it follows from (3), (4), (5) and bar induction that Jwt B¢
"¢ >'=B!'"( >'. (The reader unfamiliar with bar induction may
consult exercise 17.5.17.) [

From the proof of theorem 17.4.14 one gets the feeling that the well-
foundedness of the n-unsecured sequence numbers is essential in order to
show Hwk By "¢ > =B""¢ >'. Therefore
(6) P(n)oXetBg "¢ ' =BT .

For a precise proof a deeper analysis of Hw is needed.

17.4.15. CoNsECTURE. w0 is a II}-complete theory.

MortivaTION. As Jw is given by an inductive definition, it is IT. Let P(n)
be an arbitrary II; predicate. Then it follows from (6) that P(n) can be
reduced to provability in Hw. [J

The following result shows how the various A-theories are interrelated.

17.4.16. THEOREM. The following diagram indicates all possible inclusion
relations of the A-theories involved (if J, is above T,, then I, C ).
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PROOE. Let T.be A, 3 or B. Then § CINCTo g IH*by §173,§174
§ 16.4 and exercise 17.5.20. That B w ¢ Jyr is conjectured by Sallé. The
other relations and incomparabilities are obvious. []

17.5. Exercises

17.5.1. Let § be a sensible A-theory. Show that F is not r.e. [ Hint. There is no F-easy term.]
17.5.2 (M.Bel). (i) A magic triple is a set of three terms {M, N, L} such that Con(M = N),
(Con(N = L), Con(L = M) but ~Con(M = N = L). Construct a magic triple. [ Hint. Take
{1, 2, 28} and use proposition 14.5.9.]

(i) There exists for n > 3 a magic n-tuple, i.e. a set of n-terms such that for each proper
subset it is consistent to equate all terms in that subset, but not so for the set itself. [ Hint.
Using proposition 17.1.9 (ii) (or exercise 4.3.2 (iii)), construct terms €, . . ., &, such that

VM, ..., M, Con({@,=M,... A Q=MD

Then take {}, @, @)@, Q(R,%3), . . ., Qy(Ry( - - - (B 1 R0).)), (- - - €,8).)}.]
17.5.3. (i) Let I be s.s and such that
(*) BCT.
Suppose that (1) FQ =gM and (2) M is Q-free. Show that VN FN = M.

(11) Show that in (i) condition ( + ) cannot be omitted, even not if (2) is replaced by (2') M is
a nf.
17.5.4. Show that every Visser open subset of A contains an unsolvable term.
17.5.5. Let § be r.e. Show that J(J) with the Visser topology is a T,-space but not a
T,-space.
17.5.6. Let J be an arbitrary A-theory. Show that there exists a term that is 5 -unsolvable.
17.5.7. Show that every r.e. A-theory J that is s.s. can be embedded in a finitely axiomatizable
(over A) theory .
1758. Let Q,=2"n".

(i) Show that AF € A° FQ, = FQ, = Fx.

(ii) Show that 3F, G € A® (FQ = G A Fy = G A Fx = Gx}. [Hint. Simple terms can
be found.]
17.5.9. (i) Let Z be Plotkin’s term constructed in definition 17.3.26. Find a common reduct for
Z(E"0") and Z(E"3).

(i) Consider an applicative term system with constants {F,, G,, E,},cn and with the
reduction rules

FnMN—')Fn[Fn+lGn+1NM]Em
Gn_’F +lGn+lEn+lGn'

n

Construct in this system a common reduct for FyGyEy and FyGyE,.

17.5.10 (Plotkin [1974]). Let F, G, = be as in definition 17.3.26. The aim of this exercise is to
prove lemma 17.3.29 (i), i.e.

(+) XEp, Ex

(i) Let y EFV(N), o: FMNL —»gZ, y € FV(Z). Show that there is a reduction
o' N—S»BN’ such that y & FV(N’) and |jo’| < | o]
(ii) Let y € FV(L), 0 : FMNL —s»ﬂZ,y & FV(Z). Show that y &, L.
(iii) Show that (+) holds. [Use corollary 15.1.6.)
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17.5.11. (i) Let M be not a 8-UG and N be arbitrary. Show that in A the term rule holds for
M and N (ie. [VZ € A° MZ = NZ]= Mx = Nx).
(i1) Show that At ¢r.

17.5.12. Let Ayk, M = N mean that M = N is derivable in An with a proof of length <k.
Parikh’s w-rule for Ay is

JkENVZ €AMb, MZ = NZ]=>Agt M = N.
k

Show that this is derivable for arbitrary terms.

17.5.13 (Klop). (i) Show that there is a 7-UG which is not a -UG [Hint. Let U be a 8-UG;
let U™ be U with all variable occurrences z that are passive (not occurring in a subterm (zN))
replaced by Ax.zx. Then U™ works.]

(i) Let M, N & B-9 G . Show that in Ay the w-rule is generally not valid for M and N.
17.5.14. Show that if BT(M) is finite and VZ € A° Hq+ MZ = NZ, then BT(N) is finite.
[Hint. Use Z=P,=Axy- - - x,. {Xg, . . ., X, ), for large n.]

17.5.15. (i) Show that if M, N are BnQ-nf’s, then in IC the term rule holds for M and N.

(ii) Show that if in (i) the notion “are BnQ-nf’s” is replaced by “have fnQ-nf’s”, then the

result is no longer valid.

17.5.16. Draw BT(B "¢ )>7), where B is as in lemma 17.4.10.
17.5.17 (Classical bar induction). Let P(s) be a predicate on sequence numbers. Suppose

(1 Vf:N>N 3IneN P(f(n),
2) (VneN P(s = {(n)))=> P(s), for all s € Seq.

Show that P({ ).

17.5.18. Show that Alpl w.

17.5.19. Show that there is no minimal A-theory D A.
17.5.20. Show that Dnltw. [Hint. Use lemma 16.4.4.]

17.5.21. (i) Show that if J, F" are A-theories, then so is § N J". (See also exercise 5.6.13.)
(ii) Consider the drawing in theorem 17.4.16. Show that

An NI A, Ao N = Ay,
Ann® =X, By NHw=Hn.

PART V

MODELS




466 OTHER LAMBDA THEORIES CH.17,§5

17.5.11. (i) Let M be not a 8-UG and N be arbitrary. Show that in A the term rule holds for
M and N (ie. [VZ € A° MZ = NZ]= Mx = Nx).
(i1) Show that At ¢r.

17.5.12. Let Ayk, M = N mean that M = N is derivable in An with a proof of length <k.
Parikh’s w-rule for Ay is

JkENVZ €AMb, MZ = NZ]=>Agt M = N.
k

Show that this is derivable for arbitrary terms.

17.5.13 (Klop). (i) Show that there is a 7-UG which is not a -UG [Hint. Let U be a 8-UG;
let U™ be U with all variable occurrences z that are passive (not occurring in a subterm (zN))
replaced by Ax.zx. Then U™ works.]

(i) Let M, N & B-9 G . Show that in Ay the w-rule is generally not valid for M and N.
17.5.14. Show that if BT(M) is finite and VZ € A° Hq+ MZ = NZ, then BT(N) is finite.
[Hint. Use Z=P,=Axy- - - x,. {Xg, . . ., X, ), for large n.]

17.5.15. (i) Show that if M, N are BnQ-nf’s, then in IC the term rule holds for M and N.

(ii) Show that if in (i) the notion “are BnQ-nf’s” is replaced by “have fnQ-nf’s”, then the

result is no longer valid.

17.5.16. Draw BT(B "¢ )>7), where B is as in lemma 17.4.10.
17.5.17 (Classical bar induction). Let P(s) be a predicate on sequence numbers. Suppose

(1 Vf:N>N 3IneN P(f(n),
2) (VneN P(s = {(n)))=> P(s), for all s € Seq.

Show that P({ ).

17.5.18. Show that Alpl w.

17.5.19. Show that there is no minimal A-theory D A.
17.5.20. Show that Dnltw. [Hint. Use lemma 16.4.4.]

17.5.21. (i) Show that if J, F" are A-theories, then so is § N J". (See also exercise 5.6.13.)
(ii) Consider the drawing in theorem 17.4.16. Show that

An NI A, Ao N = Ay,
Ann® =X, By NHw=Hn.

PART V

MODELS




Scott (photo by Hyland (photo by
B. Obrecht, 1969) Mrs. D. van Dalen, 1981)

Koymans (1984) Longo (photo by
Palamidessi Catuscia, 1983)

Plotkin (photo by Wadsworth (1974)
the author, 1979)

I

‘
|

*

[,

S

s

CHAPTER 18

CONSTRUCTION OF MODELS

In chapters 4 and 5 the term models of consistent A-theories were
introduced. These were constructed starting from a set of equations to be
satisfied in the model.

With the so-called *“ mathematical” models the situation is reversed. There
one starts with a structure whose objects can be interpreted both as
functions and arguments. Then later one may study the set of equation true
in the model.

The first mathematical model was D_ constructed by Scott in 1969 as a
projective limit of complete lattices. One of the reasons why his construction
works is that complete lattices with appropriate continuous maps form a
cartesian closed category with function spaces [D — D] of the same cardi-
nality as D. And cartesian closedness corresponds to Schonfinkel’s idea of
reducing functions of several arguments to those of one.

Somewhat easier to construct than D_ is the graph model Pw, due to
Plotkin [1972] and Scott [1974], independently.

The constructions of D and Pw can be formulated also in the cartesian
closed category CPO. We will do so, since cpo’s are useful also for other
models such as B and T*; see Plotkin [1978] or Barendregt and Longo
[1980] for the latter model.

The plan of this chapter is as follows. The general method for the
construction of A-models, described in § 5.4, is used in § 18.1 to construct
the graph model Pw and in § 18.2 to construct the models D, . Finally in
§ 18.3 the Bohm tree model B is introduced.

18.1. The graph model Pw

In this section it will be shown that the powerset of the natural numbers
is a reflexive cpo. Therefore, by § 5.4, this structure yields a A-model.

18.1.1. DEFINITION. Pw = { x|x € N} is the power set of N, partially ordered
by inclusion, C.

469
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The construction of the graph model of Plotkin and Scott depends on the
fact that a continuous function on Pw can be coded as a set. The same idea
is used in Rogers [1967] §§ 9.7, 9.8. See Scott [1975], [1976] for discussion.

Pw is an algebraic cpo and will always be considered with its Scott
topology. This topology is determined by finite positive information: the sets

0,={xlecx}, efinite,

form a base. By contrast the Cantor topology (the product topology on
Pw={0,1}N with {0,1} discrete) is determined by finite positive and
negative information. For example,

{x€ePwlT€x,13¢ x}

is open in the Cantor topology, but not in the Scott topology.

18.1.2. PROPOSITION. Let f: Pw — Pw.
(i) f is continuous = f is monotonic
(ii) f is continuous < f(x)= U{ f(e)|e C x, e finite }.

PROOEF. (i) By corollary 1.2.7,
(ii) By propositions 1.2.24 and 1.2.31. O

18.1.3. DerFINITION. (Coding of ordered pairs and finite sets.)
(i) For n,meN, let

(n,m)=3n+m)(n+m+1)+m
(i) For n € N, define the finite set e, as follows.
e,= {kgs-oskpy_y ) Withkg <k <--- <k, , o n= ) 2%,

i<m

ExaMPLE. To calculate e4, write 13 in binary notation: 1101. This gives
e,3 = {0,2,3}. To calculate n, m such that (n, m)= 13, realize that

14

9 13

5 8 12

2 4 71

0 1 3 6 10

is the picture corresponding to the coding (n, m). Hence (1,3) = 13.
Note that (0,0)=0, e, =0 and e, = {0}.

18.1.4. PROPOSITION. (i) X\ nm.(n, m) is a bijection mapping N2 onto N.
(1) X\ n.e, is a bijection mapping N onto { x € Pw|x finite}.
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ProoOF. Standard. O

The construction of Pw can be carried out for arbitrary bijective codings
(n,m) and e,. However, for the structure of Pw the specific coding is
essential. See exercise 19.4.7.

Since by proposition 18.1.2 a continuous f: Pw — Pw is determined by its
values on the finite sets, f can be coded as an element of Pw. This gives a
continuous map

graph:[ Pwo = Pw] — Pw

with an obvious “inverse” and the result of § 5.4 can be applied. Recall that
[Pw — Pw] is an algebraic cpo with pointwise inclusion and has the corre-
sponding Scott topology.

18.1.5. DEFINITION. (i) For f € [ Pw = Pw], let
graph(/) = {(n, m)im f(e,)}.
(ii) Let u € Pw. Define fun(u) € [ Pw — Pw] by
fun(u)(x)={m|de, S x(n,m)€u}.
18.1.6. PROPOSITION. (i) graph:[ Pw — Pw]—> Pw is continuous.
(i) Vu € Pofun(u) € [ Pw — Pw].

(iii) fun: Pw — [ Pw — Pw] is continuous.
(iv) Vf € [Pw — Pw]fun(graph(f))=f.

(v) Vu € Pwgraph(fun(u)) D u.
PROOF. (i) Let F C [Pw — Pw). Then
graph(LF) = {(n, m)ime (UF)(e,)}
={(n.myme U s(e,)}

feF

= U {(n,m)imef(e,)}

feF

= U graph(f).

fEeF

Hence graph is continuous by proposition 1.2.6.
(i1) Let g = fun(u) and let X C Pw be directed. Then

g(UX)={m|de,c UX(n,m)€u}
= U {m|3e,c x(n,m)c u}

xeX

U g(x)

xeX
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ithe middle equation holds since X is directed), and proposition 1.2.6
applies.
(iii) Let U C Pw. Then
fun(UU)(x)={m|Te, C x(n,m)e VU }

= U {m|3e,c x(n,m)eu}

uelU

= U (fun(u)(x))

uel
= (uIEIU fun(u))(x).

Hence fun(UU)= U fun(u) and therefore fun is continuous.
uelU
(iv) Let f€ [ Pw — Pw]. Then

fun(graph(f))(x) = {m|3e, € x(n, m) € graph( f)}
={ml3e,cxmef(e,)}
=U{f(ele,cx}=1(x)

by proposition 18.1.2(ii). Therefore fun(graph( f))=f.
(v)  graph(fun(u)) = {(n, m)im € fun(u)(e,)}
={(n,m)3e, Ce,(k,m)eu}.

Now let p € u and say p = (n, m). Then p € graph(fun(u)), since e, C ¢, and
(n, m)=p € u. Therefore u C graph(fun(u)). O

It now follows from the results of § 5.4 that Pw can be considered as a
A-model. To make this model more explicit, the following notation is
introduced.

18.1.7. DEFINITION. (i) For x, y € Pw let
x+y = fun(x)(y) = {mf3e, C y(n, m) € x)
(ii) For f€ [Pw**! > Pw] let
A°x.f(x, ¥) = graph(X x.f(x, 7))

={(n,m)mef(e,, ¥)}.
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18.1.8. COROLLARY. (i) Pw = (Pw, -) is a A-model.
(ii) The representable functions on Pw are exactly the continuous ones.
(iii) The interpretation of A-terms in Pw is inductively defined as follows. Let
p be a valuation in Pw.

[x1}°=p(x),
[MN1e=[M1Z-IN1E = {m|3e, CIN1E“(n, m) € [M]2° ]},

[Ax. M)l =XalM 5(“;:=a)={(n,m)|m6|[M P }

p(xi=e,)

PrOOF. By proposition 18.1.6 F = fun and G = graph is a retraction pair
showing that P is a reflexive cpo. Hence definition 5.4.2 and theorem 5.4.4

apply. 0O
Following convention 5.3.8 we write e.g.: “in Pw one has
xa={m|de,Ca(n,m)ex},
Ax.xa={(n,m)mee,a}

={(n,m)3e, ca(n’,m)e€e,}”.

18.1.9. PROPOSITION. Let a, b € Pw and let A, B € 9 (Pw). Then in Pw one
has
(i) a € Ax.ax = graph(fun(a)).
(iDaca’,xCx'=axCa'x'.
(i) YVx ACBeAx.ACAX.B.

PROOF. (i) Ax.ax= graph(\ x.ax)
= graph(fun(a))
Da by proposition 18.1.6 (v).
(i) Application is continuous and hence monotonic.
(iii) («=) Suppose Ax.A C Ax.B. Then

A=(Xx.4)x
c (Ax.B)x by (ii),
= B.
(=) Suppose Vx 4 C B. Then
Ax.A={(n,m)meA[x:=¢,])}
c{(n,m)meB[x:=¢,]} =Ax.B. O
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It is easy to show that Pw is not extensional, hence in general a # Ax.ax;
see exercise 18.4.1.
18.1.10. COROLLARY. Let f€[Pw — Pw] and let a = graph(f). Then in Pw

a=2Ax.ax.

PROOF.
Ax.ax = graphe funegraph( f)
= graph( f) by proposition 18.1.6(iv),
=q. O
18.1.11. COROLLARY. Let M, M’ € A and C[ 1€ A[ ]. Then
PoEMCM = PoEC[M]cC[M].

Proor. By induction on the structure of C[ |. [

The following definition and lemmas are useful for the analysis of the
structure of Pw. At first reading the rest of this section may be omitted.

18.1.12. DEFINITION, For a € Pw and n € N, let
(a),= (meams<n).

Clearly a= U ,(a),.

18.1.13. LEMMA. The coding of the finite sets e, and the ordered pairs (n, m) is
such that
ymee, »>m<k,
(i) m< (n, m); n<(n, m),
(jiym=(n,m)yem=n=90,
vyn=(n,myem=0Ane{0,1}.

Proor. Easy. [

18.1.14. CorOLLARY (Basic equations for Pw).
(1) d=U n(d)m ((d)n)m = (d)m.in(n,m)'
(i) 0d=Ad.9 =0 = D),
(iii) (d)gc = (d)of = ((d)P) = (d9)o = (d);
(d)n+lc = (d)n+1(c)n = ((d)n+1(c)n)n < (d(c)n)n'

PrOOF. Easy. [J

Lemma 18.1.13 and therefore its corollary depend essentially on the
coding of finite sets and ordered pairs. Cf. exercise 19.4.7.
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18.1.15. COROLLARY. In Pw one has | # .
PROOF. If 1 = §, then

d=1d=0d=9 forallde Pw. O

Since Pw is not extensional, an f€[Pw? — Pw] can be represented by
several elements. It will be shown that there is a least representing element.
This will be useful for the characterization of equality in Pw.

18.1.16. DEFINITION. (i) Let ays...,a,, bl,...,bp € Pw. Say

ach iff a,Cb, forl<i<n.

(i) Let XC Pw?. Then & is a minimal element of X iff d€ X and
vbe X[bca=b=ad].

18.1.17. LEMMA. Let f € [Pw? — Pw). Then there exists a minimal a € Pw
such that

VX € PwP a¥=f()

PROOF. Write (n,)=n; and (ny, ny,... .0, 1) =(n,{Nny,...,0,,1)) for
nq, A,,..., € N, Define

a= {(kl,...,kp, m)|m ef(ekl,...,ekp) and
€, is a minimal such p-tuple} .

Then an easy computation shows that ¢ minimally represents f. [
18.1.18. NOTATION. (i) A~ X.f(X) denotes the element a constructed in the
previous lemma.

@) P, =A"xy - X,41.X,41%X0 " - X,, L.€. the minimal version of the
term P, needed for the Bohm out technique.
18.1.19. COROLLARY. Pw =P, aga; - a,,1=a,.,89 - a,. O

n

18.1.20. LEMMA. Lef Ao, ...,A,, Aj,..., A} € T(Pw). Then
PoEAxy -+ x, P A+ A, g Py A,

for =0, p, p'<n.
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PROOF. An easy calculation shows, in the notation of the proof of lemma
18.1.17, that forp < n

(1) Prxo %, = {(Kparse sy m)l3sg -+ 5, [, isa

minimal n + 2-tuple satisfying
€, € Xg,---,€, < x, and

mee e el e )
Now we show for agy,...,a,€ Pw, p<n,
(2) P ay---a,+0.
}I(;(}ieed by (1) (0,0,...,0,1,0) P, a, - --

Moreover if A € 9(Pw), then

a,, since e; = {0} and Vx{0}x =

(3) PoE (Ax.A))=0=3Am Vk(k,m,) €Ax.A.
Indeed, let m, € (Ax.A)D. Then by monotonicity
my€ (Ax.A)e, = A[x:=¢,] for all k.
Since Ax. A = {(k, m)|m € A[x:= e,]) we have Vk (k, my) €EAx.A.
Similarly one shows
(4 Por(AZAW#0=3m,Vk (k, my)€R.4,

where X = xo,...,xq,6= @,...,0. By (2) it follows that for p <n

(NEP Ay A,)) =Py Af--- A% %9,
hence by (4)
(5) Am, Yk (k,mo)e}\)"c’.P,,_Ao'--Ap.
On the other hand it follows from the minimality condition in (1) that
(6) (k,m)eP A --- A,ande, Ze, = (k',m)EP A} --- 4.

Now the statement of the lemma follows from (5) and (6). O
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18.2. The models D_

Scott {1969] and [1972] showed that each complete lattice D can be
embedded in a complete lattice D, such that

(+) D,=[D,~D,)

Moreover various other recursive domain equations like (+) can be
solved in a similar way; see exercises 18.4.19 and 18.4.26. By the result of
§ 5.4 it then follows that D_ is an extensional A-model.

The construction can be done also for cpo’s rather than complete lattices.
Following this approach, in this section D, D’,... will range over cpo’s
equipped with the Scott topology.

18.2.1. DEFINITION. A pair of mappings (¢, ¥) is a projection of D’ on D if
(i) ¢: D — D', {y: D’ — D are continuous,
(ii) ¥ e 9 =id (= N x € D.x),
(i) peyCidy, ie. VX ED @(Y(x))C x.

Clearly if (g, ¢) is a projection of D’ on D, then D is isomorphic to a
retract of D’ with retraction map ¢ ¢ . Then, up to isomorphism, D C D’.

18.2.2. LEMMA. Let (@, {) be a projection of D' on D. Then there exists a
projection (¢*, ¢*) of [D’ = D'] on [ D — D] defined as follows: for f€ D —
D], g€[D"— D]

o*(f)=@°f¥,
(see figure 18.1).

Y*(g)=yogoop.

o*(f)  y*(g)

R emmm oy
SR e

FiG. 18.1.

PROOF. One has
e*(f)=xx" €D .o(f(¥(x)))
=Xx"€D".o(Ap(f,¥(x)))
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and hence the continuity of ¢* follows by propositions 1.2.13 and 1.2.14;
similarly ¢* is continuous. Moreover

V(e (f))=vepofoyop=f
and similarly
e*(v*(f))csf. O

Lemma 18.2.2 shows in fact that in the category CPO* with as objects
cpo’s and as arrows projection pairs the F defined by

FD=[D - D]

can be considered as a functor, see exercise 18.4.26.

In order to construct D,, isomorphic to its own function space one has to
find a fixed point of F. Try D_ = lim,F"D. But in what sense does one take
the limit? Well, let p = (¢,, ¥,) be a given projection of FD on D. Then
(F"D, F"p) is an inverse system in CPO and one can define the inverse
limit

D, =1lim(F"D, F"p).
Then
[D,—D,]=FD,

= ].iin(F"+1D, Fn+1p) =D

-
This is the motivation behind the construction that follows.

18.2.3. LEMMA. Let D be given. Define maps ¢,:D — [D — D], Yo:[D— D]
— D by

Po(x)=Ny€D.x,
Yo(f)=f(1).

Then (@, Y,) is a projection of [D— D] on D, the so-called standard
projection.

PROOF. @, is continuous: for directed X one has
p(UX)=Xy.uXx

= U XNy.x by definition of LI in a function space,
xX€EX

Ugy( X),

SR 5 S
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and similarly ¢, is continuous. Moreover

Po(Yo(F)) =@o(f(L)) =Nx./(1)

CAx.f(x) since f is monotonic,
=/
trivially ¥ o @ = id p. O

18.2.4. DEFINITION (Construction of D). Let D be given and let (g, ¥,)
be the standard projection of [D — D] on D. Define

Dy,=D,
Dn+1 = [Dn - Dn]’
(‘Pn+1a ‘Pn+l) = (‘P:’ \P:),

the projection of D, ., on D, defined from (¢,, ¥,,) in lemma 18.2.2. Then

Po P

D, D, D,
Yo ¥
FiG. 18.2.

Hence (D,, ¥,,)en 18 an inverse system of cpo’s. Finally define
Doo = ]jm(Dn’ \pn)'

In the rest of this section D is a fixed cpo and D,, D, are the resulting
cpo’s constructed as above.

Nortartion. For D C I1, .y D, the following conventions will be used. Let
x € D,. Then

x,=x(n),
X =(Xgs X1, ) = {Xpnen = {Xn)-

18.2.5. DEFINITION. (i) For n, m € N define ®,,,: D, — D,, (by following the
arrows in figure 18.2) as follows.
If n <m, say m = n + k, then ®,,, is defined by induction on k:

®,. =XxxeD,.x,

(I)n(m+l) = q')m ° (I’nm'
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If m<n, sayn=m+k, then ®,,, is again defined by induction on k:
Pint 1ym = P © -

() @,:D, — D, is defined by ®_,(x) = x,,.
(lll) q)noo :Dn - Doo iS deﬁned‘ by q)noo(x) = <(I)ni(x)>ieN‘

18.2.6. LEMMA. (i) For 0sn<m< o0, (®,,,®,,,) is a projection of D, on
D,
(i) For0Osnsm<gi< o

q)ml ° (Dnm = (I)nl'

PrOOF. Standard. [

By the remark following definition 18.2.1 it follows that up to isomor-
phism
DycD,c---CD,.

In fact in the category CPO, D, is not only an inverse limit lim(D,, ¢, ) but
also a direct limit

D,=lm(D,,¢,);

see exercise 18.4.17.

Henceforth each element x € D, will be identified with @, (x)€ D, , as
is customary for direct limits. This makes properties of D, more elegant to
formulate.

18.2.7. LEMMA. (i) If x € D,, then x,, = x.
(ii) If x € D,, then @,(x)=x
(iii) If x € D, ,, then ¥,(x)C x.

PROOF. (i) x in D is (..., ¥,_;(x), X, 9,(x),...). Hence x, = x.

(i) @,(x) in Dy is (..., ¥, (9,(X)), §,(x), Py 1(Pu(X)),...). Since
¥,(®,(x)) = x, this is the same as x in D_.

(iit) Analogous, using @,(¢,(x)C x. O

18.2.8. LEMMA. In D_,
(1) (xn)m = xmin(n,m)’
({yn<m=x,Cx,Cx,
(111);x =u nEan’
(iv) L, is the bottom element of D,,
wi,=1.
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PROOF. (i) If m < n, then
(%) = Bom X = ¥msr® -0 oYy 1(X,) =,
since x € D. If m > n, then by lemma 18.2.7(ii)
(%)= Pmr® o 29, (x,) = X,
(ii) By lemma 18.2.7(iii)
X = Y (Xpni1) E Xy
Hence x,C x; C - - -. Furthermore x, C x since
V(%) = Xunings, ) E X,

(i) By (ii) the set X = {x,|n €N} is directed. Hence by proposition
1.2.19

UX={U,(x,))ien

= ';’ Xmin(n, )i €N by (i),

=(x;)ien by (i),
=x.

(iv) Let 1, be the bottom element of D,. Then again by proposition
1.2.19

L=uf=(UPen={ L nen-

Hence L,=1,.
(v)By(@i) L,ELc 1, hence L=1, O

The following lemma is useful for determining the applicative behavior of
x,forxeD,.

18.2.9. LEMMA. Let x, y€ D,.. Then for all n,k €N withn <k
(D) x4 1(0) E x4 1(10)s
(1) (X D 1) = X, 1Y),
(111) (xk+1(yn)k)n = xn+1(yn)'




482 CONSTRUCTION OF MODELS CH. 18,§2

PROOF. (i) It is sufficient to prove this for k =n + 1.
%01 (3) = (Vs 1(2,02)) (¥ (541))  sincex, ye D,
=¥ ° X120 P (D 1))
=, (%12 (@ 2 ¥ (3011)))

C¥,(%,42(0511))  since (@,,¥,) is a projection,

C X,2( Y1) bylemma 18.2.7(iii).
(ii) By induction on k > n. If k = n, this is trivial, so consider k + 1.
(xn+1)k+2(yk+1)=(pk+1((xn+l)k+1)(yk+l)
=@ (Xni1) k1 ® ¥ (i)

= q’k((xn+1)k+1()’k))
= (xu11)x1{¥c) bylemma 18.2.7(ii),

=x,,1(»,) by the induction hypothesis.

(iii) By induction on k > n. The case k = n is trivial, so consider k + 1.

(s 2 inn) s = Pes 1 (s (96 ((3) )
=@, o, 0%, q)k((yn)k)
=@, (Vi1 (i 2))(() )
=0, (xc1(n)e)

= (xk+1(yn)k)n

=x,.1(y,) by the induction hypothesis. [

Now we can define a binary operation which will make D, into an
extensional A-model.

18.2.10. DEFINITION. A binary operation application is defined on D, as
follows:

(1) xy=Uxa0).
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That is, if x, y € D, then
@ = U (Ap (B (%), @ (1)

where Ap,:[D,,, X D,]— D, is the canonical application, see proposition
1.2.13.

By convention this definition will be written down simply as (1). The full
meaning of (1) is formulated in (2).

18.2.11. PROPOSITION. Application on D, is continuous.

PrOOF. By definition 18.2.10 in its form (2) and the continuity of the ®,;
and Ap, using lemmas 1.2.10 and 18.2.9(1). O

18.2.12. PROPOSITION. Application in D is well-defined, in the sense that if
x€eD, ., y€E,, then

x-y=x(y).
PROOGF.
X-y=X,,1'Y, bylemma18.2.7(i),

;jo(xn+1)i+l((yn)i)

i=

4I_l0x,.+1(y,‘) by lemma 18.2.8(i),

=x,+1(y,) bylemma18.2.9(i). O

The following equations are important for determining the structure of
D,

o
18.2.13. PROPOSITION. For x, y€ D, andn€N
(1) Xns1' YV =Xpe1° V0= (x 'yn)n’
(i) xo-y=x=(x" L),
PROOF. (i)

[o¢]
Xn+1 V= il;'o(xn+1)i+1(y[)

o0
= u (Xp+1)i41(y;) by lemma 18.2.9(i),

Cg i

X,:1(y,) bylemma 18.2.9(ii),

i

n

=Xx,.,'y, byproposition18.2.12.
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On the other hand

(x-3)a= 5, (i -(1))

i
lEs

(xi+1 '(yn)i),, by continuity,

Il
Cs8

(x:41((%,))), by lemma 18.2.9(i),

n

= Ux,,,(y,) bylemma 18.2.9(iii),
1

=Xn41 V-
(i)
Xo y=(x0); "y
=(x¢),(») by (i) and proposition 18.2.12,
= @o(x0)(¥o) = Xo-
Moreover:

xo=¥o(x) =x,(1)

=x(Lo)=(x"L)o, by (i). O

18.2.14. THEOREM (Extensionality). For x, y € D
()xCyeVzeD x-zCy-z,
(i) x=yeVzeD x-z=y-z.

PROOF. (i) (=) By the monotonicity of X x(x - z).
(=) Suppose Vz x-zCy-z. Then x- L Cy- L, hence by proposition
18.2.13(ii)

xo=(xL)oC (¥ L)o=Jp-

Moreover x -z, C y - z,. Hence by propositions 18.2.12 and 18.2.13(i)
Xpa1(2,) = (x-2,), E (¥ 2,) = Y1 (2,)-

It follows that
VnVzeD, x,.1(2)Ey,1(2),

hence Vn x, . C¥,,q, 1.6. XE .
(ii)) Immediate by (i). O

R S e
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18.2.15. THEOREM (Completeness). Define for f€ [D,, — D, ]
0f=U(y€D,.(£())a)-

Then
VyeD, f(y)=0Of-y.

PROOF. Note that the supremum defining Of is directed. Also note that if
for a;; in a cpo

Vi, jdk a;Cay,
then

Ua;=Uag.
i, k

Now
0f y=U@f)ms1(¥m) = U (O yu) m
= 1;11 ((l;lxyGDn-(f(y))n)wm)m
= U ((xy€D,.(f(9))) V)
U (X y € Dy (£(9) ) () m
(fOm)m= B (F);

f()=1(»).

3

il

3

[
=~

These equations follow easily from the continuity (monotonicity) of the
functions involved and the remarks above. [

18.2.16. THEOREM. D, =[D, — D_) up to isomorphism (in fact homeomor-
phism, hence partial order isomorphism).

PrROOF. For x€ D, let F(x)=Xy€ D_.x.y. F is surjective by theorem
18.2.15, injective by theorem 18.2.14(ii) and continuous by proposition
18.2.11. The inverse of F is by theorem 18.2.15

G= XU ®p (X y € D,.2,,,(/(2,e(1))))

which is continuous by lemma 1.2.10. Since continuous maps are also
monotonic, the spaces are isomorphic cpo’s. [J
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18.2.17. COROLLARY. (i) (D,, ) is an extensional A-model in which the
representable functions are exactly the continuous ones.
(i) The interpretation of A-terms in (D, -) is given as follows. Let p be a
valuation in D, then
[x],=p(x),
[MN1,=[M1,INT,,

[Ax.M],=Xde D IM],._,,

where
}\Gd € Doo'[[M]]p(x:=d) = G(Xde Doo"IMIIp(x:=d))'

PrOOF. By § 54. O

Again one uses convention 5.3.8. E.g. in D,

Ax.x=U(Mx€D,.x).

18.3. The model B

The set of Bohm-like trees B will be made into a A-model. The continuity
theorem plays an important role in the construction. For the resulting model
B one will have

BEM=N < BT(M)=BT(N).
18.3.1. DEFINITION. (i) Let 4,, 4 € 8. Then lim
A,C--- and U 4, =A.
(ii) Let M, € A, A € B. Then lim

(iii) Let M,, M€ A. Then lim
BT(M).

14,=Aif A,C A, C

n—o0

M, =Aiflim,
tM,=M if lim

1BT(M)=A.
1BI(M,)= &

n—oo

n—>o0 n—oo

18.3.2. DEFINITION. Let A, B € B, Define
()A-B=AB=1lim,_,  1(M My.), see definition 10.1.16.
(i) Ax.A =lm,_, T (Ax.M).
(iii) A(x:= B)=lim MM n[x:= Mg.)).

n—oo

18.3.3. LEMMA. The increasing limits in definition 18.3.2 exist.

PROOF. (i) Since 4" C A"*! one has M. M,.+1 and similarly for the B,.
Hence by corollary 14.3.20(iii)

MA"MB" g MAn+1MBn+1.

Therefore lim,,_, ., T (M »Mgn) exists.

(ii), (iii) Similarly. O
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Note that A(x:= B) is the result of “substituting B for x in A and then
working out the resulting tree labelled tree”. For example

(Az.x  Ny=Aww)=Az.x

A,

Aw.w

(Az.x Wx=Aw.w)=Az.y

A

Aw.w.

18.3.4. PROPOSITION. (i) Let M, N € A. Then
BT(MN )= BT(M)BT(N),
BT(Ax.M)=Ax.BT(M),
BT(M[x:=N])=BT(M)(x:=BT(N)).

(ii) The operations N AB.AB,\ A(Ax.A) and N\ AB.A(x:= B) are con-
tinuous on B.

ProoOF. (i) Since M™WC M, M"WN™LC MN, that is BTI(M™WNM)C
BT(MN); it follows that a

BT(M)BT(N) = UBT( MBT"(M)MBT"(N))
n
= UBT(M(")N(”)) by definition 10.1.18,

C BT(MN).
The converse inclusion follows from
(1) Vk3n BT¥(MN)C BT(M™WN™),
since then

BT(MN)=|JBT*(MN)
k
clUBT(MWN™)

= BT(M)BT(N).
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To show (1), recall that

Oy ={NeAMPC N}

is a basis neighborhood of M. Given k one has MN € Opyn. - Hence by the
continuity theorem for some k,, k,

Or, kON, iy € Oumw k-
Let n >k, k,. Then

M®Me OM,kl’ N e ON,k2
=M"IN®De Oy, = (MN)PCcMON®

This proves (1).

The proofs of the other statements are similar.

(it) We show that 4 - B is continuous in 4. Let A = U , 4, be a directed
union. Then

AB=UBT(M,. M),

U(4,B)= U' BT( M, M. ).
k k,n

Clearly U (A4, B)< AB. To show the converse inclusion, note that

ArclJ4;.
k

Since A" is a compact element of B it follows that A" C A7 for some k.
Therefore

Mp My = MypMp.CMyMp = BT(MMp.) C BT( M, M)

and it follows that ABC U (A4, B). This shows AB= U ,(A4,B) and the
continuity in A4 follows from proposition 1.2.6. The continuity in B is
proved similarly. By lemma 1.2.12 we are done.

In the same way the other operators are proved to be continuous. [

18.3.5. LEMMA. Let lim,, T M, =A and lim,_, 1 N, = B. Then
() AB=1lim,_ 1t M,N,,
() Ax.A4=1lm, , TAx.M,
(iii) A(x:= B)=lim T M, [x:=N,].

n— oo

shesh SRR M R
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PROOF. (i)

= U BT(M,)BT(N,) by continuity of -,

n,n’
=|JBT(M,)BT(N,) since the M,, N, are linearly ordered by C ,
=|JBT(M,N,) by proposition 18.3.4(i).

n

Therefore AB=1im,,_,
(ii), (iii) Similarly. O

T M,N,.

Substitution of trees and operations on them interact as expected.

18.3.6. LEMMA. (i) x(x:=C)=C.
(1) y(x:= C)=y.
(i) (AB) x:= C)=(A(x:= C)} B(x:=C)).
Av) (Ay. A)x:=C)=Ay. A if x=y,
=Ap.A(x:=C) ifx#y.

PrOOF. In (i) x stands of course for BT(x). Since all cases are similar we
show only (iii).

(AB)(x:=C)=nlirr°1o "M Mg x:= M|
=nlin:o T Mn[xi= Mo | Mpa| x:= M ]
=(n1in:o T Mp[x:=M, "])(,,IEI;TMB"[X:=MC"])
=A(x:=C)B(x:=C),
using several times lemma 18.3.5. [

18.3.7. LEMMA. (i) (Ax. A)x = A.
(ii) (Ax. 4)B = A(x:= B).

PROOF. (i)
(Ax.A)x= lim T(Ax.M)x= lim T M,.= A.

(ii) By (i), substituting B for x and lemma 18.3.6.

Now it will be shown that B can be turned into a A-model.
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18.3.8. DEFINITION. For a valuation p in B define [M], inductively as
follows:

[x1,=p(x),
[c d, =4,
[pPQl,=1rP1,00],.
[Ax.P1,=Ax[Pl, -1y

18.3.9. LEMMA. Let M € A(®B). Write M = M(X,¢,)= M(Z, y)[y:=,] with
all constants and free variables displayed. Then in B

[M], = BT(M(%, 7))(%, y:=p(x), 4),
where (X, .= p(x), A ) denotes simultaneous substitution.

PROOF. Induction on the structure of M, using BT(P)(z:= BT(z))= BT(P)
by proposition 18.3.4. [

18.3.10. THEOREM. Let B = (B, -,[ ]).
(1) B is a A-model
(i) B M=N < BT(M)=BT(N).

PROOF. (i) The only non-trivial things to show are conditions 4 and ¢ of
definitions 5.3.1 and 5.3.2 respectively.

As to 4, let P € A(®B). For notational simplicity assume that P does not
contain constants. Let (—) denote the substitution (}:=m) for y=
FV(P). Then

[Ax.P],.A=BT(Ax.P)(—).4, bylemma18.3.9,
= (Ax.BT(P)(—)).4, by proposition 18.3.4,
=BT(P)(x:=4)(—), bylemma 18.3.7(ii),
=[Pl,.=4), bylemma18.3.9.
As to &, use a similar notation as above.
vA € BIMY, (.- y=IN1, =5
= VA€ BBT(M)(x:=A)(—)=BT(N)(x:=4)(—)
= BT(M )(—)=BT(N)(—), by taking 4 = BT(x),
= Ax.BT(M)(—)=Ax.BT(N)(—)
= BT(Ax.M)(—)=BT(Ax.N)(—)
=>[[)\x.M]]p=|[}\x.N]]p.
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(i) B=M=N= Vp[M], =[N],
= BT(M)=BT(N)
taking p(y)=BT(y). Conversely
BT(M)=BT(N)= BT(M)—)=BT(N)}—)
- [M],=INI,
= B=M=N 0O

18.3.11. CorOLLARY. Th(B)=%. O

REMARK. Although (%8, -) is a A-model with continuous - (with respect to
the topology on ®B), not all continuous functions are representable. See
exercise 18.4.25.

18.4. Exercises

18.4.1. Show that Pw is not an extensional A-algebra. In particular PwV1 = I, where 1 = Axy. xy.
1842 Let T=N and 1 =@ be top and bottom of Pw. Show that in Pw
@) Tx=7T=Ax.T,
(i) Lx=L1l=Ax. 1.
Exercises 18.4.3-18.4.9 are due to Scott [1975, 1976]:
18.4.3. Define

F={a€ Pwla=1a} (functions),

R = {a € Pu|a=a- a} (retraction maps),

C= {a€ Pw|lCa=a-a} (closure operations).
Then F2 R 2 C. For a € Pw define

d={x€Puwlax=x}.

(i) Show that

(1) a € F= a is a complete lattice.

(2) a € R = d is a continuous lattice.

(3) a € C= a is an algebraic lattice.

(ii) As a converse to (1), show that

(1) If D is a complete lattice and D has a countable base for its Scott topology, then 3a € F
a=D.

(2) If D is a continuous lattice and D has a countable base for its Scott topology, then 3a € R
a=D.

(3) If D is an algebraic lattice and D has at most countably many compact points, then
JaeCa=D.
18.4.4. For a, b € Pw defineae— b=Ax.boxea.

(i) Show that if f& (¢ o— b) and x €4, then f- x € b.

(ii) For X=F, R, C show that Va, b€ Xa°—> be X.

(iii) Prove Va, b€ R(a o= b) ={ad — b]. )
[Hins. Define for fe[d—b), ¢(f)=graph N\ x.f(a.x) and, for x€(ao—b) , p(x)=
fun(x)1 a.]
18.4.5. Show that 3@ € Pw C = 4. Hence (C, C) is a complete lattice. [Hint. x€EC = x=x°x
vl
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18.4.6. Define for a, b€ R
acs<bea=aeb=bea.

Clearly if g e b, then 4 is a retract of b. Show that o< is a partial ordering on R (or even on
Pw).
18.4.7. Show

(1)JeeCF=a,

(ii) Ja € F R = d (see also exercise 18.4.10).
18.4.8. Show 3a € C C = 4, hence is an algebraic lattice. [ Hint. Define V' =Aax.Yp(Ay.xUqg-
»), where Yp is the Jeast fixed point operator on Pw. Then

(1) Vx€ Pw VxeC.
(i) x € C= Vx=x. Hence V=C.

(iii) Ve C]
18.4.9. (i) Show 3ce C [c=co> ¢ A card(¢)> 1] [Hint. Consider f=XNc€ C.co— ¢ and
L=f"(). Show I, Cl;C -5l o<y e -+ . The least fixed point of f in the lattice (C, <)

is ¢= U ,enl,- Conclude that T, L € C']

(i) Conclude from (i) using exercise 18.4.4(iii) that there is a complete sublattice D of Pw
such that D=[D— D] and Card(D)> 1. By theorem 5.4.4 this D yields an extensional
A-algebra.

18.4.10 (Ershov). Show that —3a € R R = . [Hint. Let a € R; a is called nonextensive iff for all
finite e # § one has e C a.¢. a is called finite iff Vx € & x is finite. Let LI and ' be the sup and
inf operations on R.

(i) Show that for a, b € R, if a is nonextensive and b finite, then ¢ M b= L (= @).

(ii) Show that there exists a nonextensive ¢ € R such that a # L . [Define f(x)= {m|Ine x
m << n} where < is a linear ordering of N of order type Q (the rationals). Then f € [ Pw — Pw].
Take a = graph(f).]

(iti) The operation M on R is not continuous. [Let b, =Ax.e,. Then U, b, =Ax.T=T.If 0
were continuous, then for nonextensive a one has

a=ald T=aﬂUb,,=Ual‘Ib,,= 1,
n n
contradicting (ii).]

(iv) Conclude from (iii) that (R, C) is not a continuous lattice. The statement now follows
from exercise 18.4.3(i).

18.4.11. Let {(n) =n, {ny,...,n341) =(ny,{n4,...,n,,)), where (..,..) is the pairing of N.
Show that in Pw ’

@ xp - ye={mlde, Sy, -~ Fe,, Sy(my,... ng, m) Ex}

() Axy oo xp f(xp, o x )= {{(ny, .0, m)|m E€f(€n,-.-5€,,)} where f€ [Pu* > Pw].
18.4.12 (de Vrijer). Show that the theory A + surjective pairing (cf. exercise 15.3.4) is consistent
by finding in Pw elements d, d,, d, such that d,(dx,x,)=x,, i=1, 2, and d(d;x)}d,x)=x.
[ Hint. Show that f(x), x;)={2m|lm€ x;} U {2m+ 1{m € x, } is continuous and has continu-
ous projections.] See also exercise 18.4.19.

18.4.13. (i) Let I"*! = X\ x € D,. x. Show that in D,

I=(L, 07180

(ii) Let K"*2=X\x € D, , 1\ y € D,.{,(x). Show that in D,
K=(Lt,I' K% K3 ...

(iii) Let "t *=axe D,ooxyeD,  hze D, x(g,z)(yz),

S’=XNxe€DN\yeDy.x L.
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Show that in D
S=(1,I',5%83% . .).

18.4.14. Let o"*! =X\ x € D,.,(x)(x). Show that in D
Axxx=(1,0 e, . ).

Conclude that in D,
=1

18.4.15 (Wadsworth). Show that in general in D

(x'y)n#er-l(yn)'

[Hint. Take x =Aa.aa, y =1]
18.4.16 (Scott). Let (x"), <n be a sequence of elements of D and let x= U ,x". Show that

Vnx,=x"eVn[x"€D, and ¥, (x"* 1) =x"].

18.4.17 (Scott). (i) Show that in the category CPO D is isomorphic to the direct limit
h@( Dn’ q)n)

(ii) Show that in general D, +# U, D,. [Hint. I ¢ UD,.] Conclude that in the category of
partial ordered sets with directed sup preserving maps, D, # im(D,, ¢,).
18.4.18 (Scott). Show that in D,

xXEDy=VyeD x-y=x

18.4.19 (Scott). (i) Construct a cpo E such that E= E X E. [Take E= D*].

(ii) Let £ € CPO. Construct a D € CPO such that D =[D — E). [Define an appropriate
inverse limit.}]

(iii) Let D, E€ CPO be such that EX E= Eand D=[D— E]. Showthat D= DX D=[D
— D). Conclude that the theory Ny + surjective pairing is consistent.
18.4.20 (Park). Let Yr,.; be the minimal fixed point operator for the cpo D, defined in
theorem 1.2.17. Let Yy, be the image in Dy, of Af.(Ax.f(xx))(Ax.f(xx)). Show thatin D,,
one has

YTarski = YCurry ’

(when Y, is considered as an element of D, ). See also the next exercise and theorem 19.3.4
for an alternative proof.
[Hint. Clearly Ypuqi © Youmy- Let f€ Dy, y = Ax. f(xx). Show that in D

(1) Yn+1Vn =fn+1(ynyn71)
(i) y1yp =f1(fo L). Conclude that

Yo 1Vn = o1 (S (- (N1 f0)) -+ )) e/ (L),

Hence Yeurry: SE Yrarsi-f]
18.4.21 (Park). (i) Let a € D, be a compact element # L . Define @: Dy — Dy, ¥j: D, = Dy by

9o(x)=fusx» ¥o(x)=x(a)

where f, (y)=if y Ja then x else L.
Show that (g}, ) is a projection of D; on Dy.

(ii) Show that the construction of D can be done using the initial projection (g, ¥g)
instead of (g, ¥o). This yields model DZ. Show that all results in § 18.2 go through D2 except
lemma 18.2.8(v). In particular D2 is an extensional A-model.
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(iii) Show that Yy, # Yoy in Dy,

[Hint. In Dy one has Yoyl =a, but Yyl =1 ]
(iv) Let M € A°. Show that M Ja in D2,

18.4.22* (Sanchis [1979)). For x, y € Pw define

xly={mVa3k3Ie,cy(a(k),n,myex}.

Here « ranges over NN, m, k, n range over N and a(k) = {a(0),...,a{ k — 1)). It will be shown
that (Pw,') is a combinatory algebra.

Notation. [xyy - == y, 1= (- ((x'y)'»2) - 1y)

on =G (X)) 3) ),

where - denotes the usual application in Pw.
Consider relations R(xy,...,X,, my,...,m,) with the x’s ranging over Pw, the m’s over N.
Such a relation is an H-relation if it is in the inductive class defined as follows.

(1) m € x is an H-relation. R(m,...,m,) is an H-relation if R is r.c.

(2) H-relations are closed under conjunction, disjunction and numerical quantification.

(3) If R(X, m, 7i) is an H-relation, so is Va 3k R(X, a(k), i).

(i) Show that for all k€N

VxEPwIx’€PwVy -y (xp..00) = [X’xyl "’)’k]-
(i) If R(y, z, m), with ¥, z € Pw, m €N, is an H-relation, then for some x € Pw
[(x9)z]= {{A)R(V,z,m)},

where (i) is defined as in exercise 18.4.11.
(iii) If R(¥, m) is an H-relation, then for some x € Pw

(7] = {(A)IR(¥,m)}.
(iv) Conclude that (Pw,!) is a combinatory algebra. Is it a A-algebra? Is it weakly exten-

sional? [In Koymans [1984] it is shown that ( Pw,!) is not a A-model }
18.4.23. Let ¢ > ¢’ and p, p’ < n. Show

PorEAxy - - x,Prog -0, GAxg -+ x,. P0G 0.
18.4.24. Show that not all continuous f: 8 — B are representable. [ Hint. Let f(A)=If A= 1
then L else Ax.x].
18.4.25. Show that (Pw, -, A7) is not a A-algebra.

18.4.26 (Scott; Plotkin and Smyth [1978]). (i) Define CPO* as the subcategory of CPO with
the same objects and as arrows

Hom(D, D)= {f€[D— D’)|(/, ) is a projection of D’ on D for some g } .
Show that if f is a morphism in CPO*, then the corresponding g is unique and may be denoted

by fX
(ii) Show that CPO* has direct limits and that

lim(D;, f;,) =lim(D,, f¥)
where the direct limit is taken in CPO* and the inverse in CPO.
(iii)) A functor F: CPO* — CPO* is called locally continuous if
F(Uf,)=UF(f,),

where the f, €[ D — D’] are directed. Assume
(1) F is a locally continuous functor on CPO*.
(2) 3D, € CPO*3ff € Hom ¢pos( Dy, FDy).

i e o D e e S R
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Show that then D, = FD,, for some D,, € CPO(™,

(iv) Show that Scott’s construction of D, can be seen as an application of (iii) by considering
the map F(D)=[D — D] as a CPO* functor.

(v) Define for D, D’ € CPO the sum D + D’ by the following picture:

° @
S~

-LD+D'

i.e. take disjoint copies and add a new 1.
Construct in CPO solutions of the following “recursive domain equations”:
D=Dy+[D— D), D=DX{([Dy— D]+ D), where Dy is given.
18.4.27 (Scott [1976]). Extend the set A to the set LAMBDA by adding a constant 0, unary

operations +1,—1 and a ternary operation — > —, —. The semantics in Pw of these new
symbols is defined as follows.
0= {0},

x+tl={n+linex},
x—1={nn+1lex},
zox,y={nex|0€z}U{meyFkk+1€z}.

Show that the interpreation of the LAMBDA terms in Pw is exactly the collection of r.e. sets.
18.4.28. Let D € CPO be isomorphic to { f: D — D|f monotonic}, with the pointwise partial
ordering. Show that then D is trivial.

18.4.29 (Engeler {1981]). Let M = (A4, -) be an applicative structure. Show that I can be
embedded into a A-model. See also exercises 5.8.5 and 18.4.31. [ Hint. Consider the A-model D,
introduced in § 5.4. Define f,,, f: A = D, by fo(a)={a}; [ (@) =f,(a)V {({a’}, b)|la" €A
Abef(a-a)}; f(a)= Y ,f,(a). Show that f embeds I into D,.]

18.4.30 (M. Boffa). It is known that in Zermelo-Fraenkel set theory the axiom of foundation
may be consistently replaced by its extreme opposite, claiming that for each model (A4, R) of
the axiom of extensionality there is a transitive set T such that (4, R) =(T,€). This
replacement does not affect the mathematical strength of set theory. Show that in the new
theory the following is provable: every extensional applicative structure { X, -} is isomorphic to
one in which - coincides with actual set theoretic function application (i.e. x.y = x(y)).
18.4.31 (Scott). Show that every applicative structure (A4, *) can be embedded into an
extensional A-model. (See also exercise 5.8.5.) [ Hint. Define Dy=A U { 1} partially ordered
such that 1 C a for a € A and no other relations hold. Construct D, with Dy a retract of D, :
p: Dy, = Dy, q:Dy— Dy, p o g=idp and moreover g(a)x = g(a) for all x € D, (see proposi-
tion 18.2.13(ii)). Assume that A contains at least three distinct elements 0,1,2. Show that there
is a map e: A — D, satisfying

e(a)yx=gq(a) ifpexoq(l)=0,
=4(2) ifpexog(l)=1,
=e(aspexog(0)) ifpoxog(l)=2,
=1 else.

Then e(a)e(b)=e(a* b) and e is injective.]




CHAPTER 19

LOCAL STRUCTURE OF MODELS

In this and the next chapter the structure of several A-algebras will be
investigated. There are two aspects of this structure, the local and the
global.

The local structure of a A-algebra I 1s

Th(M)={M=N|MEM =N, M,N € A°}.

For the models Pw and D, the local structure will be determined. The
local structure of the term model of a A-theory ¥ is simply

Th(M(F)=9F

for the model B the local structure is 9.

The global structure of a model consists of properties true in I like
extensionality and other ones (not necessarily first order). Some of these
global properties will be examined in the next chapter. :

19.1. The local structure of Pw
The local structure of Pw can be characterized nicely as follows:

PwEM = N<BT(M)=BT(N),

PwEM C NeBT(M)"C BT(N).

This is a reformulation in terms of Bohm trees of results due to Hyland
[1976].

Wadsworth’s A L -calculus will be a useful tool for examining the value
of terms in Pw.

19.1.1. DEFINITION. Let p be a valuation in Pw. The semantic function
[ 1,: A—Powis extended to AL by adding [L],=#9 to the clauses of
corollary 18.2.8 (iii).
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Note that by this definition the L -reductions | x— 1 and Ax.1 — 1
correspond to the valid equations 9x = Ax.9' = 0. Therefore

M=4 N=PoFM=N.

The term L does not add to the expressive power of the A-calculus, since
also [Q] =8, as will be shown below.

The reader should recall the notions NL_M, @(M) and MW" for M,Ne
A L introduced in § 14.3.

19.1.2. LeMMA. N € @(M )= PwEN C M.

PrROOF. Notice that M results (up to B-equality) from N by replacing some
L’s by other terms. Hence the result. Example: let M—»B}\x xM. Then
Ax.x L €@(M)and PwkAx.x L CAx.xM=M. []

One also has

ML N=PoEMCN

for all M,N€ A L, see lemma 19.1.11. But if M has no 8 L-nf, this does
not follow as easily as in the previous lemma.

The following approximation theorem is an important step towards the
characterization of (in)equality in Pew:

M= U {N|NER(M)}.
This theorem was conjectured by Scott, proved by Hyland and improved -

by Wadsworth. The proof will make use of the normalization theorem for
the A L N-calculus.

19.1 3 DEFINITION. The semantic function [ ], : A L — Pw is extended to
A LN by setting

[(M"1,=AM1,).
cf. definition 18.1.12.

19.1.4. DEFINITION. Let M € A L. An indexing for M is a mapping I that
assigns to each subterm of M an element of N. M’ is the resulting
completely indexed term.

19.1.5. LeMMA. Let M € A 1. Then in Pw

M=U {M’|Iindexingf0r M}.
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Proor. Induction on the structure of M, using x = U Ax),. O

19.1.6. LEMMA. Let M,N € A LN with M—>, o N. Then
(1) PoEFMCN,
(i) NC M.

(Note the different order in (1), (i1).)

PrOOF. (i) The basic equations, corollary 18.1.14, show that after a lab.g-
reduction the value of a term is the same or increased.
(ii) The approximation comes in at contractions like
(Ax.P)°Q—(P[x:= 1])°.
By corollary 14.3.20 C[ L]L_C[Q] for all Q. Therefore
(P[x=1 ])OEP[x:= Ql=(Ax.P)Q. O
19.1.7. LEMMA. Let M € A L N. Then there exists an N € A L™ such that
(1) PoEFM C N,
@ IN|e@(M).

Proor. Given M, let N be its lab.8-nf. N exists by theorem 14.1.12. Then
by the previous lemma PwFM C N and NC M, hence [N| € @(M|). O

19.1.8. APPROXIMATION THEOREM. In Pw one has for M€ A 1
M= U {N|NeQ(M)}.
PROOF. In Pw one has
M= U {M'|I indexing for M} by lemma 19.1.5,
CU{LeALN||LI€@(M)} bylemma19.1.7,

CU{NEALINEQ(M)} since PoFLC|L|,

CM bylemmal9.12. J

19.1.9. COROLLARY. In Pw one has for M€ A 1,

M= MW,
k
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PROOF. Let N € @(M). Let all nodes in BT(N) have depth < k. Then
NL M™ hence Pok NC M1 by lemma 19.1.2, and the result follows. O

Next a model theoretic proof of the consistency of I can be given.

19.1.10. THEOREM. (i) Let M € A. Then
M is unsolvable< PuEM = 0.

(ii) Pwk I, i.e. Pw is sensible.

PROOF. (i) (=) If M is unsolvable, then @(M) = { L}, and hence [M] =
UILD) = ]
(=) If M were solvable, then for some X, N (using corollary 18.1.14),
PoFl=(A.M)N=(AXN=0N =9,

contradicting corollary 18.1.15.
(i1) Immediate by (i). [J

Now we can prove a general version of lemma 19.1.2.
19.1.11. LeMMA. Let M\N € A .. Then
MLN=PwoFMCN.

ProOOF.

MLCN=VEMAICN
=Vk PoF M¥IC N bylemma 19.1.2,

=PoFM =) M¥ICN
k

by the (corollary to the) approximation theorem. []

Remember how relations on Béhm trees are translated to terms. For
example,

M <, NoBT(M) <,BT(N).

The definitions are extended to A L™ in the obvious way.
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19.1.12. LeMMA. Let M € AL and x <, M. Then
PoFxC M.
ProOF. If M is a finite n-expansion of x, then this follows directly from
(D) Pwka CAz.az,
proposition 18.1.9 (i). In the general case one has by assumption

M=Aa ---a,.xM --- M

By induction on k it will be shown that
Pok(x), CM;

then the result follows since x = U ,(x),. Let k =0. Then

(x)oCAay- - - a,.(x)oa, - - - a,
=)\al .« e a".(x)oL R
Cha;---a,xM,---M, =M

by (1) and the basic equations (corollary 18.1.14). For the case k + 1 it
follows again by the basic equations that

(X)x+1CAay - -

C 8, (X)gsra, - - a,
CAay - - - ap (ev(@a) @)y (@) s o
Since x <<, M, we have
a<,M, 1<i<n
hence by the induction hypothesis
PwF(a),_,,,CM, 1<i<n

and therefore
PoF(x)isyCAay- - - a.xM, - - -
19.1.13. LEMMA. Let M, N € A L.

Q) IfMisin BL-nfand M <N, then PoF M C N.
(i) M < N= PwFM CN.
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PROOF. (i) By induction on the structure of M. If M = x, this is just lemma
19.1.12, so suppose M =Ax.yM,- - - M,. By assumption

N=AXd.yN,---N,L

with Ajlsnl\_" and Esnlj. Then by the induction hypothesis and the
previous lemma one has in Pw '

M =A% yM CAXd.yMa CAXd.yNL = N.

(i1) This follows from (i) by the approximation theorem (see the proof of
lemma 19.1.11). []

19.1.14. PrRoPOSITION. Let M\ N € A L. Then
M"C N=PoFMCN.

PrOOF.
M"EN:>M5,,M’EN, for some M’,

=PoFMCM CN,
by lemma 19.1.11 and 19.1.13 (i)). []

Next the converse of proposition 19.1.14 will be shown. The proof
occupies 19.1.15-19.1.18.

19.1.15. DEerINITION. Let M, N € A, ¢ € Seq.
(1) Write M sup, N if BT(M) sup, BT(N) (see definition 10.2.28 (ii)). -
(i1) p is large enough for a-M-N if p is larger than the number of

successor nodes of any node 8 <« in BT(M) or BT(N).

(iii) An a-M-N substitutor is a map + : A — 9 (Pw) such that for some
variables yg, . . ., y, and some p large enough for a-M-N one has for all

QEA

0*=0[rve=P,yo] - [¥=Py,]

where the Pp’ € Pw are defined in definition 18.1.18.
NOTATION. Write + € a-M-N iff + is an a-M-N substitutor.

19.1.16. LEMMA. Ler A, B € S (Pw) with

A=xA,-- - A B=yB,--- B

n> m*

Then Po¥ A C B if x#£y or n #m.
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PROOF. Case 1. xZy. Let a,b € Pw be such that a@Zb. Take p(x)=
Aa,---a,.a, p(y)=Ab,---b,.b. Then Pw,p¥A4 CB.

Case 2. x =y and n# m, say n = m + 2 for simplicity. Suppose PwkA C
B. Then

PoFxA;--: A, ,2zw=xB,--- B zzw

Substitute x:=Aa,- - - a,,,5.4,,,5 Then it follows that
Pwkzzw Cw

contradicting case 1. [

19.1.17. LEMMA. Let « be a minimal node in BT(N) such that M sup, N.
Then

V+Ea-M-N Po¥M*CN*,

Proor. By induction on the length k of a. The most involved case is k = 0,
1e.a = ). Let + €( >-M-N substitute P, . Suppose

(1) PoEM*CN*

towards a contradiction. By assumption M sup, , N, i.e. BT(M) does not
fit in BT(N). Therefore M is solvable and has a hnf, say,

2) M=Ax,---x,yM,- - M

m*

Case 1. N is unsolvable. Then by theorem 19.1.10 one has PwEN* =9
and hence by (1) it follows that PwF M * = @. Then (by applying both sides
to x;,...,x, and, if it was not done already, making the substitution
[y:=P_,y]) one obtains

PobP,yM* - - - My =0x, - - - x,=4.
Therefore
POFP yM" - - - Mtz -z, =0,

hence

PoFz, yM"* - - - Mz

mim+1 "

=g

by corollary 18.1.19. Since z,, | can be interpreted arbitrarily, this is false.
Case 2. N is solvable, say with hnf

3) N=Ax; - x,y/'N,---N_,

m
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By assumption Msup, | N, that is

Axy---x,.y,my doesnotfitin {Ax, --x,.y,m>.
Hence

yEy or m—n¥#m —n or n>n'.

Case 2.1. y #y’. Let n > n’. By applying both sides of (1) to x, . . . Xy
and making possibly (if it was not done already) the substitutions [y:=
P,y} [y:=P,y’] one obtains

PoFP yM™ - - - MY CPoy'N*Y - - NEx, . -+« x,.
By substituting I for x,., |, ..., x, in this formula and applying both sides

to enough I’s, it follows that
PoFP yM T - o - M T~ * CPy' N e - o NE¥

for some large k, k’. Since p > m, m’ (because + € a-M-N) it follows by .
corollary 18.1.19

PoFlyM ™ - -« M~ 1Cly' N N

contradicting lemma 19.1.16.
Case 2.2. y =y’ and n — m#n’ — m’. Now applying both sides of (1) to
x~*, with large k, (and possibly performing the substitution [y=P,yD

yields

PobEP yM* o - M x~ k"M CP Nt N~k
Hence by corollary 18.1.19

PokxyM, - - - Mx~% =D xyN*F . oo NEx~k=n=D

contradicting lemma 19.1.16 (m+ k —n— 1%m’ + kK — n’ — 1 by the case
assumption).

Case 2.3. y =y’ and n >n’. By applying both sides of (I) to x,, ..., x,,
(and possibly making a substitution) one obtains

PoFAx, - - x, P yM® - - - MY CP,yN" - - - N*

contradicting lemma 18.1.20. The proof for k = 0 is now complete.
If K> 0, then a = (i) * B and BT(M) fits in BT(N). Since M sup, N it
follows that M, N are solvable and for the hnf’s (2) and (3) one has

’

Y=y, n<n

’

and m—-n=m —n' (hence m <m').
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Let + €a-M-N and assume again (1). By the induction hypothesis one
has

4 V+ €B-M-N, Pw¥M* CN7*.

From (1) it follows in the by now familiar way that

PoEP;yM* - - - MIx~" "~ C P yN* - - - Nz~

m

Hence

PoFzyM* -« - MYx~" =% "1 C zyN}F - - N1z

By interpreting z as Adya,; * * * dy_ 4 ,-@; One obtains

PoEM* CN*.
Since + € a-M-N, a fortiori + € B-M,-N, and this contradicts (4). []
19.1.18. PROPOSITION. M"zN:Pw#Mg N.

PrOOF. By assumption and lemma 10.2.30 M sup, N for some a€ BT(N).
Take a of minimal length. Then by lemma 19.1.17 it follows (take the
empty substitution) that Po¥ M C N. [

Finally we have the characterization theorem due to Hyland [1976].

19.1.19. CHARACTERIZATION THEOREM FOR Pw. Let M, N € A. Then
() PoEM C NoBT(M)" C BT(N),
(ii) PouEF M = NoBT(M) = BT(N).

PRrROOF. (1) By propositions 19.1.14 and 19.1.18.
(i1) By (1) and lemma 10.2.24 (1). [

19.2. The local structure of D

The local structure of D_, can be characterized nicely as follows. For all
cpo’s D
) D FM=NsH*rM=N
<BT(M)=,BT(N).
(i) D,FM [ NeVC[ ] [C{M] solvable= C[N] solvable]
<BT(M)" C"BT(N).
It follows that the local structure of D_ is independent of D.

e Bl e B

ok s
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The proof is along the same lines as that for the analysis of Pw. The
above is a reformulation in terms of Bohm trees of results, obtained
independently in 1972, of Hyland [1976] and Wadsworth [1976]. Hyland’s
analysis of Pw was given later in 1973. The formulation in terms of Bohm

trees is taken from Barendregt [1977]. See also Nakajima [1975], cf.
exercise 19.4.4.

19.2.1. DEFINITION. Let p be a valuation in D_. The semantic function
[ 1,:A—>D, isextended to A L and A L™ by setting
[Ll,=L, [M'I,={AM],).

19.2.2. APPROXIMATION THEOREM FOR D_. Let ME A L. Then in D_,
M=U{NINe@(M)}.

PrOOF. Analogous to the proof of the approximation theorem for Pw. One
shows thatin D for M€ A L

M = U{M'|I an indexing for M }.

Similarly lemmas corresponding to 19.1.2, 19.1.6 and 19.1.7 can be proved
and the result follows. []

19.2.3. COROLLARY. In D_ one has for MEA 1

M= M¥),
k

PrOOF. As for corollary 19.1.9. [J

19.2.4. THEOREM. (i) Let M € A. Then
M is unsolvable< D  FM = 1.
(i) Dk Kn; in particular D, is sensible and I is consistent.

PRrROOF. (i) As for theorem 19.1.10 using L x =Ax. 1L = L.
(ii) By (i) and the fact that D_ = extensionality (theorem 18.2.14 (ii)). O

19.2.5. COROLLARY. Let M, N € A. Then

D_EMC N=VC[ | [C[M] solable= C[N] solvable].




506 LOCAL STRUCTURE OF MODELS CH.19,§2

PrOOF. Suppose that M[_N in D, and choose C[ ]€ A. If C[N] were
unsolvable, then in D,

1L =C[N]IC[M]
hence C[M]= L and therefore C[M] is unsolvable. []

19.2.6. LEMMA. Let M,N € A L. Then

WML N=D FMLN

(i) M, N=>D, FMLLN

(i) M N=D, FM=N.
PRrOOF. (i), (ii) As for Pw one shows this first for M in 8 L -nf. Then the
approximation theorem applies.

(i) M <, N=Vk AM, My~ M and M{¥ = N® by lemma 10.2.26,

=Vk D EN® = MO T My=M

=D EN=U,NPCM,
hence the result follows from (i)). [

19.2.7. ProposiTION. M"C"N=D_FM[LN.
PROOF.
M"E"N:MSHM’[; N,=Z N forsome M’', N’
=D tM=M'LN =N
by the previous lemma. []

19.2.8. PROPOSITION.

VC[ ] [C[M] solvable= C[ N] solvable]=>M"_"N.

PRrROOF. If M"Q"N, then BT(M)" Z"BT(N) and hence by lemma 10.2.30
M»<, N and M|a| for some a € Seq. By taking a of minimal length it
follows that & = { M, N} agrees along «. By proposition 10.3.13 there is a
Bohm transformation # which is a- F-faithful; that is M" < N™ and M~ is
solvable. But then by lemma 10.4.1 (ii) for some #’ one has

M™ solvable and N™ unsolvable.
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Therefore

C,[M]solvable and C,[N] unsolvable,

k4

by lemma 10.3.4. [

Now we are able to prove the characterization theorem for D, of
Hyland and Wadsworth.

19.2.9. CHARACTERIZATION THEOREM FOR D_. Let M, N € A. Then for each
cpoD

() D F ML NaYC ] [C[M] solvable= C[N] solvable]
< BT(M)" C"BT(N)

) D.FEM=NaK*FM=N '
< BT(M) = BT(N).

PROOF. (i) By corollary 19.2.5 and propositions 19.2.7, 19.2.8.
(i1) By (i) one has

D,FM=N < VC[ ] C[M] solvable < C[N] solvable]
<H*-M=N bylemma 16.2.2,
< BT(M)® C"BT(N)"C"BT(M)
< BT(M) =, BT(N),

by definition of = . O

In terms of Bohm like trees the characterization theorem can be put this
way. Remember that for 4 € B the tree cond is its infinite 7-nf; see
proposition 10.2.15. It is not necessarily the case that conBT(M) € BA.

19.2.10. COROLLARY.
D _FM= N& oonBT(M) = conBT(N).
Proor. By theorem 10.2.31. [

A corresponding statement for [_ is not true; see exercise 19.4.8.

From the characterization theorem it follows that D _Fl=J, with J =
O(\jxy.x(jy)); see example 10.2.9. This valid equation was found by
Wadsworth [1971], using an ad hoc computation.

The following consequence of the proof of the characterization theorem
had been noticed by Wadsworth [1976] and Nakajima [1975].
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19.2.14. COROLLARY. D_Fw, i.e. let M,N € A, then
[VZEA D _FMZ=NZ]=D FM=N.

PrOOF. Let M, N € A°. Reason in D_. Suppose VZ € A® MZ = NZ but
M# N, say M LZ N. Then by the theorem

AC[ ] C[ M] solvable, C[ N] unsolvable.

This statement is proved by the Bohm out technique. Since M, N are
closed one therefore has (see lemma 10.3.4 (11)):

C[M]=MP,--- P, issolvable,
C[N]=NP,--- P, is unsolvable.

Without loss of generality one may assume that the P are closed (otherwise
substitute something in them). By assumption MP = NP, hence

L #<MP=NP= 1,

by theorem 19.2.4 (1), a contradiction.
We have shown now that D_ F«°. By proposition 5.3.20 it follows that i
D rFo. O .

In exercise 19.4.6 it is shown that DV w-ax.
In view of the characterization theorems for Pw and D_ one may
wonder whether there is a cpo A-model I such that

MEM Z NeBT(M) CBT(N).

This is the case for Plotkin’s model T*“; see Barendregt and Longo [1980].

19.3. Continuous A-models

The approximation theorem is an important feature of Pw and D .
Welch [1975] therefore introduced the notion of a “continuous semantics,”
which is essentially as follows.

19.3.1. DEFINITION. A continuous A-model is a structure I = (X, -, ) such
that

() M=(X,L)is a cpo.
(2) M = (X, -)is a A-model in which the operation - is continuous (w.r.t.
the Scott topology induced by ).
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(3) For M € A the set {M‘"lln €N} is directed and in 9 one has
M = U M!". Here Ll is the supremum operator in I and the constants L

in M!" are to be interpreted as the least element of M.

By (2) it follows that in a continuous A-model all representable functions
are continuous.

19.3.2. Facr. Pw, D, and B are continuous A-models.

Proor. For Pw, D properties (1) and (2) are the main theorem in § 18.1,
18.2. Property (3) is the approximation theorem for these models (corollaries
19.1.9, 19.2.3). For B properties (1), (2) and (3) are the main theorems of
§ 18.3. Property (2) is the nontrivial one and expresses the continuity of
Bohm tree application, [J

It is not required that in a continuous A-model all continuous functions
are representable. In fact this is not the case for 8B; see exercise 18.4.24.

19.3.3. PrROPOSITION. Let I be a continuous A-model and M, N € A. Then
BT(M)=BT(N)=>MEM=N.
In particular M is sensible.
ProOOF. Immediate since the M!" are the truncated Bohm trees. []
Remember that Y € A is a fixed point combinator iff VFEA YF=
F(YF). For f€M define Y*(f)=U f*(L). Then Y* is the least fixed
point operator, see theorem 1.2.17.
The following theorem of Welch [1975] smoothly generalizes results of
Morris [1968] and Park [1976]. The original proofs require some computa-

tions, see exercise 18.4.20.

19.3.4. THEOREM. Let M be a continuous A-model. All fixed point operators
in A are equal in M and represent the least fixed point combinator Y*.

PROOF. Suppose Y € A is a fixed point combinator. Then
Yf=f(Yf).
As in the proof of lemma 6.5.3 it follows that

Y =Af.Yf=Af.f(Yf).
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Hence BT(Y) is

A.f
|
f

|
By the previous proposition it now follows that all fixed point combinators
are equal in IR. Moreover for f € M one has in M
Yf= (U Y"f = Uy = Uf(L) = Y*().
Hence Y represents Y*. []

In general a continuous map ¢ : M—IWM is not representable. The
theorem says that Y* € [t - IN] is even definable.

19.3.5. COoROLLARY (Morris [1968)). Let Y € A be a fixed point combinator.
Then

VEEMEA[FM=M=YF[_ M|,

i.e. YF is the _ -least fixed point of F.

Proor. Take M =B in the theorem. []-
See exercise 16.5.5 for the original version of Morris’ theorem.

19.3.6. COROLLARY (Park [1976]). Let I be Pw or D . Let Y1, €M be
the element representing the least fixed point operator Y*. Let Y Curey be the
image in M of a fixed point combinator €EA. Then

YCurry = Yrarski-

PRrooF. (For Pw; for D, the proof is easier.) By the theorem
Vf Yrwaaf=Y*(f) = Younyf

hence by weak extensionality

>\f YCurryf= Af YTarskif

i
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and therefore

Yeumy = Y.

urry = Yrarski

(Note that for Y equal Yg,,, 0r Yy, one has Y =Af.Yf: for the first one
this is because Y = A f. f(Yf); for the second because Y = graph(Y*).) []

19.4. Exercises

19.4.1. For M € A° show directly

M unsolvable= M =@ in Pw.
19.4.2 (Wadsworth). Let J = 8(\jxy.x(jy)). Show that Dkt = J. Conclude that for no subset
E C D, one has for M € A®

[M]P~ € E< M has a nf.

19.4.3 (Wadsworth). (i) Let M € A° be solvable. Show that there is a sequence M, € A® such

thatin D, () M{L M- ; Q M=U M,; ) Vn M=M,.
[Hint. Let N be an infinite n-expansion of M. Take M, = N("]

(i) Let M, N € A°. Suppose D, kL = M[_ N. Show that there exists a sequence N,EA°
such that in D, one has:

(1) NCMC---; @QN=ULN,; (3)vnM¢N,,.

(iii) Show that for M, N € A° one has in D,
MEN=M= 1.

Conclude that D2 is never a continuous lattice.

19.4.4 (Nakajima [1975]). Define the Nakajima tree for M € A, a labelled tree which is
infinitely branching, as follows.

NT(M)= 1 if M is unsolvable,

NT(M)=AXzgz;--- .y if M has haf AXyM, - - - M,

m

NT(M,)- - - NT(M,,) NT(z4) NT(z,) - -

where zg,z,,... is an infinite list of fresh variables. NT(M) is, so to speak, the maximal
infinite n-expansion of BT(M). As with A-terms and Bohm trees, Nakajima trees are
considered modulo a change of bound variables.

Define C as for Bohm trees. Show

() D FM[_NeNT(M)CNT(N),
(i) D, FM =N NT(M)=NT(N).

19.4.5. Show that 1 is the only definable element of D in Dy,. [ Hint. Use exercise 18.4.18.} -
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19.4.6. (i) Show D ¥ w-ax, i.e. for M, N € A in general not
Dwk[ M MZ= NZ]—>M= N.
ZEeA®

[Hint. Consider x = Az.(zp) and y = Az. L]

19.4.7 (Baeten, Boerboom). The model (Pw, -) depends on the coding (n, m) of pairs and ¢,
of finite sets. Let C : N2> N be an arbitrary bijection.
(i) Show that using C as pairing and the same ¢,’s one can define a graph model Pw,.
Let [M ] be the value of a closed term in Puwc.
(i1) Show

a€[Rc=3k C(k,a)E e,
g ={Ck,a)}=>ac]Q].
(iii) Show that for all x € Pa;; there is a pairing C such that in
Pwc one has & = x.
[Baeten en Boerboom [1979] have shown something stronger, namely
VM €A’ 3C PuockQR=M;

hence VM € A° Con(R = M). Cf. proposition 15.3.9.]
19.4.8. Show that

con(BT(M)) C con(BT(N))=D_FM LN,

but not conversely.

19.4.9. (i) Show that [ M]17“ for M € A® is always recursively enumerable.
(ii) (Giannini~Longo [1983]). Show that for closed terms M having a normal form [ M]** is
recursive.
(iii) Construct a closed term M such that [ M]7* is not recursive.

19.4.10. (i) (Barendregt-Longo [1983]). For A4 =(x, y)€ Pw?, write A_=x, A,=y. Let
E, = (€(ny,» €(m),) be an enumeration of the finite elements of Pw?. For A, B € Pw? let
ACBeA_CB_and A,CB,. For A € Pw? and Scott continuous f: Pw® — Pw?, define

F(A)=X\B€Pu?. 4B,
where
AB=({m|3E,€B(n,m)€A_),{m|3E,€B(n,m)E€A,});

G(f)=({(n.m)imef(E,)_}.,{(n, m)mEf(E,).}).

Show that F, G make Pw? into a A-model.
(ii) (Scott). Show that there is a pairing C: w®> — w, such that Pw. = Pw?, see exercise 19.4.7.
[Hint. Define

C(n,2m)=2(n, m), where (n, m) is the usual coding of pairs;
C(n,2m+1)=2(n,m)+1;

¢(x)=(ni2nex), (n]2n+1ex))].

CHAPTER 20

GLOBAL STRUCTURE OF MODELS

The global structure of a A-algebra I consists of properties true in M
other than equations. Some of these properties are treated in this chapter.

20.1. Extensionality; categoricity

Several results on extensionality of term models are corollaries of proof
theoretic considerations in part IV. For example, one has I(¥) is exten-
sional iff MO(F)ke iff Trew. Since Ayl w it follows that IMO(An) is not
(weakly) extensional. Similarly AF#r implies that I°A) is not weakly
extensional.

20.1.1. THEOREM. (i) MM(An)F ext and IMO°(An) ¥ ext.
(i) M(In)E ext and MOUICn)¥ ext.

PRroOEF. (i) Immediate by corollary 5.3.25, theorem 17.3.30 and proposition
4.1.18 (iii).
(ii) Similarly using theorem 17.4.7. [J

20.1.2. COROLLARY. (i) M°An)¥w.e.; MOA) ¥ w.e.
(i) M) ¥ w.e.; MAI)¥w.e.
Proor. (i)
M(Ag)Eext=T(Aq)F1=1 by theorem 5.2.10,
=Mo%(Ag)E1=1
=M% An)kw.e.

since otherwise M(An)F ext.
By theorem 17.3.30 (ii) one has Al ¢r. That is

3M,NcA° [VZ EA°AFMZ = NZ and A¥ Mx = Nx].

Hence MO(A)EVx Mx = Nx but MO(A)¥Ax. Mx = Ax. Nx.
(i1) Similarly using theorem 17.4.7. [

513
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20.1.3. LEMMA. (i) Pw’ =1, i.e. P’ E Vx x = Az.xz.
(i) P 1 =1.
(iiil) Po¥ w.e.

PRrROOF. (i) Let M € A°. If M is solvable, then by theorem 8.3.14 M has a
hnf, and so Az. Mz =M.
If M is unsolvable, then PwkE M =0 and the statement follows from
Pw = =Az.0z by corollary 18.1.14 (ii).
(i) By corollary 18.1.8 (i) and exercise 18.4.1 Pw k= w.e. and Pw ¥ ext.
Hence by theorem 5.2.10 one has 1 = | in Pw hence in Pw’.

(ii1) By (1)
PoEVx x=Ay.xy.
By (ii)
PoP¥Ax.x =Axy.xy.

Hence Po’#we. []

20.1.4. COROLLARY. Pw and Pw® both fail to be extensional, but for different
reasons:

(1) PwFw.e. and Pwln,

(i) Pw®Fw.c. and Pk .

PrOOF. Immediate. [
The situation for the D, models is as follows.

20.1.5. THEOREM. Let D be a cpo. Then
(i) D_Fext, D Few but D_¥-ax.
(ii) D2 Fext.

PROOF. (i) By theorem 18.2.14, corollary 19.2.14 and exercise 19.4.6.
(ii) By (i) and proposition 5.3.23 (ii)). O

Finally some other negative results.
20.1.6. Facr. (i) In general (as one would expect)

MO ext 5 MFE ext.

(ii) There exists a hard A-algebra It such that

(1) M cannot be mapped homomorphically onto an extensional A-alge-
bra.

(2) M cannot be embedded into an extensional A-algebra.

sk PR U A
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ProoF. Do exercises 20.6.3 and 20.6.5. ]

For the typed A-calculus the situation is different. See proposition A.1.15
in the appendix.

Now some results about the categoricity of models. Extensional A-models
(A-algebras, combinatory algebras) are trivially categorical. The following
results are taken from Longo [1983], where they are proved in a more
general setting. '

20.1.7. THEOREM. (i) (Bruce, Longo). Pw is a categorical A-model.

(ii) Pw is not a categorical combinatory algebra.
PROOF. (i) Define x € Pw to be saturated if (n,m)ex ANe,Ce, = (n,m)
€ x.

Step 1. Assume x, x’ are saturated and Vy xy = x’y. Then x = x’.

Proof. (n,m)Ex = mexe,=x'e,

= e, Ce,(n,m)ex’

= (n,m)€x’, by saturation.

Therefore x C x’; hence x = x’ by symmetry. [,
Now let G satisfy 1,2 of theorem 5.6.8 for Pw.
Step 2. (1) a={(n, m)} = a< G(F(a)).

(i) Vxf(x)<cg(x) = G(f)<SG(g).
Proof. (1) G(F(a))e, = ae, = {m)
= Je, Ce, (n',m)E G(F(a))
= me G(F(a))e, = ae,

= n=n’', since de,.Ce,(n",m)Ea, hence n=n"=n’,

= (n,m)<€ G(F(a)).
(ii) Assume Vx f(x)C g(x). Note that
G(f)=1gegraph (f).

where graph (f)={(n, m)|m € f(e,)} is the standard graph for Pw.
Therefore

G(f)=1;graph (f)C1;graph (g)=G(g). O,
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Step 3. G(f) is saturated.

Proof. Assume (n, m)€ G(f) and e, C e,. Then

(n',m)eGeF({(n',m)}),  by2(i),
CGoF({(n,m)}),  by2(ii),
cG-F(G(f)),  by2(i),
=G(f). -y
Finally, let G, G’ satisfy 1,2 of theorem 5.6.8. Then
G(f)(x)=f(x)=G"(f)(x)
= G(f)=G'(f),  Dbysteps3andl,
= G=G'.
Therefore by theorem 5.6.8 (iii) Pw is a categorical A-model.
(i) By (ii) step 3, k =[K]" is saturated. Clearly k = 0, say (n, m) € k.

Let e, G e,. Then (n',m)€ k and k' =k —{(n’, m)} acts extensionally the
same as k. Hence k is not unique. O

20.1.8. THEOREM. (i) D, is not a categorical A-model.
(ii) As combinatory algebras Pw and D, are not isomorphic.

PROOF. (i) In D, the map G is defined by G(f)={(B, b)|b € f(B8)}. But
G'(f)= G(f)UA also works.
(ii) By (i) and theorem 20.1.7 (ii)). O

In Longo [1983] it is also shown that as applicative structures Pw and D,
are for countable 4 mutually embeddable into each other.

20.2. The range property
The results of this section are taken from Barendregt et al. [1976a].
20.2.1. DEFINITION. Let IR be a A-algebra. An external map
@: MM

is representable by a € I if VoM (p(l;) = ab. Moreover [ is definable if ¢
is representable by some F € M°.
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20.2.2. DEFINITION. Let I be a A-algebra.
(1) Let ¢ : M —>IM. The range of ¢ is

Ra(p) = {p(a)la € M}.

(1)) M satisfies the range property if for all definable ¢: I > M the
cardinality of Ra(g) is either 1 or Card(It).

(iti) If FE A, then Ra¥(F), or just Ra(F), denotes Ra(g) where
@ M-I 1s the function defined by F.

First it will be shown that the range property holds in open term models.
Remember that if § is a A-theory, then x EgM iff VN[N=gM=x€E
FV(N)].

20.2.3. LeMMA. Let F € A® and x Eg Fx. Theny €4 Fy for all variables y.

PROOF. Suppose y & gFy, i.e. T+ Fy = M and y ¢ FV(M). We may suppose
that x &€ FV(M). [Let M’ =M [x:=1]. Then by proposition 4.1.3 F+ Fy =
M’ and moreover y € FV(M'), x € FV(M’).] Now

JtFx=F|y=x]=M[y=x]=M.

Since x & FV(M), this contradicts x EgFx. []

20.2.4. PROPOSITION. Let § be a A-theory. Then VUF) satisfies the range
property.

ProOF. Let F & A°. Consider Fx for some variable x.

Case 1. x &g Fx. Claim. Ra( F) is a singleton. Indeed, let I+ Fx = M with '
x & FV(M). Then by proposition 4.1.3

F-FZ=M forallZeA.

Hence F is constant.

Case 2. x EgFx. Claim. Ra(F) is infinite. Indeed, by lemma 20.2.3 one
has y EgFy for all variables y. But then IV Fy=Fy for y #y’, for
otherwise y € FV(Fy’). Therefore range F contains the infinite set

{ Fx|xis a variable}. [
Now we restate the range theorem 17.1.16 with its original proof (not
mentioning topologies).

20.2.5. THEOREM. Let T be an r.e. A-theory. Then M(F ) satisfies the range
property. ’
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PrROOF. Let F € A°. Suppose in (T )
Ra(F)={M,,....M,}, n>1.

Define
AN)={MeN|FM=M,inM(TF)}, 1<i<n.

Then A° is the disjoint union of the A%. Moreover each A? is r.e. (M € A9
iff - FM = M,). But then

A=A =AU UA®

is also r.e., hence A{ is recursive. As A{ is clearly closed under equality this
contradicts Scott’s theorem 6.6.2. It follows that Ra(F) is infinite. Since
Card (IR%(J)) = 8, we are done. []

The theorem applies e.g. to M°(A) and MO(An).
The next result is due to Wadsworth.

20.2.6. THEOREM. Let M be a continuous A\-model. Then M and M° satisfy
the range property.

PROOF. Let f : P — M be definable by F € A Consider BT(Fx).

Case 1. x € BI(Fx). Then BT(Fx)= BT(Fy), hence by proposition
19.3.3 IF Fx = Fy, i.e. Ra(f) has cardinality 1. L

Case 2. x € BT(Fx). Then by corollary 10.3.9 for some P, Q€A

FxP= xé.

Since aé can take arbitrary values in % when a ranges over I, it follows
that Ra( f) has cardinality Card(It).
The proof for M is the same. []

In the formulation of the range property it is essential that ¢ : Pt —IM is
definable, not just representable.

20.2.7. PROPOSITION. Let R = Pw. Then there is a representable ¢ : Pt —
such that Card(Ra(¢)) = 2.

Proor. Define

_IN ifa#g,
(a) {ﬁ else.

Then (since {a € Pw|a # @} is open) ¢ is continuous and hence represent-
able. Clearly Ra(p) = {0, N}. [
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20.2.8. CoNJECTURE. IR%(IC) satisfies the range property.

See exercises 20.6.9-20.6.11 for some evidence for this conjecture.

20.3. Nondefinability results

This section considers some nondefinability results for M°(A) and also
for MO(An). It is proved that there is no discriminator for closed nf’s.

20.3.1. DeErFNITION. Let 90U C A° be a set of nf’s.
(i) A discriminator for 9 is a function &y : MO(A)—->M°(A) such that
for all M|, M, € N

T fM=M,,
F else.

(ii) Church’s § is 85 where IUis the set of all closed nf’s.

8%(M,,M2)={

By the generalized Bohm theorem it follows that for each finite 9 C {M
€ A% M in By-nf}, 84 is definable. It will be shown below that Church’s &
is not definable (not even 8y with 9 = {M € A°%M in Bn-nf}). For a
different proof of the following lemma see exercise 15.4.9.

203.2. LemMma. Let 0=1, n+ I=Kn. Then 0,1,... is not an adequate
system of numerals.

ProoF. It will be shown that the function sg is not A-definable, i.e. for no
FeA°

() "=11 iftn>0

Indeed if F satisfies (1), then F is not constant, hence by corollary 10.3.9
and exercise 10.6.13 for some P,Q €A

Fxﬁ=xQ1-~ 9,
But then for all n > g + 1
Iﬁ=Fnﬁ=né=n—q,

Le. n=m for sufficiently large n,m contradicting the fact that the n are
different nf’s and hence not convertible. []

The following corollary is due independently to Wadsworth and the
author,
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20.3.3. COROLLARY. Church’s 8 is not A-definable.

Proor. If 8§ € A satisfies for all nf’s M, N € A°

T fM=N,

6MN={ .
F ifMZN,

then A x.8x001 would represent the function sg w.r.t. the numerals 0, 1, ...,
a contradiction. [

See section 15.3, where it is shown that Church’s 8§ can be added to A
consistently. It is also shown that if the axioms for § are not formulated
carefully, then the resulting system is inconsistent.

20.3.4. PROPOSITION. Let T be an t.e. A-theory and let 0,1, ... be some
adequate set of numerals. Let @ : MA(T)>MUF) be the characteristic
Sunction of {njn € N}, i.e.

o(M) = { T ifM= n for some n,
F else.

Then @ is not definable in M(F ).

ProOF. By the range theorem 20.2.5. [

In exercises 20.6.13 and 20.6.14 this is sharpened to the following. There
is no F € A° such that for M € A°

FM has a nf if M = n for some n,
FM has no nf else

or
FM is'solvable if M = n for some n,

FM is unsolvable else.

20.4. Local vs. global representability

The results of this section are taken from Barendregt et al. [1978]. The
introduction of the following concepts was inspired by notions in Volken
[1978]. See addendum 3 at the end of the book.

20.4.1. DerFINITION. (i) Let ¢ : Dt — M. Then ¢ is called locally representable
if for each b € M the function ¢, : M — M defined by

¥y(a) = g(a).b
is representable. That is, for some element J(b) € M one has for all a €M
€)) p(a).b=y(b).a.
If (1) holds for all a,b € M, then y is called a dual to ¢.
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(i) M is called rich if all locally representable functions ¢ : M — I are
representable.

20.4.2. LEMMA. Let @ : MM,
() @ is locally representable iff @ has a dual .
(i) If @ is representable, then @ has a dual which is also representable.
(iii) Let MEext. Then ¢ has at most one dual.

PROOF. (i) (<) Trivial. (=>) By the axiom of choice.
(i) Let @(x)=ax for all x €M. Take yY(y)=Ax.axy. Then for all
x,y €M

o(x)y =axy =y(y)x.

Hence v is dual to ¢ and ¢ is representable by A yx.axy.
(iii) Let ¢,¢y" be both dual to ¢. Then for all x,y € I

V() x=(x)y =¢'(y)x
hence by extensionality Y(y) = ¢'(y), ie. ¢ =y’. [

20.4.3. PROPOSITION. If T is rich, then S is extensional.

PROOF. Suppose M is not extensional. Then there exists ¢, ¢’ € M such that
for all x € M cx = ¢’x and ¢ # ¢’. Define p: ¢ : M —>M by

=l ifa=c,
v(a) {c else.

and y(b) = K(cb). Then for all a,b €M
p(a)b=cb=y(b)a.

Hence ¢ is dual to ¢. But ¢ cannot be represented since it has no fixed
point. [

By the results in § 20.1 it follows that e.g. M(A), M°(An), Pw, Pu® are
not rich.

20.4.4. THEOREM. D is rich.

PrOOF. Let ¢ : D — D, be locally representable. Then ¢ has a dual y. In
order to show that ¢ is representable, by theorem 19.3.15 it suffices to
show that ¢ is continuous. Let X C D_ be directed. Then for all b€ D,

e(LX)b=y(b)LX
- L Hoha= s

(agxw(a))b= (Ue(X))b;
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therefore by extensionality of D, one has (Ll X) = Llgp(X) for all directed
XCD,,ie. ¢is continuous. []

20.4.5. THEOREM. If M is a hard N-algebra with M = B, then M is not rich.

PrOOF. Let x : N— N be a map that is not representable in I, i.e. for no
H € A° one has

VneN WMEH n' ="x(n)'.

Since hard models are countable such a x exists. Let 4,(x, y) be the term
xﬂ~"(yﬂ~"( “x(n)’ ))

Definition. A sequence of terms {A4,}, is uniform w.r.t. M if for some FE A
YnEN TRFF n'=4,.

In that case one can code as in definition 8.2.3 the 4, as a term [4,]
such that

neN

VmeN Mim ([4,] .0)=A,.

Although the sequence {A4,(x,y)}, is not uniform, for each M € A° the
sequence {A,(M,y)}, is uniform w.r.t. M. This is so because I is sensible,
hence by lemma 17.4.4

VMeA’ dkeN MEMQ*=Q;

therefore in I the sequence {A,(M,y))}, is
{M(y( "x(0)")), M(y2("x(D)"))....,
M (@~ =Yy (k- 1) )),sz,sz,...}

and an almost constant sequence is clearly uniform. Similarly for all
N € A° the sequence {4,(x, N}, is uniform w.r.t. M. Now let for M, N € A°

e(M)=Ay.[A4,(M.y)],.  $(N)=Ax[A4,(x,N)],.
Since M is hard, one has ¢,y : M — M. Note that ¢ and ¢ are dual
P(M)N=[A,(M,N)],=¢(N)M.

Therefore f is locally representable. Suppose % is rich, then for some
F € A° one has in M

FMN =¢(M)N =[A4,(M,N)]

n*
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But then

m,(FK"D(K"D) = "x(n)’
and it would follow that x were representable in I, a contradiction. []

It follows that e.g. D2 is not rich.
Now a condition on 9 will be introduced which ensures that 0t (%) is
rich. The notion is due to H. Lub and Visser.

20.4.6. DEFINITION. A A-theory § is decent if for all variables x,y and all
MeA

xEgM=x EgMy.

20.4.7. LEMMA. Let § be decent.
(1) Let x,y be different variables. Then

XEgMox EgMy.
(ii) Let @,y be dual functions on M(F ). Let x £y, x £y’'. Then
xEgp(y)ex Eg¥(y).
(Of course ¢(y) denotes o([ylg) and x Eg¢[ Mg iff x EgM.)

PROOF. (i) («=) Suppose x €gM. Then IM'=gM x & FV(M’). But then
x&FV(M’'y) and M’y =4 My. Hence x €4 My.

(i) x Egp(y)=>x Egp(y)y’ by (1)
e x Eg¥(y")y by duality

ox Eqi(y) by (). [

20.4.8. THEOREM. Let §J be an extensional and decent A-theory. Then (T ) is
rich.

PROOF. Let @ : M(F )—M(T ) be locally representable and let  be the
dual of ¢. Claim. For some variable x and for all M € A one has in §

(1) ex)[x=M]=o(M).

Indeed, let v be any variable and let x # v and x € 5@(v). Then by lemma
20.4.7 (i)

2) xZEz=x&gy(z).
Given M, one can find a variable y such that

Yy eﬂ'M’ (p(M),X, (p('x)
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Then
(3) x#y and x&gy(y)
by (2). Now by (3)
(p(x)[x:=M])y = (e(x)y)[ x:= M]
= (Y(»)x)[x:=M]
=y(y)M=9(M)y;

hence (1) follows by extensionality.
By (1) it follows that

(M) =(Ax.@(x))M,

i.e. @ 1s representable. [
20.4.9. LEMMA. An and Hm are decent.

ProoF. The proof is done for An. For J(n the proof is similar (using the
notion of reduction 829).

Step 1. x €3, MSVYNEA [M—>z N=>x €FV(N))
Proof. By the Church-Rosser theorem. [],

Step 2. Let M'=M[z:=x] and M'—>, N’. Then 3N [M—»,, N and
N =N[z:=x]]

Proof. By induction on the length of reduction M’ N'. [,
Step 3. x €5, M=x €, M[z:=y] for z # x.
Proof. By steps 1, 2. [,
Step 4. x €5, Ay. P=>x€,,Pand xZy.
Proof. Clearly x#y. Suppose P =, N. Then Ay.P=4 Ay.N, hence by
assumption x € FV(Ay.N) CFV(N). Therefore x €,,P. [,
Step 5. x €, , M=x €, My.
Proof. Assume x €,, M and My —»z N. We wish to prove x € FV(N).
Case 1. N=M'y with M—», M’'. Since x €,,M also x EFV(M’) C
FV(N).
Case 2. M—>»Xz.M’ and My—> (Az.M')y— M'[z:=y}]> N. Since x
ExgM, also x €, A2.M’ hence x €,,M" by step 4 and x #£z. So x
€ rxgM[z:= y] by step 3 and therefore x € FV(N). Os O
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20.4.10. COROLLARY. T (An), M(IHn) are rich.

It is open whether there are hard models that are rich. The only
candidates so far are 3t °(Aw) and MY H w).

20.5. The tree topology on models

Remember how the tree topology on A is defined. First B= (B, C) is
given the Scott topology. Then A is given the least topology such that the
map BT : A—%®B is continuous. Similarly the tree topology on A° is
defined. Obviously A° is a subspace of A.

For a term model I(¥) of a A-theory § the canonical map ¢ : A —
M(F) is defined by p(M)=[M]q For a A-algebra M the canonical map
¢ : A’ M0 is defined by (M) =[M ™.

20.5.1. DeriNITION. (i) Let ¥ be a A-theory. Let ¢ : A—>I(F) be the
canonical map. The tree topology on M(Y) is the quotient of the tree
topology on A w.r.t. the map ¢, i.e. O C () is open if ¢ (O)CA is
open.

(ii) Let M be a hard A-algebra. Let ¢ : A°—IM° be the canonical map.
The tree topology on M is the quotient of the tree topology on A® w.r.t. the

map .

Note that if § C §” are A-theories, then the canonical map @gq : M(F)
—IMM(F") is continuous by lemma 4.1.20.

There are two ways to define the tree topology on I°(J): as a subspace
of M(F) or as a hard A-algebra. However both definitions coincide by the
following lemma. '

20.5.2. LEMMA. The tree topology on M°(F ) is the tree topology on (T )
relativized to MO(F ).

Prookr. This follows from the fact that topologically A° is a subspace of A.

a

20.5.3. LEMMA. (i) (Wadsworth) In D2 the element \ is not isolated w.r.t.
either the Scott or the tree topology.
(ii) In Pw® the element | is not isolated w.r.t. the Scott topology.

PROOF. Suppose {1} were Scott open. Since in D, one has 1=J=UJ i
(see example 10.2.9.) it would follow that 3n J* € {1}, a contradiction.
Similarly one shows that {l} is not open w.r.t. the tree topology.

(i) If {1} in Pw® were Scott open, then since 1CJ also J € {I};
contradiction. []
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In Pu° the element | is isolated w.r.t. the tree topology, see proposition
20.5.8.

20.5.4. PROPOSITION. (i) Let T =X, Ay, I, Hn, B or Bvn. Then the
canonical map ¢ : A—D(F) is open.

(i) The canonical map @ : A®— P® is open (with respect to the tree
topology on Pw°).

(iii) The canonical map ¢ : A°— D2 is not open (with respect to the tree
topology on D?).

PROOF. Claim. Let § = A, Ay, I, Hn, B or B . Then
(1) M=gM’ and M’ N'=3N N =4N’ and M N.
(2) M =gM’ and M’ = LI M,, then

AN, N;=M, foralliand M =L N,

For F =X, 9C or B this is trivial, since then
M =gN=BT(M)=BT(N).

If n is added, this is not difficult either (do exercise 20.6.16).
(i) Suppose O C A is open. Then @(0)CM(F) is open iff O’ =
9 Y(¢(0)) C A is open. By (1) and (2) O’ is indeed open.
(i) Similarly. '
(iii) {1} C A is open. But by the previous lemma {[I}°=} is not. [J

If M = Pw or D, then the canonical map ¢: A°—>M is not open w.r.t.
the Scott topology on M. Again, this is because | is isolated in A but not in
Puw® or DO.

20.5.5. COROLLARY. Let M = MM(F ) with F as in the previous proposition or
M = Pw®. Then application (and hence any definable function) is continuous
w.r.t. the tree topology.

PROOF. Let ¢ be the canonical map onto . Let a,, a, € M, say (M) = a,.
Let a,a, € O C M, O open. Then ¢~ (0O) C A is open and contains M, M,.
Since application is continuous on A, theorem 14.3.22, there are open sets
0,3 M,, 0,5 M, such that 0,0, C ¢~ '(0O). But then ¢(0))¢(0,) C O and
moreover by the proposition ¢(0,) is a neighbourhood of a,. [J

20.5.6. PROPOSITION. Let M be a hard A-algebra or a term model M(F )
equipped with the tree topology. Then

M is semi-sensible <=M is not indiscrete.
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ProoF. The proof is given for the hard A-algebra; for MM(F ) it is analo-
gous. Let ¢ : A° 5 9R be the canonical map.
(=>) Since I is semi-sensible one has for SOL® = {M € A°| M solvable}

¢ '(¢(SOL%)) = SOL".
Hence by example 10.2.5 ¢(SOL®) C M is open and is neither & nor M

(<) Assume I is not indiscrete and not semi-sensible in order to derive
a contradiction. Then

(1) JOCM P#0+#M, O open.

) 3IM €SOL®, 3N € A°~SOL® MEM = N.

By (2)

BQ MQ= I, NQ unsolvable.
Hence

YPEA® MQP=P, NQP unsolvable.
Therefore

(3) VPEA*IQ e A"-SOL® MEP= Q.

By (1) the set ¢~ '(0)# 0 is open in A°. Let P € ¢~ '(0). Then by (3) for
some unsolvable P’ one has P’ € ¢ (0). But then by lemma 10.2.11
¢~ '(0)= A’ since for all Re€ A® one has P’'[_ R. Hence O =9, a con-
tradiction. [

A point x in a topological space X is called a compactification point if the
only neighbourhood of x is the space X itself.

20.5.7. CorROLLARY. Let I be a hard A-algebra or a term model equipped
with the tree topology. If T is semi-sensible, then for a A-term M

M is unsolvable < M is a compactification of M .

PROOF. Suppose I is a hard A-algebra; the other case is analogous. Let
@ : A° I be the canonical map.

(=) Let M be unsolvable and (M) O C M, O open. Then M €
@ '(0), ¢ '(0) open in A°. Then ¢ '(0O)=A° by lemma 10.2.6 and
therefore O = IN.
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(<) Suppose M were solvable. Then M € SOL® and
(M) € p(SOLC) = M
and as in the previous proof the set ¢(SOL®) is open. [J

20.5.8. PROPOSITION. Let T = A, An, I, Hn, B or By. Let M be T(F) or
MUF), equipped with the tree topology. Then

" M has a nfe>M in R is isolated.

ProoF. The following properties of It are used

(1) M is semi-sensible.

(2) MEM = N=BT(M), BT(N) are both finite or both infinite. Clearly
this is satisfied by all M as described. To fix the ideas let M = M(F ) with
T as above. Let ¢ : A — 9 be the canonical map and let O = ¢~ '(p(M)) C
A.

(=) Suppose ‘M has a nf. We verify the two conditions of lemma 10.2.6
to show that O is open.

Suppose M’ € O, M’'L_ N in order to show N € O.
Claim. BT(M") is L -free. If not, then by the Bohm out technique one
has for some context C[ ]

C[ M’] is unsolvable, C[ M] is solvable,

(since M has a nf), contradicting (1). By the claim and M’L_ N one has
N~<M'’. Since BT(M) is finite it follows by (2) that BT(N)=BT(M") is
finite, therefore M’ =;N and hence MEN = M, ie. NeO.

Suppose M’ € O and BT(M’) = U ,BT(M;) (directed sup), in order to
show 3i M, € 0. Again BT(M") is finite, hence a compact point in B.
Therefore for some i one has BT(M") = BT(M,). Again BT(M’) is L -free,
hence M’ =4 M, and therefore M, € O.

(<) Suppose M is isolated in . Then O C A is open. We claim:

(3) BT(M) is finite.

(4) BT(M) is L -free.

As to (3), BT(M) = U ,BT(M ™). Since (M €) O is open it follows that
3n BT(M)=BT(M™), ie. the tree is finite. As to (4), suppose the
contrary. Then AM* M [_ M* and BT(M*) is infinite. But then M* € O,
hence kM = M* contr;dicting (2) and (3).

By (3), (4) M has a finite 1 -free Bohm tree, i.e. anf. [J

By lemma 20.5.3 proposition 20.5.8 is false for D2.
As an application one has the following generalization of the genericity
lemma 14.3.24.
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20.5.9. COROLLARY. Let I be one of the models in proposition 20.5.8.
Suppose F € A°, M is unsolvable and N has a nf. Then

MEFM = N=IMEVYxXx Fx=N.

Proor. By the proposition N is in IR an isolated point. Hence by the
continuity of F (corollary 20.5.5) there is a neighbourhood O of M such
that F(O)={N}. But M is a compactification point by corollary 20.5.7;
hence O is the whole model. []

20.6. Exercises

20.6.1. Show that, if M is a hard sensible A-algebra, then MFx.

20.6.2. Show Pwlt tr. [Hint. Consider F = Axz.zxx and F’' = Axz.zx(Av.xv).]

20.6.3. Show that in general IMCk ext =6 ME ext.

20.6.4. Show that if J = Fn, then M(T) cannot be embedded into an extensional A-algebra.

20.6.5. Show that there exists a A-algebra I that cannot be embedded into nor be projected
on an extensional A-algebra. [ Hint. Use corollary 15.3.7.]

20.6.6. Let ¢ be a definable map on M), such that ¢(M) has a nf for all M. Show that ¢ is
constant.

20.6.7. (i) (Church). Add to the A-calculus a new constant & and the axioms

1 SMN=T ifM=N,

=F ifM#%N
where M, N range over closed B-nf’s not having a subterm of the form § PQ. Show that this
extension, the so-called Ad-calculus, is consistent.

(ii) Show that if in (1) M, N are not required to be closed terms, then the resulting system
is inconsistent.

(iii) Show that there is no consistent extension § of A such that for some constant § one has -

for M, N € A°
F-OMN=T fF-M=N,
S+-8MN=F ifS¢¥M=N.

20.6.8 (de Jongh). Let M satisfy the range property and let ¢ be a definable map on I,
Show that the range of g is either infinite or a singleton.

20.6.9. For F € A® and M a A-algebra, define
F“M = {Fac Mla e M}.
Construct terms F such that

(i) F*“MOA) is infinite, but F“MIC) is a singleton.
(i) FMAK) is infinite, but F“MO(IC*) is a singleton.

20.6.10. Show that there is no F € A% such that in 3

FM = { I if M € A%is solvable,
@ if M € A®is unsolvable.

[Hint. Use the range property for D2}
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20.6.11 (i) Let M, be a sequence uniform in n. Construct an F &€ A9 such that
F'n'x=»(F'n+1" (xM,)>

(remember (P> =Az.zP). Let G=F "0".
(ii) If M, = Q for all n, what is the cardinality of Ra(G) in T%I(C)?
(iif) Same question with M, =1 for all n.
(iv) Same question with M, is the sequence @, 1, 2,1, . ..
(v) Same question with M, is the sequence &, x, &, x, . ..
(vi) Same question with M, is the sequence @, xI, @, xIQ~2, @, xIN~3, . ..
(vii) Same question with M, =E 'n".
For the next exercise, see the definitions just before exercise 6.8.18. A numbered set
Y = (S, ») is positive if {(n, m)|p(n) = v(m)} is r.e.; v is complete with special element a if

YyeP 3IfeF [Vxe&Dom(y) r(f(x))=r((x))A

Vx & Dom(y) v(f(x)) = a].

20.6.12. (i) Show that (M%), rg) with »e(n) = E "n" is a positive, precomplete numbered set.
(i) Show that (T%(I(), ») is a complete numbered set with special element €.
(i1i) Let v, v’ be numbered sets with y positive and precomplete. Let ¢ € Mor(y, y’). Then
the range of u is either infinite or a singleton.

20.6.13. (i) Show that there is no F € A° such that for all M € A°

FMhasanf if M= "n' forsomen,
FM hasnonf else.

(i1) Prove (i) for any adequate system of numerals. [Hint. It follows from the proof of
lemma 20.3.2 that K1, for some n, is not in the given system.]

20.6.14. (i) Show that there is no F € A° such that for all M € A°

FM is solvable if M= "n" for some n,
FM is unsolvable else.

(i1) Prove (i) for any adequate system of numerals.

20.6.15. Show that
(i) M has a finite Bohm tree<> M in B is compact.

(i) M has an L -free Bohm tree<> M in B is maximale> M in D2 is maximal.

(iii) 1 is not maximal in Pw®, nor in D.
20.6.16. For § = Ay, ¥y or B9, show the conditions (1), (2) in the proof of proposiiion
204.4.
20.6.17. (i) Show that not all continuous @ : MO(N) > MO(N) are representable. [ Hint. See the
hint for exercise 18.4.24.]

(ii) Show the same for T(A).
20.6.18. Show that on B° the Scott and tree topologies coincide.
20.6.19. Investigate the relationship between the Scott and the tree topology on Pw® and D2.
20.6.20. Show that M(B ») is rich.
20.6.21. Show that MO(IC)F ext-rule, but MO(IC) ¥ ext-ax.
20.6.22 (Longo [1983)). (i) Show that if A = @, then Pw = D, (as applicative structures). [ Hint.
For n€w write n=(n,, n,,...,n,,00=(ny,(n,,...(ng,0)...)) with £ >0 and n, = 0. Simi-
larly in the model D, write (B8, B5,..., B,, b) for (B,(By,...(B,. b)...)). Let a € A. Define
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maps

[ ]:w_'DA’

f:{eC w|e finite)} - (8 € B| B finite},

h:w—B,

as follows:
[0]1={a,(8,a),(8,0,q),...},
f(9)=9,
h(0)=a,
[(n1e om0 ={(F(en)s o f(en, ) DY [0},
flen)={h(m)),... h(mp)}, ife,={my,...,m,),
h(nysn,0)=(f(€n)s- . f(en,), @)
Finally define ¢ : Pw — D, by
$(x)=([nlinex)]

(ii) Show that if 4 is countable, then D, Pw (as applicative structures). [ Hinr. Let
A ={ay, ay, a,,...} Define m: B— w by

m(an)= (l’n)’
m(8;0) = (L 15 € B), m(b)).

¥: Dy Pw isdefinedby ¢(d)={m(b)|bed}.]




CHAPTER 21

COMBINATORY GROUPS

The operation composition x e y =Az.x(yz) is associative. With this
operation every combinatory algebra I becomes a semigroup. If moreover
IR = 9, then the semigroup has | as unit element. The combinatory group of
IR consists of the invertible elements of this monoid. For several A-algebras
the structure of its combinatory group will be determined. See addendum 4
at the end of the book. :

21.1 Combinatory semigroups

Given a A-algebra It with M Fy, one can define the following semigroup
and group.

21.1.1. DEFINITION. Let IR = (X, - > be a A-algebra satisfying 5.
(i) The semigroup of IN is the structure

S(SIR)= <X, © |>:

where in IR one has a@ ¢ b = Az.a(bz) and | = Az.z. Clearly o is associative
and n implies that I is a (two sided) unit element.

(ii) The group of M is the subgroup of S(M) consisting of invertible
elements:

GM)={acSM)|Fbe S(M)acb=boa=1}, o),
Clearly G(I) is the largest subgroup contained in S(I%).

(iii) Let J be a A-theory with F+x. Then M(T)En and M(F)Exn and
we define

S(T)=8(M(F)), G(T)=6(MN9)),
SAT)=S(MAT)), G%T)=G(MAT)).

REMARK. Clearly every homomorphism ¢: I -’ induces homomor-
phisms @g : S(PM)— S(M’) and ¢ : G(M)— G(M'). If ¢ is surjective, then
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so is ¢g, but not necessarily @;. An element @g¢(a) € S(IN) may be
invertible but not a € S(IM).

An example is G(IC*) which turns out to be a proper extension (of the
canonical image) of G(An).

Following Church [1937], the structures S(It) are called combinatory
semigroups, and the structures G() combinatory groups. For several MEy
the structure of G(IM) will be determined. For all known hard :, G(M)
turns out to be a decidable group. By contrast, the S(‘I?) are never
decidable.

21.1.2. THEOREM (Church [1937]). S%(An) is a recursively presented semi-
group having four generators with an unsolvable word problem.

ProoF. Define
C.=Axy.yx, BE)\xyz.x(yz)..

Then the following is provable in Aq

0)) C.(xy)=C.y°C.x°B,

(2) C.xoC.=ux.

Consider
X = {C.K,C.S,B,C.} C S%A9).

Since {K, S} is a basis for A% it follows by (1) that for each M € S%Ay).
C.M € {C.KK,C.S,B}"

(see footnote*). Hence by (2) one has S°An) C X" . Therefore S°Ay) is

finitely generated.

Now a relation 4 = B holds in S°(An) if it is provable in An. Therefore

S%(An) is recursively presented.
Conversely for M,, M, € A® one has

At M, = M, S%(An)EMT = M},

where M? is M, written in terms of the set of generators with composition
(e.g. KS*=C.S - C.KoB-C.=KS, by (1) and (2)). Since An is undecida-
ble, theorem 6.6.6, the word problem for S°(Ay) is unsolvable. []

*9* stands for the set generated by X; see definition 8.1.1.
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It is not known whether S°(An) can be finitely presented. However by
the analogon of Higman’s theorem for semigroups, see Murskii [1967],
S°An) can be embedded in a finitely presented semigroup.

21.1.3. COROLLARY. Let MEn. Then S(M) is not decidable. Moreover, if M
is hard, then S(I) is finitely generated.

ProoF. Given I, then for M;, M, € A°
MEM, = M,sS(M)EM} = M} .
Since Th(M) is undecidable, theorem 6.6.6, so is S(M).
If 2 is hard, then S(IM) is a homomorphic image of S°(An) and hence
generated by the image of %X. [
The following is proved by Bohm .

21.1.4. COROLLARY. S°(An) can be generated by two elements. The same is
true for each S(M°).

ProOF. Note that in Ay

3) B=S-K,

(C))] C.xoK=1.

Define H=C.S - (C.(K o C.K)). Then

(5) HoC.=C.S-(C.(K-C.K))-C.
=C.85:K-C.K by (2) in theorem 21.1.2,

Moreover
HeK=C.S-(C.(---))oK
=C.8c-1 by(4),

= Ct S .
Hence

(6) C-S=H°K
=HoC.K-C. by(2),

=H°H°C.°C. by(S).
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Also

B=S-K by(3),
=C.sOC. OC.KOC. by (2),

=H2.C3oH-C2 by (6), (5).
Therefore

{c.K,C.S,B,C.} C {H,C.}"

and hence by the proof of theorem 21.1.2 S°(An) is generated by H and
C..
As before it follows that S(°) is generated by (IH1™, 1c-1™). O

21.2. Characterization of invertibility

In order to investigate the structure of several combinatory groups the
notion of invertibility is examined.

21.2.1. DerFINITION. Let F be a A-theory. Then M € A is Finvertible if
ANEAF-MoN=NoM=1.

In Dezani [1976] a characterization of An-invertibility is given for terms
having a nf. Bergstra and Klop [1980] show that the assumption of"
normality can be dropped. This is done by characterizing first the notion
of IC*-invertibility in terms of Bohm trees. We follow their treatment,
which uses several ideas of Dezani.

21.2.2. DEFINITION. Let M € A.

(1) M is head free if M has a hnf with free head variable. This free head
variable is called the free head of M.

(i1) A head free (substitution) instance of M is

M®= M[)?:=1\7]

where the N are all head free.
(i) M ®, M™, . .. range over head free instances of M.

21.2.3. LemMa (1) If M has the free head u and N has the free head v, then
M[u:= N] has the free head v.
(ii) M is head free= M ® is head free.
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PROOF. (i) Let M = AX%.uP, N = Ay.0Q. Then
M[u:=N]=AZ.(AF.0Q)P=A%---.0--- .

(ii) If no substitution is made in the free head of M we are done.
Otherwise use (). [

21.2.4. LEMMA. (i) Suppose
H*tAzx, - x,.2(Pyxy)- - - (Pox,) =1
and x, & FV(P,) for 1 <i<n. Then
H*HP, =1, 1<i<n.
(ii) Suppose
H*FAzx; - x,. 0, - Q,, =1
Theny =z, m=nand X*+Q, = x,.
PRrOOF. (i) By assumption and theorem 19.2.12
1= Azx, -« - x,.2(Pyx;) - - - (P,x,).
Hence
Azxy - v v xpzxy e s s X, = AZx - 0 X%, 2(Pixy) - - - (Pyx,)
and therefore

Xi

=,Px, 1<i<n.
Again by theorem 19.2.12 it follows that
H*tx,=Px;

hence

H*Hl =Ax;.x; =Ax,.Px;= P, 1<i<n.

(i) Similarly. J

21.2.5. DEFINITION. (i) C*(M,N)if * - Mo N=NoM=1.
(i) M is of type 1 if M has the hnf

Azx -+ -x,.zPy---P., n,m>0.

m
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(iii) IC*(M, NP if M, N are of type | and for some head free instances
one has

H*FM® o N®*=N"o ME=].

21.2.6. LEMMA. IC*(M, N)=IC*(M, N)°.

PROOF. Suppose JC*(M, N). First we claim that M, N are solvable. Indeed
in 3C* one has Mo N =1, hence M(NI)=1I. Thus M is H*-solvable and
therefore by proposition 17.1.4 solvable; and similarly for V.

Next we claim that M, N are of type I. For by theorem 8.3.14 M has a
hnf, say

M=XAx;---x,oM;---M,.
If v# x|, then

H*H1=MoN=Az. M(Nz)=MAzx, - - x,.oM}--- M%.
contradicting lemma 21.2.4(ii). Hence v =x, and M is of type I; and
similarly for N.

The last condition for IC*(M, N)® is trivially satisfied, since IC*(M, N).

O

21.2.7. DEFINITION. Let S, be the permutation group on n elements and let
7 € S,. Then {n|M,, ..., M,> denotes

AZ.X'] ot xn'z(Mlx'nl). o (Mnxvm)'

21.2.8. MAIN LEMMA. Suppose JC*(M,NY*. Then for some n EN, some =,
0 E S, and some M,,....M,, N,,...,N, € A one has
Q) M =g (m|My,...,M,>, N=g(0|N,,...,N,>.
()mr=0""
(i) IC*(M;, N,,P* for 1 < i < n.

ProOF. By assumption M, N are of type I. Hence by taking, if necessary,
some 7-expansions one has

M=gAzx,- - x,.zP;- - P,

my

(1
N=p,,>\z)’1 Yy ZQr O,

for some n, m,, m,.
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Claim 1. All P, Q; are solvable. Moreover n =1(m, + m,).
Proof. Indeed, for some instances M®, N®

IH*H1=M"- N®

=Azx; - x, N2AW- .. po®

Azxy - x, 28 RXPRM - PR ifm, > n,
2 =
( ) Ale'..‘xnyml+l..'yn’ZQ?A”'gmzA if’nl<n’

where

3) (= )|yieccyy=rPm, ... o8]

and similarly for ().
Let, say, m; > n. By lemma 21.2.4 (ii) one has n=m,+m, —n, ie.
n=3(m, + m,) and

4 IRt =x, forl <i<m,.

Hence each Q, is (3C*-) solvable, by lemma 8.3.3 and proposition 17.1.4.
Similarly the P, are solvable. [,
By claim 1 and theorem 8.3.14 it follows that the P, Q, have a hnf, say
P=Ap,u;--- 1<i<m,,

®)

Q;=Ag.v,- -+ 1<i<m,,
and hence (1) becomes

M=g Xzx, - x,.2(Ap oy )= - - ()\ﬁm,-“m.' ),
(6)

N=g A2y, 3,2(AGy.0y -+ )+ - (NG, O )
By the variable convention one has {X} N {¢} = ()} n (¥} =40
Claim 2. In (6) one has
@) {u,,...,uml} Co{xp..nx,)s

(@) (01,1 0m} C (- 30
Proof. (ii) One has in I* (if m, > n) for 1 <i<m,

™ X = Qi. * by (4),

=(Ag.v - - )°[7=P*"] by (3), (5.
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First we show that the free head of (f is v;. If not, let it be a,; by the
variable convention one has a; & {X,y}. But then by (7)

x, =X

; a.c -

{

)

contradicting lemma 21.2.4 (ii).
Therefore (7) becomes

=g [ = ).

Since v; # x;, it follows that v; € {y}. If m; < n the reasoning is similar.
(ii) Similarly. [,
By claim 2 there are maps

m:{l,...,m}—{1,...,n},
o:{1,....,m}—>{l,...,n)

such that 4, =x,;, v, =y, for all relevant i.
Claim 3. (i) m; = my, = n.

(i) meoo=0om=id on {1,...,n}). Hence m, o are permutations and

r=0"L

Proof. (i), (ii). Let 3C*F M® o N®=1. By claim 2 and (6)

M0=Bn)\le...x".z(}\....x"l...)...()\...'x ),

™,

N.=ﬁ"Azyl...y".z(A...'yol...)...(A....yomz...).

Assume m, < n. Then m, > n, by claim 1, and hence oi = 0/ < n, for some
i, j<m, Nowin JC*

I=M®*-N®

= Azxy X N2(A e xR X )

.__}\le. X Vi1 ')’n-z(}‘"‘-)’:l‘ )(;\ -y:m,"')’
where

v | Xnai Hoi<my;
Yoi = 1
Yoi  ¢tlse.

By lemma 2124 (ii) the sequence x,,..., Xps V415 - - -2 Vn €quals
Yos -+ sYam, DUt since i = o/ this is impossible.

i
b
i
]
!
j
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Therefore m; > n. Now one has in JC*

I=M®*-N*

=Azx;- o xp.z(A- - ydeee )

.(A'..'y:mz"')(}\...'x-rr(n+l)'..)“.(A. "-xm."')’

where y* = x,,,;. Hence by lemma 21.2.4 (ii) the sequence x,,..., x, equals
Xaglse«+s xvromz’ x'rr(n+ 1)r==+>» xﬂm,'
It follows that woi =i for 1 <i < m,.
We have proved, now assuming JC* M® o N®=1, that m;> n and 7oi =i
for1<i<m,.
Similarly one can prove, assuming 3C*- N®o. M® =1, that m, > n and
omi=ifor1<i<m,.
Since by claim (i) one has n=3(m, + m,), it follows that m, =m,=n
and that scr=moo=id on {1,...,n}. [O;
Define

M=Axm"}’i’ Ivi=}\yoi'Qi

for 1 <i <n. By claim' 3 it follows that x,; is the free head of P,, hence
each M, is of type I. Similarly for the N,. '
Claim 4. () M = (7|M,, ..., M,>, N=_(6|N,, ..., N,).
(i) IC*(M,, N, )® for 1 <i<n.
Proof. (1)
(n|M,, ... M) =X\zx, ... x,.2(Mx,,) - - - (M,x,)

=NzXy ... X.2Py - - - Py=p M.

Similarly {o|N,,...,N,> =4,N.
(ii) By assumption one has for some head free instances M®, N®

I=M®*-N®

=Azx;- - - x,.N%(M}"x,,)- - - (M3 "x,,)
=)\le R xn.z(N,'(M:l-xwl))' - (NxM:n.xmm))

=z, - x,2((N] o ME®)x,) - - - (N7 = MER)x,)

(since 7o o =id), where X™= X[z:= N%] is a head free instance. Hence
by lemma 21.2.4 (i) for all {

IoF NP o MR =1
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but since 7 = ¢~ ! this is the same as

(8) H*+-NSoM®™=].

Similarly it follows from J(* - N* e M* = |, that
(9)  H*-MroN*A=1

for some head free instances *, *4, Since the M,, N, are of type | it follows
that IC*(M,, N,)® for all i. [,
Now the statement of the main lemma follows from claims 3 and 4. [

21.2.9. DEerFINITION. (i) A Bohm-like tree A is a hereditary permutation
(notation 4 € I(P) if 4 is of the form

Azxy " Xp.2

A do s ATnx
/N

X

1.e. every abstracted variable occurs exactly once and except for the head
variable z, every abstracted variable occurs at one level lower than the
place where it is abstracted.

(ii) A4 is a finite hereditary permutation (notation A € FIHP) if 4 € XP
and A4 is finite.

(i) HP = {M € A|BT(M) € (P} and FHP is defined similarly.

21.2.10. ExampLEs. (i) The following tree is in FICP:

Ay =Azx x9%3.2

Ay1Y293-X3 Ay1ya.x Ay ¥iix,

/NN

1 V3 N2 N Y2 V3 Y1 Azizp

141 Zy

(ii) The following tree is in JCP:

Ay=Aza,a,.z

Abyby.a, a,
Aeycy.by b,
VAN
AN
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21.2.11. DEFINITION. (i) A4 is up to level k in P (notation 4 €, I P) if
AB € P A =,.B (i.e. the trees are equal for level <k).
(i) M €, HP if BTIM) €, K.

ExaMPLE. Let

A=Azx;x,.2
Ay %, X1

Y1 N

Then 4 €,5? but A &,3P.

21.2.12. LEMMA. Let m € S,. Then

Ml""’Mn Ek HP=><77|M1""7Mn> Ek+l HP.

ProOF. Note that

BT(<7T‘M1,...,M">)=)\ZX‘. e x. .z

n

BT(Mlxyrl) e BT(Mnx-rm) D

21.2.13. PROPOSITION. JC*(M, N)=M € HP.

Proofr. By induction on k it will be shown that
(1) ¥*(M,N)*=>M €, HP.

The case k=0 is trivial since always 4 =,B. Let k>0 and suppose
JC*(M, N)®. Then by the main lemma 21.2.8 one hasM gl IM,,..., M),
N =4.(0|N,,...,N,) and JC*(M, )‘ for 1 < i< n. Hence by the mduc-
tion hypothe51s M, e, HP for 1 <n. Therefore Me,,, HP by the
preceding lemma.

Now one has

JC*(M,N)=IC*(M,N)® bylemma 21.2.6,
—Vk Me, HP by (1),
=McHP. J
21.2.14. LeMMA. (i) Let 7 € S,. Then
(A My, M) =g (T My, My L LD

|
I
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where y, = - - - =, =1 and w* € S,,, is the extension of w such that
a*(n+i)=n+ifor 1 <i<k.

(ii) Let m,6 € S,. Then

{m|M{,....M,> {a|Ny,....N,>={meo|NyoeM,,....N,o M, >.

PROOF. (1)
{m|My,...,.M,>
=Azx, - x,.2(Myx,)- - (M,x,,)
paNZXL T XXyt Xy Z(Myxgg) - -
ML X )X Xk
={m*M, ..., M, |,....D).
(i)

(m|My, ..., M, o (| N,,...,N,> =
=AzLm|M,,... >({o|N,, ... >z)
-)((c;]Nl,...>z)
=AzZ.(0|Ny,... dz(Mx,) - - (M, x.,,)
)z(Mlx,,l)“-
(N My X 05))
=(moa|NjoM,,,...,N,o M,,>. [0

=}\z_(>\zf.Z(M1x1rl)' :

=AzxX.(Azy. z(Nyyy,) - -~

= AZE-Z(N]( Molx'iml)) :

The sets 5P and HP can be determined as follows in the style of the
informal definition 10.1.3 of Bohm trees.

21.2.15. REMARK. (i) Let B,, ...,
€% by

Azxy - x,.Z

B, €% and 7 € S,. Define {7|B,,...,B,)

B x

xl n>an

B,x

Then one has for 4 € B
AeXP=3IAn>0 37 S, 3B,,...

(To be consistent one can put B > =Ax.x.)

,B,EKP A=<(x|B,,...,B,>.




544 COMBINATORY GROUPS CH.21,§2

(ii) Similarly for M € A
MeHP<3n>0 A7r €S, IM,,...,M, € HP
M={aM,...,M,>.

Now for each tree in (%P a “formal inverse” will be defined. The
definition is informal but can be made precise in exactly the same way as
the informal definition of 10.1.3 of Bohm trees is made precise in defini-
tion 10.1.4.

21.2.16. DeFINITION. (i) Let A € 3(P. The formal inverse of A (notation
A™") is defined as follows. If 4 ={#|B,,...,B,>, then

A '=<(x Y B, ..., B, .
in particular

(Ax.x)"'=@ > '=®| >=Ax.x.

(i) Let M € HP. Then a formal inverse of M (notation M~ ') is a term
such that

BT(M~')=BT(M) .
Note that BT(M) and therefore BT(M)~! is an r.. tree without free
variables. Therefore by theorem 10.1.23 such a term M ™! exists.

Clearly for M = (= |M,,..., M,> € HP one has

M_l = <77_1IM,”_—111,...,M;—1|">.

21.2.17. ExampLE. Referring to example 21.2.10 one has the following

() A7 V'=Azxxyx,. z

Ay ix, Ay p2ys-x; Ay1yaps.x
i o Anz;yys o onon » »2
z, zy

(i) A7 = A4,.
21.2.18. PROPOSITION. Let M € HP. Then H*(M,M™').
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PRrOOF. Define for N € A
N =, l<3r BT(N)=,BT(I')=,BT(I).
Then
e Vk N =,1=BT(N)=,_BT(l).
By induction on k& we will show
) MoM™'=,1 and M 'oM=.

If k=0, this is trivial, so consider k + 1. Let M = (w|M|,..., M,). Then
(7~ '|M\,,...). Hence by lemma 21.2.14 (ii)

MoM = <idn|M,”_—1|1 ° M,”—ll,... >
By the induction hypothesis M, 'oM, =kl for 1<j<n. Therefore
MeM~'=, I Similarly for M~ "o M.
By (1) and (2) one has
BT(M e M~')= BT(I)= BT(M~'o M);
hence by theorem 19.2.12 it follows that

H*rMoM'=M"'oM=1 O

Thus we obtain the characterization of J(*-invertibility due to Bergstra
and Klop [1980].

21.2.19. THEOREM. M € A is I *-invertible iff M € HP.

Proor. By propositions 21.2.13 and 21.2.18. ]

Now we want to investigate J-invertibility for different A-theories ¥ .
Remember that the depth of a Bohm-like tree A4 is d(4) =
sup{lh(a)la € A} and that d(M) = d(BT(M)).

21.2.20. LemMA. (i) d7|M\, . .., M) > m + 1= d(M,) > m for some i.
Let M, N € HP. Then
(i) d(M) > m=d(M o N) > m, d(N o M) > m.
(iii) dM) = c0=>d(M o N)=d(N o M) = 0.

ProOF. (i) By definition.
(i) By induction on m. If m=0, this is trivial, so consider m+ 1.
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Suppose d(M)zm+ 1. Then M = (=|M,,..., M,) with M, € HP for 1 <i
< n. By (i) one has d(M, ) > m for some i;. Let N = (o|N,,...,N,). By
lemma 21.2.14 it may be assumed that n = n’ and
NoM={gom|M,oN,,...,M, N, >.
By the induction hypothesis
d(MiooN,-o) >m,

hence d(N o M) > m+ 1 by (1) and similarly for d(M o N).
(1it) Immediate by (i1). [

The characterization of An-invertibility due to Dezani and Bergstra,
Klop is given next.

21.2.21. THEOREM. M is Ay-invertible< M € FHP.

PROOF. (=) If M is An-invertible, then M is JC*-invertible and by theorem
21.2.19 one has M € HP. Suppose M & FHP. Then d(M) = oo and hence
by lemma 21.2.20 (ii1)

(N d(MoN)=o0 for NeHP.
On the other hand, for some N € A one has in Ay
MoN=NoM=I.

Then also N € HP. By corollary 15.1.5 M o N has a 8-nf, so BT(M > N) is
finite contradicting (1).

(<) If M eFHP, then k=d(M) < . By induction on k it will be
shown that in Ay

MoM '=M'1oeM=1
and we are done. If k =0, then M =1and M ' =1. Consider k + 1. Then
M={(q|M,...,M)> with dM)<k for 1<i<n and M™! =
e~ \MY, ..., M7 >, We have in Ay
MoM '=(moa '\M\ oM, \,...> bylemma 21.2.14 (ii),
=id|l,...,1I> by the induction hypothesis,
={@} >=1 bylemma 21.2.14 (i).

Similarly M~'o M =4 1. [

A
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Using the proof-theoretic analysis of 3w one obtains the following
consequences. Result (ii) probably also holds for B and B w.

21.2.22. COROLLARY. (i) Let T be A, W or B. Then

M € A is F-invertible > M = g41.

(i) Let T be Ay, Aw, HCn, Hw. Then
M € A is F-invertible<= M € FHP.
PRrROOF. (1) (<) Trivial. (=) Note that
(1)  9-M=N=BT(M)=BT(N).

If M is F-invertible, then M is FC*-invertible and hence M € HP. Suppose
M #gl. Then M = (x| M,,..., M, > with n > 0. But then for N the inverse
of M one hasin J

I=MoN
=Az.M(Nz)
=Xzx.Nz(Mx,,) - - -

contradicting (1).

(i) (<) If M € FHP, then by the theorem M is An-invertible, hence
9 -invertible.

(=) If M is J-invertible, then for some N € A one has in F C e

MoN=N-M=1

But then by theorem 17.2.17 the same is true in Ay, i.e. M is An-invertible.
Hence by the theorem M € FHP. [

REMARK. If a term M is F-invertible, then M is F -bijective (in the obvious
sense). It is open whether the converse holds (on M%(¥)). See also exercises
21.4.2,214.3.

21.3. The groups G(An) and G(C*)
From corollary 21.2.22 it follows that
G(A)=G(I) =G(B) = {e), the trivial group,
G(An) = G(Aw) = G(Kn) = G(Xw),
G(3C*) 2 G(An).
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In this section the group theoretic structure of G(An) and G(IC*) will be
determined. First the following group theoretic notions are reviewed.

21.3.1. DeFINITION. (1) S, is the group of all permutations on N (i.e.
bijections 7 : N - N).

S,= {7 €S,|m(k) = k for all but finitely many k € N}

(i) If H is a group with unit e, then H* is the group of all infinite
sequences {{ hy, hy,... Y|h, € H}, with coordinatewise multiplication.

= {}Te H®|h, = e for all but finitely many k € N}.
(iii) Each 7 € S, induces an automorphism on H¢ as follows
alhg, by - >=Chgr by -

Notation: for & € HE write k™ = xh.
(iv) The semidirect product of S, and H¢ (notation S, ® H®) is

{(m,k)|m €S, he HE)
with as multiplication*

(m,h){0,8) = {mo,Gh").

(v) A direct (respectively inverse) system of groups is a sequence
(H,, f)nen such that each H, is a group and f, : H,— H,,, (respectively
f, : H,,,— H,) is a homomorphism

(vi) If (H,, f,) is a direct system of groups, define

-f;l,n+k =f;z+k—l ° st °j;1 : Hn_)Hn+k

(f,,n 1s the identity on H,).

Fora,be UH,,saya€ H, ,bEH,,
define

a~be3m> ny, ny f;'l’ m(a) =f;|z, m(b)'

Then ~ is an equivalence relation. [a] is the equivalence class of a in
UH,.

*Usually one takes for the product {=o, l:"E), but since a group X with multiplication - is
isomorphic to X with multiplication x®y = y-x (via the map \z.z~!) this is the same.
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The direct limit of the system (H,,f,) (notation lim(H,,f,) or lim H,) is
the group ” -

UH,/~
with multiplication
[a1[8] =] foy. (@), m(B) ]
for some m > n,, n,.

(vii) The inverse or projective limit of an inverse system (H,,, f,) (notation
lim(H,,f,) or lim H,) is

{<hoshys .. YV EN[ by € H, and f(hyyy) =hi ]},
with coordinatewise multiplication.

21.3.2. DEFINITION. (i) A group {H, -, ™' is recursive if there is a partial
surjection »: N> H and there are total recursive functions m, i such that

v(m(n,,n,))=w(n) »(n,),

p(i(n)) =»(n)""

(in the sense that if one of the two sides is defined, then so is the other and
the two sides are equal).

(ii) A direct (or inverse) system (H,, f,) of groups is uniformly recursive if

each H, is a recursive group via the maps »,, m,, i, and

(1) Anxy.m,(x, y) and X\nx.i (x) are recursive

(2) there exists a total recursive function \nx.y,(x) such that for all
nxeN

Ji(a(%)) =2, 4 1 ($(x))

(respectively f, o v, ., =, o {,).
(iii) Let (H,, f,) be a uniformly recursive inverse system of groups. Then
the recursive inverse limit of (H,,f,) (notation li(x_n'(H,,, f) or 1@'11,,)

consists of
{(h,,> €lim H,|Vn v,(g(n)) = h, for some recursive g} ,

with coordinatewise multiplication. lim"H, is clearly a subgroup of li(x_n H,.
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21.3.3. PROPOSITION. (1) Let (H,, f,) be a uniformly recursive direct system of
groups. Then im H, is recursive. :

(1) Let (H,,,—}:,) be a uniformly recursive inverse system of groups. Then
lim"H, is recursive.

«—

PrOOF. Let (H,,f,) be uniformly recursive via the functions »,, m,(x,y),
i,(x) and ¢,(x).

(i) Define »({x, n))=[»,(x)] where { , ) is the standard pairing of the
integers. Then »:N - lim H,, is surjective. Define

m((x, ), (ps 1)) = (Vo1 (%) ¥, a1 (9)), 1)

where n = max{n,, n,} and the y, , are defined from the ¢, as the f,
from the f,. Then clearly m is recursive and satisfies the required property.
Similarly i can be found.

(i1) Define

v(n) = {{n}(k)>een i this is in im'H,,

=1 else.

Then » is a partial surjection. Define
m(ny,ny) = Ak.m({n}(k),{n;}(k))

where Ak.--- is the (canonically constructed) Goédel number of the
partial recursive function \k. - -- . Then m is total recursive and repre-
sents multiplication in lim'H,. Similarly i can be constructed. []

21.3.4. DEFINITION. (i) By induction on n define the groups G, as follows.
Gy = {e}, the trivial group,
Gn+l = Sw ® Gng‘

(ii) For each n there is a canonical homomorphism f, : G,—G,,,
defined by

fo(e) = e,, the unit element of G|,

Jar(Cm, X5) = <7, Fo(X)DiDs

where (7, X) = {(m, {x;>;> is an arbitrary element of G, ,.
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(ii) For each n there is a canonical homomorphism g,: G,
defined by

+1—)Gn

go=A\Xx.e,
8ni ({7, XD) = (7, {g,(x,):).

Note that (G,,f,) is a direct system and (G,, g,) is an inverse system such
that g, o f, is for all n the identity on G,.

21.3.5. PROPOSITION. (i) S, is recursive.
(ii) If H is a recursive group, then so are HS and S,® He.
(iii) (G,, f,) and (G,, g,) are uniformly recursive systems.

PROOF. (i) Define » : N— S, by

m, if n is the sequence number {ng, . .., n,_,>
v(n) = and 7,(i) = { '.l" ifi <k, }is a bijection;
i else;
T else.

Clearly » is surjective. By Church’s thesis appropriate m and i can be found.
(ii) Suppose H is recursive. Similarly to (i) H¢ is recursive. For S, ® H®
define -

v(n)= (7)), 7 ((m)1))

where »|,», are the enumerators of S, and H¢ Then v: NS ® H¢is a
partial surjection and again by Church’s thesis appropriate m and i can be
constructed.

(iii) Since G,, f, and g, are defined inductively the (G,,f,) and (G,,g,)
are uniformly recursive. []

21.3.6. DEFINITION. (i) G =lim G,

(i) G=lim G,. -

(iii) G* =lim'G,

It will be shown that for § =An, Aw, Hn, Hew; one has G(T)=G.
Moreover G(H*) = G".

21.3.7. DErFINITION. Define the following sets F, C G(An):
Fy= {I}’

Fepy={n|M,,...,M,>|nEN,7E€S,, M,,...,M,EF,}.
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21.3.8. LEMMA. (i) F, = (F,, ° ) is a subgroup of G(Ay).
(i) GAn) = U F,.
(iii) Vk F, C F,, ,.

PrROOF. (i) By induction on k it follows that the terms defining F, are in
FHP, hence F, C G(An). By lemma 21.2.14 the F, are closed under - and
by definition 21.2.16 under ~'. Therefore (F,, ° ) is a subgroup of G(An).
(ii) For each M € FHP one has M € F, where k = d(M).
(iii) Again by induction on k, using | = 4, (id|I} for the base. [J

21.3.9. LeMMA. Let (G, f,) be as in definition 21.3.4 and let i, be the
embedding F, C F, . Then the direct systems (G,.f,) and (F.,i,) are
isomorphic.

ProOOF. Define by induction on k maps 4, : F,—> G,
ho(l) = e,
b K7 | My, ... M, D)

= <7T°°’<hk(M1)’ v ’hk(Mn)’ek’ek+l’-->>

where 7% is the canonical embedding of # into S, and e, is the unit
element of G,. By a routine argument one shows that the h & are isomor-
phisms (use lemma 21.2.14) such that h,, ,0i, =f, oh, forallk. OJ

21.3.10. PROPOSITION. G(An) = G.

ProoOF.

G(An) =lim(F,,i,) bylemma 21.3.8,
=1lim(G,,f,) bylemma 21.3.9,

=G. O

21.3.11. THEOREM. (i) Let = An, Aw, Ky, Kw. Then G(T)=G.
(i) Let =X, W or B. Then G(F ) = {e}, the trivial group.

PrOOF. (i) By corollary 21.2.22 (ii)
G(9)=FHP/=g4

But for M, N € FHP one has
M=,\,,NzM=5N=>M=‘x.N=>Mz,,N:M=,‘,,N
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since M, N have finite Bohm trees. Therefore
G(F)=FHP/=,,=G(An)

and the result follows by the preceding proposition.
(i1) Similarly, using corollary 21.2.22 (1). [J

Now it will be proved that G(I(C*) = G*. The proof occupies 21.3.12—
21.3.16.

21.3.12. DerFINITION. By induction on k the following homomorphisms
Jx: Fyy1— F, are defined

Jo(x) =1,
jk+l(<7TlMl""’Mn>) = <'”|jk(Ml)’ . "’jk(Mn)>'

It is routine to show that the j, are well defined and indeed homomor-
phisms.

21.3.13. LEMMA. (F,, j;) is an inverse system of groups, isomorphic to (G, g;.)-
ProoOF. By the same maps 4, as in the proof of lemma 21.3.9. ]

21.3.14. DErFINITION. Define

Pr: HPHP and ¢.:G(K*)>F,.

by
Po(M) =1,
Piii({m| My, ..., M D) ={7|p(M,),...,p(M,)>,
‘Ik([M]‘x') =[pk(M)])\11'
ExaMmPLE. If
M=MAzxy.z,
Apq.y A7x\
P q9 9 P
then

pM)=Azxy.z

/A
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21.3.15. LemMa. (i) The pk,vqk are well defined.
(i) The q, are homomorphisms such that j, o q, ., = q, for all k.

PROOF. (i) Routine. For the p,, use remark 21.2.15 (ii). For the ¢,, show by
induction on & that

M=gy.N=p,(M)= )n,Pk(N)
(i1) Entirely routine. [
21.3.16. THEOREM. G(I*) = G™.

PrOOF. Define a map

1: G(3*) —>lim " (Fy, i)

by
I(a) =<{q0(a),q\(a),...>.

By lemma 21.3.15 (ii) and Church’s thesis / is a well defined homomor-
phism.

If a # a’, then this is noticable at a finite level of the trees corresponding
to a,a’. Hence q,(a) # q,(a’) for some k. Therefore [ is injective.

By the existence theorem for recursive trees, theorem 10.1.23, / is
surjective.

Therefore / is an isomorphism and

G(¥*)=1im'F, =1lim'G, = G,
by lemma 21.3.13. [

_It follows that G G(D,). In exercise 21.4.5 is shown that even
G=G(D,). In general the inclusion is strict.

21.4. Exercises

21.4.1. Show that S(M) cannot be generated by one element.
21.4.2 (Klop). Show that Azab.z(Af.fab) in M(Ayn) is surjective but not injective.
21.43* (Klop). Let M, =Aza.z(AMf.a(f(aa))) and M, = Azab.é(ba)(ab). Show that M, is
surjective but not injective and that M, is injective but not surjective, all in DAy )-
21.4.4 (Klop). (i) Show that G(Ay) is locally finite (i.e. every finitely generated subgroup is
finite).
(i) Show that G(3(*) has elements of infinite order.
21.4.5. (i) Show that G can be embedded into G(D ).
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(ii) (Scott). Show that Aut(D) (i.e. the group of automorphisms of the cpo D) can be
embedded into G(D ).

(iii) Show that in general the subgroup of G(D, ) generated by G and Aut(D) is not the
whole group.

(iv) Let D be the cpo with two elements. Is G(D ) = G?

21.4.6. (i) Show that the canonical topology on M(I*) induces on G(I*) a topology which
makes it a totally disconnected topological group.

(ii) Show that for each a € G(3C*) the sequence a, a%, 4> ... has a subsequence which
converges to e (the unit element).
21.4.8 (Bohm and Dezani [1974]). (i) Show that if F € A° has a left inverse in S(}), then F is
injective on R(A) and MO(A) but not conversely.

(ii) Show that F € A® has a right inverse in S(A) iff F is surjective on PYA). The same
holds for MOA).

(iii) Show that F € A° has a right inverse in S(A) iff F is of the form Ax.xN.

(iv) Show that F € A° has a left inverse in S(A) iff some terminal node a in BT(Fx) has
label with free head variable x and for no 8 < « this is the case.

(v) Conclude that F is invertible in S(QA) iff F is bijective on TR(A) or MOQA) iff F=1.
21.4.9. Show that F € A® defines a bijective function on IM(An) iff F is An-invertible. {For
TMOAy) this is an open problem.]

21.4.10* (A. Batenburg, J. Velmans). Let F= }\xz.x(}\ p.z(zp)). Show that F is injective but
has no left inverse in M O(Ay). [ Hint. Use underlining,]




Appendices A and B give a short introduction to two topics not treated
in this book, viz. the typed lambda calculus and illative combinatory logic.
Appendix C deals with variables and gives a justification for the variable
convention 2.1.13. Few proofs are given; the reader is often referred to the
literature.
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APPENDIX A

TYPED LAMBDA CALCULUS

A.1, The pure typed lambda calculus

A.1.1. DerINITION. Typ, the set of fypes, is inductively defined as follows.
(1) 0 € Typ.
(2) o, r€Typ=>(o—>71) € Typ.
The following gives the intended interpretation of types.

A.1.2. DEFINITION. Let X be any set. By induction on o € Typ sets X dre
defined.

Xo=X,
X,_,,= XX, the collection of set theoretic functions from X, to X, .

A.1.3. REMARKS. (i) Other notations in the literature for (o6 —7) are (o7),
(o)7, o(7) or For.
(i) O is the so called ground type.
Sometimes more than one ground type is allowed. .
(i) 6, >0,—> - - - >0, is a shorthand for (o,—(0,—> (- - - —>0))).
Note that each type is of the form 6 =6,—> - - - —0,—>0 with n > 0.
(iv) Sometimes rule 2 in the formation of types is replaced by

0y, ...,0, TETYyp=(0y,...,0,; 7)€ Typ.

The interpretation is

(X denotes the cartesian product). In view of Schonfinkel’s reduction of
functions of more arguments to unary ones the type (o, ..., 6,; 7) may
be replaced by 0, —>06,— - - - —0,— 7 and therefore one does not always
postulate these types.

A.1.4. DEFINITION. The #yped A-calculus (notation A7) is the theory defined
as follows.
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(i) A" has the following alphabet.

vg, v, . .. variables for each o € Typ,

A, (, ) auxiliary symbols. .

(ii) The set of terms of A" of type o (notation A,) is inductively defined as
follows.

vio € Ao’

MeA, ., NEA,=(MN)EA,,

o—T?

MeA ,xeA,=(Ax.M)EA,

where x ranges over the variables. Often we write M € o for M € A,
The set of typed A-terms (notation A”) is U{A,|d€E Typ}.
(ii)) Formulas of A" consist of equations M = N with M, N € A, and

¢ € Typ arbitrary. _
(iv) The notions of free and bound variables, closed terms and substitu-
tion are defined in the obvious way. A? denotes the set of closed terms of

type o. . '
(v) A" is axiomatized by the equality axioms and rules (including rule &;

see definition 2.1.4) and the axiom scheme

(B) (Ax.M)N=M[x:=N]

(where the types are such that the terms make sense).
(vi) An" is A" extended by the scheme

(m) Ax.Mx=M ifx@&FV(M).

A.1.5. REMARKS. (i) Typed combinatory logic (notation CL") is a combina-
tory version of A" which has the primitive constants

K, Eo—(1—>0),

Sorp E(6—(1=p)) = ((0>7)>(a—p))
for every o,7,p € Typ and the axiom schemes

K, MN=M,

S,,MNL=ML(NL)

where M, N, L are of appropriate type. . o ’
(i) Note that the types of K and S become valid prop051.tlon if - 1s
interpreted as implication. See § A.3 for an expansion of this idea.
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(iii) In the presence of extensionality the theories A” and CL™ become
equivalent. Also there is a combinatory version of CL + 4 g (see theorem
7.3.10) which is equivalent to A"; see Sanchis [1967].

(iv) There are also the theories AI” and CL;.

Provable equality in the theories A and An can be analyzed by the
notions of reduction B and Bn respectively. Something similar is true for AT
and Ay".

A.1.6. PROPOSITION. (i) There is a notion of reduction B(n) adequate for X(n)"
that is Church—Rosser.

PrROOF. Exercise. []

The following theorem indicates an essential difference between A"
and A.

A.1.7. THEOREM. (i) Every M € A" has a nf.

(i) A(m)" is strongly normalizing, i.e. every B(n)-reduction of a \'-term
terminates.

PROOF. (i) This was first proved by Turing, see Gandy [1980].
(11) This follows from the analogous statement for the stronger system ¥
(see theorem A.2.3). [

In particular, no fixed point operators exist in A",

A.1.8. COROLLARY. Provable equality in X(m)’ is decidable.

PROOF. A(p)"+ M = N if M, N have the same B(n)-nf’s. Moreover the nfs
can be found effectively by the theorem. In Statman [1979] it is proved
that the decision method is not Kalmar elementary. [

Some type free A-terms like Ax.x can be given a type: Ax®.x° € 6 > 0.
This is possible for every o. One says that 0—o is a possible type for
Ax.x € A. Other A-terms do not have a type, e.g. Ax.xx.

A.1.9. DEerFINITION. (i) Let M € A,. Then |[M|€ A is M with all type
symbols erased. One says that |M| is typable and that ¢ is a possible type
for |M|.

(i) If o € Typ, then an instance o* of o is the result of replacing the 0’s is
o by some other type. E.g. 6 — ¢ is an instance of 0->0 and also of 0.

A.1.10. PROPOSITION. (i) The set of typable A-terms is recursive.

(i) If M € A is typable, then one can find effectively a unique o € Typ
such that every possible type for M is an instance of o. [This type o is called
the principal type scheme for M.]
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ProokF. See Hindley [1969]. [

The Church numerals ¢, = Afx.f"x have as type (0—0)—0—0. There-
fore the ¢, can be considered in A”. It is a natural question to ask what
numeric functions are definable on these numerals in A”.

The extended polynomials consist of the least class of numeric functions
containing the projections, the constant functions, the sg function (sg(0) =
0, sg(n + 1)=1) and is closed under sum and product of functions.

The following is independently due to Schwichtenberg and Statman.

A.1.11. PROPOSITION. Exactly the extended polynomials are X -definable on
the Church numerals.

PROOF. See Schwichtenberg [1975/76]. [

As to models of the typed theory, for sake of simplicity only typed
combinatory algebras and typed extensional A-algebras are considered.

A.1.12. DEFINITION. Let IR = {{A4,]lo € Typ}, {-,.|o, r € Typ}) where the
A, are sets and -, : A,_,, X A,— A, is a map (application).
Write x € I if x € A, for some ¢; in that case we write also x € M, and

say that x is of type o.
@A) M is a combinatory type structure if A, has more than one element

and for each o, 7, p € Typ there are elements

k__,s & M satisfying for all x,y, z of appropriate types

ar> oTp
ko, Xp=x,  S,xyz=xz(yz).
(i) M is an extensional type structure if for x, x’ €M,_, one has also

[Vz EMx.z= x’.z] =x=x".

If M is a combinatory (extensional) type structure, then for typed
combinatory terms M, N (respectively M, N € A") of the same type one
can define

MEM = N.

One has for a combinatory type structure
CL'tM=N=>MEM=N

and for an extensional one
A M =N=MEM=N.

It is easier to find models for A” than for A.
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A.1.13. DEFINITION. Let X be a set with more than one element. The Jull
type structure over X is

M(X)={{X,|loe €Typ}, {-,,|o,7ETyp}>

where the X, are introduced in definition A.1.2 and ‘or 18 the obvious
application map.

Clearly M (X) is an extensional type structure.

A.1.14. REMARK. Definition A.1.13 can be relativized to any cartesian
closed category C with object X such that Hom (X, X) has more than one

element. The resulting type structure is denoted by I (X ). It does not
need to be extensional.

The following proposition is due to Zucker; see Troelstra [1973], 24.5. It
states .that every combinatory type structure can be collapsed onto an
extensional one. This is in contrast with the untyped structures, see
exercise 20.6.5.

A.L.15. PROPOSITION. There is a uniform way of constructing from a combi-
natory type structure IR an extensional type structure IR such that

(1) MEM=N=>IMEEM = N,
N® is called the extensional collapse of M.

PROOF SKETCH. Define for x, y € M, a relation =_ by induction on o:

X=gyex=y,

X=, eV, €M, [2=25xz=y].
Define
N, ={xeM,|x=_x}, ME=N_ modulo=_.

Then the ME form an extensional type structure satisfying (1). []

Othe.r pr(? structures are the heriditarily recursive operations HRO and
the heriditarily effective operations HEO defined in Troelstra [1973], § 2.4.

A.1.1§. DEFIN.ITION. (1) For n, m € N let {n}(m) be the nth partial recursive
function applied to m. Write n-m for {n}(m). Define

Ay=N,

A, ={nENVmeEe A, n-me A, (and is defined)}.
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Then HRO = ({4,)}, {-,.}>, where -, is - for each o, 7.
(ii) HEO = HROF®.

A.1.17. ProposITION. (i) HRO is a combinatory type structure.
(il) HEO is an extensional type structure.

PROOF SKETCH. (i) Elements k,, and s, can be found independently of
o, 7,p by the s-m-n-theorem.
(i) By proposition A.1.15. [

ReMARK. The above definition of HEO is not exactly the same as the
original one; see Troelstra [1973}, theorem 2.4.12, but M. Bezem has proved
the isomorphy (J. Symbolic Logic, to appear).

Finally there are the term models.

A.1.18. DEFINITION. D}(CL™), T¥(A™) and M(An") are the open term models
defined in the obvious way. [Closed term models do not exist since there
are no closed terms of type 0.]

Obviously (CL™) and M(A") are combinatory type structures. MAN")
is an extensional type structure.

One has the following completeness results by Friedman and Statman.

A.1.19. THEOREM Let M, N be terms of the same type. Then
DOMEM=NoR(N)FM=N.
(ii) For every M, N € A" there isan n€N such that

M EM=NaMM({0,...,n})FM=N.

PROOF. (i) See Friedman [1975], p. 27.
(ii) See Statman [1982], thm. 2. The number n depends only on M. O

A.1.20. COROLLARY. Let M, N range over X'-terms. Then
MN)EM =N
is decidable.

PrROOF. By theorem A.1.19 and corollary A.1.8. []
By contrast, Friedman [1975], thm. 5, shows the following.

A.1.21. THEOREM. Let M, N range over (open) X'-terms. Then
MN)EM#N

is not an arithmetical predicate.
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The following is taken from Statman [1982).

A.1.22. DEFINITION. Let X be a set of variables (with at least two of type 0)
Then '

(1) %o(X) is the substructure of W(An") consisting of those | M] wi
th
FV(M)CX. * S
(i) F(X) = Fo( X)E.

A.l..23. THEOREM. (1) If X is a set of typed variables containing at least one
variable of the types 0, 050, 0500, ..., then F(X)=Fy(X) up to
isomorphism, hence for all M, N € A" ’

AFM=NsS(X)rM=N.
(i) If X contains only tvpe O variables and at least two of them, then
Con(A" + M=N)oS(X)kFM=N.
PROOF. See Statman [1982], propositions 5 and 8. []

It follows that e.g. 7({x%y°}) is an extensional type structure in which
no more identifications between closed terms can be made. This is the
counterpart in the typed A-calculus of the type free model D¢ (IC*).

Finally a result on pairing functions is mentioned.

A.1.24. DEFINITION. (i) A pairing in X" for types o,7 is a triple D, D,, D,
with for some type p ‘
() DEo—1—p, D, Ep—oand D,Ep-r.
(2) D(DM M))=M,, forall M, Eq, M, E 1.
(i) The pairing is surjective if moreover

D(D,M)(D,M)=M forall M €p.

A.l.?S. PROPOSITION. (i) In X' there is in general no pairing for types o and .
(11) In An" there is a pairing for all types o and .
(iii) In A" there is no surjective pairing for any types.

PROOF. See Barendregt [1974]. [

The proof of (iii) above is a typical application of the type-free A-calculus
to the typed A-calculus: if D, D, D, work for An", then these terms without
type work for An: but then © gives a contradiction.
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A.2. Primitive recursive functionals

In Godel [1958] a consistency proof of arithmetic is given that makes use
of functionals of higher type. The central idea is to replace in an arithmeti-
cal formula a quantifier change

Yx 3y P(X,y)
into
3f Vx P(x,fx).

If this is iterated, then one needs higher type functionals. In this way
Géodel translated every arithmetical formula A into

AP = 3X VY A (R.5)

where A, is quantifier free. He showed that if 4 is provable in intuitionis-
tic arithmetic, then 42 becomes valid when the X, y range over a class of
“constructive functionals”. (See Troelstra [1973] Ch. III § 5, and Hindley
et al. [1972], Ch. 11 for an exposition). Later on it was realized that
this class of functionals can be described by extending A" with numerals, a
successor and recursion operators. The resulting system is called Godel’s
of primitive recursive functionals.

A.2.1. DEFINITION. Godel’s T is the extension of A" defined as follows.
(i) The set of terms of J, notation AF = U {AY,|e € Typ} is defined
by adding to A" constants

0€AS,, S*eAT,
Ra e Aejg_,(o—»O—ny)—»Oam

and closing under application and abstraction.

(ii) Formulas of 9 are equations between elements of AJ. The theory g
is axiomatized by equality axioms and rules, 8-conversion and a scheme
for primitive recursion of higher type

RMNO=M
R_MN(S *x)= N(R,MNx)x

where M, N € AY are of appropriate type and x is a variable of type 0.
(iii) Fn is the extension of I by n-conversion.

A.2.2. PROPOSITION. There are on AY notions of reduction BF and BnJ that
correspond to provable equality in J and Fn respectively and are both
Church- Rosser.
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.The following is proved independently by Dragalin [1968], Hinata [1967],
Hinatani [1966], Sanchis [1967], Shoenfield [1967] and Tait [1967] (!).

A.2.3. THEOREM (Strong normalization for ). For M € AT every BnT -re-
duction terminates.

ProoOF. Define the following classes of terms:
Co={M € AT}ByT-SN(M))},
Cor ={M EAT)_ |VN € C, MN € C,},
C=U {G,o ETyp},
G ={M € A9, |every instance of M with elements in C is in C}.
Then one shows by simultaneous induction on ¢ that
(1 M € C,=BnT-SN(M)
(2) A" - x,"0€C, ifeo=0—" - —>a,—0.
Finally one shows by induction on M that
3) MeATF, =M e C*.

By (1) and (3) every term of & strongly normalizes. []

. The terms 0, 1 =8 %0,2 =S"1, ... serve as numerals in §. The R, are
introduced to define primitive recursion. Clearly all the primitive recursive
functions are F-definable on the numerals 0, 1, . . . . But since the ¢ in R,

are arbitrary types, more than the primitive recursive functions are 9 -de-
finable.

A24. .EX.A.MPLE. In Péter [1967] the following example of a function that is
not primitive recursive is given (a simplification of the Ackermann func-
tion):

Y(0,n)=n+1,

W(m +1,0) = y(m, 1),

Y(m+ 1, n+1)=y(m,y(m+1, n)).

It is easy to represent ¢ in . Write

Ym(n) = Y(m, n).
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If 4, is represented by Fm, then v, , is represented by
R(Fml)(Aab.Fm(a)) = G(Fm) say. Therefore F =RS *(\ab.G(a)) repre-
sents .

The following result exactly characterizes the J-definable functions. For
« an ordinal <e¢, the a-recursive functions on N are those functions
definable using transfinite recursion up to a. The <a-recursive functions
are the set of all B-recursive functions for some 8 <a.

A.2.5. THEOREM. The F-definable numeric functions are exactly the <gy
recursive functions.

Proor. See Kreisel [1959], Schwichtenberg [1975] and also Terlouw
(198 +]. O

A remarkable fact on higher type definability in § is exhibited in the
final exercise 2. Now we turn to models of .

A.2.6. DEFINITION. (i) A model of §¥ is a combinatory type structure I
such that there are 0, s*, r, € M satisfying the axioms for R,.
(i) An extensional model of ¥ is in addition an extensional type

structure.
(ili) An w-model of F is a model M of F such that M, = {[n]|n € N}.

Note that since in § there are closed terms of any type, it makes sense
to define for a model M the interior .

A2.7. PROPOSITION. (i) DT n) is an extensional model of & .
(i) HRO, MO%(Tn) and MON) are non-extensional w-models of J.
(iii) HEO and T(N) are extensional w-models of F.

Proor. (i) Easy, cf. corollary 5.3.25.

(ii) Clearly these structures are w-models. HRO is not extensional
because there are different recursive indices of say the function
Ax.0.0%F ) is not extensional: consider Ax.0 and Ax.x = x. That MON)
is not extensional is proved in the final exercises.

(iii) Obvious. []

In contrast to corollary A.1.20 one has the following.

A.2.8. THEOREM. For M, N € AF the relation M(N)E M = N is complete
I,

ProoF. See Friedman [1975]. [

Finally we discuss briefly some extensions of ¥.
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Bar recursion

Spector [1962] extended Godel’s consistency proof of arithmetic to
analysis. For this the “bar recursive” functionals were needed. These
functionals can be described by extending 9 with the so-called bar
recursor to obtain the theory 9.

P(N) is not a model of TP since bar recursion presupposes that the
functionals are continuous (in a specific sense). Also HRO and HEO are
not models of B as was shown by Kreisel [1959].

Tait [1971] showed that the weak normalization theorem also holds for
9 B. Therefore MO(TB) is an w-model of TB. Another model of TB are
the countable functionals of Kleene and Kreisel. This model can be de-
scribed as M (N), when C is the cartesian closed category of limit spaces
see Hyland [1975].

For information about bar recursion see also Howard [1968], Scarpellini
[1971], Luckhardt [1973], Ershov [1973/75], Diller and Vogel [1975] and
Vogel [1976].

b

Infinite terms

§ > is obtained by adding to term formation the following rule: if
to, 1, ... are terms of type o, then {ty,¢,,... ) is a term of type 0—o.
For these new terms the following axioms are postulated:

(On=1,,  {(OMN={NOM.
Using ordinals up to &, Tait [1965] shows that terms in § normalize and

relates this with the consistency proof of arithmetic using the w-rule and
cut elimination.

Intuitionistic arithmetic in all finite types

HA® is the theory obtained by adding to ¥ logic and the Peano axioms.
This theory is called intuitionistic arithmetic in all finite types and is studied
in Troelstra [1973).

LCF

The theory “Logic for Computable Functions” originated with Scott.
Milner and collaborators extended this in several stages to a computer
system LCF which has the capacity to prove properties of programs (like
correctness) in a semi-automatic way.

One part of LCF consists of a theory PPA which essentially consists of &
extended as follows:

(1) There are more types (formation of direct product 6 X 7 and disjoint
sum o D).
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(2) For each type o there is a fixed point combinator ¥, €(6—>0)—0
such that ¥, M = M(Y,M). (This creates terms without nf.)

(3) The theory is embedded into predicate logic. Models of PPA are easy
to construct: start with an arbitrary cpo X and form X, =X, X, = X, > X,
etc. By proposition 0.2.17 (i) an interpretation for the ¥, can be given.

The system LCF is designed to prove theorems about programs in an
interactive way. The program and its properties are formulated in PPA.
The interaction consists of proof strategies given by the human user and
computations (like conversion) by the machine. A special part of LCF
consists of a formal metalanguage ML in which the proof strategies can be
formulated. See Gordon et al. [1980] for an introduction and references.

A.3. Formulae as types

In Curry et al. [1958], it was noticed that the types of K, and S,,, (see
Remark A.1.5 (i)) are valid formulas of proposition logic if — is interpre-
ted as implication. Tait [1965] indicated a close connection between
B-reduction of typed terms and cut elimination in derivations. These
observations inspired Howard in 1969, {1980], to give a correspondence
between typed terms and derivations, via the so-called formulae-as-types
notion: the end formula of a derivation I is considered as the type of II;
application corresponds to modus ponens and abstraction to the discharg-
ing of assumptions (in natural deduction).

Independently de Bruijn [1970] introduced a language Automath as a
tool for verifying mathematical proofs by machine. Automath is a typed
A-calculus where the types are again (typed) A-terms. The formulae-as-
types notion plays an essential role in the translation of actual proofs in
this language. For more information see de Bruijn [1980] (survey), Zucker
[1977] and van Benthem Jutting [1979] (translating actual mathematics)
and van Daalen [1980] (theoretical aspects of Automath and related
languages). Seldin [1979] introduces a system called generalized functional-
ity. This is essentially the same as one of the languages in the Automath
family.

Again another independent approach to formulae-as-types is the work of
Girard [1971]. He considers a typed A-calculus with operations on the types
such as A-abstraction. (By contrast the Automath languages have only free
variables in the terms that function as types.) This corresponds to predicate
quantification in second order logic. By showing in an ingenious way
strong normalization for the terms in qliestion, Girard obtained a proof of
the cut elimination theorem for analysis and type theory.

The formulae-as-types idea gave rise to several investigations connecting
typed A-calculus, proof theory and some category theory, see Lambek
[1980], Mann [1975], and Szabo [1978]. See also Pottinger [1977]. Another
direction is the connection between subsystems of logic and restricted
versions of the typed A-calculus (e.g. relevance logic and the typed Al-
calculus), see Helman [1977].

APPENDIX B

ILLATIVE COMBINATORY LOGIC

As was mentioned in chapter 1, one of the aims of the founders of the
A-calculus and combinatory logic was to provide a basis for mathematics.
We want to show in some detail that if one is not careful, this may lead to
inconsistencies. The derivation of the so called Curry paradox is of interest
in its own, since it is closely related to the theorem of Lob [1955] (in the
same way as the Liar’s paradox is related to Godel’s incompleteness
theorem), see van Benthem [1978].

B.1. DEFINITION. (i) An illative combinatory logic (notation ICL) is a theory
with as alphabet that of CL extended with a set of logical constants.

(i1) Terms of ICL are defined inductively:

(1) Every variable or constant is a term.

(2) If M, N are terms, then so in (MN).

(iii) Formulas of ICL are defined as follows:

(1) If M, N are terms of ICL, then M = N is a formula.

(2) If M is a term of ICL, then M is a formula.

B.2. REMARKS. (1) In Curry’s school the formula M is written as + M. Since
this does not imply that M is provable we prefer our notation. The
intended interpretation of M is “M is true”.

(i1) An illative theory could be based also on the A-calculus.

B.3. DerINITION. (i) ICL, is an illative combinatory logic based on the
following set of logical constants.

{K,S,F,Q,E = 1I,P)}

(ii) The following abbreviations give some idea of the intended interpre-
tation of these constants.

MENIisNM, M—>Nis PMN,

MCNis EMN, NMis FMN,
Vx MisTI(A*x.M).
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(iii) The theory ICL, is axiomatized by the following axioms and rules.
(1) Equality axioms and rules including:

M M=N
N

(2) Combinatory axioms:

KMN=M, SMNL=ML(ML).

(3) The following introduction and elimination rules for each logical
constant (#£E) in the style of natural deduction (see Gentzen [1969]); in
the introduction rules for F, £ and P some of the assumptions have to be
discharged.

Elimination Introduction
0 OMN M=N
M=N OMN
p M—N,M [ M]
N :
N
MoSN
_ MCNZEM [xEM]
= ZEN
xXEN
—— f
MCN x fresh
Mell xeM
I NEM Yk x fresh
F ZeNMueM [xeM]
ZUeN
Z"—EN, x fresh
ZENM
E MeE

B.4. PROPOSITION. The constants E, F, P and II can be defined from the
others (K, S, Q, E) such that the rules becomes derivable.

Proor. Define E =A*x.0Qxx, F =A*xyz.Ex(y o z), P =N*xy E(Kx)(Ky)
and I1 = ZE. Then the rules for these defined constants follow easily. For

e
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example, for F:

ILLATIVE COMBINATORY LOGIC

veM

elimination Ze&NM
ZEFMN
EM(No-2Z)
MCN-Z
UeN-z
L€4)
ZUEN

introduction [x € M] (1

ZxEN

XENo-Z
— (D
MC(N-Z)
ZENM |
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REMARK. Also X is definable from F. For example, taking & = N*xy. FxylI or
alternatively = N*xy.Fxly the rules for E are satisfied.

An ICL is called inconsistent if every M can be derived. The following is

known as Curry’s paradox.

B.5. PROPOSITION. ICL,, is inconsistent. In fact one only needs the rule P to

derive the inconsistency.

PROOF. Let M be an arbitrary term. By the fixed point theorem construct

an X such that

X=X->M
Then the following is a derivation of M
[X](D)
[X](1) XM
M
)
X->M
X X->M
M

[Taking M = QPQ one can also derive every equation P = Q.].

(i)
()
(3)
(4)
(%)
(6)

[%]
X->M
M

X —>M
X, X>M
M

(qssvmrﬁon)
(x=xM)
(1&2)
(1&3)
(X=x=sM)
(5)

O
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Curry and his school proposed to avoid the paradox by introducing a
constant H with for X € H the intended interpretation “X is a proposi-
tion” and restricting the rules for the logical constants in an appropriate
way to the class H. The above inconsistency then disappears since for
X =X-—>M one cannot show that X is a proposition. Unfortunately
several of the resulting systems are still not free from contradictions; see
for example Bunder [1974]. On the other hand those systems in e.g. Curry
et al. [1972] that are provably consistent are all too weak to be a founda-
tion for logic.

Also Aczel [1980] proposes to avoid the paradoxes by introducing a class
of propositions. Since his approach is semantical (based on arbitrary
A-models) his theory is consistent.

Another approach is the work of Feferman [1975], [1980] where applica-
tion is a partially defined operator. Then the paradoxes are avoided since
the paradoxical object does not need to be defined.

APPENDIX C

VARIABLES

This appendix discusses free and bound variables. A theoretical back-
ground is given for considering terms modulo a-congruence. This is done
following two methods: one of Curry and one of de Bruijn. The latter
approach has the advantage of being also useful for implementing A-con-
versions on a computer.

In ancient mathematics (formal) variables were hardly used. Under the
influence of Vieta at the end 16th century variables became a standard tool
in the subject. There was however much confusion about the nature of
variables: an integer variable was a ‘“changing magnitude” that was
sometimes even, sometimes odd and that could be “kept constant” during
a proof. Such entities do not exist, however.

Frege and Peirce clarified the precise nature of variables: they are
syntactic objects and distinction should be made between free and bound
variables.

A free variable is a syntactic object, usually occurring in some context,
in which other syntactic objects may be substituted. When a term contain-
ing free variables is to be interpreted in a structure M, a choice is needed -
of how to interpret these variables as elements in the domain of %.

Bound variables on the other hand do not admit substitution or a choice
of interpretation. In the following examples x is a bound variable

10
1
fx2+1dx; > x2+1; Ix x4+ 1=0; Ae.x?+ 1.
0 x=0
If a term 7 is substituted (naively) in the free occurrences of a variable y in
an expression 4 = A(y), then some variables in r may become bound. Let
A(y) be the correct formula
1 1
f xP+ydx=y+—
0 3
and let 1 = x, then A(x) is the incorrect
1, 1
f x“+xdx=x+=.
0 3

This is called confusion of variables.
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A term ¢ is substitutible for y in A, notation f-y-A4 if no free variable of ¢
becomes bound after substituting ¢ for (the free occurrences of) y in A.
Clearly not

1, 1
x—y—fx +ydx=y+
0 3

this caused the mentioned confusion of variables. By changing bound
variables in 4 one always can avoid collision of variables. For example

1 1
x—y—j(;u2+ydu=y+§.

In the A-calculus substitution is a fundamental operation. To insure
substitutability, terms are considered modulo change of bound variables,
that is modulo =, (see definition 2.1.11). Therefore A-terms themselves are
representatives of the objects we are interested in. Thus it becomes neces-
sary to show that the operations on terms determine well defined opera-
tions on the =,-equivalence classes. For application and abstraction this is
obvious. For substitution one has to show

M=.M, NE(,N’=>M[x:= N] EQM’[x:= N’].

But in the definition 2.1.15 of substitution the variable convention was
already used. This is circular and hence we must have a fresh look at
A-terms and the definition of substitution. Two different approaches will
be described. The first one is taken from Curry e.a. [1958], the second one
from de Bruijn [1972].

Curry defined substitution as follows.

C.1. DEFINITION. Let M, N € A. Then M[x:= N] is defined inductively as
follows (even if the variable convention is not observed).

M M[x:= N]

X N

y&Ex y

M M, M [x=N]M,[x:=N]

Ax.M, Ax.M,

NM,,y#Ex Az.M\|[y=z][x:== N]
where z =y if x € FV(M,) ory € FV(N),
else z is the first variable in the sequence
Ug Uy, Uy, . .. NOtin M, or N.
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It is easy to see that this definition is a proper one by induction on || M|
(note that ||M,[y:=z]|| =|M,||). Using this notion of substitution the
equivalence relation =, is defined.

C.2. PROPOSITION. For the notions of substitution and a-congruence defined as
above, one has

M=M and N=.N=>M[x=N]=.M[x:=N"].
PrOOF. See Curry et al [1958] pp. 94-104. []

If one observes the variable convention, then M[x:= N] as in definition
2.1.15 is the same substitution as in Curry’s definition C.1. Therefore in
that case one may work with ordinary A-terms as representatives of
=q-classes and work with these terms in the naive way.

In de Bruijn [1972] a different approach is given. It was introduced for
the automatic manipulation of terms needed in the implementation of
Automath (See § A.3). The relation =, is relatively involved for the
machine. Therefore a different notation is given for A-terms, obtaining the
so-called nameless terms. A nameless A-term is a syntactic object such that
no names are given to bound variables. These objects are introduced in
such a way that an a-congruence class of ordinary A-terms correspond
exactly to one nameless term. The definition is as follows.

C.3. DeFINITION. (i) The set of nameless terms, notation A*, has the
following alphabet:

A.(,),1,2,3,...

(it) A* is defined inductively as follows
nEA* forneN- {0},
A,BE A*=(AB) € A*,
AEAN =AA4 € A*,

The intuitive meaning of name free terms becomes clear from the
following examples. Consider the term M =Ax.x(Ay.xyy). In tree form
this term may be represented as

X X

Ay
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M corresponds to the nameless term M with tree

1 2
A _<
A 1
1

i.e. to M* =AI(A211), using the same brackets convention as for A-terms.
A number occurrence »n in M* corresponds to the fact that the variable in
the corresponding place in M is bound by the A at a distance n (along a
path in the tree) of that place.

If a number occurrence » in a nameless term is larger than the number
of A’s, say k, down the tree from it, then this n refers to the free variable
0,4~ For example consider N = Ax.x(Ay.xv,y). In nameless notation this
becomes N* = Al(A251). The meaning of this nameless term can be found
easily by writing it as

S 030,010 A

1

and counting also the free variables at the root of the tree. In this way one
sees that Ax.xv;(Ay.xpv,) corresponds to A15(A215). Note that Ax.xv, and
M .yv, both correspond to Al4: it is not necessary in A* to give a name to
the bound variables.

C.4. PROPOSITION. There is a canonical map * : A — A* such that

*(M)=*(N)sM=.N.
Proor. Implicit in de Bruijn [1972]. See the examples above. []

Therefore A* is isomorphic to A/ =, and nameless terms are considered
as the “real” terms. The difference with Curry’s approach is that elements
of A* have a concrete notation and that substitution on A* can be defined
directly (rather than via substitution on A).

C.5. PROPOSITION. There is an operation substitution A[x:= B] for A, B € A*
such that for M,N € A

*(M[x:=N])=*(M)[x=*N)],
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where the first [x:= | is naive substitution as in definition 2.1.15 with M, N
satisfying the variable convention.

PrOOF. Implicit in de Bruiyjn [1972]. O

C.6. CoMMENT. Some shifting is needed for substitution on A*. E.g.
Al2[vg:= A13] = A1(A14), that is A13 becomes after substitution Al4. This
example corresponds to Ax.xvy[vy:= Ay.yv,] = Ax.x(Ay.yv,).

The moral of all this is that the nameless terms are good for machine
manipulation and metamathematical reasoning; for the human user they
are not very convenient. Therefore the best is to work with ordinary
A-terms, and to consider them tacitly as representatives of the correspond-
ing terms in A*. Provided one observes the variable convention, substitu-
tion can be done naively on the level of the representatives. The same is
true for application and abstraction.

Final Exercises

1. (Kreisel). The aim is to show that IO(N), the substructure of ¥-definable elements in
PM(N), is not extensional.

(i) Let 1=0-0, 2=1-0 and 3=2-0 be types. Define d,, d,, € MN), and f €
MON),_,, as follows:

d,,(x)={0 ifx<n,

1 else.

d(x)=0.

Fox) = { 0 if 13y <x+ | F(d,) = F(d,),
1 else.

Show that if F € M(N), is continuous with respect to the Baire topology, then
F(dy) # F(do) = F(fy) # F(d,,),

and for discontinuous F this is false in general. [Hint. Note that lim,_, . d, = d,,; consider
wml F(d,) = F(d,)}]

(i) Construct an element ® € MO(N), that is not constant, but such that for continuous
F € YN), one has $F =0.

(iii) Show that if F € MIN),, then F is continuous.

(iv) Conclude that MO(N) is not extensional.

2. (Bergstra). Let F range over T(N), and let 4, be as in 1 above. Show that the predicate
dneN Fd,=0

is primitive recursive (i.e. definable in ¥). {Hint (J. Terlouw). Construct primitive recursive
®, ¥ such that

®Fn= if 3k <n Fd, =0 then 1 else 0,
YFn= if 3k <n+1Fd,=0then1elseO.
By considering ng = pn[ Fd, = 0], show that
3nFd, =0 < [F(®F)+*F(¥YF)V Fdy,=0]]
3. Try to solve open problems in the A-calculus; see Problems [1975], [1980].
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1. Some interesting information about partial versus total combinatory
algebras has been obtained by Klop [1982].

DEFINITION. (i) A partial combinatory algebra is a structure q = (X, -, k, 5
with - : X2 X a partial map, satisfying for all x, y

kxy=x,  sxyz=xz(yx),
kx|, sx |, sxpy .

[Here ¢ | denotes that ¢ is defined; ¢ = s denotes (¢ | «*s | andt | =t =5).]

A is total if xy is always defined.

(i1) A can be completed if there is a total combinatory algebra %’ such
that A = A"

(iii) A has unique head normal forms if for all x, y the elements
k, s, kx, sx, sxy are pairwise distinct and

sxy=sx'y’ = x=x"andy=y’".

THEOREM. (i) Not every partial combinatory algebra can be completed.

(ii) If A has unique head normal forms, then 9 can be completed.

(iii) If A = s(kk)k = s(ks)(s(kk)k), in particular if A is a partial A-alge-
bra, then N is already total.

PARTIAL PROOF. (i) Let 1 =s(sk). Klop showed that the theory of partial
combinatory algebras is consistent with

(*) AC+#BC and 14=1B,

where A, B, C are some constants. Note that 14x = Ax only if x(4Ax)]. A
partial combinatory algebra 9 with some elements a, b, ¢ satisfying (*)
cannot be made total since 14 = 1B = AC = BC if the operation - is total.
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(itf) Note that s(kk)kxyz = x always, but s(ks)(s(kk)k)xyz = kx(yz).
Hence yz | for all y, z. Therefore U is total. O

2. In Longo [1983] it is proved that
D,EMCN = BT(M)CBT(N)
and hence
D,EM=N < BT(M)=BT(N).

Let ¥ be the filter model of Barendregt et al. [1983], see also exercise
5.8.8. In Ronchi [1982] it is shown that

FEMCN = MCN, ie.
© IN'€eA MCN'>,N

and hence again Th(% )= %.

3. The notion of rich model is improved by Koymans as follows. Let
¢: M>—> M, where M is a A-algebra. ¢ is representable in its variables
separately if X b.¢(a,, b) and X a.¢(a, b,) are representable for all a,, by €
<. Then M is called affluent if separate representability implies represent-
ability. Then one has

Misrtich e I is affluent and extensional.

By the methods of § 20.4 one can show
MO(B) is not affluent,

M (A) is affluent.

4. Instead of defining S(IR) for M= (i.e. MEVx x=Ay.xy) one can
define these groups for arbitrary I as follows. Let M be a A-algebra. Define

M'={acM|la=a}
S(M)= (M, 0, 1),
G(M)={ae S(M)|ainvertible}.
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This is a monoid (semigroup with two sided unit). Then it makes sense to
define S$(9 ) and G(9 ) also for non extensional . In this sense

G(N)=G(¥)=G(D)= (e},

the trivial group, as remarked in the beginning of § 21.3.

5. New references are added in this edition. The ones that are not mentioned
in the text fall on the borderline (sometimes a wide one) of lambda calculus
and the following subjects.

(i) Computer science
non determinism
functional programming

Ashcroft et al. [1980]
Berkling et al. [1982]
Turner [1979]
Bergstra et al. [1982]
Dershowitz [1982]
Huet [1977]

Huet et al. [1980]
Scott [1982]

rewrite systems

denotational semantics

(ii) Types

semantics of types Barendregt et al. [1983]
Coppo et al. [1983]
Coppo {198-]
Donahue [1979]
Hindley [1982], [1983]
Lambek et al. [1982]
Fortune et al. [1980]
Schwichtenberg [1982]

Statman [1980], [1981]

cartesian closed categories
second order typed A-calculus
typed A-calculus

(ii1) Logic and mathematics
Beeson [198-]
Bunder [1980], [1981]
Chauvin [1979]
Fitch [1980]
Feferman [1982]
Kuzichev [1980], [1983]
Martin-Lof [1982]
Rezus [1982a]

(iv) Numbered sets and recursion theory
Barendregt et al. [1983]
Giannini et al. [1983]

Still more references can be found in Rezus [1982].
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a-congruent, 26 caused by, 375
a-conversion, 26 Church-Rosser, 54
a-constant, 375 see-theorem
affluent, 583 Church’s 8, 400, 520, 529
agree, 247 non definability of—, 520
algebraic, 89 closed
anf see approximate normal form —term, 24
applicative strucutre, 88 —under application, 202
extensional—, 80, 88 —under a rule, 79
syntactical—, 102 —under composition, 136, 179
approximate normal form, 366 —under equality, 144
approximation, 366 —under equality of combinators, 145
~theorem, 498, 505 —under minimalization, 136, 179
—under primitive recursion, 136, 179
B-optimal, 326 closure, 24
B-1-optimal, 326 compatible-, 51
basis, 165 —operation, 491
I-—, 194 reflexive—, 51
block, 262 transitive—, 51
—original, 262 coherent, 18
multi-—, 263 combinator, 24
Bohm out, 248 proper—, 184
bottom, 10 combinatory
—algebra, 80, 90, 93
calculus -axioms, 118, 161
A(B)-,23 —completeness, 31, 88
A(B)n—, 32 extensional-algebra, 80, 88
AI(B)--, 38 ~family, 127
AI(B)n-—, 38 -group, 553
AK(B)--, 23 illative-logic, 573
AK(B)n—, 32 -logic, 151
typed A-—, 561 —model, 118
cartesian, 116 partial-algebra, 582
—closed category, 107 pure-logic, 36
—product, 108 —semigroup, 533
category, 86 typed-logic, 562
—strictly concrete, 113 compact, 17
categorical, 121 complete
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Hilbert-Post—, 83
—lattice, 10
—-numbered, set, 527
—partial order, 10
completeness
combinatory-, 31, 88
-of inside out reductions, 363
composition, 134
concrete version, 114
conditional, 133
consistent, 33
—subset, 18
context, 29
multiple numbered—, 375
contraction, 53
contractum, 53
conversion
B-—-,23
n-—, 32
convertible, 23, 51
cpo, 10
algebraic-, 17
coherent-, 18
CPO, 14
critical sequence, 205
CR see Church-Rosser
cycle, 333

decent, 523
definable, 516
A-—, 135, 140
Al-, 188
development, 286, 308
complete-, 286
finiteness of-s, 290, 291
dex, 338
diagram, 307
elementary-, 304
pre—, 307
splitting elementary—, 305
diamond property, 53
weak-, 58
discrete, 260
directed, 9
direct limit, 549
discriminator, 423
distinct, 257
distinct normal set, 261
dns, 261
dual, 520

embeddable, 91
enumeration, 166

equality, 51
equation, 32, 94
closed—, 32
equivalent, 238
-head normal forms, 238
solvably—, 389
strongly-reductions, 311
expansion, 121
exponent, 108
extensional see applicative structure,
combinatory algebra, A-model
—collapse, 565
~theory, 79
weakly—, 32, 94

faithful, 251
F-a-—, 251

family, 170
combinatory—, 110
A-—, 111

fit, 30, 241

fixed point
—combinator, 131
Bohm’s—combinators, 142
double-theorem, 141
infinite-theorem, 141
multiple-theorem, 142
second—-theorem, 143
—theorem, 24, 198
—theorem for cpo’s, 15

formal inverse, 544

formulae as types, 574

fun, 471

function
algebraic-, 89
definable—, 516
initial-, 134

A-definable—, 134, 140, 179, 188
representable-, 89, 516

generated, 165
generator, 169
universal—, 170
genericity lemma, 374
graph, 56
group
—of a model, 532
combinatory-, 533
recursive—, 549

hard, 98
head normal form, 41, 173

F

head original-, 247
A-free—, 247
principal-, 177
unique-s, 582
head redex, 173
head reduction, 173
head variable, 173
Hilbert-Post complete, 83
hnf see head normal form
homomorphism, 90, 93, 104

if B then X else Y, 133

incompatible, 33

inconsistent, 33

independent, 421

indexing, 497

infinite, 57
—n-normal form, 236
(possibly)—n-expansion, 232
—n-reduct, 232
—term, 569

injective, 91

instance, 246

interior, 98

interpretation, 88
syntactical-, 101

inverse limit, 15, 549
recursive—, 549

invertible,

isomorphic, 91

Karoubi envelope, 114

label, 220
A-algebra, 93
hard-, 98
(semi) sensible-, 100
syntactical-, 102
A-definable, 135, 139, 179
A-family, 127
A-free, 247, 251
AI-definable, 188
A-model, 95
continuous—, 508
extensional—, 98
syntactical—, 102
A-term, 22
closed—, 24
labelled-, 352
A-theory, 76
decent-, 523
semi sensible, 77, 431
sensible, 411
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lattice
algebraic—, 19
complete—, 10
continuous—, 19
left (to the—of), 179
leftmost, 179
—strategy, 326
—reduction, 326
quasi-reduction, 181
lemma
cube-, 314
genericity—, 374
Hindley-Rosen—, 64
length
(of a term), 22
(or a reduction path), 56
lifting, 283, 307, 359
local K, 210
L-optimal, 326
L-1-optimal, 326

magic triple, 465
Mal’cev variety, 82
Meyer-Scott axiom, 95
model
closed term—, 81
combinatory—, 118
continuous A--, 508
extensional- of ¥, 570
first Kleene—, 214

A--, 95

open term-—, 80, 96
w-—of 9, 570
second Kleene—, 214
term-, 80

multiset, 309

nf see normal form
node, 200
virtual-, 237
non-Q in, 449
normal form, 53
approximate—, 366
B, 34
B"I"’ 34
having a—, 53
head-, 41
infinite-—, 236
is a-, 53
notion of reduction, 51
numbered set, 149
complete-, 530
positive—, 530
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finiteness of developments—, 290, 291,
314
fixed point—, 24, 142, 198
normalization—, 326
range—, 437
recursion—, 147
Scott’s—, 436
second fixed point-, 143
sequentiality—, 375
stability-, 379
standardization—, 300, 323
strong normalization—, 358 (for labelled
reduction), 569 (for Godel’s ')
theory
essentially undecidable—, 145
Hilbert-Post complete-, 83
(open)—of a A-algebra, 95
topology
hyperconnected-, 435
Scott—, 10
tree—, 525
Visser—, 435
transformation, 246
Bohm-, 246, 261
solving—, 246, 261
tree, 200
Bohm-, 216
Bohm like—, 222
effective Bohm-, 221
looks like a AT-—, 228
Nakajima-, 511
partially labelled—, 219
labelled-, 215
sub—, 222
—topology, 230
underlying—, 215, 220
true, 88

truth values, 133
typable, 563
type, 561
formulae as —s, 572
ground-, 561
of -1, 536
type structure
combinatory—-, 564
extensional—, 564
typed
~combinatory logic, 562
—A-calculus, 561

underlined, 451
exactly—, 451
uniform, 168, 171, 522
I—, 197
-ly recursive, 549
universal generator, 170
hereditarily non-2-, 449
unsolvable, 41, 171
useful, 257

valuation, 88

variable, 22, 577
bound-, 24, 577
—convention, 26
free—, 24, 577
~indicator, 227

w.e. see weakly extensional
weak(ly)
—Church-Rosser, 58
—extensional(ity), 32, 94
—diamond property, 58

x-straight, 262

i
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The symbols are classified in the following categories: terms, sets of
terms, operations on terms, relations between terms, reduction, trees, theories,
models and other symbols.

For most symbols the definition is given, or else they are used in a typical

context.

Terms

A-terms

=TH D <PSLO0WOXT

<

=Ax.x

=Axp.x

= Axyz.xz(yz)

= Axyz.x(yz)

= Axyz.xzy

= Axy.xy

“NXy XXy X

= (Ax.xx)}Ax.xx)

=AL(Ax f(xx)D(Ax.f(xx))

Y£=£(Yf)

= (Axp. y(xxy)XAxy. y(xxy))

8f— f(8f)

= Axy.x(= K) (true)

= Axy.y (false)

=AXg XX,

' [My,...,. M,]=M, (1<i<n)

P M,y,....M,)=M,(1<i<n)

the nth numeral

s+rn'l=rn + 1’1

P "n+1"="n"

Zerox=Tif x="0"
=Fifx="n+1"

L2
n

611

31
31
31
194
194
7
116
133
131

132

133
133
134
134
134
134
134
134
134
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VMe AN IneNEn'=M
VMeA(X)IneNE,n"'=M

= A fx.f"x (Church’s numerals)

context, i.e. A-term with holes

BT(M,) is the subtree at node a of BT(M)

=Ax; X, (X, X,)
SAXp Xy XXyt X,
IP=P

KPQ="P

SPQR = PR(QR)

BPQOR = P(QR)

CPQR = PRQ

typed combinators
recursor

cf T

cf. F

= n,cf.¢c,

cf. Zero

cf. U/

cf. P”

cf. 8"

= Aabcd.ab(adc)

cf. E

cf. E;

one point basis for A7

set of A-terms

set of closed A-terms

= (M€ AIFV(M)C (%)
least set % such that X < %Y
and M,NeY= MNec Y
INN=MAMeX

set of terms in R-normal form
=R-NFNA®

set of solvable terms

set of R-universal generators
set of terms in head normal form

90,
90,
90,

167
167
140

29
222

247

152
151
151
192
192
563
568

188
188
187
188
188
188
188
194
197
197
195

22
24
24

165
58
58
58

230

170

173

if Bthen X else Y
(M,,...,M,)
[M,N]
[M,,....,M,]
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set of hereditary permutations

set of finite hereditary permutations
set of solving terms

set of solving sequences

U, S0, =80

set of combinatory terms

set of closed combinatory terms

set of AI-terms

= A, set of A-terms

= (M AJFV(M)= (%))

set of Al-terms

set of labelled A L -terms

set of strongly lab. 8-normalizable terms
set of A8-terms

set of A-terms with indexed A’s

set of typed A-terms

= (- (MN) - M,)
=MN,---N,if N=N,,...,N,
= (Axy(Axy -+ (Ax,. M) --))
=Ax, - x, Mif X=x,...,x,
FO(M)=M; F"*}(M)= F(F"(M))
FM~%=F, FM~""'=FM~"M
set of free variables of M
result of substituting N for (the free
occurrences of) x in M
= M[x,:=N]---[x,:= N,]; if this notation
is used, it is assumed that the X do not occur
in FV(N)
= M[%:= N]
result of placing M in the hole of the context
cll
A-translation of a combinatory term
combinatory translation of a A-term
Gaodel number of the term M

I'W1
*M
M

W ww

XY

Ax.xM,--- M,
(M, N)=Ax.xMN
=[Mo,[My,..., M,]]

M mmom o

613

541
541
200
200
201
151
151

37

38
185
364
353
355
400
279
562

22
22
22
22
25
25
24

27

30
30

29

92

92
143
143
135
135
133
134
133
134
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[Mn]nEN
[My, M,,...]
wP

p P

1M

M

(m|My,...., M)

Fr(M)

M

MK
€M)

M|
MIL:=NJ}
d(M)
n(M)

n (M), m (M)
U

X

lim T M,
A*x. P

A x. P
A,x. P

( ))\’( )/\I

(e, e,
Cpl(M, %)

INDEX OF SYMBOLS

=A"0"with 4 "n"=[M,, A" n+17

= [Mn ] n€N

="um. P m’=T1e.

the numeral corresponding to the least m such
that P"m™ =T (if it exists)

idem for A I-calculus

number of symbols in M

= M[xl"“’xn:le e Nn]Nn+1 T Nn+k
=Azx; - X 2(Myx) - (Mx,,,

where 7 is a permutation of {1,...,n}
={NAM'NCM' AM~> M’}

the R-family of M, i.e. set of subterms of
R-reducts of M

A-term corresponding to BT*(M)

A L -term corresponding to BT*(M)

set of approximate normal forms of M

M without any labels (for M € A LN)

M with L1 replaced by ¥

supremum (w.r.t. ) of X C A
infimum (w.r.t.C)of X C A
limit of the increasing sequence M,

simulations of abstraction in CL

translations of € in A and €, in A,
translations of A in € and A; in C;
result of completely developing & in M

Relations between Terms

M=N
MCN
M#N
oop(M)

SNg(M)
XE M

XEgM
M=N

syntactic identity

M is a subterm of N

A+ M = N is inconsistent

there is an infinite R-reduction path
starting with M

all R-reduction paths starting with M
terminate (M is strongly R-normalizable)
VN[N =M= x€FV(N)]

VN[N =M = x € FV(N)]
ifM=M,,...,M,and N=N,,...,N,, then
n=mand M;=N,,...,M, =N,

169
169

137
191

22
205

537

170
223
366
366
353
365
354
346
208
367
377
486

152
157
164

156, 194
156, 194

292

22
24
33

57
57
75
77

30

= 3

Notions of reduction
On A
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M and N are solvably equivalent, i.e.
VC[ JIC[M]is solvable < C[N]is solvable]

either M, N are both unsolvable, or
M=X\x, - x,.x,M, - M,
N=Ax, - x,.X; Ny -+~ N,
n—m=n"—m'and x,=Xx,
BT(M)~ ,BT(N)

inclusion of SO terms
inclusion of SO sequences
supremum of SO terms
supremum of SO sequences
BT(M)=BT(N)

BT(M)C BT(N)

BT(M)"C BT(N)
BT(M)"C"BT(N)

BT(M)< ,BT(N)
BT(M)=,BT(N)
BT(M)NBT(N)=BT(L)
ILIMCLANLCL]

(Ax.M)N - M[x:=N]
Ax.Mx— M if x € FV(M)

BUn

M — @ if M is unsolvable, M = Q

(A x.M)N - M[x:=N]
(Ax.M)N > M[x:= N]
By U By

1 M-
Ax.L—-> 1
L,Ul,
Bu 1

(Ax.M)"*IN > (M[x:= N"])"
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389
344

238
238
203
203
204
204
230
230
245
245
245
245
377
377

51

63

63
388

280
280
280

364
364
364
364

354
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R
R
R
A
-

44

S

616
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B, (Ax.M)’N > (M[x:= 1])° 354 2z one or zero step R-reduction 303
1M- 1 ¢ .
L Ax.L—-> L 354 »r empty R-reduction 303
1">1 > non-empty R-reduction 55
label (M™™ — M mnnm) 353 0
lab. 8 B.UB, ULl Ulabel 354 R R- = -reduction (is extensionally the
+ B.U 4 Ulabel 354 same as —»g) 303
R-nf R-normal form 53
onC Me X MM =gkMAM' eX 58
Fr(M) R-family of M, i.e.
v KPQ — P 155 (N]AM'M > ;M'ANC M’} 170
SPOR — PR(QR) 00r(M) there is an infinite R-reduction starting
s strong reduction 155 with M 57
SNR(M) M is strongly R-normalizing, i.e.
On C all R-reductions starting with M terminate 57
I R is SN R is strongly normalizing, i.c.
IP—>P VMSN(M) 57
BPQR — P(QR) 193 RisCR R is Church-Rosser 54
i CPOR — PRQ
SPQOR — PR(QR) Reduction paths
- M M
On AB o+p 0+p:=M—’(7 o P i 56
n
SMN ->TifMand N are identical closed o/p the projection of o over p
, (for coinitial o, p) 311
5 Bdc-normal forms ) 403 Imc(o) leftmost contracted redex in ¢ 317
¢ 8MN — F if M and N are distinct closed o] o without labels or indices 284, 359 i
B8c-normal forms |
Oy SMM > M 403 Special reductions
& MM — ¢ 403 .
lef
o> 8,(3M,M,) — M, (i=1,2) 103 —; eftmost red.uctlon 327
8(8,M)(8,M) > M —;» head reduction 173
> internal reduction 297
On reduction paths . standard reduction 296
(K-nf’s are standard reductions) 361 d_s» development
{47
Concepts derived from a notion of reduction R 0:(M,F) C"’pl N o is a complete development of (M, %)
one step R-reduction 51 M > N
many step R-reduction 5|
R-convertibility 51
. M > N
N results from M by contracting
the R-redex A 55

286
286
for some set % of redexes sub M and some o
one has o: (M, %) —»1 N
cp

residuals

there is a reduction o: M - N that does not
contract any element of % C M or any of its

369
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Reduction strategies

F,
Fy
Lrm)

Bp(M)

F<,G
F< G

INDEX OF SYMBOLS

leftmost strategy

Gross—Knuth strategy

length of the F path

maximal breadth of the F path starting with M,
i.e. max{||N|||N on F path of M}

VM L(M)<Lg(M)

VM B(M)< B;(M)

Other concepts related with reductions

O
cM

(M, %)
FD

FD!
cpl( M, %)

Trees

T(P)
T(P)
BT(M)
BT¢(M)
BT(M)

AB
|4}
FV(4)

N
N
=
&

N
A\
oy

diamond property for binary relations

% is a set of redexes sub M

for % € M this is the N-term obtained

from M by indexing with O the redexes in %
finiteness of developments, i.e.,

VM € X' SN, (M)

FD and all maximal developments end in the
same term

the result of completely developing %€ M

tree of P € SO

tree of P € SO

Bohm tree of M

effective Bohm tree of M

pruned Bohm tree (at depth &)
set of Bohm like trees

set of Bohm trees

underlying naked tree

free variables in tree A

infinite n-normal form of tree A4
the label at the (virtual) node a in
the tree A

A and B are equal up to depth &
inclusion of Bohme-like trees
infinite n-reduction of Bohm-like trees
34’>,AA'CB

34’>,A3B’> BA'CB’

A supersedes B at node a
A, B are equivalent at node a
subtree at node a

326
330
326

326
326
326

53
284

284

290

291
292

201
201
216
221
223
222
222
220
224
236

237
224
229
233
239
239
241
241
241
238
222

d(4)
A.B
Ax. A
A(x:=B)
lim? 4,
HP
FIHP
M(4)

M[A)

Theories

A
9
3(: *
)
6J’+
TIn
TR
CL

INDEX OF SYMBOLS

depth of tree 4
application
abstraction
substitution { on B
limit
(< B) hereditary permutations
(€ B) finite hereditary permutations
A-term corresponding to the finite 4 € B,
eg M(Ax. x )=Ax.xQx
VAN

x .
A L -termin nf corresponding to the
finite 4 €B,eg M[Ax. x ]=Ax.xLlx
7N\

X

the A-calculus, axiomatized by =,
axiomatized by equating unsolvables
axiomatized by { M = N|M ~ N}
axiomatized by { M = N|BT(M )= BT(N))}
axiomatized by 7 (set of equations)
J extended by =,

9 extended by a rule R

combinatory logic

I-version of CL

=CL

CL + Ag is equivalent with N

CL + Ag, is equivalent with \n

the A I-calculus

=\

typed A-calculus

typed combinatory logic

Godel’s theory of functionals

set of terms of &

% + bar recursion

extensionality, i.e.

Mx=Nx, x¢ FV(MN)= M=N
M=N=AxM=Ax.N
MZ=NZ,al ZEAN°=M=N
MZ=NZ, all Zc A°= Mx = Nx
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222
486
486
486
486
541
541

223

23

77, 411
416

425

76

7

79

151

192

192

150, 161
160, 161
185

185

561

562

568

568

57

31,78
23,78
78
79
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Models

M(T)
MO(T)
I(M)
A(C)
A(I)
Oy
CL
[17

p(x:=a), p(X:=a)

W?,pII:M=N>
MEM=N
@My -,
m, -M,

Ny =M,
M,

™m, =M,
Val(In)

AG

DOO
QVHVI’ Qnoo’ QOOm

Ra™(¢)
Ra™(F)

INDEX OF SYMBOLS

(open) term model of the A-theory &
closed term model of &

terms over N

A-terms with constants from C
A-terms with constants from I
interpretation of elements of 5 (N)
CL:A(DR)—> T (M)

interpretation of elements of A(N)
modified valuation

validity in It

@ is a homomorphism from I, to M,

%, is embeddable in It,
I, is a substructure of I,
P, is isomorphic to M,
valuations in IR

terminal object

unique arrow 4 —> T

cartesian product of objects
cartesian product of arrows
unique arrow defining products
exponent

unique arrow defining exponents
application on Hom(A4, U)
canonical projection

canonical thinning
=U"ifA=x,...,x,

maps A into Hom(U*, U)
valuation as arrow

A-algebra determined by C
Karoubi envelope of a A-algebra
general version of 1

general version of 1,

the graph model

coding of pairs € N2

coding of finite sets C N

cpo A-model

range of g

80, 96
81, 96

479,

range of F (€ A) considered as function on N

88
92
92
88
92
92
39

88

90

91

91

91

91
101
106
107
107
108
108
108
108
108
109
109
109
109
109
109
109
114
118
119
469
470
470
475
4717
480
517
517

lim (D, f;)

Other Symbols

g4 <>

W g

Sequence numbers

(>
(ny,....ony)
Seq

1h(a)

ag B
a<pf

INDEX OF SYMBOLS

semigroup of a A-algebra I in which | =1

group of such a A-algebra
=S(M(T))

=G(M(T))

model of A"

extensional model of X

extensional collapse of a model of X
= { f: D — D’|f continuous}

for CPO’s D, D’

inverse limit of CPO’s

set of natural numbers

least x € N such that...

two notations for the powerset of N
lambda abstraction in the metalanguage
set of partial maps from X to Y

not

and

or

implies

if and only if
for all

there is

there is a unique

code of the empty sequence

code of ny,...,n,

set of sequence numbers,

ie. {{ny,....,nHylkeN,n,...,n, €N}
length of the sequence coded by «
concatenation

« is an initial segment of 8
a<Banda+f
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532
532
532
532
566
566
565

12
15

xiii
Xtii
xiil
Xiit

19

Xiii
Xiii
Xiii
Xiii
xiii
Xiii
X1t
Xiil

Xiil
Xiii

Xiil
Xiil
Xiil
Xiii
Xiii
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