Elementary Categories,
Elementary Toposes

Colin McLarty

Department of Philosophy
Case Western Reserve University

CLARENDON PRESS - OXFORD



This book has been printed digitally and produced in a standard specification
in order to ensure its continuing availability

OXFORD

UNIVERSITY PRESS
Great Clarendon Strect, Oxford OX2 6DP
Oxford University Press is a department of the University of Oxford.
It furthers the University’s objective of excellence in research, scholarship,
and education by publishing worldwide in
Oxford New York
Auckland Cape Town Dar es Salaam Hong Kong Karachi
Kuala Lumpur Madrid Melbourne Mexico City Nairobi
New Dethi Shanghai Taipei Toronto
With offices in
Argentina Austria Brazil Chile Czech Republic France Greece
Guatemala Hungary Maly Japan South Korea Poland Portugal
Singapore Switzerland Thailand Turkey Ukraine Vietnam

Oxford is a registered trade mark of Oxford University Press
in the UK and in certain other countries

Published in the United States
by Oxford University Press Inc., New York

Oxford is a registered trade mark of Oxford University Press
in the UK and in certain other countries

Published in the United States
by Oxford University Press Inc., New York

© Colin Mclarty, 1992

The moral rights of the author have been asserted

Database right Oxford University Press (maker)
Reprinted 2005

All rights reserved. No part of this publication may be reproduced,
stored in a retrieval system, or transmitted, in any form or by any means,
without the prior permission in writing of Oxford University Press,
or as expressly permitted by law, or under terms agreed with the appropriate
reprographics rights organization. Enquiries concerning reproduction
outside the scope of the above should be sent to the Rights Department,
Oxford University Press, at the address above

You must not circulate this book in any other binding or cover
And you must impose this same condition on any acquirer

ISBN 0-19-851473-5



To

Ray Nelson, for what he has taught me about things learned,
things done, and the love of wisdom.



Preface

The introduction, which follows, introduces categories and toposes, while this
preface contains remarks on exposition. The book is elementary in the sense
that it stays close to first order category theory and in that it has few specific
prerequisites. It does require skill at abstraction, say on the level of algebra
through groups and rings, or axiomatic set theory, or abstract data struc-
tures. After Chapter 13, symbolic logic is indispensable. Some recursive
function theory is assumed in Chapter 24.

In Part I the elementary focus merely means skipping the homset defini-
tions of categories, limits, and colimits. In Part II some higher order construc-
tions are given in naive category theory. For example, adjunctions are handled
using comma categories, with an exercise on the set-valued functor definition.
Chapter 12 offers both set-theoretic and category-theoretic formalizations.

In Part III the first order topos axioms are used to define the higher order
internal language. The logic is called ‘topos logic’ here, although ‘intuition-
istic logic’ is often referred to in the literature. I believe that ‘intuitionism’ is
usually, and rightly, taken to mean Brouwer’s epistemology of mathematics,
which is unrelated to the origin or content of topos theory. Topos logic
strikingly resembles formal intuitionist logic and the two have interacted, as
in van der Hoeven and Moerdijk (1984) or many papers in Fourman et al.
(1979). But topos logic coincides with no intuitionist logic studied before
toposes, and this is due to real philosophical differences (see McLarty 1990a).

Our metatheory avoids excluded middle and choice so that it is sound in
any topos, except when we are explicitly concerned with constructions in Set.
Choice is omitted from the Set axioms in Chapter 23 as it adds nothing to the
theorems there, but it is used in applications of Set as I consider it to be part
of the idea of sets.

William Lawvere's influence shows throughout the book, and I relied on
Charles Wells’s constant advice. Michael Barr, Marta Bunge, and Gonzalo
Reyes have taught me a great deal and supported my visits to the Centre
Interuniversitaire en Etudes Catégoriques in Montréal. Peter Freyd, Martin
Hyland, Anders Kock, Michael Makkai, John Powers, Dana Scott, and
David Yetter contributed perspectives now found in and behind various
chapters. André Joyal and Myles Tierney forcefully pressed the challenge
to make toposes as intuitive from the beginning as they are to experts,



viii Preface

especially as concerns topos logic. I could not do it, but the book was
improved by their prodding.

I thank John Corcoran for debates on logic and for what 1 have learned at
the Buffalo Logic Colloquium. Ti-Grace Atkinson, John Bell, Emily
Grosholz, Gregory Moore, Charles Parsons, Michael Resnik, Stewart Shapiro,
and Michael Wright helped shape the style and foci of the book. I especially
thank Penelope Maddy, Jean-Pierre Marquis, and John Mayberry for talks
on sets and categories in foundations of mathematics.

Other friends occasionally asked just what was the point of topos theory.
Leaving too many out, I mention Peter Bing, Tom Bishop, Virginia Jones,
Paul Kukuca, Marie-Pierre Le Hir, Jean Hrichus, John McNamara,
Laura Mitchell, Sally Norman, Martha Woodmansee, and my parents,
Colin McLarty Sr. and Sarah Supiee.

Cleveland C.M.
April 1991
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Introduction

Eilenberg and Mac Lane created categories in the 1940s as a way of relating
systems of algebraic structures and systems of topological spaces in algebraic
topology. The spread of applications led to a general theory, and what had
been a tool for handling structures became more and more a means of
defining them. Grothendieck and his students solved classical problems in
geometry and number theory using new structures—including toposes—
constructed from sets by categorical methods. In the 1960s, Lawvere began to
give purely categorical definitions of new and old structures, and developed
several styles of categorical foundations for mathematics. This led to new
applications, notably in logic and computer science.

This book focuses on purely categorical descriptions, on category theory
‘from the ground up’. Few examples are given until they can be constructed
categorically. Chapter 3 handles a little group theory in that way. In Part IV
several examples are given: a topos Set of sets which can be handled more
naively here in the introduction, a topos Spaces of differentiable spaces, and a
topos Eff in which all functions from the natural numbers to themselves are
recursive.

In this introduction some examples are considered less carefully. A reader
unfamiliar with any one should glance through it but not worry unduly—
they are illustrations for the chapters, not prerequisites. (All the mathematics
of the examples, plus a chapter on categories and toposes is in Mac Lane
(1986).) See the further advice on reading at the end of this introduction.

1 Individual categories

Consider sets and functions. Write f:A—— B to mean that f is a function
defined on the set 4 and with all its values in B. Note that B need not be the
set of values of f; it need only include them all. Call A the domain of f, and
B the codomain. Every set A has an identity function 1,:4— A, with
1,4(x) = x for every x in A. And given functions f:A—— Band g:B— C
with common set B there is a composite gof: A— C with (gof)(x)
= g(f(x)) for every x in A. So there is a category Set, called the category of
sets, with sets as objects and functions as arrows. Compare the axioms in
Chapter 1.



2 Introduction

Category theory treats functions differently from set theory in that every
arrow in Set has a unique domain and codomain. For example, let Q be the
set of rational numbers and R the set of reals. For most set theory texts there
is a well-defined function on Q which takes each rational number x to its
square x2. In category theory a function, that is an arrow of Set, is not fully
defined until 2 codomain is also specified. So there are distinct arrows

_20—0Q and _2:Q—R

and infinitely many others, all with domain Q and taking each x in @ to its
square, but with different codomains.

For another category, consider the data types of a given computer pro-
gramming language and the computable functions between them. For this
example we write f:A—— B to say that f is a computable function from
data type 4 to data type B. More precisely, this means that some program in
our language accepts input of type 4, and for any input x of that type returns
the value f(x) of data type B. For every data type A the, identity function
1,:A— A is computable. Given computable f: 4—— B and g: B—— C,
compute the composite gof: A—— C by the rule ‘apply/ to the input then
apply g to the result’. We then have a category Data of the data types and
functions in our programming language. For a survey of more sophisticated
categorical semantics for programming languages, see Scedrov (1988).

Of course, a program may take several inputs. That can be modelled by a
device, available in many actual languages, of forming record types: that is, for
any data types 4 and B we suppose that there is a data type 4 x B, and we
think of a value of this type as being a pair {x, y), with x a value of type 4
and y of type B. Then a program which takes one input of type 4 and one of
type B, and returns a value of type C, can be thought of as taking a single
input of type 4 x B, and so represented by an arrow A x B—— C in the
category Data. Neither we nor the language user cares how a computer
actually stores records (x, y). We do care that we can recover the values in
each field of a record. There must be a computable function p;: 4 x B—— 4
taking any record <{x, y) to x, and another p,: 4 x B—— B taking {x, y) to
y. Furthermore, given a data type T and computable h: T—— A4 and
k: T—— B there must be 2 computable function from T to records of type 4
x B which agrees with h on the A4 field and with k on the B field. That is a
function (h, k): T—— A x B, which takes any input z of type T to the record
{h(z), k(z)). Compare the definition of a product for A and B in Chapter 2.

In Set the Cartesian product A x B of sets 4 and B has obvious projection
functions p, and p, to A and B, such that for any set T and functions
h:T— A and k: T— B there is a function {h,k): T— A x B, as for
record types. As with record types in Data, so with Cartesian products in Set
these functions are what is used in practice, not some account of the make-up
of AxB.
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In computer science rigorous attention to domains and codomains is called
‘strong typing’ and few languages use it consistently. Many languages, for
example, treat addition ‘x + y’ as one function, whether applied to a pair of
integers, an integer and a real, or a pair of reals. But in the category Data, if /
is the type of integers and R the type of reals, there are distinct arrows

+:Ix]—1 +4+:IXxR—R 4+ :Rx]—>R +:RxR—>R

One adds an integer to an integer for an integer sum, another adds an integer
to a real for a real sum, and so on. They are distinct because they have
different domains and codomains.

For a third example, consider (real, finite-dimensional) vector spaces and
linear functions. Every identity function is linear and, given linear
[:V—> Wand g: W— X, the composite gof: V—— X is linear. So there
is a category Vect with vector spaces as objects and linear functions as
arrows. This category also has products. Given spaces X and Y, the vectors in
the product space X x Y are ordered pairs {x, y), with x a vectorin X and y a
vector in Y. We define vector addition and scalar multiplication on X x Y by
the rules

P+ Y)=+ x5y +yY),  rl,y)=L{rxry

for x and x’ vectors in X, and y and y’ vectors in Y, and r any real number.
The additions and multiplications inside the angle brackets on the right-hand
side are those of X and Y. Note that these rules are just what they must be to
make the projections p,;: X x Y—— X and p,: X x Y—— Y linear. Again,
this is a product for X and Y in Vect, as defined in Chapter 2.

There are categorical differences between Set, Data, and Vect. A terminal
object in any category C is an object T of C such that every object of C has
exactly one arrow to 7. An initial object in C is an object S such that every
object of C has exactly one arrow from S. So therterminaliobjectsiof Setiare
thesingletons, and a set S is initial in Set iff it is empty. Every set A has exactly
one function f to any singleton { * }, namely the one with f(x) = » forevery x
in A. An empty set has one and only one function, namely the empty one, to
each set A.

The category Data may have no terminal or initial objects, depending on
just what programming language it is based on. Languages with limited
means for constructing types generally have no terminal or initial ones. In
such languages there are many computable functions between any two types.

In Vect there is the one-point space {0}, the vector space with only a zero
vector. This is both terminal and initial in Vect. For any vector space V the
constant zero function ¥'—— {0} is linear, and so is the function {0} — V
inserting zero. These are clearly the only linear functions to or from {0}. An
object that is both terminal and initial in its category is called a zero object
because of this example.
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In short, Set has terminal and initial objects, and they are distinct from one
another: Data may well have neither; Vect has both, and they coincide.

For other examples, take topological spaces and continuous functions to
obtain the category Top, and take differentiable manifolds and differentiable
functions to obtain the category Man. These two resemble Set more than they
do Vect. For example, in both these categories any single-point space is
terminal and empty spaces are initial. Neither one has a zero object. This is
the beginning of much further reaching differences, as Vect is an Abelian
category while none of our other examples is (see Freyd 1964 or Mac Lane
1971, Chapter 8). There are also algebraic examples of categories, such as Grp
with groups as its objects and group homomorphisms as arrows, or Ring with
rings as objects and ring homomorphisms as arrows. Such examples are not
in short supply, and are found in any discussion of category theory.

A topological space T is not studied by just looking at its points. Typically,
the continuous curves and surfaces in it are examined. Let S be the circle and
S2 the sphere (i.e. the outer surface of a ball). A closed curve in T is a
continuous function c: S —— T.. It is a picture of a circle in T, or a map of S*
in 7, in the usual terminology. A map of §2 in 7, i.e. a continuous function
5:8%2——T, is a closed surface. We can describe T in large part by describing
the maps to it from S§*, §2, and higher-dimensional spheres. Geometers often
describe spaces by maps to and from other spaces, and they always give
a map a specific domain and codomain. This is the origin of a considerable
amount of category theory, and arrows in any category are sometimes called
maps.

In any category C a generalized element of an object A is just an arrow to A.
When we think of an arrow h: C—— A as a generalized element of A4, we call
C the stage of definition, or we may just call h a C-element of A. So a closed
curve in a topological space T is an S'-element of T, while a closed surface is
an S2-element. In the category Data, with I the type of integers, for any data
type A an I-element of A4 is a computable function I — A4 or, in other words,
a computable sequence x; of values in A4, where i ranges over all integers.

A global element is a generalized element, the stage of definition of which is
terminal, and these often have a special role. As before, let { * } be a singleton
set, with its single element ». Any set 4 has a function x: {»} — 4 for each
element x, namely the function taking » to x. According to traditional set
theory, functions from {*} to A ‘correspond to’ elements of A4 but are not
themselves the elements. On categorical foundations as in Chapter 22 we
actually define an element of a set A4 to be a function from {*} to A. (In that
chapter we write 1 for a singleton rather than { » }.) We can do the same thing
in a categorical treatment of Top or Man, and in fact we do for a variant of
Man in Chapter 23, defining a point of a space to be an arrow to it from a
singleton space. Of course, this does not work so well for vector spaces, since
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any vector space V has exactly one linear function from the terminal
space {0}.

In any category C an arrow A —— B can be thought of as a kind of picture
of A in B, but this is uselessly abstract without some initial picture of A. For
most categories it is useful to see a terminal object as a point. (That is, a
terminal object is a point when ookeduaminternally to its category. Erom
pmside it may be much more complex. See Exercise 16.15 and examples in
Chapter 22). When we define natural number objects in Chapter 19 it will be
useful to see a given one N as a sequence of points, so that an N-element
s:N—— A is a sequence of points in 4. In specific categories such as the
category of sets or the category of spaces in Chapter 23, the subject matter
conveys its own images.

It is often convenient to view a monic arrow i:A»>— C, defined in
Chapter 1, as showing that A is a copy of a part of C, and that i maps the copy
ontothat part. For example, in Set, the monic arrows are the one-to-one
functions and, clearly, if i is one-to-one then A is a copy of a subset of C,
namely of the image of i. Thisworkswellinall toposes:andiinithecategory of
categoriesybutmotinallicategories. (For example, in Top the monics are also
the one-to-one functions, but a continuous function i: 4 — C may be one-
to-one, while A has a finer topology than the image of i as a subspace of C.) In
any category we call 2 monic arrow to an object C a sub-object of C. Note
that one object A may copy many different parts of C, and so it is the monic i
that identifies the sub-object, and not just its domain A. In other words, we
have_to_know._‘where’ in_C. the copy A_is_being mapped. Subsobjects
i:A—— C and j: B>— C of a single object C are equivalent, as defined in
Chapter 3, if i and j map on to the same part of C.

2 The category of categories

In Part I functors, which are maps of categories, are introduced. A functor F
from a category A to another category B is a structure-preserving function
from A to B (see Chapter 8). Intuitively, if A is seen as a network of arrows
between objects and then F maps that network onto the network of arrows of
B, this gives a picture of A in B.

Every category A has an identity functor 1,: A—— A, which leaves the
objects and arrows of A unchanged, and given functors F:A——B and
G:B—— C there is a composite G o F: A—— C. So it is natural to speak of a
category of all categories, which we call CAT, the objects of which are all the
categories, and the arrows of which are all the functors. This raises genuine
problems. Is CAT a category in itself? Quranswer hereisitotreat CAT as'a
regulative idea; that is, an inevitable way of thinking about categories and
functorsybutinotiasstrictlyslegitimaterentity: (Compare the self, the universe,
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and God in Kant 1781.) Of course, generalicategonynheoryapplicsuonGAly

and this category that we do not quite believe in is the single one that we
inyestigatesthesmost: In Chapter 12 several alternative rigorous foundations

are given for our results, but no actual ‘category of all categories’.

The central notion in Part II is that of an adjoint to a functor, defined in
Chapter 10. Examples figure heavily in Chapters 11 and 17. In the exercises of
Chapter 12 a series of adjoint functors are developed between a category of
sets and a category of categories. Further mathematical examples require
more background than we assume, but the literature on categories is replete
with them (see, for example, Mac Lane 1971 and Barr and Wells 1985).

3 Toposes

Toposes are sometimes explained as categories ‘with Set-like properties’, but
we can be more specific. Toposes are categories which allow the constructions
used in ordinary mathematics. AutoposvisiarcategorysEssuchnthatyitshasia
terminal object, and any pair of objects 4 and B of E have a product 4 x B.
For any parallel pair of arrows, that is any arrows f: A—— Bandg:A— B
with the same domain and the same codomain, there is a sub-object
eJE>— A of A representing the solutions to the equation f = g. (This is an
equalizer, defined in Chapter 2.) Any pair of objects A and B have an
exponential B4, as defined in Chapter 6. In short, B4 is an object of E
representing all arrows from A4 to B in E. And there is a sub=object classifier,
also called a truthivaluerobject, 2, as defined in Chapter 13.

InnthenexamplenofiSet we have already seen the terminal objects and
products A x B. Given parallel arrows fand g, the equalizer E is the subset of
A containing all x with f(x) = g(x): The exponential B* is the set of functions
from A to B. The sub-object classifier 2 is a two-element set. Let it be {¢, fa},
where ‘t’ is pronounced ‘true’ and ‘fa’ is pronounced ‘false’. The idea is that,
given any set 4 and a subset of it S, there is a function s from 4 to {¢, fa}
which classifies S; namely, the function defined on A with

is(x)=1 iff xisin S.

Conversely, any function x: A— {t, fa} classifies a subset of A4, namely the
subset of all x such that y(x) =t.

Singleton sets and {t, fa} are finite, and if A and B are both finite then so
are A x B, all subsets of A, and B%. So the finite sets already form a topos,
which we call Set;;,. An axiom of infinity, the existence of a natural number
object or set of natural numbers, which we require Set to satisfy while Set,;,
does not, is described in Chapter 19.

Any object A of a topos E has an exponential 24. It represents arrows from
A to ©Q, which classify sub-objects of A, so it is an E object representing all
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sub-objects of A. We call it the power object of 4. In the case of Set or Set;,
the exponential {z, fa}* is the power set of A. Set-theory textssay that{t;fa}*
is merely isomorphic to the power set, but category theory knows no such
invidious distinction. Instead, we think of a sub-object of an object A in a
topos indifferently as a part of A, an arrow from A to 2, and an element of Q4.

In Chapter 16 we prove that every topos E has an initial object @ with the
typical properties of an empty set; and it has unions, and quotients of
equivalence relations. If E also has a natural number object we can do all of
classical mathematics, but not always with classical results, since E may be
quite different from Set, as we see with the examples in Part IV,

To handle the rich structure of toposes, we follow Johnstone (1977) in
combining elementary category theory and the internal language of a topos.
For each object 4 of the topos we introduce quantifiers (Vx. A) and (3x. A)
over A. We regard each arrow f: A—— B as a function. We give interpreta-
tions for negation (~), conjunction (&), disjunction (v), and conditional (—)
with familiar logical rules, but not quite classical ones. Notably, the law of
excluded middle fails. In some toposes there are formulas ¢ such that
‘¢ v ~ ¢ is not true, and neither is * ~ ~ ¢ —— ¢’. In any topos, if ¢ implies
a contradiction then we can conclude ~ ¢. But, in many toposes, if ~ ¢
implies a contradiction we can only conclude ~ ~ ¢. In other toposes, such
as Set or Set;;,, the law of excluded middle is sound. The:axiomof choice fails
in many toposes, including all those in which excluded middle fails, since it
impliesrexcludedimiddie (see Section 17.5).

I consider the internal language of each topos an actual language, describ-
ing structures in the topos. Formal rules are provided for the languages, but
the reader should go on to use them colloquially, as Joyal and Tierney (1984)
or Moerdijk (1985) do.

The point is that toposes describe objective structures. The world around
us has a geometric structure that can be idealized in the notion of smooth
spaces and maps, as indeed it was in classical analysis in the service of
Newton’s and later Einstein’s physics. The smooth topos Spaces formalizes
that structure. Another abstraction moves away from geometry to view the
world in terms of pure cardinality. This is Cantor’s set theory, and is
formalized in the topos Set. Yet another treats functions as procedures, and
so requires them to have algorithms. This is formalized in part of the effective
topos Eff. These are not competing theories, much less contradictory: they are
alternatives suited to different purposes.

There is no meaningful question of whether all functions from the line to
itself are ‘really’ differentiable, or all functions from the natural numbers to
themselvesiarerrecursive: Rather, we need to study both of these and other
idealizations, and the relations between them, whether we model them in sets
or toposes or whatever. The most important relations between toposes are
geometric morphisms, defined in Chapter 17. We do not study them in detail
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in this book, but we give the most important means of constructing them—
namely Grothendieck toposes.

Let A be a small category in a topos E. Aifunctor fromAto Eis'calleda
diagramyon Al Picture the functor as a ‘diagram’ of objects and arrows of E,
shaped like the network of objects and arrows of A. Thencategoryrofrall
diagrams on A is itself a topos which we call EA (sce Chapter 20). The
diagram category has certain topologies on it. For each topology j on EA there
is category (EA), of sheaves on j, and this too is a topos (see Chapter 21). A
Grothendieck topos over E is any category of sheaves for some topology on
some categoryof diagramsin E: The two-chapter proof that these are toposes
is the central result of Part III.

If we simply posit two toposes, say a topos Set satisfying the axioms in
Chapter 22 and one Spaces satisfying those of Chapter 23, it does not follow
that there are any geometric morphisms between them. But Chapter 23
sketches a way of beginning with Set and constructing a Grothendieck topos
over it that satisfies that chapter’s axioms for a category of spaces. Geometric
morphisms between Set and this Grothendieck topos fruitfully formalize
relationsybetweenysetsrandispaces: Conversely, McLarty (1987) shows how
to take Spaces and construct a Grothendieck topos over it that satisfies
the axioms for a topos of sets. Either method gives the same geometric
morphisms between Set and Spaces. For geometric morphisms toposes con-
structed one from the other, or both from a common base, are needed.
Grothendieck toposes are not the only means of doing this either, as shown in
Chapter 24 with Eff.

4 Advice on reading

The reader can often profit from glancing ahead in this book. Part I'V should
make some sense after the Introduction and Chapters 1 and 2, more sense
after Chapter 6, and a great deal more after the definition of toposes in
Chapter 13. The reader might look at Chapter 8 on functors immediately
after Chapter 1, and could read Chapter 19 on natural number objects in
almost full detail after reading Chapter 6. The definition of a topos in Chapter
13 should make some sense after Chapter 4, and more after Chapter 6. There
may be other suitable short cuts.

The exercises contain definitions and results that are used later on, and so
must be studied, except that details of formalization should be studied only so
far as they are of interest.

Through Part I we usually work with one category at a time. To speak of
‘an object’ or ‘an arrow’ means an object or arrow of that category. Some
chapters only assume that the category is a category, while others assume
that it has further structure (such as selected products for pairs of objects).
Each chapter’s assumptions are given at its beginning and not repeated in
















A category is small is both the class of objects and the class of arrows are sets.
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individual theorems. We call the category we work with the ‘base category’.
Part II concerns relations between categories, but in Part III most chapters
again start with one base category, in fact one topos. These chapters often
construct new toposes from the base.

Parentheses are punctuation in this book, used for clarity and not a
requisite part of function notation. Thus f(x) or fx mean the same thing, and
the choice in any occurrence is a matter of rcadability.



Part 1

CATEGORIES



Rudimentary structures in a category

In this chapter we study axioms for a category, and possible structures within
it. We introduce the ‘generalized element’ notation, which allows us to restate
some of our axioms and definitions in a more familiar form.

1.1 Axioms

A category has objects A,B,C, . .. and arrows f,g,h . ... Each arrow goes
from an object to an object. To say that g goes from A to B we write
g: A— B, or say that A is the domain of g, and B the codomain. We may
write Dom(g) = A and Cod(g) = B.

Two arrows f and g with Dom(f) = Cod(g) are called composable. If f
and g are composable, then they must have a composite, an arrow called fo g.
Every object A has an identity arrow, 1,.

The axioms read as follows. [FOF @very Gomposable pair f and g the
composite fog goes from the domain of g to the codomain of .

And v .

The axioms can be displayed in diagrams or in equations. In the equations
we assume that any arrows we compose are composable. In the diagrams this
is explicit.

Domain and codomain:

A > C
Sog

Dom(fog) = Dom(g) and Cod(fog) = Cod(f)
1:A— A Dom(1,)= A4 and Cod(1,)=4A4
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Identity
C
S le
leof =f
B ; C '
f
A
1, g
goly=g
A -> B
g
Associativity:

4 Jog
h \ f
(feg)oh=fo(goh)
D -> B
goh

Because of associativity we can omit parentheses in composites of several
arrows without ambiguity. We can write fogoh for the triple composite
above.

We will often use just ‘A’ to label the identity arrow 1.

1.2 Isomorphisms, monics, and epics

An arrow f: A—— B is an isomorphism if there is an arrow g: B—— A such
that ge f=1,and fog = 1 B If there is such an arrow there is only one (sece

ff,orf ~!: B—— A. We may say that
to show that fis an isomorphism. In
lagrams:
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B
-1
/ \ I fi
A > A A
A

We say that A is isomorphic to B, and write A = B, to say that there is some
isomorphism from A to B. There may be many different isomorphisms
between two objects.

This is a generalization of the various notions of isomorphism that
mathematicians have used since the 19th century. It has long been traditional
to say that ‘isomorphic groups have all the same group properties’ or that
‘isomorphic topological spaces (often called homeomorphic) have all the
same topological properties’. The latter was often taken to define ‘topological
properties’, in the spirit of Klein’s Erlanger program. These slogans are
abstracted and unified in category theory, where isomorphic objects in a
category have all the same categorical properties. What this means will
become clear as we go along.

An arrow f: A—— B is monic if it meets the following condition. For every
object Tand any arrows h: T—— Aand k: T— A, if foh =fokthen h = k.
This is sometimes expressed by saying that f is ‘cancellable on the left’. We
will often prove that two arrows, say p and g, are equal by finding a known
monic f and proving that fop = foq. We may write f: A>— B to show
that f is monic. Notice that every iso is monic, since foh = fo k implies
[V efoh=f"ofok.

h I
T_—k_tA>—->B

A monic f can be thought of as a ‘one-to-one’ arrow. It will not identify h
with k unless h = k. We make this precise in the section on generalized
elements. A monic f can also be thougut of as making A4 a ‘part of* B. We
make this precise when discussing sub-objects in Chapter 4.

An arrow f: A—— B is epic if it meets the following condition. For every
object T and any arrows h: B—— Tandk:B—— T, if hof = kofthen h = k.
We may say that f is ‘cancellable on the right’, and we may write {:4A—» B
to show that f'is epic. Every iso is epic. It is not accurate to think of an epic
arrow as ‘onto’, as we shall see when discussing generalized elements. It is
better to think of an epic as ‘covering enough of B’ that any two different
arrows out of B must disagree somewhere within the part covered by f.

In general, an arrow may be monic and epic without being iso (scc Exercise
1.5). In some categories though, every monic—epic is iso. Such a category is
called balanced. Every topos is balanced, but not the category of categories.
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1.3 Terminal and initial objects

A terminal object, or terminator, is an object P such that every object has
exactly one arrow to P. A category may have any number of terminators,
including none. However many it has, they are determined up to a unique
isomorphism, meaning that the following two theorems hold. The simple
proofs are paradigms of categorical methods.

THEOREM 1.1 If P is a terminator and there is an iso f :Q—~—>P then Q is
also a terminator.

ProOOF Any object T has a unique u:T-—— P, so there is at least
f " You:T——Q. Given any v: T—— Q we have fov: T—— P. By unique-
ness, ¥ = fov, and s0 v =f ~'ou. Thus f ~!ou is the unique arrow from T
to Q. 0O

THeorem 1.2 If P and Q are both terminators, then the unique arrow from
P to Q is an isomorphism (with the unique arrow from Q to P as inverse).

ProoF Suppose that P and Q are both terminators, with the unique arrows
u:P——Q and v: Q—— P. Then vou goes from P to P, but 1, is the only
arrow from P to P. So vou = 1p. Similarly, uov = 1,. O

Therefore the definition of a terminator does not pick out a unique object
(if there is a terminator at all). But when we are talking about a category that
does have at least one terminator it is handy to suppose that we have selected
one which we will call ‘I’ for the duration of the discussion. Then for each A
wewritelsA===1forthe uniquearrow fromAtoll. We may even omit the
name of the arrow, since it is unique.

An initial object is an object I such that every object has exactly one arrow
from I. From the symmetry of this definition with the definition of a terminal
object one can see that initial objects are determined up to isomorphism. Any
object iso to an initial object is also initial, and any two initial objects have a
unique isomorphism between them. One can simply repeat the proofs of
Theorems 1.1 and 1.2, reading ‘arrow from I’ each time they say ‘arrow to P’,
and so on. We often use () to name a selected initial object, and ! ,: 0 —— A4 for
the unique arrow.

An object which is both terminal and initial is called a zero object. Again, a
category may have no zero objects, or any number. Since all the terms are
defined up to isomorphism, if a category has one zero object then all initial or
terminal objects in the category are zero objects.

1.4 Generalized elements

We can think of an arrow to any object B, say x: A—— B, as a kind of
‘element’ of B. Specifically, we call x a generalized element of B defined over 4,





























If we have both a terminal and an initial object, then !_A is ambiguous between
!_A : A —> 1
and

!_A : 0 —> A .�
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or an A-element of B. When thinking in these terms we write x €, B, but this|is
just another notation for x:4—— B.
We also say that A is the stage of definition of x. It is often useful to think of
all the generalized elements of B at one stage of definition A at one time.
For example, we can restate the definition of a terminal object: P is
terminal iff, at each stage of definition A, P has exactly one A-element. At

each stage of definition, P is a singleton. (lhiciclismosimilandefinitionofan
initial object in terms of its generalized elements: see Exercise 1.6.)

Thinking of x €, B as a generalized element, for any f: B—— C, we may
write f(x) for the composite fo x. In this notation the first domain—-codomain
axiom reads as follows: for any x €, B and f: B—— C there is a well-defined
f(x)€,C; that is, at each stage A, ftakes A-elements of B to A-elements of C.
The first identity axiom reads as follows: for any x€5C, 1¢(x) = x. The
associativity axiom takes a familiar form: for any x €, A4, and g: A—— B, and
f:B——C, we have (fog)(x) = f(g(x))

On the other hand, thismetaiomsossmomwonkasonvelinvithathessecond
idemityexiommwhichawouldmppeanasgEimEsg The apparent asymmetry

whereby g appears once as a function symbol and once as a value is an
artefact of the notation. The original notation of arrows and composites
remains fundamental.

An arrow is fully determined by its effect on generalized elements.

THeoREM 1.3 Take any f:A—— B and g:A—— B. Then f=g iff, for
every stage of definition 7 and every x €, A4, f(x) = g(x).

ProoF The ‘only if’ is obvious, since f = g implies f(x) = g(x). Conversely,
assume that fand g agree on all generalized elements of A. Then take A itself
as stage of definition and let x be 1,. By assumption, f(1,) = g(1,) and this
gives f=g. a

This is typical of proofs using generalized elements, in that one half makes
pivotal use of 1, as an A-element of A. Foranyobject:B we call 15 the generic
element of B.

If a category has terminal object 1, then 1-elements may be of special
interest, so l=elementsyareroftenicallediglobalielenents: We call an arrow
J: A—— B constant if it factors through a global element; that is, f = x o !, for
some x: 1 —— B. The idea is that f then takes the single value x.

1.5 Monics, isos, and generalized elements

The definition of a monic takes a familiar form in generalized elements. An
arrow f: A— B is monic iff, at each stage T'and for any x €; A and y € A, if
S(x) =/(y) then x = y. Monics are one-to-one on generalized elements.

Eicnents] Let an arrow f: 4 —— B be called onto on generalized elements if,
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for each stage T and each y €, B there is some x € A with f(x) = y. Then we
have the following theorem.

THEOREM 1.4 Anarrow f: A—— B is onto on generalized elements iff there
is some g: B—— A with fog = 15.

Proor For ‘if’ suppose that there is such a g. Then for any y€; B the T-
element g(y) of A has f(g(y)) = y. For ‘only if” suppose that f is onto on
generalized elements. Taking the generic element 15 of B, there is some g €5 4
with f(g) = 1;. a

When fog = 15 we call g a right inverse to f, and f a left inverse to g. An

arrow may have many different right inverses. _
BIBPi8) since hof = kofimplies hofog = ko fo g. But having a right inverse'is

muchistrongerthan beingepic (compare with Exercise 1.5). An arrow that has
a right inverse is called a split epic.

Obviously exenylisoissplinepie. Converscly, ifjismonicmndsplinepicthen
iliSRis®] For proof consider a right inverse g. Then fogof =, and since fis
monic we can cancel it on the left to obtain gof=1,. So we have the
following theorem.

THEOREM 1.5 An arrow is iso if it is one-to-one and onto on generalized
elements.

Exercises

1.1 (An arrow with a left inverse and a right inverse is iso.) Given f:A— B,
suppose that there is some h: B—— A with hof =1, and some g: B—— A with
fog = 1p. Show that g = h. Conclude that g =f ~! is the unique inverse of /.

1.2 Show,iff: A—— Band g: B—— C are both iso, that g o fis then also iso. What is
its inverse?

1.3 Show that = is an equivalence relation: every object is iso to itself: if A is iso to
B then Bis to A; and if A = B andB = C then A = C.

1.4 Suppose that there is a terminator 1. Show that every arrow f: 1 — B is monic.
Explain in terms of generalized elements why every arrow with domain 1 is one-to-one
on generalized elements.

1.5 Describe a category 2 with two objects, 0 and 1, their identity arrows, and one
other arrow a:0— 1. Composition can be defined in just one way verifying the
axioms. Think of this category as an isolated arrow:

0—1

We do not draw identity arrows because we know there is one at each object. Show
that the arrow a is monic and epic, but not iso (and not split epic).
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(For those who know the relevant mathematics.) Some examples of monic-epics
that are not iso are instructive: in the category of rings and ring homomorphisms, the
inclusion of the ring of integers into the ring of rationals; in the category of topological
spaces and continuous maps, any one-to-one onto function the domain of which has
finer topology than its codomain; and in the category of Hausdorff spaces and
continuous maps, any one-to-one map with dense image but not onto.

1.6 Show that, if there is an initial object @, a terminal object 1, and an arrow
1— 0, then 1 and 9 are zero objects.

In general, an initial object may have generalized elements at some or all stages of
definition. However, in any Cartesian closed category (see Chapter 4) an initial object
has a T-element iff T is also initial. In such categories, which include toposes and the
category of categories, it is useful to think of an initial object as ‘empty’. The only
objects with arrows to an empty object are themselves empty.

(For those who know the relevant mathematics.) In the category of real vector
spaces R" and linear maps, [l is a zero object. The category of groups and group
homomorphisms, and categories of modules and homomorphisms, have similar zero
objects. This plus Theorem 6.4 proves that none of these is Cartesian closed. In the
category of rings and ring homomorphisms, the ring of integers is initial, while some
rings have many homomorphisms to it and others have none.





Products, equalizers, and their duals

2.1 Commutative diagrams

Definitions more intricate than that of a monic or a terminator are easier to
give using diagrams and commutativity. We will not be formal about these. A
diagram is an arrangement of objects and arrows, such as:

f
A > B

C ~—>» D

We say that the objects occupy vertices of the diagram, and the arrows
occupy its edges. One object may occupy several different vertices. In the
example, we might have A=B=C=D, so that the same object occupies all
four vertices. That would still be different from the following one-vertex
diagram:

Similarly, one arrow may occupy several edges.

A diagram commutes if the following holds. Taking any two vertices, the
composite of the arrows along any path from the first vertex to the second is
equal to the composite along any other path from the first to the second. We


E.g., in the upper diagram, 
f = h g and j = i h,
but not in the lower diagram.�
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count the empty path at any vertex, and say that the composite along it is the
identity arrow for the object at that vertex. Thus to say that the four-vertex
example above commutes means that f = hog and icf =iochog =jog and
io h = j. The one-vertex example commutes iff all the arrows in it are 1 ,.

Notice that to prove that the four-vertex diagram commutes it suffices to
prove that both triangles contained in it do; that is, f=hog and ich =
imply all the other equations. One can prove that any diagram commutes by
proving that each of its parts does, in a sense that we will not bother making
precise. A diagram such as

J
A > B ! > C
D —> E > F
m n

commutes if each triangle and square in it does; that is, m =ioh and
jof=noi and g = koj suffice to imply all the equations required by com-
mutativity of the diagram.

2.2 Products

Given objects A and B, a product diagram for A and B consists of an object P
and two arrows p, and p, as shown:

A (4] P P2 B

with the following property. For any object T and arrows as shown:

h k
A—T——B

there is a unique arrow u:7T—— P that makes the following diagram
comrmute:

T

A &
P1 P Pa —>B
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In equations, there is a unique u with p,ou = h and p,ou = k.

The arrows p; and p, are the projection arrows of the product diagram.
They are essential, since the object P alone is not enough to determine the
diagram (see Exercise 2.1).

In a given category a given pair of objects might have no product diagrams,
or any number. Product diagrams are determined up to isomorphism as
follows:

Tueorem 2.1 If P, p,, p, is a product diagram for 4 and B, and there is an
iso f:Q——=>P, then Q, p, of, p,of is also a product diagram for A and B.

Proor For any object T and arrows h: ——A and k: T—B there is a
unique u:T—— P with pou=h and p,ou=k, so there is at least
S You:T— Q with p,ofo(f "tou)=h, and p,ofo(f " 'ou) = k. Given
any v:T——Q with p,ofov="h and p,ofov =k, one can see that
Sfov: T—— P composes with p, to give h and with p, to give k, so that by
uniqueness fov =u. So v =f"!ou is the unique arrow from T to Q com-
posing with p, of to give A, and with p,ofto give k. O

THEOREM 2.2 If P, p,, p, is a product diagram for A4 and B, and Q, q,, q, is
another, then the unique arrow u:Q —— P with p, cu = q, and pou = g, is
an isomorphism.

Proor Take the two product diagrams, u:Q—— P and the obvious
v:P——Q.Thenpyoucv = gy ocv = p,. Similarly, p,ouov = g, o0 = p,. But
1, is the unique arrow from P to P with those composites with p, and p,, so
uov = 1,. By the same reasoning, vou = 1,. O

The reader should draw diagrams keeping track of the arrows in these
proofs, and should compare the proofs with those for Theorems 1.1 and 1.2.

As with terminal objects, if we know that objects 4 and B have at least one
product diagram it is convenient to select one to talk about. Wewilluseithe
notation 4 xB, p,, p, to name the one we are talking about, or draw it:

P n
Ae——AxB——B

We use {f,g) to name the unique arrow induced by f:T—— A4 and
giT==5B, so the following diagram commutes by definition:

T

5

P1 Pa
A € AxB -> B
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Given that A’ and B’ also have a product diagram, and given any arrows
h: A—— A’ and k: B—— B’, we use h x k to name the arrow that makes the
following diagram commute:

Al b AxB e >B

h hxk k
‘L Py v P2

A€ A'xB >B

That is, h x k is the arrow to A’ x B’ induced by hop,: A x B—— A’ and
ko p,: Ax B—— B'. Here we use ‘p,’ to name two different projection arrows,
one in the diagram for A and B, and one in the diagram for A’ and B’: we do
the same with ‘p,’. We will do this whenever the context makes it clear which
projection arrow is which.

When there is more than one product diagram for each pair of objects then
the choice of one for each pair is arbitrary; but once those choices are made
the arrows {f, g> and h x k are uniquely determined.

Products have a familiar description in generalized elements, as follows.
Given a product diagram A x B, p,, p,, at each stage of definition 7, any
pair of T-elements x€; A and y€; B determines a unique 7-element of
Ax B, namely {(x,y>€;AxB. And any T-element of A x B gives such a
pair by applying p, and p,. In short, a T-element of 4 x B corresponds
with an ordered pair, one T-element of A and one of B (the fact that it is
an ordered pair is important for products 4 x A). A product arrow h x k:
AxB—— A’ x B’ acts on an ordered pair {x, y) €; A x B componentwise:
hx k({x,y>) = {h(x), k(y)) (see Exercises 2.2 and 2.3).

The projection arrows are essential here. It is composition with them that
defines the correspondence between T-elements of A x B and pairs of 7-
elements of 4 and B. But we will often refer to ‘the product 4 x B’ and so on,
leaving the projection arrows implicit.

23 Some natural isomorphisms

If a category has a terminator, 1, then every object is its own product with 1.
To be precise:

TueoreM 2.3 Given a terminator 1, for every object A this is a product
diagram for 1 and A:

a 14

l—A— 4









24 Products, equalizers, and their duals

Proor The proof proceeds by direct application of the definitions of
terminators and product diagrams. o}

Thus A is isomorphic to the object 1 x 4 in whatever product diagram for 1
and A we might discuss. But that in itself does not mean that A is the object
1x A in the selected diagram. We might want to make a convention that
whenever we select a product diagram for 1 and any object 4 we will select
the one given in Theorem 2.3, so that A is always 1 x 4. But this could conflict
with other conventions we might want to make for other purposes as we go
along, and in any case it is an unnatural, uncategorical solution. We do not
need to define a specific product 1 x A—we can just define the product up to
isomorphism and use the isomorphism!

CoroLLArRY Whatever the selected product diagram for 1 and A may be,
the arrow u making this diagram commute is an isomorphism:

A

1€ IxA4 > A
P2

ProoF Use Theorems 2.2 and 2.3. d0J

We call u the unitary isomorphism for 'A. Note that it depends on the
choice of product diagram for 1 and A. It is the inverse to the selected pro-
jection p,:1x A—+ A. These are the isos that we mean whenever we write
A"SIxAor Ix A=A,

The projections and unitary isomorphisms are called natural, because they
get along with arrows. Specifically, in this case, for any f:4—— B the
following square commutes:

P2
1xA

A
Ixf j/f
P2
B

1xB

v

\ 4
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by definition of | xf. Then by Exercise 2.6 the following square commutes:

~

A >1xA
s 1xf
B - —> 1 xB

Products are symmetrical up to isomorphism:

THeOREM 24 If Bx A, q,, g, is a product diagram for B and A:
['§) q
Be——BxA— A
then B x A, q,, g, is a product diagram for A and B:
q '3
A——BxA——B

Proor The proof is a direct application of the definition of products. O

Again, we cannot conclude that the selected product diagram for A and B
is exactly the one for B and A4 with the projection arrows switched. But we do
have the following:

CoroLrLAarY If AXB, p,, p, is a product diagram for A and B, while
Bx A, q,, q, is a product diagram for B and A, then the unique arrow tw that
makes the following diagram commute is iso:

Bx A
q2 q
w
P v P2
A€ AxXB > B
Proor Use Theorems 2.4 and 2.2. O

We will call tw: BXx A——> AX B the twist arrow. As with the unitary
isomorphism, it depends on the selection of product diagrams. It follows
directly from the definition that the twist arrow from 4 x B to Bx A is the
inverse to that from Bx A to A x B.
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Twist arrows are natural. To be precise:

THEOREM 2.5 Take any arrows f:4A—— A’ and g: B— B’ and suppose
that there are products for A and B, and for A’ and B’. Then the following
square commutes:

-~

AXB >Bx A
Sxg gxf
AxB ——> B x A

where the top and bottom arrows are the twist arrows.

Proofr The two composites go to a product, so we prove them equal by
showing that they have the same composite with ¢} and with g5. For the first,
the triangle below commutes by definition of the twist arrow, and the square
by definition of fx g:

~

—> A'xB —3> B'x A’

SN

; B'
and the following diagram commutes for the same reasons:
~ o9xf
AxB ——>» Bx A -> B'x A’
P2 U] q
B , > B

Therefore both composites compose with ¢} to give go p,. Similar reasoning
shows that both compose with g, to give fop,. O
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2.4 Finite products

A product diagram for three objects A4, B, and C is a diagram such that for
any object T and arrows f: T—— A, g:T—— B, and h: T—— C there is a
unique u: T—— P with p,ou =/ and so on. The generalization to any
number of objects is obvious. Such products are determined up to isomor-
phism, by easy analogues to Theorems 2.1 and 2.2.

A B C

A terminator is a product diagram for no objects: it is an object 1 with no
specified arrows, such that given any object 7 and no specified arrows there is
a unique arrow u: T— 1. For any object A, A itself and the identity arrow
lpissarproductidiagramyforthesinglerobjectsd. Up to now this chapter has
treated products of pairs of objects, and if a category has products for all
pairs then we can use those to build product diagrams for any larger finite
number of objects; that is, a category with a terminator and with all binary
products has all finite products. But we have to look closer at how products
of three or more objects are built.

Suppose that every pair of objects has a product, and consider three objects
A, B, and C. The product diagram for A and B can be combined with that for
Ax B and C in this way:

(AxB)xC

e
AxB q2
A B C

with the obvious projections. That this is a product diagram for A, B, and
C can be verified directly. On the other hand, we could just as well have
used A x (B x C). By uniqueness up to isomorphism of products, the unique
a:(Ax B)x C—"s Ax(Bx C) which gets along with the projections in
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the obvious way is iso. Its inverse is the unique arrow from A x(B x C) to
(A x B) x C that gets along with the projections. We will call either of these
iSOs associativity arrows.

Associativity arrows are natural. That is, for any f: A — A’, g:B— B’
and h: C—— C’ the following square commutes, where the top and bottom
are the associativity arrows:

~

(AxB)xC > AXx(Bx ()

(fxg)xh fx(gxh)

(A’ x B)x C'————> A'x(B'x ()

The proof is very much like that of Theorem 2.5. We take A’ x (B'x C’) as a
product of three objects and show that both sides have the same composite
with the projection to A’, and also to B’ and to C'. However, Theorem 2.5
dealt with four projections from binary products, while this deals with six
from binary products plus four composites of them. Therefore the proof is left
to the assiduous reader, who can also generalize to products for any finite
number of objects.

In practice, multiple products are often built up from binary ones, so there
is no particular advantage to introducing ‘selected ternary products’ and so
on. Nor would introducing them spare us the trouble of keeping track of
associativities, since we would then have to keep track of how each ternary
product 4 x B x C related to the iterated binary A x (B x C) and so on. So we
will suppose that all multiple products are built from binary ones. The result
just given shows that, if one part of an argument requires a multiple product
to be built one way, and another requires another, there will be a unique
natural isomorphism linking the two. (We will use these ideas especially in
connection with Cartesian closedness, in Chapter 6.)

25 Co-products

Reversing the arrows in any categorical definition gives its dual, which is
often named by adding the prefix:‘co=’. Thus initial objects are sometimes
called coterminators. It is probable that no one has ever called epics ‘com-
onic’, but an obsessive systematizer could. Notice that reversing the arrows in
the category axioms gives exactly those axioms back again; so reversing them
in any theorem gives a dual theorem (see Exercises 2.7, 2.8, and 2.9).
Reversing the arrows in the definition of a product gives the following. A
coproduct diagram for A and B consists of a third object P and arrows as
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shown:
i| iz
A— P«——B

with the following property. For any object T and arrows as shown:

A k
A——T——B

There is a unique u: P—— T that makes the following diagram commute:

A i > Pe i B
\ u /
Reverse the arrows in the proofs of Theorems 2.1 and 2.2 to show that
coproducts are unique up to isomorphism. If objects A and B have at least

one coproduct diagram we write A + B, i,, i, to name one we have selected to
discuss. We write (}) to name the arrow that makes the following diagram

commute;
A i >A + Bé€ n B
\\\}\\\\i QL////{///
T

andf+ g: A + B—— A’ + B’ for the obvious analogue to f x g. The duals to
Theorem 2.3 and its corollary show that if there is an initial object (dual to a
terminal object) @ then for every object A there is a natural isomorphism
A=0+ A. If A and B have a coproduct there is a natural isomorphism
A + B = B + A; and similarly for associativity.

Of course, the dual to ‘generalized element of B’ is not ‘generalized element
of B’. The dual to a T-element of Ax B is an arrow from A+ B to T.
Therefore, knowledge of generalized elements of products is no help with
coproducts. In fact, coproducts have no general description in terms of their

generalized elements.

N ¢&————— '
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In many categories (including all toposes and the category of categories)
one can think of A4 + B as a disjoint union of A and B—a copy of 4 plus a
separate copy of B. This picture fits with the definition of a coproduct: an
arrow (}) from A + B to T acts like & on the copy of 4 and like k on the copy
of B; an arrow f + g: A + B—— A’ + B’ takes the copy of 4 to the copy of A’
by £, and the copy of B to that of B’ by g.

It is important to realize that the picture of A + B as a disjoint union does
not mean that every T-element of A + B either comes from a T-element of A
or else from a T-element of B. A T-element of A + B might factor partly
through A and partly through B—consider the generic element!

This image of coproducts as disjoint unions works well for toposes (cf.
Theorem 16.15) and many other categories, but there are categories in which
it does not work.

2.6 Equalizers and coequalizers

A parallel pair of arrows is a pair with the same domain and the same
codomain. An equalizer for a parallel pair of arrows f:A—— B and
g:A— B is an arrow e: E—— A with these properties: foe = goe, and
given anyjparrow h:T—— A with foh=goh there is a uniqué arrow
u: T— E such that eou = h. This is easier to keep track of in a diagram:

T

In other words, say that an arrow h equalizes the parailel pair f and g if
foh = goh. Then e is an equalizer for f and g if it equalizes them and any h
that equalizes them factors uniquely through e.

A parallel pair of arrows may have no equalizer or any number, but
equalizers are determined up to isomorphism. Precisely: if esE=—>4is an

In terms of generalized elements we can restate the definition of an
equalizer in this way: foe =goe, and for any T and any x€;A with
Sf(x) = g(x) there is a unique y€; E with e(y) = x. The equalizer can be
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thought of as the ‘part of 4 on which = g’. We will make this more precise
when we discuss sub-objects. Here we can establish the key point:

THEOREM 2.6 Everyequalizer is:monic:

ProoF Suppose that e: E—— A is an equalizer for f, g: A —— B, and that h
and k have eoch = eok. Then eoh equalizes f and g, so it factors uniquely
through e. But since it also factors as eok, h = k. O

Coequalizers are dual to equalizers. A coequalizer for f, g: B— A is an
arrow q: A— Q such that for any h: A—— T with hof = hog there is a
unique u: Q — T with u . ¢ = h. Thatis; g coequalizesfandg, and anyhthat
coequalizes them factors uniquely through g.

Coequalizers cannot be defined in terms of their generalized elements, but
some remarks might be helpful. Consider any object T. Suppose that there
are some x €y A and y €, A4 such that there is some z €; B with f(z) = x and
g(z) = y. Then, from gof = gog, it follows that q(x) = g(y). Intuitively, the
T-elements of A fall into classes, where all the T-elements in any one class are
related to each other either directly as x and y in the last sentence or
indirectly through a chain of such connections. The arrow q will take all the
T-elements of 4 in such a class to the same T-element of Q. Therefore Q can
be thought of as containing ‘equivalence classes of generalized elements of A4’
with g taking any T-element of A to its equivalence class in Q. We return to
this picture in Exercise 5.6.

Exercises

2.1 Suppose that P, p,, p, is a product diagram for 4 and B, and suppose that
i: P— P is an isomorphism other than 1,. Then show that P is the object in another
product diagram for A and B with different projections.

2.2 Suppose that A and B have a product and so do A’ and B'. Consider arrows
iiS—s T, h:T-— A k; T—>B,f: A—— A', and g: B——s B’. Show that {h, k) oi
= <hoi,koi) and (fx g)o{h, k) = {foh,gok).

2.3 Keeping the arrows and products from Exercise 2.2, take another two arrows, m:
A'— A" and n: B'— B”, and suppose that A” and B” have a product. Show that
(mxn)o(fxg) = (mof)x(nog). Show that (fx 15:)o (14X g) equals (14X g)o(f 1p).
[Draw diagrams.]

24 Take arrows r:B——C, t:C—— E, 5s: B—— D, and v:D—— E and suppose
that A has a product with each of B, C, D, and E. Show that if tor = vos, then
(tx A)o(rx A} = (v x A)o(s x A). Draw the diagrams for this, the commutative
squares. Also interpret this as following from Exercise 2.3.

2.5 Suppose that 4 and B have a product, and take any arrow f: A— B. Define the
graph of f to be the arrow I', that makes the following diagram commute:
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ry

A€ P: AxB P2 >B

Show that I', is an equalizer for fop, and p,. For any A with a product with itself,
the diagonal 4,,: A~ A x A is the graph of 1 ,. Forany : T——» Aand k: T— B
show that (h, k) = (h x k)o A5, assuming that the products exist.

2.6 Suppose that h: A— B and k: C—— D are both iso. Show, for any f: A— C
and g: B—— D, that kof = goh implies foh™! = k™ 1og.

2.7 Notice that when the arrows are reversed in a statement the order of each
composite must also be reversed. Given f:A—— B, g:B——C, and gof:A—— B,
reversing the arrows gives f: B—— A4 and g: C—— B, and thus fog: C—— A.

We say that the operator Dom(_) is dual to Cod(_) and vice versa, and that fog is
dual to gof; while 1_ and f = g are dual to themselves. Any statement using those
expressions has a dual, formed by replacing each expression in the statement by its
dual; that is, replace ‘Dom’ by ‘Cod’, and vice versa, and switch the arrows in any
composite.

Show that each category axiom in Section 1.1 is its own dual.

2.8 Show that the definition of isomorphism is its own dual. Show that the dual to
the definition of monic is the definition of epic. Give the definition of split monic, dual
to split epic (Section 1.5).

2.9 A categorical statement with defined expressions also has a dual, formed by
replacing all expressions with their duals. Demonstrate that, since the dual to any
axiom is an axiom, the dual to any theorem of category theory is a theorem.
[Warning: this will not be true in all extensions of the category axioms. Neither the
Cartesian closed category axioms nor the topos axioms include all of their own duals.]
Give the proof that coproducts are determined up to isomorphism, by taking the dual
to each statement in the proof that products are. Conclude, from the fact that we have
proved the dual statements, that any arrow both epic and split monic is iso, and that
any coequalizer is epic.

2.10 Let e be an equalizer for fand g. Prove that the following are equivalent: (a) eis
epic; (b) f = g; (c) e is iso. Note that e is iso iff the identity arrow on the domain of f is
also an equalizer. Formulate the dual result on coequalizers.

2.11 Show that any split monic e: E>— A is an equalizer for 1, and eo h, where his
any left inverse for e. This and Exercise 2.10 give another proof that any monic split
epic is iso.

2.12 Define a subterminator to be an object P such that for every object A there is at

most one arrow from A to P. Note how the argument that any two terminators are
isomorphic fails to show that any two subterminators are. Show the two objects in 2
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(Exercise 1.5) are both subterminators. Assuming that there is a terminator 1, show
that P is a subterminator iff the unique arrow P—— 1 is monic.

Show that P is a subterminator iff P, 1,, 1, is a product diagram for P and P. Show
that P is a subterminator iff there is some product diagram for P and P with p, = p,,
and that in that case p, = p, in every product diagram for P and P.

The dual notion of a subinitial object is little used but it exists, and every theorem on
subterminators has a dual theorem.



3

Groups

This chapter treats groups as an example of structures in a category. It
presumes some familiarity with groups, and is not a prerequisite to later
chapters. We begin with a category C with all finite products, called the base
category. For convenience we suppose that C has a selected product A x B,
P, P2 for each pair of objects 4 and B. If C is in fact Set the definition gives
the usual groups. A group in Data is a data type together with computable
multiplication and inverse rules, a group in Top is a continuous group, and in
Man it is a Lie group.

3.1 Definition

A group is a structure with a unit, e, a multiplication, x.y, and an inverse
operation, x !, satisfying these equations:

unit: x.e=x and e.x=x
inverse: x.x"'=e and x“t.x=e
associativity: (x.y).z = x.(y.2)

More precisely, define a group in C to be an object G of C together with
arrows

e:l—s G mGxG—>G _"1:G——G

such that these diagrams commute:

, G
G “Q 36xG
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{G, 2! {G.-"

G > GxG€ G
e m e
G
G
G x(GxG) adi >GxG
(GxG)xG m
mel
v
GxG p > G

where we have written e as a shorthand for eo!:G—— G.

In terms of generalized elements, the first diagram says, for every object T’
and T-element x of G, m({e, x)) = x. If we abbreviate m({h, k)) by h.k this
becomes e.x = x. The second says, again for every T and T-element x of G,
x.x"!=eand x™'.x = e. The third gives associativity.

I gave no diagram for x.e = x, but this follows from the others (see
Exercise 3.1).

There is a singleton group the object of which is 1. Its arrows e, m, and _~!
are the only ones they could be, since their co-domain is 1. This is the only
group that we can prove exists if we only assume that C has all finite
products. With stronger assumptions on C we obtain more groups.

3.2 Homomorphisms

A group homomorphism from one group, {G, eg, mg, —g'», to another,
(H, ey,my, _z'>,is an arrow f: G—— H that makes the following diagrams
commute:

Ixf
1 GxG >HxH
‘e én L my
G——>H G >H
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In generalized elements, f(e;) = ey and (fx).(fy) = f(x.y). It follows that
()~ =fx7Y).

Homomorphisms compose. If f:G~— H and g: H— K are group homo-
morphisms (where G, H, and K have specified group operations) then so is
gof:G— K. And every group G has identity homomorphism 1. So groups
in C and their homomorphisms form a category, Grpc. (Chapter 12 gives
formal foundations for constructing categories from categories.)

Trivially, every group has a unique homomorphism to the singleton group
1: that is, 1 is a terminal object in Grpc. On the other hand, for any group
{G, e,m, _~ "), the group unit e: 1 — G is also the unique homomorphism
from the singleton group to that group. Thus 1 is a zero object in Grpc and
we may call it the zero group.

There are also product groups. Take groups {G,eg,mg,-g') and
{H,ey,my,_g'> and define a group structure on G x H by these arrows:

{ec.en)

1——GxH (GxH)x(GxH)—-——»(GxG)x(HxH) ——3GxH

GxH—""*, GxH

The isomorphism from (G x H) x (G x H) to (G x G)x(H x H) is the arrow
that, for any 7 and any x, y T-clements of G and w, z T-elements of H, takes
Ex, W), n,2)) to {{x, ¥),{w,z)) (see Exercise 3.2). It is easy to verify
that this is a group by using generalized elements. The same method shows
that p,: G x H— G is a homomorphism, as is p,. Given a group and a
homomorphism from it to {G,eg, mg, .g') and one to (H,ey,my, 7',
there is a unique homomorphism to the product group, with the obvious
property. So Grpc has all finite products.

If C has equalizers for all parallel pairs then so does Grpc (Exercise 3.3).

Even if C has coproducts or coequalizers the category Grpc may not. It
does if the base C is the category of sets or any other topos with a natural
number object, but those are much stronger assumptions than we are
making now.

3.3 Algebraic structures

What we have done here for groups could also be done for abelian groups,
rings, commutative rings, or any algebraic structure defined entirely by
operators and equations. The operators become arrows and the equations
become commutative diagrams. All of the above results hold for all of those
as well, except for the result that the terminal object of Grp is also initial (see
Exercise 3.6). This approach, using only diagrams and finite products, would
not work for more complex axioms, such as for fields in which the axioms
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require not an inverse for every element but an inverse for every element
except 0.

Exercises

3.1 Consider the usual algebraic proof that x.e = x follows from the other group
equations;

1

x.e=x.(x"".x)=ex=x

Draw the diagram for x.e = x and conclude that it commutes, by showing that those
equations hold for all generalized elements. Show that f(x~!) = (fx)~?! follows from
the definition of a group homomorphism f.

3.2 Show that the isomorphism used in constructing a product group is
{{P1oP1sP1°P2)s {P20Py,P20p2) ). Show that it is iso by using generalized ele-
ments, or more conceptually using product diagrams for four objects. Show that
multiplication in Gx H is defined co-ordinate-wise: in generalized elements,
{x, W) (), 2) = {x.y,w.z), where each multiplication is in the appropriate group.

3.3 Consider two groups G, eg, mg, _g'> and {(H, ey, my, _5'> and homomor-
phisms 4 and k from the first to the second. Suppose that there is an equalizer i, as in
the following diagram:

hxh

. -x- LY
ExE = >GxG 2HxH
kxk i
mg m"
i h S
E>— > G {H
k Cdl

Show that ¢ x i is also the equalizer of h x h and k x k. Define mg by showing that
mg o (i x i) factors through e. Show that there is a unique way to define ez and _; ! so
that they commute with i; and that these definitions make E a group and i a group
homomorphism. Show that i is an equalizer for h and k in Grp.

3.4 Prove that any two groups {G, €5, Mg, —g > {H, ey, my, _x') have a trivial
homomorphism G— 1—-H.

3.5 Show that the category 2 has all finite products, and that the only group in 2 is
the singleton group.

3.6 Show how the proof that the singleton group is also initial involves the fact that
the group axioms use only one constant, one global element e:1— G, and the
operations carry e to itself; that is, e.e = e and e~ ! = e, The ring axioms use two
constants, 0: 1 —» R and 1: 1— R, and the terminal ring is not also initial (unless
all rings in the base category are singletons).



4

Sub-objects, pullbacks, and limits

4.1 Sub-objects

To work with the idea that a monic, say i: S 4, can be thought of as
giving a ‘part of A’, we define a sub-object of A to be a monic with codomain
A. We say that a T-element x €, 4 is a member of i, and write x €1, if x factors
through i; that is, if there is some h: T—— S that makes the following triangle

commute:;
T x
S

A

A common abuse of notation is to write x €S rather than x€i, when the
monic i: §—— A is obvious from the context. But it is the monic that matters
here, not just its domain.

We need some facts about monics. First, if i: 4>— B and j: B> C are
monic then so is their composite jo i: 4 —— C; since for any h, k: T— A,
joioh = joiok implies that ioh =iok and so h = k. There is a kind of
converse:

THeoreEM 4.1 Given any arrows s: A— Band g: B—— C, if g - s is monic
then s is also.

ProoF Suppose that gos is monic, and h,k:T— A4 have soh =sok.
ThengoSoh=gosok,and so h=k. O

It is worthwhile to restate Theorem 4.1 in generalized elements: if g o s is one-
to-one on generalized elements, then s must be.

THEOREM 4.2 Given monics i: A C and j: B—— C, if there is an arrow
s with i = jos and an arrow ¢ with j =iot, then t and s are inverse to one
another.
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ProoF The assumptions imply that i = iotos, and since i is monic this
implies 1, = tos. Similarly, sot = 15, O

Theorem 4.2 says that if i and j are monic and both triangles below
commute, then the whole diagram does. Specifically, t = s™! and so 4 = B:

s —
Cd

A
&
N t
C
We can define an inclusion relation on monics to any one object. Given

monics i: A C and j: B—— C we write i < j, or say i is included in j, if i
factors through j; that is, if there is an arrow s that makes the following

diagram commute:
A - —> B
C

Since j is monic, if there is any such s there is only one, and by Theorem 4.1 it
is monic. So if i is included inj it is included in only one way, and the inclusion
s is a sub-object of the domain of j, which makes sense.

We say that i is equivalent to j, and write i = j, ifi € jand j < i. By Theorem
4.2 we know that i = j implies that the domains of i and j are isomorphic,
which also makes sense. Equivalent sub-objects of C have isomorphic
domains.

THeorEM 4.3  Given sub-objects i: 4~ C and j: B>—— C, we have i < j
iff every member of i is a member of j.

B

Proor For ‘onlyif’ suppose thati < j. Then for any Tand any x€,C, x€i
implies x €j as shown:
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For ‘if” note that i is a member of itself, by 1,. But since i is monic, i €j means
the same thing as i  j. O

CoroLLARY For any sub-objects i and j of any object C, i = jiff i and j have
exactly the same members. O

Again, the notation is often abused by writing A = B or 4 = B when the
context shows which monics are meant.

Categorical constructions of sub-objects are all defined up to equivalence;
for example, any equalizer e: E>—— A is monic. The fact that equalizers are
determined up to isomorphism can be stated in this way: if e: E>x— A is an
equalizer for fand g, then a sub-object i: S —— A is an equalizer for fand g iff
e = i as sub-objects of A. In fact, we can characterize equalizers in terms of
their members:

THEOREM 4.4 Given arrows f, g: A— B, a sub-object e: Erx—— 4 is an
equalizer for f and g iff we have the following: for every T and every x €, 4,
x €e iff f(x) = g(x).

ProoF This is the definition of an equalizer restated in the new notation.
Remember that e€e. O

Note that inclusion is defined up to equivalence: if i =i’ and i = j then
i'cjand if j=j' theni’ cj'.

In fact, category theorists often define a ‘sub-object’ of 4 to be not a single
monic to A but an equivalence class of them. Then the ‘sub-object’ deter-
mined by a monic i:S>— A is the class of all monics j to A with i=j.
Mac Lane discusses the two possible definitions of ‘sub-object’ and, with the
no-nonsense attitude of a working mathematician, picks both (Mac Lane
1971, p. 122). In practice, one almost always works with monics anyway, and
not directly with equivalence classes, and the conclusions almost always
apply to whole equivalence classes.
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4.2 Pullbacks

A pullback of two arrows with common codomain, say f:4—— C and
g: B—— C, consists of an object P and two arrows as shown:

P2
P

> B
Py lg
> C

f

S

with the following property. The square commutes, and for any object T and
arrows h and k that make the outer square below commute, there is a unique
u: T—— P that makes the whole diagram commute:

B

j(g

C

T
\\
u
That is, fop, =gop, and, for any T and h:T—— A and k:T— B, if

P >
Sfoh = gok there is a unique u with p,ou = h and p,.u = k. We call the
arrows p, and p, projections.

We refer to a pair of arrows with the same codomain as a corner of arrows.
As one would expect, a given corner of arrows f:A—— C and g:B—— C
may have no pullback or any number, and pullbacks are defined up to unique
isomorphisms that get along with the projections. Given two pullbacks for f
and g, say P, p,, p, and Q, q,, g5, the unique u: Q — P with q, = p, o u and
g, = p,ou is iso. The reader should state and prove precise analogues to
Theorems 2.1 and 2.2.

If fand g have at least one pullback, we will use this notation to indicate
one:

P

v

'

P,
S/
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P2
AxcB > B

Py lﬂ
C

A >
S

and we use the ordered pair notation {h, k) for the arrow that makes this
diagram commute:

T

Y,o k

xcB >
Ac P2

h

P g

A 7 >C

So, by definition p; o {h,k) = h and p,o{h, k) =k.

We can prove that two arrows to a pullback, say r,s:Q —— 4 % B, are
equal by showing that p,or = p,os and p,or = py0s.

In terms of generalized elements, for any object T, a T-element of A x¢ B is
an ordered pair {x, y) with x€; 4 and y€;B and f(x) = g(y). This makes
A x¢ Blook like a sub-object of the product A x B, in fact an equalizer, and it
is so if the product A x B exists:

TueoreM 4.5 Take any corner of arrows f: A—— C and g: B—— C and
suppose that there is a product A x B. If there is an equalizer for the arrows

f°pl and gopas

P !

. > A >
E> > AxB C
e > B P >

then this is a pullback (with p, and p, as in the equalizer):



4.3 Guises of pullbacks 43

P2oe

E > B

Pice 9

RS

> C

Conversely, if there is a pullback for f and g, then it has an arrow to A x B,
and that arrow is an equalizer as shown above.

ProorF Take any T and arrows h:T——A and k:T—— B, with
foh =gok. Then {h,k): T— A x B factors through the equalizer e by a
unique u: T— E. This u is also the unique arrow showing that the square is
a pullback. The converse is similar. O

Thus any category with products for all pairs of objects and equalizers for
all parallel pairs of arrows also has pullbacks for all corners of arrows.

4.3 Guises of pullbacks

Pullback is a powerful flexible construction which appears throughout
mathematics. We will use two special cases in particular, both of which
depend on this theorem:

THEOREM 4.6 Ifg: B>—— Cis monic and the following is a pullback square:

P2

AxcB > B
P jf
> C
!

ProoF Suppose that hk:T——sAxcB have pyoh=p,ok Since
fopy = gopy, we have gopyoh = gop,ok. Since g is monic, pyoh = pyok.
Thus h and k have the same composite with both projections, and so
h=kL. O

then p, is also monic.
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In the situation of Theorem 4.6 we call p, the inverse image of g along f; or
the preimage of g along f. We may use this notation for a pullback of a monic
i:S»——C along f:

1) ——>s§

U] i

A > C
/

where f 7! (i) does not refer to any inverse arrow to f, but to the inverse image
of i along f. The top arrow has no special name.
The term ‘inverse image’ is justified by the following:

THEOREM 4.7 For any object Tand any x € A, we have x €f ~* (i) iff f(x) €.

ProoF Suppose that all the arrows in this diagram exist as shown, except

possibly h and k:
T
\\)
k
N

/1) —s

AU i

—>» C

Then if there is an arrow k that makes the leftmost triangle commute, it can
be composed with the top horizontal arrow to obtain h, thus making the
outer square commute; while by definition of a pullback if there is an h that
makes the outer square commute then there is 2 unique k that makes the
whole diagram commute. (W

When both arrows i:S>— A and j: T>— A are monic and have at least
one pullback, we may refer to their pullback as their intersection, and use this
notation:
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The composites along either side from § n T to A are equal, and monic, and
we call that monic i N j. This is an intersection because, for any object T, any

x€,A has x€i njiff x€i and x €j. This is just the definition of a pullback
rewritten in this notation.

4.4 Theorems on pullbacks
Three theorems on pullbacks will be especially important.

THEOREM 4.8 Suppose that the diagram below commutes, and that the
right-hand square is a pullback (for j and g). Then the left-hand square is a
pullback (for i and f) iff the outer rectangle is a pullback (for j and gof):.

F
li
C

Proor The reader should draw diagrams following the steps of this proof.

First, suppose that the left-hand square is a pullback and consider any
r:T—— F and s: T— A, with jor = gofos. Since the right-hand square is
a pullback there is 2 unique u: 7—— E with r = mou and fos = iou. Then,
by the left-hand pullback, there is a unique v: T—— D with u = kov and
s=hov. Thusr = (mok)ovand s = hov. To show that v is the unique arrow
with these composites with mok and h, suppose that w:T-——D has
r = (mok)owand s = how. Then k. w has the same composites with m and i
as u does, and so by uniqueness 4 = ko w. So w has the same composites with
h and k as v does, and so w = v. Thus the outer square is a pullback for j and
gof

Conversely, suppose that the outer square is a pullback and consider any
q:T—E and t: T— A with io g = fot. Then mo q and ¢ have composites

D k m

E
| J/
B

A

v
/

A 4
v

9
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jo(mogq) =(gof)ot, so that there is a unique u: T—— D with ¢t = hou and
moq = (mok)ou. Thus mo(kot) =moq and io(kou) = fot, but then q has
these same composites with m and i. Therefore ko u = ¢; and we have t = hou
and q=kou, as desired. Proof that u is the unique arrow with these
composites is left to the reader. O

Since pullbacks are defined up to isomorphism, we can restate Theorem 4.8
as saying that pulling back along g.f gives the same result, up to a unique
isomorphism, as pulling back along g and then pulling the result back along /.
If we have selected a pullback for each of the corners that we are discussing, it
might happen that i is the selected pullback of j along g, and h is the selected
pullback of i along f; but that k is not the selected pullback of j along g o f. But
that is a detail. The results are the same up to isomorphism.

THEOREM 4.9 Suppose that there is a commutative triangle

C h >D
\ /
B

and suppose that m and n have the following pullbacks along f:

E a >C F s —>D

P lm r n

A >B A > B
I; f

Then there is a unique u: E—— F that makes the following diagram
commute:
q

Vi \ /A
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and then E, y, q is a pullback for h and s.

Proor Consider the arrows hoq and p. Since no(hog) = moq = fop and
F is a pullback, there is 2 unique u: E—— F with p=rouand hog =sou.
That is enough to make the whole diagram commute. Then Theorem 4.8
shows that E, u, q is a pullback for h and s, as follows. Take #, s, n, f as
the right-hand square, and g, u, h, s as the left-hand square. Since p = rou
and m=noh, the outer square is g, p,m,f, which is a pullback by
assumption. 0

In words, a commutative triangle over B pulls back along f to a unique
commutative triangle over A4, assuming that the two arrows to B themselves
have pullbacks along f.

THEOREM 4.10 Suppose that each of the following diagrams is a pullback:

N T
\/ :

wE— O

|

where z = mo h (and, since the first square commutes, z = no k). Then there
are unique arrows u and v that make the following diagram commute:

™

X

>E

/N .//\}D
\s
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and every square in the diagram is a pullback. In particular, H, u, v is a2
pullback of s and gq.

ProorF To obtain u apply Theorem 4.9 to m, h, and z. To obtain v apply
Theorem 4.9 to n, k, and z. That theorem also shows that the squares x, u, h, r
and x,v,k,t are pullbacks. So by Theorem 4.8 the outer square here is a
pullback:

H - ->

E > D
u J/h VI/"
C > B

F

v

r m

The reader should locate this diagram in the larger one. The outer square
there is the same as the outer square in this next diagram, the right-hand
square of which is a pullback by assumption:

H - > G - > D
u ) n
F 7 > A 7 —> B
By Theorem 4.8 the left-hand square is a pullback. O

In words, a pullback square over B pulls back along f to give a pullback
square over A4, if each of the arrows to B has a pullback along f.

4.5 Cones and limits

Consider a diagram D with an object A; at each vertex i, and an arrow f, at
each edge e. A cone over D consists of an object C together with an arrow
pi:C— A; to each vertex such that, for every edge e with arrow
Je: Aj— A; we have f, o p; = p;. A limit for the diagram D is a cone over D,
say C with arrows p;, with the following property: given any cone T,
q;: T—— A; over D, there is exactly one arrow u: T—— C such that for every
vertex i, p;o u = q;. The arrows p; of a limit are called projection arrows. The
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diagram D may have any number of limits, but limits are defined up to a
unique isomorphism that gets along with the projection arrows.
For example, let the diagram have two vertices and no edges:

A B

A cone over it is an object and two arrows:

A B

and this cone is a limit iff it is a product diagram for 4 and B. This generalizes
to products for any number of objects, includingterminaliobjectsiasilimitsiof
empty diagrams.

Let the diagram be:

U S
4 ~B
g ”
A cone over it is
T
h k
f —_—
4 _B
g ”

with foh =k and goh = k; that is, any h: T—— A with foh = goh deter-
mines a unique cone. The cone is a limit iff k is an equalizer for f and g.
Similarly, a pullback is a limit for a diagram:

B
Jf
! C

A >
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A cocone on the diagram D is an object C together with arrows
gi: A;— C for each vertex i, such that for every edge e with arrow
Je: A;— A; we have q;0f, = p;. A colimit for the diagram D is a cone on D,
say C with arrows p;, with the following property: given any cone T,
r;: A;.—— T on D, there is exactly one arrow u: C—— T such that for every
vertex i, uo q; = r;. These are dual to the definitions of cones and limits, so
initial objects, coproducts, coequalizers, and pushouts (see Exercise 4.10) are
all colimits.

4.6 Limits as equalizers of products

Consider the diagram D as above. If it has a limit then for any T a2 T-element
of the limit corresponds to a cone from T to the diagram; that is, 2 T-element
x; €7 A, for each vertex i, such that for every f,: A;—— A, we have f,(x)) = x,.
Thus it seems that the limit ought to be a kind of equalizer of arrows from the
product of all the A4;, and it is so if the requisite products exist.

Suppose that there is a product IT;4; of all the A4;, with projection
p;: IT; A;— A, for each vertex j. Use the notation 4, for the codomain of the
arrow at edge e, so that if f,: A;,—— A, then 4, = A,. Suppose that there is a
product IT,A4, with one factor A, for each edge e, and a projection
pe: 1, A,— A, for each f,: A;—— A4,.

Let r:IM,A,——I1,A, be the arrow such that, for each edge e with
Je: Aj— A,, the following triangle commutes:

A, > 11,4,

Pe
D

Ay

Let s:IT,A,—— IT, A, be the arrow such that for each edge e the following
square commutes:

4, > 1,4,
P, P,
A > 4,

fe
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Then D has a limit iff there is an equalizer for r and s. More specifically,
I: L——I1; A, is an equalizer for r and s iff L together with all p;ol: L— 4,
forms a limit cone for D.

For proof, consider any cone T, h;: T—— A, over D. There is a unique
h: T—— I1;A; such that for each vertex k we have p,oh=h,. Then
roh = sohiff for every edge e, p,oroh = p,o s h. But, by the definitions of 7,
s, and h, that last equation means that h, = f, o h;, where f,: A;—— A,. Thus
T, h factors uniquely through L, [ iff the cone T, h, factors uniquely through
the cone L, p;ol.

The dual result for colimits is obvious.

This result applies to any size of diagram. In particular:

THEOREM 4.11 If our category has a terminal object, binary products, and
an equalizer for every parallel pair of arrows, then it has a limit for every finite
diagram. O

When the conditions for Theorem 4.11 are met we say that our category
has all finite limits. By Exercises 4.5 and 4.6, our category has all finite limits
iff it has a terminal object and pullbacks for all corners of arrows,
Exercises

4.1 Pullback preserves inclusion of sub-objects. Suppose that i:S»— C and
Jj: T C both have pullbacks along f: 4— C:

1) ——>s g () ——>T

g '@ i g7'() §

B -> C B > C
s f
Use the theorems on pullbacks to show thatific jthen f~*(f) = f~'(j)and if i = j
then f~1() = f7(j).
Show that if i has a pullback along f'then every sub-object h of C with i = h also has
a pullback along f.

42 Prove for any f: A—— B in any category that this is a pullback:

A

! > B
7 > B
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4.3 Show that for any arrow f: A—— B and object C, if A and B each have a product
with C then this square is a pullback, where the arrows ‘p,’ are both projection arrows
for the products:

C
AxC /X >BxC
[ 4] P
A > B
s

44 Assuming that every two objects have a product, suppose that both of these
squares are pullbacks:

P——>4 P —
c———>B ¢ ———>F
g

and show that this one is also:

PxP akd >Ax A
rxr 23k
CxC e >Bx B
gxg

4.5 A category with a terminal object 1, and pullbacks for all corners of arrows, has a
product for each pair of objects. Show that a pullback 4 x, B, p,, p, for arrows !, and
!5 to 1 is also a product diagram for 4 and B.

4.6 A category with a product for each pair of objects, and a pullback for every
corner of arrows, has an equalizer for every parallel pair. Consider any parallel pair
f,g: A—— B and suppose that this square is a pullback:
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P2

e 85

>BxB
4 o %

where Ay is the diagonal arrow defined in Exercise 2.5. Show that e is an equalizer for f
and g.

4.7 Assume that 4 and B have a product and consider an arrow f: 4—— B and its
graph I'; as defined in Exercise 2.5. Show, for any Tand x€r 4 and y€; B,{x, y) €I,
iff y = f(x).

4.8 Suppose that h:C>— D is monic and take any f:4—— C and g:B——C.
Show that any P, p,, p, form a pullback diagram for f'and g iff they form a pullback
diagram for hof and hog.

49 Show that an arrow h: A—— B is monic iff 4, 1, 1, is a pullback of h along
itself. (A sub-object is its intersection with itself.) Conclude that h is monic iff it has
some pullback with itself with p; = p,, and in that case p, = p, in every pullback
diagram for f and itself.

4.10 The dual to a pullback is a pushout. Give the precise definition by reversing the
direction of all the arrows (including h, k, and ) in the diagram defining pullbacks.

Dualize the result on pullbacks to show how a pushout is a coequalizer of a
coproduct. Consider the duals to the other facts that have been proved about
pullbacks. We adapt the coproduct notations to pushouts just as we did the product
notations for pullbacks.

4.11 Compare the construction of a pullback as an equalizer of a product in
Theorem 4.5 with the one given as a case of Theorem 4.11.

4.12 (Limits preserve products or, products preserve limits) Suppose that L,
l;: L—— A, is a limit for a diagram A,, f,. Suppose that L', l;: L'—— A, is a limit for
another diagram A}, f with the same vertices i and edges e (but not necessarily the
same object at each vertex or arrow at each edge). Show that L x L' and p, x p; form a
limit for the diagram with A, x A; at each vertex i, and f, x f", at each edge e. Compare
this with Exercise 4.4.
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In this chapter we assume a base category with all finite limits.

5.1 Defiition

By a relation from A to B we mean a sub-object of 4 x B, say r: R—— A x B.
The idea is that, for any object Tand x €, 4 and y € A4, x is in the relation r to
y iff {x, y) €r. For example, the diagonal arrow for any object, 45: B—
B x B, now appears as the equality relation on B. For any object Tand x€, B
and y€, B, {x,y) €4, iff x = y. Any relation r: R 4 x B has a converse
r°: R B x A defined by composing with the twist arrow, 7° = twor. So, for
any y€,;B and x€, 4, {y,x)€Er° iff {x,y)€r.

There is another way to look at relations. A pair of arrows with common
domain, v:S—— A4 and w: S—— B, is jointly monic if: for any T and parallel
pair of arrows hk: T—— S, if voh = vok and also woh = wok then h = k:

: /A

S
p \B

Obviously, v and w are jointly monic if v is monic or if w is. The pro-
jections p, and p, from a product, or from a pullback, are jointly monic.
The key point here is that the pair v, w is jointly monic iff the induced arrow
{v,w):S—— A x B is monic. The proof is left to the reader. So a relation
from A to B can be presented either as a monic to A x B or as a jointly monic
pair to 4 and B.

Y Vv

5.2 Equivalence relations
A relation r: R A4 x A is called reflexive if 4, = r. In a diagram:

A>~ > R

A, r

Ax A
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In terms of members, r is reflexive iff, for every Tand x€, 4, {x,x)€r.(Fora
quick proof consider the generic element 1 ,.) Every T-element of 4 bears r to
itself.

A relation r: R»—— A4 x A is symmetric if r° < r. The diagram that expresses
this should be obvious. In terms of members then, r is symmetric iff {x, y) €r
implies {y, x)€r.

We call r transitive if, for every T and x, y, and z all T-elements of 4,
{x,y>€r and (y,z)€r implies that {x,z)€r. (See Exercise 5.1 for a
diagram.)

For any arrow f: A—— B the projection arrows in a pullback of f along
itself are called a kernel pair for f:

h

K

> 4
> B
]

A

Kernel pairs are determined up to isomorphism. Perhaps the most germane
way to express this precisely is to notice that the kernel pair h, k is jointly
monic, so that (h, k) is a sub-object of 4 x A. Then any pair h’: K'— 4 and
kK': K'—— A is a kernel pair for fiff (h, k) = (I, k') as sub-objects of A x A.

In fact, we can describe a kernel pair in terms of its members. It is just a
restatement of the definition to say that (h, k) is a kernel pair for f: A— B
iff the following holds: for every T and every x and y T-clements of A,
{x, y) €<h, k) L f(x) = f(). It follows that every kernel pair is an equivalence
relation. It is reflexive, symmetric, and transitive.

On the other hand, an equivalence relation is called effective if it is the
kernel pair of some arrow.

Exercises

5.1 Verify that the pullback T below is the sub-object of A x A x A, which at any
stage of definition contains all triples {x, y, z) such that x has r to y, and y has r to z.

T > >Rx A
rxA
AXR> PAXAXA

Axr
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(The scrupulous reader will want to write the lower right corner as either A x (A x A)
or (4 x A) x A and include an associativity arrow in either the vertical or horizontal
arrow to it accordingly.)

Show that r is transitive iff there is an arrow h that makes the following diagram
commute:

T > R

N\

AXAXA

PiP3>

AxA

5.2 Show that 4, and 1, , are both effective equivalence relations on A.

5.3 Let r:R>— B x B be an equivalence relation on B. For any f: A— B, show
that the pullback of r along f x fis an equivalence relation on A. Describe it in terms of
generalized elements of A.

5.4 Show that the intersection of any two equivalence relations on A is an equival-
ence relation.

5.5 Take any arrow f: A— B and monic i: B—— C. Show that h, k is a kernel pair
for fiff it is a kernel pair for iof.

5.6 Let {h, k) be a kernel pair for f: A—— B. For any object Tand x€; Aand y €, A
we know that f(x) = f(y) iff there is some z €, K with h(z) = x and k(z) = y, and in that
case z is unique. So, in a sense, B can be thought of as ‘including’ a certain quotient of
A. Exercise 5.5 shows that there is no reason to think that B is a close fit to that
quotient.

Precisely, we define a quotient for an equivalence relation (h, k) to be a coequalizer
for h and k which has them as its kernel pair. Show that an arrow g:A— Bis a
coequalizer for some parallel pair into A iff it is a quotient for its own kernel pair.



Cartesian closed categories

This chapter assumes a base category with finite limits, and after defining
exponentials we assume that every two objects have one. An intuitive
discussion and examples follow in Section 6.5.

6.1 Exponentials

Given objects 4 and B, an exponential of B by A consists of an object  and an
arrow e:I x A—— B with the following property. For any object C and
arrow g:C x A— B there is a unique arrow g:C—— I that makes this
triangle commute:

I IxA >B
g gxA
g
C Cx A4

Exponentials are unique up to isomorphism (see Exercise 6.1). A category is
called Cartesian closed if it has all finite products, and each two objects in it
have an exponential. In this chapter our base category is Cartesian closed.

For any objects 4 and B we write B4, and ev, z: B x A— B to indicate
an exponential of B by 4. We usually omit the subscripts on ev, g. Expo-
nentials are also called function sets, function spaces, or internal homs.

The idea is that B/ represents arrows from A to B. An arrow A— Bis (up
to the natural isomorphism 4 2 1 x 4) an arrow 1 x A—— B, and that gives
a unique arrow 1 —— B#, But we have to make this correspondence between
arrows A—— B and global elements of B# precise, and extend it to gen-
eralized elements of B4

For each g: C x A—— B, call the corresponding g: C— B“ the transpose
of g. Each g: C x A— B uniquely determines its transpose, by definition,
but it is also determined by its transpose since the definition says that
g = evo(g x A). Furthermore, every f: C—— B4 is the transpose of an arrow
(and thus of a unique arrow) from C x A4 to B, namely evo (f x A). We will also
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call evo(fx A) the transpose of f, and write it as f: C x A— B. So arrows
from C x A to B correspond exactly to arrows from C to B#. We pass in either
direction by forming the ‘transpose’, and the transpose of the transpose is the
original arrow.
For any arrow f: A— B the name of f, ‘f*: 1 — B, is defined to be the
transpose of
i1xA—4-L.B

and it follows that every global element x: 1 — B4 is the name of an arrow;
specifically,

A—1xA—>>B

6.2 Internalizing composition

In addition to exponentiating objects, we can exponentiate an arrow by an
object. For any arrow f: B—— C define f#: BA-—— C“ to be the transpose of
foev: BA x A—— C. In other words, 4 is the unique arrow that makes the
following square commute:

c CAx 4 =—>c
r f'xa ]}
B4 B*x A — > B

Intuitively, /4 takes any arrow from A to B and composes it with f, giving an
arrow from A to C. We can now show this for global elements of B4:

THEOREM 6.1 Take any h: A— B. Applying f to the name of h gives the
name of foh; that is, fA(h) = ‘fo I

ProoF Consider the following diagram:

W x A ixA
1xA4 - > B4x A >C4x A

~N

A

-]

—> C
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Composing along the top edge and down to C gives evo ((f4 o ‘I’) x A) which,
by definition, is the transpose of f4o‘k’. But the triangle and the square
commute by definition of ‘4’ and f“ respectively, and the composite along the
bottom is the transpose of fok’. Since f*o‘W and Yok’ have the same
transpose, they are the same arrow. O

We can say that f# internalizes composition of arrows from A to B with .
Notice that, as usual, the choice of B%, ev, 5 and C*, ev, c among expo-
nentials of B and C by A is arbitrary, but once it is made the arrow f4 is
uniquely determined.

It is easy to see that, for any objects A and B, the exponential by A of the
identity arrow on B, (15)4, equals the identity arrow on B4, 144, since the
identity arrow makes the relevant square commute. We say that expo-
nentiation by any A preserves identity arrows.

It is not much harder to see, for any 4 and any f: B—— C and g: C—— D,
that (gof)* = g*of4. Consider the following diagram:

ev

D4 DAx A > D
A A 'T
gt g x A ']
cA CAx A i >C
? A A
Vi A xA !
B4 BAx A > B

ev

The upper and lower squares commute by definition, so the outer square
commutes. But (g# x A)o(f* x A) = (g* «f*) x A trivially. And by definition
(g of)Ais the only arrow the product of which with 4 makes the outer square
commute. So (gof)* = (g* o f4). We say that exponentiation by 4 preserves
composition.

It is worth noticing that Theorem 6.1 has already shown that (g f)* acts
the same way on global elements ‘i’ of B4 as does (g - f4). Either arrow takes
‘W’ to ‘gofo . But that is not enough to prove that the arrows are equal. We
would have to know that they have the same effect on all generalized elements
of BA. We return to this point in Sections 6.5 and 6.6.
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6.3 Further internalizing composition

Another arrow internalizes composition of arrows from A4 to B with arbitrary
arrows from B to C. Define c: C? x B4 —— C* as the transpose of:

~ c?
(CP x BA) x A—> C x (B* X A)———s CEx B—sC

For any arrows f: A—— B and g: B—— C, applying c to the names of
S and g gives the name of gof; that is, c('g’, /') =‘gof". Here, c('g’, ")
abbreviates the official generalized element notation c({'¢’,'f’)). We will
freely use this multivariable function notation to eliminate useless angle
brackets. We could prove this directly by showing that both arrows have the
same transpose. The transpose of ‘g of” is obvious, and the transpose of ¢('g’,
‘() is found by taking its product with 4 and composing with ev. It helps to
factor {‘g’, ‘(") as the composite (‘g’ x B*)ouo'f"’, with u the unitary isomor-
phism for B4. But we will derive the equation from a more general result in
Section 6.6. There we will also show that internal composition is associative.
Given composition arrows

c:C®xBA—C4 c:Df x CB—C?
¢":D® x BA—— DA ¢":D¢x CA— C4

the following diagram commutes:

DS xc

D¢ x (CB x B4) > D€ x CA
(D€ x CB)x BA
cl"
c'xBA
v
DB x B4 > D4

"

In terms of generalized elements, for any object T and any T-elements §, f,
and 7 of D€, C®, and B“ respectively, we have c’*(t, c(§, 7)) = ¢"(c'(t,5), 7). One
could show directly that the transpose of c”(t, c(5, 7)) is ev o (D€ x evp, ) o (D€
x C® x ev); and that the transpose of ¢”(c'(t, §), 7) is the same.

6.4 Initial objects and pushouts

Suppose that our Cartesian closed category also has an initial object . The
next two theorems show how it is reasonable to think of §) as an empty object
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THEOREM 6.2 For every object 4, § x A =~ (. By symmetry, Ax 0 = (. And
for any object B, B9 =~ 1.

ProoF For each object B there are as many arrows from ) x A to B as
there are from @ to B%; that is, exactly one. Proof of B® = 1 is left to the
reader. U

THeOREM 6.3 If an object A has an arrow f: A —— @ then 4 = §.

Proor The graph of fis a monic I'y: A>— A x . By Theorem 6.2 this
gives a monic from A to . But any arrow from A4 to  is split epic, with !, as
right inverse. So the monic is iso. 0

In any category (whether Cartesian closed or not) a strict initial object is an
initial object such that every object with an arrow to it is also initial. Clearly,
if one initial object in a given category is strict then all in that category are.
Theorem 6.3 says that initial objects in a Cartesian closed category are strict.

We return to our Cartesian closed base category:

THEOREM 6.4 If there is an initial object § and an arrow 1 — @ then every
object is a zero object, since every object has an arrow to 1. O

Theorem 6.3 says, for any object A, forming products with A4 preserves
initial objects. It also preserves coproducts, coequalizers, and pushouts. We
prove this for pushouts, leaving the other cases to the reader.

THEOREM 6.5 For any object A, if the left-hand square is a pushout, so is
the right:

iy iy xA
B > P Bx A > Px A
S ]i, fxA iyx A
C 7 > D CxA Py >Dx A

ProorF Let :Bx A——T and k:Dx A—— T have ho(fx A)=ko(g
x A). Then the transposes are also equal: hof = ko g (see Exercise 6.2). Thus
there exists a unique u:P—— T with uci, = h and uoi, = k. Taking
transposes in those equations gives #10(i, x A) = h and #1.(i, x A) = k, and if
any arrow w has those composites with i, x A and i, x 4, then w = u and
sow=1u O
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6.5 Intuitive discussion

Consider the definition of f4. Intuitively, the composite
f

Bix A—sB-2,C

takes an arrow g in B* and an argument y in A, evaluates g at y, and then
applies f; that is, it forms f (g(y)). So its transpose takes any arrow g in B4 and
assigns to it an arrow in C#, namely the arrow the value of which at any y is
S(g(y)). But that arrow is just fog. So f# takes any g in B* to fog. This
intuitive view may also make the proofs clearer. We wanted to show that
JA(h) equals ‘fc . But these are names of arrows, so we have simply shown
that pairing f#(‘h’) with any argument y in A and evaluating gives the same
result as just applying h and then f to that argument y.

For another example, take any arrow g: A —— A’ and object B and define
an arrow B?: B4 —— B“ that internalizes composition with g on the right.
We can describe the transpose of the sought B? as the arrow which takes any
fin B# and y in A, first applies g to y giving g(y), and then evaluates f'at g(y),
giving f(g(y)). In other words, define B? as the transpose of

.
BY x A4 pa s 42,8

Clearly, exponentiating B preserves identity arrows; that is, B'4) = 1 ga,.
One can also show that it preserves composition, but reverses it as it reverses
the domain and codomain of an arrow. For any g:4A—— A’ and
h: A’—— A", we have B?c B* = B*°9 This could be proved along the lines
that were used for f 4, or see the proof in Section 6.6. One should also look at
the definition of internal composition arrows c:C?x B4—- C* in these
terms.

The category Set is Cartesian closed. For sets 4 and B the exponential B4 is
the set of all functions from A to B, and ev: B4 x A—— B is the obvious
evaluation function. A set is determined by its (global) elements (see Chapter
22) and so the above arguments are rigorous in Set if we interpret ‘any arrow
in B4’ to mean any actual arrow A—— B and ‘any argument y in A’ to mean
any (global) element y of A.

To make this intuitive thinking rigorous in all Cartesian closed categories
we have to interpret ‘any arrow in B4’ and ‘any argument y in A’ to mean any
generalized elements of B* and A, respectively. We have already remarked
that Theorem 6.1 fails to imply that (g of)* = g# o f* because it only says how
(g of)* acts on global elements of B*.

The category Man is not Cartesian closed. It only includes finite-dimen-
sional manifolds, while the space of functions from one manifold to another is
naturally infinite-dimensional. But in Chapter 23 a related Cartesian closed
category called Spaces is described. Given spaces A and B in this category the
global elements of B# correspond to differentiable maps from 4 to B. So once
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we know the maps, that is the arrows from A4 to B, we know how many points
B has. But to give the geometric structure of B4 we need more—we need to
say how other spaces map into B2 In other words, we need give all
generalized elements 7—— B4, and that is precisely what the definition of an
exponential does in terms of maps from T'x A4 to B.

Whether or not Data is Cartesian closed depends on just what program-
ming language we used to define it. In fact, few if any languages have a
genuinely Cartesian closed category of data types, but some powerful lan-
guages can be reasonably idealized as though they did. Then, for any data
types A and B, the exponential B# is the type of computable functions from A
to B. But, of course, we cannot define a data type by saying how many
different values it has; we must say what functions to it are computable. And,
again, that is just what the definition of an exponential does. It says that for
B* to be an exponential means that, for any type T, the computable functions
T— B correspond exactly to the computable functions T'x A—— B. As
we have seen, that defines B4 up to isomorphism in Data.

6.6 Indexed families of arrows

By definition, of course, a generalized element of an exponential, 7: T—— B4,
corresponds to a uniquely determined arrow r: Tx A—— B. We will refer to
such an arrow as a T-indexed family of arrows from A to B, and think of Tas a
parameter space so that, intuitively, for each value of the parameter ¢t in T
there is an arrow r(t, .): A—— B.

An arrow f: B— C composes on the left with any T-indexed family
r:Tx A—— B to give a T-indexed family for: Tx A— C of arrows from A

to C. We have fA(7) = for. The proof is in the following diagram:

Fx A A x A
Tx A x >BAx A S > CAx A

B >
7 C

The triangle and square are the definitions of 7 and f# respectively, while for
is certainly the transpose of for. This is the generalized element version of

Theorem 6.1. Consider any f: B—— C and g: C—— D. For any object T and
7€, B* we have

(g ") (F)=gofor =(g=fY'(7)
and this proves that (g% of4) = (g - )*.
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On the other hand, given any arrow g: 4'— A4, define its composite on
the right with r:Tx A— B to be ro(Tx g): Tx A’— B. Call this royg.
Calculating the transpose of B?(r) directly by taking its product with A4 and
composing with ev proves that B%(r) =royg. (Use (BA xg)o(Fx A) =
(rx A')o(Txg) to move r from one side of g to the other.) This is the
generalized element version of Theorem 6.7, and the reader can use it for a
quick proof that Bfc B* = B °9),

Given two T-indexed families of arrows, r:TxA——B and
s:Tx B— C, one from A to B and one from B to C, we can define a
T-indexed composite of r and s, written as soy r, from A to C. Intuitively, for
each value of the parameter ¢ in T, we want to compose r(t, ) with s(¢, _), so
that each y in 4 goes to s(¢, r(¢, y)); that is, we must pass both the value of
r(t,y) and the parameter ¢t to s. Spelling it out precisely, we define
Sopr:Tx A—> C to be this composite:

{p1, ') s
TxA +TxB—> C
Exercise 6.15 shows how the earlier notation r o1 g can be seen as a case of this
T-indexed composition. Now we can give our most general result on internal
composition:

THEOREM 6.6 Take any r:Tx A—— B and s: Tx B— C, and the arrow
c: CBx BA—— C* as defined in Section 6.3. Then c(5, 7) = soyr.
ProoF First recall that {5, 7) can be factored as (§x7)o4,. So we can

calculate the transpose of ¢(5, ©) as the composite along the top and right of
the following diagram:

Sxr)x A
TxA et S(TxT)xA e 5 (COxBAYxA ——2A 5 cax
1 A l
i Tx(Tx A) A S ooxBAxa) e
lTxr lc'xw
TxB 5xB > C*xB l > B

To verify that the triangle commutes, project on to each of T and B. Each
square commutes by definition of 7, §, or ¢, or by naturality of some isomor-
phism, and evo(sx B) = s. O

Exercise 6.14 shows that T-indexed composition is associative, which gives
a generalized element proof that internal composition is associative in the
sense given in Section 6.3.
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Exercises

In these exercises (except for Exercise 6.4) our base category is Cartesian closed.

6.1 Show that if I, e is an exponential of B by A, and i:J —— 1 is iso, then J, e o (i x A)
is also an exponential of B by A. Given two exponentials I, e and J, f, both of B by A,
show the unique i:J— I such that f' = eo (i x A) is iso.

62 Given f:C—— B and h: Bx A—— T, show that the transpose of ho(fx A) is
hof. Conclude that for any k: B—— T the transpose of kofis ko( fx A).

6.3 Given f:C— T and h: B— C*, show that the transpose of f4oh is foh.
Conclude that for any k: B x A—— C the transpose of fok is f40 k.

6.4 Show that every arrow from a strict initial object is monic. In any category with a
strict initial object we say that two monics s: $»— A4 and t: T— A are disjoint if
their intersection is initial. Show, in any category with a strict initial object, that if s
and ¢ are disjoint then so are f ~(s) and f ~ (¢} for any f: B— A.

6.5 Show, for every object A, that 14 = 1. Show that A' =~ A.

6.6 Show that if there is an initial object ¢ then, for every object 4,04 is a
subterminator. Show that if A has a global element, x: 1—— A, then ¢4 = ¢. [Hint:
given x, every object B has at least the arrow x o !5 to A.] There is no general proof that
04~ 0, and in fact §® ~ 1.

6.7 Products preserve coproducts, and in fact all colimits. Suppose that B + C,
iy, i, is a coproduct diagram for B and C. Show that (B+ C)x A4, i,x A4,i,xA
is a coproduct diagram for Bx A and C x A. This result is often abbreviated as
(B+ C)xA=(BxA)+(CxA).

Show that products preserve coequalizers, and in fact preserve all colimits of
diagrams. [Compare with Theorem 6.5.]

6.8 Exponentiation preserves products, and in fact aIl limits. Consider a
product diagram BxC, p,, p,. Show that (BxC)" p4,p% is a product diagram
for B4 and C4. Show that for any h: T—— B* and k: T— C* the induced arrow
{hky:T—(BxCy* is the transpose of {hk):TxA—BxC. [Use
Exercise 6.3.]

This is often abbreviated as (Bx C)* = B4 x C4. It internalizes the fact that an
arrow from A to B x C corresponds to a pair of one arrow from A to B and one from A
to C.

Show that, if e is an equalizer for fand g, then e is an equalizer for f4 and g*. In
fact, show that exponentiation preserves limits of any diagram.

6.9 Show that (C®)4, evg ¢ o ev4 ¢, is an exponential of C by A x B. Thus show that
CA*B) ~ CB)A ~ (CA)B

6.10 Suppose that A + C, i, i, is a coproduct diagram. Show, for any B, that
BA*0O B@) BU) s a product diagram for B4 and B€. [Use Exercise 6.3.] In short,
BU*O x BAx BE,

6.11 Show, for any object A and monic f: B— C, that £ is monic.

6.12 For any object T and epic g: A— A’, show that gx T:AxT—— A'x T is
epic. [Use Exercise 6.2.] Then show that for any object B, B’ is monic. [Use the
description of B? in terms of T-indexed composition.]
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6.13 Anyf: A— B gives a 1-indexed family fou,: 1 x A— B, with u, the unitary
isomorphism, and of course ‘f” is the transpose of this 1-indexed family. Given
another arrow g:B—— C show that (goug)o,(fou,)=(gof)ou,. Now use
Theorem 6.6 to show that ¢(‘g’,'f") =‘gof".

6.14 Foranyr:Tx A— Band s: Tx A——» C show that the following two arrows
are equal:

(Pr1.80{P1.P>) {ps.r) (P18
TxA ~———— TxC TxA +Tx B »TxC

Use this to prove that T-indexed composition is associative; that is, (to;5)oyr
= toy (5o 7). Conclude that internal composition is associative.

6.15 Any arrow f: B— C gives a T-indexed family f;: T x B— C, namely the
composite fo p, . Intuitively, fy is the T-indexed family the value of which anywhere in
Tis /.

Consider the name of £, *f*: 1 — CB, and 1;: T—— 1. Show that ‘f’ !, equals ‘f7".
This is another sense in which f; is the T-indexed family the value of which anywhere
in Tis f.

Show that ordinary composition of any r: T x A—— B with f: B— C gives the
same result as 7-indexed composition of r with f3; that is, for = frorr. Show that the
composite on the right of any g: A’—— A with r is just the same as 7-indexed
composition of g, with r; that is, ro;- g as defined in Section 6.6 is just r .y g7.

6.16 Use Exercise 6.14 to prove that {4 equals
‘j,xBA '
BA-"1xBA CExBA—C*

that is, for any 7€ ;B4 we have f4(7) = c(fr, 7). Show that B’ is
u BAx g L
BA—B4x1 » BAx AY —— BY

with the obvious isomorphism u and internal composition ¢””. In an equation,
BY(F) = ¢"'(F, g7)-

We could also prove that f4 and B° have these factorizations by calculating
transposes.

6.17. Suppose that the right-hand square below is a pushout. Then show that the

left-hand square is a pullback:
AC
AP

N
NN
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Consider series of arrows like this:
hT— AC k:T— A® Ach= Aok
hTxC—sA k:TxD—s A
Uu:TxP— A
u:T— A*

Give the appropriate conditions on the arrows, and show that they are met. Recall
that 7 x _ preserves pushouts.



Product operators and others

This chapter deals with a formal issue. With products, for example, once we
know that objects 4 and B have at least one product we pick one and call it
A x B. Similarly, if B has at least one exponential by A4 we pick one and call it
B“. As long as we deal with only a finite number of objects at a time this can
be formalized in first order logic, with no axiom of choice, using no actual
terms A x B or BA. But if, for a given A, we want to once and for all pick one
exponential B# for each B, that involves an axiom of choice. And even if only
a finite number of choices are made there is a kind of awkwardness in them.
Therefore we adopt a device for avoiding them.

7.1 Extending the language

Our approach is to extend the language of category theory. We already have
operators Dom(_), Cod(_), 1_, and _._, for domain, codomain, identity
arrow, and composition. From now on when we speak of a category with all
binary products we will mean a category described in an extended language
that also has an operator _x _ and two operators p, _ _ and p, _ _. The
operator _ X __ applies to a pair of objects to give an object; and eachof p; _ _
and p, _ _ applies to a pair of objects to give an arrow.
Then the category axioms are extended by a new axiom:

For any objects A and B: -

Dom(p,, .p)=AX%B and Dom(p; 4,8) = AXB
Cod(py,4.8) =4 and Cod(pz,8) =B

And for any object T and arrows f and g, if

Dom(f) = T and Dom(g) = T and Cod(f) = A and Cod(g) = B,
there exists 2 unique arrow u with Dom (u) = T and

Cod(u) = AxBand p, 4 gou=fand p, ,got=4g.

Of course, A X B, p,, 4.5, P2.4,8 Will generally not be the only product
diagram for 4 and B; and nothing distinguishes it from any other except that
it is referred to by the terms ‘A x B’, ‘p, , g, and ‘p, , g. We axiomatize a
selection of one product diagram for each pair of objects, but this selection is
arbitrary.
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A category with all finite products is a category with all binary products,
plus a constant 1 that satisfies another axiom:

For every object A4 there is a unique arrow from 4 to 1.

For a category with all finite limits we keep the operators and axioms for
all finite products and add a partial operator e_,_ which applies to a

pair of arrows to give an arrow. The term e, , is only defined when
Dom(f) = Dom(g) and Cod(f) = Cod(g). There is then a new axiom:

For all fand g, if Dom(f) = Dom(g) and Cod(f) = Cod(g) then
Cod(e,,;) = Dom(f) and foe, , = goes ,, and for any arrow h
if Cod(h) = Dom(f) and fo h = go h there exists a unique u
with Dom(u) = Dom(h) and Cod(u) = Dom(e;,, ,) and e jou = h.

Theorem 4.5 showed how to define a selected pullback for each corner of
arrows explicitly using the product and equalizer operators.

By a Cartesian closed category we will mean one described in an extension
of the language for a category with all finite limits, extended by the obvious
operators _- and ev__ _, each of which applies to a pair of objects. The axioms
make B“, ev, g an exponential of B by A.

Any reader who prefers to avoid partially defined operators can replace
fog and e, , by ternary relations C(g,f; h) and Eq(/, g; e).

Exercises

7.1 To avoid the existential quantifier in the axiom for a terminal object, ‘For every
A there exists an arrow . . .” introduce an operator !_, applying to an object and giving
an arrow, and take axioms:

For every object A: Dom(!,) = A and Cod(l,) = 1.
For every arrow f: If Cod(f) = 1, then f'= lpop(s)-

Show that we can reduce all the axioms in this chapter to universally quantified
conditionals, where each antecedent is a conjunction of equations and so is each
consequent. For example, for products add an operator u_____ which applies to two
objects and two arrows, so that u, g ., is defined when Dom(f) = Dom(g) and
Cod(f) = A and Cod(g) = B. Add axioms saying that u is the obvious arrow from
Dom(f)to AxB.



Part 11

THE CATEGORY OF CATEGORIES



Functors and categories

As we begin to compare categories with one another we must always specify
which category an object or arrow is in. We will speak of an object 4 of a
category A, or an arrow f: B—— C of a category B.

8.1 Functors

A functor F from a category A to a category B, written F: A —— B, assigns to
each object 4 of A an object FA of B, and to each arrow fof A an arrow Ff of
B, meeting the following conditions:

It preserves domains and codomains: given f:A—— B of A we have
Ff:FA—FB.

It preserves identities: for any 4 of A, F(1,) = 1g,.

It preserves composition: if f and g are composable in A then
F(gof) = Fgo Ff, where the second composite is formed in B.

It follows that applying F to all the objects and arrows of any commutative
diagram in A gives a commutative diagram in B.

If one thinks vividly of the category A as a network of arrows between
objects, then a functor F: A—— B, as Mac Lane says, produces a ‘picture’ of
A in B, and the picture of any commutative diagram also commutes.

Functors compose. Given functors F: A—— B and G: B—— C define the
composite GoF:A—— B by the obvious rules (Go.F)A4 = G(FA)) and
(G- F)f= G(Ef)). Clearly G o F is a functor. This composition is associative,
and the reader can define an identity functor 1, for every category A. So it is
natural to talk about the category of categories, CAT, with categories as
objects and functors as arrows. We will do this freely, and discuss foundations
in Chapter 12,

A functor F: A —— B is faithful iff: for any pair of objects A and A4’ of A, for
any arrows f and g both from A4 to 4’ if Ff = Fg, then f = g. In other words,
for a given 4 and A’, F is one-to-one on arrows from A4 to A4’. That does not
mean that F is one-to-one on arrows altogether, since a faithful functor need
not be one-to-one on objects.

A functor F: A—— B is full iff the following holds. For any objects 4 and
A’ of A and arrow g: FA——F A’ of B, there is some f: A —— A’ with Ff = g.
Fora given A4 and 4', F is onto from arrows A —— A’ to arrows FA — FA'.



74 Functors and categories

Of course, F may still not be onto for arrows altogether, since it need not be
onto for objects.

Given any two categories A and B and any object B of B, there is a functor
from A to B, taking every object of A to B, and every arrow to 1.

Suppose that A has products. Then for any object 4 of A there is a functor
_xA:A—A. It takes every object B of A to Bx A and every arrow
[iB——CtofxA:Bx A— Cx A.

If A is Cartesian closed then for any object 4 of A there is a functor
_“:A—— A that takes every object B of A to B* and every f:B——C to
f4: B4~ CA.

8.2 Preserving structures

Since a functor F: A —— B preserves composition and identities, it preserves
inverses; that is,if g = f ~! in A then Fg = (Ff)~! in B. But it does not follow
that F preserves all the categorical structures defined in Part L.

We say that F: A—— B preserves a product diagram P, p, , p, for A and A’
in A, if FP,Fp,, Fp, is a product diagram for FA and FA'. We say that F
preserves all finite products if, for every terminal object P of A, FP is terminal,
and F preserves every product diagram in A.

If A and B have all finite products in the sense of Chapter 7, a product-
preserving functor F need not take the selected product for 4 and A’ to the
selected one for FA and FA'. But it will have F(4x A’ ) FAxFA'.

We say that F preserves the equalizer e of f and g if Fe is an equalizer for Ff
and Fg. Again, we do not require an equalizer-preserving functor to take
selected equalizers to selected ones.

Given any diagram D in A with an object A, at each vertex i and an arrow f,
at each edge e, and a limit L, [;: L—— A;, we say that F preserves that limit if
FL, Fl;: FL— FA; is a limit for the diagram in B with FA, at each vertex i
and Ff, at each edge e. By Section 4.6, if F preserves equalizers and all (or all
finite) products, then it preserves all (or all finite) limits.

The definitions of preserving colimits and exponentials are analogous.

For example, if A has all finite products then, for any object 4 of A, the
functor _x 4:A—— A preserves equalizers and pullbacks, but not terminal
objects or products. If A is Cartesian closed then _ x A also preserves all
colimits, as noted in Chapter 6. The functor _#: A—— A preserves terminal
objects, products, equalizers, and pullbacks.

8.3 Constructing categories from categories

Other functors are associated with categories constructed from categories.
For example, any two categories A and B have a product category, A x B. An
object of A x Bis a pair (A, B), where A4 is an object of A and B an object of
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B. An arrow is a pair (f,g):{(A, B)— (A, B'), where f:A— A’ is an
arrow of A and g: B—— B’ an arrow of B. The identity arrow for (A4, B) is
{14, 15> and composition is defined component-wise, so {f,g>-{f",g’') is
{fef'sgeog'). There is a functor p,: A x B—— A defined by p,{(A4,B) = A
and p, {f, g) =f; and an obvious p,.

Given any category T and functors H:-T—— A and K:T——B the
functor (H,K):T—— A xB defined by (H,K)T=(HT,KT) and
(H,K)f= (Hf, Kf) is the unique functor with the required composites. So
A xB, p,, p, is a product diagram for A and B in CAT.

Any category with one object, and the identity arrow for that object as sole
arrow, is a terminal object in CAT, so CAT has all finite products.

By a subcategory of a category A we mean any monic functor to A, but we
will often construct a subcategory i:S»—— A by saying that certain objects
and arrows of A are the objects and arrows of S. Then we define i to be the
obvious inclusion, taking each object or arrow of S to itself as an object or
arrow of A. Such a construction makes S a category and i a functor iff the
following conditions are met. For every object 4 in.S the arrow 1, (as defined
in A) is also in S, and for any composable pair of arrows f and g in S the
composite g of (as defined in A) is also in S. A full subcategory is a full monic §;
that is, a full subcategory is determined by the objects of A in it, since all A
arrows between them are in it.

For any parallel pair of functors, F, G: A—— B define a category E, the
objects of which are those objects 4 of A with FA = GA, and the arrows of
which are those arrows f of A with Ff = Gf. The reader can verify that the
inclusion e: E>— A is an equalizer for F and G. So CAT has all finite limits.

Every category A has an arrow category, A%. The objects of A2 are the
arrows of A. Given two A2 objects f: A—— B and g: 4'—— B’, an A% arrow
from f to g is 2 commutative square of A:

A > A’

5
v
%

We will write (s, t):f ——g. (Strictly, s and ¢ alone do not determine the A2
arrow, since they may be the top and bottom of many different commutative
squares in A.) Given another A2 arrow {u, w):g— h, define (u, w) o (s, t)
to be {uos,wot):f— h. That is, we compose commutative squares by
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pasting them together:

A s } AI u ; Au
f g h
B —> B’ ——> B"

Any A2? object f: A— B has an identity arrow {1,, 1;) in A2,

There are three important functors between any category A and its arrow
category. To define id:A—— A? set id(4)=1,, and for any A arrow
frA—B set d(f)=<{f,f>:1,— 15 There is a ‘domain functor’
D:A2—— A defined in this way: for any A2 object f: A—— B, Df = A. For
any A? arrow {s,t), D{s,t) =s. And there is the obvious ‘co-domain
functor’ C: A2—— A with Cf= B and C{s,t) =1t

For any category A and object 4 of A there is a slice category A/A, also
called 2a comma category. The objects of A/A are arrows of A with codomain
A. Given A/A objects f:B—— A an g:C— A, an A/A arrow is a com-
mutative triangle of A:

B 2 >C
\ /
A

We write s:f—— g. Composition is defined by pasting the triangles together,
so the composite ¢ - s from A is also the composite in A/A. Identity arrows are
obvious.

There is a functor X ,: A/A—— A that takes any A/4 object f: B—— A to
B. For any s:f— g, X ;s is s thought of as an arrow in A.

If the category A has binary products there is a functor A*:A—— A/A.
For any object B of A, let A*B be p,: A x B—— A; and for any f: B— C let
A*fbe
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> AxC

Axf
AxB

A

Given any category A with all finite products there is a category Grp, with
the groups of A as objects and their homomorphisms as arrows. There
is a faithful underlying object functor, U:Grp,—— A defined by setting
U (G, eg, Mg, -G ') = G, and for a homomorphism f from <G, eg, mg, ¢ ')
to (H,ey,my,.5") let Uf just be the arrow f:G— H. This functor
preserves the terminal object and products, and if A has equalizers then U
preserves the equalizers from Grp,. It does not preserve the initial object, i.e.
the zero group 1, unless the terminator 1 of A is also initial.

Every category A has a dual or opposite category A°P. The objects of A°P are
the objects of A, and the arrows of A°P are the arrows of A but with domain
and codomain reversed. So every arrow f: A —— A’ of A appears as an arrow
f°P: A’—— A of A°P. The superscript ‘op’ on ‘f°?’ is only a reminder to think
of f as an arrow of A°®P, Since arrows

J g

A—B—C

of A appear as arrows
P Jop
C——B—4

of A°P, the order of composability is reversed. So we define composition in A°?
as f°? 0 g°? = (g of)°?, where the right-hand side uses composition in A. The
category axioms are easily verified. Every category is the dual of its dual:
A = (A°P)°P,

All of this is the objective form of the process of forming dual statements,
explained in Chapter 2. An arrow is monic in A iff it is epic in A°P. Any
P, p,, p, is a product diagram in A iff it is a coproduct diagram in A°?, and so
on for all the dual concepts described in Chapter 2. If a statement holds in A
then its dual holds in A°P. Every category is dual to its own dual, so if a
statement holds in all categories so does its dual.

A functor G:A°* —— B is often called a contravariant functor from A to
B. That is, G assigns to each object 4 of A an object GA of B, and to
each f: A—— A’ of A, an arrow Gf: GA’'—— GA, satisfying the conditions
G(1,) = 1G4 and G(gof) = (Gf) - (Gg). For example, given any object B of
a Cartesian closed category A, there is a contravariant functor B~ from A to
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A, taking any A object 4 to B* and any A arrow fto B/. By way of contrast, a
functor F: A—— B may be called a covariant functor from A to B.

8.4 Aspects of finite categories

We will use the category 1 with one object and one arrow, which is the
identity arrow for the object. Call the object 0. There is also the category 2
defined in Exercise 1.5 with two objects, 0 and 1, and just one arrow
a:0—— 1 in addition to the identity arrows. The fact that one object of 2 is
called by the same name as the object of 1 means nothing. They are just
objects in different categories.

There are two functors from 1 to 2. Define 0:1-——2 by 0(0) = 0 and
define 1:1——2 by 1(0) = 1. The actions of 0 and 1 on the arrow in 1 are
determined, since functors preserve identity arrows.

In general, for any category A, each object 4 of A determines a unique
functor which we will also call A:1—— A, taking the object 0 of 1 to 4. The
objects of A correspond exactly to the 1-elements of A. Since 1 is a terminator
in CAT, these are the global elements of A. We can also say that the identity
arrows of A correspond to the global elements, if we are thinking of the
identity arrow in 1. But we already knew that objects and identity arrows
correspond exactly to each other!

Each arrow f of A determines a unique functor from 2 to A, which we call
f:2—— A, taking the non-identity arrow of 2 to the arrow f. In short, the
arrows of A correspond exactly to the 2-elements of A.

It is possible to have functors F: A—— B and G:A —— B which have the
same effect on all objects 4 of A, but not on all arrows (see Exercise 8.11). On
the other hand, if they agree on all arrows that includes identities, and so they
must agree on objects, and so F = G.

We call an object I of any category C a generator if, for every parallel pair
of arrows of C, f, g: C—— C’, either f = g or there is some x:I—— C with
fox # gox. In other words, I-elements suffice to distinguish arrows. Thus, in
CAT, 1is not a generator but 2 is. (One version of the axioms for a category of
sets will say that it is a topos and that the terminator 1 is a generator.)

There is also a category 3 with objects and arrows as shown below:

plus identity arrows for each object. The composite foa can only be y, and
then the category axioms are easily verified. For any category A, com-
mutative triangles correspond to 3-elements of A.
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Exercises

8.1 A functor is monic iff it is one-to-one on arrows; and iso iff it is one-to-one and
onto on arrows.

8.2 Show that any functor F: A—— B such that every arrow of B either is in the
image of the functor or has an inverse in that image is epic. Define a category I with
two objects 0 and 1, and two arrows f:0—— 1 and g:1—— 0 in addition to the
identities, with composition defined by f = g~!. Define a functor from 2 to [ which is
monic and epic, but not iso.

8.3 Notice that the empty category is initial in CAT. Show that CAT has coproducts,
by considering for any A and B the category formed of one copy of A and a separate
copy of B.

8.4 Given a parallel pair of functors F, G: A—— B show that the objects 4 of A such
that FA = GA, together with the arrows f'such that Ff = Gf, form a subcategory of A.
Show that the inclusion of this subcategory into A is an equalizer for F and G in CAT.

Show that if an arrow f'in the equalizer has an inverse f ~! in A, then f ~! is also in
the equalizer. Show that this is not true for all subcategories (either use one of the
examples from the introduction, or construct a finite category illustrating the fact).
Conclude that not every monic in CAT is an equalizer (this also follows from
Exercise 8.2).

8.5 Show that a functor preserves split monics and split epics. Show that functors do
not always preserve monics or epics. [Use one of the examples from the introduction,
or construct a finite category with a non-monic arrow and a non-epic arrow and
suitable functors.]

8.6 Let N be a category with one object, and one arrow f, for each natural number n
including 0, with composition defined by f, ofi = fin+m)- Show that the functor
assigning f; to the non-identity arrow of 2 is a coequalizer for 0 and 1:1—— 2, thus
epic, although far from onto for arrows.

8.7 If A has a terminal object 1 then A/1 is isomorphic to A.

8.8 For any category A and object 4 of A, show that A/A is a subcategory of A2. In
fact, it is a pullback:

7O\
NN

while X, is the composite along the right.
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8.9 Iff:2—— A corresponds to an arrow fof A, then the composite fo 0 corresponds
to the domain of f; and fo1 to the co-domain. For any t:3—— A the functor
toy:2— A corresponds to the composite of the arrows of A corresponding to too
and to .

8.10 Show that every relation r: R>—— A x B has the following properties:

For any objects A of A and B of B, if 4 has r to B then 1, has r to 1,.
For any arrows f; g, of A and f*, ¢’ of B, if fhas rto f’ and g has r to ¢’ then fof’
hasrtogo.g.

Show that an external (i.e. not necessarily represented by a monic in CAT) relation of
objects and arrows of A to those of B is represented by a subcategory of A x B iff it has
these properties. Show that any r: R»—— A x A is an equivalence relation iff it is
reflexive, symmetric, and transitive on objects and on arrows.

Equivalence relations in CAT have quotients, but the explicit construction of a
quotient category is messy and little used. It does not consist only of equivalence
classes of objects and arrows, because two arrows that were not composable in A may
have equivalent domain and codomain so that they are composable in the quotient.
Think of the kernel pair of the coequalizer in Exercise 8.6. Ehresmann (1965) gives
details.

8.11 Suppose that A has all finite products and that Grp, includes non-zero groups,
groups not isomorphic to 1. Show that there is a functor from Grp, to Grp, that
agrees with the identity functor on all objects but not on all arrows. [Hint: see
Exercise 3.4.]

8.12 Suppose that A is Cartesian closed. Show, for every group {G,e,m,_"'> in A
and object 4 of A, that (G4, e4, m4,(_"')4) is also a group. Show that _* gives a
functor from Grp, to Grp,. In fact, any product-preserving functor from A to A gives
a product-preserving functor from Grpy, to itself.

Show that Grp, is not Cartesian closed unless every group in A is isomorphic to 1.

8.13 Suppose that a category A with all finite limits also has a selected representative
for each equivalence class of monics. For any object A of a category A, define Sub(4)
to be the full subcategory of A/A the objects of which are all the selected monics to A;
that is, the category of selected sub-objects of 4 with inclusions as arrows.

Show that if you always take the selected monic as a value for the pullback, pulling
back along any f: A—— B of A gives a functor f ~!: Sub(B)— Sub(4). Show, for
any g:B——C, that (gof)™ ! =(f " ")o(g™!). Thus define a contravariant functor
from A to CAT that takes each object A to A/A and each arrow fto f 1.

Without the restriction to selected representatives we could only prove that
(gof) " =(f ")o(g™") This would give a contravariant pseudofunctor from A to
CAT (for details see Benabou (1985) Section 12 and references there).

8.14 A preorder is a collection X with a reflexive transitive relation < on it. So, for
every x in X, x < x; and forevery x, y,and zin X, if x < y and y < z then x < z. An
order-preserving function from a preorder X to another Y is a function f from X to Y
such that if x < x" in X then fx <fx"in Y.

Show that a preorder X, < can be construed as a category, with the elements of X
as objects, and with one arrow x——y if x <y and none otherwise. What is
composition?
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In fact, we formally define a preorder to be a category in which, for any objects A
and B, there is at most one arrow from A to B. Then define A < B to mean that there is
an arrow from A to B. Show that a category is a preorder iff every diagram in it
commutes. Show that an order-preserving function between preorders is just the same
thing as a functor between them. Thus the category of preorders, Preord, is a full
subcategory of CAT.

Show that an order-preserving function is monic in Preord iff it is one-to-one on
objects, and in that case it is also monic as a functor in CAT. Show it is epic in Preord
iff it is onto for objects, and then it need not be epic as a functor in CAT. [Hint:
consider the preorder 1 + 1, which has two elements neither less than the other, and 2,
and the category E defined in Exercise 10.6.]

8.15 A supremum for a preorder X is an object ¢t of X such that, for every object x of
X, x < t. An infimum for X is an object i such that for every object x, i < x. A greatest
lower bound for two objects x and y is an object p such that p < x and p < y, and for
any object s if s < x and s < y then s < p. We abbreviate greatest lower bound to g.1.b.
Give a definition of least upper bound for x and y, abbreviated to lL.u.b. Then show
that these are terminal objects, initial objects, products, and coproducts in X,
respectively. What does uniqueness up to isomorphism mean in a preorder?

Show that in any preorder X every parallel pair of arrows trivially has an equalizer
and a coequalizer.

Suppose that a preorder X has a g.L.b. for every pair of its objects. Then in X define a
material implicate of y by x to be an object ¢ such that, for any object s, s < c iff any
glb.of sand xis < y. Show that a material implicate of y by x is just an exponential
of y by x.

8.16 Let P be a preorder with all finite products (equivalently, every finite set of
objects, including the empty set, has a Lu.b.). Show that a group in P must be a zero
group. The object G must be terminal.

8.17 A poset, or partially ordered set, is an antisymmetric preorder; that is, a preorder
in which, if x < y and y < x then x = y. Show a poset has at most one supremum, at
most one g.1.b. for any given pair of objects x and y, and so on. What does uniqueness
up to isomorphism mean in a poset?

A lattice is a poset with a supremum ¢, an infimum i, and a g.L.b. and a Lu.b. for every
pair of objects x and y. The g.l.b. of x and y is unique and is called their meet, written
x A y. The Lu.b. is called their join and is written x v y.

A Heyting algebra is a Cartesian closed lattice. The material implicate of y by x is
often written x — y.

A linear order is a poset such that, for any pair of objects x and y, either x < y or
y < x. Show that every linear order with supremum and infimum is a Heyting algebra.
[Hint: show that x — y is t when x < y, and equals y otherwise.]

8.18 If you are familiar with them, show that every Boolean algebra, and every poset
of open sets of a topological space, is a Heyting algebra. For more on Heyting
algebras sece Rasiowa and Sikorski (1963), and with emphasis on applications to
toposes, Fourman and Scott (1979).
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9.1 Definition

Given a parallel pair of functors F, G: A—— B, a natural transformation from
F to G is a family of arrows v ,: FA—— GA, one for each object 4 of A, such
that for every arrow f: A—— A’ of A the following square commutes:

Va

A FA —>GA
f Ef G/
A FA'———y——> G4’

We write v: F—— G for the natural transformation, and call the arrows v,
the components of v. If the above square appears in a diagram we may say that
it commutes by naturality of v.

For example, let A be a category with all finite products and take any
object A of A. There is a product functor _x A:A—— A as well as the
identity functor 1,: A—— A and the projection arrows p,: Bx A— B are
the components of a natural transformation p,:_xA——1,. For any
f: B—— C of A the following square commutes by definition of fx A:

14
B BxA > B
S IxA lf
C CxA 3 >C

One sense of the word ‘natural’ here is that the projections form a nat-
ural family of arrows in that p,: B x A—— B ‘does the same thing’ with B as
P1:Cx A——C ‘does with’ C. The definition of naturality captures this
intuitive idea of ‘doing the same thing’ with different objects.
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Suppose that A is Cartesian closed and take any object 4 of A. The functor
4 composes with _x A4 to give (_*) x A: A—— A and the evaluation arrows
give a natural transformation ev ,:(_4) x A——1,. For any arrow f: B—— C
the naturality square commutes by definition of f4.

A natural transformation with every component iso is called a natural
isomorphism. If A has all finite products then the natural transformation
pi:—x1——>1, is a natural isomorphism.

9.2 Functor categories

Natural transformations compose. Given functors F, G, and H, all from A to
B, and natural transformations v:F—— G and ¢:G——H, there is a
natural ¢ o v:F—— H defined by composing components ¢40v,:

Va Pa

A FA >G4 > HA
! Ff Gf 1}!!
A’ FA'———> GA'——> HA'

Naturality is clear, and this composition i§ associative. There is an identity
natural transformation 1g:F——F, with components 1g4. Thus there is a
category, BA, called the functor category from A to B, the objects of which are
the functors from A to B and the arrows of which are the natural trans-
formations between them. For example, the arrow category A? is the functor
category from 2 to A, since an arrow of A can be seen as a functor from 2 to A,
and by definition an arrow of A? is a natural transformation between these
functors.

In fact, CAT is Cartesian closed, with functor categories giving expo-
nentials. The proof is easier using this description of functors from product
categories:

THeoRrEM 9.1 Consider categories A, B, and C. Suppose, for each object B
of B, that there is a functor Rg: A—— C and, for each object A of A, a functor
L,:B——C, such that for all A and B we have L,(B) = Ry(A). Finally,
suppose that for every f:A—— A’ of A and g: B—— B’ of B the functors
satisfy the interchange rule Ry foL,.g = L,g Ry /. Then there is a unique
functor F:AxB——C with F(4,B)=F,B and F(l,g)=L,9 and

F(f: 1) = Rnf-
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ProoF Since every arrow { f, g) of A x B factors as (1., g) o {f; 1g) there
is at most one such functor F, and it must have

F(f9)=F(,,9)F(f,15) =L, goRyf.

So take that as defining F on arrows. It remains to show that

F(f'of,g'-9)=F(f",g)F(f, g).

But this follows from the definition of F by calculation, using the interchange
rule. O

A functor from a product category can be called a bifunctor. Then Theorem
9.1 says that a bifunctor is a function of pairs of objects and pairs of arrows,
functorial in each variable and satisfying the interchange rule.

We apply Theorem 9.1 to obtain a functor ev:BAx A——B. For any
functor G from A to B, let Lg: A—— B be G. For any object 4 of A, let
R,:BA——B take each functor G:A——B to GA, and each natural
v:G——H to its component v,. It follows directly that R, is a functor.
It remains to show for every natural v: G— H of BA and arrow f: A — A4’
of A that R .vo Lg f = Ly fo R,.v. But, by definition, thisis v, Gf = Hfo v,
which is precisely the naturality of v.

So there is a functor ev: BA x A—— B with ev(G, 4) = GA. The action on
arrows follows from the special cases ev(lg,f) = Gfand ev(v,1,) = v,.

To show that BA, ev is an exponential of B by A in CAT consider any
functor F: T x A—— B. Define the transpose F: T—— BA in the following
way. For any object T of T, FT is the functor F(T, _): A— B. For any arrow
f: T—— T, Ffis the natural transformation the component of which at any
object A of A is F(f; 1,). Proof that these are functors and natural trans-
formations, and that F is actually the transpose of F, is left to the reader.

9.3 Egquivalence

An equivalence situation consists of two functors F: X—— A and G:A— X
such that there are natural isomorphisms ¢: 1x— GF and §:1, — FG.
Often there will be many different natural isomorphisms for a given F and G.
Then, while F and G may not be inverse to one another, they are ‘inverses up
to natural isomorphisms’.

THEOREM 9.2 In an equivalence situation, both functors are full and
faithful.

ProoF For any h: X —— Y of X, h = (@5 ') GFho¢y. So F is faithful.
For any k:GA——GB of X, k=G((¥5')-Fkoy,). So G is full. By
symmetry, both are full and faithful. O
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Of course, every object X of X is isomorphic to one in the image of G, for
example GFX, and every object of A to one in the image of F.

Conversely, any full and faithful functor H: A—— B such that every object
of B is isomorphic to an object in the image of F is called an equivalence
functor. Fitting an equivalence functor into an equivalence situation requires
a selection of isomorphisms:

THEOREM 9.3 Suppose that F: X — A is an equivalence functor. Suppose
that for every object A of A there is a selected object GA of X and a selected
isomorphism ,: A—— FGA. Then G extends to a functor G:A—— X in
exactly one way that makes the arrows 7, components of a natural isomor-
phism from 1, to FG. There is also at least one natural isomorphism from 1x
to GF, so F and G form an equivalence situation.

Proor This will be a corollary of Theorem 10.3 and Exercise 10.15. [

In many categorical contexts no axiom of choice is available, and the
selections required in Theorem 9.3 cannot always be made. This is true, for
example, of category theory in most toposes. Then some equivalence functors
do not fit into equivalence situations. Of course, even then, many particular
equivalence functors F fit into equivalence situations that are definable
without arbitrary choices.

Equivalence functors and situations often arise in mathematical practice
when the values of the functors, say FX and G 4, have only been defined up to
isomorphism. It may follow that X = GFX and 4 = FGA, while the defini-
tion simply does not determine whether or not X = GFX.

Exercises

9.1 Let A be a Cartesian closed category. For any object A of A consider the functor
(_x A)*: A—— A. Show that there is a natural transformation £:1,—(_x A),
where the component at any object B of A is the transpose of the identity arrow 1g, ,.

9.2 Show that the natural isomorphisms between functors from A to B are precisely
the isomorphisms in the functor category B4; that is, a natural transformation is iso iff
each of its components is.

9.3 Let A have all finite products. Show that there is a functor X,,: A x A— A that
takes any object (A, A’) of Ax A to Ax A’, and any arrow {f, g) to fx g. There is
also a functor X;,:A x A—— A that takes (A4, A4’) to A'x A and {f;g) to g xf. Show
that the twist arrows form a natural isomorphism tw:X,,—— X,,.

Show that there is a functor X,;3:AxAXxA——A that takes any object
(A, A, A") to (Ax A')x A" and any arrow {f, g, h) to (fx g)x h. There is also a
functor X, ;3 that takes (A4, 4, 4") to Ax{A’x A”). Show that the associativity
arrows form a natural isomorphism from X, ;)3 to X, 3

Conclude that the same holds for coproducts, + ,,:AxA—A and so on,
assuming that A has all finite coproducts.
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9.4 Consider functors F: A—— B, G and H both from B to C, and K: C—— D, and
a natural transformation ¢: G—— H. Show that there is a natural transformation
¢F: G o F—— H. F, where the component at any object A of A is the component of ¢
at FA. Show that there is a natural transformation K¢:K .G ——KoH, where the
component at any object B of B is K(¢g).

Note that ¢ and K¢ are both natural isomorphisms if ¢ is.

9.5 A transformation between bifunciors is natural if it is natural in each variable
separately. More precisely, consider a parallel pair of bifunctors F, G:Ax B—-+C
and a family of arrows v, z: F(A4, B)—— G(A, B). Suppose, for every object A of A and
arrow f: B—— B’ of B, that the following square commutes:

Va.s
F(4, B) = >G(A4, B)
F(l,,f) G(1,4.f)
F(A, B') ——-;:.'———)G(A, B')

Suppose that the analogous condition is met for every arrow of A and object of B.
Show that v: F—— G is a natural transformation.

9.6 For functors F, G: A— B a natural transformation v: F— G is an arrow of
BA. Thus there is a functor that we also call v:2——BA, and this has a transpose
v:2 x A— B. Twisting and transposing gives v°: A— BZ. Describe v°. What arrow
does it assign to A4, and what square to f? Describe v.

9.7 gixercisc 9.4 revisited) Given the functors of Exercise 9.4 there are functors
KB: CB—— D® and CF: C®B—— CA. Show, for any arrow ¢ of CP, that KB(¢) is K,
and CF(¢) is OF.

9.8 Show that the functor D: A?—— A is induced by 0:1— 2; that is, up to the
isomorphism A 2 A!, D is A%: A2—— AL Show that C is induced by 1:1—2, and
id by !12:2— 1.

9.9 Show that a functor category BA has a terminal object (or an initial object) iff B
does.

9.10 Limits in functor categories are computed pointwise.

Suppose that B has binary products. Show that for any F and G: A— B thereis a
unique functor F x G: A—— B such that the following holds. For each object A of A,
(FXxG)A=FAxGA, and p,:FAxGA—FA and p,: FAx GA—— G A are com-
ponents of natural transformations p,:F x G——F and p,:F x G— G. That is,
show that this requirement of naturality forces the definition of (F x G)f for each A
arrow f. Show that F x G, p,, p, is a product diagram for F and G in the functor
category BA.

Suppose that B has equalizers. Given functors F and G as before, and a parallel pair
of natural transformations ¢, : F—— G, define a functor E: A—— B and natural
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transformation e: E— F forming an equalizer for ¢ and ¢ in BA. Do this by making
each e, an equalizer for ¢, and , in A.
Generalize to all limits, and to all co-limits.

9.11 Exercise 9.10 does not generalize to exponentials. Show that 2 is Cartesian
closed, as is the functor category 22 = 3 (in fact, both are Heyting algebras). No
functor from 2 to 2 takes each object A of 2 to 04. What is the exponential in 22 of 0o !5
by the identity functor?

9.12 Suppose that A has all finite products. Prove that __x 1: A—— A is an equival-
ence functor, and fits into an equivalence situation. [Do this with no special assump-
tion such as A x I = A4, so that _x 1 is not necessarily either one-to-one or onto for
objects.]

9.13 Let A be any category with ali finite products. For each group G in A consider

the zero homomorphism G—— 1—— G. Show that these homomorphisms form a

natural transformation from the identity functor for Grp, to the functor which takes
each group to itself and each homomorphism f: G—— H to the zero homomorphism
G—s 1—H.
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Adjunctions

Most of this chapter is devoted to proving fundamental results on adjunc-
tions. More specific results and calculations are given in the exercises.

10.1 Universal arrows

Given any functor F: X —— A and object 4 of A, a universal arrow from F to
A consists of an object X of X and an arrow ¢,: FX—— A4 such that given
any object Y of X and arrow f: FY —— A there is a2 unique arrow g: ¥ — X
of X that makes the following triangle commute:

Ea
X FX > A
I’} Fy !
Y FY

We will say that g is the adjunct to f with respect to €,, or just that g is
adjunct of f when the arrow ¢, is clear from the context. At the same time f is
uniquely determined by g since fis ¢, - Fg. We also call f the adjunct of g with
respect to ¢,.

For example, for any objects A and B of a category A with all finite
products, the pair B4, ev, g is universal from the functor _x 4 to B. In that
case adjuncts are called transposes.

A functor may or may not have a universal arrow to a given object, but if
it does the universal arrow is determined up to isomorphism.

Tueorem 10.1 If X, ¢, is universal from F to A and there is an isomor-
phism i: Y — X then Y, ¢, - Fi is also universal from F to A. Conversely, if
X, &, is universal from F to A4 and Y, &, is too, and then the unique arrow
i: Y—> X with ¢/, = ¢, Fi is iso.

ProoFr The proof follows the familiar argument. O
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There is a dual notion. Given F and 4 as above, a universal arrow from A to
F consists of an object X of X and an arrow 5,: A — FX with the property
suggested by the following diagram:

Na
A >FX X

f Fg g

FY Y

This is the definition of a universal arrow from F to 4, with all arrows in X
and A reversed. In fact, F:X——A can be reconstrued as a functor
F:X°°—— AP (the functor F is not reversed), and this reconstrual turns a
universal arrow to F into one from F and vice versa.

102 Adjunctions

An adjunction {F, G, n, &) consists of two functors and two natural trans-
formations as shown:
Xe=ft—=A 51x—GF &FG—1,
G
such that ero Fy = 1r and Geong = 1g; that is, for every object X of X we
have epy o« Fny = Igx and similarly for every A of A.

Given an adjunction as above, we say that F is left adjoint to G, or G is
right adjoint to F, and write F | G. Then n is called the unit of the adjunction
and ¢ the counit. The equations on the unit and counit are called the
triangular identities.

The following Theorems 10.2 and 10.3 characterize an adjunction as a
selection of universal arrows. Proofs are given in the next section. An
adjunction is described as an isomorphic correspondence between arrows
Jf:FX —— A and their adjuncts g: X — G4 in Section 10.4.

THeoreM 102 Given an adjunction as above, every arrow
fy: X —— GFX is universal from X to G. Specifically, the adjunct of any
f: X— GA with respect to ny is £, Ff. Dually, every ¢,; FGA— A is
universal from F to 4, and the adjunct to any g:FX —— A is Gfonjy.

CoroLLARY If G and G’ are both right adjoint to one F: X —— A there is a
natural isomorphism i: G—— G'. More specifically, if {F, G, n, &) is an
adjunction and (F, G',»’,¢') is another, then there is a unique natural
isomorphism i with ¢’ = go Fi. This i is also the unique natural isomorphism
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satisfying the dual equation for the units. The dual result holds for F and F’
both left adjoint to G.

THeorREM 10.3 Given a functor F: X—— A and a selected object G4 of X
and universal arrow G4, ¢,: FGA—— A for each object 4 of A, G extends to
a functor G:A—— X in exactly one way such that the arrows ¢, form a
natural transformation from FG to 1,. This G is right adjoint to F, with ¢ as
counit. Dually, a selection of universal arrows to a functor G gives a left
adjoint F to G.

Thus, given an adjunction as above and an arrow f: X — G A the adjunct
g:FX —— Ais g,o Ff, and g is also the unique arrow with f= Ggonx. We
will often prove that two arrows f: X — GA and f: X —— GA are equal by
finding the adjunct of f one way and of f the other way, and showing the
adjuncts are equal. We did this repeatedly in Chapter 6, where in fact for
every object A the functor _# was right adjoint to _ x A with counit ev.

10.3 Proofs

LemMa 104  Given an adjunction as above, we can construe F as a functor
F:X°?—— AP, and similarly for G. On this construal F is right adjoint to G
with unit ¢ and counit #. Thus any theorem on all left adjoints or all counits
has a dual theorem on all right adjoints or all units.

ProoF The proof follows by working through the definitions. a

PRrOOF OF THEOREM 10.2 Naturality of #, specifically GEfony = ng4f,
and the triangular identity show that the following triangle commutes:

n

e - >GFX FX
f G(CAoFf) C‘oFf

GA A

It is worthwhile to draw the naturality square into the diagram.
Conversely, suppose that Gg . ny = f. Applying the functor F to both sides,
and composing with ¢,, gives

EADFGgoFf]x = SAoFf

But naturality of € and the triangular identity show that the left-hand side
equals g. Thus ¢,0Ff is the one and only arrow that makes the triangle
commute, the adjunct of f. O
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ProOF OF corOLLARY By Theorems 10.1 and 10.2, for each object 4 of A
there is a unique isomorphism i,: G'A— G4 with ¢/, = ¢, Fi,. We only
need show that these form the components of a2 natural transformation; that
is, for every h: A—— B of A, Ghoi, = igo G'h. By Theorem 10.2 it suffices to
show that both sides give the same result when plugged into &50F(_).
Naturality of ¢ and the definition of i, shows that the left-hand side gives
hog),. Naturality of ¢’ and the definition of iz show that the right-hand side
gives the same. O

LEmMA 10.5 Let a functor F: X —— A have a selected universal arrow GA,
g, to each object 4 of A, when ‘GA’ names some object of X and shows that
this object depends on A. Then there is just one way to extend G to a functor
G:A—— X so that the universal arrows become components of a natural
transformation e: FG— 1,.

ProofF For any arrow f: B— C of A, define Gf as the unique arrow of X
that makes the following square commute:

GC FGC x5
Gf FGf S
GB FGB > B

&y

that is, Gf'is adjunct to fo g5. The rest of the proof copies the proof that _4is a
functor in Section 6.2, a

For every object X of X, define 5y: X — GFX to be the adjunct to 1gx
relative to ery, and thus the unique arrow that makes the following diagram
commute:

EF;
GFX FGFX o > FX

Nx Fry lpx

X FX
LeEMMA 10.6 The arrows 5y form a natural transformation #: 1x — GF.

ProoFr Show, for every f: X — Y of X, that GFfony = 5y o f, by showing
that both sides give the same result when plugged into ey o F(_), namely Ff.
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The calculation is very similar to the proof of the corollary to Theorem 10.2,
using the definition of #ny in place of the triangular identity. a

LeEmMMA 10.7 The natural transformations 5 and ¢ satisfy the triangular
identities.

ProoF One of the identities is the definition of #. To prove the other,
Ge, oG4 = 1G4, again plug both sides into &, o F(_) to show that they have
the same adjunct relative to ¢,. O

Proor oF THEOREM 10.3 Lemmas 10.5-10.7 show that a functor
F: X —— A and selected universal arrows from it give a unique right adjoint
that makes the arrows a natural transformation. The other claim follows as
the dual to this one. (|

A functor F may or may not have a right (or left) adjoint, but if it has one the
adjoint is determined only up to a natural isomorphism. An adjunction
{F, G, n,¢) is fully determined by F and ¢, or by G and #. Even given both
functors F and G there may be many units and co-units that make F - G.

10.4 Adjunctions as isomorphisms

Suppose that (F, G, 5, ¢) is an adjunction, with F:X—— A. To be precise,
an arrow f: X — G A may not have a well defined adjunct because there
may be another object A’ with GA = GA’, so that f has one adjunct
g:FX—— A and another g :FX—-+A’. We have let the notation
J: X — GA specify A. Strictly, the pair f, A has a unique adjunct X, g.

Define a category (X, G) called the comma category of X over G. An object
of (X, G) consists of an X arrow f and an A object A as shown:

J
X—GA A

An arrow consists of a commutative square of X and an A arrow as shown:

f
>GA A
h Gk k
X’ S > GA’ A’

We call this arrow {h, k). Composition is defined by the obvious pasting,
ChkYo W ok’ =Chol, kok'). Arrows {1y, 1,) are identities.
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There is a base functor b:(X, G)— X x A which forgets the arrow. It
takes an object {(f: X —> GA, A) to (X, A), and an arrow {h, k) to the
X x A arrow <h, k).

For the functor F: X —— A there is an analogous comma category of F
over A, (F, A). An object is an X object X and an A arrow g: FX — A, and
so on. This also has a base functor to X x A.

THeOREM 10.8 Given an adjunction (F, G, 5, ¢), there is a unique functor
isomorphism I that takes each f: FX —— A to its adjunct and commutes with
base functors as shown:

(F, A) > (X, G)

N

ProofF Consider any arrow of (F, A):

X FX > A

FX' ! > A’

If 1 is to take the top and bottom arrows to their adjuncts and commute with
the base functors, then it must take this arrow to

g

X >GA A
h Gk k
X’ d >GA’ A’

with g adjunct to f, and g’ adjunct to f’. To show that I is a well defined
functor we must show that the lower square commutes if the upper one does.
To show that I has an inverse is to show that the upper square commutes if
the lower one does. These calculations form Exercise 10.9. O
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THeoreM 109 Conversely, an isomorphism I:(F, A)— (X, G) that
commutes with base functors gives an adjunction (F, G, #, ¢>, where for
every X object X the unit 5y is I(X, 1gx), and for every A object A the counit
is I"!(1g4, A). Then I and its inverse take arrows to their adjuncts.

Proor It suffices to show that, for every X object X, the arrow I(1gx, FX)
is universal from X to G. For any arrow g: X — GA of A consider the
following diagrams:

gx

X FX > FX
1y Fi, l?
X FX - > A

1"y
I(lgy)
X o 3 GFX FX
lxl GO ?
X - > GA A

If either of these commutes it is an arrow in the obvious comma category, and
the other corresponds to it under I and so also commutes. But I"!g is the
only arrow that can go in place of ? to make the upper square commute, and
so it is the only one that makes the lower one commute. Thus I™!g is the
adjunct of g relative to I(X, 1gx). (M)

The constructions of an isomorphism from an adjunction and of an
adjunction from an isomorphism are inverse to one another. Adjunctions
correspond exactly to isomorphisms of comma categories that commute with
base functors.

10.5 Adjunctions compose
Consider adjoint functors F |G and F' { G’ as shown:
F F

A——B——C
G G’
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Given any C object C and A arrow as shown:
¢ Frc—L a4
form its adjunct under F | G
c FC—L Ga 4
and the adjunct under F' 4G’

C G'GA A

By the same reasoning that was used to show that I was a functor in Theorem
10.8, both steps take commutative squares to commutative squares, and each
has an inverse. Thus the two give an isomorphism from (FF’, A) to (C, G'G)
that commutes with base functors. So FF' { G'G.

Exercises

10.1 Take any category A and the diagonal functor 4:A—— A x A. Show that
P, p;, p, is a product for A and B in A iff

{Prb2d
P {P,P)——(A,B)

is a universal arrow from 4 to the object ( A, B) of A x A, (What is an A x A arrow
from (T, T) to (A, B)?) Conclude that Theorems 2.1 and 2.2 are special cases of
Theorem 10.1. Conclude that co-products are universal arrows to 4.

10.2 Given a functor F: X—— A, define a category (F, A) in the following way. An
object is an X object X and an A arrow f: FX — A. An arrow from X, fto Y, g is an
arrow h: X —— Y that makes the following diagram commute:

X FX
\

h Fh A

/
Y FY

with the obvious composition and identities, taken from X. Show that a universal
arrow from F to A is a terminal object in this category. Conclude that Theorem 10.1 is
a special case of Theorems [.1 and 1.2.
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10.3 Suppose that a functor F is an isomorphism, Show that F -/ F~!, and that
F~! - F, both with identity natural transformations as unit and counit.

104 Show that a functor A:1—— A is right adjoint to !, iff 4 is a terminal object. In
this case the functors uniquely determine the unit and counit. What are they? Describe
left adjoints to !,.

10.5 Show that a category A has all binary products iff there is a right adjoint
-X_:Ax A— A to 4. By Exercise 10.1 we can take {p,, p,> as the counit. Then
what is the unit?

Describe a left adjoint to 4, and its unit and counit.

10.6 Define a category E with two objects 0 and 1, their identity arrows, a parallel
pair of arrows e, and e, from 0 to 1, and no other arrows. Show that a parallel pair f, g
in any category A corresponds to a functor ( f, g): E—— A.

Define 4: A— AF, taking each object A of A to the constant functor which takes
both objects of E to A and all arrows to 1,. Show that 4 is the transpose of
P1:Ax E—— A and that, up to the isomorphism A = A}, it is also A’P: Al——AE,

Show that a cone over a parallel pair £, g is a natural transformation from some AT
to (£, g), and that a limit is a universal arrow from 4 to (f, g). Therefore A has
equalizers iff 4 has a right adjoint Eq: AF—— A,

State the dual result for coequalizers.

10.7 Generalize Exercises 10.5 and 10.6 to all limits and colimits. A diagram itself
can be defined as a functor. A diagram of two objects of A is a functor from the
category 1 + 1 with two objects, their identity arrows, and no others. (Show that this
category is the coproduct of 1 with itself in CAT.) Show that A x A is isomorphic to
AU*Y Exercise 10.6 showed that a parallel pair in A is a functor to A from E. Define a
category C with three objects and two non-identity arrows, so that a corner of arrows
in any category A is a functor to A from C.

Given a category D, with objects i thought of as vertices and arrows e thought of as
edges, define a diagram of shape D in a category A to be a functor d:D—— A. For
each object i of D the object di of A corresponds to A4, of Section 4.5, and de
corresponds to f,. For every object T of A define the constant diagram AT:D— A to
be the functor that takes each i to Tand each e to 1. Define a functor 4: A —— AP
that takes each object of A to its constant functor.

Show that a cone over the diagram d is a natural transformation from some
constant functor 47 to d, and that a limit is a universal arrow from some 47T to d.
Conclude that every diagram of shape D in A has a limit, iff there is a right adjoint to
4. Dualize all this for colimits.

10.8 Show, for any object A of a Cartesian closed category A, that _x A —| _* with
unit ev. Show that, in any category with all finite products, _ x A has a left adjoint iff A
is 2 terminal object.

109 Consider a functor F: X~ A with right adjoint G, and arrows k: 4 —s A’
and j: X'— X. Let f: FX—— A4 have adjunct g: X — GA. Show that the adjunct
of kof is Gkog. Show that the adjunct of goj is fo Fj.

10.10 Let F: X— A have right adjoint G. Show that for any epic f: X —» Y of X,
Ffis also epic. Show (or conclude by duality) that for any monic f: A B of A, Gf'is
monic.,
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10.11 Again with F - G as above, show that if 1 is initial in X then F1 is initial in A,
Show that G preserves terminal objects.

Show that F preserves coproducts, coequalizers, and in fact all colimits. Show (or
conclude) that G preserves all limits.

Compare Exercises 10.9-10.11 with the results in Chapter 6.

10.12 Let A be a category with products. Show that for any A object A the functor
A* (defined in Section 8.3) is right adjoint to X .

10.13 This is another proof that adjoints compose. Suppose that the functors
of Section 10.5 fit into adjunctions (F, G, , ¢) and {¥’, G’, #, ¢’). Then show that
FF' - G'G with unit G'ng- - 1’ and counit ¢ o Feg. [Either show that all components of
the unit are universal arrows, or show that the unit and counit satisfy the triangular
identities.]

10.14 Given functors G: A— B and F’: C—— B define the comma category of G
over F', (G, F’), in the following way. An object consists of an A object 4, a C object C,
and a B arrow f: GA—— F'C. An arrow consists of an A arrow h and a C arrow k that
make a commutative square in B, ¥’ ko f” o Gh. (G, F’) has an obvious base functor to
A x C. Use this to factor the construction in Section 10.5 into two isomorphisms of
comma categories.

10.15 Suppose that F:X—— A is full and faithful, and there is given a selected
object GA and isomorphism  ,: A—— FGA for each object 4 of A. Show that (! is
universal from F to A. Conclude that G extends to a functor that is right adjoint to F
with counit ¢ ~'.

Show, for every X of X, that the unit 5y is iso. [Hint: show that Fny = ypx.)
Conclude that F and G make up an equivalence situation. In fact {(F, G, n, ¢ ') isan
adjunction.

Consider any adjunction H -J K with unit # and counit ¢ that are both natural
isomorphisms. Show that also K {H with unit ¢~! and counit n~!. Such an
adjunction is called an adjoint equivalence.

10.16 For any object B of a Cartesian closed category A, consider the contravariant
exponentiation functor B~ : A°®—— A. Show that B~ is right adjoint to itself con-
sidered as B™: A——s A®. Consider a series of arrows:

C— B4 of A

CxA—>B of A

A—— B° of A

B¢—— 4 of AP

Therefore Exercises 6.10 and 6.17 are special cases of Exercises 10.11.

10.17 Show that the comma categories of Section 10.4 and Exercise 10.14 can be
defined by pullbacks as in the following diagram:
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B B

How are the base functors defined in terms of functors in this diagram?

10.18 Exponentiation preserves pullbacks, and so it preserves comma categories and
adjunctions. Show that (G, B)P = (GP, BP) for any category D and, up to the obvious
isomorphisms, that bP is the base functor. So, if an isomorphism I commutes with base
functors then IP does also. In other words, if G -{ F then G —{ FP.

10.19 Show, up to the isomorphism (BA)? = (BP)*, that exponentiating 4: B—— BP
by A gives 4: B*—— (B*)P. Do this directly from the definition of 4 as transpose of
Ps» and use Exercises 10.7 and 10.18 for a functorial proof of Exercise 9.10.

10.20 Compare our definition of adjunction with, for example, Mac Lane (1971,
p. 78) or Barr and Wells (1985, p. 50). Show that a natural isomorphism
I:hom,(F_, -)—homg(_, G.) determines an isomorphism I:(F, A)— (X, G)
over A x B and vice versa. [Assume that X and A are locally small, as defined in
Chapter 12, so that the sets of arrows do exist.]
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Slice categories

When dealing with sets we often work with sets of sets. In geometry we often
deal with spaces that vary over another space (as with fibre bundles or
sheaves). And high-level programming languages have dependent types, data
types which themselves depend on parameters in other data types. All of these
are represented categorically by indexed families of objects.

11.1 Indexed families of objects

For any object B of a category A, an arrow g:C—— Bto Bcanbe seenasa
B-indexed family of objects. Then the slice category A/B appears as the
category of B-indexed families of objects and arrows. In particular, if A has a
terminator 1 then a 1-indexed family of objects is just an object 4 of A, with
its unique !,: A—— 1. Thus A = A/1, and we will not distinguish objects
from 1-indexed families.

The general idea of indexed families is easily motivated for categories A
with all finite limits. Given g: C—— B, for any global element y:1—— B
there is a fibre of g over y, defined by the following pullback:

C,>

> C
gy J/g
> B

y

Think of C, as the object lying over y via g. Pullback gives a fibre g, of g over
any generalized element x: 7—— B, although the fibre will not generally be a
sub-object of C if x is not monic. From this point of view, Z5:A/B—— A
takes each B-indexed family g: C—— B to the union of its fibres, C.

Let A be the category of sets. Every set B is the disjoint union of its global
elements, so C will be the disjoint union of the discrete fibres C, over global
elements of B. But if A is a category of spaces and smooth maps, then not only
will the fibres be spaces, but they will be smoothly related to each other over
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the indexing space B. In a category of data types and computable functions,
the fibres will be data types, computably dependent on the indexing type B.

For any category A, each slice A/B has a terminal object, 15, whether or
not A has a terminal object. Intuitively, 1, is a B-indexed family of singletons,
in the sense that it is terminal among B-indexed families, but also in the sense
that the fibre of 15 over any index x: T—— B is just x itself. (Note that every
category has pullbacks along any identity arrow.)

THeoREM 11.1 If A has all finite limits, then so does each slice A/B.
ProoF The product of A/B objects, f: A—— B and g:C—— B, is the
following pullback in A:

P2
AxgC —m———>C

A 7 > B

with its arrow 4 xzC—— B obtained by composing either way around. The
reader can verify directly that A xgC, p,, p, is a product diagram for fand g
in A/B.

For any A/B, and arrows k:f—— g and k':f—— g, the following diagram
is an equalizer:

kl

E>—2—3>4

\ A 4
9

k

fre f .

B

where E, e is an equalizer for k and k' in A. Again, the verification is almost
immediate. O

Pullbacks are sometimes called fibre products, because 4 x5 C is not the
whole product 4 x C but the product taken fibre by fibre. The fibre over any
x: T—— B contains those pairs (h, k) with h in the fibre of f over x and k in
the fibre of g; that is, f(h) = g(k) = x.

Notice that X, preserves equalizers but generally not products or the
terminator.
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Colimits in slice categories are discussed in Exercises 11.3~11.5, but for
now we can say that if A has binary products then every X5;:A/B—— A
preserves all colimits. This, and much more, follows from the next theorem:

Tueorem 112 If A has binary products, then for every A object B, the
functor Xy is left adjoint to B*.

Proor Given objects g:C——B of A/B and A of A, an arrow
{h,k>:g——B*A must have h=g, and so it is determined by any

h, k
ks > Bx A

N/

k:C—— A. In short, k: Zyg—— A is adjunct to (g, k ). The reader should
calculate the unit and counit of the adjunction, and verify that they are
universal arrows. O

Intuitively, B* A is a constant B-indexed family, the fibre of which every-
where is A. Precisely, the fibre over any x: T—— Bis T* A. The theorem says
that a B-indexed family of arrows from g: C—— B to B* A can be completely
determined by ignoring the indexing and giving an arrow k from the union of
the indexed objects, C, to one copy of the fibre A. The product arrow (g, k)
restores the indexing.

T-indexed families of arrows from A4 to B, as defined in Section 6, are
adjuncts under X {T* to arrows T* A—— T*B. T-indexed composition
corresponds to composition in A/T, and the arrow f; of Exercise 6.15 is the
adjunct of T*f. Now, by passing to A/T we gain the non-constant T-indexed
families of objects, k: C—— T (see Exercise 11.6).

11.2 Internal products

If A is Cartesian closed, any B-indexed family of objects f has a B-indexed
product ITg f defined by the following pullback:

ngyf >

1
A8 > B’
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Intuitively, I, f represents arrows from B to A the composites of which
with fare 1. Such an arrow maps each index x in B to an element of the fibre
A, over x, so an element of ITg fis a B-tuple of values, with a value in A, for
each index x. If A is the category of sets, then ITg f'is (up to isomorphism) the
usual Cartesian product of the fibres A,. If A is a category of spaces and
smooth maps, then an element of IT,f will have values varying smoothly in
the indices, while if A models data types and computable functions the values
will vary computably.

There is a functor ITzg: A/B—— A that takes each f:A—— B to Igf.

Given an A/B arrow
k
A > C
B

define ITgk: ITyf—— I1gg by pulling the following triangle back along ‘1.
This is a functor by the pullback theorems in Chapter 4.

AP £ >C*
BB

THEOREM 11.3 The functor ITg is right adjoint to B*.

Proofr Use the following series of arrows to establish an isomorphism of
comma categories, (B*, A/A) = (A, I1g):

t:T—Igf inA

s:T—A®  such that fBos = ‘150!,
m such that fo§ = p,
§B*T—f inA/B

For the first step, since !; is unique, the arrow t to the pullback is fully
determined by s. The next step forms an adjunct under _ x B - _5. The last is
by definition of B* and arrows in A/B. To show that this is an isomorphism
of comma categories, show that the following square in A:
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¢

T > I, f S/
h B k
T’ ——> 11,/ s
commutes iff this one in A/B does:
T BsT = >
h Bsh k
§' '
T BT’ > f
for any f:A—— B, f": A’— B, and k:f——f". This is a direct calculation
using the steps in the series (see Exercise 11.8). O

There is a converse:

THEOREM 114 For any category A with all finite limits, if every slice
functor A* has a right adjoint IT,: A/4A—— A then A is Cartesian closed.

Proor For each A object 4, the functor _ x 4 factors as ~ , - A*. But each
factor has right adjoint, so by composition of adjoints _ x 4 has right adjoint
M, o A*. O

If A is Cartesian closed it does not follow that all its slices are (see Exercise
11.9). But even if A and its slices are not Cartesian closed, each slice functor
A* on A preserves whatever exponentials there are in A.

THeEOREM 11.5 For any category A with binary products, suppose that B¢
is an exponential of B by C. Then, for each A object A, A*(BS) is an
exponential of A*B by A*C in A/A.

ProoF For any A/A object g: C—— A, consider series of arrows:
gx,A*C— A*B  in A/A
Z(gx,A*C)—> B inA
(Z49)xC—B

X,9— B
g— A*(B°) in A/4
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For the second step notice that X (g x AA*C) is isomorphic to (Z,g)xC,
which is clear when the pullback is laid out. In fact, this was
Exercise 4.3. O

11.3 Functors between slices

For any category A, and A arrow f:A——B, there is a functor
Z,;:A/A— A/B that takes each A/4 object g:C—— A4 to fog, and each
A/A arrow h:g—— g’ to h:fog—> fog'. The notation X, is ambiguous,
since f'is also an object of A/B and there is a slice category (A/B)/f. But the
ambiguity is perfectly tolerable since (A/B)/f is isomorphic to A/A:

Tueorem 11.6  For any A arrow f: A— B there is a functor isomorphism
I that commutes with the two functors X ,:

(A/B)/f > A/A

N/

ProoF An object of (A/B)/f is an arrow of A/B with codomain f. So let I
take the (A/B)/f arrow on the left to its top arrow, an object of A/A:

C

C b 54
\ / h
B A

Note that h fully determines the (A/B)/f object, since g = fo h. The functor X,
defined on (A/B)/f takes the triangle to its domain g, while Z, defined on
A/ A takes h and composes it with f to give g. The reader can complete the
proof, letting I take each (A/B)/f arrow k:h—— }’ to itself, construed as an
A/A arrow. (Draw the diagrams.) O

Since Z,:A/A— A/B is (up to isomorphism) a slice functor over A/B,
Theorem 11.2 shows that if A/B has binary products (that is, if A has all
pullbacks over B) then X, has a right adjoint f*. If A/B is Cartesian closed
then f* has a right adjoint IT,. A category is called locally Cartesian closed if
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each of its slices is Cartesian closed. The fundamental theorem of topos
theory will use the following case of these results:

THeOREM 11.7 If a category A is locally Cartesian closed, then so is every
slice of A. For each arrow f: A—— B of A there are functors Z, —{f* 11,
each right adjoint to the one before, and f* preserves exponentials. O

The functor f* is defined by products in A/B so, to describe it in the
category A, f* takes an arrow B and forms its pullback along f. The fibre of
S*g over any x: T—— A is the fibre of g over f(x). Intuitively, the fibre of X ;1
over an index Y in B is the union of all the fibres h, for x an index in A with
f(x) = y; while the fibre of IT h is the product of those same fibres h,.

Exercises

11.1 Show that for any category A and object B of A, an arrow h:f—— g of A/B is
monic iff h is monic as an arrow of A.

11.2 For any category A and A object B, show-that X, has a left adjoint iff B is
terminal, and that X is then an isomorphism, Show that X, preserves binary products
ifl B is subterminal.

11.3 Show that if A has an initial object ) then § — B is initial in A/B. Also show
that if objects A and C have a coproduct in A then any fA——Band g:C— B
have the following coproduct diagram in A/B:

A >4 4 C——— C
f ({) g

B

11.4 For any parallel pair b, k:f— g of A/B, if h and k have a coequalizer @, gin A
show there is a unique u making the following a coequalizer in A/B:

h
> q
A < C—mmmmm>0
k Cd
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11.5 We say that a functor F:A—— B creates colimits if it meets the following
condition. For any diagram D in A, if the image of D under F has a colimit L with
arrows l;, then there is a unique cocone C, ¢c;on D in A, such that FC = Land F¢; = I,
and this cocone is a colimit. Show that if F creates colimits then it preserves all
colimits that exist in B. (A colimit might exist in A but not in B and, of course, F would
not preserve it.)

Interpret Exercise 11.3 as showing that £ creates initial objects and coproducts;
and Exercise 11.4 as showing that it creates coequalizers. Show that Z, creates all
colimits (finite or infinite).

11.6 Take any category A with binary products and any A object T . Define a
category with the same objects as A, where the arrows are T-indexed families of
arrows, as in Section 6.6. Show that it is isomorphic to the full subcategory of A/ T, the
objects of which are the constant families 7* A for objects 4 of A. In particular, show
that 7-indexed composition corresponds to composition in A/T.

11.7 If A has binary products, show that, for any A objects 4 and 7, a T-element of A
is adjunct to a global element of 7* A4 in A/ T. In particular, the generic element of 4 is
adjunct to 4: A—> Ax A in A/ A. In fact, 4 is often called the generic element of A.
Show, if A has all finite limits, for every T, that every 7-clement x: T —> A has
adjoint x* (4). Thus, if we can prove the generic element 4 of A has some property
which is preserved by pullback, then every generalized element of A also has it.

This form of generic element is often applied in toposes (see Chapters 18 and 19).

11.8 Show that the arrows i: IT, f— A% are the components of a monic natural
transformation i: I75>——(Z_)®. In fact, the naturality squares are pullbacks.

Show that the two squares at the end of the proof of Theorem 11.3 both commute iff
the following square commutes:

iot

T > AP f
h K® k
T , > 48 s

iot’

119 Show that CAT/N is not Cartesian closed, for N the coequalizer defined in
Exercise 8.6. [One proof: Show that the unique arrow fromf,:2—— N to the terminal
object 1y is epic, but the pullback of f,: 2—— N along , is not epic. Interpret this as a
product in CAT/N and invoke Exercise 6.12.]
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Mathematical foundations

The axioms for, say, a Cartesian closed category are a sufficient foundation
by themselves for the theory of a single such category. No stronger back-
ground theory or metatheory is needed for the theorems of Chapter 6.
Similarly, the axioms in Chapter 22 suffice as a formal foundation for a
category of sets, and those in Chapter 23 for a category of smooth spaces. But
the past few chapters have worked with many categories at once, and this
requires some further foundation. In what follows, two styles of mathematical
foundations for general category theory are described. The first, found in
most of the literature, interprets category theory in some axiomatic set
theory. The second, still being developed, axiomatizes a category of cat-
egories in categorical terms.

12.1 Set-theoretic foundations

Set-theoretic foundations for category theory are largely concerned with
questions of size. If you say that a category must have a set of objects and a
set of arrows then there is no category Set containing all sets and functions.
Set is too large to be a set itself. Similar problems arise with the category of
groups and group homomorphisms, topological spaces and continuous
maps, and so on. The literature contains several solutions to these problems,
all using the idea of a universe.

The original foundation used by FEilenberg and Mac Lane was
Godel-Bernays (GB) set theory. GB begins with ordinary sets and adds
classes, which have sets as members. There is a class U of all sets, also called
the universe, and for every property of sets there is a class P of all sets having
that property. If there is actually a set of all sets with the property, then P is
just that set. But if P is too large to be a set, then it is a proper class, and it
cannot itself be a member of any class. There is no set of all sets, by Russell’s
paradox, and so the universe U is a proper class.

Then define a category as a class Ar of arrows and a class Ob of objects

together with functions:
Dom: Ar— Ob

Cod: Ar— Ob
id:Ob—— Ar

m: Ar Xo, AT— Ar
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where Ar x, Ar is the set of pairs of arrows { f, g> with Dom( f) = Cod (g).
(Verify that this is the pullback of Dom and Cod.) The functions must satisfy
the equations in Section 1.1, writing 1, for id (4) and fo g for m({f, g)).

If Ar and Ob are both sets we speak of a small category. Then the ordered
five-tuple {Ob, Ar, Dom, Cod, Id ) is itself a set. If Ob or Ar is a proper class
we speak of a large category. In fact, if Ob is a proper class then Ar must be,
because of identity arrows, so we can define a large category as one with a
proper class of arrows. Similarly, a group with a set of elements is called a
small group, and one with a proper class of elements is called large. A
topological space with a set of points is a small topological space, and so on.
Thus there is a large category Set of all sets and functions, one Grp of all small
groups and homomorphisms, one Top of all small topological spaces and
continuous maps, and so on. There is a large category Cat of all small
categories. But no large category or large group or space is a member of any
class at all, and there is no large category of all classes or all large groups or
whatever, including that there is no large category of all large categories.

A locally small category is one such that, for any two objects A and B, there
is a set of all arrows from A to B. The large categories named above are all
locally small.

A well-powered category is one in which every object A has a set of
representative sub-objects: that is, there is a set of monics to 4 such that every
monic to A is equivalent to one of those in the set. A category is co-well-
powered if its dual is well powered.

There are practical reasons for keeping track of what is small and what is
not. Consider Set. Every set of sets in Set has a union in Set (even a disjoint
union, a coproduct) and a Cartesian product. Also Set has equalizers and
coequalizers, and so by Section 4.6 every diagram D —— Set has a limit and a
colimit if D is a small category. But it may not if D is large—a proper class of
non-empty sets has neither a disjoint union nor a product in Set.

Notions such as well-poweredness help to reduce large diagrams to equi-
valent small ones. Consider any object 4 in a well-powered category with
limits for all small diagrams, and any class S; of monics to 4,i€I. Evenif I isa
proper class, this family of monics has an intersection since there is some set J
with J < I such that every S; is equivalent as a sub-object to some S; with
j€J. The §; collectively form a small diagram, a set of arrows all with
codomain A. That small diagram has a limit, the intersection over A of the §;,
and this limit is also the intersection of all the S;. Variants on this idea are
widely used, notably in Freyd’s powerful adjoint functor theorems (see Mac
Lane 1971).

The lack of a category of all classes or all large groups is not especially
painful, but other restrictions in GB are. There are no functor categories
between large categories, such as SetS® would be, because a single functor
from Grp to Set is already a proper class, and so no class contains even one
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such functor. This foundation is strong enough to produce large categories,
but not to do anything with them.

Grothendieck’s algebraic geometry required more flexibility, espe-
cially with functor categories, so he offered a more powerful foundation. A
Grothendieck universe is a set V which satisfies the ZF axioms—more pre-
cisely, a set ¥ such that:

The set of natural numbers is in V.

If y€x and x€ V then y€ V.

If x€V and y'€ V then {x, y} €V.

If x € ¥ then the power set of x is in ¥ and the union of all members of x is
also in V.

If x€V and f: x—— y is a surjection, then y€ V.

The ZF axioms cannot prove that such a set V exists, since that would prove
the consistency of ZF, so Grothendieck adopted a further axiom:

Every set x is a member of some universe V.

In particular, every universe V is a member of some larger universe V. For
any universe V define a V-small category to be a category as above, but with
Ob and Ar members of V. (It follows that Dom, Cod, Id, and the ordered five-
tuple of them all are also members of V.) Similarly, define V-locally-small, V-
well-powered, and so on.

One can perform mathematics within a universe V as if in ZF set theory,
since V satisfies the axioms of ZF. But at the same time every subset of V is
actually a set and, in fact, 2 member of any universe V"’ with V€ V. Since V'
also satisfies the ZF axioms you can work in it much more freely than with
the proper classes of GB. If we define Set to be the category of all sets and
functions in ¥, and Grp to be the category all groups and homomorphisms in
V, then neither is V-small but both are V’-small for any V'’ with V€ V’. The
functor category Set®™ is also V’-small and so is much more. The category of
all V’-small categories is V”-small whenever V'€ V”. The most powerful
constructions anyone has had occasion to use in category theory involve at
most a few successive universes.

Size considerations are still important. The V’-small category Set defined
above has all limits and colimits for diagrams defined on V-small categories
D, but not for all on V’-small categories. Therefore, shifting from one
universe to a larger one requires some attention to detail, but it is not difficult
in practice. In fact, the major drawback of Grothendieck universes is that it
seems extravagant to postulate a vast proliferation of universes, all support-
ing the same mathematics for all practical purposes.

Mac Lane noticed that a single Grothendieck universe suffices for many
purposes, and proposed a foundation extending ZF by a weaker axiom than
Grothendieck’s:

There is a universe V.
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A second universe ¥’ with V€V’ would prove the consistency of ZF plus
Mac Lane’s axiom, so its existence does not follow from ZF plus Mac Lane’s
axiom. This foundation does not make the categories Set and Grp defined
above members of any universe, but they are still sets, as is the functor
category Set®® and more.

Grothendieck’s axiom is probably the most popular foundation among
working category theorists, when they feel they must choose one. Mac Lane’s
seems the most elegant. They all work: so would other strategies, including
various ways of truncating the subject to fit within ordinary ZF. The most ex-
tensive discussion of set-theoretic foundations to date is in Mac Lane (1969).

12.2 Axiomatizing the category of categories

The other approach describes categories in terms of the functors between
them. For example, objects and arrows of a category A would be defined as
functors to A from 1 and 2 respectively. Then the opening of Chapter 1, ‘A
category has objects and arrows . . . ’, becomes shorthand for “We begin by
looking at the functors to a category from 1 and 2’.

More precisely, such a foundation begins with an axiom that says that
categories and functors collectively form a category; that is, functors have
domains and codomains, and compose and so on. Then there are special
axioms on categories and functors such as:

(Caty) There is a terminal category 1. Every pair of categories A and B
has a product diagram A x B, p,, p, and an exponential BA, ev, 5. Every
parallel pair of functors F, G:A—— B has an equalizer e:E—— A.
There is also an initial category, and these are coproducts and coequal-
izers.

(Cat,) There is a category 2 with exactly two global elements 0: 1 ——2
and 1: 1—— 2. These two are disjoint as subcategories of 2. The functors
1,, 0o!,, and 10!, are the only functors from 2 to 2. And, given any
parallel pair of functors F, G: A—— B, either F = G or there is some
J:2—— A such that Fof # G of.

If objects and arrows of a category A are defined as 1-elements and
2-elements of A respectively, then a functor F: A—— B takes them to objects
and arrows of B (as arrows in any category act on generalized elements).
Define the domain of an arrow f:2—— A to be the composite fo0:1— A.
Then to say that a functor F preserves the domain of f means that F( fo0)

= (F of) -0, which is simply associativity of composition of functors. Sim-
ilarly, F automatically preserves codomains. Given an object of A,
A:1—— A, define the identity arrow on A to be Ao!;;:2——A. Then
functors preserve identity arrows; that is, F(40!,) = (Fo A4)o!,.
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Given an arrow f:2—— A we may call f- 0 the ‘domain of f as an arrow of
A’, just to distinguish it from the domain of f as a functor which, of
course, is 2.

Define the category 3 as the pushout

2
/ \
1 3
\ /
2
Since a pushout square commutes, o0 = oo 1. The domain of f as an arrow
of 3 is the codomain of a. It follows from Cat,_, that the domain of « is
distinct from its codomain, and that both are distinct from the codomain of

(see Exercise 12.12). So 3 has at least five arrows: a, f, and the three identity
arrows. Then an axiom says that:

(Cat,) The category 3 has an arrow, y:2—— 3, the domain of which is
the domain of a, while its codomain is the codomain of f.

Take any category A and arrows f:2—— A and g:2—— A, where the
domain of g as an arrow of A is the codomain of f; that is, fo 1 = ¢go0. Since 3
is a pushout there is a unique functor t:3—— A with toca =fand tof = g.
Then define the composite of f and g as arrows of A to be toy. We call the
composite go, f- The functor ¢t preserves domains and codomains, so the
domain of g o5 f as an arrow of A is the domain of f; and the codomain is the
codomain of g. Define a commutative triangle in A to be a 3-element ¢ of A,
and call the arrows toa, tof, and toy its sides. Then a functor F:A——B
takes commutative triangles in A to commutative triangles in B. In other
words, any functor preserves composition of arrows.

In this approach, categorical structures are described by generalized ele-
ments. Objects are global elements, arrows are 2-elements, commutative
triangles are 3 elements, commutative squares are 2 X 2 elements, and so on.
Functors automatically preserve all these. This is typical of categorical
methods: any structure in any category which can be identified with a
generalized element is preserved by all arrows of the category.

Further axioms are needed to prove the usual theorems of category theory,
but no one version has established itself as authoritative. The original source
is Lawvere (1966), which remains important, although Isbell (1967) pointed
out some technical flaws. Blanc and Donnadieu (1976) and McLarty (1991)
have followed up different strands in Lawvere’s paper. The reader is referred
to these, plus Bénabou’s (1985) use of fibred categories.
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Exercises

In Exercises 12.1-12.8 it is shown that there is a series of four adjoint functors between
Set and Cat,

Comp - Disc H{ U - Indisc

which cannot be extended at either end. Formally, this supposes that we have
categories Set and Cat. For example, Set might be the category sets and functions in a
Grothendieck universe ¥, and Cat the category of V-small categories and functors.
Alternatively, they might rest on categorical foundations, as we will see how to do in
Chapter 20, with any topos in place of Set.

12.1 Define a functor U: Cat— Set, taking each small category to its set of objects,
and each functor to its function on objects.

122 Define a discrete category to be a small category with only identity arrows.
Show that every set § gives a discrete category with Ob = Ar = S and Dom and
Cod both the identity function lg. Use this construction to define a functor
Disc: Set—— Cat. Show that Disc makes Set a full subcategory of Cat.

123 For any small category A, define an inclusion functor Disc(U(A))>— A that
inserts the objects of A into A. Show that this functor is universal from Disc to A, and
conclude that Disc is left adjoint to U.

12.4 Define an indiscrete category to be a small category A such that for each pair of
objects A and A’ of A there is exactly one arrow from A to A’. In other words, every
object of A is terminal. Show that every set S gives an indiscrete category with Ob = S
and Ar=8x8 and Dom=p, and Cod = p,. Define a full monic functor
Indisc: Set — Cat that takes each set to its indiscrete category. Thus Set appears as a
full subcategory of Cat in a second way.

125 For each small category A, show that there is a unique functor
A — Indisc(U(A)) that takes each object of A to itself as an object of Indisc(U(A)),
and show that this functor is universal from A to Indisc. Conclude that U is left adjoint
to Indisc. Show that Indisc does not preserve the coproduct 1 + 1, and so is not left
adjoint to any functor.

12.6 Exercises 12.4 and 12.5 began with a definition of Indisc and deduced that it was
left adjoint to U. Show how this could be reversed, to deduce the definition of Indisc
from the supposition that it is left adjoint to U. [Hint: An object of Indisc(S)
corresponds to a functor 1— Indisc(S), and an arrow corresponds to a functor
2—— Indisc(S). What must the adjuncts of these be if Indise is right adjoint to U?]

127 Let a pair of arrows, f; and f;, of a category A be linked if they have the same
domain, or the same codomain. Then let an object A of A be connected to an object A’
if there is a finite sequence of arrows f, . . ., f,, each linked to the next and with
A = Dom(f;)and A’ = Cod(f,). Show that every object is connected to itself, that if
A is connected to 4’ then A’ is connected to 4, and that if A is connected to A’ and A’
to A” then A is connected to A”. Show that if A is connected to A’ in A then, for any
functor F:A—— B, FA is connected to FA’ in B. In short, ‘connected to’ is an
equivalence relation, preserved by all functors.
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Define a component of a category A to be a non-empty, maximal connected full
subcategory of A; that is, a full subcategory consisting of some object 4 and all the
objects connected to it. Show that A is the coproduct of its components.

12.8 Define a functor Comp: Cat— Set left adjoint to Disc. [Hint: Comp takes
each category to its set of components. What does it do with functors?]

Show that Comp preserves products but not equalizers, and so has no left adjoint.
[Hint: consider functors from 2 to the category E defined in Exercise 10.6.]

Exercises 12.9-12.12 take the viewpoint of Section 12.2. For these exercises, give all
proofs using axioms Cat, _; and the definitions in Section 12.2.

129 Show (as a trivial exercise in the definitions) that an object of a product
category A x B corresponds to a pair { A, B), with 4 an object of A and B an object of
B, and similarly for arrows. Since A x B is only defined up to isomorphisim, there is no
way to be more definite about the nature of the gbjects and arrows of A x B. Describe
the objects and arrows of an equalizer for a parallel pair of functors F, G:A—B.

12.10 Spell out Cat, by the definitions as saying that 2 has two objects and three
arrows. Note that the identity functor for 2 is the sole non-identity arrow of 2. Prove
the following from the axioms. The product 2 x 2 has four objects and nine arrows,
with domain and co-domain relations in 2 as shown (omitting identity arrows):

(2,00}
<0,0) 2 >{1,0)
(0.1, 2) <2’ 2) (1.}, 2)
v v
@1 > LD

where 2 represents the identity functor on 2.

Show that the composite of {10!,2) and ¢{2,00!) as arrows of 2x2 is {2,2).
[Hint: {2, 2) is the only arrow of 2 x 2 with domain {0, 0) and codomain {1, 1).] So
the diagram is a commutative square in 2 x 2. In general, define a commutative square
in a category A as a functor S:2 x 2—— A and say that its sides are the composites of
S with the four non-identity arrdws of 2 x 2 other than (2, 2). What functor does the
diagram correspond to?

12.11 Define the arrow category on A as the exponential of A by 2, A%. Show that its
objects correspond to arrows of A and its arrows to commutative squares. [The above
axioms do not suffice to prove that if arrows £, g, h, and k of A have go, f = ko, then
there is necessarily a commutative square in A with those arrows as its sides. Thus
they do not suffice to characterize the arrows of AZ or other exponential categories
very well (see McLarty 1991).]

12,12 Show from Cat, _, and the pushout defining 3 that there is a functor t:3— 2
with tea # to f, and conclude that a # f. Use this reasoning to show that neither «
nor § is an identity arrow, and that the three identity arrows listed before Cat, are all
distinct. Using Cat,, show that none of those five arrows equals }.
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TOPOSES
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Basics

13.1 Definition

A topos is a Cartesian closed category with a sub-object classifier. A sub-
object classifier is an object © and a global element ¢: 1 —— Q such that for
any monic s:S>— A there is a unique arrow x,: 4A— Q that makes the
following a pullback:

S —>

1
s ll
2

~
L

b

Xs

The arrow y, is called the classifying arrow for s, or the characteristic arrow
for s.

While every monic has a unique classifying arrow, one arrow may classify
many monics. In fact, y, = x, iff s = s’ as sub-objects of A, since pullbacks are
defined up to isomorphism.

Since ¢ is monic every arrow to £ classifies a sub-object of its domain, the
pullback of ¢. So arrows from A and £ correspond exactly to equivalence
classes of sub-objects of A. Given an arrow w: A——Q we often write
w*: W>—— A for the selected pullback of t along w. (By the conventions in
Chapter 7 there is a selected one.)

Throughout the rest of this chapter we assume that we are working with a
topos E.

13.2 The sub-object classifier
THeEorREM 13.1  All monics are equalizers, and all monic epics are iso.

ProoF A monic s is an equalizer for y, and t.!,, and an epic equalizer in
any category is iso. O
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Think of € as the object of truth values, with ¢ as true. Then t o !, takes all of
A to true. The classifying arrow of any s: S>— A is the unique arrow such
that, for any T-element x of A, x €s iff x,(x) = to!;. In short, x €5 iff y,(x) is
true. Conversely, an arrow to Q is fully determined by the part of its domain
that it takes to true; that is, by the sub-object of its domain that it classifies.

We will often use the abbreviation ¢ for the composite ¢ o !, and even omit
the subscript T when it is clear from the context. Thus, given any h: A — Q
and an equation h =1, this ‘t’ must be short for t,. In an expression
(ht):T—Qx Q, ‘t’ must be short for t;. Note that t; classifies the
maximal subobject 1;: T—T.

13.3 Conjunction and intersection

The arrow ¢t is sometimes called the generic sub-object because it is
a sub-object of Q itself, and every sub-object is a pullback of it along
exactly one arrow. There is also a generic pair of sub-objects, namely
txQIxQ—RxNand Px:Qx 1 —>Qx Q.

THeoREM 13.2 Given any pair of sub-objects of an object A, r: R— A
and s: S ~— A, there is a unique arrow u: A—— Q x Q that makes both the
squares below pullbacks, and that arrow is {yx,, x,:

R —> 1 x0 S —> Q0 x 1
r tx s 2xt
A 2 >0x0 A = —> Ox0

Proor Consider the following diagram:

R >1x0 > |
r txQ t
A - >QxQ > Q

The left-hand square is a pullback iff the outer rectangle is; that is, iff
p1ot = y,. Similarly, p,ocu = y,. O
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TueoreM 133 The generic pair of sub-objects has intersection
A, t): 1— Q x Q.

ProoF If :T——1xQ and k:T— Qx 1 have (txQ)och=(2xt)ok
then h = {!r,t7) and k = (15, !7), and these factor through (t,¢). )

Since (t, t) is monic it has a classifier A : Q2 x Q—— Q, called the conjunc-
tion arrow. Given any h and k from A to 2, we may abbreviate A o (h, k) by
h A k. Conjunction is a truth function with the familiar property: for any
object Tand u€,Q and v€; Q, u Av=t;iffu=1t; and v=1t;.

THEOREM 134 Suppose that v:A—Q and w:A— Q classify
v*:V>—— A and w*: W>—— A respectively. Then v A w classifies V'~ W. In
other words, for any r:R»—— A and s;S—— A4, Y, s = X A Xs-

Proor Since (v, w) classifies the pair of sub-objects V' and W, Theorem
4.10 shows that A o {v, w) classifies their intersection. O

So, for any x €5 Q, (xs A x,)(x) =t iff x,(x)=tand g (x)=1t.

Familiar properties of intersections allow us to conclude that for any 7-
elements u, v, and w of Q, u Au=u,and uAv=vAuand (UAV)A W
=u A (v A w). For example, u* nu* equals u*, so both u A u and u classify
u*, so u A u=u. We also have, for any u€,;Q, u A t = u, since both sides
classify u*.

134 Order and implicates
Define <, as the equalizer of A and p,:

s A
Qr—— 2xQ=—Q

[ 4]

Forany (v, w):T—— 2 x Q, write v < ;w to abbreviate (v, w) € <,, saying
that (v, w) factors through <,. Then the definition of <, as an equalizer
can be restated in the form

v<,wiffv=vAw

That definition and known properties of conjunction imply, for any T and
T-elements u, v, and w of :

u st and us<,u
fu<,v andv<,w thenu<,w
ifus,v andv<,u thenu=v

Thus <, is an order relation on Q. Intuitively, u <, vif v is at least as true as w.
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THEOREM 13.5 Let v and w classify v*: V>—— T and w*: W>——T. Then
v <, wiff v* € w* as sub-objects of T.

ProorF v* < w* is equivalent to v* = v* nw*. But that is equivalent to
v=vAwandsotov<,w O

The monic <,;:02,——2xQ is a relation from © to Q2 in the sense
of Chapter S. It internalizes the relation v* < w* in the sense that a pair
{v, w) has v* < w* iff it factors through <,. Its classifying arrow is written
—=:Qx Q— Q and is called the material conditional arrow.

Write h — k to abbreviate — o {h, k). The definition can be restated as
follows. For any T and T-elements u and v of Q, (u— v) = t iff u < ,v; that is,
u— v is true iff v is at least as true as u.

For any sub-objects g:Q»>—— A4 and r: R»—— A, define Q = R to be the
sub-object ¢lassified by x,— x,. Call Q=R the (material) implicate of
R by Q.

THEOREM 13.6 For any sub-objects Q, R, and s:S§—— A, we have
(SNnQ)sRiff SS(Q=R).

Proor First, S < (Q = R) is equivalent to — o {¥,, x,> o5 =1,. This is
equivalent to (x,05) <{(x,os) and so to (SN Q) < (S N R), which is easily
equivalent to (SN Q) € R. O

Since (Q = R) < (Q = R) we have (Q = R) A Q = R. So the theorem
says that Q = R is the largest sub-object of 4 the intersection of which with
Q is contained in R.

13.5 Power objects

Since arrows from any 4 to 2 classify sub-objects of A, the exponential 24 is
the object of sub-objects of 4 or the power object of A. The membership
relation over A is internalized by the following pullback:

€A > 1

AXQ‘—~QQAXA-'———'—‘,TA—%Q

For any {(x,h):T— AxQ* we abbreviate the confusing notation
{x, h) €€4 by x€4h. Either expression says that {x, h) factors through €4
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or, equivalently, ev,0(h,x) =t (notice how the twist arrow has dis-
appeared).

THEOREM 13.7 Take any x:1—— 4 and w: 4 —— Q. Then x €4‘w’ iff
x€Ew*.

PrOOF To say x €4‘w’ means that the outer quadrilateral commutes:

X

1 > A ->» 1
v
IxA w
... r'
W) l‘w‘xA
Q4% A > Q

ev

But the two left-hand triangles commute trivially, so the outer quadrilateral
commutes iff wox = ¢. O

13.6 Universal quantification

For any E, the name ‘tg’:1—— QF represents the maximal sub-object
1;: Ex— E. And since every arrow from 1 is monic, ‘¢;’ itself has a classifying
arrow Vg: QE—— Q; that is, V; takes a sub-object of E to true iff it is the
maximal sub-object.

Given any relation r: R»— B x A, define the universal quantification of r
over A to be the following pullback along the transpose of the classifying
arrow:

{Va)R > 1

(Va)r N

B = > 04

Equivalently, (Va)R is the sub-object classified by V Ao;. The following
theorem says that (Va)r is the largest sub-object of B that is r-related to all of
A, and so explains the term ‘universal quantification’.

THEOREM 138 For any s:S—B,S < (Va)Riff SxA S R.



122 Basics

ProorF Wehave S € (Va)Rifl x, os = ‘t,’ o Is. Transposing both sides gives
X-o(s % A) = tg« 4. Exercise 13.4 completes the proof. 0

Of course, we might want to quantify over any factor of a finite product.
Also, note that one object may occur several times in the factors of a product,
so the quantification is actually along a certain projection rather than over
a certain object. Given any finite product A, x - - - x 4, and any i between
1 and n, define [; to be the obvious isomorphism from 4, x - -+ x 4, to
Ay X XA XA %X+ - xA,xA,. For any r:R— A, x -+ - xA4,, de-
fine the universal quantification of r over A,, written (Vp;)r, to be the pullback
of ‘t,,’ along the transpose of l;or.

13.7 Members of implicates and of universal quantifications

For any sub-objects g:Q>— A and r: R—— A and generalized element
w€gA, we have w€Q N R iff w€Q and w€R. The situation for material
implicates and universal quantifications is more subtle:

THeoREM 139 Consider a relation r: R——— Bx A. For any w€sB we
have w€(Va)R iff wx 1, S R

ProoF We have w€(Va)R iff Zo w = ‘t g’ o ls. Transposing both sides gives
%o (WX 1,) = ts, 4, which is equivalent to wx 1, € R. O

CoroLLARY For r and w as in the theorem, w€(Va)R iff for every
h: C——S and k: C—— A we have {w(h), k) €R. In other words, for every
later stage of definition h: C—— S, w considered at that stage has R to every
element of A defined at that stage.

ProOOF The theorem is the case in which C = Sx A4, h = p,, and k = p,.
The general case follows by an easy diagram. Think of S x A, p,, p, as the
generic object with an arrow to S and one to A—every such object and two
arrows factors uniquely through this one. 0

THeoREM 13.10 For w, g, and r as above, define y: T—— S by the following
pullback:

~
A 4
©

|
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Then w€(Q = R) iff w(y)€R.

Proor Note that w(y)€Q. If we assume that w€Q => R then certainly
w(y)€Q = R. Thus w(y)€(Q = R)n Q, so the remark following Theorem
13.6 shows that w(y) € R. Conversely, assume that w(y) € R. Since w(y) is the
pullback w™!Q this means that w='Q < w™!R, and so

wlg=wY(QNR)

This means that w g, classifies the same sub-object as wo x,, and so these
are the same arrow. Therefore w factors through the equalizer of x, and x4,
By Exercise 13.13, that equalizer is Q = R. O

Think of y as measuring how much of wis in Q. Then the theorem says that
w€Q =R iff wis in R at least as much as it is in Q.

CoroLLARY Forw, g, and r as above, w € Q = R iff: for every h: C—— §, if
w(h)€ Q then w(h)€R.

ProoF This follows by the pullback property of T. Think of y: T—— S as
the generic arrow to § factoring through Q—every arrow to S factoring
through Q factors uniquely through y. O

Exercises

13.1 Show that the singleton category 1 is a topos. A topos in which every object is
terminal is called trivial. Supposing that a topos E has an initial object § (Theorem
16.12 shows that every topos has an initial object), show that if § has a global element,
E is trivial.

For any toposes E and E’ prove that the product category E x E' is a topos. Show
that if E and E’ have initial objects § and @’ then for any objects 4 and A’ of E and E’
respectively the product @, 4) x (4, ®) is initial in Ex E’,

132 Lett:1—s Qandt’: 1 — Q' be two sub-object classifiers for one topos. Show
that Q = Q' by a unique isomorphism commuting with ¢ and ¢'.

13.3 Given any s:S»— A and f: B— A, show that the classifying arrow of f ~1(s)
is ysof.

134 Show, for any sub-object u: U —— A with classifying arrow y,,and v: V>»—— 4,
that we have Ve U iff y,ov=1t,.

13.5 Let u: U»— A be any sub-object and ¢ any 7-element of A with c€ U. Show
for any s: S—— T that ¢(s) € U. We say that S is a ‘later stage of definition’ than 7 and
that c(s) is ‘c at the later stage S°. Compare with Chapter 18. In these terms, if ¢ is in U
it remains in U at all later stages of definition.

13.6 Extend Theorem 13.7 to generalized elements. For any {x, s): T— A x Q4,
show that x €45 iff {1, x) €s*.

13.7 Prove, for any sub-objects @ and R of one object A, that
[@n(@=R)]=(QNR)
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13.8 Show that the intersection of <, and its opposite is the diagonal 4g: Q> Q
x Q2. Show that <, is the material implicate of the generic pair of sub-objects.

13.9 For typographical convenience, let PA denote the power object Q4. For any
object A define an internal intersection arrow n :PPA—— PA. [Hint: the transpose
PPA x A— 2 should take a pair s, x) to true iff for every p €74 s we have x €4 p.]

13.10 For any A, define § ,: A x A— Q to be the classifying arrow for 4: A—— A
x A. Thus for any (h, k): T— A x A, 8 ,(h, k) = t iff h = k. The transpose of 8, is
called the singleton arrow { },:A—— Q4. For any x:T— A we write {x} to
abbreviate { } 0 x.

Prove, for any x €, A and y€; A, that x€4 {y} iff x = y. [Hint: use the diagram
and the fact that 6,0 (y, x> =t iff x = y.]

Ax

T ¥ S axA t —> A x QA
<y X) iw w

{IxA J’
Ax A > 04 x A

3, ev

v

Q

Conclude that for any A, the singleton arrow { }, is monic.

13.11 Pullback preserves implicates. Given g:@>—A and r:R——A and
J:B—— A, show that

STUe=R)=(f'Q)=(/"'R)
by showing that both sides have the same classifying arrow.

13.12 Pullback preserves universal quantification. Given r: R—— Bx A and any
f:C—— B, show that f~!((Va)R) = (Va)(fx A)~'R. [Hint: consider classifying
arrows and transposition.]

13.13 To show that Q = R is the equalizer of x, and x, ., note that these factor as
Pro{Xp %> and A o {x,, x,> respectively, and prove the following theorem, which
holds in any category.
For any arrows as shown:
f h
A— B—/C
g

pulling any equalizer for h and g back along f gives an equalizer for hofand go f.
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13.14 A class of generators for a category E is a class C of E objects such that for
every parallel pair of arrows f, g: A—— Bin E either f = g or there is some C in C and
h:C—— A with foh # goh. Obviously, the class of all objects of E is a class of
generators, but a given category E may also have much smaller classes of generators.
The singleton class {2} is a generator for the category of categories.

If E is topos show it follows that, for any two sub-objects u:U»—A and
v:V— A, Uc Vifffor every Cin C and x €. A4 if x €U then x € V. The proof uses
the sub-object classifier, and the result does not hold in all categories (compare with
Theorem 4.3).

13.15 Let C be a class of generators for a topos E. Given any u:U»— A and
v: V>~ A, let s: S A have the following property: for any C in C and x €. A we
have x €S iff, for every C’ in C and h: C'— C, if x(h) € U then x(h) € V. Show that
S = U = V. That is, show that any sub-object that looks like U = V to the objects of
C actually is U = V, up to equivalence of sub-objects.

Given R, a sub-object of B x A, suppose that for any C in C and x €. B, x€ S iff for
every h:C'— B and k: C'— A we have {x(h), k) €R. Show that § = (Va)R.

13.16 In any category with pullbacks a power object of an object A is an object PA
with a universal relation from A to PA: a relation €4»— A x PA such that for any
relation R»—— A x B there is a unique arrow f: B— PA such that R is a pullback of
€4 along 1, x f. Show that the power objects defined above are power objects in this
sense.

Conversely, show that any category with all finite limits and with a power object for
each object is a topos. First, show that P1 is a sub-object classifier. Then show that for
any object B the power object P(B x A) s an exponential of PB by A.(Any C— P(B

x A) gives a sub-object of C x 4 x B, and so an arrow C x A— PB) Show that any

object B is an equalizer of t o ! and the arrow J, that classifies the diagonal B—— B
x B. Show that the equalizer of the exponential arrows (to!s)* and (dg)4 is an
exponential of B by A.
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The internal language

For more complex reasoning in a topos E, we introduce a notation com-
bining variables with E arrows to make up a kind of set-theoretic language
with a familiar (although not quite classical) logic. This language is called the
internal language of E. The internal language, and how its terms refer to E
arrows, is described in Section 14.1. The logic of this language is described in
Section 14.2, and various proofs in it are given in Section 14.3.

14.1 The language

The internal language is sorted, with each E object A as one sort. We
inductively define terms and their sorts:

(LT1) Each E object 4 has a list of variables over A, x,, X5, X3 . . . Every
variable over A4 is a term of sort A.

(LT2) For any arrow f: A—— B and term s sort 4, fs is a term of sort B.
Every arrow c: 1 —— A4 with domain sort 1 is itself a term of sort
A: we call it a constant of sort A. We write ! as a constant for the
identity arrow on 1.

(LT3) Forevery term s, of sort 4 and s, of sort B, thereis a term {s,, s,)
of sort A x B.

(LT4) Forevery term s of sort B and variable y of sort A, there is a term
(4y)s of sort BA.

A variable x is free unless it is bound by a lambda operator (1x). We may
write (Ax . A) to indicate the sort of the variable. A term with no free variables
is closed.

Given a variable x and a term v of the same sort, for any term s we write
s(x/v) for the term obtained by substituting v for every free occurrence of x
in s. If no free variables of v become bound in s(x/v) we say that v is free for
xins.

Suppose that a term s has sort B and all its free variables are in the list
Y1s - - - » Yi» Where the y’s are variables over 4,, . . ., A, respectively. Then s
refers to an arrow |s|: A, x * - - x A,.— B, which we call the interpretation
of s. Intuitively, any assignment of a value to each variable, giving each y, a
value in A4;, determines a value for s. Since the arrow |s| actually depends on
the list of variables involved, we should show the list in the notation.
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We use x to abbreviate a list x,, . . ., x, and then A4,, . . ., 4, is the list of
sorts of the variables in the same order. A variable can only appear once in a
list, but an object A4 will appear as many times as there are variables over 4 in
the list. For a term s of sort B and a list x including all the free variables of s,
we write |s|z: A, X - - - X A,—~— B for the interpretation of s relative to the
list x. We always assume that our lists of variables include all those that are
free in the terms we apply them to. If s has no free variables then x can be an
empty list of variables, and of course the product of an empty list of sorts is 1.

(I1) For any list X and variables x; in the list, |x;|; is the ith projection
A x- - xXA,— A
(I2) For any arrow f: A—— B, if s is a term of sort A then | fs|; is

Ayxc e x A 4", B

For any constant ¢, |c|; is

Ajx - xA—1— B

(I3) For any terms s, of sort A and s, of sort B, |{s,, s, )|; is the pair
arrow to A x B induced by [s, |z and |s,|;.
(I14) For any term s of sort B, if the variable y over 4 is not in the list x
then |(1y)sl; is the transpose of |slz ,:X - - - X A,x A—> B.
If the bound variable y is in the list X that is an irrelevant
coincidence. Then we replace y in (4y)s by some variable over A
neither in s nor in the list x.

By LT?2, for any term g of sort B4 and s of sort A there is a term ev({g, s)).
We will abbreviate this to g(s). Also, we will use set builder notation for
lambda abstraction over €2; that is, rather than write (Ax. A)s when s has sort
Q, we write {x. A|s}. This suits our view of an arrow from 4 to € as a sub-
object of A. And for a term P of sort 24 we write x € P rather than ev ((P, x)).
In what follows we will omit angle brackets inside parentheses, writing f(x, y)
rather than f({x, y)).

A formula is a term of sort Q. By LT2, for any formulas ¢ and y there are
formulas A (¢, ) and — (¢, ¥). We will write these as ¢ &Y and ¢ —¥.
There are also formulas fa, ~¢, and ¢ v ¥, read as ‘false’, ‘not-¢’, and ‘g or
', which we describe in this chapter, although the definitions are given in
Chapter 15.

For any formula ¢ and variable y over any object A, we define the formula
(Vy.A)e as an abbreviation for V,{y.A|¢}. So (Vy. A)p says that {y. A[¢}
is all of A. Its interpretation over a list of variables x follows the definition.
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Itis

lols, A\
AlX XA QA— 0

if the variable y does not occur in the list x. If y in the list it is first replaced by
some new variable. Note that y is bound in (Vy. A)¢. In Chapter 15 we define
an existential quantifier (3x. A) for each A.

For any terms a, and a, of sort A, the arrow é,: 4 x A—— Q gives a term
d4(a,, a;) which we abbreviate to a, = a,. It follows that |a, = a,|; is the
classifying arrow for the equalizer of |a, |; and |a,|;.

Finally, for any monics i: h— A and r: R A x B, we write formulas
I(s)and Rs, s, as abbreviations for x,(s) and y,(s;, s;), where s and s, are any
terms of sort A and s, is any term of sort B.

14.2 Topos logic

The extension of ¢ over a list of variables x is the sub-object of 4, X - - - x 4,
classified by |¢];. Write [ X|¢] for this extension and think of ‘all x such that
¢’. For example, we have:

[X[t]= A;x -+ x A,
[xlo&yl=[xle]ln[xly]
[xle—¢]1=[xle] = [x|¥]

and [X| (Vy)e] is the universal quantification of [ X, y{¢] over the projection
corresponding to y.

A formula ¢ is called true if its extension [X])¢] is all of 4, x * - - x 4,
when x lists exactly the variables free in ¢.

We say that a formula ¢ implies ¢ if the extension of ¢ is contained in that
of Y. More generally, for any finite set of formulas I', write [x|I"] for
the intersection of the extensions over X of all formulas in I'. In particular,
[x] 1= A,x - xA, for the empty list of formulas. Then I' implies ¢ iff
[x|I'] < [x|¢] when x lists exactly the free variables in I" and ¢.

A sequent is an expression I': ¢, where I is a finite (possibly empty) set of
formulas and ¢ is a formula. Think of I': ¢ as a claim that the formulas in I'
imply ¢. The sequent is true iff I does imply ¢. In particular, a sequent :¢
with empty left side is true iff [x|¢] is all of A, x - - - x A, and so iff ¢ is true.
When we know a sequent I': ¢ is true we may write

I'-e¢

We can give sound rules of inference for these sequents; that is, rules such
that applying them to true sequents of E always yields true sequents. We call
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these rules topos logic. We will describe these rules and their use in this
chapter, and prove that they are sound in Chapter 15.

First are the structural rules. From the sequent or sequents above the line
we can infer the one below. An asterisk shows that the sequent below follows
from an empty set of assumptions:

Trivial sequent:

e
* *
True and false: -
it fa:p
. I':e
Thinning:
Iy:e
o I:e for any term s free for x in
Substitution: I'(x/s):@(x/s) all the formulas
Cut: I'y:@ and TI:y  if every variable free in ¥ is

[';¢ free inl“orin(p

Exercises 14.5, 15.5, and 16.7 explain the restriction on the cut rule. The
basic point is that if { has free variables over empty objects then the upper
sequents are trivially true even if the lower one is false.

There is one reversible connective rule for each connective. From the
sequent(s) above the line we can infer the one below, and from the one below
we can infer the one or either of the ones above:

I,o.fa e and I':y

''~¢ Io&y
Ie:6 and T,y:0 oy
Fovy:0 To—y
and if the variable x is not free in I or y:
e Ty

r:(vx)e  I,(3x)e:¢y
Finally, we have the axioms of local set theory:

Singleton: F(vy.)y=!
The equality axioms, for variables g, r, and x all over any one object A,
Fa=q (@=r) ox/r)} o(x/q9)
where ¢ is any formula with g and r both free for x in ¢:

Biconditional: (v—ow)&(w—v)lv=w o w.Q.
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The converse follows from the equality axioms. For formulas ¢ and § we
usually write ‘p «» ¥’ instead of ‘¢ = ¥’.

Product: pyu=pu,pu=pu’'lu=u" uuw.AxB
F(p1{s,5') =s&py(s,5')=5") s5.B

Extensionality: (Vx.A)f(x)=g(x)f=g9 f,9.B4

Comprehension: F ((Ax. A)s)(x) = s x.A

for any term s of sort B.
In the case B = © we have an alternative notation, of course. The exten-
sionality and comprehension axioms take the following form:

(Vx.A)x€P>x€Q)-P=Q P,0.Q4
F x€{x.Alp}eo x.4

for any formula ¢.

This is local set theory in that each variable is over one object—there are
no global variables.

The structural rules, connective rules, and axioms of local set theory are
not really axioms for us. The next chapter proves all of them from the axioms
for a topos. But we treat them as axiomatic in the internal language, and in
fact they are complete in a certain sense, as discussed at the end of Chapter 15.

14.3 Proofs in topos logic

Typical differences between topos and classical logic are that ‘p v ~ ¢’ and
‘~ ~ @— ¢’ are not provable in topos logic, and neither is ‘~ (p & Y) —
(~@ v ~yY) or ‘~ (Vx)p—(Ix) ~ ¢’, or (Vx)e—(Ix)¢’. In short, it is
hard to conclude from a negative, or to a disjunction or an existential
statement in topos logic. An assortment of deductions will show how topos
logic works. We often omit obvious steps.

Clearly, by the definition of & any list of formulas on the left-hand side ofa
sequent is equivalent to its conjunction. So we form or separate conjunctions
of formulas on the left without comment.

We deduce two forms of the law of non-contradiction:

* *
~@,¢.fa ~ @, @:fa
e& ~¢.fa Q:~~¢Q

i~ (& ~ @) p——~~ o
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Three DeMorgan laws are provable. This deduction:

*

* Q:oVvyY
~(@vy)hlevy)efa and 2 (pv¥)oovy
~(@eVvy)o:fa
~(epvy)~ep

shows how to prove

Fr@evy)o(~o&~V)

Two more are straightforward applications of ~, &, and v rules:

F(~o&~Y)— ~(pVvY)
F(~ov ~y)— ~(p&Y)

As already remarked, the converse of the last is not provable in topos logic.
The distributive laws for conjunction and disjunction are provable. For
example:

* *

08&0:(p&0) v (p&y) an e&yY:(p&b) v (p&y)
0, 0:(p&0) v (p&Y) o, Y:(@&0) v (p&y)
@,0vy:(p&0) v (p&y)

@& (O v Y):(p&b) v (9 &Y)

The converse is easier:
(p&b)v(e&y) F o@&(OVY)
and, similarly,
pv(O&y) HF (ovO)&(evy)
As to quantifiers and negation, consider the following deduction:

*

(Vx) ~ @:(Vx) ~ @
(Vx)~@:~ ¢
(Vx) ~ ¢, ¢:fa

(Vx) ~ @, (Ix)¢@:fa
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A similar deduction shows that (Vx)¢ and (3x) ~ ¢ are contradictory. Thus
we have

F (Vx) ~ ¢— ~ (3x)p
F@x)o— ~(Vx)~ @
F(3x)~ g— ~ (Vx)¢
F(Vx)p— ~(3x)~ @

Of all these, only the first has converse provable in topos logic for all

formulas ¢:
*

¢:(Ix)e
~(Ix)p:~ ¢
~ (Ix)p:(Vx) ~ ¢
For the step from the first sequent to the second, see Exercise 14.1.
Local set theory proves relativized versions of the usual axioms of set
theory; that is, versions with bounded quantifiers. For example, for every

object A, the term {x.A| fa} is the ‘empty set of things in A’. Formally, we
show that

- (Vy. 4) ~ (v €{x. 41 fa})
by deducing it from
y€{x, 4| fa} }- fa

which itself is a case of the comprehension axiom.
Each object 4 has analogues to the pair set, power set, and union axioms of
classical set theory relativized to A:

- (Vx.A)(Vy.A)(3z.Q4)(Va. A)(a€z(a=x v a = y))
 (vx.24)(3y. Q@)(Vz. Q4)(z €y > (Va. A)(a€ z— a€ X))
F (Vx. 03y, 04)(Va. A)(a€y > (Iz.24)(z€Ex & a€z))
To deduce the first just use the term {s. A|s = x v s = y}. The others are
similar.
Exercises

14.1 For any formulas ¢ and {, from the premise ¢:{ deduce ~ y: ~ .

14.2 Fill out the deductions abbreviated in these inferences, used several times above
without comment:

r.y and y:¢ I.e
re r,o—0:6

where every variable free in { is free in either I' or ¢.



Exercises 133

14.3 Give deductions in topos logic for each of these:

o y—9

p—~¢F ~¢

~ P9 ~~¢

~@Vv Yyl ¢g—y¢y  (but not the converse)
~~~pE~e

(p&Y)—8 - ¢—(y—0)

(e vy)—0 - (p— ) &(y—0)
(Vx. A)e&y) - (Yx)o &(Vx)¥
(3x.A) (e &Y) | (3x)e

(Fx.A)e vy) - @) v(Ex

144 Assuming that x is not free in ¢, give deductions in topos logic for each of these:

Bx. A)(Y—9¢) F (WXW—0¢
(Vx. A)Yy—9) - (EOx}y—9

145 The free variable restriction on the cut rule blocks the attempt to deduce
b (Vx.A)o—(Ix. A)o

by cut from (Vx)¢}- ¢ and ¢}~ (3x)e. Show that the sequent can be deduced
if there is any constant of sort A. Show it can be deduced from the premise
(3x.A)x=x.
In fact, suppose that x, . .. x, are all the variables free in  which are not free in I'
or ¢. Then show that from
(3xy.By)...(x,.B)x; =x, & ... &x,=x,
LYo

ry
one can deduce

e
while obeying the free variable restriction.
146 Show that in topos logic a contradiction implies anything; that is, deduce

p&~ok ¢

147 From the axioms of equality deduce each of these sequents, for any variables
g, r, and s of the same sort:
qg=rr=gq

g=nrr=sq=s
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14.8 Call the negation rule given above the topos negation rule, and call the following
the Boolean negation rule:
r,~¢:fa

r:e

Derive the topos rule from cut and the Boolean rule. [Hint: from the Boolean rule
derive ~ ~ @ |- ¢. Use that and cut to derive half the topos rule. From that derive
¢ ~ ~ ¢ and then the other half of the topos rule.]

Boolean logic is topos logic with the Boolean negation rule. Apart from the free
variable restriction on cut, Boolean logic is classical logic.

149 Derive each of these rules in Boolean logic:
] -
~~Qlp @V ~g

Conversely, derive the Boolean negation rule from topos logic (including the topos
negation rule) plus either one of these.

1410 Deduce each of these in Boolean logic:

~(e&Y) | ~ov ~¥

~Y——~ o oY

p— Y ~ovy

(Vx. A)p— ¢ | (Ix. A)o— V) if x is not free in
and converses to the quantifier negation theorems in Section 14.3.

14.11 Suppose that we extend topos logic by the quantifier negation rule
(Vx) > ~ (3x) ~ for all variables x (or even just for all variables over ). Show that
this formula is derivable:

F(Vw.2)(w=tvw=fa)

From that derive the law of excluded middle, |- ¢ v ~ ¢, and conclude that
the extension is Boolean logic. [Hint: show that |- (¢ =t)« ¢, and show that
I (¢ = fa)« ~ ¢) for any formula ¢.]

14.12 Show that extending topos logic by the fourth DeMorgan law
~(@&Y) - ~ov ~y
is equivalent to extending it by the law
F~ov~n~g

The example of Set? among others in Chapter 22 shows this is weaker than excluded
middle.
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Soundness proof for topos logic

In this chapter the truth value false, negation, disjunction, and existential
quantifiers are defined, and it is proved that topos logic is sound. A reader
who feels no need for the details may omit this chapter.

15.1 Defining fa, ~, v, and (Ix)

We define fa, ~, v, and (3x) in terms of &, —, and (Vx), using quantification
over €. In this section we use only the structural rules, not including ‘false’,
and the inference rules for &, —, and (Vx).

The formula (Vw. 2)w implies every formula:

(Yw)w:w
(Yw)w:p

since @ is obviously free for w in w. Thus we can define fa to be (Vw)w, and the
sequent rule ‘false’ follows. There is a reversible derived rule of inference:

I o.fa
re—fa

So we can define ~¢ to be ¢—— fa and the ~ -rule follows.
For any formulas ¢ and ¥ consider the formula

(W) ([(¢— W) & (Y —> w)]—>w)

for w a variable over R not free in ¢ or Y. Each of ¢ and y implies it:

*

0 (p— W) &(Y— w)iw
o: (VW) ([(¢— W) & (Y — w)]—> W)

since w is not free in ¢ or . On the other hand, for every formula 6 we have
(W ([(p—w)& (Y —— w)]—w) |- [(¢— O) & (Y —6)] — 6
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So we can use cut in the last step to give this deduction:

I,e:6 r,y:6
T:(¢g—0)&(Y—0)
I(¢g— 0)&(y —0)]—06:0
I, (vw)([(¢— w) &(y —> w)]— w):0
Altogether, there is a reversible derived rule of inference:
o6 and r,y.e
I, (Yw)([(p—> W) & (¥ —> w)]— w):0
So we can use the formula to define ¢ v ¥, and the v-rule follows (see
Exercise 15.6).
The existential quantification of a formula ¢ at a variable x can be defined

to be (Yw)((Vx)(¢p —— w)— w), where w is a variable over £ not free in ¢.
On one hand:

*

(Vx)(o— w):ip—w
0, (Vx)(o— w):w
@:(Vx)(¢— w)—w
@:(YW)((Vx) (@ — w)— w))

since w is not free in ¢. On the other hand, if x is not free in a formula 6, then
we have

(YW)((Vx) (¢ — w)—> W) |- (Vx)(¢ — 6)— )
So a cut gives the last step in:
I,e:6
r¢g—0
r:(vVx)(¢—6)
I, (Vx)(¢— 0)— 6:0
T, (YW)((Vx)(¢— w)—— w): 0

The second step requires that x not be free in I'. In short, for any I' and 6 with
x not free in either there is a reversible derived rule of inference:

I,e:0
I, (Yw)((Vx)(¢— w)— w): 0

15.2 Soundness

First, variables that are not free in a term have no effect on its interpretation
except in determining the domain:
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Lemma 15.1 (the superfluous variable lemma) Let s be any term of sort A.
Let x be a list of variables over A,, . . ., 4,, including all those frec in s. Let y
be a list of variables over B,, . . ., B,, including all the variables of x. Then

|s|y is the arrow
proj Isle
BIX”'XB,‘——-DAIX"'XA,,—*A

where proj is the obvious projection of B, x - - * x By on to those factors that
arein A, X ' - X A4,.

Proor This is immediate if s is a variable and easy for terms given by LT2
or LT3. The result holds for terms (4x)s since the obvious projection of
Byx-' xB,xAto A, x - -x A,x Ais just (proj) x A and the transpose of
any ho(kx A)is hok. O

CoroLLArY For any formula ¢ and list x including all its free variables,
and list y including all the variables in x, the extension [ y|¢] is the pullback
along proj of [x|¢]. Thus, if I': ¢ is true then [y|I'] = [y|¢] for every list y
including all variables free in the sequent. O

LEMMA 152 (the substitution lemma) Consider a term s of sort B and
suppose that X contains every variable free in s. For each variable x; in x let c;
be a term free for x; in s. Let s(x/c) denote the result of substituting each c; for
x; in s. Suppose that a list y of variables over B, x- - - x B, includes all
variables free in s(X/¢). Then |s(x/c)|; is the arrow

T R Isls
Byx: +xB, —— A;x ' *xA,—B

where {c,, .. .,¢,)y is the n-tuple of the arrows |¢;| ;.

Proor Ifsis a variable then the theorem merely repeats the definition of
{¢yy...,¢C,)5 From there, the proof is virtually the same as that of the
superfluous variable lemma. O

CoroLLARY The extension [y]g(x/c)] is the pullback of [X|¢] along
{Ciy..-+€4)5. The same holds for a finite set of formulas, so if
[xII'] = [x]¢] then

[rir(x/e)] < [ylo(x/c)].

The structural rules are sound by simple properties of inclusion and
intersection. Certainly we have [x|¢@] < [x|¢] as well as [x| ]< [x]|t]
And if [x|I']J < [x|¢] then certainly [x|I,¢] < [X|¢] The preceding
corollary shows that substitution is sound. The proof in Section 15.1 shows
that the rule ‘false’ is sound if substitution and the (Vx)-rule are.

As to the cut rule, the free variable restriction guarantees that the list x of
variables free in the sequent I': ¢ is also the list of variables freein I', y: ¢, and
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includes all variables free in I':y. Given [x|I'] = [x|y] it is easy to see
that [x|I, ¥ ] =[x|I']). And in that case [x|I', ] < [X|¢] itself says that
(x| ] < [x]o].

The connective rule for conmjunction is clearly sound: we have
[xIr'] = [x|l¢] and [x|I'] < [x|¢] iff we have [x|'] < [xle]1n[x]y¥]
The —-rule is sound in both directions, by Theorem 13.6. The soundness of
the (Vx)-rule is by Theorem 13.8 once one notices, by the superfluous variable
theorem, that [x, x|I'] = [x|I'] x A iff x is a variable over 4 not occurring
freein I'.

Since the rules for ~, v, and (3x) can be derived from rules that we have
proved sound, they are sound.

It remains to show that the axioms of local set theory are true.

LEMMA 15.3 A formula s, = s, is true iff |s, |z = |s,|z, where X lists exactly
the variables free in s, and s,.

ProoF Theextension [x|s, = s,] is the equalizer of |s, |z and |s, |3, and the
equalizer is iso iff the arrows are equal. O

Thus every formula x = x is true. Also, y = ! is true for any variable y over
1, so by soundness of the (Vx)-rule the formula (Vy.1)y =! is true.

LEMMA 154 For any formula ¢ and variables g, r, and x over one object A4,
the following sequent is true:

g=r, @x/r)F o(x/q)

PrOOF Let y be a list of variables over y,, . . ., y, such that y, g, r is a list of
the variables free in the sequent. Then we must show that

[y, q,rig=r&e(x/r)] <[y, q,rle(x/q)]

The right-hand extension contains all generalized elements <h,, ..., h,s, s')
of ¥y x -+ x ¥, x Ax A such that (h,, ..., h,s) is in the extension over
the list y, g of ¢(x/q). Routine calculation shows that the left-hand extension
contains the same generalized elements, but subject to the further condition
that s = §'. 0

Exercise 13.8 proves that the biconditional axiom is true.

Lemma 155 For any objects 4 and B and variables u and u’ over 4 x B this
sequent is true:

] teg) — a2t
P u=pu, Pau=puiu=1u

PrOOF A generalized element {{h, kD>, {m,nd>) of (AxB)x(AxB)is a
member of the extension [u, ¥’'|p,u = p,u’] iffl h=m. It is a member of
[u, u’'|pou = p,u’]iffk = n.Soitisin bothiffitisin 4, 5: 4 X B>——(A4 x B)
x (A x B); but that is the extension [u, u'lu = u’]. 0
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Each case of the second product axiom is true by an easy application of
Lemma 15.3.

LemMaA 15.6 Each case of the extensionality axiom is true.

PrOOF Suppose that a generalized element {h, k) of B4 x B4 is a member
of [f,gl(¥x.A)f(x) =g(x)]. By Theorem 139 (h, k) x A is 2 member of
L£ g, x| f(x) = g(x)]. But the latter is the equalizer of evo (p, x A):(B* x B*)
x A—— B and evo(p, x A). If (h, k) x A equalizes these two arrows then
evo(hx A) = evo(k x A) and so, by taking transposes, h = k. Thus (h, k) is a
member of [ £, gl f=g]- O

Each case of the comprehension axiom follows by Lemma 15.3, including
the case B = 2.

The structural rules, connective rules, and axioms of local set theory are
complete in this sense: if in every topos every sequent with the logical form of
I': @ is true, then I': ¢ is deducible from the rules and axioms of topos logic.
(See Boileau and Joyal (1981), Lambek and Scott (1986) or Bell (1988b) for
precise statements and proofs.) But topos logic is not complete for each
individual topos. In a given topos E it may well be that every sequent with
some form I': ¢ is true while the form is not deducible in topos logic. The
Boolean rules are sound in Set and many other toposes but not deducible in
topos logic, and other intermediate sentential logics are sound and complete
for various toposes. The classical result that no axiomatic higher order logic
is complete for standard interpretations in sets applies directly to show that
there is no complete axiomatization of the internal truths of Set, and the same
proof holds for many toposes (see further remarks in McLarty 1990a). Since
we are concerned with particular toposes, rather than with deducibility, we
use the soundness results but not the completeness theorem.

Exercises
15.1 Show, for any variables y and y’ over B, that the extension [y, y’|y = y’] is the
diagonal sub-object of Bx B. Show, for any f: A— B, that the extension [x. A4,
y.Bly =fx] is the graph of f.
15.2 Define ~ :Q—— Q as the interpretation | ~ w},,. Show that for any formula ¢
we have | ~@f; = ~ o|¢|z. Do the same for a disjunction arrow v:QxQ— Q.
Use substitution and

fa. 4 t—fa

to show that ~ is the classifying arrow for fa. Some authors use this to define ~ .
15.3 Show that every sequent in E is true if E is a trivial topos.

15.4 Deduce from the substitution lemma that the order of the variables in a list is
immaterial. Let x list variables over A, x - - - x A, and let y list the same variables,
possibly in a different order. Write B, x - - - x B, for the objects in the order of y.
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There is a unique isomorphism I: B; x -+ x B,—— A, x - -+ x A, that commutes
with the projections. Show, for any s with all its free variables in x, that Isl’-, =lIslzo L
Give the corresponding result for extensions,

15.5 The free variable restriction in the cut rule. Let x list exactly the variables that
are free in I' and ¢. Let y list any other variables that are free in ¥, varying over
B, x- - - x B,. Show that if

r'y-¢ and Ty

then [x, yII'] < [X, ylo].

In general, it does not follow that [ x| I'] < [ x]¢]. Show that if the product A, x - - -
x A, x B, x* - - x B, is an initial object then [x, y|I"] < [X, y|{¢] holds whatever the
formulas I' and ¢ are. Exercise 13.1 shows that a product may be initial while none of
the factors is.

Show that we do have [x|I'] < [X|¢] if the projection

Ay x XA, xByx: - xB———A; x* x4,

is epic. By the description of epics in Chapter 16, the projection is epic iff the first
premise in Exercise 14.5 is true.

15.6 Given any formula ¢ and variable y which does not occur free in ¢ and is free
for x in ¢, deduce these in topos logic:

(vx)o - (Yy)o(x/y))  (3x)e - By)e(x/y))

The derivations of the v -rule and 3-rule above have gaps, as each applies the V-rule
to w, which might be free in I or 6. Correct the deductions by showing that w can be
replaced by a suitable new variable before that rule is applied.



16

From the internal language to the topos

16.1 Overview

We work with a fixed topos E. We show an arrow f: 4 —— B is monic iff it is
one-to-one:

X=Fx=x' x,x".A
It is epic iff it is internally onto, meaning that:

F(3x.A)y =fx y.B

The reader is warned that this sequent does not say that for every generalized
element y €; B there is some x €5 A with y = fx. It says internally that every y
in B is the image of some x in A, but externally this only means that fis epic
and not necessarily split epic (see Exercise 18.5).

We show that every arrow f:4—— B factors as an epic qg:A—»1I
followed by a monic i: I = B. This is called an image factorization, or more
briefly the image of f.

The central result is that every functional relation in E defines an arrow.
That is, for any R from A to B, if

Rxy, Rxy'y=y' x.Ay,y'.B
I (3y.B)Rxy x.A
then there is a2 unique arrow f: A —— B such that:
- Rxy e——y=fx x.Ay.B

We show that [ x. 1] fa] is an initial object. Intuitively, the object of ‘all x in
1 such that false is true’ is empty. For any objects A and B, we construct a
coproduct in the form of a disjoint union of 4 and B, an object C with monics
A>»— C and B>— C such that every value in C is either in A or B and none
are in both. For any arrows f:A——T and g:B—— T, we can define a
unique arrow u: C—— T by the relation ‘z = u(w) iff either w lies in A and
z = f(w), or else w lies in B and z = g(w)’.

For every equivalence relation r. R A x A in E we construct a quo-
tient, namely the sub-object of 24 containing just the equivalence classes for
the relation. Then we can take any parallel pair f; g: 4—— B and construct
an equivalence relation on B such that the equivalence classes form a
coequalizer for fand g.
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16.2 Monics and epics
LEMMA 16.1 Arrows f,g:A—— B have f = g iff

Ffx=gx x.A
ProofF The extension of the formula is the equalizer of f and g, so it is all of
Aiff f=g. O
THEOREM 16.2 An arrow f: A—— B is monic iff
=ix'Fx=x' x.Ax'. A

ProoF The extension [x, x’. A| fx = fx'] is the equalizer of fo p, and f- p,.
This is an arrow (h,k): Ex— A x A with h and k a kernel pair for f. And
[x, x". Alx = x'] is the diagonal 4,: A>— A4 x A. Exercise 4.9 shows that
the kernel pair is contained in the diagonal iff f is monic. 0

LEMMA 163 An arrow f: 4—— B is epic iff 15 is the smallest sub-object of
B that f factors through.

ProoF Suppose that f is epic and factors through s:S»— B. Then
xsof = t4, but also tzof=t,, so since f is epic y, =tz and s = 1. Con-
versely, suppose that 15 is the smallest sub-object of B that ffactors through.
If ho q = ko q then q factors through the equalizer of 4 and k, so the equalizer
must be all of B. So h = k. O

THEOREM 164 Every arrow f: A—— B has an image factorization as

A——»[y.B|(3x.A)y = fx]— B

Proor Consider a sub-object s:S>— B. Since f= p,oI', we see that f
factors through s iff I'y = p; !(s). (Draw the pullback square: you may
recognize the adjunction X,, 4 p%.) The graph of f is the extension
[x.A, y.Bly =fx], so the inclusion holds iff

y=fx8(y) x.Ay.B
By topos logic that is iff
(Ix.A)y =fxtS(y) y.B

and so iff S contains the extension [ y.B|(3x. A)y = fx]. The extension is the
smallest sub-object that f factors through. O

CoOROLLARY An arrow f: A— B is epic iff
F@Ax.A)y =fx y.B

Proor The formula is true iff its extension is 1. O
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CoroLLarY For any monics i: I —— A4 and r: R»— A x B, we have
FI(x)e—@w.I)x=iw) x.A
= Rxy+——(3w.R){x, y> = r(w) x.Ay.B

Proor The left-hand side of the first formula has extension I, and by
Theorem 16.4 so does the right side. The second formula is a case of the first,
substituting {x, y) for x. O

16.3 Functional relations

Throughout this section we use the following notation for a relation R with h
and k its composites with the projections:

A€ AxB > B

THEOREM 16.5 The arrow h is iso iff R is equivalent to the graph of some
f:A—— B, and in that case f= koh™!. (In fact, this holds in any category
with binary products.)

ProOOF Suppose that R is equivalent to the graph of some f; that is, there

exists an iso i: R——s A such that I';oi = r. Then

i=p10rfci=h
so hisisoand I'y =r.h™" and so
f=p20rf=koh-l

Conversely, if h is iso then h itself makes R equivalent to the graph
Ofkoh_l. |l

Call R single-valued iff
Rxy, Rxy'}-y=y' x.Ay,y'.B
THEOREM 16.6 If R is single-valued the arrow h is monic.
ProoF We have
 R(h{w), k(w)) w.R
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since it says that (h, k) factors through r and in fact (h,k) = r. For any
¢: T—— R and ¢’: T— R, substitution gives both conjuncts in

F R(h(c(5)), k(c(s))) & R(h(c'(5)), k(c'(s)))  s.T
If we suppose that hoc = hoc’ then we conclude that
= R(h(c(5)), k(c(s)) & R(h(c(s)) k(c'(s)))  s.T
If we suppose that R is single-valued we conclude that
= k(c(s)) = k(c’(5))

and so koc =koc'. But hoc =hoc’ and koc = koc’ together imply that
c=c. [

Call a relation R totally defined iff
F (Vx.A)(y.B)Rxy
THEOREM 16.7 If R is totally defined then h is epic.

Proor Suppose that R is totally defined. By the last corollary to
Theorem 16.4 this is equivalent to

F Qy.B)(3w.R)r(w) =<{x,y) x.A
But since h = p, or, composing p, with each side gives
F Qy.B)(3w.R)h(w) = x
Since y does not occur outside the quantifier, this implies that
- (3w.R)h(w) = x. (W

Call R functional iff it is single-valued and totally defined. We have shown
that R is functional iff it is equivalent to the graph of some arrow, and in that
case it determines the arrow uniquely:

THEOREM 16.8 A relation R has
Rxy, Rxy'l-y =)' x.Ay,y'.B
 (3y. B)Rxy
iff there is an arrow f: A—— B such that
F Rxye——y =[x
and in that case fis uniquely determined by R.

Proor If f is functional h is monic and epic and thus iso. So R is the graph
of a unique arrow, and the third sequent says that R is the graph of f.
Conversely, the first two sequents follow from the third by topos logic. O
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16.4 Extensions and arrows

We often use Theorem 16.8 to define an arrow from the extension of some
formula, [x|¢], to another object. Such use depends on:

THEOREM 16.9 Take any formula ¢(x), the sole free variable of which is x
of sort A. Let d: D»—— A abbreviate the extension [x.A]¢(x)]. Then

Feldy) y.D
That is, everything in the extension has the property.

ProoF By the substitutionlemma, [ y.D|(d(y))] is the pullback along d (as
the interpretation of d(y)) of d (as the extension of ¢(x)). Soitis 1,. O

On the other hand, to define an arrow to an extension:

THEOREM 16.10 For any formula ¢(x), the sole free variable of which is x of
sort A, an arrow f: B— A factors through the extension [x. A|¢(x)] iff

Fely) »y.B
That is, every value of f has ¢.

PrROOF An arrow f:B—— A factors through any sub-object of A iff the
pullback of the sub-object along f is 1. By the substitution lemma the
extension of the sequent is the pullback along f of [x.A4|@(x)]; and the
sequent is true iff its extension is 15. ()

16.5 Initial objects and negation
Abbreviate the extension [ y. 1| fa] by §>— 1. So the following is a pullback:

1 Ta >

In any topos 0 is an initial object. From the point of view of logic, the proof
turns on the classical fact that any universal quantification over an empty
domain is true.

THEOREM 16.11 Every sequent with a free variable x over @ in it is true.
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Proor For x of sort § we have
x=xkfa x.0

because both [x.0|x = x]and [x.9| fa] are §. So if x is freein I': ¢ thereis a
deduction:

*

*

Ja:g
Ja,T:¢p and x=x:fa *
x.0
x=x,T:¢ and :x=x
T:e
Both cuts satisfy the free variable restriction. a

The free variable restriction keeps us from using similar deductions simply
to prove every sequent in E.

THEOREM 16.12 The object @ is initial.

PrOOF For every object A there is the identity relation @ x A—— @ x A.
The sequents that say that this relation is functional both have free variables
over @, so both are true and there is an arrow ) —— A. And for any arrows
h, k:)—— A the sequent that says that h = k also has a free variable over 9,
so it is true. There is exactly one arrow @ — A. O

Since a topos is Cartesian closed, @ is a strict initial object. So every arrow
90— A is monic. It is also the smallest sub-object of A, since for any
p: P> A there is the unique §»— P.

There are several ways to look at the pullback defining . It says that fa
classifies the empty sub-object of 1. In fact, it defines the truth value false as
the unique truth value disjoint from true. Exercise 15.2 showed that the
following is a pullback:

} ————>1

o— 59

So ~fa=t,and in fact forany w:.C——Q, ~w=1(,iff w=fao!c. A truth
value with negation true must be false. We also have ~ t = fa, since both
sides classify §>— 1. But from ~w = fao!c we can only conclude that
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~ ~w = tc. We cannot conclude that w = ¢.. A truth value with negation
false has double-negation true but need not itself be true. (See Exercise 16.15
and examples in specific toposes in Chapters 22-24.)

16.6 Coproducts
THEOREM 16.13 Take any two sub-objects i,: 4>—— C and i,: B> C of
an object C such that

- A(w) v B(w) w.C

= ~ (A(w)& B(w))

Then C is a coproduct of A and B, with the injections i, and i,.

PrROOF Assume the sequents and take any f:4A—— T and g:B——T.
Recalling the last corollary to Theorem 16.5 it is easy to show that the
formula on the right below is functional from C to 7, so there is 2 unique
u: C—— T such that

z=uw)e—[(Ax)(w=ix&z=fx) v (Ay)(w =i,y &z = gy)]

w.Cz.T
It follows directly that

Ffx = u(i;x) x.A
Fgy=u(y) y.B
$O f=uoi, and g = uoi,. And for any v:C—— T such that f=vei, and
g = voi, we have
-z = u(w)e—z = v(w) w.Cz.T
and sov=u. 0

A coproduct in which the injections are monic and disjoint is often called a
disjoint union. The two sequents in the theorem say that C is a disjoint union
of A and B. (The second sequent says that A and B have intersection @.) The
rest of this section shows how to embed any objects 4 and B into a disjoint
union. So every topos has coproducts.

For any object A, let @ ,: 1 —— Q4 abbreviate the interpretation of the term
{x.A|fa}. That is, internally

F0.= {x~A|fa}

so we have already proved that
F ~(x€0,) x.4
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The arrows {{ }, 0501 ): A—Q4x QP and (B 05, { }5): B—> Q4
x QF are monic since { }, and { }; are already monic. By Theorem 16.10
both factor through the extension

[Q.Q*xQP|(3x. A)NQ = {{x},85>) v (Qy. B)(Q = <0, {¥}))]
where {x} abbreviates { } ,(x). So if ¢: C—— Q4 x Q5 abbreviates the exten-
sion then there are monics i; and i, that commute with those monics:

i i

& <
<€ <B
[4

gi

4 x Q8

A >

LemMma 16.14 We have
FQOx.A)(w=ix)v(@y.B)(w=iy) w.C
F ~[3x.A)(w=1i,x)&(y. B)(w = i, y)]
PrOOF Since ¢ is monic the first sequent is equivalent to
F (3x. A)(c(w) = c(i;x)) v (Fy. B)(c(w) = c(i,y))
and by the definition of i; and i, that is equivalent to
F (@x. A)(e(w) = {{x},05>) v 3y. B)(c(w) = {(B,,{y}>)

which is true by Theorem 16.9.
As to the second, it is easy to deduce that

i1x=i2y(-—{x}=$4 x.Ay.B
and so since no singleton is empty (see Exercise 16.9)
b ~(iyx =1iy)
and the second sequent in the lemma follows by topos logic. O

THEOREM 16.15 Any pair of objects A and B has a coproduct with the
inclusions i, and i, that is monic and disjoint.

ProoF Lemma 16.14 showed that A and B have a pair of monics meeting
the conditions in Theorem 16.13. O

Since coproducts are unique up to isomorphism, the inclusions to any co-
product (in a topos) are monic and disjoint.

We could use the logical construction of a coproduct and the substitution
lemma to show that coproducts are stable under pullback. That is, pulling i,
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and i, back along any arrow g:D—— C gives a coproduct diagram D,
g~ '(i,), g7 '(i,). But, instead, we prove stability of coproducts from the
fundamental theorem of toposes in the next chapter.

16.7 Equivalence relations

We show that every equivalence relation r: R>—— B x Bin a topos is a kernel
pair, namely for the epic projecting B on to the object of equivalence classes
for R, and every epic is a co-equalizer for its kernel pair.

LEMMA 16.16 Given a relation {h,k)>: R B x B, h and k are a kernel
pair for ¢: B—— C iff

Fecy=cy'—Ryy’ y,y.B

Proor Theextension [y, y’. Blcy = cy'] is the pullback of ¢ along c, i.e. the
kernel pair as a sub-object of B x B. O

LemMMA 16.17 For any equivalence relation r: R B x B, there is an epic
qg: B—» Q with h and k a kernel pair for Q.

ProoF Let I: B— QF abbreviate the interpretation |{w.B|Ryw}|,. We
easily deduce that

I {wIRyw} = {w|Ry'w} «— Ryy’
since R is an equivalence relation. Let g:B—» Q and i:Q>—— C be an
epic-monic factorization of I. Thus, I = i.q, and since i is monic we can
deduce that
Fay = qy'—— Ryy’

which says that R is the kernel pair of g. O

By definition, Q is (up to equivalence) the extension

[P.Q%|(3y)(P = {w.B|Ryw})]

and g maps each value in B to its equivalence class.
LeMMaA 16.18  Any epic is a coequalizer for its kernel pair.

Proor Let g: B— Q be an epic with kernel pair (h, k): R>— B x Band
take any c: B—— C such that c o h = c o k. Define a relation ¥ from Q to C by

Vwze——(3y.B)(w=qy &z = cy) w.Qz.C
Then V is single-valued, as follows from the sequent
ay=qy'tcy=cy’ yy'.B

which in turn is true since the extension of the left-hand side is the kernel pair
of g, and ¢ coequalizes the kernel pair.
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Since q is epic we can deduce that V is totally defined:

*

:3y.B)(w=gqy&cy=cy) w.Q
:(3y. B) V(w, cy)
:(3z.C)Vwz

So there is a unique u: Q—— C with
F Vwze—z = u(w) w.Qz.C
From the definition of V,

Fey=ulgy) y.B
Conversely, for any v: Q—— C with
Fey=vigy) y.B
the definition of V implies
F Vwz < z = v(w) w.Qz.C

and since V uniquely defines u, u = v. O

16.8 Coequalizers

As Q8B js the object of relations from B to B, so the object of equivalence
relations on R is the extension

[r.Q%*B|(¥y, ¥y, y".BYKp YD Er&
(ny er— Y, y)en&
Ky yder&y,y")er)—(yy")er)]

that is, all reflexive, symmetric, and transitive relations r. Abbreviate the
extension as EqRel »—s QB*5,

For any parallel pair of arrows f, g: A—— B we say that a relation r on B
respects fand g if, for all x in A, the values of x under fand g are r-related. We
want to express this internally, so we define a sub-object R, —— 28> ® as the
extension

[r.QB*B|(Vx. A){fx,gx)€r]

To construct a coequalizer for f and g we define a relation on B, holding for
just those pairs (y, y') such that y is r-related to y’ for every equivalence
relation r that respects f'and g. Specifically, let R —— B x B be the extension

[y, y'. Bi(Vr. Q" ®)((EqRel(r) & Ry, (r)— (3, y' > €7)]
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Clearly R is an equivalence relation on B. As usual, we write h and k for the
projections from R to B.

LemMMA 16.19 For any arrow c: B—— Cwe havecof = cogificoh=cok.

ProofF The kernel pair of ¢ is an equivalence relation on B (see Chapter 5).
On one hand, we have cof = co g iff the kernel pair of ¢ respects fand g. On
the other hand, by construction of R, that kernel pair respects fand g iff R is
contained in it, and so iff coh = cok. O

The projection qg: B—» Q on to equivalence classes for R is a coequalizer
for h and k, so Exercise 16.11 proves that it is a coequalizer for fand g. Every
parallel pair in E has a coequalizer.

We could follow through the logical construction and use the substitution
lemma to show that the pullback of a coequalizer is a coequalizer, and thus
the pullback of any epic is epic. But, instead, we will prove these from the
fundamental theorem of toposes.

Exercises
16.1 Show that an object A is subterminal iff
Fx=x' xx'.A
[Hint: show that the relation R defined by
- Rxye—y = x.Ay.1

is functional and gives a monic arrow.] Show that A is terminal iff we also have
F(3x.A)x =x.

16.2 Show that P, f, g is a product diagram for A and B iff
o=, gp=gp't-p=p" pp.P
F@p.P)fp=x&gp=y) x.Ay.B
16.3 Show that E, e is an equalizer for f, g: A—— B iff
e(w)=e(w)-w=w’ w,w . E
bf(e(w)) =g(e(w)) w.E
Jx = gx} (3w. E)x = e(w) x.A

164 Show that h:P—— A4 and k:P—— B are a pullback for f:4—— C and
g:B— Ciff

hw=hw', kw=kw'l-w=1w’ w,w.P
Ff(hw)=g(kw) w.P
fx=gy-(Bw.P)(x =hw&y=kw) x.Ay.B
Compare with Lemma 16.16.
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16.5 In any category, an image factorization for an arrow f: A——— B consists of an
epic g: A— I and a monic i: [ B with i-q = f. Show that if the category has
pullbacks, and all epic-monic arrows are iso, then images are unique up to iso-
morphism. That is, given ¢, i as above and another g’: A— I’ and i’:1’ > B with
i’oq’ = f, show there is an iso h: / — I’ withi = i’ ch and ¢’ = ho q. Show that either
one of those equations uniquely determines A. [ Hint: show that the intersection i n i’
is equivalent as a sub-object of B to both i and i’. Note that if p, o u = g then p, must
be epic since q is.]

16.6 Prove the converse to Theorem 16.6, if h is monic then R is single-valued. Prove
the converse to Theorem 16.7.

16.7 Give a quick proof directly from the fact that @ is initial, that every sequent with
a free variable over @ is true. [ Hint: § has only one sub-object, up to equivalence. ]
Show that if we did not have the free variable restriction on the cut rule we could
derive every sequent from a true premise.

16.8 Show that an object A is initial iff - ~ (x = x) for x a variable over A.

169 Using {y} to abbreviate { } ,(y), show that
Fx€{y}e—x=y x,y.4

by showing that both sides of the biconditional have the same interpretation.
Using topos logic conclude that |- x€{x}. Then with |- ~ (x€@,) conclude that
F ~({x} =0,

16.10 Exercise 6.10 has already shown that if there is a coproduct A + B then
Q48 > Q4% QB Show that under this isomorphism the singleton arrow { },.,
corresponds to the unique u: 4 + B—— Q4 x Q® with uci, = {{ }4,9501,) and
uoiy = (P 0!s { }5 ). Show that the sub-object of 24 x 2 which we took as the co-
product of 4 and B is (up to this isomorphism) the image of { } . 5.

16.11 Take any parallel pairs f, g: A—— B and [, g": A’—— B (in any category).
Show directly from the definition of coequalizer that if, for every c: B—— C, we have
¢cof =cogiff cof’ = cog’, then any coequalizer for fand g is also a coequalizer for f*
and g’.

16.12 Show that the sequent |- fa is true in E iff E is trivial. [ Hint: show that the
sequent is true iff @ = 1.]

16.13 Show that if E has an object A with an epic r: 4—» 24 then E is trivial. (The
converse is easy.) That is, prove that

ry={x. 4|~ (x€rx)} | ~(yEry)& ~ ~(y€ry) y.4
for any r: A — Q4 in any topos, and from the assumption that r is epic conclude that
I fa.
16.14 Show that if E has an object 4 with a monic i: 24»—— A then E is trivial. Use
the term {x. A| ~ (AP 24)(iP = x&x € P}.

16.15 This exercise is for those familiar with topology. For every topological space S
there is a topos of sheaves on S. These arc described in most texts on topos theory (for
details, see Tennison 1975). In this topos the truth values, global elements of ,
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correspond to open subsets of S. The truth value ¢ is the whole of S. Conjunction is
defined by intersection of the open subsets. Show that the negation of a subset, the
largest open subset disjoint from it, is the interior of the complement. Show that the
truth value fa is the empty set. Show that an open subset has negation fa iff it is dense.
Every open subset of the real line R with countable complement is dense.

In such a topos, disjunction of truth values is union. Show, for any open subset w,
that the union of w and ~ w is all of S iff w is also closed.
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The fundamental theorem

The fundamental theorem of toposes says that every slice of a topos is also a
topos and, for every arrow f: A—— B of E, the functor f*: E/B——E/ A has
a right adjoint IT, and a left adjoint X,. This makes indexed families of
objects and arrows in a topos easy to handle, and it proves a great deal about
the structure of a topos. The last two sections of this chapter discuss aspects
of Boolean logic in toposes, and show that in toposes the axiom of choice
implies the law of excluded middle. Unless otherwise noted, objects and
arrows are understood to be those of a fixed topos E.

17.1 Partial arrow classifiers

A partial arrow from A to B consists of a monic i:I>—— A and an arrow
f:I—— B. We call i the domain of definition of the partial arrow. Partial
arrows i, f and i’, f’, both from A to B, are equivalent iff there is an
isomorphism h:I—— 1’ such that i =i'ch and f=f'oh. That is, the do-
mains of definition are equivalent as sub-objects of A, and the arrows fand f*
agree up to that isomorphism. The graph of a partial arrow i, f is the induced
arrow to the product, (i, f):I-— A x B. It is monic since i is.

A partial arrow classifier for an object B is a monic n: B—— B such that for
every partial arrow i, f from any object A to B there is a unique arrow h that
makes the following a pullback:

1 >

A >

The converse follows: every arrow from A to B gives a partial arrow from A to
B, by pullback of #, and this partial arrow is unique up to equivalence. We
will show that every object in a topos has a partial arrow classifier.
Specifically, for any object B, let s:B>——QP be the extension
[P.Q%|(Vy.B)(y€P - P = {y})]. In words, B is the object of ‘at most
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singleton’ subsets of B. If the logic of the topos E is Boolean then every ‘at
most singleton’ subset is ‘singleton or empty’, but this is not so in general.

The singleton arrow { }5: B> Q7 factors through B since every singleton
is ‘at most singleton’. A formal proof could use Theorem 16.10 and

Fyé{x}-{x}={y} xy.B
So there is a unique #: B—— B with soy = { };, and  is monic.
THEOREM 17.1 The monic 5: B—— B is a partial arrow classifier.

Proor Take any partial arrow i, f from A to B. It suffices to show there is
a unique arrow k: 4—— QP such that k factors through s, and i, f form a
pullback for k and { }5. Then there is an arrow h: A—— B with k = soh.
Since s is monic, h is unique and i, f form a pullback for h and ».

So we must prove that there is a unique & such that:

- y€kxo>kx={y} x.Ay.B
Fk(i(w)={w} w.l
Fhkx={y}=>@@Aw.I)(x=iw&y = fw)

The first sequent for a pullback in Exercise 16.4 is trivial in this case as i is
monic. These are equivalent to:

Fy€kxe—(Bw.I)(x = in&y =fw)
and so
Fkx = {y.Bl3w.I)(x = iwn&y = fw)}

But that means that k is uniquely determined as the interpretation
Hy.BI@w.I)(x =iw&y = fw)}l,. O

We define a functor —: E — E so that the arrows # make a natural
transformation #: 1g — Z. For any arrow f: A — B we have a partial
arrow 7, f from A to B. Let f be the unique arrow that makes the
following a pullback:

A —
o €—< W

v

Verification that this is a functor is left to the reader.
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17.2 Local Cartesian closedness

We can show that each slice E/ A is Cartesian closed. Take any g:C —— A
and consider its twisted graph as a partial arrow from Ax C to A:

C >4

r,

CxA

’

AxC

Intuitively, the partial arrow is defined for pairs {x, y>, where y is in the fibre
of g over x, that is gy = x, and then it takes {x, y) to the base point x. The
transposed classifying arrow h: A—— A€ intuitively takes each x in 4 to a
partial arrow from C to A, namely the one defined on the fibre of g over x and
taking it all to x.

Now take any k: D —— A and define k¢ by the puilback

P————> ¢

k* k¢

A———— >3 4C
3 A
Then P indexes certain partial arrows from C to D; namely, all those which,
for some x in A, are defined on the fibre of g over x and take values in the fibre
of k over x. The arrow k? takes each such partial arrow to the base point x it is
defined over.

THEOREM 17.2 For every object g of E/A the operation ¢ extends to a
functor right adjoint to .x g. So E/A is Cartesian closed.

Proor Take any arrow of E/A:

s

S§———>T
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To define s first apply _ to the whole triangle, exponentiate by C, and then
pull the resulting triangle back along h. The pullback theorems show that this
is a functor. To show that _¢ is right adjoint to __ x g consider any E/ A objects
f:T—— A and k: D—— A and series of arrows:

[ ko in E/A

T—P with k%em=f in E
T——DC  withkCon=hof
TxC—D withkeii=ho(fxC)
TxAC-—'—>D with kor =gop,
fxg——k inE/A

To explain the fourth step, note that every square here is a pullback:

Tx,C—2—>C 54
e I sl
TxC >C >AxC p > A

where e is the monic from T x ,C to T x C described in Theorem 4.5 and the
middle arrow is the twisted graph of g. The right-hand square is a pullback by
definition, the left-hand square can be checked using pullback theorems, and
so the outer is also. - -

For any arrow n: Tx C—— D with kon = ho(fx C) there is a unique r
with kor = go p,, namely the arrow that makes the outer square here a
puliback:

Tx,C >

> A
e o lﬂa
—>A4

TxA

©

b1

v
o
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Conversely, any r: T'x ,C— D gives a partial arrow e, r and so deter-
mines a unique 7 that makes the left-hand square a pullback. But then kon
classifies the partial arrow e, kor. If kor = go p, then the first pullback in
this proof shows that ho(fx C) classifies the same partial arrow and so
kofi=ho(fxC). O

17.3 The fundamental theorem

Every slice of a category with all finite limits has all finite limits, and
Theorem 17.2 shows that every slice of a topos is Cartesian closed. To
complete the proof that every slice E/ A is a topos we must show that E/ A has
a sub-object classifier. In fact, we prove that the slice functor 4 * preserves the
sub-object classifier:

THEOREM 17.3 For every object A, A*t: A*1 —— A*Q is a sub-object
classifier in E/A.

Proor By Exercise 11.1 the monics to an E/A object f:B—— A are
precisely the arrows h:fo h—— f for h. C—— B monic in E. We must show
that for each such h there is a unique u: f—— A*Q that makes the requisite
pullback. But a square in E/ A is a pullback iff £, of it is a pullback in E. So
we must show that there is a unique v that makes the left-hand square here a
pullback:

b P2

> Ax1 > 1
h Axt t
B I >AXxQ 7 >

Composing with the projection arrows shows yx,: B—— 2 is this unique v.
O

THEOREM 17.4 (the fundamental theorem) Every slice of a topos is a topos.
For every arrow f: A—— B, the functor f*: E/B—— E/A preserves expo-
nentials and the sub-object classifier, and has a right adjoint IT; and left
adjoint X .

ProoF The proof follows from a summary of the results above and in
Chapter 11. O
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A functor F:E—— E’ between toposes is a logical functor if it preserves
limits, exponentials, and the sub-object classifier. So the pullback functors f*
between slices are logical morphisms. Preserving the sub-object classifier
means that Ft:F1 —— FQ is a sub-object classifier in E’, but not that Ft is
necessarily the selected one in E’. In fact, F1 might not be the selected
terminator in E’. Preserving exponentials means that for any objects 4 and B
in E the object and arrow F(B*), F(ev,_g) form an exponential of FB by FA
in E’. So F(B*)is iso to the selected exponential FBF4 in E’ but again the two
need not be equal.

A logical functor also preserves implicates, universal quantifications, all
finite colimits, and anything else that can be constructed from limits, expo-
nentials, and €2 (see Exercise 17.8).

More important than logical functors are geometric morphisms, which are
actually adjunctions. A geometric morphism from E to E’ is any adjoint pair
of functors f* - f,, where f,: E—— E’ and f* preserves all finite limits. Note
that f* necessarily preserves all colimits, and f, all limits, because they are
adjoints. We may compress the notation to f* - f,: E—— E’, and call /* the
inverse image functor and f, the direct image functor of the morphism. If /* has
a left adjoint it is usually written f; —{/*, and the morphism f/* -, is called
essential. Here f* is not necessarily pullback along an arrow f.

So, for every arrow f:A—— B of E there is an essential geometric
morphism f* —{I1,:E/A—— E/B, with further left adjoint 2. Inverse im-
age functors of geometric morphisms do not generally preserve exponentials
or sub-object classifiers, but pullback functors do.

Geometric morphisms are given this name because they arise from geo-
metric functions. Every topological space S has a topos of sheaves Shv(S),
and every continuous map between spaces f:S—— T gives a geometric
morphism f* —{ f, : Shv(S)—— Shv(T). Similar facts apply to various other
notions of spaces (see Tennison 1975).

One of the main uses of logical functors is in giving geometric morphisms.
This uses the fact that if a logical functor has either a right or left adjoint it has
both (see Barr and Wells 1985, p. 180} and thus is the inverse image functor of
an essential geometric morphism.

17.4 Stability

For any f: A—— B the pullback functor f* E/B—— E/A preserves all co-
limits since it is a left adjoint. But there is another important way to look at
pullbacks of colimits:

THEOREM 17.5 Suppose that g: B— C is a coequalizer for f and g, and
consider any r:C'— C:
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J .
, —> q
A _gl_eB'._.—éc'

f q

—_—
— e o

Let s be the pullback of r along g, and v the pullback of r along g f. Since
gof = gog, there is some f” that makes v, f”, s, f a pullback, and also some g’
that makes v, g’, s, g one. Then ¢’ is a coequalizer for f* and g'.

Proor If g is a coequalizer for f and g, the following is a coequalizer
diagram in E/C:

!
—_— q
—_— >
A - 5 B C
gog = qof 4 c
C

But /* and Z. both preserve coequalizers, and Z¢.of* of this is the upper
fork in the theorem. O

Suppose that the lower row here is a coproduct diagram, and that both
squares are pullbacks:

A >C' € B

A—————>A + B&——8B

Then a similar proof shows that the upper row is also a coproduct,
C’' = A’ + B’. An even simpler proof shows that pulling § —— C back along
any r:C'——C gives —— C".
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We say that coequalizers, coproducts, and @ are stable under pullback. It
follows that all finite colimits are stable. The reader may give the precise
statement and proof.

Since every epic in a topos is a coequalizer, it follows that the pullback of
an epic is epic. There is also a dual result that the pushout of a monic is
monic:

THEOREM 17.6 Ifi:]—— A is monic and the following square is a pushout:

S/
{ ————>B

A———r—3>P

then » is monic and the square is also a pullback.

ProoF Consider the arrow h: A—— B that classifies i, f and the corres-
ponding pullback square. Since P is a pushout there is an arrow u: P—— B
withuom = hand uon = 5. Thus i, f is a pullback for m and n. And since 5 is
monic, n is too. O

17.5 Complements and Boolean toposes

Define the union iuj of two monics i:/>— A and j:J>— A to be the
extension [x. A| I(x) v J(x)].

A complement to a sub-object i:I»— A is a sub-object j:J—— A such
that inj=0 and ivj=1,. In general, a sub-object in a topos does not
have a complement; but if it does then the complement is the negation
(Exercise 17.10). Generally, i ~i falls short of 1,, although its negation
~(iv ~i)is @,, as is easily proved by a De Morgan law (compare with
Exercise 16.15).

Note that if i: ] —— A and j: J —— A are complementary then their union
as sub-objects of A is a disjoint union; so A is the coproduct of I and J, with
and j as the injections. Conversely, the two summands A and B of a co-
product A + B are always complementary sub-objects of 4 + B.

Complements to diagonals have a special role. Call an object B decidable if
the diagonal 4: B>— B x B has a complement. In other words, B is decid-
able iff

F=y)v~(=y) »y.B
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For example, in Chapter 19 it is shown that if a topos has a natural number
object, that is a model of Peano’s axioms for arithmetic, then that object is
decidable. Certainly 1 is decidable.

THeorEM 17.7 Every sub-object of a decidable is decidable, and any
product of two decidables is decidable. Thus every finite limit of decidables is
decidable.

ProoFr Take any decidable objects B and C and monic i: I > B. Decid-
ability of I follows from

Fw=we—i(w)=i(w') wow'. 1

and decidability of B x C follows from the product axioms in local set theory.
O

It is easy to see that a coproduct of decidables is decidable. An exponential B¢
need not be decidable even if B and C both are.

A topos is said to be Boolean if every sub-object in it has a complement.
There are several equivalent definitions:

THEOREM 17.8 The following conditions on a topos E are equivalent:
(i) Every sub-object in E has a complement.

(i) The arrow (,,):1 + 1— 2 is an isomorphism.

(iii) The arrow ~ ~:Q—— Qs 1,.

(iv) Boolean logic is sound in E.

(v) R is decidable.

ProoF Assume (i). Then the complement of ¢ must be its negation fa, and
in that case 2 = 1 + 1, so (i) holds. In any case, ~ ~ (,) equals(,), soif we
assume that (,) is iso, or even just epic, then ~ ~ = 1,. If we assume (i),
then for every formula ¢ in E,

F~~p—0
and so Boolean logic is sound. But Boolean logic makes every object

decidable. Finally, if Q is decidable and i:I>— A is any sub-object, then
[x.A| ~ I(x)] is a complement to i. 0

17.6 The axiom of choice

The axiom of choice says that given a family of non-empty objects there is a
way of selecting one value from each family. A B-indexed family of objects is
an arrow f: A — B, and we understand ‘non-empty’ to mean that each fibre
is occupied. That is:

E(Vy.B)(3x.A)fx =y
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but that just says f is epic. By a ‘selection of values’ we understand an arrow
s: B—— A that takes each value in B to one in its fibre; that is, fo s = 15. So,
to be precise, the axiom of choice for a topos E says that every epic in E is split
epic. This is also a traditional form of the axiom in set theory: every onto
function has a right inverse.

Diaconescu (1975) discovered that the axiom of choice implies excluded
middle. The rest of this section gives a proof and then a more intuitive
discussion.

THEOREM 17.9 If the axiom of choice holds for E, then E is Boolean.

ProoF Suppose that choice does hold. To construct a complement for a
arbitrary monic h: Y — X, consider the pushout

Y>—h———->X

>——>
X q2 Q

By Theorem 17.6 the arrows g, and g, are monic and Y is their intersection.
In other words, Q consists of two copies of X overlapping precisely on Y. As a
pullback is an equalizer of a product, so a pushout is a coequalizer of a
coproduct. Thus the arrows g, and g, induce an epic arrow q: X + X —» Q,
and by choice this has a splitting s:Q»— X + X.

Consider the following pullbacks, form=1or2and n=1or 2:

T, > > S, > X

X>—T—*——>X+XT‘»Q>3%X+X

The two copies of X are complementary sub-objects of X + X, so by
stability of co-products S, and S, are complementary sub-objects of X + X.
And so T, and T,, are complements in X, as are T,, and T,,. It follows by
distributivity that T,, n T, and T}, u T, are complements. The proof is
finished by showing that T, u T,, = Y, which we do in two steps.
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Step 1 T, T, is contained in Y. For this it suffices to show that each of
Ty, and T, is contained in ¥, and by symmetry it suffices to prove that one of
them is. Take T,,. Composing the two routes around the pullback defining
T,, with g shows that the following square commutes:

Tyy >———>X

x> - >Q

Thus T, is contained in the intersection of g, and q,, which is Y.

Step 2 T,,nT,, is disjoint from Y. It suffices to show that T,, nY is
disjoint from T,,. Now T, is the pullback of S, along i,, so T;, N Y is the
pullback of S, along i;oh. Andi;ch =i0h. So T,,n Yisalso T, n Y and
T,, itself is disjoint from T, since they are complements.

Since T,,u T, has a complement, any sub-object containing it and
disjoint from its complement must be it. So T, U T,, = Y. O

Intuitively, g: X + X —» Q takes two copies of X and pastes them to-
gether, overlapping precisely on Y. Then s: Q»—— X + X takes each value in
Q to one of the values in X + X that it came from. The sub-object T;,
contains those values in X which, when mapped into X + X by i, and then
back to X + X by s g, land in the image of i,. That implies that the value is
mapped into the region of overlap in Q, so it is in Y. Thus T, is contained in
Y, as proved in step 1 above, and by the same reasoning so is 73,. On the
other hand, T, contains those values which, mapped into X + X by i, and
back to X + X by se¢g, land in the image of i,. The corresponding route for
T,, lands in the image of i,. Now a value in ¥ cannot be in both T}, and T5,,
since g o i, agrees with goi, for any value in ¥; and s cannot take that single
result into both the image of i, and the image of i,, since those images are
disjoint. So Y is disjoint from T,, n T),, as in step 2 above.

Exercises
17.1 Show that ¢: 1>— £ is a partial arrow classifier for 1.

17.2 Show that a relation from A to B is the graph of a partial arrow ifT it is single-
valued, and that partial arrows are equivalent iff their graphs are equivalent sub-
objects. Therefore partial arrows are just a way of looking at single-valued relations.
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17.3 Using Boolean logic prove that
(Vy.B)(y€P— P = {y})-P=0v (3y.B)P={y} P.Q°
So in a Boolean topos an ‘at most singleton’ is either a singleton or empty.

174 Give a quick proof that if E is Boolean then i,: B— B + 1 is a partial arrow
classifier for B. [ Hint: if E is Boolean every domain of definition has a complement.]

17.5 Show that the composite of logical functors is logical, so that toposes and
logical functors form a category LOG. Show that the topos 1 is terminal in LOG and
that a topos E has a global element in LOG iff E is trivial. Show, for any toposes E and
E’, that the topos ExE’ is a product in LOG; that is, the projection functors are
logical, and the functor induced by logical functors to E and E’ is logical.

17.6 Given geometric morphisms f* —|f,:E——E’ and g* -{g,:E'——E”, show
that f*o.g* g, of, is geometric, and so toposes and geometric morphisms form a
category GEOM.

17.7 For any topos E the functor {: E—— 1 preserves finite limits. Show that ! has as
many right adjoints as there are terminal objects in E. Thus there are as many
geometric morphisms from 1 to E as there are terminal objects in E; but all have ! as
inverse image functor, and all the direct image functors are naturally isomorphic. In
short, 1 is an initial object in GEOM ‘up to natural isomorphism of functors’, Show
that the topos E x E’ is a co-product for E and E’ in GEOM up to the same kind of
natural isomorphism, with the projection functors to E and E’ as the inverse image
parts of the geometric morphism injections.

The best approach to GEOM uses 2-categories, which we will not consider here (see
geometric morphisms in Johnstone 1977).

178 Let F:E—— E’ be a logical functor. Show that if f has transpose f: C—— B4
then Ff has transpose Ff (up to the isomorphism between F(B#) and FBFA4), For any
monic i in E, show that F(i) has classifying arrow F(y;). Use the constructions of
implicates and universal quantifications in Chapter 13, and of finite co-limits in
Chapter 16, to show that F preserves them. [ Hint: you could use the result in the next
exercise. ]

17.9 A logical functor F: E—— E’ interprets the internal language of E in E’. For
any formula ¢ of E, let Fg be the E’ formula obtained by replacing every variable x, of
sort Ain ¢ by the first variable y, of sort FA that has not already been used, and every
arrow f by Ff. Show that Fg is a formula of LE’. Show that F preserves extensions, as
follows. If ¢ has free variables x, ... x, of sorts A, ... A, then there is an isomor-
phism h that makes the following commute:

FLx, ... %|¢]—Dy1 ... %:IFo]

F(A, %+ xA,)——FA; x - xFA,

Conclude that if ¢ is true in LE then Fg is true in LE".
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17.10 Show that if i:]>—— A has a complement j:J»>— A then J = ~ I. [Hint:
~ I is the coproduct of its pullbacks along i and j.] Then conclude that { = ~ ~ .

17.11 Use stability of epics to show that f: A—— B is epic iff: for every T-element
¢:T—— B there is an epic s:S-—» T such that cos factors through f. For one
direction form the pullback of f and c, for the other consider the generic element 1,.

17.12 For any object A define the inclusion relation on 24 by
Pc Qs (Vx.A)(x€EP—x€Q) P,Q.0Q4

Prove that Q4 is a poset ordered by inclusion. Use {x. A| P(x)& Q(x)} to prove that
04 has binary intersections, and that these are meets for the poset; that is, show that

(OM.Q4YN.QYNS M—— (NS P&N<cQ) P,0.04

Use disjunction and the material conditional to show that 24 has joins and implic-
ates, and thus is a Heyting algebra. Use

{x.A|(VP.Q4)(PE F—x€P)}
to show that

- (IM.Q4)(YN .Q4)N © M« (YP.Q4)(PEF— N S P)

where F varies over the power object of the power object of A. In words, any family F
of sub-objects of 4 has an intersection, a greatest lower bound for F in the order on
4. Show that the union is a least upper bound for F.

A Boolean algebra can be defined as a Heyting algebra in which every member has a
complement; so E is Boolean iff every Q4 is a Boolean algebra, and thus iff 0 is.

A Heyting algebra in which every family has a least upper bound is called complete.
Thus 24 is a complete Heyting algebra. Complete Heyting algebras and their relation
to toposes are discussed in Fourman and Scott (1979), and from another point of view
in Joyal and Tierney (1984) under the name locales.

17.13  For any monic i: I —— A write [ i] for the selected pullback of t along ;. Then
[i] = [j)iffi = j, and the selected monics [i] form a poset ordered by inclusion, and
not just a preorder. Call the poset Sub(A), as in Exercise 8.13. Conclude from
Exercise 17.12 that Sub(A) is a Heyting algebra, with [1,] as supremum, [(#] as
infimum, and N, U, and = giving meets, joins, and implicates.

For every arrow f: A—— B, show that f ~': Sub( B)—— Sub( A) preserves all the
Heyting algebra operations.

Exercise 17.12 does not prove that every family of sub-objects in Sub(A), defined by
any means whatsoever, has a g.L.b. or a Lu.b. It generally is not so. Any internal family
of sub-objects of 4 has a Lu.b. and a g.L.b.; that is, any family defined by a sub-object in
E of Q4. But, in general, not every collection of sub-objects definable in some way is
definable internally.
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External semantics

We have interpreted formulas in a topos E by assigning each an extension.
This is called the internal semantics. The external semantics, also called
Kripke-Joyal semantics, describes which generalized elements satisfy each
formula. The idea is that the extension collects the instances of a formula
internally to E, while the class of generalized elements satisfying it is an
external collection. A generalized element satisfies a formula iff it is a member
of the formula’s extension, and this external viewpoint is often handy for
more complicated formulas.

18.1 Satisfaction

As before, x is a list of variables x,, . . ., x, over objects 4,,...,A4,. Let x
include all the variables that are free in ¢. Then ¢:.T—— A4, x - - - x A,
satisfies @ with respect to x iff ¢ is a member of [ x|¢]. The following theorem
gives conditions which are sometimes used for an inductive definition of
satisfaction:

THEOREM 18.1 Let x include all the variables that are free in ¢ and y,
while 6 may have a further free variable y of sort B. Then, for any
c:T— A;x -+ xA,, we have:

(i) c€[xlo&yY]iff c€[X]p] and c€[X|Y];

(i) c €[ x| fa] iff T is initial;

(ili) c€[x|o—— Y] iff, foreverys:S— T,ifcos€[x|@]thencos€[X|Y];

(@iv) c€[x|¢ v ¢¥]iff there exist S, and S, and an epic s: S; + S,—» T such
that cosoi, €[X|@] and cosei, €[X|¥];

(v) c€[x|(Vy.B)8] iff for every s:S—— T and r:S——B we have
{cos,r)€[X, y|0] (see Exercise 18.4);

(vi) c€[x|(3y. B)0] iff there is some epic s: S—» T and an r:S—— B such
that {cos,r) €[x, y|0] (see Exercise 18.4).

Proor Clauses (i), (iii), and (v) were proved in discussing intersections,
universal quantifications, and implicates. Clause (ii) is trivial, since @ is a strict
initial object. For clause (iv), suppose that ¢ is in the extension, so that c
factors through some h: T— [ x| v ¥]. Let S, be the preimage h™'[x|¢]
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and let S, be A~ '[x|y]. The obvious arrow from [x|e]+ [x|¢] to
[x|¢ v ¥] is epic, so by stability of coproducts and epics the induced arrow
from §, + S, to T is epic. Conversely, suppose that there are S, and §,, as in
the clause. Then s factors through the preimage ¢ ™! [x}¢ v ¥]. Then since s
is epic the monic of the preimage is also epic, and so it is iso, which proves
that ¢ factors through [x|¢ v y]. Similarly, stability of epics proves
clause (vi). O

Given a T-element c: T—— A, we call s: §—— T a change of stage and say
that cos:S—— A is ¢ at the later stage of definition S. The terminology is
slightly ambiguous, since what matters is the change of stage arrow s and not
just the domain S. Clause (iii) says that ¢ satisfies ¢ — y ifl, at any stage of
definition at which c satisfies ¢, ¢ satisfies . Think of this clause as saying ‘to
whatever extent c satisfies ¢ it also satisfies y’. Clause (v) says that c satisfies
(Ay. B)0iff at every later stage of definition S and for every S-element r of B, ¢
and r satisfy 6.

We say that an epic arrow s: S—» T covers T. Then clause (iv) says that ¢
satisfies a disjunction iff T is covered by some later stage S, + S,, itself a
coproduct such that ¢ at stage S, satisfies one disjunct while ¢ at stage S,
satisfies the other. Clause (vi) says that c satisfies (3y. B)0 iff there is a cover S
of T and an S-element r of B such that ¢ and r satisfy 6.

The idea of a later stage of definition appears in Kripke’s semantics
(although not the term ‘stage of definition’, which seems to be derived from
algebraic geometry, where a given polynomial has solutions ‘defined over’
various fields). Joyal first saw how to generalize to topos semantics, and in
particular he noticed the role of coverings. Lawvere (1976) discusses all this.
Bell (1988b) describes Kripke models in topos terms.

A closed existential formula (3y . B) ¢ is true iff 1, satisfies it, and so iff there
is some object § with S —— 1 epic and some r: S —— B that satisfies ¢. There
need not be a global element c: 1 —— B that satisfies ¢. But the corollary
below shows that unique existence does imply a global instance. We intro-
duce unique existential quantifiers (3!x . 4) as abbreviations in the usual way:
for any formula ¢, (3!x. A)¢ abbreviates

(Ax. Ao & (Vx, x". A)[(¢ & o(x/x'))—> x = x']

where x’ is any variable over 4 that is free for x in ¢.
We can neatly express the theorem on functional relations using the unique
existential quantifier (compare this with Theorem 16.8):

THEOREM 18.2  Suppose, for some relation R — A x B, that we have
 (3'y.B)Rxy x. A

Then
F (3g. B4)(Vx. A)(Vy. B)(Rxy «— g(x) = y)
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Proor (3'y.B)Rxy says that R is totally defined and single-valued, so R is
the graph of an actual arrow, which corresponds to a unique global element
g°: 1 —— B* that makes this formula true:

F (Vx. A)(Vy. B)(Rxy ——g°(x) = y)

While this proves internal existence, the uniqueness of the global instance is
not enough to prove internal unique existence (ie. just as there may be
internal existence without global existence, so there may be many internal
instances while there is only one global instance). But from

(Vx. A)(Vy. B)(Rxy «— g(x) = y& Rxy «——¢g'(x) = y)
we easily deduce that
9=¢
and this proves internal uniqueness. O

CoroLrary If a closed formula (3!x.A)¢ is true then a unique global
element of A satisfies ¢. In fact, the closed formula is true iff [x. 4| @] itself is
a global element of A.

Proor For any object T define a relation R»— T x A by the formula
Rzx «—— ¢; that is, everything in T is related to everything with the property
¢. Then (3!x . A)¢ implies that this is the unique functional relation from T to
A with all values in [ x|¢]. By Theorem 18.2 there is a unique arrow from T to
[xl¢]. So [x|¢] is terminal. )

18.2 Generic elements

By topos logic a closed universal formula (Vy. B)¢ is true iff the formula ¢
with y free is true, and that is iff the identity arrow 1 satisfies ¢. This gives a
rapid technique for proving universal formulas when we reconstrue it in
terms of the generic element of B as a global element of B* B in the slice topos
E/B; that is, as 45: B—— Bx B. The next theorem shows that a closed
formula (Yy. B)¢ is true iff 4, satisfies B* ¢ in the slice topos E/B. (B*¢p is a
case of the notation introduced in Exercise 17.9.)

We often speak of ‘the formula ¢ in E/B’, meaning the formula B* . We
may speak of ‘the extension of ¢ in E/B’ to mean the extension of B* ¢ which,
after all, is just the functor B* applied to the extension of ¢ in the base
topos E.

THEOREM 18.3 A formula ¢, the only free variable of which is y over B, is
true iff the generic element 4, satisfies it in E/B.

ProoF Any c¢:T——B satisfies ¢ iff the E/T arrow
{13,¢)>:T*1—— T*B satisfies ¢ in E/T, since each of these triangles
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commutes iff the other does:

h <l]‘vh)
T >[y|e] T >Tx[y|e]
¢ (lr.¢>
B TxB
To prove the theorem, let ¢ = 1,. O

Theorem 18.3 is typically used when we know that in every topos every
formula of the form of ¢ is satisfied by all global elements (of the relevant
object). Then 4, satisfies ¢ in E/B, and so ¢ and (Vy.B)¢ are true in E.
Exercise 19.8 is one example. Here we use this method to extend Theorem
18.2, after a technical lemma.

LeEmMA 184 Take any closed formula 6 and subterminator U»— 1. Then
@ is true in E/U iff U is included in [.|0]— 1.

Proofr Theextension of 6 in E/U is the pullback of its extension in E along
U»— 1. But the pullback of any monic ¥'>—— 1 along U»— 1 is all of U iff
veV. O

CoOROLLARY Any closed formula 0 is true in the slice over its own extension.
A closed conditional 0 —— 8 is true iff 0 is true in the slice over the extension
of g, since each claim is equivalent to [_|c] = [-|0]. O

In any topos E, for any objects A and B of E, consider the following
formula:

(Vx.A)3y.B) {x, y)> €r——(3g. BA)(YX)(Vy) {x, yD €r ey = g(x))

with r a variable over 24* B, Abbreviate it as o(r)— ¥(r) to emphasize the
free variable.

LEMMA 185 Every global element r°;: 1 — Q48 satisfies o(r)—— y/(7).
Equivalently, substituting the constant »° for the variable r gives a true closed
formula @(r°)— Y (r°).

Proor Consider the slice of E over the extension of ¢ (r°). In this slice ¢(r°)
is true, so r° classifies a functional relation from A to B in the slice (that is, the
pullback of ¥° into the slice classifies a functional relation from the pullback of
A to the pullback of B) so y/(r°) is true in the slice. Thus the conditional
@(r°)—— Y(r°) is true in E. 0O

THEOREM 18.6 The formula ¢(r)—— Y(r) is true.
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Proor Consider the slice of E over 24 2. The pullback of ¢(r)— y/() to
this slice is another formula of the same form, so applying the last lemma in
the slice topos shows that the generic element 4q4-s satisfies it. Therefore
Theorem 18.3 shows that ¢(r)—— ¥/(7) is true in E. O

The advantage of Theorem 18.6 over Theorem 18.2 is that Theorem 18.6
allows us to substitute any term for r, and not only closed terms. Therefore it
applies to all T-elements of 24 * 2 rather than just global elements; so we can
obtain T-elements of B4, for any object T of E.

Exercises

18.1 Let x list exactly the variables that are free in ¢. Show that ¢ is true iff the
identity arrow on A4, x - - - x A, satisfies it, and thus iff every generalized element of
Ay x * -+ x A, satisfies it w.r.t. X.

18.2 Suppose that ¢ has only one free variable, x of sort A. Show that any
c: T— A satisfies ¢ iff the closed formula ¢(x/c) is true, taking ¢ as a constant.
[Hint: calculate [ _{¢(x/c)] using the substitution lemma.]

18.3 Let x include all the variables free in ¢. Show that if c:T—— A, x -+ - x A4,
satisfies ¢ w.r.t. X then so does cor for any r:S—— 7. Prove that the extension
[x]¢])——> A, % * - x A, satisfies ¢, and that any ¢:T— A, x - -+ x A, that
satisfies ¢ is [ x|@] at the later stage 7.

18.4 This is a technical detail. If the list of variables X is empty (so that & must have

no free variables except y), then clauses (v) and (vi) of Theorem 18.1 must be

understood as follows:

(v) c€[-|(Vy.B)8]iff for every s:S—— Tand r: S—— B we have {ces,r) [, y|0];

(vi) c€[_|(3y.B)0] iff there is some epic s:S—» T and an r:§— B such that
{cos,r>€[, yl6];

where ‘_ is interpreted in the way a variable of sort 1 would be. If 6 has no free

variables, except possibly y, show that there is a pullback as shown below, so that h is

iso:

h

[-,y|6] [y|6]

1xB > B

18.5 Show that (3y. B)(y = y) is true iff B— 1 is epic.

18.6 This exercise is about replacing many variables by one. Suppose that all of the
free variables of ¢ are among x,, . .., x,, and let z be a variable over 4, x +** x A4,
not in ¢. Let ¢(X/z) be obtained by substituting p;(z) for x; for every i, where p; is the
projection to A,. Show that s:7T— A4, x - ++ X A, satisfies ¢ w.rt the list
X1, . - X, Iff § satisfies ¢(X/z).
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Natural number objects

In this chapter, unless otherwise stated, we deal with a topos E that has a
natural number object N, 0, s, defined below. Not every topos has a natural
number object.

19.1 Definition

A natural number object is an object N plus a global element 0: 1 —— N and
an arrow s: N—— N, called the successor arrow, with the following property:
for any object A and global element q: 1 —— A4 and arrow f: 4 —— A, there
exists a unique u: N—— A4 such that uc0 =q and uos =fou:

1 0 > SN
q u u
A—— 54
f

Call g and f recursion data for u. Internally, u is defined by
Fu@=qg & ulsy)=f(y)) y.N

It follows that indexed recursion data define indexed families of arrows
from N:

THEOREM 19.1 Any q:P—— A and f: A x P—— A determine a unique
u: N x P—— A such that

F-u@©,p)=4q(p) & u(sy,p)=f((y,pp) p.Ty.N

ProoF Consider recursion data ‘q’: 1 —— A” and k: A" —— AP, where k is
the transpose of fo {ev, p,>: A* x P—— A. These give a unique v: N— A4°
and the transpose of v is the desired u. O
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19.2 Peano’s axioms

A natural number object N, 0, s supports proof by induction; that is, the only
sub-object of N including 0 and closed under successor is the whole of N. To
say that a monic i:I>— A is closed under f: A—— A means that these
equivalent conditions are satisfied:

1. For any T and x €; A, if x€i then fx€i.

2. There is some h: I — I with foi =ioh.

3. i = f ~1(i) as sub-objects of A.

4. We have |- I(y)— I(fy) y. A

The first three are equivalent in any category with pullbacks, and external
semantics shows that the fourth is equivalent to the first.

THEOREM 192 If i:I»—— N has 0€i and is closed under s, then i = 1.

ProoF Assume that there are some g and h that make the lower triangle
and square here commute:

v

v

N N
j— ] I
N N

~
s Ll

Define u by recursion data g, h. Then i-u is defined by recursion data 0, s,
which means that i-u = 1. So i is split epic, and thus iso. O

THEOREM 19.3 Suppose that arrows f, g: N—— A have f (0) = g(0) and, for
every T and y€; N, if f(y) = g(y) then f(sy) = g(sy). Then f=g.

ProoF By Theorem 19.2, the equalizer of f and g is an isomorphism. [

THEOREM 19.4 (Freyd) The following is a coproduct diagram:

0 s
1 » N « N

ProofF For any object A and arrows gq:1— A4 and f: N—— A4, the
recursion data (see Exercise 19.4)

u@0)=gq and u(sy)=Jfy
define the unique u: N—— A to show that the diagram is a coproduct. O3
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Thus s is monic and N is the disjoint union of 0 and s. Altogether, the
following Peano axioms are true in E:

~ (0 = sy) y.N
SX=Sy—=x=y x,y.N
[(O€I)&(Vx.N)(x €I = sx€I)] - (Vx.N)(x€l) I.%

Actually, Theorem 19.2 only shows that the induction axiom is true for
every global sub-object of N; that is, for every constant of sort 2 in place of
the variable I (but see Exercise 19.8).

The next theorem says that everything in N is connected to everything else
by way of s.

THeOREM 19.5(Freyd) The arrow !y: N—— 1 is a coequalizer for s and 1.

ProoF Suppose that an arrow f: N—— A has f=fos. Then f=f000!,,
since both sides correspond to recursion data f-0 and 1 ,, so f factors through
Ix. Since !y is epic, split by 0, any factorization through !y is unique. O

Freyd showed that Theorem 19.4 and 19.5 characterize natural number
objects. We state the main theorems but leave the proofs to Freyd (1972),
Johnstone (1977), or Barr and Wells (1990). They hold in any topos, without
assuming that it has a natural number object.

THEOREM 19.6 Suppose that there is an isomorphism f:1 + M — M
such that 1 is a coequalizer for foi, and 1,,. Then M, foi,, foi, is a natural
number object. It follows that any functor between toposes that preserves 1,
coproducts, and coequalizers also preserves natural number objects.

THEOREM 19.7 Suppose that an object M has an isomorphism
f:14+ M—— M. Let g: M —— Q be the co-equalizer of foi, and 1,,. Then
the pullback of gof-i, along g is a natural number object.

19.3 Arithmetic

Define + :Nx N——N by the N-indexed recursion data 1y and
sop,: N x N—— N. Internally, + is uniquely determined by these equa-
tions, abbreviating + (x,y) by x + y:

FO+y=y & (sx)+y=s(x+y) x,y.N
TueoreM 19.8 These equations also hold:
x+0=x xyz.N
x+sy=s(x+y)
X+y=y+x
x+(y+2)=(x+y)+z
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Proor For the first use this induction:

Basis:0+0=0
Induction: x + 0 = x implies  (sx) + 0 =s(x + 0) = sx.

Formally, using the recursion equation for + , we prove that
FO04+0=0 & (x+0=x—>(sx)+0=sx) x.N

Then using the internal Peano axiom of induction we deduce:
F(Vx.N)x+0=x

All the usual inductive proofs are sound (see recursive functions in Kleene
1952, Mendelson 1987, or other texts). O

Define multiplication, .: N x N—— N, by N-indexed recursion data Qo!y
and + :N x N—— N. In other words, with the obvious abbreviation x. y,

F0.y=0 & (sx).y=(x.y)+y xy.N

The usual inductions show that:

x.0=0 X yz.N
x.50=x
X.y=y.x
x.(y+z)=(x.y)+(x.2)
and so on. So we have elementary arithmetic. In fact, all primitive recursive
functions can be defined and the usual results on them follow by the usual

inductions. Lambek and Scott (1986) give further results on exactly what
functions exist in toposes with natural number objects.

194 Order
Define a relation < on N by
xSy« (Iz.N)x+z=y x,y.N

TueOREM 199 Therelation < is reflexive and transitive. In other words, it
is a weak order relation.

ProoF Prove that x < x from x + 0 = x. The formula
xsy&y<z-x<:z xy,z.N

follows from associativity of + . O
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Arithmetic proves formulas such as
X < sx x, y,z.N
X <sye—x <Yy
X<y——x+z<y+z
XLy—x.z25)y.z
THEOREM 19.10 We have:

() x<ye—(x=yvsx<y) xy.N;
@ x<yvy<x;
(3) ~(sx < x).

Proor Theorem 14.4, or an easy induction, shows that
z=0v (Iw)(z = sw) z.N
Thus x < y is equivalent to
x=yv(Iz.N)x+sz=1y)

and so to the right-hand side of formula (1).
Formula (2) follows by induction on y. For the basis step, (x <0 v 0 < x)
follows from 0 < x. For the induction, prove that

x<yvy<x) F (x<syvsy<x)

by cases, that is by the v -rule. Clearly, x < y implies x < sy. On the other
hand,
y<xlF(y=xvsy<x) (x<syvsy<x)

Formula (3) is proved by induction, with basis step
sO0<O0F (3z.N)sO+z=0} (3z.N)sz=0} fa

For the induction step, given sx < O} fa we can deduce ssx < O} fa, since
we have sx < ssx. O

THEOREM 19.11 N is decidable.
Proor Each step here can be justified using Theorem 19.10:
* x,y.N
sx <Y, x=y F sx<x
X<y F  ~(x=y)
XSy B x=yv ~(x=y)
Fx=yv ~(x=))
The last step uses the v -rule and Theorem 19.10, formula (2). O
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We also define a strong order < on N by:
X<ye—rsx <y x.Ny.N

Its properties are fairly immediate from Theorem 19.10 (see Exercise 19.9).

The internal logic of a natural number object includes much of the law of
excluded middle, because of decidability, even if the general form of that law
is not valid in the topos. .

19.5 Rational and real numbers

The classicality of N extends part way into arithmetized analysis. For
example, we construct an object of positive rational numbers Q*. Define an
equivalence relation Eq on N x N by

F (%, y)Eqlz,w)e—sx.sWw=12.5y X, y,z,w.N

and let g:N x N—» Q% be its quotient. The idea is that g(x, y) is the ra-
tional x/sy, using s to preclude denominator zero. By definition we have
q(x, y) = q(z, w) iff x.sw = z.sy, the desired definition of equality of ratio-
nals.

One can show that Q* x Q* is the quotient of Eq x Eq and define an arrow
+gq from (Nx N)x(NxN) to Q* by

Feg({X, ¥), {2z, WD) = {(x.5wW) + (z.sy), (y. W) + y + w)

This is the usual addition rule for fractions, allowing for the use of s in
denominators, and + g, co-equalizes the two projections from the relation
Eq + Eq and so induces an arrow from the quotient, + :Q* xQ0* —Q*.
The multiplication of rationals can be defined in the same way and, since
internally every rational is g(x, y) for some x and y, arithmetic of rationals
can be performed in the usual way using fractions.

A quotient of a decidable object need not be decidable, but Q* is because
Eq is decidable on N x N. That is, internally, for any r and r’' there are
x, y, z, win N with g(x, y) = r and q(z, w) = . By decidability of N we have

(x.sw=2.5y) V ~(x.sw=2z.8))

which means that either {x, y>Eq{z, w) or not and so either r = ¥’ or not.
So all the above theorems on order and arithmetic in N transfer easily to Q*.
To obtain all the rationals, Q, we take an object of integers Z (see Exercise
19.15) and carry out the construction with Z x N in place of N x N (so the
denominator of a fraction is a non-zero natural number, while the numerator
is any integer).

The real numbers are trickier. In most toposes, constructing the reals by
Cauchy sequences and by Dedekind cuts does not give isomorphic results.
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Clearly, Q" is an object of sequences of rationals, and we can define the
Cauchy sequences in the internal language and the desired equivalence
relation. The usual definitions work, but Johnstone (1977) gives versions that
are more useful in topos logic. The result is called the object of Cauchy reals,
or, R.. A Dedekind cut is a suitable pair of sub-objects of Q, so the Dedekind
reals R, are a sub-object of 22 x Q¢ (details are given in Johnstone (1977) and
Bell (1988b), among other works). In general R, is not isomorphic to R,.

There is a canonical inclusion R, ~— R; in any topos, since topos logic
proves that every Cauchy sequence gives a Dedekind cut; but in general R, is
much larger and richer than R.. For a topological space S, the natural
numbers in Shv(S) are the locally constant functions from S to the actual
natural numbers, the rationals are the locally constant functions from S to the
actual rationals, and the Cauchy reals in Shv(S) are the locally constant
functions to the actual real numbers R. The Dedekind reals are all continuous
functions from S to R.

19.6 Finite cardinals

In addition to the global element 0:1—— N, there are s0, ss0, and so on.
These are the standard natural numbers, but they need not be the only global
elements of N. For example, the generic element of N as a global element of
N* N in E/N is not standard unless E is trivial (see Exercises 19.10 and 19.11).
For any global element p:1—— N, define the cardinal of p to be the
extension [x. N|x < p], a sub-object of N. Since we can show that

F ~(x<0) x.N

F x<spe—(x<pvx=p)

it follows that [0] = @ and for every p, [sp] = [p] + 1. In particular, the
cardinal of the nth standard natural number is a coproduct of n copies of 1.

Slice functors preserve natural number objects (see Exercise 19.3 or 19.14),
so N*N, N*0, N*s is a natural number object in E/N. Since N* is logical it
preserves <, meaning that N* < is the strong order relation on N*N in
E/N. Similarly, pullback along any p: 1 —— N preserves all these, but more is
true. Since N* is the pullback along !y, and !y o p is the identity arrow for 1,
for every object A we have p* N*A = A.

Let n be the generic element 4,: N> N x N as a global element of N*N.
Then the cardinal [n] in E/N is useful. From the point of view of E, it is an
arrow to N, which we write [n]—— N. It is the generic cardinal:

THEOREM 19.12 For any global element p:1—— N, the following is a
pullback:
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[p1>— >[n]

Proof The pullback of the generic element n along p is p, and the pullback
functor p* preserves every construction used in defining cardinals, so it takes
[n]) in E/N to [p] in E. O

In other words, [n]—— N is an N-indexed family of cardinals, where the
fibre over any value in N is the cardinal of that value.

For any object A, consider the exponential (N* A)™ in E/N. From the
viewpoint of E this is an arrow (N* A)®1—— N. Its pullback along any
p:1— N is, up to isomorphism, A!"), since p* preserves exponentials.

Think of A! as containing all p-tuples, or p-length lists, of values in A.
Since [0] = 0, we have A!®) = 1, which intuitively says that there is just one
empty list. And [sp] = [p] + 1 implies that A" = A x A, A (p + 1)-length
list consists of a p-length list plus one more value. Notice, however, that this
does not require p to be a standard natural number, and so A" need not
actually be a product of copies of A (compare with Exercise 19.13).

The arrow (N* A)l"]—— N combines all the A'” into one family indexed
over N, and thus gives a meaning internal to E to the phrase ‘all finite length
lists of values in A’ For applications of this construction to inductive
definitions in toposes, and algebraic theories in toposes, and much more, see
Johnstone (1977) and references therein.

Exercises

19.1 Natural number objects make sense in any category with a terminator. Show
that natural number objects are unique up to isomorphism.

19.2 For any category A with terminator define a category NA as follows. An object
of NA is an object 4 of A and arrows g: 1 — 4 and f: A—— A. An NA arrow from
A g, fto A, q,f isan A arrow h: A— A’ suchthat hog = ¢" and hof = f' o h. Show
that a natural number object for A is an initial object for NA.

19.3 Let N, 0, s be a natural number object in E, and let F: E— E’ be any functor
preserving I and with a right adjoint. Show that FN, FO, Fs is a natural number object
in E. This includes slice functors A* from any Cartesian closed category and the
inverse image functors of geometric morphisms.
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194 Show that, for any g:1——A4 and h:Nx A— A, there is a unique
u: N— A such that

Fu@=q & u(sx)=h(x,u(x)) x.N

[Hint: use recursion data <0, g), {s- p,, h).] Use this to define the factorial function.
Combine the reasoning here and in Theorem 19.1 to show we can obtain every
primitive recursive function N— N. Lambek and Scott (1986) or any treatment of
recursive functions define primitive recursive functions.

19.5 Use the predecessor function pr: N— N, defined by pr(0) = 0 and pr(sx) = x,
to show that s is split monic.

19.6 Show that Theorems 19.1-19.5, and all the exercises up to this point, hold in
any Cartesian closed category with a natural number object. Use Theorem 19.3 to
prove the equations in Section 19.3 for generalized elements of N in any such category.

19.7 Prove that a terminator in any preorder is a natural number object. Use a
Cartesian closed preorder to show that 0 and s need not be disjoint, and may actually
be the same arrow in a Cartesian closed category.

19.8 Show that the induction axiom with variable I over Q" is true in any topos E
with natural number object. [Hint: (2¥)* N is a natural number object in E/(2"), so
the axiom’s pullback is the induction axiom for E/(2¥). Use the generic element
of Q%]

19.9 Prove that < is transitive and that:

~(x <Xx)
x<y+—[x=yvx<y]
X<yvx=yvy<x

19.10 Show that if 0 = 5O then E is trivial. [Hint: one method is to show that if
0 = s0 then [0] = [s0).] Conversely, show that every object in a trivial topos is a
natural number object. Show that if E is not trivial then not all global elements of the
natural number object in E x E are standard (even if all in E are). We can describe a
global element (p, g)>:{1,1)—— (N, N) in ExE, with p # g in E, as a natural
number in E x E with ‘internal variation’.

There are toposes built along the lines of non-standard models of type theory, as in
non-standard analysis (see Robinson 1974). These toposes have ‘infinite’ non-standard
natural numbers. But internal variation, like the simple example above, is the more
typical source of non-standard natural numbers.

19.11 Show that the generic natural number n for E, viewed as a global element of
the natural number object in E/N, is neither the zero in E/N nor the successor of any
other global element. [Hint: Exercise 19.3 shows that zero and the successor are
preserved by pullback.]

Explain how, nevertheless, ‘n = 0 v (Iy. N)n = sy’ is true in L(E/N). [Hint: inter-
pret 0:1—— N and s: N>— N as sub-objects of the terminator in E/N, the co-
product of which is the terminator. Show that they are the extensions of ‘n = 0" and
‘(3y.N)n = sy’ respectively in E/N.] Again, n has internal variation in E/N.
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19.12 (Bénabou’s original definition of [p]) For any p: 1—- N prove that [p] is
isomorphic to the pullback of p along + : N x N— N. [Hint: prove internally that
for every x < p there exists exactly one y with x + y = p.]

19.13 Let p be an actual natural number (i.e. a natural number from our external
point of view rather than a global element of N in E). Let p° be the global element
So...050 of N in E, with s repeated p times. Show that [p°] is the coproduct of p
copies of 1, and so for any object 4, A1 is the product of p copies of A.

19.14 Let E be any topos, without supposing that it has a natural number object.
Show that if an object N with 0: 1 — N and s: N—— N satisfies the Peano axioms
in E, then N, 0, s is a natural number object. [Hint: show that the usual argument from
the Peano axioms to recursive definition of functions is sound in E.] Conclude that
every logical functor preserves natural number objects.

19.15 Define an equivalence relation R on N x N by
- (x,y)R(z,w)«———»x +w=y+z

and define p: N x N—» Z as the quotient, so that intuitively p(x, y) is the integer
x — y (compare with Beth 1968, p. 95fT). Johnstone (1977) constructs the integers as a
pushout, but our Chapter 24 uses the fact that Z is a quotient of N x N.
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Categories in a topos

In this chapter small categories and functors in a topos E are defined.
Functors are then defined from a small category A to E, and the category EA
of such functors, and it is proved that EA is a topos. Examples of functor
categories on the topos Set are given in Chapter 22.

Section 20.1 really only applies naive constructions given in Part II to
small categories in E. It generalizes the results in Chapter 12 on small
categories in a universe of sets.

20.1 Small categories

A small category in a topos E is a pair of objects 4, and A, and arrows
D:A|—"-’Ao, C:A| —"—"Ao, i:AO—’Al’ and M:Az*’A., where A2 is
the following pullback:

P2

A, > A,
Px (o
Ay 2,

satisfying these equations:
DocM=Dop, and CoM =Cop,
Doi=Ay, and Coi= A,
Mo(icC,A,>=A, and Mo(A,,i-D) = A,
Mo(MxA)=M-(A, xM)

Note that (i.C, A4, ): A, — A,, among others, is an arrow to the pull-
back and not to the product A; x A,. But the equation Do.i = A, implies the
pullback condition DoioC = Co A, so in fact {ioC, A4,) is well defined
to A 2.
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The equations look more familiar internally, with variables over objects
and arrows of A; and writing i, in place of i(0), and fo g in place of Mo { f; g)-

Df=Cgt-D(f-9)=Dg & C(fo9)=Cf fg,h.A,
FDG)=0 & C(i,)=0 0.4,
l'—ic1°f=f & geipg =g
Df = Cg, Dg=Ch (fog)oh =fo(goh)

(Exercise 20.21 discusses ‘fo g’ as an abuse of notation.)

In a small category A = (A, 4,,D, C,i, M), we call A, the object of
objects, and A, the object of arrows. D, C, i, and M are the domain arrow,
codomain arrow, identities arrow, and composition arrow.

A functor, F:A—— B, from A = (Ay, A,,D,C,i,M) to B= (B, B,, D',
C, i, M") is a pair of arrows Fy: A— B, and F: A, — B, such that

b D'(F,h)= F,(Dh) & C'(F h)=F,(Ch) g,h.A,
l'_ Fl (io) = i'FO(o) O'AO
Dh = Cgl- F,(hog) = (F,h)o'(F,g)

Functors compose, with F o G consisting of Fy o G, and F, - G,. Every small
category A has an identity functor consisting of the identity arrows for 4,
and A4,.

Small categories and functors in E themselves form a (non-small) category
Catg. The constructions in Part II, of products, coproducts, and equalizers of
categories, apply in any topos (see Exercise 20.1), so Catg has all of these.
Given functors F, G: A—— B, the reader can define natural transformations
from F to G and show that there is a small category BA, an exponential of B
by A in Catg (see Exercise 20.5). Coequalizers are more complicated. In fact,
Catg has coequalizers iff E has a natural number object. The results on
adjunctions in Chapter 10 all hold for Catg, but of course we do not have the
axiom of choice in every topos E.

20.2 E-valued functors

In addition to functors between small categories, we can define functors from
a small category A to the base topos E. These are called E-valued functors on
A, or diagrams on A. The idea, naturally, is that a diagram S on A assigns to
each object o of A an E object S(0), and to each arrow 0o—— 0’ of A an E
arrow S(0)— S(0’), preserving identity arrows and composition. But (un-
less E is a topos of sets) the object of objects A, is not determined by its global
elements alone, and so we cannot formalize this definition simply by assig-
ning an E object to each global element of A,. We need an Ay-indexed family
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of objects, that is an arrow s:S—— A,, and a suitable action of 4, on that
family.

Precisely, define a diagram on A to consist of a structure arrow s:S — A,
plus an action ac: A, X .08 —— S, where A, x 4,8 is the pullback of s along D.
In other words, it is the extension [{f, x). A, x S|Df = s(x)]. The arrows s
and ac are required to meet the following conditions:

Df = s(x)|-s(ac(f,x))=Cf f,g9.4,x.8
s(x) = o} ac(i,, x) = x
Dg = s(x), Df = Cg |- ac(fog, x) = ac(f, ac(g, x))

We may refer to the diagram (s, ac) as S for short, naming it by the domain
of its structure arrow.

Intuitively, the first equation says that when x lies in the fibre over the
domain of f; then f acts on x to give a value in the fibre over the codomain of
J- The second says that when x lies in the fibre over an object o then the
identity arrow on o does not change x. The last says that if f and g are
composable and x lies in the fibre over the domain of g, then letting g act on x
and letting fact on the result is the same as letting fo g act on x. Think of the
fibres over objects as the values of the functor on those objects, and the
actions of the arrows as the values of the functor for those arrows. This is
further spelled out in the next two paragraphs.

Let s, ac be a diagram on A. Then each generalized object of A, that is each
0:T— A,, gives as object the fibre of s over o:

S() >———>S§

T >4,

o

If o is a global object, that is T = 1, then we regard S(o) as an E object.
Otherwise we regard S(0)— T as an object in E/T. In Chapter 11 the
subscript notation S, was used for fibres, as is customary for families of sets.
Here we shift to the notation S(0), which is customary for values of functors.

Suppose that a global arrow of A, f: 1 — A, has domain and co-domain
fio—— 0 in A. Then the relation

ac(f,x) = x' x,x'.S

is single-valued from x to x’, defined for x in S(0), and takes values X’ in S(0’).
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So the E arrow S(f): S(0)—— S(0') is uniquely dcfined by

F S(N)(x) = aci(f, x) x.8(0)

The second equation on s and ac says that S(i,) is the identity on S(0). The
third says that S preserves composition. This is extended to generalized A
arrows in Exercises 20.8-20.10.

Take a pair of diagrams on A, one with structure arrow s:S§—— A4, and
action ac,; and one with w: W—— A, and ac,,. Define a natural trans-
SJormation v:S—— W as an E/A, arrow, v:s — w, which commutes with
the actions as {ollows:

A X )oS——>§

Ay X o W———>W

Internally this says that:
s(x)=o0} w(v(x))=o0 0.A¢x.S
Df = s(x) |- ac,(f v(x)) = v(ac,(£,x)  [.A4,

So pulling the triangle back along any global A object 0: 1 —— A , gives an
E arrow v,:S(0)— W(0), and for any global A arrow fio——0' the
naturality square commutes in E:

S(0) >W(o)
SN ()
S(0") >W (o)

Vo

But, again, the real point is that such conditions hold for all generalized
objects and arrows (see Exercise 20.10).

Natural transformations v:S—— W and u: W—— Y compose simply by
composing the arrows to give pov:S—— Y. And for any diagram § the
identity 15:S—— S is natural. Thus diagrams on A and natural trans-
formations form a category called the diagram category on A, or simply EA,
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Limits in EA (as well as colimits) are calculated pointwise, meaning that you
obtain a given limit diagram by taking the limit in each fibre. A quick
description of the fibres will motivate the precise constructions. The termin-
ator in EA is called 41, or the constant diagram with fibre 1. The fibre over
each A object is 1, and so for each A arrow f the arrow S(f) has to be the
identity 1—— 1. This is clearly functorial; it preserves identity arrows and
composition. And for any diagram S there is a unique natural transformation
!: §—— A1 with the only components it could have:

S(o) —> 1
S(f)
S(0') > 1

Given diagrams S and W as above, define a diagram S x W with fibre
S(0) x W(o) for any A object o, and arrow

SN WY
S(0) x W(0) ——— S(0') x W(0')

for each A arrow f:0—— 0'. This is clearly functorial, and the projections
p1:S(0) x W(0)— S(0) are components of a natural transformation p,:S
x W—— 8. For any diagram T and natural transformations v: T—— S and
p: T— S, the components

{vo.uo>
T(0) ——— S(0) x W(o)

give the unique natural transformation required to show that S x W'is
a product of S and W in EA.

For diagrams S and W and natural transformations v and g, both from S to
W, define a diagram E the fibres of which are the equalizers shown, and the
arrows of which are those induced by the equalizers:

E(0) >—— S(0) W)

E(f) S(/) w(f)

E(0') >——> S(0) 3 W(o))
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By their definition, the inclusions E(0) S(0) are components of a natural
transformation E>—— 8, easily seen to be an equalizer for v and p in EA,

Thus EA has all finite limits. In fact, like all toposes it has limits over all
diagrams that can be defined within it, including infinite ones, of course, if E
has any infinite objects to begin with (see Exercise 20.18).

It remains to actually construct diagrams with the fibres described. Each
diagram must not only have fibres in E, as described for global objects and
arrows of the diagrams, but it must also have them in E/T for all objects and
arrows of A defined over any E object T. So it must have the appropriate fibre
in E/A, over the generic element of Ay, the identity arrow. And, conversely,
since all the constructions involved are preserved by pullbacks, if we get this
fibre right all the others will follow. Of course, for any diagram S the fibre
over the identity arrow on A, is simply the structure arrow s: §— A, itself.
So we calculate each limit (or colimit) of structure arrows in E/4, and the
corresponding actions to obtain limits (resp. colimits) in EA,

Therefore the terminator 41 must have the terminator in E/A, as structure
arrow; that is, the identity Aj—— A,. The action is C: 4, — A,. It can
easily be seen that is the only action that this structure arrow can have, and
that this diagram is terminal in EA. For the product S x W, form the product
in E/A,, that is the pullback S x ., W in E, with action ac, x 4oac,,. This is the
unique action with projections ac, and ac,,. For the equalizer of v and g, form
their equalizer as E/A, arrows, which is also their equalizer as E arrows, by
Theorem 11.1. The action is uniquely defined by the requirement that the
insertion of the equalizer be natural, so that it can be an equalizer of
diagrams, i.e. by the requirement that the following square commutes:

Al onE >—-—>A‘ ons

~ ~
L d —

20.3 The Yoneda lemma

For each generalized A object 0: T—— A, we define a diagram R,, called the
representable functor on o. For any A object o', R,(0') consists of all A arrows
from o to o'. For any A arrow f:0'— 0", R,(f) is the function that takes
each A arrow g: 0— 0’ and composes with [ to give fo g:0—— 0”". Clearly,
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R,(f) is well defined from Ry (0') to R,(0"), and R, preserves identity arrows
and composition.

For any 0: T—— A, let the object R, be A, x 4o T, the pullback of o0 along
D: A, — A,. Therefore R, consists of all A arrows with domain o or, more
strictly, with domain o(x), where x is a parameter in 7. Let the structure
arrow be:

A, XAOTLAI — 4,

Therefore the fibre over any A object o’ consists of all pairs (g, x) withgan A
arrow and x in T such that Dg = o(x) and Cg = 0o'. Let the action be:

MxaT
Ay xg0Ay XgoT ——— A % 4o T

Therefore the action applies to triples {(fg,x) with Df=Cg and
Dg = o(x), and it composes the arrows leaving x alone to give { fog, x).

The Yoneda lemma says that for any diagram S and 7-indexed object
0. T— A,, the T-elements of the fibre S(0) correspond exactly to the
natural transformations from R, to S. Of course, a T-element of the fibre is
the same thing as an arrow from o to s over A4,:

T 55
\ /
Ao
The idea is simply this. Take any v: R,— S. For any A arrow g with Dg = o
we have g = goi, in A and so

v(g) = V(R,(i,)(9)) = S(g)(v(i,))

So v is completely determined by the action of S once we know v(i,). And,
conversely, we can use those equations to define a natural transformation v
starting with any value in S(o) for v(i,).

We state the Yoneda lemma as an adjunction. There is a functor
U: EA—— E/A, which ‘forgets’ the action of a diagram. That is, U(S) is the
structure arrow of S, an object of E/A4,. For any natural transformation
¢:S— W, U(gp)is just ¢ as an E/A, arrow. The theorem shows that U has
a left adjoint which assigns to each E/A, object 0: T—— A, the representable
functor R,.
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THeoREM 20.1 (the Yoneda lemma) Every o:T—— A, has an E/A4,
arrow h:0o—— R, universal from o to U.

h
T >R,
\ /
Ao
ProoF Let h: T— A, x 4o T be the arrow induced by ic0: T— A, and
17: T— T. So h takes any value x in T to the pair (i,), x . Itis easy to see
that pair is in A; X 407 and that the structure arrow takes that pair to o(x), so
his well defined as an arrow over A,. Let S be any diagram on A and take any

y:o—— S in E/A,. We must show that there is a unique v: R, — S with
voh = y. But to say that veh = y is the same as saying that

F‘ v(io(x)' X) = .V(x) x.T

and we also have
Dg = o(x) - g, x> = aCgo(9s(iox X)) 9.4, x.T
and so naturality of v says that
Dg = o(x) |- v(g, X) = ac,(g, Vliox, x)) = 2c,(g, y(x))
and that fully defines v: A, X ,07— S in terms of ac,. a

204 EAis a topos

We begin proving that EA has a sub-object classifier by describing the monics
in EA,

LeEMMA 20.2 A natural transformation v:S—— W is monic in EA iff it is
monic in E/A, and so iff it is monic in E.

ProoF Obviously, if v is monic in E/A, it is monic in EA. The converse
holds since U is a right adjoint and any right adjoint preserves monics. The
second claim is a general fact about slice categories. 0

LeMMa 20.3 A subdiagram v: §>— W consists of a sub-object v: S —— W
of the E object W with the following property. Suppose that y in W has
w(y) = o and y is in the sub-object S; then for every A arrow f:0— o’ we
have ac,,(f, y) also in S.



190 Categories in a topos

Proor If S is a subdiagram, to say that y is in it means (expressing it
internally) that for some x in S we have v(x) = y. But then by naturality of v,
ac,,(f; y) equals v(ac,(f, x)) and so it is in the sub-object. Conversely, given an
E monic S —— W with that property, the restriction of ac,, to S is clearly the
one and only action that makes S a diagram and v natural. O

Consider any diagram W and subdiagram S»>—— W. We can do more than
just say whether or not each value y in Wis in S. We can measure the ‘extent
to which y is in S* by the collection of arrows that carry y into S; that is,
{g.A,|ac,(g, y)€S}. Call that collection y,(y). For example, x,(y) contains
all arrows with domain w(y) iff y is in §, since ac,,(i,,,), y) = y. The larger
1s() is, the closer we think of y as being to S.

If w(y) = o then for any h:0—— 0’ and y' = ac,,(h, y) we have

%0 = {/. A, foh€x(y)}

since we have
ac,(foh, y) = ac,,(f, ac,(h, y))

Define a cosieve on an object o to be a collection of arrows with domain o
such that if an arrow g is in the collection and Df = Cg then fo g is also in it
(compare with sieves, in Section 21.4). The maximal cosieve on o contains all
arrows with domain o, and a cosieve on o is maximal iff it includes i,. Note
that y,(y) is always a cosieve. Our ‘measures of the extent’ to which a value is
in a given subdiagram are cosieves. The sub-object classifier for EA will be the
diagram of cosieves.

THeorREM 20.4 EA has a sub-object classifier.

ProoF Define the object £2, as the object of all cosieves (this can be defined
internally as a sub-object of the power object 24" in E). Define the structure
arrow y: 2, — A, as taking each cosieve to the object that it is a cosieve on.
For any arrow h:0—— o' and cosieve C on o, define the action this way:

ac,(h,C)= {f’Allf"hEC}

This clearly preserves identity arrows and composition. Note that if C is
maximal on o then ac,(h, C) is maximal on o, and so there is a natural
transformation ¢: 41 — Q, given by the E arrow A,—— 2, which takes
each o in A, to the maximal cosieve on o.

Take any subdiagram S»>—— W. The natural transformation y,: W—— 2,
that takes each y in W to x,(y) is the only one which takes y to the maximal
cosieve on w()iff y is in S, the only one to make this square a pullback in EA:
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S > A1
t
w % > Qa
So Q, is a sub-object classifier. 0O

Given diagrams S and W on A, define the exponential diagram W* by
saying, for any object o of A, that W5(o) is the collection of all natural
transformations from R,x S to W (see Exercise 20.16). For any A arrow
f:o—— 0 there is a natural transformation f*:R,—— R, defined by
f*(h) = hof. So we can define W5([) as taking each v: R, x S— W to

It xs v
R, xS yR,x S— W

The reader can verify that W is a well-defined diagram on A. Do not confuse
the diagram W* with the exponential of objects W* in E!

THEOREM 20.5 The diagram W5 is an exponential of W by § in EA,

ProoF To define the natural transformation ev: W5 x S—— W, for each
v: R, x S— Wand each x in § with s(x) = o, let ev(v, x) be v(i,, x). Take any
natural transformation ¢: V' x S—— W. For each y in V with v(y) = o define
a natural transformation @(y): R, x S—— W by saying for each h:0— 0o’
and x’ in S(o’) we have

(@(»)) (b, X') = @((VR)(y), X')

Define ¢: ¥ —— WS as taking each y to @(y). Routine though copious details
verify that each of these is natural, and that ¢ is the transpose of ¢. O

Exercises

20.1 Prove that Catg has a terminator with object of objects and object of arrows
both 1. Given small categories A and B, show that there is a product A x B with object
of objects Ay x B, and object of arrows A, x B, . Given functors F and G, both from A
to B, construct an equalizer for F and G using the equalizer of F, and G,, and also the
equalizer of F, and G, in E. Do the same for an initial category, using §, and for
coproducts in Catg, using coproducts in E.

202 Call a small category A a preorder if (D,C):A,— Ayx A, is monic,
indiscrete if (D, C) is iso, and discrete if i is iso. Explain these in terms of our
previous definitions of preorders, and indiscrete and discrete categories. What is the
dual of A?
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20.3 Define an underlying object functor U: Catg— E that takes A to A, and F to
Fy. Show that the four adjoint functors of Exercises 12.1-12.8 exist over any topos E.
[Hint: Comp (A) is the coequalizer of the domain and codomain arrows of A; that is,
functors from A to Disc(S) correspond to arrows f: A,— S with fo D = fo C.] Show
there is no further adjoint on either end if E is not trivial (i.e.if 1 + 1isnotisoto 1in E
and thus—comparing with Exercise 20.6 below—the finite category 2 in E is not
isomorphic to the category unfortunately also called E in Exercise 10.6).

204 Define a natural transformation between small functors F, G: A—— B as an
arrow v: A,— B, that meets certain conditions.

20.5 For any small categories A and B in E, construct a functor category BA and
show that it is an exponential of B by A in Catg. [Hint: for the object of objects (B*),
use the extension

[f. B{*9| f preserves identity arrows and composition]

State that condition internally. Define the object of arrows as the sub-object of
(BA), x (BA), x (BY*) that contains all {f; g, v) with v natural from f to g.]

20.6 Show that every finite category appears as a small category in E with finite
coproducts of 1 for object of objects and object of arrows, and that the functors
between them all appear in E.

20.7 Given a natural number object N, construct a category N with object of objects
1 and object of arrows N and + :N x N—— N as composition. Show that any
functor F:N—— A is fully determined by F(1), since F(sn) = F(n) o F(1). Show that
the functor g:2— N that takes the non-identity arrow of 2 to the natural number 1
is a coequalizer in Catg for the two functors from 1 to 2.

Conversely, those functors have a coequalizer only if E has a natural number object.
This could be proved by reasoning internally, but it is perhaps better to sce
Johnstone (1977, Theorem 6.41).

20.8 Given any small category A in E and any E object T, show that applying the
functor T*: E—— E/T to each object and arrow in { Ay, A,, D, C, i, M) gives a small
category in E/T. (This just means that T* preserves the pullback A, and the equations
defining a category.) Call this small category T* A. Show that T* also preserves small
functors, so that there is a (non-small) functor T*:Catg— Catg,;.

20.9 Given a diagram s, ac on A and any E object 7, show that T*s, T*ac is a
diagram on T*A in E/T. (As in Exercise 20.8, the verification is trivial.) Show that
there is a {(non-small) functor 7* from E* to (E/T)T"A.

20.10 A T-indexed A object 0: T— A, can be regarded as a global object of T* A,
and similarly for T-indexed arrows. Show that the fibre of 7* S over o as global object
of T* A is the same as the fibre S(0) defined in Section 20.2 as a pullback in E.

Suppose that an A arrow f: T— A, has Df = o and Cf = ¢, for 0 and o' T-indexed
objects of A. Transfer all of this to the slice E/ 7 to conclude that thereis an E/ T arrow
S(f):S(0)—S(0') such that S preserves identity arrows and composition for 7-
elements of A, and A,. Also conclude that natural transformations give naturality
squares in E/T similar to those in E described in the text of the chapter for global
arrows and objects.
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20.11 Generalize Exercise 20.8 by showing that any geometric morphism
S*AfGE—FE' gives a functor f*:Catg—Catg, and a functor
f,: Catg,.—— Catg which are also adjoint f* | f,.

20.12 For diagrams S and W, define a diagram with structure arrow

3):S + W—— A, and action ac;, + ac,,. Show that the inclusions $>—— S + W and
W»—S + Wand S + W are a coproduct for S and ¥ in EA. Show that the fibres of
S + W over A objects (including fibres in E/T for fibres of objects defined over any T')
are coproducts of the fibres of S and W.

20.13 Given S and W and natural transformations v and u, both from S to W, define
a coequalizer for v and g. As usual, the basic step is to form the coequalizer of v and u
as E/A, arrows. [Hint: recall Exercise 11.4 on coequalizers in a slice.]

20.14 Sum up the results of finite limits and colimits in E* as saying that the forgetful
functor U: EA—— E/ A, creates them (‘creating’ is defined in Exercise 11.5).

20.15 Show that a cosieve on 0 amounts to a subdiagram of R, (recall Lemma 20.3).
Thus the Yoneda lemma explains why the fibres of the sub-object classifier for EA
contain the cosieves.

Use the Yoneda lemma to explain why the fibre over o of the exponential diagram
WS contains the natural transformations from R, x S to W.

20.16 Show that a natural transformation from R, x S to W can be defined internally
as a partial function from A, x S to W and so, treating the partial function as a single-
valued relation, as a member of the power object of A, x S x W. Thus the object of all
natural transformations from R, x S to W, for all A objects o, can be defined internally
as a sub-object of the power object of A, x S x W,

20.17 Show that for every E object B there is an A diagram with structure arrow
P1: Ap X B— Ay and action C x B: A; x B— A, x B. Call this diagram 4B, or the
constant diagram with fibre B. Show that its fibre over any global object of A is B and
that the action of any global arrow is 1. Similarly, show that the fibre over any 7-
indexed object is 7*B and that the action of any 7-indexed arrow is the identity.

For any E arrow f: B— B’, show that A, xf: A, x B— A, x B’ gives a natural
transformation between constant diagrams. Conclude that there is a functor
4: E—— EA that takes each object to its constant diagram. Show that 4 preserves all
finite limits.

20.18 For any diagram S, define Colim(S) by the following coequalizer:

ac
Ay X408 ——2S—» Colim(S)
P2

Show for any E object B that a natural transformation v:S—— B gives an E arrow
Colim (S)— B and vice versa, so that Colim is left adjoint to 4. Use Ay-indexed and
A,-indexed products to internalize the construction of limits in Section 4.6 to
construct a right adjoint Lim to 4. Thus every topos E has a colimit and limit for
every diagram on a small category in E. We say that E is internally cocomplete and
internally complete (compare with Mac Lane (1971, Theorem 5.1) and Johnstone
(1977, Ch. 2).
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20.19 A global section of a diagram § on A is a global element of S in EA, a natural
transformation b: 41— S; in other words, a E arrow b: 4,— S such that

Fsb(o)) =0 0.4,
Df = o}~ ac(f,b(0)) = b(Cf) [.A,

Show that if v; S — W is a natural transformation and b is a global section of S, then
vob is a global section of W.

20.20 Show that there is a functor I': E*—— E that takes each diagram to the object
of its global sections, right adjoint to A:E——EA, and so there is a geometric
morphism 4 | EA——E.

I do not recommend formalizing this too strictly, but the reader may notice that the
indexed product 17 ,,S is the object of selections of a value b(0) in each fibre S(0), so
that the object of global sections of S is a sub-object of that 'S »— IT ,,S. An E arrow

J: B—— S gives an arrow

~ IxA
Ag X B——+ Bx Ag—— (I'S) X Ag>— (11 40 S) x Ag—> S

Reasoning internally to E, this arrow takes any A object o and value y in B to
(/(»))(o); that is to the value in S(o) of the global section f(y). One can prove that
arrow is a natural transformation from 4B to S. Conversely, any natural trans-
formation v: AB—— S determines an arrow f: B—— I'S which, put internally, takes
each y in B to the section b defined by b(o) = v(o, y).

20.21 This is an exercise on formalizing an abuse of notation in the internal
language. Terms such as fo g, used in the axioms for a small category, are an abuse of
notation, since the composition arrow of A is defined for terms of sort A,, not A, x 4,.
Having Df = Cg in the sequent does not eliminate the abuse, since that equation is a
presupposition for definedness of fo g, and not just a condition for the truth of some
claim about it.

Call a composition term such as f'- g a pseudoterm. If fand g are not bound variables
then we can regard a sequent with fog in it as short for a sequent with a formula
(pic=f & p,c=g) added to the left-hand side, and every occurrence of fog
replaced by m(c), where ¢ is a variable over A, not already occurring in the sequent.
This must be done inductively, since a pseudoterm so ¢ might have other pseudoterms
embedded in s and t. Call the result the expanded form of the sequent with pseudo-
terms, and call a sequent with pseudoterms true iff its expanded form is. The expanded
form of the associativity axiom is quite long.

Call Df = Cg the presupposition of the pseudoterm fog, and call a sequent with
pseudoterms proper if its left-hand side includes the presupposition of each pseudo-
term in the sequent.

Show that topos logic is sound for proper sequents; that is, applying any rule to true
proper sequents in such a way as to yield a proper sequent always yields a true one.

Give analogous definitions for the pseudoterms ac(f; x) used with diagrams on A,
with presupposition Df = o(x).

20.22 The cut rule is not sound for arbitrary sequents with pseudoterms because it
can eliminate a pseudoterm the presupposition of which is required for the conclusion
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For example, for any small category A the domain-codomain axioms imply that
igoly =il o=0 0,0'. Ay
but the identity axiom implies that i, i, = i, so cut would give
Fo=d

saying that all objects of A are equal. Show that adding the presuppositions turns this
into a proof that o = o’ implies 0 = 0'.

20.23 The reader familiar with Russell’s theory of definite descriptions might enjoy
proving that our expanded forms of sequents with pseudoterms ‘fo g’ are equivalent to
the result obtained by treating /o g* as a definite description ‘the h such that there is
some ¢ with p, ¢ = fand p,¢ = g and mc = I, and spelling it out in Russell’s way.
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Topologies

In this chapter is described Lawvere and Tierney’s elementary treatment of
the topologies on toposes that Grothendieck first described. We use any base
topos E and, given a topology j on E we construct a topos E; which is ‘E
modified by making j-true formulas actually true’. Grothendieck toposes are
described.

21.1 Definition

A topology on E is an arrow j: 2—— 2 such that:

jot=t  joj=j  joA = Ao(jxj)
Let J »—  be the sub-object classified by j. Every sub-object s: S»—— A4 of
any object A has a j-closure, written s: S —— A and defined as the sub-object
classified by jox,, where y, classifies s. Equivalently, s is the pullback of J

along x;.
The j-closure operator has various nice properties:

THeOREM 21.1 For any topology j, sub-objects s and w of A4, and arrow
[:B—— A:

1) scs

2 s=5

B (snw)y=snw;

4) if s < w then s = w;

(5) the j-closure of f ~!(s) is f ~!(5).

We say that the j-closure operator is inflationary, idempotent, it preserves
intersections, it preserves order, and it is stable under pullback.

Proor Since jot =t we have ¢t © J as sub-objects of 2, and (1) follows
since pullback along y, preserves order. Clause (2) is immediate from joj = j,
and (3) from jo A = A o(jxj). Since s<Sw means the same thing as
snw = s, clause (3) implies (4). And (5) holds since both sub-objects are
classified by jo y,of. O

A sub-object s: S—— A is called j-closed if it is its own j-closure; that is, if
s=s. It is called j-dense if its j-closure is all of A; that is, if s=1,.
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Immediately from Theorem 21.1, if s is closed then so is any pullback f ~!(s).
If s is dense then so is any sub-object that contains s and any pullback f ~*(s).
We need two technical lemmas:

LeEmMA 21.2 Suppose that s is dense and w closed, and that the following

square commutes:
>W
> A

X g

(%]

Then there is a unique u: X — W with g = wou. It follows that f = uos.

ProofF The pullback g~'(w) is closed, and also dense since it contains s;
thus it is (up to equivalence) 1. So g factors through w, and uniquely since w
is monic. To prove that f = u.s, compose both sides with the monic w. 3

LeMMA 21.3  Any sub-object w: W»>—— A is dense in its own closure.

ProoF The inclusion W>—— W is the pullback of w along w, so its closure
is the pullback of w along w. But that is W. O

This use of terms from point-set topology has a history, but on our level it
is more misleading than helpful. Lawvere suggests looking at a topology as a
modal operator ‘it is j-locally the case that’. We may shorten that to ‘it is j-
true that’. The arrow j appears internally as an operator applying to formulas
and giving formulas, such that;

- w—jw w,w.Q
b jjwe—jw
Fiw&w') —— (jw) & (jw')

For example, take any u:1—— Q. It is easy to verify that the arrow
(u—_):Q2—Q is a topology. To be u-true means to have truth value at
least u. This is called an open topology, since in the case where E is a topos of
sheaves on a topological space, Shv(T) for some topological space T, u will
correspond to an open subset U of T and the u-true formulas will be those
true over at least U.

The arrow (u v _): Q—— Qs the closed topology for u . A formula is true in
this topology if its disjunction with u is true. If E is Shv(7') the formulas true
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for this topology are those true over at least the closed set the complement
of U.

The double negation arrow ~ ~ : 22— s a topology. In some toposes
E, to be not-not-true means to be ‘true so far as global elements in E are
concerned’. If E is Shv(T') it means ‘not false on any open set’ or, in other
words, ‘true on some dense open subset of 7.

21.2 Sheaves

For any topos E and topology j on it, an E object A is a sheaf for j iff the
following holds. For every object X and j-dense sub-object s:S»— X and
every f:S—— A there is a unique g: X — A4 with f=gos:

S
)
S
R
X - A

The idea is that, since s is j-dense, it is j-true that s is all of X. A j-sheaf A is an
object that thinks s is all of X, so that an arrow from S to A fully determines
an arrow from X to A.

Let E; be the full subcategory of E the objects of which are the j-sheaves,
and let i: E;—— E be the inclusion functor.

THEOREM 214 E; has all finite limits, and i preserves them.

PrOOF Trivially, 1 is a j-sheaf and is terminal in E;. Given j-sheaves 4 and
B, form their product 4 x B in E. For any j-dense §$ >—— X, any arrow from S
to A x B corresponds to arrows from S to A and to B, so A x Bis a sheaf and
is a product of A and B in E;. Similarly, the equalizer in E of any parallel pair
of arrows from a sheaf A to a sheaf B is a sheaf (this uses the sheaf property of
A and of B) and in fact is an equalizer in E;. O

CoroLLARY An arrow f between sheaves is monic in E; iff it is monic in E.

Proor Clearly, if fis monic in E it is in E;. And since i preserves pullbacks
it preserves monics (compare with Exercise 4.9). O

THEOREM 21.5 For any object A, if B is a j-sheaf then so is B4. It follows
that i preserves exponentials.

PrROOF Take any j-dense s:S»——X and arrow f:S—— B“ Then
sXx A:Sx A— X x A is j-dense, since it is the pullback of s along
P1:XxA—— X. The transpose f:SxA—— B determines a unique
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u: X x A—— B, the transpose of which is the unique arrow showing that B4
is a sheaf. The second claim is left to the reader. a

Define ;> Q as the equalizer of j and 1,. Since jot = t, the arrow ¢
factors through a unique t: 1 — £2,. So £2, contains the truth values equival-
ent to their own j-truth, those w with j(w) = w. We will prove that £; s a sub-
object classifier for E;. First note that £, classifies closed sub-objects in E. For
any monic s: §»—— A, the classifying arrow y, factors through €;iff jo x, = x,
and thus iff s is closed.

LEMMA 21.6 Let 4 be a sheaf and take any monic w: W»>—— 4. Then Wisa
sheaf iff w is closed.

PrOOF By Lemma 21.3, i: W>— W is dense. So if W is a sheaf there is a
unique arrow u: W —— W with 1,, = uoi. But then wou and w both com-
pose with i to give w, and since A is a sheaf this shows that wou = w. So w is
equivalent to w.

Then suppose that w is closed and take any dense s:S>—— X and arrow
f:S—— W. Apply Lemma 21.2 to s and w, with g the unique arrow to the
sheaf A with wof = gos, to obtain some u: X — W with f= u.s. For any
v: X — W, iff = vosthen g and w - v have the same composite with s. So the
sheaf property of A implies that g = wov, and since wis monicv=u. ([

THeorREM 21.7 For any monic s: S —— A with S and A4 both sheaves, there
is a unique u: A—— £, such that s is a pullback of ¢ along u.

Proor Since s is closed, its classifying arrow to 2 factors uniquely
through €2, O

Theorem 21.7 will imply that €, is a sub-object classifier for E;, and so E; is
a topos, as soon as we show that £, is itself a sheaf.

THEOREM 21.8 €, is a sheaf.

Proor For any dense s:S>—— X and any f:S§——Q,, let w: W»—§ be
the sub-object classified by § — ;> &, so that w is closed. The pullback
of sow along s is w, so the pullback of sow along s is W, and that is w. So
J o X(se w0 8 is the classifying arrow of w. But j o x,. ., factors through a unique
g: X — Q,, and this is the unique arrow with f=gos. O

21.3 The sheaf reflection

Given a topology j we will construct a left adjoint L to the inclusion
i:E;——E and prove that it preserves all finite limits. A left adjoint to the
inclusion of a full subcategory is often called a reflection functor. It ‘reflects’
each object into the subcategory. We call L the sheaf reflection functor.
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Separated objects have half of the sheaf property and make a good halfway
point in constructing L. An object A is separated (for the topology j) iff: for
every object X and j-dense sub-object s: $»— X, if arrows g and ¢’ from X to
A have gos = ¢ os then g = ¢'. This is what you obtain by saying ‘at most
one arrow g’ rather than ‘a unique arrow g’ in the definition of a sheaf. In
particular, every sheaf for j is j-separated.

Let E,,,, ; be the full subcategory of E with the j separated objects. We often
omit j in the subscript.

THeoreM 21.9 The following are equivalent:
(i) The object A is separated.
(ii) The equalizer of any parallel pair of arrows with codomain 4 is closed.
(iti) The diagonal 4>—— A4 x A is closed.
(iv) This sequent is true:

jx=xYx=x' x,x.A

Proor Suppose that A is separated and take any f, g: B— 4 and the
equalizer e: E»— B, with its closure e: E>—— B. The inclusion s: E~— E of
E into its closure is dense, and we have

foéos =foe=goe=goéos

Since A is separated this implies that fo e = goe. Thus € factors through e,
proving that e = e. Clause (iii) follows from (ii), since the diagonal is the
equalizer of the two projections to A. Clauses (iii) and (iv) are equivalent since
the extension of j(x = x') is the closure of the diagonal. Finally, assume that
the diagonal is closed and consider any dense s:S»—— X and f:§—— A. If
hos=fand kos =/, then (h,k)os:S—— A x A factors through the dia-
gonal, and so Lemma 21.2 shows that {h, k) already factors through it. But
that means that h = k. So A is separated. O

In constructing the sheaf reflection functor we freely take the kernel pair of
an arrow f:A~—s B as a pair of arrows, h and k, to A or a sub-object
{h,k): P A x A, whichever is convenient. We slightly abuse our not-
ation, using j for the image factorization

J
Q—Qp—Q

of the topology j:2—— Q (see Exercise 21.6). For each object A4, our
construction of L(A4) centres on the arrow

jA
allgr—,qn

The idea is that this composite coequalizes each pair of values in A4 that are j-
equal, yielding a separated object M A embedded in the sheaf 24 . The closure
of M A is the sheaf L(A).
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LEmMmA 21.10  The kernel pair of j4o{ } is closure of the diagonal of A.

Proofr The kernel pair is the extension of

{y.-Alily=x}={y.Aljly=x)} xx.4

This formula is equivalent to j(x = X’), so its extension is the closure of the
diagonal. O

THEOREM 21.11 For any object A, let g:4A—» M A be the image of the
arrow j4o{ }. Then MA is separated, and for every separated object C and
arrow g: A—— C there is a unique u: MA—— C such that g = u.q.

PrROOF MA is separated since it is a sub-object of the sheaf Q7 (see
Theorems 21.5 and 21.8, and Exercise.21.5). Take any g from A to a separated
object C and let (h, k) be its kernel pair. Every kernel pair includes the
diagonal, and {h, k) is closed by Theorem 21.10 since it is the equalizer of
gopy:Ax A— C and gop,. So the closure of the diagonal is included in
{h, k), and Exercise 21.7 completes the proof. ]

By Theorem 10.3 there is a unique functor M:E— E,,, left adjoint to the
inclusion of E,, into E, with each arrow q,: A—— M A universal to M. Each
M is the unique arrow that makes the following square commute:

qa

A >>MA
f Mf
B o >>MB

THEOREM 21.12 M preserves monics. What is more, for any arrow
J: A—— B we have Mf monic iff

Jx =KX} j(x=x) x,x.A

Proor The second claim implies the first, since the sequent holds for any
monic f. So suppose the sequent holds. The following is sound in the internal
language. Take any z and 2z’ in M A such that (Mf)(z) = (Mf)(2’). Since g, is
epic there are some x and x’ in A with q,(x) = z and g,(x") = z’. And since
(Mf)oq4 = ggofit follows that gg(fx) = gg(fx’). But g is the quotient of the
kernel pair of j2o{ }, so the last equation means that

{w.Blj(w=/fx)} = {w.B|j(w = fx)}
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and that is equivalent to
J(Ux=fx)
By the assumption on f plus jj = j this is equivalent to

jlx=x)
and so to
{y.Alj(y=x}={y.Ali(y = x)}

which proves that z = q,(x) = g,(x') = 2/, so Mf is monic. The converse,
if Mf is monic then the sequent in the statement is true, is left to the
reader. O

THEOREM 21.13  For any object 4, let LA be the closure of M4 in 7. So
s:MA>—— LAisdense. Let n: A—— LA be soq,. Then LA is a sheaf and for
every sheaf C and arrow g: A—— C there is a unique v: LA—— C with
g="von.

ProorF LA is closed in the sheaf Q;-‘ and so, by Lemma 21.6, a sheaf.
Consider any C and g as in the theorem. Since C is separated there is a unique
u:MA—— C with g = u.q,. Since s is dense and C is a sheaf there is a
unique v: LA—— C with u = vos. Thus g = von. Uniqueness is left to the
reader. a

Therefore there is a unique functor L: E— E; left adjoint to the inclusion
i:E;—— E with the arrows » universal to L.

THEOREM 21.14 L preserves finite products. In fact, for any 4 and B the
arrow {1,, 11> is universal to sheaves.

Proor Since 1 is a sheaf, L preserves it. Take any sheaf C and arrow f:
A x B— C. Since C? is a sheaf, f: 4 — CB gives a unique u: L(4)— CB.
The double transpose ii: B— CL4 gives a unique v: L(B)— CL“, Calcu-
lation shows that the twisted transpose of v, an arrow from L(A4) x L(B) to C,
is the unique arrow the composite of which with {n,, ng) is f. O

THEOREM 21.15 L preserves monics. In fact, Lf is monic iff Mf is.

ProoF The second claim implies the first, since M preserves monics. So
suppose that Mf is monic. Lf is the unique arrow that makes the following
diagram commute:

MA> = > LA

Mf Yy

MB > —> LB
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Consider any arrows h, k: T—— LA with (Lf)o h = (Lf) o k. The pullbacks of
h and k along s are both dense sub-objects of 7. So their intersection
i:I—T is also dense, by Theorem 21.1. Let W,k':I— MA be the
restrictions to I of h and k. Chasing through the diagram shows that
so(Mf)olW =so(Mf)ok' and since s and (Mf) are monic we have h' = k'.
Thus
ioch=Wos=kos=iok

Since I is dense and LA is a sheaf, h = k. Conversely, if Lf is monic so is
(Lf)es, and thus so is MJf. O

THEOREM 21.16 A monic s: S»>—— A4 is dense iff Ls is iso.

Proor If sis dense then since LS is a sheaf there is an arrow f: A—— LS

with fos =#ns. Since 7, is universal to sheaves the corresponding

u: LA—— LS is easily shown to be right inverse to the monic Ls. So Ls is iso.
Conversely, suppose that Ls is iso. Then #g factors as

S——A—sLA-—HLS

so for every sheal B every arrow f:S—— B factors uniquely through A.
Consider the following diagram:

s—a—=0-i.0
Xs
As S is the equalizer of the middle pair, so its closure is the equalizer of the

two composites to £2;. But those each have the same composite with s and €2,
is a sheaf. So jot = jox, and thus the equalizer is A. So s is dense. O

An arrow f: A—— B is called almost monic (for j) if
Sx=fx Fjx=x)

Theorems 21.12 and 21.15 show that fis almost monic iff Lf is monic. The
arrow is called almost epic iff its image is j-dense in B or, equivalently, iff

Fi@x.A)fx=y) y.B
And f'is called j-bidense iff it is almost monic and almost epic.

TueoreMm 21,17 For any arrow f: A—— B, the arrow Lf is epic iff f is
almost epic. So Lfis iso iff fis bidense.

Proor Consider the image factorization A —» I»— B of fin E. L pre-
serves monics, and any left adjoint preserves epics, so LI is an image
factorization of Lfin E;. Thus Lfis epic iff Li: LI = LB is epic, and since Li
is monic that means iff it is iso. Theorem 21.16 shows that this happens iff the
image I is dense in B. Again, since monic—epics in a topos are iso, Lf is iso iff
[is bidense. O
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CoroLrLary Each universal arrow n, is bidense, since LA—— LLA

is iso. =
Our proof that L preserves equalizers follows Veit (1981).

Lemma 21.18 If Bis a sheaf and f: X —— B is almost monic, then LX is iso
to the closure of the image />— B of f.

Proofr If fis almost monic then (up to the iso B ~ LB) we have a monic
Lf: LX —— B. Since I is a sheaf (being closed in the sheaf B) there is an arrow
from LX to I and, in fact, a monic showing that LX < I as sub-objects of B.
On the other hand, f factors through LX so I € LX, and since LX is closed
in B this implies that J < LX. Thus I and LX are equivalent sub-objects
of B. O

THEOREM 21.19 L preserves equalizers.

PROOF Suppose that the top row here is an equalizer:

f ~
E>———> 4 ° B
g el
Lf -
LE>—X 514 > LB
Lg 4

Since (Lf)o(Le) = (Lg)o(Le), the equalizer of Lf and Lg includes LE. Also
note that 5, - e is almost monic, so LE is equivalent as a sub-object of LA to
the closure of the image of E in LA. Therefore we are done once we show that
the equalizer of Lf and Lg is included in that image. Reasoning internally to
E, let x be any value in LA with (Lf)(x) = (Lg)(x). As n, is bidense we have

J @y A)na(y) = x)
But 5,(y) = x implies that

(LS )(na(y)) = (LG)14(»))
and then by naturality of  we obtain

ns(S () = ng(g(»))

and since 7, is almost monic that gives

iUy =g(»)
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which implies that

J((@w.E)e(w) = y)
Summing up, we obtain

J(@Gw.E)n (e(w)) = x)

which says that x is in the closure of the image. (To be quite precise, summing
up gives j(Ay- A)j(3w. E)(n(e(w) = x). But we drop the quantifier over y
because y does fiot appear in the formula, and we use jj = j.) O

Altogether, L —|i is a geometric morphism from E; to E.

21.4 Grothendieck toposes

The real strength of topologies appears in connection with diagram cat-
egories, as in Chapter 20. Algebraic geometers often work with diagrams on
the dual to a given small category. A diagram on A°? is called a presheafon A,
and the category EAr is the presheaf category on A. This dualizing is a minor
detail, but coherence with the literature requires it.

Given a small category A, a sieve on an A object o is a collection of A
arrows with co-domain o, such that if g is in the collection and Cf = Dg then
gofis also in it. These are the duals to co-sieves, defined in Section 20.4. A
Grothendieck topology on A assigns to each A object o a collection of sieves
on it, called the covering sieves on o for that topology. The covering sieves
must meet certain conditions, such as that the maximal sieve on an object is
always covering, but we will not use these conditions. Makkai and Reyes
(1977) work with them at length, and Artin et al. (1972) at greater length.
Most books on toposes list them. Mumford and Tate (1978) discuss
Grothendieck’s use of the idea in algebraic geometry.

As a collection of sieves, a Grothendieck topology is contained in the sub-
object classifier £,,, for the presheaf category EAP. In fact, the conditions on
a Grothendieck topolgy are equivalent to saying that it is a sub-presheaf
J—— Q,,,, the classifying arrow j of which is a topology on the topos EA°P in
the sense we have been using. We may call the Grothendieck topology J and
use j for the corresponding topology on EAer, but the two determine each
other interchangeably.

A site in a topos E is a small category A in E plus a Grothendieck topology
J on it. The Grothendieck topos over that site is the category of sheaves for j
on EAor, Call this topos A. This is a very flexible device for constructing
toposes over E. We briefly discuss one kind of example in Chapter 24, namely
models for synthetic differential geometry defined over a topos of sets.

The notion of covering in a Grothendieck topology is tied to the notion in
Chapter 18 in that each J-covering of an object o in A gives an epic to L(R,),
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the ‘sheafification’ of the representable presheaf on o in A (that is, R, is the
representable functor on o in A°P). All of the terms of external semantics have
special forms for the case of Grothendieck toposes, and ‘external semantics’ is
sometimes used just to mean this case (see Exercise 21.11).

Exercises

21.1 Show that for any u:1—— £, the arrow (u —_):Q——Q is a topology by
proving these sequents:

w b u—w w,w.Q
U—s(U—w) | u—sw
u—(w&w) - U—W)&(u - w)
Similarly, verify that (u v _) and ~ ~ are topologies.

21.2 Verify the following. The identity arrow 2— Q is a topology , and every E
object is a sheaf for it. The constant arrow true, that is to!:Q—1— 0, is a
topology, called the trivial topology. Every sub-object is dense for the trivial topology,
and only terminal objects are sheaves. The identity topology is the open topology for
t, trivial is the closed topology for t.

21.3  Show that a sub-object is dense for the double negation topology iff its negation
is empty. Show that (/,):1 + 1——Q is dense for this topology. [Hint: prove that
~ ~ (t v fa) in topos logic.] Conclude that 1 + 1 is dense in Q. .. and so E _ . is
Boolean.

214 Take any u:1—Q and the U>——1 that it classifies. Let jo be the open
topology for u. Show the ji-closure of any s:S>—— A is the material conditional
AxU =S and so § is dense iff S contains p,: 4 x U A. So p, is the minimal
jo-cover of A. Show that an object B is a j-sheaf iff it is iso to BY, [Hint: To say that B
is a sheaf means that an arrow from the minimal cover A x U to B determines a unique
arrow from A to B.]

Let E, be the topos of sheaves. Show that U*: E—— E/U restricted to E, is full and
faithful. Conclude that there is an adjoint equivalence U* -{_V:E,—— E/U. One
often says that (up to this adjoint equivalence) the slice E/U is the category of sheaves.
Thus the sheaf reflection is a logical functor.

21.5 Show that every sub-object of a separated is separated. Show that E,,, has all
finite limits, and that the inclusion into E preserves them. Also, if B is separated then
for any object A the exponential B4 is separated. [Hint: follow the proofs of Theorems
21.4 and 21.5.]

21.6 Inany category, an arrow f: A— A with f ffis called idempotent. Show that if
e: E>— A is an equalizer for an idempotent fand the identity 1 ,, then e is split monic,
so f has an image factorization 4 —» E»— A.

21.7 In any topos, suppose that {h, k) is the kernel pair of an epic f: A— B, and
that (I, k') is the kernel pair of g: 4— C. Show that {h, k) = (I, k') as sub-
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object of A x A iff g factors through f. [Hint: recall that in a topos every epic is
coequalizer to its kernel pair.]

21.8 The sheaf reflection L for j is not logical unless j is an open topology. But E, is
always ‘E modified by making j-true formulas actually true’ in the following two
senses. The extension of a formula ¢ is taken by L to an identity iff j¢ is true in E.
Objects A and B of E become isomorphic in E; iff it is j-true in E that they are iso.
Expand on these.

21.9 A topology j is called smaller than j’ iff
Fiw)—j'w) w.Q

Show that j is smaller than j' iff J = J' as sub-objects of 2, and so iff every j-cover is a
j'-cover, and so iff every j’-sheaf is a j-sheaf.

21.10 Define the object of topologies Top > Q9 as the extension
2=t & (Yw.Qw —jw) & (Yw, W . Q)(jw&w)ejw)&jw))]

Show that the transpose of any global element of Top is a topology.

Given any monic F»>—— £, show that there is a smallest topology that takes
everything in F to true. In fact, it is the intersection of all topologies with that
property, so it is the classifier for the extension

[w. Q{(¥). Top)((Vw'. Q)(W €F — j(w) = t)—j(w) = t]

Show that the classifier is indeed a topology.

For any arrow f: A— B, let F be the image of the classifying arrow for the
extension [y. B[(3x. A)fx = y]>— B. Show that Lf'is epic iff F < J. Conclude that
there is a smallest topology that makes f epic.

For any arrow f: A— B, let K> A4 x A be the kernel pair. Show that fis monic
iff the inclusion of the diagonal 4>— K is epic. Conclude that there is a smallest
topology that makes f monic, and thus also a smallest one that makes f iso.

The smallest topology for a given condition is often called the forcing topology for
the condition. (The term has its own plausibility and it is related to the set theorist’s
term, in that a classical set-theoretic forcing construction turns into a Boolean-valued
model by passing to ~ ~ -sheaves.} But it could be trivial, and so collapse the topos to
a trivial topos. The only topologies on a topos of sets are the identity and the trivial.
So, forcing anything in Set that is not already true collapses Set to triviality.

21.11 Use the Yoneda lemma to prove that in a presheaf topos EA% the rep-
resentables R, form a class of generators. (If natural transformations have the same
composites with all arrows from representables, they are equal.) Let ¢ — { be any
conditional formula in EA°, the only free variable of which is x of sort S. Show that
clause (iii) of Theorem 18.1 is equivalent to saying: a member ¢ of S(0) satisfies
o— Y iff, for every fio—0', if Sf(c) satisfies ¢ then it satisfies . [Hint: take
representables as stages of definition, and remember to switch from A and A°®.] The
reader familiar with Kripke models can compare this to them. External semantics for
Grothendieck toposes is discussed in Kock (1981, Ch. I1.8), for example.
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Sets

The distinguishing feature of sets is that ‘a set is determined by its elements’,
which we express categorically by an axiom that says that every f: A—— B is
fully determined by its effect on global elements of A. A topos satisfying this
axiom is called well-pointed, and we will refer to its objects as sets and its
arrows as functions.

Topos theorists sometimes use ‘set’ for an object in any topos (especially
the effective topos). Lawvere calls the objects of any topos ‘variable sets’ and
those of a well-pointed topos ‘constant sets’, the limiting case of variation.
One way in which to see the sense of this is to look at sheaves on a topological
space T as sets varying over 7. If T is a one-point space the sheaves are
constant sets. See Lawvere (1975, 1976) and elsewhere for more on this view.
In these terms, in Section 22.1 constant sets are described, and in Section 22.2
some variable sets are constructed from them.

22.1 Axioms
We assume a topos Set satisfying the following axioms:

(SET,) Well-pointedness, or 1 generates: for any parallel pair of arrows
f,g:A—— B either f=g¢g or there is some c:1— A with
foc# goc.

(SET,) Non-triviality: 1 is not iso to @.

(SET,) Infinity: there is a natural number object N.

We show that Set has some familiar properties and that its internal logic
matches its external description by global elements. No theorems in this
chapter use the axiom of infinity, but applications here and later do.

THEOREM 22.1

1. Every set is either initial or has global elements.

2. The terminator 1 has (up to equivalence) only the two subsets §>— 1 and
I—1.

3. Set is Boolean.

PROOF Any set A has subsets @ and 1. Either the classifying functions are
equal and @ = A, or some ¢: 1 —— A distinguishes them. Clause (2) follows,
since for any u: U»—— 1 if there is any ¢:1—— U then u = ¢~ . It follows
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that t:1—— Q and fa:1—— Q are the only global elements of Q. In any
topos ~~t=t and ~ ~ fa =fa, but 1 generates in Set so ~ ~is 1.
Therefore Set is Boolean, by Theorem 17.8. |l

Any topos in which 1 has (up to equivalence) only the subobjects § and 1, or
in other words the sub-object classifier has only ¢ and fa as global elements, is
called two-valued. The example of Set™ in Section 22.2 shows that a two-
valued topos need not be Boolean. In Set we write 1 + 1 for the subset
classifier. In the rest of this chapter we use ‘elements’ to mean ‘global
elements’ and we write either x € A or x: 1 —— A to say that x is an element of
A. We will not use other generalized elements in Set.

CoroLLARY Elements of a set are equal or disjoint. That is, given
c:1—— A and d:1—— A, either ¢ = d or the intersectioncndis . O

CoroLLARY [fmonics s: S —— A and w: W>—— A have the same members
they are equivalent subsets of A.

ProoOF Suppose that every c:1—— A4 is in s iff it is in w. Then the
classifying functions of s and w agree on all elements of A and thus are
equal. O

THEOREM 22.2 A function f: B— C is monic iff, for all elements b and ¥’
of B, fb = fb’ implies b = b'. It is epic iff for every element ¢ of C there is some
element b of B with fb = c.

Proor The first ‘only if’ holds in any category. Conversely, suppose
that fb = fb’ implies b =b" for all elements b and b’ of B, and take
any h,k:D—— B with foh=f.k. For every clement d of D we have
fohod = fokod, which implies hod = kod, and so h = k, which proves that f
is monic.

Suppose that fis epic. For any c: 1 —— C, the pullback S —— 1 of falong ¢
is epic, so S is not initial and any element y of S has f(s. y) = c. Conversely,
suppose that every element of C factors through f and suppose that
h,k:C—— Dhave hof = kof. Then h and k agree on all elements of C, and so
h=k O

THEOREM 22.3 Let ¢ and ¢ be closed formulas in Set and let 6 be a formula
with at most one free variable x, and that of sort A. Then we have:

 ~e@iffnotf ¢
Fo&yiff both}- ¢ and |- ¢

F o v ¢ iff either - ¢ or |-

I o—— iff either not |- ¢ or - ¢
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I (3x. A)0 iff there is some c € A such that |- 6(x/c)
- (Vx.A)0 iff for every c€ A |- 6(x/c)

Proor The first four hold since a closed formula in any two-valued topos
has extension §»—— 1 or 1>—— 1. The fifth follows since there is an epic from
[x. A|6] to the extension of (3x. A)6, and so either both are initial or both
have elements. The sixth follows from the fifth since Set is Boolean and
(Vx.A)8 is equivalent to ~(3x.A4) ~ 6. O

In short, there is no need to distinguish between internal and external
descriptions in Set. Notably, the internal quantifiers over a set 4 can be read
as ranging over global elements of 4. Thus the classical methods of set theory
apply directly (with bounded comprehension; see the comparison with mem-
bership-based set theory in Section 22.3 below). We have a natural number
object, and since Set is Boolean the Dedekind reals will agree with the
Cauchy reals, and all the usual results of analysis that do not use the axiom of
choice will follow. Adding the axiom of choice as given in Chapter 17, saying
that all epics split, gives all of classical analysis. We will not go into that: our
example of working methods in Set will be to describe some of the toposes
SetA for small categories A in Set. (Another good example is the proof of the
independence of the continuum hypothesis from the axioms SET, _, plus the
axiom of choice in Tierney (1972).)

22.2 Diagram categories over Set

We summarize Chapter 20 as applied to Set. We can describe a small
category A in Set by its objects 0 and arrows f; the (global) elements of 4, and
A,. We write h: 0o— 0’ to say that h is an A arrow with Dh = oand Ch = 0'.
We call a functor F from A to Set a diagram on A. It assigns a set Fo to each
A object o, and a function Fh: Fo—— Fo’ to each A arrow h, preserving
identities and composition. The category Set* of all diagrams on A and
natural transformations between them is a topos.

A natural transformation v:F——G has component functions
v,: F(0)— G(0), and is monic iff every component is. The terminator of Set*
is 41, the diagram assigning 1 to every object of A and consequently assigning
the unique 1—— 1 to every A arrow. Given diagrams F and G on A,
the product Fx G in Set* has (F x G)(0) = F(0) x G(o) and (F x G)(h) =
F(h)x G(h) for every object and arrow of A. All limits and co-limits in SetA
are calculated in this way.

Define the small category 2 as in Chapter 1, with two objects 0 and 1, and
one arrow a:0—— 1 in addition to the identities. A diagram F on 2 amounts
to two sets FO and F1 and a function Fo: FO—— F1. The functions F(id,)
and F(id,) have to be 15, and 15,. A global section of F, that is a natural
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transformation ¢: 41 — F, is (uniquely determined by) any element x of FO
since the corresponding element of F1 has to be Fa(x).

A subdiagram S>—— F consists of subsets S0>— F0 and S1 —— F1 such
that for any element x of FO, if x is a member of SO then Fa(x) is a member of
S1. Of course, x might not be in SO while Fa(x) is in S1, or both might be out
of S:

Vo

S0 > > FO
Sa Fa
S1 >—-——;'-—%F1

The negation of S, the largest subdiagram disjoint from 8§, is a subdiagram
~ §: ~ 8 F such that ~ SO contains all elements x of FO such that
Fa(x)isnotin S1,and ~ S1 contains all the elements of F1 not in S1. Thus, if
FO has any elements x not in SO but with Fa(x) in S1, then they are omitted
from ~ § as well, so Set? is not Boolean.

It is useful to think of a diagram F in Set? as a ‘set with one step of
development’. Think of FQ as ‘F now’ and F1 as ‘F later’, so that any element
x of F now becomes the element Fa(x) of F later. In these terms two elements
now may become one later (if Fa is not monic), or an element may first arise
later (if Fa is not epic), but an element now cannot split into two later or
disappear. If an element of F is in $>— F now, it is also later, but not
conversely.

For another example, consider a small category M with one object 0 and
two arrows, the identity i and an arrow m with mom = m. A diagram Fon M
is a set FO and an idempotent function Fm: FO—— F0. The fixed points of F
are those x in FO with Fm(x) = x. Since Fm is idempotent every Fm(x) is
fixed. Since 41 in SetM just consists of one fixed point, a global element of F is
(uniquely determined by) any fixed point of F. Thus supports split in Set™.

One can think of a diagram on M as a ‘set with one step of resolution’.
Each x in FO resolves itself into a fixed point Fm(x). A subdiagram S»>—— F
consists of a subset S0>—— FO such that every member of SO resolves itself
(under Fm) to a fixed point also in SO. The negation of S includes all of the
elements of FO that resolve to fixed points outside SO. An element x of FO
might be outside SO but resolve into it. Then x is in neither S nor ~ S. So
SetM is two-valued but not Boolean.
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22.3 Membership-based set theory

The central difference between sets in a well-pointed topos and sets ap-
proached via membership as in Zermelo-Frankel (ZF) and other set theories
is that membership is local in the topos, while it is global in membership-
based theories. That is, in Set (or any topos) we can take a set (object) 4 and
ask whether a given element of 4 is 2 member of a given subset of A4, but it is
pointless to ask whether an element of 4 is also an element of some other set
B. An element of A is an arrow with codomain A, and it certainly does not
also have another codomain B. In Set membership is a relation between
elements and subsets of one given set.

In ZF and other membership-based set theories, elementhood and mem-
bership collapse into a single relation that holds between sets, and that is
global. The elements of a set are sets themselves and it always makes sense to
whether one set is a member of another. Every set is a member of a proper
class of others.

The sets of a well-pointed topos are cardinals in Cantor’s sense. For
Cantor, a cardinal is ‘a definite set composed out of mere ones (lauter Einsen)’
(Cantor 1895, p. 482). Similarly, a set in Set has a definite multiplicity of
(global) elements, distinct from one another but with no distinguishing
features. Distinct elements of a ZF set, on the contrary, are distinguished in
having different elements themselves.

The local character of membership in Set appears formally in the fact that,
internally, Set has only bounded quantifiers. This entails some trivial differ-
ences from membership-based set theories. For example, the ZF axioms
say that any sets x and y have a pair set {x, y}. The Set axioms only imply
that any elements x and y of a given set 4 have a pair subset {x, y} of A.
Chapter 14 showed that the empty set, extensionality, pair set, union, and
power set axioms of ZF are sound in bounded quantifier form in any topos,
and in the case of Set we also have Boolean logic, and we can interpret the
quantifiers as ranging over just the global elements. For these axioms the
bounds on quantifiers make no serious difference in practice.

The bounded quantifiers do make a considerable difference between Set
and ZF, which the cognoscenti will recognise in the finite axiom system for
Set. These axioms do not have the strength of the separation axiom scheme,
much less replacement.

The axiom scheme of separation can be stated for Set as follows. For every
property P of functions with domain 1, and every set A, there exists a subset
S»—— A the members of which are just those elements of A with property P.
(Anyone familiar with axiomatic set theory will see how to formalize this, but
note that it is not to be formalized in the internal language with its bounded
quantifiers. That version is already a theorem. It is to be formalized in the first
order categorical language used for the axioms SET, _5.) The replacement
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scheme can be stated as follows. For every relation R between functions with
domain 1 and sets, and every set A, if each element x of A has R to a unique
set B, then there is an A-indexed family of sets C—— A such that each fibre
C, is iso to the corresponding B,. In short, if every element of 4 is R-related
to a unique set, then there is a disjoint union C of all those sets. An easy
exercise.shows that replacement implies separation, since a subset S »—— A
can be seen as an A-indexed family with the fibre ¢ over x if x is notin § and 1
if x is in §.

Since the finitely many category and topos axioms plus SET, _, suffice for
ordinary set-theoretic mathematics, category theorists have paid little at-
tention to the axiom schemes.

Various extensions of SET, _, have been shown to be equiconsistent with
corresponding fragments and extensions of ZF (see Johnstone 1977; also Cole
1973, Mitchell 1972, Osius 1974). The earlier papers were testing grounds for
the internal language of toposes, and for the logical character of toposes in
general as opposed to their geometric character.

Exercises

22.1 Inanytopos E we say supports split if, for every object T, the image i: T—» ] of
the arrow !: T—— 1 is split epic. Show that E is well-pointed iff it is Boolean, two-
valued, and supports split.

222 Show that every slice Set/A is Boolean. [Hint: show that £, preserves
complements.] It is not two-valued unless 4 =1 in Set. Show that, for any
h, k:f— g in Set/A, either h = k or there is some subterminator i:/—— A and
arrow c:i— fwith hoc £ koc.

Show that supports split in Set/(1 + 1), and that the axiom of choice for Set is
equivalent to saying that supports split in every slice Set/A.

22.3 Show that the only topologies on Set are the identity and the trivial.

224 Finite sets are co-products of 1 with itself. Suppose that a set A has exactly three
elements, x:1—— A4, y:1—— A,and z: | — A. Show that Aisisoto 1 + 1 + 1 with
X, y, and z as the injections. [Hint: define a monic-epic function from the coproduct to
A.] Thus we can define a function f with domain A by saying what each of f(x), f(y),
and f(z) are.

Also conclude from stability of coproducts that for any f: B—— A, the set B is iso
to the coproducts of the fibres f,, f,, and f,. Generalize to any finite number of
elements.

22,5 Our first order theory of Set is not formally equipped to deal with infinite
coproducts directly (except for internally indexed ones). But show that the axiom
scheme of separation is equivalent to the following axiom scheme, which says—to the
extent that our first order language can—that each set is the coproduct of its elements:
for every relation R between functions with domain 1 and for any sets A and B, if every
element of A is R-related to a unique element of B then there is a function f: A~— B
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such that every element x of A is R-related to f x. [Hint: in one direction construct the
graph, in the other use 1 + 1.]

22.6 Show that a weakened law of excluded middle in sound is Set? and SetM. For
any formula ¢ we have |- ~ ~ ¢ v ~ @. This is sound in every topos in this chapter
except one in Exercise 22.13.

227 Show that the representable diagram R, in Set? is the terminal diagram.
Compare this, via the Yoneda lemma, with the remark that a global section of a
diagram F in Set? amounts to an element of FO. Show that R, has R,(0) = ¢ and
R,(1)~ 1.

228 Let S and W be diagrams on 2. Define a diagram W by making (W°) 0 the set
of natural transformations from S to W, (W*)1 the set of functions from S1 to W1, and
(WS)a the function that takes a natural transformation v to its component v, . Define
ev: WS x S—— W by letting evy(v, x) be vo(x) and letting ev, (£, y) be fy. Show that
this is an exponential of W by S. (Compare with Chapter 20, but it is also worthwhile
to verify it directly.)

229 Define a sub-object classifier © for Set?. Make £0 a three-element set,
1 + 1 + 1. Call the elements n, g, and a, to represent ‘in now’, ‘only gets in later’, and
‘always out’. Let Q1 be 1 + 1 and call its elements i and o, for ‘in’ and ‘out’. Define Fa
by

Fa(n) = Fa(g) =i and Fa(a)=o

Verify that the global section picking out » from Q0 and i from Q1 is a sub-object
classifier for Set?.

22.10 Define the poset N of natural numbers with set of objects N and set of arrows
the extension of <. Generalize from Exercise 22.9 to describe the sub-object classifier
for Set™. (There is one truth value for each natural number.) Note that every
representable in Set is subterminal. Describe exponentials in Set™. Generalize all this
to any poset in place of N.

22.11 Define a small category Z, with one object 0 and two arrows, the identity i,
and an arrow m with mom = i. (This is the group Z,.) A diagram F on Z, is a set F0
and Fi: FO— FO, with Fi its own inverse. An arrow that is its own inverse is an
involution. Show that the global sections of F are its fixed points, the x with Fi(x) = x.
Show that the diagram category on Z, is Boolean and two-valued.

Verify that the representable diagram Rg on Z, has two elements in its set, and that
the involution reverses them. (In fact, it is the regular representation of Z,.) Conclude
that supports do not split in the diagram category. In particular, we have

F(3x.Ro)x = x

but R, has no global section.

Generalize to any group G in place of Z,. Show that Set€ is Boolean and two-
valued, and that supports do not split unless G is the singleton group. Define the
exponential IS in SetC by letting the set W5(0) contain all functions ffrom the set SO
to WO, with arrows g in G acting so that WSg( ) is the function that takes each x in SO

to Wg~'(f(Wg(x)))
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22.12 One might generalize Exercise 22.11 and Set™ to any monoid H in place of Z,,
or M. Take a single object, and the elements of H as arrows, with multiplication xy as
composition xoy. Set" is Boolean iff H is a group. This and other examples are
discussed in the introduction to Lawvere (1972).

22.13 Define a small category S with three objects 0, 0’, and 1, and two arrows,
f:0—— 1 and f":0'— 1, in addition to the identities. Describe the representable
diagrams R, and R,.. Show that their coproduct has an epic natural transformation
to the terminator, but no global section. Roughly, this and Exercise 22.11 give the two
reasons why internal existence in a Grothendieck topos need not be global. The
element may exist internally but not as a fixed point, or it may exist on overlapping
parts of a cover of 1 but not continuously over all of 1 (think of 1 as a space, with
regions as parts).

Calculate R, and R,. in Set>°P, the presheaf category in S. Show that each is the
negation of the other as sub-objects of 4 1, so that the weak law of excluded middle in
Exercise 22.6 fails in Set5P.

22.14 Define the global section functor from Set? to Set, taking each diagram F to
FO. Verify directly that the constant diagram functor is left adjoint to it.

22.15 Show that every diagram category over Set has as natural number object its
constant diagram 4N. In fact, show that for E any topos with natural number object
every Grothendieck topos over E has a natural number object.
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Synthetic differential geometry

The synthetic differential geometry axioms (SDG) describe a topos in which
each object has a differentiable structure, each arrow has a derivative, and the
basic rules of calculus are simple calculations with infinitesimals. For this
chapter we assume that we have a particular topos Spaces that satisfies the
axioms. We refer to objects of Spaces as spaces, to its arrows as maps, and to
global elements p: 1 —— M as points of the space M.

The axioms posit a space R, with addition and multiplication making a
kind of number line. But R is unlike the standard reals (i.e. the Cauchy or
Dedekind reals in any topos) in that the subspace D»—— R of x in R with
x2 = 0is not just {0}. We call D the space of infinitesimals of square zero, and
the axiom SDG, says that every map from D to R has a well-defined slope.
We describe some non-classical spaces in addition to D, and some models for
SDG built in Set.

23.1 A ring of line type

We assume axioms for a non-trivial topos, a topos with § not iso to 1. The
axiom SDG, says:

(SDG,) The space R has selected points 0:1—— R and 1:1 —— R (do
not confuse the point 1 on R with the terminator 1) and maps
— R—— R, +:RxR——R, and .: R x R— R that make R a non-
trivial ring. For variables x, y, and z over R:

O+x=x x+(—x)=0 x+y=y+x l.x=x x.y=y.x
(x+y)+z=x+(y+2) (x.y).z=x.(y.2)
x.(y+z)=(x.y)+(x.2)

And non-triviality means the internal negation
F~0=1)

Let D>— R be the equalizer [x.R|x? = 0]. Clearly 0€ D. We call D the
space of infinitesimals of square zero. Since D is a subspace of R we freely mix
variables over R and D in expressions such as ‘x + d’ or ‘d. y’. (Formally, we
should write ‘x + i(d)’ or ‘i(d).y’ to show the monic i:D—— R\))
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Define 2 map a: Rx Rx D— R by da(a, b,d) = a + d.b. The transpose
a: R x R—— RP? is described internally by

a(a, b) = (1d.D)(a + d.b)
The crucial axiom for SDG is the axiom of line type:
(SDG;) a:Rx R—— RP is an isomorphism.

THEOREM 23.1 The axiom SDG, is equivalent to any of the following:
- (V/.R®)(3!a, b.R) f = a(a, b)
@@'ab.R)(Vd.D)f(d)=a+d.b  f.RP
b (3!b.R)(Vd.D)f(d) =f(0) + d.b

ProoF The existence of parameters {a, b) for each fin R? says that a is
epic, and uniqueness says that it is monic. The second formula is equivalent
by extensionality. And if f(d) = (a + d.b) then f(0) = a. O

The rest of this section describes D in more detail, and is not actually used
in the next section. Pictorially, SDG, says that D is too small to bend but
larger than the point 0, so that its images in R have well-defined slopes. It
does not follow that anything in D is affirmatively unequal to O, since D is not
decidable. Thus Spaces is not Boolean.

THEOREM 23.2 D is not {0}. In fact, internally:
- ~(Vd.D)d =0

Proor If we put 14 for fin SDG, the assumption (Vd.D)d = 0 would
imply (Vd.D)(d=d.0&d=d.1) and so 0 =1 (see Exercise 23.4). This
contradicts SDG,. O

THEOREM 23.3 D is not decidable. What is more, the internal negation is
true, where d # 0 abbreviates ~ (d = 0),

- ~(Vd.D)(d=0v d#0)

Proor If we assume that
(Vvd.D)(d=0v d+0)
then a functional relation defines a map f: D—— R such that
fO=0 & (d#0—f(d)=1)

It follows from SDG, by topos logic that there is some b in R with

d#0—f(d)=1=d.b
But, by SDG,, if 1 =d.b then 1=(d.b)?=0, a contradiction. So
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we conclude that ~ ~ (d=0). Our assumption gives d =0 and then
(vd.D)d = 0, contradicting Theorem 23.2. (W

Nor is R decidable, since it includes D. Axiom SDG, implies that every-
thing in D is not-not-equal to O (see Exercise 23.1).

23.2 Calculus

Forany mapf: R—— R and any x in R, there is a map g: D — R defined by
g(d) = f(x + d) and so a unique b in R with

fix+d)=g(d)=g0)+d.b=f(x)+d.b d.D
Since each x has a unique b, there is a unique map f’: R— R such that
f(x+d)=f(x)+4d.f'(x) x.Rd.D

Call f” the derivative of f (Exercise 23.2). Then f” also has a derivative. In fact,
every function from R to R is smooth, in the sense of having derivatives of all
(finite) orders.

The familiar rules of calculus follow quickly. Suppose that fis constant,
that is, for some c in R we have f(x) = c for all x. Then

f(x+d)=c=f(x)+4d.0
and so f'(x) = 0, for all x. The identity function 1 has
Ig(x+d)=x+4d.1

so the derivative of 1, is the constant 1.
Given functions fand g from R to R and a value b in R, define (f+ g) by

the rule (f + g)(x) = (f(x) + g(x)). Define f.g by (f.g)(x) = (f(x).g(x)),
and b.fby (b.f)(x) = b.(f(x)). Then:
(f+g)(x +d)=f(x)+d.f'(x)+g(x) + d.g'(x)
=(f+g)(x)+d.(f +g)(x)
(f.9)(x + d) = (f(x) + d.f'(x))- (g(x) + d.g'(x))
=(f.9)(x)+d.(f.g" +[.9)(x)
(b.N)(x +d)=(b.f)(x) + d.(b.f)(x)

The product rule uses the step d2.g(x).f(x) = 0. We conclude that
S+a)=f+g
(f.9)=fg +[.g
(b.fY =b.f
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The chain rule is also a simple calculation:
(fog)(x +d) =[(g(x) +d.g'(x))
= (fog)(x) + d.g'(x).f'(g(x))
The second step uses (d.g'(x))2 = 0, so d.g’(x) is in D. Thus
(fog) =(f-9).9

which is the classical chain rule.
We give R an order relation compatible with the ring structure:

(SDG,;) There is a relation < on R such that for all x, y, and z in R:
(x<y&y<z)—x<z
~(x<x) 0<l1
x<y—(x+z)<(y+z) and (x<y&0<z)—(x.2) <(y.2)
THEOREM 23.4 For any x in R and d in D we have
0<x—0#x and 0<x—— —x<0 and ~(d<0vO0<d)

ProofF The first follows from ~ (x < x), and the second by adding —x to
both sides of 0 < x. For the third, using the second claim plus (—1)2 = 1,
either d < 0 or 0 < d implies that 0 < d2, contradicting 0 = d2. O

There cannot be a trichotomy law, saying that for any x and y either x < y
or x = yory < x, since this would imply that, for every d in D, d = 0. (See the
discussion of smoothness in parameters at the end of Section 23.3.) The
second clause in the next axiom partly replaces trichotomy, while the first
says that R is a field:

SDG)F x#0—(3y.R)x.y =1 x.R
FO0<xvx<l

Given any k in R with k # 0, we write 1/k for the inverse of k. For any h and
k in R we write (h, k) for {x.R|h < x < k}, the open interval from h to k.
Now an axiom can relate derivatives to local behaviour:

(SDGs) Internally, for any fin R® and x in R, if 0 <f”x there is some
€ > 0 such that for any y and w such that

(x—¢g)<y<w<(x+¢)
we have fy < fw.

In words, if f is greater than O at x then fis increasing on an interval around
x. This implies 2 mean value theorem, and that every map from R to R is
continuous. We state both internally.
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THeorREM 23.5 Forany fin R® and any x in R, if h <f”x < k there is some
¢ > 0 such that for any y and z with

x—e<y<z<x+e¢
we have

hz-y)<fe—fy<k.(z-y)
Proor Apply SDGg to the maps fx — (k.x) and (h.x) — fx. O

So upper and lower bounds on the derivative at x become upper and lower
bounds on the total rate of change on some interval around x.

THEOREM 23.6 Every fin R® is continuous. That is, for any x in R and
any h,k in R, if h < fx <k there is some & > 0 with h < fy <k for all y in
(x —¢& x + ).

ProorF By algebra we can reduce this to the following. For every g, if
0 < gx there is some m > 0 with 0 < gy for every y in (x — m, x + m). So
suppose that 0 < gx. Take any r in R with 0 <r and —r <g'x <r (see
Exercise 23.3) and any ¢ > 0 such that the inequality

~r.(z—-y)<gz—-gy<r.(z-y)
holds for all y < z in the interval (x — ¢, x + €). Take any m with

O<m< f—xk andmm<e
Put x for y, and x + m for z, in the inequality, to show that g(x + m) is greater
than (3.gx)/4. Then since —& < —m it follows for every z in the interval
(x — m, x + m) that

gx+m)—gz<r.((x +m)—2)

but 2.r.m is less than (gx)/2, and so we obtain 0 < (gx)/4 < gz for all z in
that interval. O

From R we construct other spaces. There is the plane R x R and, more
generally, R" for any natural number n. The 2-sphere, S2, is defined as a
subspace of R® by the equalizer

[{xp,2). R}(x2 + y* + 2%) = 1]

There are quotients such as the projective plane P2, the quotient of S2 by the
relation identifying each point (x, y,z) with {(— x, —y, —z). There are
function spaces such as RX. The exponential adjunction forces the smooth
curves ¢:R—— R*® to be the transposes of smooth maps ¢:Rx R—R.
(This characterizes the Fréchet topology among the many different topo-
logies that functional analysts have for the space of maps from R to R.) The
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axioms SDG,_; give these spaces many of their classical properties, but
not all.

Different further axioms suit different purposes, and no one axiom set for
SDG has become standard. Some further axioms deal with non-classical
spaces. For example, there is a space [x.R|x® = 0], called D,, or the space
of infinitesimals with cube zero. In general, D, is [x.R|x"*'=0]. A
higher axiom of line type says that every map f: D,— R is quadratic with
unique coefficients: there are unique a, b, c in R such that for any d in D,,
f(d) =a+ d.b + d*.c. Therefore D, is just large enough for 2 map defined
on it to have a slope and a rate of change for the slope, but no more. Similar
axioms say that any D, is just large enough to support n derivatives.
This generalizes further to more variables and mixed orders of deriv-
atives (see Kock 1981). There are also richer non-classical spaces such as
[x.R| ~ ~(x = 0)], sometimes called the germ neighbourhood of 0 (see
Penon (1981) or Bunge and Dubuc (1987) and references therein).

Theorem 23.6 shows that every map f: R—— R" is continuous (if fx lies in
any open rectangle of R" then for some interval around x all values of flie in
that rectangle), since its composite with any projection p;: R"——R is con-
tinuous. But it does not show that maps from R™ to R" are continuous. That
claim follows if we also assume that the sphere ™! is compact. We could
also take an axiom that says that every differential equation on a vector space
R" has a local solution at every point (i.e. for every initial condition). For any
f:R—— R an integral of fis 2 map g: R—— R with g’ =f. As this is a
differential equation on g it follows that f has a definite integral over any
interval on R. Using compactness, the classical reduction of partial differ-
ential equations to ordinary ones goes through in SDG, and the inverse and
implicit function theorems follow, since they are themselves partial differ-
ential equations. These axioms are pursued in McLarty (1983).

23.3 Models over Set

To say that a topos G models SDG means that all of the SDG axioms are
true of some ring R in G. There are Grothendieck toposes constructed in Set
(or using ZF or any reasonable set theory), each satisfying all the axioms
mentioned in this chapter, proving the axioms consistent if the Set axioms are
(or whatever theory is in use). More than that, we briefly describe a class of
models that relate SDG closely to analytic differential geometry.

Take the category Man, the objects of which are manifolds and the arrows
of which are the infinitely differentiable maps (see, for example, the first three
chapters of Spivak 1970). There is the standard real line, the set of real
numbers R. Every manifold M has a tangent bundle 7M. To say that G is
Sully well-adapted means that it is a model with a full and faithful functor
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I: Man—— G with various properties, including:

(i) IR = R;

(ii) for every f:R—— R in Man with derivative f’, we have (1)’ = I(f’);
(iii) for every manifold M, I(TM) = (E(M))>.
That is, I takes the line as a manifold R to the ring of line type R, it takes the
derivative of f calculated in Man to the derivative of I f calculated in G, and it
takes the tangent bundle M of M in Man to the tangent bundle (I(M))? of
I(M) in G. In short, the differentiable structure in G of the images under I of
manifolds agrees with their differentiable structure in Man. Such models exist
to satisfy any of an array of extensions of the SDG axioms (see Moerdijk and
Reyes, 1991).

Construction of such a model begins with the co-ordinate ring C(M) of
each manifold M; that is, the ring of smooth maps from M to R with
pointwise addition and multiplication. There is no manifold like D, but we do
know what the co-ordinate ring of D should be. A smooth map from D to R
should be given by a pair {a, b), thought of as a base point and slope, or as
the constant and linear coefficients of a Taylor series. They should add and
multiply as those coefficients do; that is,

{ay,by) +{a,,b;) =<a, +a,,b, +b,)
{ay,by).{az, b,) =<{ay.a,,(a,.b, + by.a,))

A smooth map f:M—— M’ gives a ring homomorphism
C(f):C(M’')—> C(M) that takes each g in C(M’) to gof, so C is a
contravariant functor from Man to the category Ring of rings. Therefore we
take a non-full subcategory A of Ring, including all co-ordinate rings of
manifolds, and every ring we would like to be the co-ordinate ring of an
infinitesimal space such as D. We include only those homomorphisms which
ought to correspond to smooth maps. Think of the dual category A°® as a
category of spaces including the manifolds and the new infinitesimal spaces.
This duality between rings and spaces is the basic reason why algebraic
geometers so often work with both a category and its dual.

We define a suitable Grothendieck topology on A’ and define G as the
category of sheaves for this topology. This gives a topos the objects of which
are ‘locally’ like the spaces of A°P. The topos has a richer structure than A°?,
such as Cartesian closedness, and the effect is that G has all the properties we
have described for Spaces.

At a first glance, classical manifolds behave differently in Spaces, and thus
in G, than they do in Man. For example, classically, for any x on the line R,
either x =0 or x #0, and it is not so in G. But this difference is only
apparent. Variables over R in G can be replaced by arbitrary generalized
elements of R, that is by arbitrary maps to R from other spaces while,
classically, x is to be a point. An internal satement in G with a variable over R
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is true iff the corresponding statement in Man is true smoothly in parameters,
meaning that it not only holds for all points of R but is locally truc for all
maps to R. A classical map f: R—— R may have f(x°) = 0 for some point x°
and while not being constantly 0 on any neighbourhood of x°. Then f= 0 is
not locally true at x°—nor is f # 0— and so ‘f=0 v f# 0 is not locally
true. This is also why we have no trichotomy law on R. For maps fand g
there may be points x° such that no neighbourhood of x° verifies any single
one of f < g or f = g or g < f. But every point x° either has a neighbourhood
with O = f or one with f < 1, since fis continuous.

A statement that is true for all points of R in Man is true for all global
elements of R in the usual models. This is related to the fact that those models
are two-valued, and so a closed law of excluded middle is sound in them:

For any closed formula ¢ we have ¢ v ~ ¢

Note that ¢ itself may have quantifiers, but we cannot assume excluded
middle inside the scope of any. The closed law of excluded middle implies, for
any (global) point p°:1— R,

Fp°=0vp®+#0

It implies that any double-negation true formula with free variables over R is
actually true for any points substituted for the variables. This idea is applied
in Bunge and Heggie (1984) and McLarty (1987).

Exercises

23.1 UsingSDG, , 4, prove that(Vx.R)(x? = 0— ~ ~ (x = 0)). Show that if we
assume two-valuedness, then 0 is the only point of D.

232 Section 23.2 begins by reasoning internally. Formalize the first paragraph as
proving that

(VL. R®)3S.RR)VX.R)VA.D)f(x + d) = f(x) + d.f'(x)

Use global elements of R® to show that for any actual map f: R—— R in Spaces there
is an actual map f’: R—— R with the relevant property.

23.3 There is no absolute value function in SDG, since it would not have a derivative
at 0. We replace it by an positive upper bound function. Define S(x) to be 2 + x2. Use
SDG, -, to show that, for all x in R, we have 0 < §(x) and also —S(x) < x < S(x).
(The second clause of SDG, is crucial.)

234 Certainly if d? = 0 then d.b =d.c does not imply that b=c. (Let b=d
and ¢=0.) But use SDG, to show that (Vd.D)(d.b=d.c) does imply that
b =c. Conclude that, internally, ~ (Vd.D)(Ve.D)(d.e=0). [Hint: show that
(Vd.D)(Ve.D)(d.e = 0) implies that (Vd. D)(d = 0).]

23.5 Show that for every fin R®, x in R, and d and e in D:
fix+d+e)=fx +(d+e).f'x +(1/2)(d + e)*.f"x
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Generalize to higher order terms of the Taylor series by using the sum of more
terms in D.

236 Consider the exponential map +*:R®x R®—— R®, Show that it defines
addition of maps pointwise; that is:

F(+R9)(x)=f(x)+g(x) x.Rf,g.R®

Show that R* is a ring with points Of and 1®: 1 ——R® and operations +*, X, and
—R., (The proof is nearly just that exponentiation preserves products.)

237 Use SDGytoprovethat 0 <1+ 1andsoO+#1+ 1.
23.8 For each natural number n, define a function _": R—— R by
x% =1 and X" =x, x"" 1

For each n > 0 prove that the derivative of _"is n.(_"~"). Conclude with the general
rule for derivatives of polynomials. This reasoning can be given internally if we
assume a natural number object N and recursively define a map N — R¥ that takes
each n to _". Calculate the derivative of, say, (x*)? by the chain rule.

239 Assuming a natural number object N, there is a map i: N— R defined by
i(0)=0and i(n + 1) = i(n) + 1, where 0 and + on the left are in N, while those on
the right are in R. Prove by induction that i preserves addition and multiplication;
that is, i(n + m) = i(n) + i(m) and i(n.m) = i(n).i(m). Show that SDG, _, imply that
i is monic.

23.10  Still assuming a natural number object, define the nth power map N — R
as in Exercise 23.8. Show, for any natural number n, that the function x" is not equal to
p(x) for p any polynomial function of degree less than n. [Hint: consider the nth
derivative.]

For any n, define P:R"x R—— R by

P({Xps i X )= X1+ (x2.9) + 0 +(x,.9"7Y)
Show that the transpose of P is monic R">—- R¥, Show that it is linear (for the

operations defined in Exercise 23.6). Conclude that SDG, _, plus the axiom of infinity
imply that R® is infinite-dimensional.

23.11 For any h and k with h < k, for any x in R, either h < x or x < k. The interval
(h, k) is empty iff ~ (h < k). For the first, apply SDG, to (x — h)/(k — h). For the
second, one can show that h < k holds iff the mean (h + k)/2is > hand <k

23.12 Define a tangent vector on any space M to be a map v: D—— M, and the base
point of v to be v(0). Intuitively, v is an infinitesimal straight stroke on M based at v(0).
Define the tangent space on M to be M2, Show that M? —— M, the exponential of M
by 0: 1 —— D, takes each tangent vector to its base point. Show that the tangent space
on R is R x R, and that for any R" it is R2" since exponentiation preserves products.

23,13 Take the projections p;: R3—— R for i = 1, 2, 3, and for any tangent vector
v: D—— R? define the components of v as the composites v; = p,ov: D— R. By
SDG, we have some b, and b, and b, such that

v(d) = v,(0) + d. b,
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Show that o factors through the equalizer defining S2 iff
2,(0) + 0;(0)? + 03(0)2 = 1

and
(v,(0). b,) + (v2(0).b;) + (v5(0).b3) = 0

In other words, v is a tangent vector to S2 iff its base point is in S and {b,, b,, b3 has
inner product 0 with the radius vector. [Hint: use the fact, which follows from
SDG, _,, that 2.x = 0 implies x = 0.] Compare with Exercise 21 in Chapter 3 of
Volume 1 of Spivak (1970).

23.14 For those familiar with the terms, generalize Exercise 23.13 to any subspace of
R" defined by an equation f(x,, . . ., x,) = 0. This gives the classical tangent plane at
points at which fis non-singular (i.e. at which f gives a classical manifold), and all
tangent vectors to R” at any point at which f'is singular.
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The effective topos

In the effective topos, Eff, described by Hyland using suggestions from Dana
Scott, Church’s thesis is true in the strong sense that every function from the
naturals to themselves in recursive. In fact, all functions between objects built
from the natural numbers, including the rationals and the real numbers, are
recursive. Thus those objects are naturally suited to modeling data types in
programming languages, and Eff is a natural setting for higher order recur-
sion theory.

We construct Eff out of sets by a method due to Freyd, and compare this to
Hyland’s construction. To date there are no such decisive categorical axioms
for ER as for Set and Spaces. We discuss this briefly at the end of the chapter.

We assume basic recursive function theory: Kleene (1952, Chs. IX and XI)
or Mendelson (1987, Ch. 5) provide more than enough. We take a fixed
enumeration of the unary partial recursive functions and write n(m) for the
value at m of the nth function, if that value is defined. We also use a recursive
pairing function (_,_):Nx N—— N and recursive functions £:N— N
and 2: N—— N called left and right, such that for any natural numbers n and
mwe have £(n, m) = nand 2(n, m) = mand n = (¢n, 2n). So (n, m) is a natural
number which codes the ordered pair {(n,m), and ¢ and : serve as
projections. Note that every number n codes a pair (see Exercise 24.1).

24.1 Constructing the topos

An assembly consists of a set A called the ambient set and a sequence of
subsets of it, 4, for each natural number n, called the caucuses. The union of
all the caucuses is the carrier of the assembly. The caucuses need not be
disjoint, and the carrier need not be all of 4. We give assemblies names such
as (A), and write A, for the nth caucus of (4) and | A| for its carrier. The
ambient is just a technical convenience. We often define an assembly by
giving its caucuses, and then the ambient may be their union, the carrier. An
arrow between assemblies f:(A)—— (B) is a function f:|4|—— | B| between
their carriers which has at least one modulus, a partial recursive function ¢
such that for every x €| 4| if x € 4, then ¢n is defined and fx € By, One arrow
may have many different moduli. Arrows compose by composing the func-
tions, and the composite of moduli is necessarily a modulus for the composite
arrow. Call the category of assemblies and their arrows A. There is obviously
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an underlying set functor from A to Set that takes each assembly to its carrier
and each arrow to itself as function.

The restriction of (A) to a subset S»——]A| of the carrier is the sub-
assembly s:(S)>—— (A4), where each caucus S, is the intersection of 4, with S.
Then s has the identity function as a modulus.

THeoreM 24.1 A has all finite limits, and the underlying set functor
preserves them.

Proor For the assembly (1) let each caucus be the singleton 1. Given
assemblies (A4) and (B), define (A x B), where each caucus (A4 x B), is the
product 4,, x B,,. The projection p, has modulus ¢, and p, has 2. For the
equalizer (E) of f; g:(A)—— (B), restrict (4) to the set equalizer of fand g as
functions on |A|. For any h:(T)——(A) with foh = goh, the obvious
u:(T)——(E) has at least the same moduli as h. O

Any product (C) for (A4) and (B) is isomorphic to (4 x B) in A but it could
have its caucuses arranged differently and not have ¢ and 2 as moduli for the
projections. We take the given construction of (A4 x B) as canonical, and
similarly for equalizers and other constructions to follow.

THEOREM 24.2 A has a natural number object (N), where each caucus N, is
{n}, so the carrier is the set of natural numbers N.

Proofr Let 0:(1)—— (N) be the function 0: 1 —— N in Set. The constant
function 0 is the modulus. Let s: (N)—— (N) be the successor function in Set
with itself as modulus. Take any assembly (A4) and arrow x:(1)—-(A4)
and f:(A)—(A) with moduli ¢ and ¢ respectively. The functions x
and finduce a unique u: N——| A4} in Set and recursion data 60 = ¢0 and
6(n + 1) = Y6n give a recursive 6, which is a modulus for u. O

THEOREM 243 The arrows f:(N)-——(N) are the recursive func-
tions f: N—— N of Set, since each arrow from (N) to (N) must be its own
modulus. 0

The category A is Cartesian closed (see Exercise 24.5) but not a topos. It
has no sub-object classifier but, more to the point, it does not have quotients
for all equivalence relations. We define Eff by adding quotients to A by
the method of Chapter 25. That is, we define Ef to be what Chapter
25 calls Map(A) and we freely use results from that chapter here. In short,
there is a full monic functor A —— Eff such that every equivalence relation
(R)>—(A x A) in A has a quotient (4/R) in Eff and every Eff object is the
quotient of some equivalence relation in A.

The inclusion A »—— Eff preserves all limits, so it preserves monics. On the
other hand, every Eff sub-object of an assembly is (iso to) an assembly.
Therefore the intersections, unions, material conditionals, and complements
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in Eff of sub-assemblies of an assembly (A) already exist in A. Some are
calculated directly in Exercises 24.7 and 24.8.

The quotients which do exist in A, namely the quotients of double-negation
closed equivalence relations according to Exercise 24.9, remain quotients in
Eff. Once we prove that Eff is a topos it will follow that an arrow between
assemblies is epic in Eff iff it is surjective in A. Hyland (1982, Prop. 3.3) shows
that the inclusion preserves the natural number object (N), so in Eff too the
arrows from the natural number object to itself are the recursive functions
of Set.

The next theorem shows that the results of Chapter 25 do apply to A:

THEOREM 24.4 A has stable surjective images and thus is regular. In fact,
every arrow f:(A4)——(B) has an image factorization f= i.g, where g is a
quotient for the kernel pair of f.

Proor Given f construct (I), where each I, contains all those y €| B| such
that some x € 4, has fx = y. Define g:(4)—— (I) by |g] = | f|. Then g has the
identity as a modulus and the inclusion i: (I )>— (B) has the same moduli
as f. For any monic j:(J)»—(B), if f factors through j then i < j, with the
same moduli as the factorization of f through j. The reader can show that g
is a co-equalizer, and thus is surjective, and that every pullback of g is
surjective. a

Call this factorization the canonical image of f.

CoroLLARY The arrow fis surjective iff its canonical image is iso to (B),
and iff fis a quotient for its kernel pair.

ProoF Lemmas 25.1 and 25.2 prove the first claim. The second follows
directly. O

Note that a relation of assemblies (F)>»—— (A x B) is a series of Set
relations. For any modulus ¢ of the monic, each caucus F, is a relation
between the sets A, and B,,,. We write xF,y to say that {x, y) is in F,.

THEOREM 24.5 Eff, or Map(A) in the notation of Chapter 25, is a topos.

ProoF By Theorem 25.25 it suffices to show that Eff has A-relation
classifiers, and this is done in Exercises 24.14-24.15. O

The next two theorems help to draw conclusions about Eff by working
with A, and are heavily used in Hyland (1982), for example:

THEOREM 24.6 The full monic A — Eff is (up to equivalence) the insertion
of separated objects for the double-negation topology. In other words, the
separated objects are precisely those iso to assemblies.

ProoF See Theorem 25.26 and Exercise 24.9. a
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CoroLLARY The inclusion A»—— Eff preserves exponentials, as does the
inclusion of separateds for any topology on any topos. O

Exercises 24.11 and 24.16 define a full monic functor V: Set>— Eff right
adjoint to the global section functor I': Ef—— Set, so that there is a
geometric morphism I' - V:Set—— Efl which is in fact the insertion of
double-negation sheaves:

THEOREM 24.7 The full monic Set>—— Eff is (up to equivalence) the
double-negation sheaf insertion.

ProoF Exercise 24.18 shows that sheaves are the objects iso to assemblies
which look like sheaves to assemblies. The reader can show that codiscretes
look like sheaves to assemblies. Every assembly (A4) has a double-negation
dense monic i: (A)>—— V| A| to the codiscrete on its carrier. If (A) looks like a
sheaf to V|A| then i is iso. So sheaves are codiscrete. O

24.2 Realizability

Hyland (1982) describes Eff in terms of realizability, which nicely motivates
many constructions in Eff. We compare it briefly with our approach. Hyland
defines an Eff object as a set X plus a suitable assignment of a set of natural
numbers to each pair {(x,x’) in X xX. Write [x = xx'] for the set of
numbers assigned to {x, x')>. We say that n realizes x =xx’ if n is in
[x =xx']. The conditions on = are as follows:

(Symmetry) For some natural number m, whenever n realizes x =y x’ the
value m(n) is defined and realizes x’ =y x.

(Transitivity) For some natural number m, whenever Zn realizes x = yx’
and 2n realizes x’ = yx", the value m(n) is defined and realizes x =y x".

An Eff object (X, = x) in Hyland’s sense gives an assembly (A4) with X as
ambient, where each caucus A4, contains all x such that n realizes x =y x. Itis
easy to see that (= y)>—— (A4 x A) is an equivalence relation on the assembly
(A) when we define the caucuses by

X(=x)uX’ iff n realizes x =y x’

Then the symmetry and transitivity clauses above just say that there are
moduli for inclusions

(=x)=(=x") and (=xo =x)s(=x)

proving symmetry and transitivity on (A). Reflexivity follows from the
construction of (4). So we have an Eff object (4/ =) in our sense. Con-
versely, a quotient (A/R) gives an Eff object (|A4|, =,) in Hyland’s sense,
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where n realizes x = ,x’ iff xR, x’. Hyland’s definition of a functional relation
from an Eff object (X, =4) in his sense to another (Y, =) is ours, only
expressed in terms of realizability.

The assembly (N) corresponds to an Eff object (N, = ) in Hyland’s sense,
where = is defined by caucuses

m(=y)p fin=m=p

This is Kleene’s definition of ‘n realizes m = p°. Anyone familiar with realiz-
ability will easily read the symmetry and transitivity clauses as saying that the
formulas

(Vx, x)(x = x'— x' = Xx)

Vx, x", x")[(x =x"&x' = x")—> x = x"]

are realized. Hyland (1982) gives more details, and remarks that a closed
formula of first order arithmetic is true in Eff iff it is realized in Kleene’s sense.

24.3 Features of Eff

The Kleene T-predicate and Kleene’s output function U are both primitive
recursive, so they exist in any topos with natural number object. In effect,
T(e, y, z) says that the eth partial recursive function applied to input y gives a
completed calculation coded by z, and U(z) gives the output value for z (as it
might be, the number in the last line of z).

In Eff, Church’s thesis holds in the most naive form:

- (3e.(N))(¥n.(N)By.(N))X(T(e,n, y)& Uy =fn)  f.(NV)

That is, internally every f in (NV) is the eth partial recursive function for
some e. (Of course, every fin (NV) is in fact total.) See Hyland 1982.

This strong Church’s thesis is inconsistent with Boolean logic. For
example, reasoning internally with Boolean logic we could define an
S:(N)—(N) by saying: if

(3z.N)(T(n,n,2)& Uz = m)
then fn = m + 1 and otherwise fn = 0. In words, if the nth partial recursive
function is defined for input »n and its output value for nis m, fu =m + 1,

otherwise fn = 0. Then f would be defined for all N, but it could not have
any code e since that would imply

fe=(fe)+ 1

In Set, with Boolean logic, this proves that not all functions from N to N are
recursive. In any topos where the strong internal Church’s thesis is true it
shows that Boolean logic cannot hold.
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Call an Eff object modest if it is iso to an assembly in which each caucus is
at most a singleton. These are often called modest sets, and are effective
objects in Hyland (1982).

THeoREM 248 An Eff object is modest iff it is 2 quotient of a sub-object of
(N) by a double-negation closed equivalence relation, and iff it is separated
and every Eff arrow to it from V2 is constant, where 2 is a two-element set.

Proor If(M) has each caucus at most a singleton then let (S)>—— (N) be
the obvious sub-assembly with the same caucuses non-empty as (M), and let
q:(S)—— (M) be the surjection with the identity modulus. Theorem 25.19
shows that (M) is the quotient in Eff of the kernel pair of ¢, which is closed by
Exercise 24.10. For the second condition: separateds are iso to assemblies,
and it is easy to see that all arrows from V2 to an assembly are constant iff all
caucuses of the assembly are at most singleton. 0O

Carboni et al. (1988) and Hyland et al. (1990) show that modestness in Eff is
also equivalent to having all arrows from the sub-object classifier constant.
This may be the right definition for generalizing to other toposes, but we do
not need it here.

Let Mod>—— A be the full subcategory of modest objects, so that it is also
a full subcategory of Eff. Each arrow g:(M)——(M’) of Mod is partial
recursive in the sense that it is fully determined by any one of its moduli.
Hyland says that it is ‘recursive in the indices’, meaning the indices of the
caucuses in our terms. Not every partial recursive function will be the
modulus of an arrow from (M) to (M’), and one arrow may have many
different moduli. In short, an arrow from (M) to (M’) corresponds to a
suitable set of partial recursive functions—all the moduli for the arrow.
Hyland (1982, p. 198) shows how to express this internally as a generalized
strong Church’s thesis for modest objects.

THEOREM 249 Mod is Cartesian closed and has quotients for double-
negation closed equivalence relations, and Mod — A preserves those struc-
tures; i.e. finite limits, exponentials, and closed quotients are calculated the
same way whether in Mod or A, or Efl.

ProoF Use the characterization by at most singleton caucuses. O

In fact, Mod is closed under all products indexed in Eff, not only finite ones.
If all arrows from V2 to each of a family of objects M, is constant, then every
arrow to the product of the family is also constant. (This is intuitive internally
in Eff: see also Exercise 24.19.) Since Eff has limits for all internal diagrams,
and the limits are equalizers of products, every functor from a small category
in Eff to Mod has a modest limit: that is, Mod is internally complete in Eff and
the inclusion into Eff preserves all small limits.
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The crucial example in Eff is the exponential (N"). In many toposes with
natural number object N, such as Set, NV is much larger than N. But in Eff
the exponential is the object of recursive functions, and so it is a quotient of a
sub-object of (N). The theorems prove this, but see also Exercise 24.21. The
rational numbers (Q) in Eff are a closed quotient of (N x N), so they are
modest (cf. the argument in Chapter 19 showing that the rationals are
decidable). Hyland (1982) shows that the Cauchy reals (R.) are modest in Eff
and that they coincide with the Dedekind reals (R;). So all of arithmetized
analysis in Eff takes place in Mod, where all arrows are recursive. Hyland
notes that analysis in Eff essentially ‘is constructive real analysis in the sense
of MarkoV’ (p. 166).

Modest objects are plausible models of programming data types. We can
look at a computer as basically working with natural numbers, coded in
binary or whatever. Other data types allow certain codes as values, and may
treat some pairs of different codes as representing the same value. From this
point of view, data types are quotients of subsets of the natural numbers, and
of course the computable functions between them are the ones recursive in
the codes. Few, if any, programming languages have all of the power of
modest sets, but the sense of the model is obvious.

Given any (C)»—(N) and equivalence relation (R) on (C), the quotient
(C/R) is, viewed internally to Eff, a collection of disjoint sub-objects of (C);
namely, the equivalence classes, and thus a collection of disjoint sub-objects
of (N). In fact, every collection of disjoint sub-objects of (N) arises in this
way: take their union as (C) and define the equivalence ‘xRy’ to mean ‘x and
y are together in some one of the sub-objects’. Note that this is done in the
internal language of Eff, not to be confused with the construction out of
assemblies.

Therefore a modest object is internally a sub-object Q»>—— P(N) of the
power object satisfying formulas for non-empty disjointness, and closedness
of the resulting relation:

(VS, S’. P(N))[(SEQ &S’ €Q)—> (S = S’ —(Ix. N)(xES & x €S")]
(¥S,S’. P(N))[(S€EQ &S €Q)—(~ ~S=§'—§ = §")]

We can use these formulas to define a sub-object IM »— PP(N) of the
double power object, the sub-object of all internal modests. Each global
element of IM gives a modest object, and every modest is iso to one of these.

Given two modests, represented as sub-objects Q>— P(N) and
Q' P(N), an arrow between the quotients appears as a relation from (N)
to (N); namely, a relation such that for any sub-object S in Q there is a unique
sub-object S’ in Q' such that any x in S is related to y iff y is in S’. This
amounts to the same thing as a functional relation between the quotients.
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There is a sub-object of PP(N x N) that contains just these relations from (N)
to (N).

Altogether then, we have an Eff object of representatives (up to isomor-
phism) of all modest objects, and another for arrows between them. Domain,
codomain, and composition functions are easily defined internally. So we
have a small category IM in Eff of all internal modests and arrows between
them.

Intuitively, IM has a functor equivalence to Mod, the functor that takes
each internal modest to the actual modest object. The functor is full and
faithful, and every actual modest is iso to one of the values of the functor.
Furthermore, IM has a striking property for a small category. Freyd proved
that any small category in Set with a limit for every functor from a small
category is a preorder. Any object in it has at most one arrow to any other
(see Mac Lane 1971, p. 110). Preorders are not very interesting categories.
This result extends to small categories in any Grothendieck topos over Set,
but not to Eff:

TueoreM 24.10 IM is complete in Efl. Every functor from a small category
D in Eff to IM has a limit,

ProoF A functor from D to IM gives one from D to Mod, which we have
already seen has a limit, and that is iso to some internal modest in IM. O

Therefore IM has limits over diagrams as large as itself and even larger,
and this makes some constructions in IM very easy. For example, it implies
that every functor T:IM —— IM in Eff has a fixed point, a modest object (M)
such that T(M) is iso to (M) (see the conclusion of Hyland 1988). This in turn
makes recursive definitions of modest objects very easy (see Freyd 1990). For
example, it quickly gives a non-singleton modest object (D) with (D) iso to
(DP), so that (D) makes a model of untyped lambda calculus—a non-trivial
‘set’ iso to the ‘set’ of all functions from itself to itself.

Much work with modests uses the relations that they are quotients of.
These are called partial equivalence relations, or Pers, on (N), and they are
often described independently, outside the context of the effective topos. The
very clear discussion in Robinson (1989) takes the approach that ‘from our
normal point of view’ we deal with partial equivalence relations but ‘inside
this nonstandard model of set theory’ which is Eff we work with their
quotients. Other descriptions of applications are in Carboni et al. (1988),
Longo and Moggi (1991), and numerous papers on polymorphism, Pers, and
recursive type definition in IEEE (1990).

The proof of Theorem 24.10 is taken from Carboni et al. (1988). It has a
robust working quality, but passes over genuine problems relating the
internal category IM to the external category Mod. We have really only
discussed global elements of the sub-object IM »— PP(N), and thus global
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objects of the small category IM: we have ignored the recursive structure. The
details in Hyland (1988) and Hyland et al. (1990) are complicated, and the
subject has probably not reached its final form.

24.4 Further features

The topos Eff is a natural context for higher order recursion theory. Rosolini
(1986) axiomatizes a fair part of this theory and derives various classical
theorems. Using this approach applied to Eff we have genuine exponentials
such as (N¥), and so we can work directly with functions rather than with
their codes. Recursive sets of numbers or functions simply become the
complemented sub-objects of (N) or (NV).

Hyland (1982) mentions various applications to recursion theory. For one,
he follows Powell and Pitts to show that the Turing degrees appear not only
as sub-objects of the sub-object classifier in Eff (compare with Exercise 24.15)
but as topologies on Eff. For any set A of natural numbers there is a sheaf
topos over Eff where: the natural number object is the sheafification L(N), its
complemented sub-objects are just the sets of natural numbers Turing
reducible to A4, and the arrows from it to itself are the functions recursive
relative to A.

Rosolini’s axioms for higher order recursion far from uniquely characterize
Eff. That is nice for the generality of his axioms, but not for our understand-
ing of the topos. It has been suggested that excessive attention to the
subjective aspect of recursiveness as computability has been one obstacle to
axiomatizing Eff. Compare the way in which so much of Kleene realizability,
invented to formalize the idea that every fact should come with effective
instructions for its proof, falls out of the definition of assembly plus the
considerations in Chapter 25. The latter considerations are in some sense
more ‘objective’, and were discovered with no view towards recursiveness or
provability at all. Perhaps less ‘computational’ aspects of Eff, such as that
every object is a quoticnt of a separated, will yield useful axioms.

We end this chapter by quoting the conclusion of Hyland (1982). There has
been great progress in understanding and applying Eff however, still ‘what we
lack, above all, in our treatment of the effective topos, is any real information
about axiomatization’.

Exercises

24.1 Show that the function (((n + m)® + n + m)/2) + m is an isomorphism from
N x N to N. Describe £ and 2 in the inverse (Z, 2) from N to N x N. [Hint: recall
that (k2 + k)/2 is the sum of the first k natural numbers.]

242 Show that any assembly (A) with | 4| a singleton is iso to (1), no matter what the
ambient or how the caucuses are arranged.
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24.3 Show that (1) is a generator in A: in fact every assembly (A) and x €] A| there is
an arrow x:(1)——(A) that picks out x. Conclude that an A arrow f:(A)—— B is
monic iff the function fis monic in Set.

244 Construct a canonical pullback of f:{A}—— (C) and g:(B)—(C) using the
canonical product and equalizer from Theorem 24.1. Show that each caucus Py, ,, is

{{x y)|x€4, and y€B, and fx = gy}
and that £ and 2 are moduli for the projections.

24.5 Given (A) and (B), define (B4) by letting the nth caucus B contain those arrows
from (A) to (B) for which the nth partial recursive function is a modulus. Define the
evaluation arrow and transposes of arrows f': (C x A)—s(B). Show that the carrier
of (N¥) is the set of recursive functions.

24.6 Show that any assemblies (A) and (B) have a coproduct (A + B) with caucuses
(A + B)o,n =A, and (A + B), ,, =B,, and other caucuses empty. Show that no
assembly has more than countably many arrows to the coproduct (1 + 1).

24.7 Let(S)—(A)and (T)——(A) be any sub-assemblies of (A). Show that their
intersection, calculated by the canonical pullback, has for its nth caucus the inter-
section Sz, N T,,,. Show they have a union, a smallest sub-assembly containing both,
namely the image of their coproduct. (The canonical construction, following Exercise
24.6, gives caucuses (SU T),,, =S, and (SUT),. ., =T, and the rest empty.)
Anyone familiar with realizability can compare this to realizability for conjunctions
and disjunctions.

248 Show that every monic (S)>—(A) of assemblies has a negation
(~S)——(A); that is, a largest sub-assembly disjoint from it. For a canonical
complement, let each caucus ~ S, contain all those x € A, which are not in |S}. (For
comparison with realizability, x€ ~ S, iff x € A, and for no m is x€S,,.)

Show that a sub-assembly (S) has (S) = (~ ~S8)iff it is (equivalent to) a restriction
of (A). We call (S) double-negation closed if (S) = (~ ~S). Therefore the double-
negation closed sub-assemblies of (A) correspond to subsets of the carrier.

249 Suppose that (R)>— (A x A) is double-negation closed. Show that (R) is an
equivalence relation in A iff the underlying relation | R| | A x A| on the carrier is
an equivalence relation in Set. Show that every double-negation closed equivalence
relation in A has a quotient in A. [Hint: assume that (R) s a restriction of (4 x A) and
put the natural caucus structure on the quotient set of |R|>—|A x A|.]

24.10 Show that the double-negation closed equivalence relations of A are precisely
the kernel pairs.

24.11 Forevery set S, let VS be the assembly every caucus of which is S. Call this the
codiscrete assembly on . Define a full monic functor V:Set—— A that takes each set
to its codiscrete assembly.

Generally, call an assembly (A) codiscrete if it is iso to VS for some set S. Show that
an assembly is codiscrete iff at least one caucus contains the whole carrier.

24.12 Let q: P—» Q be an epic in any topos. For any sub-objects i and j of Q, show
that ¢~ (i) = g~ "(j) iff i =j. (What are the classifying arrows?) Conclude that
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q”Y(i) € ¢ !(j)iffi = j. Conclude, for any given topology, that i is closed iff g~ ' (i) is,
and dense iff ¢~ !(i) is. Compare with Exercise 25.3.

24.13 Given relations (F)—(A x B) and (G)>— (B x C), show that the com-
posite (G F)>— (A x C) defined in Theorem 25.4, if constructed using canonical
pulibacks and images in A, has caucuses

x(GoF),z iffforsomey xF,,y and yG,,z

(Note that this chapter uses ‘o’ and reverses the order of F and G compared with the
notation in Chapter 25,)

24.14 Let (W) be the codiscrete assembly on the power set of N, That is, each caucus
W, contains all subsets of N. Define an assembly (M) with M,, containing all those
subsets S of N with n€S, and let (M)>— () be the inclusion. Show that for any
monic (C} »—(B) there is at least one arrow (B)— (##) making (C) a pullback of
(M). [Hint: for each x €| B| consider the set S of all n with x€C,.]

For any assembly (A) let (V) »—(Ax W4) be the pullback of (M) along
evotw:(Ax WA4)— (W). Conclude directly from the result above that for any
relation (C)»—— (A x B) there is at least one arrow ¢:(B)— (W 4) such that (C)is a
pullback of (¥) along 1,,xc.

24.15 For (W) as defined in Exercise 24.14, define a relation (h, k):(E)»—— (W x W)
by caucuses, by letting SE, S’ iff: for every m in S the value £n(m) is defined and is in S,
and for every m in S’ the value sn(m) is defined and is in S. Show, for any assembly (B)
and arrows f'and g both from ( B) to (1), that (M) has the same pullbacks along fand
g iff there is some r:(B)—- (E) with hor = fand kor = g. Conclude that (E) is an
equivalence relation on ().

For any assembly (A) consider the exponential (E4)»— (W4 x W4). Conclude
from general properties of exponentials that, for any assembly (B), any arrows fand g
both from (B) to (W “) correspond to the same subobject of (B x A) iff there is some
r:(B)—— (E*) with h* or =fand k*or =g.

Use Lemma 25.24 to define an €4 such that the following is a pullback
in Eft:

(M) > €4

(A)x[A)—>(A) < [4)/E

Since the quotient (}#/4/E*) has kernel pair h4, k%, conclude that (W4/E4) is an A-
relation classifier for A in Eff. Thus, by Theorem 25.23 the quotient (W4/E*) is a
power object for A in Eff, and (W/E) is a subobject classifier.

24.16 Wealso use Vto name the composite of ¥Vin Exercise 24.11, with the inclusion
A»—EH. Thus V:Set »— Eff is monic and full.

Show that a global element s:(1)— (A/R) of an Eff object (A/R) corresponds to a
subset S of the carrier |A| such that: for some x €S, and all y€|A|, we have y€S iff



240 The effective topos

there is some n such that xR, y. (In Hyland’s terms, for some x in | A|, S contains all the
y such that x =,y is realized.)

Let I': Ef— Set be the global section functor, so that each I'(4/R) is the set of
global sections, and for each f:(A/R)—— (B/R’) the function I'f takes each global
section s to fos. Show that there is an adjunction I' -{V:Set—— Eff, and in fact a
geometric morphism, since any global section functor preserves limits.

24.17 Conclude from Exercise 24.6 that no Eff object has more than countably many
arrows to (1 + 1), and therefore that Eff contains no infinite co-products of non-empty
assemblies. Thus the global section functor has no left adjoint and Eff is not a
Grothendieck topos over Set.

24.18 Let E be any topos and j any topology on it, with separated reflection functor
m:E——E,, ;. For any j-dense s: S»— X show that Ms: MS>—— MX is also dense.
[Hints: § = g~ '(MS) for q: X~—» MX the universal arrow. Use Exercise 24.12.]
Show that an E object B is a j-sheaf iff it is j-separated and ‘looks like a sheaf to
separateds’ in the following sense: for any separated object X and dense monic
5:S>— X and arrow f:S—— B, there is a unique arrow g: X — B with /= s0g.
[Hint: ffactors through the universal g: S— MS.]

24.19 For any topos E and object A of it, show that the functors A* and I, take
~ ~-separated objects to ~ ~-separated objects. (Hint: Recall that A* is a logical
functor. For I1 , use the definition of separatedness, noting that A* takes dense monics
to dense monics) For any E objects B and C, if the projection Cx B—— C
has an isomorphism as transpose C — C? then we say that internally every arrow
from B to C is constant. In the internal language this says ‘for every g in C? there is a
unique y in C such that g is the constant function with value y’. For any objects B of E
and fof E/ A, show that if internally all arrows from A* B to fare constant then so are
all from B to I1,f. (Hint: Argue internally, or else show that (IT,f)® is naturally
isomorphic to IT,(f*°®) by showing that as functors of f both have the same left
adjoint.)

Show that an object of Eff is modest iff it is separated and internally every arrow
from V2 to it is constant. By an (A/R)-indexed family of modest objects we mean any
~ ~-separated object f of Eff/(A/R) such that internally every arrow from (4/R)* V2
to fis constant. Show this implies for every ¢: 1 — (A/R) the fiber f; is modest in Eff.
Show it implies that I7 ,,z,f is modest in Eff.

2420 Mod is not complete for small categories in Set, and does not even have
products over all sets. Show that neither Eff nor Mod has a product of countably
many copies of 1 + 1. [Hint: such a product would have to be an assembly.]

24.21 Let (C)>—(N) be the sub-assembly of codes of (total) recursive functions and
(R)—(C x C) the relation which identifies m and n iff they code the same recursive
function. Show that the exponential (N") constructed as in Exercise 24.5 is also the
quotient of (C) by (R).

Show that (N") is not iso to (N). In fact, there is no surjection from (N) to (C), nor
from (N} to (N¥). [Hint: neither sort of surjection could have a modulus.]
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Relations in regular categories

Regular categories, defined below, support a nice theory of relations. We
follow Freyd and Scedrov (1990) in extending any regular category C to a
regular category Map (C) with quotients for all equivalence relations. Then
we give a necessary and sufficient condition for Map (C) to be a topos. We
begin by assuming that C has all finite limits, and that it is regular, once we
have defined that.

25.1 Categories of relations

An arrow g: A—— Q is surjective, a surjection, if the smallest sub-object of Q
it factors through is 1,.

LeEmMMA 25.1 Any surjection is epic. Any surjective monic is iso.

Proor Let q: A—— Q be surjective. If hoq = koq then the equalizer of
h and k is (up to equivalence) 1,, so h=k. If g is monic itself then
q=1,. 0O

LEmMMA 25.2 If g: A—— Q is surjective then an arrow p: Q—— P is surjec-
tive iff pog is.

PrOOF pogq factors through a sub-object M»—— P iff q factors through
p~H(M). 0

A surjective image of an arrow f:A—— B is an image factorization
ioq: A— Q»—— B with q surjective.

LemMma 25.3 If f has surjective image i, g then i is the smallest sub-object
that f factors through. So surjective images are unique up to equivalence.

Proor If g factors through in i’ then ini' =i O

A surjection g: A—» Q is stable if for every s: Q' —— Q the pullback of g is
surjective to Q'. A category is regular if it has all finite limits, all surjections
are stable, and every arrow has a surjective image. Hereafter we assume that
C is regular.

The next theorem defines composition of relations in C. For any relation
R>— A x B, and T-elements x of A and y of B, we write xRy to say that

% y)ER.
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THEOREM 254 Given F>— A x Band G B x C, with common object
B, there is a2 unique (up to equivalence) FG— A x C such that, for any T
and T-elements x of A4 and z of C, we have xFGz iff there is some surjective
s:S—» T and some y:S—— B such that (xos) Fy and yG(z . s).

Proofr Given F and G and having formed the pullback

N
/\/\

let FG—— A x C be the surjective image of P—— A4 x C. Suppose that
T-elements x and z have xFGz, so that they factor through some
u: T— FG. Let s:S—» T be the pullback of P——» FG along u, and let
y:S§—— P—— B be the obvious composite. Then s and y are as in the
theorem. Conversely, suppose that s is surjective and (x o s) Fy and yG(z o s).
Then {x, z) o s factors through P and thus through FG. By Exercise 25.2, the
pair {x, z) factors through FG. Any relation is determined up to equivalence
by its members. 0O

In short, xFGz means that ‘there exists a y with xFy and yGz’ in the sense
of existence on a surjective cover s (cf. existential quantifiers in Chapter 18). In
fact, to prove general inclusions or equivalences of relations one can ignore
covers and stages of definition altogether (see Exercise 25.5).

CoroLrary For any composable F, G, and H, we have F(GH) = (FG)H.
Diagonals A A x A compose as identities: for any F—C x A and
G— A xBwe have FA= F and G = AG. O

So there is a category Rel(C) with the same objects as C and with C
relations as arrows. A relation F>— A x B has domain 4 and co-domain B.
We say that F and F'>— A x B give the same Rel (C) arrow iff F = F’ over
A x B. If F and G are composable then define the composite G- F to be FG.

Unfortunately, we reverse the order of F and G in forming the composite,
but it is a mere matter of notation. In our notation since Chapter 1, we have
written gof for the composite of f: A—— B and g: B—— C. Using the
opposite order, writing the composite as fg, would spare us the present
embarrassment but would fly in the face of common notation in other
branches of mathematics. Writing Go F for FG would consort awkwardly
with our notation xFy for relations. Try the experiment. In fact, part of the
category literature uses one order for composites, and part uses the other, and
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there is no option but to become familiar with both. In this chapter we
generally write composites FG as in Theorem 25.4, and only use Go F as a
formality to define categories of relations. Chapter 24 uses the dot notation
and the order Go F.

LeMMa 25.5 For any C arrow f: A—— B with graph I'y, and T-elements x
of A and y of B, we have xI',y iff y = fx. O

It is easy to see that C is a subcategory of Rel (C), where each C arrow
J: A— B appears as its graph I'; >— A x B. The composite of graphs I', I',
in Rel(C) is the graph of the composite g ofin C, which follows from Lemma
25.5 or from the following pullback:

Every C relation F>— Ax B has a converse F° and C relations are
ordered by inclusion. If F < F’ then F° < F’°. Composition preserves conver-
ses and inclusion:

THEOREM 25.6 Assuming that the relations are composable: (FGY is equi-
valent to (G°F°). If F c F’ then FG < F'G, and similarly if G < G'. O

THEOREM 25.7 R»— A X A is an equivalence relation iff
A<SR and RcR° and RoR< R

where A stands for the diagonal 4>—— 4 x A. The first two clauses express
reflexivity and symmetry as in Chapter 5. The third expresses transitivity. For
one direction, if R is transitive then xRRz implies that (x o s)R(z . s), and by
Exercise 25.2 it implies that xRz. O

Note that symmetry implies that R = R°. Reflexivity and transitivity imply
that (R) = (R-R).

Given C equivalence relations R>— A x A and R'— B x B, a relation
F»— A x B is defined from R to R’ iff:

RF = F = FR’
Put roughly: if xRy and yFz then already xFz, and similarly for R'.

THEOREM 25.8 If F is defined from R to R’ and G from R’ to R”, then FG is
defined from R to R". Any equivalence relation R>—— A4 x A is defined from
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itself to itself and composes as an identity with any relation defined to or
from R. O

Therefore we can extend Rel (C) to a new category Eq(C). Each C equival-
ence relation R»— A x A is an object of Eq(C). When we think of R as an
Eq(C) object we may write it as A/R to suggest the quotient of A by R. An
Eq(C)arrow from A/R to B/R' is a C relation F defined from R to R’, and we
say that two relations give the same arrow iff they are equivalent sub-objects
of A x B. Again, to suit Chapter 1, given F defined from R to R’ and G from R’
to R", the composite Go F is FG as defined in Theorem 25.4.

Every C relation R>— A x B is defined from the diagonal on 4 to that on
B, since AF = F = FB. So Rel(C) is a full subcategory of Eq(C) when we
identify each assembly A with its quotient by its diagonal. We write A for the
Eq(C) object rather than A/A.

If F is defined from R to R’ then F° is defined from R’ to R, so every Eq(C)
arrow F from A/R to B/R has a converse F° from B/R’ to A/R. And Eq(C)
arrows have inclusions preserved by composition as in Rel(C).

A relation F defined from R to R’ is functional from R to R’ iff:

R c FF° and F°Fc R

Briefly, F is totally defined consistently with R-relatedness and single-valued
up to R'-relatedness.

THEOREM 25.9 If Fis functional from R to R’, and G from R’ to R”, then FG
is functional from R to R”. Any equivalence relation is functional from itself
to itself.

Proor Both claims are calculations. For example,
R € FF° = FR'F° < FGG°F° = (FG)(FG)°
establishes half of the first. 0O

Therefore functional relations form a subcategory of Eq(C) which we call
Map(C). In fact, C is full in Map (C):

THEOREM 25.10 A relation F—— A x B is functional from the diagonal on
A to that on B iff it is (equivalent to) the graph of a (necessarily unique) arrow
[:A—B,

ProorF By Theorem 254, graphs are functional. Conversely, let F have
projection arrows h: F—— A and k: F—— B. Assuming that A < FF°, apply
Theorem 25.4 to 1, as x to see that h is surjective. For any arrows v and w,
if hov=how then (kov)F°F(kow). If we also assume that F°F < B then
kov = kow, and h, k are jointly monic so v = w. So h is monic and thus iso,
and F is the graph of koh™1. O
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25.2 Map(C)

In short, we have four categories with inclusions as shown:

c> > Rel(C) >——0—>Eq(C)

Those marked with circles are full. Each C arrow appears in the other
categories as identified with its graph, and each C object A appears in Eq(C)
and Map(C) as identified with its quotient by its diagonal. Given a C
arrow f: A—— B, we may write f: A—— B for its image in the other three
categories.

We now prove that Map (C) is regular and has quotients for all equivalence
relations, and that every Map(C) object A/R is the quotient of 4 by the
equivalence relation R.

LeEmMA 25.11 Take any functional relations F:4/R—— B/R’ and
G:A/R—B/R. If F£ G then F=G. And if F° is functional it is
inverse to F.

Proor If F = G then F° = G° and so
Gc FF°G<c FG°Gc F
If F° is functional so are FF° and F°F, so that R = FF° and F°F=R'. O

LEMMA 25.12 If F:A/JR—— B/R’ is functional and G and H are both
defined from B/R’ to some C/R", then F(G n H)= FG n FH.

Proor For any F we have F(G n H) < (FG n FH). Use Theorem 25.4 or
Exercise 25.5 to verify that (FG n FH) < F(G n H) given that F°F c R’.
O

LEmMA 25.13 For any F and G, both defined from A4/R to B/R’,
Rn[(FNn G)(FnG)yY]=Rn[FG’]

as verified by Theorem 25.4 or Exercise 25.5, using RG < G and R°F c F.
O

LemMma 2514 If F:A/R—— B/R’ and G:A/R—— C/R" are functional
and (FF° n GG°) = R then F, G are jointly monic in Map(C).

Proor Subject to those conditions, let H and K be functional, with
HF = KF and HG = KG. From H = HR and Lemma 25.12 deduce that
H =K. O
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A tabulation of an Eq(C) arrow F: A/R—— B/R’ is a Eq(C) object P/V
and arrows S: P/V—— A/R and T:P/V—— B/R’ such that S°T = F and
SS°NnTT° = V.

LeEmMA 25.15  Every C relation (h, k): F>— A x B, taken as Eq (C) arrow
F: A—— B, has tabulation F, h, k. O

THEOREM 25.16 Every Eq(C) arrow has a tabulation.

ProoF Let F——AXB be defined from R to R’, with projections
h: F—— A and k: F—— B. Theorems 25.6 and 25.7 show that hRh° and
kR’ k° are equivalence relations on F as C object. Thus so is their intersection,
which we will call ¥, while hR is functional from V to R, and kR’ from Vto R’,
and these arrows tabulate F. O

THEOREM 25.17 Map(C) has all finite limits. Specifically, given Map (C)
arrows F: A/R—— C/R" and G: B/R'—— C/R", a tabulation for FG° is a
pullback for F and G.

ProoF Clearly, 1 is terminal in Map(C). Let P/V, S, T tabulate FG° as
above. Prove that SF = TG from TG < SS°TG = SFG°G < SF, since both
sides are functional. For any Map(C) object D/W and arrows
H:D/W—— A/R and K:D/W—— B/R’, the induced Map(C) arrow is
(HS° n KT°). Abbreviate this as I: D/W—— P/V. To see that W < II° use
Lemma 25.13 to verify that

Wnll°=Wn(HS'TK?) = Wn(KGG°K)= W
And because composition preserves order we have
I°I 2 (SH°HS®°) n (TG°GT®) < (SS°TT°) = V

Trivially, IS € H and IT c K, and so IS =H and IT = K. Finally, I is
unique, as tabulations are jointly monic. o}

CoroLLARY A Map(C) arrow F: A/R—— B/R’ is monic iff FF° = R.

ProoF By Exercise 4.9, F is monic iff its kernel pair is R, R, two copies of
the identity on 4/R. But that is iff FF° = R, O

THEOREM 25.18 Every Map(C) arrow F: A/R—— B/R’ has a surjective
image

FS° s
A/R—— P/V>— B/R'

where P/V, S, S tabulates F°F.

ProoF Since F°F < R’ the tabulation is two copies of a single Map(C)
arrow S:P/V»— B/R’, monic since tabulations are jointly monic. Then
FS°S = FF°F = F. Functionality of FS° follows easily. Take any Map(C)
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arrow G: A/JR—— C/R"” and monic H: C/R"— B/R’, with F = GH. Then
8S8° = ¥V and HH® = R” show that SH° is functional. Trivially, SH°H < §
and so they are equal as Map(C) arrows, showing that P/V'>— C/R" in
Map(C). O

CoroLLARY F is surjective in Map(C) iff F°F = R'. O
CoroLLARY Surjections are stable in Map(C).

Proor Use the notation of Theorem 25.17 and suppose that G is surjective.
From S$°T= FG° conclude that R c FF° = FG°GF° = S°TT°S. By
Theorem 25.4 and joint monicness of § and T, conclude that R < §°S, and
thus S°S = R. O

THEeOREM 25.19 A Map(C) arrow F: A/R—— B/R’ is surjective iff it is a
quotient of its kernel pair.

Proor Every quotient is surjective. Conversely, let F be surjective with
kernel pair S, T. Let K: A/R—— C/R” have SK = TK. Calculation shows
that F°K is functional from R’ to R". By Theorem 25.9 we have K = FF°K.
Since F is surjective, F°K is unique. O

CoroLLARY Take any C equivalence relation (h, k): R— A x A. Then
R: A—— A/R is a quotient for h and k in Map(C).

ProoF Since h and k tabulate R, which is equivalent to RR®, they are a
kernel pair. And R is subjective since R°R = R. O

THEOREM 25.20 Every equivalence relation in Map(C) has a quotient.

Proor Verify that a jointly monic pair in Map(C)

P/V

VAN
A/R A/R

is an equivalence relation in Map (C) iff H°K is an equivalence relation on

A. In that case, A/H°K is a coequalizer for H and K, with them as its kernel
pair. O

The inclusion C>— Map (C) adds no sub-objects of C objects:

LEMMA 2521 Every Map(C) monic H: B/R—— A to a C object is equi-
valent to a C monic.

Proor Given H——Bx A in C, monic from R to A in Map(C), the
pullback H°H is a C object and H°H = A makes it a sub-object of A.
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Abbreviate the sub-object as S»— A. Then H factors through B x §»—
B x A and for the relation H—— BxS we have HH° =R and H°H = §.
Thus H:B/R——-S§ is an equivalence of sub-objects of A. The lemma is
proved, but we also note that S»— A is the image of H—— A. O

CoroLLARY A C arrow f: A—— B is surjective in C iff it is surjective in
Map (C), since B has the same sub-objects in each. O

THeEOREM 25.22 The full monic C— Map(C) preserves finite limits,
images, and whatever quotients exist in C.

Proor Limits are left to the reader. The last corollary proves it for images.
Then, by Theorem 25.19, it preserves quotients. a

25.3 When Map(C) is a topos

For any C object A4, we say that a Map(C) object PA and monic €4»—
A x PA classifies C-relations with A in Map (C) iff for every C object B and C
relation C»—— A x B there is a2 unique Map(C) arrow U: B— PA, with C
a pullback of €4 along 1, x U.

LEMMA 25.23 If PA, €4 is a C relation classifier for A then it is a power
object for A in Map(C).

ProofF For any Map(C) object B/R and monic C/R’>— A x B/R, take
pullbacks along the product of the coequalizer presenting B/R with A.

hy

2"

§ — > (/R

—
AxR________>AxB-———-—->AxB/R

By Lemma 25.21, we can assume that S and §' are in C. The classifier
J:B—— PA of S coequalizes the two projections R—— B, since its com-
posite with either one classifies S'. Thus it induces an arrow u: B/R—— PA,
which classifies some relation, and Exercise 25.3 shows that the relation
is C/R'. O

LEmMMA 2524 This holds in any regular category where all equivalence
relations have quotients (and thus in Map(C)). Let g be a surjection with
kernel pair h, k and let i be a monic as shown. Suppose that i has the same
pullback along h as along k, so that there is a monic m and there are arrows '
and k' that make corresponding squares pullbacks, as follows:
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K

K’ 2 4 * >>B
K -

m I{ J
h ~N

K 2C —>>D
k "l

Then i, s, g, j is a pullback, where s, j is the image of goi.

Proor First we show, on the assumptions given, that &', k' is a kernel pair
for s. From
jOSoh' = qoioh' = qohom = qokom

and monicness of j, deduce that so i’ = so k’. Then take any T and T-elements
x and y of A such that s(x) = s(y). Since g-i(x) = g-i(y) and K is a kernel
pair, there is some T-element z of K with h(z) = i(x) and k(2) = i(y). Since K’
is a pullback, there is some T-element w of K’ with m(w) = z and W'(w) = x.
But also i o k'(w) = i(y) and so k’'(w) = y. Uniqueness is left to the reader, and
completes the proof that K, k' is a kernel pair. Since s is surjective, it is a
quotient of ', k'.

For the next step let x and y be T-elements of B and C such that j(x) = g(y).
Let

h” ~ r

K" SP >>T
kll Cd
¥ ~ s

K’ SA >>B
k‘ ”

be the pullback of s and its kernel pair along x. So h”, k" is also kernel pair to
its quotient r. (Think of r as pulling x and y back to a stage P covering T)
Since goi(2) = g(yor) there is some P-element v of K with h(v) = i(z) and
k(v) = yor, and so some P-element b of K’ with m(b) = v and h'(b) = z.
Simple chasing shows that sok’ocb = xor and ick’ob = yor, and since i is
monic k' o b is unique with those composites. Further chasing shows that
K oboh" =k obok”, so that k' ob factors through a unique u: T—— A4, and
since r is epic we have sou = x and iou=y. This proves the pullback
property. O
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In short, any sub-object of C closed under the equivalence relation given by
the kernel pair of g is a preimage along ¢. An alternative proof uses
Metatheorem 6.8 in Chapter 3 of Barr (1971).

THeOREM 25.25 Map(C) is a topos iff every C object has a C relation
classifier in Map(C).

Proor Exercise 13.16 showed that a category with finite limits is a topos iff
it has power objects. So we need only show that if every C object has a power
object in Map(C) then all Map(C) objects do. So let R be (h, k):R—
Ax A. Let T,>— R x PA be the pullback of €* along hx 1, and let
Ph: PA—— PR classify T,. Similarly, define Pk classifying T,.

Define e: P(A/R)»— PA as the equalizer of Ph and Pk. Define
€4IR,__,(A/R)x P(A/R) as the image of the following pullback:

K ———>>€A/R>————3(A/R) x P(A/R)
(A/R)x e
€A >——>A x PA————>(A/R) x PA
Given a Map(C) monic C/R"—(A/R) x (B/R’), take the pullback

S > C/R"

A x (B/Ry—————>(A/R)x (B/R)

and let u:(B/R’)—— PA classify S. But Phou classifies the pullback of T,
along R x u, and that is the pullback of S along h x 1. Similarly, Pkou
classifies the pullback of S along k x 1,z.. And S is already the pullback of
C/R" along an arrow that coequalizes h x 1¢/g- and k x 1¢/g--, S0 Phou and
Pk o u classify the same relation and are equal. Therefore there is a unique
w:(B/R')—— PA with u = eow.

By Exercise 25.3 we can prove that w classifies C/R” by proving that S is
the pullback of €4/R along

A x (B/R")—s(A/R) x (B/R"Y 2% (4/R) x P(A/R)
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So it suffices to show that the outer square here is a pullback:

S > > K > 4R

Ax(B/R) > A x P(A/R)————>(A/R) x P(4/R)

Axw

for K the pullback of €* defined above. The left-hand side is a pullback
because u = e ow, while the right is by Lemma 25.24. Indeed, K has the same
pullback along both of A x P(4/R) and k x P(A/R), since T, and T, have the
same pullback along R x e, since T, and T are pullbacks of €® along two
arrows equalized by R xe. O

THEOREM 25.26 Suppose that Map(C) is a topos and let j be a topology on
it such that an equivalence relation on a C object has a quotient in C iff it is
j-closed. Then a Map (C) object is j-separated iff it is iso to a C object.

PrROOF An object is j-separated iff its diagonal is j-closed. By Exercises 25.3
and 25.6 then, a Map(C) object A/R is separated iff R is j-closed in A x A. But
then, by supposition and by Theorem 25.22, the quotient of R is a C
object. O

Exercises

25.1 Show that epics in a topos are surjective, so that toposes are regular. Use the
category 2 to show that epics in a regular category need not be sutjective. Show that
pullback preserves surjective images in any regular category.

252 Give i:I>— A and x:T— A4, and a surjection s:S—» T, show that if
xos€1l then x€1.

253 Letf: A—— B be surjective in a regular category. Given sub-objects i: I —— B
and j: J>— B, show that f~!(i) < f~!(j) iff i < j. [Hint: if f~'(i) < f~'(j) then i is
the surjective image of f~ ! (I)~— J.]

25.4 Show that every coequalizer in a regular category is surjective.

25.5 Let M and N be terms formed of converses, intersections, and composites of
relations of C, and suppose that from vMw you can deduce vNw by these formal rules:
xF°y iff yFx
x(F n G)z iff both xFz and xGz
xFGz iff for some y both xFy and yGz
Conclude that M = N. In short, if you can prove that M € N (or M = N) by these
rules, ignoring stages of definition, then suitable covering stages can always be filled
in. (Use Exercise 25.2.)
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25.6 In any category with all finite limits, show that the pullback of a diagonal
B—— B x B along a product arrow fxf:Ax A~ Bx B is the kernel pair of f.
Conclude that for any Eff object (A/R) the pullback of the diagonal along R x R is the
equivalence relation (R)—— (A4 x A).

25.7 A regular category is effective if every equivalence relation in it has a quotient.
(The term is only coincidentally related to the effective topos.) Let Reg, the category of
regular categories, have regular categories as objects, and functors that preserve finite
limits and surjections as arrows. Let EReg be the full sub-category of effective regular
categories. Show that the inclusion C>—— Map(C) is universal from C to the inclusion
functor EReg>—— Reg, so that the inclusion has a left adjoint Map: Reg—— EReg.
Map (C) is sometimes called the effective reflection of C.



Further reading

The standard text on category theory is Mac Lane (1971). The original
Eilenberg and Mac Lane (1945), Freyd (1964), Herrlich and Strecker (1973),
and Barr and Wells (1990), which aims at computer science, must also be
mentioned. Our approach in Part II is based on Lawvere (1963, 1966).
Johnstone (1977) is the standard reference on topos theory, with an exhaust-
ive bibliography up to its publication date. For history see Mac Lane (1988)
and McLarty (1990b).

Toposes in general

Freyd (1972) works with toposes by the elegant use of set-valued functors,
including a representation theorem embedding toposes into products of
copies of Set. Barr and Wells (1985) use an algebraic approach for quick
proofs of the central theorems. Bell (1988b) works almost exclusively with the
internal language. Schlomiuk (1977) (see also Schlomiuk 1974) introduces the
internal language piece by piece as needed for each resuit. Goldblatt (1979)
emphasizes the topos Set. Freyd and Scedrov (1990) is a highly personalized
run through numerous topics, including toposes, with numerous applications
to logic. Mac Lane and Moerdijk (1992) introduces toposes by means of
Grothendieck topos constructions.

Two works on particular topics stand out for introducing a good part of
the general theory; Kock (1981) on synthetic differential geometry, and
Rosolini (1986) on the effective topos and another called the recursive topos.

Makkai and Reyes (1977) gives the basic results on Grothendieck toposes
over Set. The original Artin, Grothendieck, and Verdier (1972), is rich and
demanding. The case of sheaves on a complete Heyting algebra with the
canonical topology (but the base topos is not assumed to be Set) is covered in
Fourman and Scott (1979).

For the internal language see among other sources Boileau and Joyal
(1981); and Osius (1975). Lambek and Scott (1986) covers an array of topics in
the higher order logic of Cartesian closed categories and of toposes, and has a
long bibliography. Scott (1979) axiomatizes a form of topos logic using
existence predicates.
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On geometric morphisms, see Johnstone (1977) and Mac Lane and Moerdijk
(1992), both of which include the powerful theorem originally in Diaconescu
(1975b). Wraith (1975) gives a survey without proofs. For recent advances, see
Joyal and Tierney (1984) and Moerdijk (1988) and references therein. Joyal
and Moerdijk (1990) describe toposes and geometric morphisms in a very
geometrically motivated way.

Various proofs that the axiom of choice implies excluded middle agree at a
certain level but differ in style. The one in Johnstone (1977) is similar to that
in Diaconescu (1975a), as is ours. Scott (1979) reduces the theorem to the case
of sub-objects of 1 (in any topos). Barr and Wells (1985) use a representation
theorem to reduce to sub-objects of 1 in Set. Both Lambek and Scott (1986)
and Bell (1988b) work with a choice principle in the internal language.
Goodman and Myhill (1978) adapts the result to intuitionistic set theory.

On natural numbers

Johnstone (1977) covers many topics, including inductive definition of infinite
structures (such as free groups) in toposes. Lambek and Scott (1986) describes
computability in Cartesian closed categories and in toposes. Coste-Roy et al.
(1980) study natural number objects and aspects of intuitionistic analysis.
Rousseau (1978) proves theorems of classical analysis by interpreting them as
simpler theorems in the internal languages of toposes of sheaves on suitable
spaces.

On small categories

Almost the whole theory of small categories in Set is already sound in any
topos with natural number object, including all of our Part II. (We avoided
non-constructive theorems on functor equivalences, which would be valid in
Set but not, say, in Eff) Discussions of small categories in toposes tend to
stick close to categorical primitives, since that is all that is new, and risk
making the subject seem less familiar than it is. Our Chapter 20 does this, and
Johnstone (1977) does it to 2 much greater extent. Wraith (1975) discusses the
topic without proofs, and Diaconescu (1975b) deals with it. Moerdijk (1985)
works freely with categories in an arbitrary topos.

Non-small categories

Over arbitrary toposes, these present greater problems. For example, given a
non-trivial topos E, the category of groups in E is not small. There is no one E
object of all E groups. Tools to work with indexed families of groups or
homomorphisms, for example, have not found their final form: see the
appendix in Johnstone (1977))Johnstone and Paré (1978), Bénabou (1985),
and references therein.
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On topologies

Johnstone (1977) gives more examples and theorems, and a description of
sheaves for a given topology as a category of fractions. Tierney (1973) also
describes sheaves in this way. For topologies on posets, see Fourman and
Scott (1979).

On Set

See Lawvere (1964), and references in Chapter 22. Mac Lane (1986) proposes
this as a foundation for mathematics. Little is written on that, since for
working purposes Set is not very different from other set theories, being just a
little closer to naive practice.

On Spaces

Most publications on SDG presume knowledge of basic differential geo-
metry, as in Spivak (1970). Lawvere’s original talks on the subject eventually
appeared as Lawvere (1979): see also Lawvere (1980). Kock (1981) introduces
the axiomatic theory and models. Lavendhomme (1987) discusses the axio-
matic theory, with an extensively annotated bibliography. The first paper on
fully well-adapted models, Dubuc (1979), is also nice reading. Moerdijk and
Reyes (1991) go deeply into a wide array of models, including some with both
the infinitesimals of SDG and those of non-standard analysis.

Bunge (1983), Bunge and Dubuc (1987), and Bunge and Gago (1988) use
the germ neighbourhood of 0 for classical theorems in the synthetic setting.
The collections of Kock (1979, 1983) cover a great deal. Bell (1988a) puts
ideas from SDG into a general discussion of infinitesimals.

On ER

Hyland (1982) uses the version of topos logic with existence predicates,
developed in Scott {1979). In this version any formula of first order arithmetic
is true in Eff iff it is realized. To relate this to our version, see the remarks on
existence predicates in Boileau and Joyal (1981). Hyland et al. (1980) gives a
general setting for constructing Eff, such as we obtain from regular categories.

Categorical logic

Categorical logic treats theories T as categories. An interpretation of 7 in
another theory 7’ becomes a functor T—— T, 2 model in sets becomes a
functor T—— Set, and so on. This began with the work of Lawvere (1963) on
algebraic theories; that is, theories such as the theory of groups, axiomatized
by equations between operators. Lawvere showed, among other things, when
a category is (equivalent to) the category of models of an algebraic theory and
how to recover the theory in that case. Barr and Wells (1985) treat algebraic
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theories and other weak fragments of first order logic. Makkai and Reyes
(1977) gives definability and completeness results for finitary and infinitary
first order classical and intuitionistic logic, with applications to Grothendieck
toposes. See also Kock and Reyes (1977) and Pitts (1989).

Any first order theory T gives a category Mod (T'), the objects of which are
models of T in Set, and the arrows of which are elementary embeddings.
There is also a notion of ultraproducts of models. Makkai (1987) shows just
what information is needed to recover a first order theory from its models.
Given any category with a specified ‘ultraproduct’ structure, he shows how to
tell if it is (equivalent to) the category of models of a theory and how to
recover the theory if it is. See also Makkai and Paré (1989).

For categorical treatments of various logics applied to semantics for
programming languages, see papers in Gray and Scedrov (1989). G. Reyes
(1991) presents a modal logic and a theory of reference in a topos context, and
M. Reyes (forthcoming) applies similar ideas to metaphor and literary
reference.

e
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adjoint 6, 89

adjoint equivalence 97
adjunct 88
adjunction 89

arrow category 75
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associativity arrows 28
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Cantorian 215
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balanced 15

base 9

cartesian closed 57
of categories 5, 107-13
discrete 112, 191
dual 77
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indiscrete 112, 191
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locally small 108
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small 108, 182
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Church’s thesis 233
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of subobjects 5, 39

exponential 57

extension (of formula) 128

fibre 99

formula 127
functor 5, 73
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fibre (cont.)

full 73

inverse image 159
logical 159
functor category 83
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Grothendieck
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topos 8, 205, 224
universe 109

Heyting algebra 81
complete 166

image 141, 152
implicate 81, 120
inclusion 39
indexed
composition 64
family of arrows 63
family of objects 99
product 101
recursion data 172
initial object 3, 16, 145
strict 61
internalizing 59, 120, 166, 179
interpretation (of a formula) 126
intersection 44
internal 124
inverse 14
inverse image 44
iso, see isomorphism
isomorphism 14
associativity 28
natural 23
unitary 24

kernel pair 55, 149

limit 48
finite 51
logic

Boolean 134
topos 129

Subject index

membership (cf. element) 38, 120
modest sets 234

modulus 229

monic 5, 15

name 58

natural isomorphism 23, 83
natural number object 5, 172
natural transformation 82, 185
naturality square 82, 185

opposite category, see dual category

partial arrow 154

partial equivalence relation 236
poset 81

power object 7, 120, 125
preorder 80, 191

product 2,21

finite 27

projection arrows 22, 41, 48
pseudoterm 194

pullback 41

pushout 53

quantifiers

existential 129, 136
unique existential 168
universal 121
quotient 56

rational numbers 177
real numbers 177
realizability 232
recursion data 172
recursive functions 229
relation 54

effective 55
equivalence 54, 149, 243
functional 144, 244
reflexive 54
single-valued 143
symmetric 55
totally defined 144
transitive 55

satisfaction 167
separated 200
sequent 128

sheaf 198

reflection functor 199
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sieve 205 point set (examples from) 19, 152, 197
singleton 124 trivial 206

site 205 topos 6, 117

slice 76 Boolean 162

soundness 136 trivial 123

split epic 18 two-valued 212

split monic 32 well-pointed 211

stability 159 transpose 57

stage of definition 4, 17, 123, 168 triangular identities 89

sub-object 5, 38 truth value object, see sub-object classifier
sub-object classifier 6, 117 twist arrow 25

subcategory 75

subterminator 32

successor 172 union 161

surjection 231, 241 unit 89
unitary isomorphism 24
universal arrow 88

tabulation 246 universe 107
term 126

terminal object 3, 16

terminator, see terminal object variables
topology bound 126
closed 197 free 126
double negation 198

forcing 207

open 197 zero object 3, 16





