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Preface 

The introduction, which follows, introduces categories and toposes, while this 
preface contains remarks on exposition. The book is elementary in the sense 
that it stays close to first order category theory and in that it has few specific 
prerequisites. It does require skill at abstraction, say on the level of algebra 
through groups and rings, or axiomatic set theory, or abstract data struc­
tures. After Chapter 13, symbolic logic is indispensable. Some recursive 
function theory is assumed in Chapter 24. 

In Part I the elementary focus merely means skipping the homset defini­
tions of categories, limits, and colimits. In Part II some higher order construc­
tions are given in naive category theory. For example, adjunctions are handled 
using comma categories, with an exercise on the set-valued functor definition. 
Chapter 12 offers both set-theoretic and category-theoretic formalizations. 

In Part III the first order topos axioms are used to define the higher order 
internal language. The logic is called 'topos logic' here, although 'intuition­
istic logic' is often referred to in the literature. I believe that 'intuitionism' is 
usually, and rightly, taken to mean Brouwer's epistemology of mathematics, 
which is unrelated to the origin or content of topos theory. Topos logic 
strikingly resembles formal intuitionist logic and the two have interacted, as 
in van der Hoeven and Moerdijk (1984) or many papers in Fourman et al. 
(1979). But topos logic coincides with no intuitionist logic studied before 
toposes, and this is due to real philosophical differences (see McLarty 1990a ). 

Our metatheory avoids excluded middle and choice so that it is sound in 
any topos, except when we are explicitly concerned with constructions in Set 
Choice is omitted from the Set axioms in Chapter 23 as it adds nothing to the 
theorems there, but it is used in applications of Set as I consider it to be part 
of the idea of sets. 

William Lawvere's influence shows throughout the book, and I relied on 
Charles Wells's constant advice. Michael Barr, Marta Bunge, and Gonzalo 
Reyes have taught me a great deal and supported my visits to the Centre 
Interuniversitaire en Etudes Categoriques in Montreal. Peter Freyd, Martin 
Hyland, Anders Kock, Michael Makkai, John Powers, Dana Scott, and 
David Yetter contributed perspectives now found in and behind various 
chapters. Andre Joyal and Myles Tierney forcefully pressed the challenge 
to make toposes as intuitive from the beginning as they are to experts, 



viii Preface 

especially as concerns topos logic. I could not do it, but the book was 
improved by their prodding. 

I thank John Corcoran for debates on logic and for what I have learned at 
the Buffalo Logic Colloquium. Ti-Grace Atkinson, John Bell, Emily 
Grosholz, Gregory Moore, Charles Parsons, Michael Resnik, Stewart Shapiro, 
and Michael Wright helped shape the style and foci of the book. I especially 
thank Penelope Maddy, Jean-Pierre Marquis, and John Mayberry for talks 
on sets and categories in foundations of mathematics. 

Other friends occasionally asked just what was the point of topos theory. 
Leaving too many out, I mention Peter Bing, Tom Bishop, Virginia Jones, 
Paul Kukuca, Marie-Pierre Le Hir, Jean Hrichus, John McNamara, 
Laura Mitchell, Sally Norman, Martha Woodmansee, and my parents, 
Colin McLarty Sr. and Sarah Suplee. 

Cleveland 
April 1991 

C.M. 
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Introduction 

Ellenberg and Mac Lane created categories in the 1940s as a way of relating 
systems of algebraic structures and systems of topological spaces in algebraic 
topology. The spread of applications led to a general theory, and what had 
been a tool for handling structures became more and more a means of 
defining them. Grothendieck and his students solved classical problems in 
geometry and number theory using new structures-including toposes­
constructed from sets by categorical methods. In the 1960s, Lawvere began to 
give purely categorical definitions of new and old structures, and developed 
several styles of categorical foundations for mathematics. This led to new 
applications, notably in logic and computer science. 

This book focuses on purely categorical descriptions, on category theory 
'from the ground up'. Few examples are given until they can be constructed 
categorically. Chapter 3 handles a little group theory in that way. In Part IV 
several examples are given: a topos Set of sets which can be handled more 
naively here in the introduction, a topos Spaces of differentiable spaces, and a 
topos Elf in which all functions from the natural numbers to themselves are 
recursive. 

In this introduction some examples are considered less carefully. A reader 
unfamiliar with any one should glance through it but not worry unduly­
they are illustrations for the chapters, not prerequisites. (All the mathematics 
of the examples, plus a chapter on categories and toposes is in Mac Lane 
(1986).) See the further advice on reading at the end of this introduction. 

1 Individual categories 

Consider sets and functions. Write f :A---+ B to mean that f is a function 
defined on the set A and with all its values in B. Note that B need not be the 
set of values off; it need only include them all. Call A the domain off, and 
B the codomain. Every set A has an identity function 1 A: A---+ A, with 
1.A(x) = x for every x in A. And given functions f:A--+B and g:B--+C 
with common set B there is a composite g of: A__. C with (g of)(x) 
= g(f(x)) for every x in A. So there is a category Set, called the category of 

sets, with sets as objects and functions as arrows. Compare the axioms in 
Chapter 1. 



2 Introduction 

Category theory treats functions differently from set theory in that every 
arrow in Set has a unique domain and codomain. For example, let Q be the 
set of rational numbers and R the set of reals. For most set theory texts there 
is a well-defined function on Q which takes each rational number x to its 
square x 2• In category theory a function, that is an arrow of Set, is not fully 
defined until a codomain is also specified. So there are distinct arrows 

_ 2:Q--+Q and _2 :Q---+R 

and infinitely many others, all with domain Q and taking each x in Q to its 
square, but with different codomains. 

For another category, consider the data types of a given computer pro­
gramming language and the computable functions between them. For this 
example we write /:A---+ B to say that f is a computable function from 
data type A to data type B. More precisely, this means that some program in 
our language accepts input of type A, and for any input x of that type returns 
the value /(x) of data type B. For every data type A th~ identity function 
I A: A--+ A is computable. Given computable/: A..-.-. B and g: B---+ C, 
compute the composite g of: A--+ C by the rule 'apply/ to the input then 
apply g to the result'. We then have a category Data of the data types and 
functions in our programming language. For a survey of more sophisticated 
categorical semantics for programming languages, see Scedrov (1988). 

Of course, a program may take several inputs. That can be modelled by a 
device, available in many actual languages, of forming record types: that is, for 
any data types A and B we suppose that there is a data type A x B, and we 
think of a value of this type as being a pair (x, y), with x a value of type A 
and y of type B. Then a program which takes one input of type A and one of 
type B, and returns a value of type C, can be thought of as taking a single 
input of type A x B, and so represented by an arrow A x B---+ C in the 
category Data. Neither we nor the language user cares how a computer 
actually stores records (x, y ). We do care that we can recover the values in 
each field of a record. There must be a computable function p1 : A x B _____. A 
taking any record (x, y) to x, and another p2 : Ax B---+ B taking (x, y) to 
y. Furthermore, given a data type T and computable h: T--+ A and 
k: T---+ B there must be a computable function from T to records of type A 
x B which agrees with h on the A field and with k on the B field. That is a 
function ( h, k): T ..-.-. A x B, which takes any input z of type T to the record 
(h(z), k(z)). Compare the definition of a product for A and Bin Chapter 2. 

In Set the Cartesian product A x B of sets A and B has obvious projection 
functions p 1 and p2 to A and B, such that for any set T and functions 
h:T---+A and k:T--+B there is a function (h,k):T--+AxB, as for 
record types. As with record types in Data, so with Cartesian products in Set 
these functions are what is used in practice, not some account of the make-up 
of Ax B. 
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In computer science rigorous attention to domains and codomains is called 
•strong typing' and few languages use it consistently. Many languages, for 
example, treat addition 'x + y' as one function, whether applied to a pair of 
integers, an integer and a real, or a pair of reals. But in the category Data, if I 
is the type of integers and R the type of reals, there are distinct arrows 

+:lxl--+l +:lxR--+R +:Rxl--+R +:RxR--+R 

One adds an integer to an integer for an integer sum, another adds an integer 
to a real for a real sum, and so on. They are distinct because they have 
different domains and codomains. 

For a third example, consider (real, finite-dimensional) vector spaces and 
linear functions. Every identity function is linear and, given linear 
/: V--+ Wand g: W--+ X, the composite g of: V--+ Xis linear. So there 
is a category Vect with vector spaces as objects and linear functions as 
arrows. This category also has products. Given spaces X and Y, the vectors in 
the product space Xx Yare ordered pairs (x, y), with x a vector in X and ya 
vector in Y. We define vector addition and scalar multiplication on X x Y by 
the rules 

(x, y) + (x', y') = (x + x', y + y'), r. (x, y) = (r. x, r. y) 

for x and x' vectors in X, and y and y' vectors in Y, and r any real number. 
The additions and multiplications inside the angle brackets on the right-hand 
side are those of X and Y. Note that these rules are just what they must be to 
make the projections p1 : X x Y---. X and p2 : X x Y _____. Y linear. Again, 
this is a product for X and Yin Vect, as defined in Chapter 2. 

There are categorical differences between Set, Data, and V ect. A terminal 
object in any category C is an object T of C such that every object of C has 
exactly one arrow to T. An initial object in C is an object S such that every 
object of C has exactly one arrow from S. So the terminal objects of Set are 
the singletons, and a set Sis initial in Set iffit is empty. Every set A has exactly 
one function f to any singleton {•},namely the one with f (x) = •for every x 
in A. An empty set has one and only one function, namely the empty one, to 
each set A. 

The category Data may have no terminal or initial objects, depending on 
just what programming language it is based on. Languages with limited 
means for constructing types generally have no terminal or initial ones. In 
such languages there are many computable functions between any two types. 

In Vect there is the one-point space {O}, the vector space with only a zero 
vector. This is both terminal and initial in Vect. For any vector space V the 
constant zero function V--. { 0} is linear, and so is the function { 0} --+ V 
inserting zero. These are clearly the only linear functions to or from {O}. An 
object that is both terminal and initial in its category is called a zero object 
because of this example. 















4 Introduction 

In short, Set has terminal and initial objects, and they are distinct from one 
another. Data may well have neither; Vect has both, and they coincide. 

For other examples, take topological spaces and continuous functions to 
obtain the category Top, and take differentiable manifolds and differentiable 
functions to obtain the category Man. These two resemble Set more than they 
do Vect. For example, in both these categories any single-point space is 
terminal and empty spaces are initial. Neither one has a zero object. This is 
the beginning of much further reaching differences, as V ect is an Abe Ii an 
category while none of our other examples is (see Freyd 1964 or Mac Lane 
1971, Chapter 8). There are also algebraic examples of categories, such as Grp 
with groups as its objects and group homomorphisms as arrows, or Ring with 
rings as objects and ring homomorphisms as arrows. Such examples are not 
in short supply, and are found in any discussion of category theory. 

A topological space Tis not studied by just looking at its points. Typically, 
the continuous curves and surfaces in it are examined. Let S 1 be the circle and 
S 2 the sphere (i.e. the outer surface of a ball). A closed curve in T is a 
continuous function c: S1 --+ T. It is a picture ofa circle in T, or a map of S1 

in T, in the usual terminology. A map of S2 in T, i.e. a continuous function 
s:S 2----+T, is a closed surface. We can describe Tin large part by describing 
the maps to it from S 1, S2

, and higher-dimensional spheres. Geometers often 
describe spaces by maps to and from other spaces, and they always give 
a map a specific domain and codomain. This is the origin of a considerable 
amount of category theory, and arrows in any category are sometimes called 
maps. 

In any category C a generalized element of an object A is just an arrow to A. 
When we think of an arrow h: C---+ A as a generalized element of A, we call 
C the stage of definition, or we may just call h a C-element of A. So a closed 
curve in a topological space Tis an S 1-element of T, while a closed surface is 
an S2-element. In the category Data, with I the type of integers, for any data 
type A an /-element of A is a computable function/--+ A or, in other words, 
a computable sequence x1 of values in A, where i ranges over all integers. 

A global element is a generalized element, the stage of definition of which is 
terminal, and these often have a special role. As before, let { • } be a singleton 
set, with its single element •. Any set A has a function x: { •} --+A for each 
element x, namely the function taking • to x. According to traditional set 
theory, functions from { •} to A 'correspond to' elements of A but are not 
themselves the elements. On categorical foundations as in Chapter 22 we 
actually define an element of a set A to be a function from { • } to A. (In that 
chapter we write l for a singleton rather than {•}.)We can do the same thing 
in a categorical treatment of Top or Man, and in fact we do for a variant of 
Man in Chapter 23, defining a point of a space to be an arrow to it from a 
singleton space. Of course, this does not work so well for vector spaces, since 
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any vector space V has exactly one linear function from the terminal 
space {O}. 

In any category C an arrow A--+ B can be thought of as a kind of picture 
of A in B, but this is uselessly abstract without some initial picture of A. For 
most categories it is useful to see a terminal object as a point. (That is, a 
terminal object is a point when looked at internally to its category. From 
outside it may be much more complex. See Exercise 16.15 and examples in 
Chapter 22). When we define natural number objects in Chapter 19 it will be 
useful to see a given one N as a sequence of points, so that an N-element 
s: N---. A is a sequence of points in A. In specific categories such as the 
category of sets or the category of spaces in Chapter 23, the subject matter 
conveys its own images. 

It is often convenient to view a monic arrow i: A >---+ C, defined in 
Chapter 1, as showing that A is a copy of a part of C, and that i maps the copy 
on to that part. For example, in Set, the monic arrows are the one-to-one 
functions and, clearly, if i is one-to-one then A is a copy of a subset of C, 
namely of the image of i. This works well in all toposes and in the category of 
categories, but not in all categories. (For example, in Top the monies are also 
the one-to-one functions, but a continuous function i: A ----. C may be one­
to-one, while A has a finer topology than the image of i as a subspace of C.) In 
any category we call a monic arrow to an object C a sub-object of C. Note 
that one object A may copy many different parts of C, and so it is the monic i 
that identifies the sulrobject, and not just its domain A. In other words, we 
have to know 'where' in C the copy A is being mapped. Sulrobjects 
i: A~ C and j: B ~ C of a single object C are equivalent, as defined in 
Chapter 3, if i and j map on to the same part of C. 

2 The category of categories 

In Part II functors, which are maps of categories, are introduced. A functor F 
from a category A to another category B is a structure-preserving function 
from A to B (see Chapter 8). Intuitively, if A is seen as a network of arrows 
between objects and then F maps that network onto the network of arrows of 
B, this gives a picture of A in B. 

Every category A has an identity functor IA: A--+ A, which leaves the 
objects and arrows of A unchanged, and given functors F: A--. B and 
G: B__. C there is a composite Go F: A--+ C. So it is natural to speak of a 
category of all categories, which we call CAT, the objects of which are all the 
categories, and the arrows of which are all the functors. This raises genuine 
problems. Is CAT a category in itself? Our answer here is to treat CAT as a 
regulative idea; that is, an inevitable way of thinking about categories and 
functors, but not a strictly legitimate entity. (Compare the self, the universe, 
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and God in Kant 1781.) Of course, general category theory applies to CAT, 
and this category that we do not quite believe in is the single one that we 
investigate the most. In Chapter 12 several alternative rigorous foundations 
are given for our results, but no actual 'category of all categories'. 

The central notion in Part II is that of an adjoint to a functor, defined in 
Chapter 10. Examples figure heavily in Chapters 11and17. In the exercises of 
Chapter 12 a series of adjoint functors are developed between a category of 
sets and a category of categories. Further mathematical examples require 
more background than we assume, but the literature on categories is replete 
with them (see, for example, Mac Lane 1971 and Barr and Wells 1985). 

3 Toposes 

Toposes are sometimes explained as categories 'with Set-like properties', but 
we can be more specific. Toposes are categories which allow the constructions 
used in ordinary mathematics. A topos is a category E such that it has a 
terminal object, and any pair of objects A and B of E have a product A x B. 
For any parallel pair of arrows, that is any arrows/: A-. Band g: A--+ B 
with the same domain and the same codomain, there is a sub-object 
e: E )>.--+A of A representing the solutions to the equation/= g. (This is an 
equalizer, defined in Chapter 2.) Any pair of objects A and B have an 
exponential BA, as defined in Chapter 6. In short, BA is an object of E 
representing all arrows from A to B in E. And there is a sub-object classifier, 
also called a truth value object, Q, as defined in Chapter 13. 

In the example of Set we have already seen the terminal objects and 
products Ax B. Given parallel arrows/ and g, the equalizer Eis the subset of 
A containing all x with/(x) = g(x). The exponential BA is the set of functions 
from A to B. The sub-object classifier Q is a two-element set. Let it be { t,fa }, 
where 't' is pronounced 'true' and 'fa' is pronounced 'false'. The idea is that, 
given any set A and a subset of it S, there is a function Xs from A to { t,fa} 
which classifies S; namely, the function defined on A with 

Xs(X) = t iff xis in S. 

Conversely, any function x: A--+ { t,fa} classifies a subset of A, namely the 
subset of all x such that x(x) = t. 

Singleton sets and { t,fa} are finite, and if A and Bare both finite then so 
are A x B, all subsets of A, and BA. So the finite sets already form a topos, 
which we call Setfin· An axiom of infinity, the existence of a natural number 
object or set of natural numbers, which we require Set to satisfy while Selcin 
does not, is described in Chapter 19. 

Any object A of a topos E has an exponential QA. It represents arrows from 
A to 0, which classify sub-objects of A, so it is an E object representing all 
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sub-objects of A. We call it the power object of A. In the case of Set or Setnn 
the exponential { t,fa }A is the power set of A. Set-theory texts say that { t,fa }A 
is merely isomorphic to the power set, but category theory knows no such 
invidious distinction. Instead, we think of a sub-object of an object A in a 
topos indifferently as a part of A, an arrow from A to 0, and an element of QA. 

In Chapter 16 we prove that every topos E has an initial object 0 with the 
typical properties of an empty set; and it has unions, and quotients of 
equivalence relations. If E also has a natural number object we can do all of 
classical mathematics, but not always with classical results, since E may be 
quite different from Set, as we see with the examples in Part IV. 

To handle the rich structure of toposes, we follow Johnstone (1977) in 
combining elementary category theory and the internal language of a topos. 
For each object A of the topos we introduce quantifiers (Vx. A) and ( 3x. A) 
over A. We regard each arrow f: A--+ Bas a function. We give interpreta­
tions for negation ("'),conjunction(&), disjunction (v), and conditional(-+) 
with familiar logical rules, but not quite classical ones. Notably, the law of 
excluded middle fails. In some toposes there are formulas cp such that 
'cp v "' cp' is not true, and neither is'"'"' cp---. cp'. In any topos, if cp implies 
a contradiction then we can conclude "' cp. But, in many toposes, if "' cp 
implies a contradiction we can only conclude "' "' cp. In other toposes, such 
as Set or Setnn, the law of excluded middle is sound. The axiom of choice fails 
in many toposes, including all those in which excluded middle fails, since it 
implies excluded middle (see Section 17.5). 

I consider the internal language of each topos an actual language, describ­
ing structures in the topos. Formal rules are provided for the languages, but 
the reader should go on to use them colloquially, as Joyal and Tierney (1984) 
or Moerdijk ( 1985) do. 

The point is that toposes describe objective structures. The world around 
us has a geometric structure that can be idealized in the notion of smooth 
spaces and maps, as indeed it was in classical analysis in the service of 
Newton's and later Einstein's physics. The smooth topos Spaces formalizes 
that structure. Another abstraction moves away from geometry to view the 
world in terms of pure cardinality. This is Cantor's set theory, and is 
formalized in the topos Set. Yet another treats functions as procedures, and 
so requires them to have algorithms. This is formalized in part of the effective 
topos Elf. These are not competing theories, much less contradictory: they are 
alternatives suited to different purposes. 

There is no meaningful question of whether all functions from the line to 
itself are 'really' differentiable, or all functions from the natural numbers to 
themselves are recursive. Rather, we need to study both of these and other 
idealizations, and the relations between them, whether we model them in sets 
or toposes or whatever. The most important relations between toposes are 
geometric morphisms, defined in Chapter 17. We do not study them in detail 
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in this book, but we give the most important means of constructing them­
namely Grothendieck toposes. 

Let A be a small category in a topos E. A functor from A to E is called a 
diagram on A. Picture the functor as a 'diagram' of objects and arrows of E, 
shaped like the network of objects and arrows of A. The category of all 
diagrams on A is itself a topos which we call EA (see Chapter 20). The 
diagram category has certain topologies on it. For each topology j on EA there 
is category (EA)1 of sheaves onj, and this too is a topos (see Chapter 21). A 
Grothendieck topos over E is any category of sheaves for some topology on 
some category of diagrams in E. The two-chapter proof that these are toposes 
is the central result of Part III. 

If we simply posit two toposes, say a topos Set satisfying the axioms in 
Chapter 22 and one Spaces satisfying those of Chapter 23, it does not follow 
that there are any geometric morphisms between them. But Chapter 23 
sketches a way of beginning with Set and constructing a Grothendieck topos 
over it that satisfies that chapter's axioms for a category of spaces. Geometric 
morphisms between Set and this Grothendieck topos fruitfully formalize 
relations between sets and spaces. Conversely, McLarty (1987) shows how 
to take Spaces and construct a Grothendieck topos over it that satisfies 
the axioms for a topos of sets. Either method gives the same geometric 
morphisms between Set and Spaces. For geometric morphisms toposes con­
structed one from the other, or both from a common base, are needed. 
Grothendieck toposes are not the only means of doing this either, as shown in 
Chapter 24 with Elf. 

4 Advice on reading 

The reader can often profit from glancing ahead in this book. Part IV should 
make some sense after the Introduction and Chapters 1 and 2, more sense 
after Chapter 6, and a great deal more after the definition of toposes in 
Chapter 13. The reader might look at Chapter 8 on functors immediately 
after Chapter 1, and could read Chapter 19 on natural number objects in 
almost full detail after reading Chapter 6. The definition of a topos in Chapter 
13 should make some sense after Chapter 4, and more after Chapter 6. There 
may be other suitable short cuts. 

The exercises contain definitions and results that are used later on, and so 
must be studied, except that details of formalization should be studied only so 
far as they are of interest. 

Through Part I we usually work with one category at a time. To speak of 
'an object' or 'an arrow' means an object or arrow of that category. Some 
chapters only assume that the category is a category, while others assume 
that it has further structure (such as selected products for pairs of objects). 
Each chapter's assumptions are given at its beginning and not repeated in 















A category is small is both the class of objects and the class of arrows are sets.
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individual theorems. We call the category we work with the 'base category'. 
Part II concerns relations between categories, but in Part III most chapters 
again start with one base category, in fact one topos. These chapters often 
construct new toposes from the base. 

Parentheses are punctuation in this book, used for clarity and not a 
requisite part of function notation. Thus /(x) or fx mean the same thing, and 
the choice in any occurrence is a matter of readability. 



Part I 

CATEGORIES 



1 

Rudimentary structures in a category 

In this chapter we study axioms for a category, and possible structures within 
it We introduce the 'generalized element' notation, which allows us to restate 
some of our axioms and definitions in a more familiar form. 

1.1 Axioms 

A category has objects A, B, C, ... and arrows f, g, h .... Each arrow goes 
from an object to an object. To say that g goes from A to B we write 
g: A---+ B, or say that A is the domain of g, and B the codomain. We may 
write Dom(g) = A and Cod(g) = B. 

Two arrows f and g with Dom(/)= Cod(g) are called composable. If f 
and g are composable, then they must have a composite, an arrow called/ o g. 
Every object A has an identity arrow, 1A. 

The axioms read as follows. For every composable pair f and g the 
composite fog goes from the domain of g to the codomain of f. For each 
object A the identity arrow 1 A goes from A to A. Composing any arrow with 
an identity arrow (supposing that the two are composable) gives the original 
arrow. And composition is associative. 

The axioms can be displayed in diagrams or in equations. In the equations 
we assume that any arrows we compose are composable. In the diagrams this 
is explicit. 

Domain and codomain: 

Jog 

Dom(/og) = Dom(g) and Cod(/og) =Cod(/) 

Dom(lA) =A and 
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Identity 

g 

Associativity: 
Jog 

A-------------.c 

(f 0 g) 0 h = f 0 (g 0 h) 

goh 

Because of associativity we can omit parentheses in composites of several 
arrows without ambiguity. We can write fog oh for the triple composite 
above. 

We will often use just 'A' to label the identity arrow IA. 

1.2 Isomorphisms, monies, and epics 

An arrow/: A--+ B is an isomorphism if there is an arrow g: B--+ A such 
that go f = 1 A and fog = la· If there is such an arrow there is only one (see 
Exercise 1.1) and we call it the inverse off, or/- 1 : B--+ A. We may say that 
f is iso, for short, or write f: A ~ B to show that f is an isomorphism. In 
diagrams: 
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We say that A is isomorphic to B, and write A~ B, to say that there is some 
isomorphism from A to B. There may be many different isomorphisms 
between two objects. 

This is a generalization of the various notions of isomorphism that 
mathematicians have used since the 19th century. It has long been traditional 
to say that 'isomorphic groups have all the same group properties' or that 
'isomorphic topological spaces (often called homeomorphic) have all the 
same topological properties'. The latter was often taken to define 'topological 
properties', in the spirit of Klein's Erlanger program. These slogans are 
abstracted and unified in category theory, where isomorphic objects in a 
category have all the same categorical properties. What this means will 
become clear as we go along. 

An arrow/: A--+ Bis monic if it meets the following condition. For every 
object Tand any arrows h: T---+A and k: T __..A, iffoh =fok then h = k. 
This is sometimes expressed by saying that f is 'cancellable on the left'. We 
will often prove that two arrows, say p and q, are equal by finding a known 
monic f and proving that fop = f o q. We may write/: A,__. B to show 
that f is monic. Notice that every iso is monic, since f oh = f o k implies 
/-lo/oh= /- 1 ofok. 

A monic f can be thought of as a 'one-to-one' arrow. It will not identify h 
with k unless h = k. We make this precise in the section on generalized 
elements. A monic f can also be thoug.at of as making A a 'part of' B. We 
make this precise when discussing sub-objects in Chapter 4. 

An arrow f: A--. B is epic if it meets the following condition. For every 
object T and any arrows h: B--+ T and k: B---+ T, if h of= k of then h = k. 
We may say that f is 'cancellable on the right', and we may write/: A~ B 
to show that f is epic. Every iso is epic. It is not accurate to think of an epic 
arrow as 'onto', as we shall see when discussing generalized elements. It is 
better to think of an epic as 'covering enough of B' that any two different 
arrows out of B must disagree somewhere within the part covered by f. 

In general, an arrow may be monic and epic without being iso (see Exercise 
1.5). In some categories though, every monic-epic is iso. Such a category is 
called balanced. Every topos is balanced, but not the category of categories. 
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1.3 Terminal and initial objects 

A terminal object, or terminator, is an object P such that every object has 
exactly one arrow to P. A category may have any number of terminators, 
including none. However many it has, they are determined up to a unique 
isomorphism, meaning that the following two theorems hold. The simple 
proofs are paradigms of categorical methods. 

THEOREM 1.1 If Pis a terminator and there is an iso I: Q_::__. P then Q is 
also a terminator. 

PROOF Any object T has a unique u: T __....... P, so there is at least 
1- 1 

o u: T--+ Q. Given any v: T--+ Q we have Io v: T---+ P. By unique­
ness, u = f o v, and so v = 1- 1 

o u. Thus 1- 1 
o u is the unique arrow from T 

~~ 0 

THEOREM 1.2 If P and Qare both terminators, then the unique arrow from 
P to Q is an isomorphism (with the unique arrow from Q to P as inverse). 

PROOF Suppose that P and Qare both terminators, with the unique arrows 
u:P--+Q and v:Q--+P. Then vou goes from P to P, but 1,, is the only 
arrow from P to P. So Vo u = Ip. Similarly, u o v = IQ. 0 

Therefore the definition of a terminator does not pick out a unique object 
(if there is a terminator at all). But when we are talking about a category that 
does have at least one terminator it is handy to suppose that we have selected 
one which we will call 'I' for the duration of the discussion. Then for each A 
we write !A:A--+ 1 for the unique arrow from A to 1. We may even omit the 
name of the arrow, since it is unique. 

An initial object is an object I such that every object has exactly one arrow 
from I. From the symmetry of this definition with the definition of a terminal 
object one can see that initial objects are determined up to isomorphism. Any 
object iso to an initial object is also initial, and any two initial objects have a 
unique isomorphism between them. One can simply repeat the proofs of 
Theorems 1.1and1.2, reading 'arrow from reach time they say 'arrow to P', 
and so on. We often use 0 to name a selected initial object, and ! A: 0--+ A for 
the unique arrow. 

An object which is both terminal and initial is called a zero object. Again, a 
category may have no zero objects, or any number. Since all the terms are 
defined up to isomorphism, if a category has one zero object then all initial or 
terminal objects in the category are zero objects. 

1.4 Generalized elements 

We can think of an arrow to any object B, say x: A--+ B, as a kind of 
'element' of B. Specifically, we call x a generalized element of B defined over A, 



























If we have both a terminal and an initial object, then !_A is ambiguous between
!_A : A —> 1
and

!_A : 0 —> A .�
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or an A-element of B. When thinking in these terms we write x EA B, but this is 
just another notation for x: A---. B. 

We also say that A is the stage of definition of x. It is often useful to think of 
all the generalized elements of B at one stage of definition A at one time. 

For example, we can restate the definition of a terminal object: P is 
terminal iff, at each stage of definition A, P has exactly one A-element. At 
each stage of definition, Pis a singleton. (There is no similar definition of an 
initial object in terms of its generalized elements: see Exercise 1.6.) 

Thinking of x EA B as a generalized element, for any /! B--+ C, we may 
write/(x) for the composite fox. In this notation the first domain--codomain 
axiom reads as follows: for any x E .A. B and/: B---+ C there is a well-defined 
/(x)EA C; that is, at each stage A, /takes A-elements of B to A-elements of C. 
The first identity axiom reads as follows: for any x Es C, lc(x) = x. The 
associativity axiom takes a familiar form: for any x ED A, and g: A---+ B, and 
/: B--+ C, we have(/ og)(x) = /(g(x)). 

On the other hand, this notation does not work so well with the second 
identity axiom, which would appear as g(l.A.) = g. The apparent asymmetry 
whereby g appears once as a function symbol and once as a value is an 
artefact of the notation. The original notation of arrows and composites 
remains fundamental. 

An arrow is fully determined by its effect on generalized elements. 

THEOREM 1.3 Take any f:A--+B and g:A---+B. Then f = g iff, for 
every stage of definition T and every xErA, f(x) = g(x). 

PROOF The 'only if' is obvious, since/= g implies/(x) = g(x). Conversely, 
assume that/ and g agree on all generalized elements of A. Then take A itself 
as stage of definition and let x be I.A. By assumption,/(l.A) = g(l.A) and this 
gives/= g. 0 

This is typical of proofs using generalized elements, in that one half makes 
pivotal use of I A as an A-element of A. For any object B we call Is the generic 
element of B. 

If a category has terminal object I, then I-elements may be of special 
interest, so I-elements are often called global elements. We call an arrow 
f: A---+ B constant if it factors through a global element; that is,/= x o ! A for 
some x: I --+ B. The idea is that f then takes the single value x. 

1.5 Monies, isos, and generalized elements 

The definition of a monic takes a familiar form in generalized elements. An 
arrow f: A--+ B is monic iff, at each stage T and for any x Er A and y Er A, if 
/(x) = f(y) then x = y. Monies are one-to-one on generalized elements. 

Epics have no such definition in terms of their action on generalized 
efou1ents. Let an arrow f: A ---+ B be called onto on generalized elements if, 
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for each stage Tand each yErB there is some xErA with/(x) = y. Then we 
have the following theorem. 

THEOREM 1.4 An arrow/: A--+ Bis onto on generalized elements iff there 
is some g:B--+A withfog =ls. 

PROOF For 'if' suppose that there is such a g. Then for any y Er B the T­
element g(y) of A has /(g(y)) = y. For 'only if' suppose that f is onto on 
generalized elements. Taking the generic element ls of B, there is some gEsA 
with/(g) = ls. 0 

When f o g = 1 B we call g a right inverse to f, and fa left inverse to g. An 
arrow may have many different right inverses. An arrow with a right inverse 
is epic, since ho f = k of implies ho fog = k of o g. But having a right inverse is 
much stronger than being epic (compare with Exercise 1.5). An arrow that has 
a right inverse is called a split epic. 

Obviously every iso is split epic. Conversely, if/ is monic and split epic then 
it is iso. For proof consider a right inverse g. Then fog of= f, and since f is 
monic we can cancel it on the left to obtain gof = lA. So we have the 
following theorem. 

THEOREM 1.5 An arrow is iso if it is one-to-one and onto on generalized 
elements. 

Exercises 

1.1 (An arrow with a left inverse and a right inverse is iso.) Given f: A--+ B, 
suppose that there is some h: B--+ A with ho f = I_.. and some g: B--+ A with 
fog = I 8 • Show that g = h. Conclude that g = f - 1 is the unique inverse off. 

1.2 Show, if/: A--+ Band g: B--+ Care both iso, that g of is then also iso. What is 
its inverse? 

1.3 Show that ~ is an equivalence relation: every object is iso to itself: if A is iso to 
B then B is to A; and if A ~ B andB ~ C then A ~ C. 

1.4 Suppose that there is a terminator 1. Show that every arrow f: I --+ B is monic. 
Explain in terms of generalized elements why every arrow with domain I is one-to-one 
on generalized elements. 

1.5 Describe a category 2 with two objects, 0 and I, their identity arrows, and one 
other arrow ex: 0---+ 1. Composition can be defined in just one way verifying the 
axioms. Think of this category as an isolated arrow: 

II 

0---+ I 

We do not draw identity arrows because we know there is one at each object. Show 
that the arrow ex is monic and epic, but not iso (and not split epic). 
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(For those who know the relevant mathematics.) Some examples of monic-epics 
that are not iso are instructive: in the category of rings and ring homomorphisms, the 
inclusion of the ring of integers into the ring of rationals; in the category of topological 
spaces and continuous maps, any one-to·one onto function the domain of which has 
finer topology than its codomain; and in the category of Hausdorff spaces and 
continuous maps, any one-to-one map with dense image but not onto. 

1.6 Show that, if there is an initial object 0, a terminal object 1, and an arrow 
1----+ 0, then l and 0 are zero objects. 

In general, an initial object may have generalized elements at some or all stages of 
definition. However, in any Cartesian closed category (see Chapter 4) an initial object 
has a T .element iff Tis also initial. In such categories, which include toposes and the 
category of categories, it is useful to think of an initial object as 'empty'. The only 
objects with arrows to an empty object are themselves empty. 

(For those who know the relevant mathematics.) In the category of real vector 
spaces Rn and linear maps, R0 is a zero object The category of groups and group 
homomorphisms, and categories of modules and homomorphisms, have similar zero 
objects. This plus Theorem 6.4 proves that none of these is Cartesian closed. In the 
category of rings and ring homomorphisms, the ring of integers is initial, while some 
rings have many homomorphisms to it and others have none. 





2 

Products, equalizers, and their duals 

2.1 Commutative diagrams 

Definitions more intricate than that of a monic or a terminator are easier to 
give using diagrams and commutativity. We will not be formal about these. A 
diagram is an arrangement of objects and arrows, such as: 

j 

We say that the objects occupy vertices of the diagram, and the arrows 
occupy its edges. One object may occupy several different vertices. In the 
example, we might have A=B=C=D, so that the same object occupies all 
four vertices. That would still be different from the following one-vertex 
diagram: 

Similarly, one arrow may occupy several edges. 
A diagram commutes if the following holds. Taking any two vertices, the 

composite of the arrows along any path from the first vertex to the second is 
equal to the composite along any other path from the first to the second. We 

E.g., in the upper diagram, 
f = h g and j = i h,
but not in the lower diagram.�
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count the empty path at any vertex, and say that the composite along it is the 
identity arrow for the object at that vertex. Thus to say that the four-vertex 
example above commutes means that f = hog and i of= i oho g =jog and 
ioh =j. The one-vertex example commutes iff all the arrows in it are 1 ... 

Notice that to prove that the four-vertex diagram commutes it suffices to 
prove that both triangles contained in it do; that is, f = hog and i o h = j 
imply all the other equations. One can prove that any diagram commutes by 
proving that each of its parts does, in a sense that we will not bother making 
precise. A diagram such as 

9 
A --------.,, B ---------- C 

I 

~ ~/ 
D---------~E---------.f m n 

commutes if each triangle and square in it does; that is, m = i o h and 
j of= n o i and g = k o j suffice to imply all the equations required by com­
mutativity of the diagram. 

2.2 Products 

Given objects A and B, a product diagram for A and B consists of an object P 
and two arrows p 1 and p2 as shown: 

Pi P2 
A.--P--.B 

with the following property. For any object T and arrows as shown: 

h " 
A+--T--+B 

there is a unique arrow u: T--+ P that makes the following diagram 
commute: 

A..-------- p --------• B 
Pa 
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In equations, there is a unique u with p1 o u =hand p2 o u = k. 
The arrows p1 and p2 are the projection arrows of the product diagram. 

They are essential, since the object Palone is not enough to determine the 
diagram (see Exercise 2.1 ). 

In a given category a given pair of objects might have no product diagrams, 
or any number. Product diagrams are determined up to isomorphism as 
follows: 

THEOREM 2.l If P, p 1 , p2 is a product diagram for A and B, and there is an 
isof:Q~P, then Q, p1 of, p2 of is also a product diagram for A and B. 

PROOF For any object T and arrows h: T--+A and k: T--+B there is a 
unique u: T---+ P with p1 o u = h and p2 o u = k, so there is at least 
/- 1 ou: T--+Q with p1 o/o(/- 1 ou) = h, and p2o/o(/- 1 ou) = k. Given 
any v: T--.Q with p1 ofo v = h and p2 ofo v = k, one can see that 
f o v: T---. P composes with p1 to give h and with p2 to give k, so that by 
uniqueness f o v = u. So v = 1- 1 o u is the unique arrow from T to Q com­
posing with p1 of to give h, and with p2 of to give k. 0 

THEOREM 22 HP, Pi, p2 is a product diagram for A and B, and Q, q1' q2 is 
another, then the unique arrow u: Q--+ P with p1 o u = q1 and p2 o u = q2 is 
an isomorphism. 

PROOF Take the two product diagrams, u:Q--+P and the obvious 
v:P--+Q. Thenp1 oUoV =qi oV =Pt· Similarly,p20UoV = q2oV = P2· But 
Ip is the unique arrow from P to P with those composites with p1 and p2, so 
uov = lP" By the same reasoning, vou =la. 0 

The reader should draw diagrams keeping track of the arrows in these 
proofs, and should compare the proofs with those for Theorems 1.1 and 1.2. 

As with terminal objects, if we know that objects A and B have at least one 
product diagram it is convenient to select one to talk about. We will use the 
notation A x B, p1, p2 to name the one we are talking about, or draw it: 

Pl 1'2 

A+--A XB---+B 

We use (/, g) to name the unique arrow induced by f: T---+ A and 
g: T--+ B, so the following diagram commutes by definition: 

T 
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Given that A' and B' also have a product diagram, and given any arrows 
h: A---+ A' and k: B---. B', we use h x k to name the arrow that makes the 
following diagram commute: 

h 

Pa 
A---------A x B 

hxk 

Pz 
)B 

k 

Pa P2 
A' .... ------A' x B' ------~> B' 

That is, h x k is the arrow to A' x B' induced by ho p1 : A x B--+ A' and 
k o p2 : Ax B---+ B'. Here we use 'p1' to name two different projection arrows, 
one in the diagram for A and B, and one in the diagram for A' and B': we do 
the same with 'p2'. We will do this whenever the context makes it clear which 
projection arrow is which. 

When there is more than one product diagram for each pair of objects then 
the choice of one for each pair is arbitrary; but once those choices are made 
the arrows (/, g) and h x k are uniquely determined. 

Products have a familiar description in generalized elements, as follows. 
Given a product diagram Ax B, p1 , p2 , at each stage of definition T, any 
pair of T-elements x Er A and y Er B determines a unique T-element of 
A x B, namely ( x, y) Er A x B. And any T-element of A x B gives such a 
pair by applying p1 and p2 • In short, a T-element of A x B corresponds 
with an ordered pair, one T-element of A and one of B (the fact that it is 
an ordered pair is important for products Ax A). A product arrow h x k: 
A x B---+ A' x B' acts on an ordered pair (x, y) Er A x B component wise: 
h x k((x, y)) = (h(x), k(y)) (see Exercises 2.2 and 2.3). 

The projection arrows are essential here. It is composition with them that 
defines the correspondence between T-elements of A x B and pairs of T­
elements of A and B. But we will often refer to 'the product A x B' and so on, 
leaving the projection arrows implicit. 

2.3 Some natural isomorphisms 

If a category has a terminator, 1, then every object is its own product with 1. 
To be precise: 

THEOREM 2.3 Given a terminator 1, for every object A this is a product 
diagram for 1 and A: 
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PROOF The proof proceeds by direct application of the definitions of 
terminators and product diagrams. 0 

Thus A is isomorphic to the object 1 x A in whatever product diagram for 1 
and A we might discuss. But that in itself does not mean that A is the object 
1 x A in the selected diagram. We might want to make a convention that 
whenever we select a product diagram for 1 and any object A we will select 
the one given in Theorem 2.3, so that A is always 1 x A. But this could conflict 
with other conventions we might want to make for other purposes as we go 
along, and in any case it is an unnatural, uncategorical solution. We do not 
need to define a specific product 1 x A-we can just define the product up to 
isomorphism and use the isomorphism! 

COROLLARY Whatever the selected product diagram for 1 and A may be, 
the arrow u making this diagram commute is an isomorphism: 

A 

l· 
PROOF Use Theorems 2.2 and 2.3. D 

We call u the unitary isomorphism for A. Note that it depends on the 
choice of product diagram for 1 and A. It is the inverse to the selected pro­
jection p2 : 1 x A~ A. These are the isos that we mean whenever we write 
A~lxA or I xA~A. 

The projections and unitary isomorphisms are called natural, because they 
get along with arrows. Specifically, in this case, for any/: A--+ B the 
following square commutes: 

Pi 
I x A-------__.,..A 

I 

Ix B--------.. B 
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by definition of I xf. Then by Exercise 2.6 the following square commutes: 

A -------_,.1 x A 

I Ix/ 

B -------... 1 x B 

Products are symmetrical up to isomorphism: 

THEOREM 2.4 If Bx A, q., q2 is a product diagram for B and A: 

qa q2 

B+--BxA--+A 

then Bx A, q2 , q1 is a product diagram for A and B: 

PROOF The proof is a direct application of the definition of products. D 

Again, we cannot conclude that the selected product diagram for A and B 
is exactly the one for B and A with the projection arrows switched. But we do 
have the following: 

COROLLARY If Ax B, p1 , p2 is a product diagram for A and B, while 
Bx A, q1, q2 is a product diagram for Band A, then the unique arrow tw that 
makes the following diagram commute is iso: 

Bx A 

PROOF Use Theorems 2.4 and 2.2 0 

We will call tw: Bx A--+ Ax B the twist arrow. As with the unitary 
isomorphism, it depends on the selection of product diagrams. It follows 
directly from the definition that the twist arrow from A x B to B x A is the 
inverse to that from Bx A to A x B. 
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Twist arrows are natural. To be precise: 

THEOREM 2.5 Take any arrows/: A--+ A' and g:B--+B' and suppose 
that there are products for A and B, and for A' and B'. Then the following 
square commutes: 

Ax B-------.-B x A 

fxg gxf 

where the top and bottom arrows are the twist arrows. 

PROOF The two composites go to a product, so we prove them equal by 
showing that they have the same composite with q'1 and with q2. For the first, 
the triangle below commutes by definition of the twist arrow, and the square 
by definition off x g: 

AxB------• 
/xg 

A'xB' ------>• B'xA' 

lqj 

and the following diagram commutes for the same reasons: 

gxf 
Ax B -------..Bx A------.-.. B' x A' 

B-------------4B' g 

Therefore both composites compose with q'1 to give go p2 • Similar reasoning 
shows that both compose with q2 to give/op1 • 0 
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2.4 Finite products 

A product diagram for three objects A, B, and C is a diagram such that for 
any object T and arrows f: T--+ A, g: T----.. B, and h: T----... C there is a 
unique u: T--+ P with p1 o u = f, and so on. The generalization to any 
number of objects is obvious. Such products are determined up to isomor­
phism, by easy analogues to Theorems 2.1 and 2.2. 

p 

A B c 

A terminator is a product diagram for no objects: it is an object 1 with no 
specified arrows, such that given any object T and no specified arrows there is 
a unique arrow u: T--+ 1. For any object A, A itself and the identity arrow 
1 .. is a product diagram for the single object A. Up to now this chapter has 
treated products of pairs of objects, and if a category has products for all 
pairs then we can use those to build product diagrams for any larger finite 
number of objects; that is, a category with a terminator and with all binary 
products has all finite products. But we have to look closer at how products 
of three or more objects are built. 

Suppose that every pair of objects has a product, and consider three objects 
A, B, and C. The product diagram for A and B can be combined with that for 
A x B and C in this way: 

(A xB)x C 

;/ 
AxB 

;/~ 
A B c 

with the obvious projections. That this is a product diagram for A, B, and 
C can be verified directly. On the other hand, we could just as well have 
used A x (Bx C). By uniqueness up to isomorphism of products, the unique 
a: (A x B) x C ~A x (Bx C) which gets along with the projections in 
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the obvious way is iso. Its inverse is the unique arrow from Ax (Bx C) to 
(Ax B) x C that gets along with the projections. We will call either of these 
isos associativity arrows. 

Associativity arrows are natural. That is, for any/: A--+ A', g: B--+ B' 
and h: C--+ C' the following square commutes, where the top and bottom 
are the associativity arrows: 

(Ax B) x C-----~A x (Bx C) 

(/xg)xh l l/x(gxh) 

(A' x B') x C'---~) A' x (B' x C') 

The proof is very much like that of Theorem 2.5. We take A' x (B' x C') as a 
product of three objects and show that both sides have the same composite 
with the projection to A', and also to B' and to C'. However, Theorem 2.5 
dealt with four projections from binary products, while this deals with six 
from binary products plus four composites of them. Therefore the proof is left 
to the assiduous reader, who can also generalize to products for any finite 
number of objects. 

In practice, multiple products are often built up from binary ones, so there 
is no particular advantage to introducing 'selected ternary products' and so 
on. Nor would introducing them spare us the trouble of keeping track of 
associativities, since we would then have to keep track of how each ternary 
product Ax Bx C related to the iterated binary Ax (Bx C) and so on. So we 
will suppose that all multiple products are built from binary ones. The result 
just given shows that, if one part of an argument requires a multiple product 
to be built one way, and another requires another, there will be a unique 
natural isomorphism linking the two. (We will use these ideas especially in 
connection with Cartesian closedness, in Chapter 6.) 

2.5 Co-products 

Reversing the arrows in any categorical definition gives its dual, which is 
often named by adding the prefix 'co-'. Thus initial objects are sometimes 
called coterminators. It is probable that no one has ever called epics 'com­
onic', but an obsessive systematizer could. Notice that reversing the arrows in 
the category axioms gives exactly those axioms back again; so reversing them 
in any theorem gives a dual theorem (see Exercises 2.7, 2.8, and 2.9). 

Reversing the arrows in the definition of a product gives the following. A 
coproduct diagram for A and B consists of a third object P and arrows as 
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shown: 

with the following property. For any object T and arrows as shown: 

h " A----.T.--B 

There is a unique u: P-----. T that makes the following diagram commute: 

T 

Reverse the arrows in the proofs of Theorems 2.1 and 2.2 to show that 
coproducts are unique up to isomorphism. If objects A and B have at least 
one coproduct diagram we write A + B, i 1 , i2 to name one we have selected to 
discuss. We write<:) to name the arrow that makes the following diagram 
commute: 

A 
ia 

A+B 
i2 

B 

l<:> 
T 

and/+ g: A+ B--+ A'+ B' for the obvious analogue to/x g. The duals to 
Theorem 2.3 and its corollary show that if there is an initial object (dual to a 
terminal object) 0 then for every object A there is a natural isomorphism 
A~ 0 +A. If A and B have a coproduct there is a natural isomorphism 
A + B ~ B +A; and similarly for associativity. 

Of course, the dual to 'generalized element of B' is not 'generalized element 
of B'. The dual to a T-element of Ax B is an arrow from A+ B to T. 
Therefore, knowledge of generalized elements of products is no help with 
coproducts. In fact, coproducts have no general description in terms of their 
generalized elements. 
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In many categories (including all toposes and the category of categories) 
one can think of A + B as a disjoint union of A and B-a copy of A plus a 
separate copy of B. This picture fits with the definition of a coproduct: an 
arrow Ct) from A + B to Tacts like h on the copy of A and like k on the copy 
of B; an arrow f + g: A + B--+ A' + B' takes the copy of A to the copy of A' 
by f, and the copy of B to that of B' by g. 

It is important to realize that the picture of A + B as a disjoint union does 
not mean that every T-element of A + B either comes from a T-element of A 
or else from a T-element of B. A T-element of A + B might factor partly 
through A and partly through B--consider the generic element! 

This image of coproducts as disjoint unions works well for toposes (cf. 
Theorem 16.15) and many other categories, but there are categories in which 
it does not work. 

2.6 Equalizers and coequalizers 

A parallel pair of arrows is a pair with the same domain and the same 
codomain. An equalizer for a parallel pair of arrows f: A---+ B and 
g:A--+B is an arrow e:E---+A with these properties: foe= goe, and 
given any arrow h: T--+ A with f oh= go h there is a unique arrow 
u: T---+ E such that e o u = h. This is easier to keep track of in a diagram: 

T 

·1 I 
B 

In other words, say that an arrow h equalizes the parallel pair f and g if 
f o h = go h. Then e is an equalizer for f and g if it equalizes them and any h 
that equalizes them factors uniquely through e. 

A parallel pair of arrows may have no equalizer or any number, but 
equalizers are determined up to isomorphism. Precisely: if e: E ____. A is an 
equalizer for f and g, and there is an iso i: F--+ E, then e o i: F---+ A is also 
an equalizer for f and g-and if e: E---+ A and e': F---+ A are both 
equalizers for f and g, then the unique arrow u: F---+ E with e o u = e' is iso. 

In terms of generalized elements we can restate the definition of an 
equalizer in this way: f o e = go e, and for any T and any x Er A with 
/(x) = g(x) there is a unique y Er E with e(y) = x. The equalizer can be 
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thought of as the 'part of A on which/= g'. We will make this more precise 
when we discuss sub-objects. Here we can establish the key point: 

THEOREM 2.6 Every equalizer is monic. 

PROOF Suppose that e: E--+ A is an equalizer for/, g: A--+ B, and that h 
and k have e o h = e o k. Then e o h equalizes f and g, so it factors uniquely 
through e. But since it also factors as e o k, h = k. 0 

Coeq ualizers are dual to equalizers. A coequalizer for f, g: B--+ A is an 
arrow q: A--+ Q such that for any h: A--+ T with h of= hog there is a 
unique u: Q---+ Twith u o q = h. That is, q coequalizes/ and g, and any h that 
coequalizes them factors uniquely through q. 

Coequalizers cannot be defined in terms of their generalized elements, but 
some remarks might be helpful. Consider any object T. Suppose that there 
are some xErA and yErA such that there is some zErB with/(z) = x and 
g(z) = y. Then, from q of= q o g, it follows that q(x) = q(y). Intuitively, the 
T-elements of A fall into classes, where all the T-elements in any one class are 
related to each other either directly as x and y in the last sentence or 
indirectly through a chain of such connections. The arrow q will take all the 
T-elements of A in such a class to the same T -element of Q. Therefore Q can 
be thought of as containing 'equivalence classes of generalized elements of A', 
with q taking any T-element of A to its equivalence class in Q. We return to 
this picture in Exercise 5.6. 

Exercises 

2.1 Suppose that P, Pit p2 is a product diagram for A and B, and suppose that 
i: P--+ Pis an isomorphism other than lp. Then show that Pis the object in another 
product diagram for A and B with different projections. 

2.2 Suppose that A and B have a product and so do A' and B'. Consider arrows 
i: S--+ T, h: T---.... A, k: T--+ B,f: A---+ A', and g: B--+ B'. Show that (h, k) o i 
= (hoi,koi) and (/xg)o(h,k) = (foh,gok). 

2.3 Keeping the arrows and products from Exercise 2.2, take another two arrows, m: 
A'----+A" and n: B'--+B", and suppose that A" and B" have a product. Show that 
(m x n) o (/x g) = (mo/) x (no g~ Show that (/x ls·) o (IA x g) equals (IA' x g) o (/ x 18 ). 

[Draw diagrams.] 

2.4 Take arrows r:B---+C, t:C---+E, s:B--+D, and v:D---+E and suppose 
that A has a product with each of B, C, D, and E. Show that if tor = v o s, then 
(t x A) o (r x A) = (v x A) o (s x A). Draw the diagrams for this, the commutative 
squares. Also interpret this as following from Exercise 2.3. 

2.5 Suppose that A and B have a product, and take any arrow/: A--+ B. Define the 
graph off to be the arrow I' f that makes the following diagram commute: 
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A 

Show that I'1 is an equalizer for /o p1 and p2 • For any A with a product with itself, 
the diagonal L.1 A: A>--+ A x A is the graph of 1 A. For any h: T---. A and k: T---. B 
show that (h, k) = (h x k) o L.1T, assuming that the products exist. 

2.6 Suppose that h: A--+ B and k: C---. Dare both iso. Show, for any/: A---. C 
and g:B--.D, that kof = goh implies/oh- 1 = k- 1 og. 

2. 7 Notice that when the arrows are reversed in a statement the order of each 
composite must also be reversed. Given/:A--.B, g:B---.C, and gof:A--.B, 
reversing the arrows gives/: B--+ A and g: C---. B, and thus fog: C---. A. 

We say that the operator Dom(_) is dual to Cod(_) and vice versa, and that/ og is 
dual to go/; while L and f = g are dual to themselves. Any statement using those 
expressions has a dual, formed by replacing each expression in the statement by its 
dual; that is, replace 'Dom' by 'Cod', and vice versa, and switch the arrows in any 
composite. 

Show that each category axiom in Section 1.1 is its own dual. 

2.8 Show that the definition of isomorphism is its own dual. Show that the dual to 
the definition of monic is the definition of epic. Give the definition of split monic, dual 
to split epic (Section 1.5). 

2.9 A categorical statement with defined expressions also has a dual, formed by 
replacing all expressions with their duals. Demonstrate that, since the dual to any 
axiom is an axiom, the dual to any theorem of category theory is a theorem. 
[Warning: this will not be true in all extensions of the category axioms. Neither the 
Cartesian closed category axioms nor the topos axioms include all of their own duals.] 
Give the proof that coproducts arc determined up to isomorphism, by taking the dual 
to each statement in the proof that products are. Conclude, from the fact that we have 
proved the dual statements, that any arrow both epic and split monic is iso, and that 
any coequalizer is epic. 

2.10 Let e be an equalizer for/ and g. Prove that the following are equivalent: (a) e is 
epic; (b)/ = g; (c) e is iso. Note that e is iso iff the identity arrow on the domain of/ is 
also an equalizer. Formulate the dual result on coequalizers. 

2.11 Show that any split monic e: E ,,__._A is an equalizer for I A and e oh, where his 
any left inverse fore. This and Exercise 2.10 give another proof that any monic split 
epic is iso. 

2.12 Define a subterminator to be an object P such that for every object A there is at 
most one arrow from A to P. Note how the argument that any two terminators are 
isomorphic fails to show that any two subterminators are. Show the two objects in 2 
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(Exercise 1.5) are both subterrninators. Assuming that there is a terminator I, show 
that P is a subtenninator ifT the unique arrow P---. I is monic. 

Show that P is a subtenninator iff P, Ip, IP is a product diagram for P and P. Show 
that Pis a subtcrminator iff there is some product diagram for P and P with p1 = p2 , 

and that iR that case p1 = p2 in every product diagram for P and P. 
The dual notion of a subinitial object is little used but it exists, and every theorem on 

subterminators has a dual theorem. 



3 

Groups 

This chapter treats groups as an example of structures in a category. It 
presumes some familiarity with groups, and is not a prerequisite to later 
chapters. We begin with a category C with all finite products, called the base 
category. For convenience we suppose that Chas a selected product Ax B, 
p1 , p2 for each pair of objects A and B. If C is in fact Set the definition gives 
the usual groups. A group in Data is a data type together with computable 
multiplication and inverse rules, a group in Top is a continuous group, and in 
Man it is a Lie group. 

3.1 Definition 

A group is a structure with a unit, e, a multiplication, x. y, and an inverse 
operation, x- 1, satisfying these equations: 

unit: x.e=x and e.x=x 

inverse: x.x- 1 = e and x-•.x = e 

associativity: (x.y).z = x.(y.z) 

More precisely, define a group in C to be an object G of C together with 
arrows 

e: 1----.G m: G x G----.G _ - 1:G---+G 

such that these diagrams commute: 

(e. G) 
G------•>G x G 

m 

G 
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G 
(G.: •) (G. :•) 

G 

lm 
G 

G x(G x G) 
G'>tm 

GxG 

! 
(G x G)xG 

m 

m~Gi 
GxG m G 

where we have written e as a shorthand for e o !G: G----. G. 
In terms of generalized elements, the first diagram says, for every object T 

and T-element x of G, m( ( e, x)) = x. If we abbreviate m( ( h, k)) by h. k this 
becomes e. x = x. The second says, again for every T and T-element x of G, 
x.x- 1 = e and x- 1 .x = e. The third gives associativity. 

I gave no diagram for x. e = x, but this follows from the others (see 
Exercise 3.1 ). 

There is a singleton group the object of which is 1. Its arrows e, m, and_ - t 

are the only ones they could be, since their co-domain is 1. This is the only 
group that we can prove exists if we only assume that C has all finite 
products. With stronger assumptions on C we obtain more groups. 

3.2 Homomorphisms 

A group homomorphism from one group, (G, e6 , m6 , -6 1 ), to another, 
(H, e8 , m8 , -ii 1 

}, is an arrow/: G----. H that makes the following diagrams 
commute: 

1 

\ 
G---->H 

I 

/x/ 
G x G-----..... H x H 

G------....... H 
f 
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In generalized elements, /(e6 ) = e8 and (/x). (fy) = f(x. y). It follows that 
(fx)-1 = /(x-1 ). 

Homomorphisms compose. If/: G---+ Hand g: H--+ K are group homo­
morphisms (where G, H, and K have specified group operations) then so is 
go/: G---+ K. And every group G has identity homomorphism 1 G. So groups 
in C and their homomorphisms form a category, GrPc. (Chapter 12 gives 
formal foundations for constructing categories from categories.) 

Trivially, every group has a unique homomorphism to the singleton group 
1: that is, 1 is a terminal object in GrPc. On the other hand, for any group 
( G, e, m, _ - 1 ) , the group unit e: 1 --+ G is also the unique homomorphism 
from the singleton group to that group. Thus I is a zero object in Grpc and 
we may call it the zero group. 

There are also product groups. Take groups (G,eG,mG,-a 1
) and 

(H, e8 , m8 , -ii 1 ) and define a group structure on G x H by these arrows: 

1 (eG.eH) G x H (G x H) x(G x H)__:::_. (G x G) x (H x H) mGxm,, G x H 

-i' x_;,1 
GxH GxH 

The isomorphism from ( G x H) x ( G x H) to ( G x G) x (H x H) is the arrow 
that, for any T and any x, y T-elements of G and w, z T-elernents of H, takes 
( (x, w), (y, z)) to ( (x, y), (w, z)) (see Exercise 3.2~ It is easy to verify 
that this is a group by using generalized elements. The same method shows 
that p1 : G x H--+ G is a homomorphism, as is p2 • Given a group and a 
homomorphism from it to (G,eG,m6 ,_(i 1 ) and one to (H,e8 ,m8 ,_i/), 
there is a unique homomorphism to the product group, with the obvious 
property. So Grpc has all finite products. 

If C has equalizers for all parallel pairs then so docs GrPc (Exercise 3.3). 
Even if C has coproducts or coequalizers the category Grpc may not. It 

does if the base C is the category of sets or any other topos with a natural 
number object, but those are much stronger assumptions than we are 
making now. 

3.3 Algebraic structures 

What we have done here for groups could also be done for abelian groups, 
rings, commutative rings, or any algebraic structure defined entirely by 
operators and equations. The operators become arrows and the equations 
become commutative diagrams. All of the above results hold for all of those 
as well, except for the result that the terminal object of Grp is also initial (see 
Exercise 3.6). This approach, using only diagrams and finite products, would 
not work for more complex axioms, such as for fields in which the axioms 
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require not an inverse for every element but an inverse for every element 
except 0. 

Exercises 

3.1 Consider the usual algebraic proof that x. e = x follows from the other group 
equations: 

x.e = x.(x- 1 .x) = e.x = x 

Draw the diagram for x. e = x and conclude that it commutes, by showing that those 
equations hold for all generalized elements. Show that/(x- 1 ) = (/x)- 1 follows from 
the definition of a group homomorphism f. 
3.2 Show that the isomorphism used in constructing a product group is 
((p1 o p1 , p1 o p2 ), (p2 o p1 , p2 o p2 )). Show that it is iso by using generalized cle­
ments, or more conceptually using product diagrams for four objects. Show that 
multiplication in G x H is defined co-ordinate-wise: in generalized elements, 
(x, w). (y, z) = (x .y, w. z), where each multiplication is in the appropriate group. 

3.3 Consider two groups ( G, ea, mG, -a 1 ) and (H, e8 , m8 , -ii 1 ) and homomor­
phisms h and k from the first to the second. Suppose that there is an equalizer i, as in 
the following diagram: 

hxh 
ixi 

Ex E------~G x G ______ ~H x H 
kxk 

h 
£>>----------.) G _______ ....,. H 

k 

Show that ix i is also the equalizer of h x h and k x k. Define mE by showing that 
m0 o (i x i) factors through e. Show that there is a unique way to define eE and -i 1 so 
that they commute with i; and that these definitions make E a group and i a group 
homomorphism. Show that i is an equalizer for hand kin Grp. 

3.4 Prove that any two groups ( G, ea, ma, -a 1 ) ( H, e8 , m8 , -Ii 1 ) have a trivial 
homomorphism G---+ t-!..... H. 

3.5 Show that the category 2 has all finite products, and that the only group in 2 is 
the singleton group. 

3.6 Show how the proof that the singleton group is also initial involves the fact that 
the group axioms use only one constant, one global element e: 1--+ G, and the 
operations carry e to itself; that is, e. e = e and e- 1 = e. The ring axioms use two 
constants, 0: 1---+ R and 1: 1---.. R, and the terminal ring is not also initial (unless 
all rings in the base category are singletons). 
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Sub-objects, pullbacks, and limits 

4.1 Sub-objects 

To work with the idea that a monic, say i: S ,.___..A, can be thought of as 
giving a 'part of A', we define a sub-object of A to be a monic with codomain 
A. We say that a T-element x Er A is a member of i, and write x E i, if x factors 
through i; that is, if there is some h: T---+ S that makes the following triangle 
commute: 

A 

A common abuse of notation is to write x ES rather than x E i, when the 
monic i: S >----+A is obvious from the context. But it is the monic that matters 
here, not just its domain. 

We need some facts about monies. First, if i:A>--+B andj:B>--+C are 
monic then so is their composite j o i: A>----+ C; since for any h, k: T--+ A, 
j o i o h = j o i o k implies that i o h = i o k and so h = k. There is a kind of 
converse: 

THEOREM 4.1 Given any arrows s: A--+ Band g: B---+ C, if gos is monic 
then s is also. 

PROOF Suppose that gos is monic, and h, k: T----+ A have so h = so k. 
Then gosoh = gosok, and so h = k. 0 

It is worthwhile to restate Theorem 4.1 in generalized elements: if gos is one­
to-one on generalized elements, thens must be. 

THEOREM 4.2 Given monies i: A>--+ C andj: B >--+ C, if there is an arrow 
s with i = j o s and an arrow t with j = i o t, then t and s are inverse to one 
another. 
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PROOF The assumptions imply that i = i o to s, and since i is monic this 
implies 1 A = to s. Similarly, sot = 18 • 0 

Theorem 4.2 says that if i and j are monic and both triangles below 
commute, then the whole diagram does. Specifically, t = s- 1 and so A ~ B: 

s 

A B 

c 

We can define an inclusion relation on monies to any one object. Given 
monies i: A >---+ C and j: B >--+ C we write i ~ j, or say i is included in j, if i 
factors through j; that is, if there is an arrow s that makes the following 
diagram commute: 

s 
A ----------..__.. B 

c 

Since j is monic, if there is any such s there is only one, and by Theorem 4.1 it 
is monic. So if i is included inj it is included in only one way, and the inclusion 
s is a sub-object of the domain of j, which makes sense. 

We say that i is equivalent to j, and write i = j, if i ~ j and j ~ i. By Theorem 
4.2 we know that i = j implies that the domains of i and j are isomorphic, 
which also makes sense. Equivalent sub-objects of C have isomorphic 
domains. 

THEOREM 4.3 Given sub-objects i: A>--+ C and j: B ,__. C, we have i ~ j 
iff every member of i is a member of j. 

PROOF For'onlyif'supposethat i ~ j. Then for any Tandany xErC,xEi 
implies x Ej as shown: 
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c 

For 'if' note that i is a member of itself, by 1 A. But since i is monic, i Ej means 
the same thing as i ~ j. 0 

CoROLLAR v For any sub-objects i andj of any object C, i =jiff i andj have 
exactly the same members. 0 

Again, the notation is often abused by writing A ~ B or A = B when the 
context shows which monies are meant. 

Categorical constructions of sub-objects are all defined up to equivalence; 
for example, any equalizer e: E ,____.A is monic. The fact that equalizers are 
determined up to isomorphism can be stated in this way: if e: E ,.__.A is an 
equalizer for f and g, then a sub-object i: S ~A is an equalizer for f and g iff 
e = i as sub-objects of A. In fact, we can characterize equalizers in terms of 
their members: 

THEOREM 4.4 Given arrowsf,g:A--+B, a sub-object e:E>--.A is an 
equalizer for f and g iff we have the following: for every T and every x Er A, 
x Ee iff /(x) = g(x). 

PROOF This is the definition of an equalizer restated in the new notation. 
Remember that e Ee. 0 

Note that inclusion is defined up to equivalence: if i = i' and i ~ j then 
i' ~ j; and if j = j' then i' ~ j'. 

In fact, category theorists often define a .. sub-object' of A to be not a single 
monic to A but an equivalence class of them. Then the 'sub-objecf deter­
mined by a monic i: S >---+A is the class of all monies j to A with i = j. 
Mac Lane discusses the two possible definitions of 'sub-object' and, with the 
no-nonsense attitude of a working mathematician, picks both (Mac Lane 
1971, p. 122~ In practice, one almost always works with monies anyway, and 
not directly with equivalence classes, and the conclusions almost always 
apply to whole equivalence classes. 
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4.2 Pullbacks 

A pullback of two arrows with common codomain, say /:A--+ C and 
g: B--+ C, consists of an object P and two arrows as shown: 

P--------...... B 

PJ lg 

A-----------.c 
I 

with the following property. The square commutes, and for any object T and 
arrows h and k that make the outer square below commute, there is a unique 
u: T~P that makes the whole diagram commute: 

A ----------.c 
I 

That is, fop 1 = gop2 and, for any T and h: T--+A and k: T--+B, if 
fo h =go k there is a unique u with p1 o u = hand p2 o u = k. We call the 
arrows p1 and p2 projections. 

We refer to a pair of arrows with the same codomain as a corner of arrows. 
As one would expect, a given corner of arrows/: A--+ C and g: B--+ C 
may have no pullback or any number, and pullbacks are defined up to unique 
isomorphisms that get along with the projections. Given two pullbacks for f 
and g, say P, p1 , p2 and Q, q1 , q2 , the unique u: Q--+ P with q1 = p1 o u and 
q2 = p2 o u is iso. The reader should state and prove precise analogues to 
Theorems 2.1 and 2.2. 

If f and g have at least one pullback, we will use this notation to indicate 
one: 
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P2 
A XcB------•B 

Pa g 

A-------.c 
I 

and we use the ordered pair notation (h, k) for the arrow that makes this 
diagram commute: 

g 

A---------C 
I 

So, by definition Pio (h, k) = h and p2 o (h, k) = k. 
We can prove that two arrows to a pullback, say r, s: Q--+ A Xe B, are 

equal by showing that p1 or = Pi o s and p2 or = p 2 o s. 
In terms of generalized elements, for any object T, a T-element of A Xe B is 

an ordered pair (x,y) with xETA and yETB and/(x) = g(y). This makes 
A Xe B look like a sub-object of the product A x B, in fact an equalizer, and it 
is so if the product A x B exists: 

THEOREM 4.5 Take any corner of arrows/:A--+C and g:B--+C and 
suppose that there is a product A x B. If there is an equalizer for the arrows 
f o Pi and go P2, 

e 
E>~------> Ax B 

Pa f 
-----..) A-----)• 

-------> B------.) P2 g 

then this is a pullback (with p1 and p2 as in the equalizer): 

c 
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E 
p'loe 

B 

P1••l lQ 

A 
f 

>C 

Conversely, if there is a pullback for f and g, then it has an arrow to A x B, 
and that arrow is an equalizer as shown above. 

PROOF Take any T and arrows h: T--+ A and k: T--. B, with 
f oh = go k. Then (h, k): T ____..A x B factors through the equalizer e by a 
unique u: T--+ E. This u is also the unique arrow showing that the square is 
a pullback. The converse is similar. 0 

Thus any category with products for all pairs of objects and equalizers for 
all parallel pairs of arrows also has pullbacks for all comers of arrows. 

4.3 Guises of pullbacks 

Pullback is a powerful flexible construction which appears throughout 
mathematics. We will use two special cases in particular, both of which 
depend on this theorem: 

TuEOR EM 4.6 If g: B ,.__. C is monic and the following is a pullback square: 

P2 
AxcB B 

PJ lQ 

A 
I 

c 

then p1 is also monic. 

PROOF Suppose that h, k: T--+ A Xe B have p1 oh = p1 o k. Since 
f o p1 = go p2 , we have go p2 oh = go p2 o k. Since g is monic, p2 o h = p2 o k. 
Thus h and k have the same composite with both projections, and so 
h=k 0 
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In the situation of Theorem 4.6 we call p1 the inverse image of g along/, or 
the preimage of g along/. We may use this notation for a pullback of a monic 
i: S >---+ C along f: 

/- 1 (S) >S 

r·li1 I 
A c 

I 

where/- 1(i) does not refer to any inverse arrow to/, but to the inverse image 
of i along f. The top arrow has no special name. 

The term 'inverse image' is justified by the following: 

THEOREM 4.7 For any object Tand any xErA, we havexE/- 1(i)iff/(x)E i. 

PROOF Suppose that all the arrows in this diagram exist as shown, except 
possibly h and k: 

-----..) s 

I 
A -----_,,.,.) C 

I 

Then if there is an arrow k that makes the leftmost triangle commute, it can 
be composed with the top horizontal arrow to obtain h, thus making the 
outer square commute; while by definition of a pullback if there is an h that 
makes the outer square commute then there is a unique k that makes the 
whole diagram commute. 0 

When both arrows i: S >---+A and j: T>---+ A are monic and have at least 
one pullback, we may refer to their pullback as their intersection, and use this 
notation: 
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The composites along either side from S r'I Tto A are equal, and monic9 and 
we caU that monic i r'I j. This is an intersection because, for any object T, any 
x Er A has x E i r'I jiff x E i and x Ej. This is just the definition of a pullback 
rewritten in this notation. 

4.4 Theorems on pullbacks 

Three theorems on pullbacks will be especially important. 

THEOREM 4.8 Suppose that the diagram below commutes, and that the 
right·hand square is a pullback (for j and g). Then the left-hand square is a 
pullback (for i and f) iff the outer rectangle is a pullback (for j and g o /): 

k m D _____ .,. E ------>- F 

hl jl lj 
A ------)• B ------)• C f g 

PROOF The reader should draw diagrams following the steps of this proof. 
First, suppose that the left-hand square is a pullback and consider any 

r: T--+ F ands: T-+ A, withj or = go f o s. Since the right-hand square is 
a pullback there is a unique u: T--+ E with r = mo u and f o s = i o u. Then, 
by the left-hand pullback, there is a unique v: T---. D with u = k o v and 
s = ho v. Thus r = (mo k) o v ands = ho v. To show that vis the unique arrow 
with these composites with mo k and h, suppose that w: T--+ D has 
r = (mo k) o w and s = ho w. Then k, w has the same composites with m and i 
as u does, and so by uniqueness u = ko w. Sow has the same composites with 
h and k as v does, and so w = v. Thus the outer square is a pullback for j and 
gof. 

Conversely, suppose that the outer square is a pullback and consider any 
q: T-+ E and t: T--+ A with i o q = f o t. Then mo q and t have composites 
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j o (mo q) = (g of) o t, so that there is a unique u: T---+ D with t = ho u and 
mo q = (mo k) o u. Thus mo (k o u) = mo q and i o (k o u) = f o t, but then q has 
these same composites with m and i. Therefore k o u = q; and we have t = ho u 
and q = k o u, as desired. Proof that u is the unique arrow with these 
composites is left to the reader. 0 

Since pullbacks are defined up to isomorphism, we can restate Theorem 4.8 
as saying that pulling back along g of gives the same result, up to a unique 
isomorphism, as pulling back along g and then pulling the result back along/. 
If we have selected a pullback for each of the corners that we are discussing, it 
might happen that i is the selected pullback of j along g, and h is the selected 
pullback of i along/, but that h is not the selected pullback of j along g of. But 
that is a detail. The results are the same up to isomorphism. 

THEOREM 4.9 Suppose that there is a commutative triangle 

h C---------.. D 

B 

and suppose that m and n have the following pullbacks along/: 

E 
q 

c F 
s 

>D 

pl lm ·l l· 
A B A B 

I I 
Then there is a unique u:E--+F that makes the following diagram 
commute: 

q 
c 

s ~ 
D 

\/ 
A B 

I 
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and then E, u, q is a pullback for h and s. 

47 

PROOF Consider the arrows hoq and p. Since no(hoq) = moq =fop and 
F is a pullback, there is a unique u: E--+ F with p = r o u and ho q = so u. 
That is enough to make the whole diagram commute. Then Theorem 4.8 
shows that E, u, q is a pullback for h and s, as follows. Take r, s, n, f as 
the right-hand square, and q, u, h, s as the left-hand square. Since p = r o u 
and m = no h, the outer square is q, p, m,f, which is a pullback by 
assumption. 0 

In words, a commutative triangle over B pulls back along f to a unique 
commutative triangle over A, assuming that the two arrows to B themselves 
have pullbacks along f. 
THEOREM 4.10 Suppose that each of the following diagrams is a pullback: 

E 

/"'\ r 
F >C 

ql lm c D 

~/ A )8 
I 

B 

x >E G >D H 

·1 t wl } 
A 

I 
)B A 

J 
>B 

where z = mo h (and, since the first square commutes, z = no k). Then there 
are unique arrows u and v that make the following diagram commute: 

x 
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and every square in the diagram is a pullback. In particular, H, u, v is a 
pullback of s and q. 

PROOF To obtain u apply Theorem 4.9 tom, h, and z. To obtain v apply 
Theorem 4.9 to n, k, and z. That theorem also shows that the squares x, u, h, r 
and x, v, k, t are pullbacks. So by Theorem 4.8 the outer square here is a 
pullback: 

x k H ---------. E _______ __,. D 

·l l· 
F --------• C ---------.. B r m 

The reader should locate this diagram in the larger one. The outer square 
there is the same as the outer square in this next diagram, the right-hand 
square of which is a pullback by assumption: 

H 
v 

G D 

·l l l· 
F q A I 

B 

By Theorem 4.8 the left-hand square is a pullback. 0 

In words, a pullback square over B pulls back along/ to give a pullback 
square over A, if each of the arrows to B has a pullback alongf 

4.S Cones and limits 

Consider a diagram D with an object Ai at each vertex i, and an arrow/eat 
each edge e. A cone over D consists of an object C together with an arrow 
pi: C--+ A, to each vertex such that, for every edge e with arrow 
le: A1--+ A 1 we have le o p1 = p 1. A limit for the diagram D is a cone over D, 
say C with arrows Pit with the following property. given any cone T, 
q,: T--+ Ai over D, there is exactly one arrow u: T--+ C such that for every 
vertex i, Pio u = qi. The arrows Pi of a limit are called projection arrows. The 
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diagram D may have any number of limits, but limits are defined up to a 
unique isomorphism that gets along with the projection arrows. 

For example, let the diagram have two vertices and no edges: 

A B 

A cone over it is an object and two arrows: 

p 

/~ 
A B 

and this cone is a limit iff it is a product diagram for A and B. This generalizes 
to products for any number of objects, including terminal objects as limits of 
empty diagrams. 

Let the diagram be: 

f 

A B 
g 

A cone over it is 

T 

/f\ 
A B 

g 

with/oh= k and goh = k; that is, any h: T--+A with foh = goh deter­
mines a unique cone. The cone is a limit iff h is an equalizer for f and g. 
Similarly, a pullback is a limit for a diagram: 

B 

g 

A------.-. I c 
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A cocone on the diagram D is an object C together with arrows 
qi: A1--+ C for each vertex i, such that for every edge e with arrow 
fe: A1--+A1 we have q1ofe = P;· A colimit for the diagram Dis a cone on D, 
say C with arrows Pi, with the following property: given any cone T, 
r1: A1--+ T on D, there is exactly one arrow u: C--+ T such that for every 
vertex i, u o q1 = r1• These are dual to the definitions of cones and limits, so 
initial objects, coproducts, coequalizers, and pushouts (see Exercise 4.10) are 
all colimits. 

4.6 Limits as equalizers of products 

Consider the diagram D as above. If it has a limit then for any Ta T-element 
of the limit corresponds to a cone from Tto the diagram; that is, a T-element 
x1 Er A1 for each vertex i, such that for every/.: A 1--+ A11 we havef.(x1) = x11 • 

Thus it seems that the limit ought to be a kind of equalizer of arrows from the 
product of all the A,, and it is so if the requisite products exist. 

Suppose that there is a product lliAi of all the Ah with projection 
P;: lliA1--+ A1 for each vertexj. Use the notation A. for the codomain of the 
arrow at edge e, so that iffe: A1---. A11 then A.= A11 • Suppose that there is a 
product n e A. with one factor A. for each edge e, and a projection 
p.:n.A.--+A11 for eachf.:A1--+A11 • 

Let r: ll1A1--+ n.A. be the arrow such that, for each edge e with 
/.:A;--+ A11 , the following triangle commutes: 

, 
n,A,---------_,. n.,A., 

Lets: ll1A1---+ n.A. be the arrow such that for each edge e the following 
square commutes: 

s 
ll1 A 1 ----------~ 

-------------~A" le 
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Then D has a limit iff there is an equalizer for rand s. More specifically, 
l: L--+ lliA1 is an equalizer for rands iff L together with all p1o I: L--+ A1 

forms a limit cone for D. 
For proof, consider any cone T, h1: T--+ A1 over D. There is a unique 

h:T--+ll1A1 such that for each vertex k we have P1coh=h1c. Then 
r oh = so h iff for every edge e, Pe or oh = Pe o so h. But, by the definitions of r, 
s, and h, that last equation means that h" = fe o h1, wherefe: A1--+ A". Thus 
T, h factors uniquely through L, l iff the cone T, h1 factors uniquely through 
the cone L, p1 o l. 

The dual result for colimits is obvious. 
This result applies to any size of diagram. In particular: 

THEOREM 4.11 If our category has a terminal object, binary products, and 
an equalizer for every parallel pair of arrows, then it has a limit for every finite 
diagram. 0 

When the conditions for Theorem 4.11 are met we say that our category 
has all finite limits. By Exercises 4.5 and 4.6, our category has all finite limits 
iff it has a terminal object and pullbacks for all comers of arrows, 

Exercises 

4.1 Pullback preserves inclusion of sub-objects. Suppose that i:S>--+ C and 
j: T>--+ C both have pullbacks along/: A--+ C: 

1- • (S) ) s g- • (T) >T 

g-•11'1 l g-·uI l 
B 

I 
c B 

f 
c 

Use the theorems on pullbacks to show that if i f;:j thenr 1(i) f;:/- 1(j) and if i =i 
then/- 1 (i) = 1- 1 (j~ 

Show that if i has a pullback along/ then every sub-object h of C with i = h also has 
a pullback along f. 
4.2 Prove for any/: A---+ B in any category that this is a pullback: 

A--------
1 

B 
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4.3 Show that for any arrow/: A---+ Band object C, if A and Beach have a product 
with C then this square is a pullback, where the arrows 'p1 • are both projection arrows 
for the products: 

/xC 
Ax C---------B x C 

lp, 

A -----------~ B 
I 

4.4 Assuming that every two objects have a product, suppose that both of these 
squares are pullbacks: 

s 
P------) A 

·1 11 

C-----) B g 

and show that this one is also: 

PxP' 

·~·J 
CxC' 

P' 

··l 
C' 

s >< s' 

(fxg' 

s' 
------).,A' 

r 
-----•)B' 

g' 

Ax A' 

lfxf 
BxB' 

4.5 A category with a terminal object I, and pullbacks for all corners of arrows, has a 
product for each pair of objects. Show that a pullback A x 1 B, p1 , p2 for arrows !.it and 
!8 to l is also a product diagram for A and B. 

4.6 A category with a product for each pair of objects, and a pullback for every 
corner of arrows, has an equalizer for every parallel pair. Consider any parallel pair 
f,g: A---+ Band suppose that this square is a pullback: 
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P2 
E B 

I I&· 
A 

(/. g) 
BxB 

where L1 8 is the diagonal arrow defined in Exercise 2.5. Show that e is an equalizer for/ 
and g. 

4.7 Assume that A and B have a product and consider an arrow/: A--+ B and its 
graph r1 as defined in Exercise 2.5. Show. for any Tand xETA and yErB, (x, y) E r1 
iffy= /(x). 

4.8 Suppose that h: C >--+ D is monic and take any/: A--+ C and g: B---+ C. 
Show that any P, p1 , p2 form a pullback diagram for f and g iff they form a pullback 
diagram for h of and hog. 

4.9 Show that an arrow h: A--+ B is monic iff A, I A, I A is a pullback of h along 
itself. (A sub-object is its intersection with itself.) Conclude that h is monic ifT it has 
some pullback with itself with p1 = p2 , and in that case p1 = p2 in every pullback 
diagram for f and itself. 

4.10 The dual to a pullback is a pushout. Give the precise definition by reversing the 
direction of all the arrows (including h, k, and u) in the diagram defining pullbacks. 

Dualize the result on pullbacks to show how a pushout is a coequalizer of a 
coproduct. Consider the duals to the other facts that have been proved about 
pullbacks. We adapt the coproduct notations to pushouts just as we did the product 
notations for pullbacks. 

4.11 Compare the construction of a pullback as an equalizer of a product in 
Theorem 4.5 with the one given as a case of Theorem 4.11. 

4.12 (Limits preserve products or, products preserve limits.) Suppose that L, 
11: L--. A, is a limit for a diagram A1,f.. Suppose that L', t;: L'---. A1 is a limit for 
another diagram Ai,/~ with the same vertices i and edges e (but not necessarily the 
same object at each vertex or arrow at each edge). Show that L x L' and p1 x p~ form a 
limit for the diagram with A, x A; at each vertex i, and.fe x/~ at each edge e. Compare 
this with Exercise 4.4. 
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Relations 
In this chapter we assume a base category with all finite limits. 

S.1 Definition 

By a relation from A to B we mean a sub-object of A x B, say r: R >---+A x B. 
The idea is that, for any object Tand x Er A and y Er A, xis in the relation r to 
y iff (x, y) Er. For example, the diagonal arrow for any object, '1s: B>--+ 
Bx B, now appears as the equality relation on B. For any object Tand x Er B 
and y Er B, (x, y) E '1a iff x = y. Any relation r: R >----+Ax B has a converse 
r0

: R >---+Bx A defined by composing with the twist arrow, r0 = two r. So, for 
any yErB and xErA, (y,x)Er° iff (x,y)Er. 

There is another way to look at relations. A pair of arrows with common 
domain, v: S----+ A and w: S--+ B, is jointly monic if: for any T and parallel 
pair of arrows h,k: T--+S, if voh = vok and also woh =wok then h = k: 

h ~A 
T S 
__ k_,__. ~B 

Obviously, v and w are jointly monic if v is monic or if w is. The pro­
jections p1 and p2 from a product, or from a pullback, are jointly monic. 
The key point here is that the pair v, w is jointly monic iff the induced arrow 
( v, w): S--+ A x B is monic. The proof is left to the reader. So a relation 
from A to B can be presented either as a monic to Ax B or as a jointly monic 
pair to A and B. 

S.2 Equivalence relations 

A relation r: R >---+A x A is called reflexive if ti A ~ r. In a diagram: 

A) >R 

\I 
Ax A 
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In terms of members, r is reflexive iff, for every T and x ET A, ( x, x) Er. (For a 
quick proof consider the generic element I A.) Every T-element of A bears r to 
itself. 

A relation r: R ,,____.Ax A is symmetric ifr° ~ r. The diagram that expresses 
this should be obvious. In terms of members then, r is symmetric iff (x, y) Er 
implies (y, x) E r. 

We call r transitive if, for every T and x, y, and z all T-elements of A, 
(x,y)Er and (y,z)Er implies that (x,z)Er. (See Exercise 5.1 for a 
diagram.) 

For any arrow/: A--+ B the projection arrows in a pullback off along 
itself are called a kernel pair for/: 

h 

A ~~~~~~......., B 
f 

Kernel pairs are determined up to isomorphism. Perhaps the most germane 
way to express this precisely is to notice that the kernel pair h, k is jointly 
monic, so that (h,k) is a sub-object of Ax A. Then any pair h': K'--+ A and 
k': K'--+ A is a kernel pair for /iff (h, k) = (h', k') as sub-objects of Ax A. 

In fact, we can describe a kernel pair in terms of its members. It is just a 
restatement of the definition to say that (h, k) is a kernel pair for/: A--+ B 
iff the following holds: for every T and every x and y T-elements of A, 
(x, y) E (h, k) iff/(x) = f(y). It follows that every kernel pair is an equivalence 
relation. It is reflexive, symmetric, and transitive. 

On the other hand, an equivalence relation is called effective if it is the 
kernel pair of some arrow. 

Exercises 

5.1 Verify that the pullback T below is the sub-object of Ax Ax A, which at any 
stage of definition contains all triples (x, y, z) such that x has r toy, and y has r to z. 

T> >Rx A 

I 
A x R >~------->A x A x A 

A ><r 
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(The scrupulous reader will want to write the lower right corner as either A x (A x A) 
or (Ax A) x A and include an associativity arrow in either the vertical or horizontal 
arrow to it accordingly.) 

Show that r is transitive iff there is an arrow h that makes the following diagram 
commute: 

h T-----------.R 

~ 
AxAxA 

(p,,p~ 
Ax A 

5.2 Show that A,. and l(A ><A> are both effective equivalence relations on A. 

5.3 Let r: R >--+ B x B be an equivalence relation on B. For any/: A---+ B, show 
that the pullback of r along/ x f is an equivalence relation on A. Describe it in terms of 
generalized elements of A. 

5.4 Show that the intersection of any two equivalence relations on A is an equival­
ence relation. 

5.5 Take any arrow/: A---+ B and monic i: B >---+ C. Show that h, k is a kerm;l pair 
for f iff it is a kernel pair for i of. 

5.6 Let (h. k) be a kernel pair for f: A---+ B. For any object Tand x ET A and y Er A 
we know that/(x) = /(y) iffthere is some zET K with h(z) = x and k(z) = y, and in that 
case z is unique. So, in a sense, B can be thought of as 'including' a certain quotient of 
A. Exercise 5.5 shows that there is no reason to think that B is a close fit to that 
quotient. 

Precisely, we define a quotient for an equivalence relation (h, k) to be a coequalizer 
for h and k which has them as its kernel pair. Show that an arrow q: A---+ B is a 
coequalizer for some parallel pair into A iff it is a quotient for its own kernel pair. 



6 

Cartesian closed categories 

This chapter assumes a base category with finite limits, and after defining 
exponentials we assume that every two objects have one. An intuitive 
discussion and examples follow in Section 6.5. 

6.1 Exponentials 

Given objects A and B, an exponential of B by A consists of an object I and an 
arrow e: Ix A-+ B with the following property. For any object C and 
arrow g: C x A--+ B there is a unique arrow g: C--+ I that makes this 
triangle commute: 

I 

c CxA 

Exponentials are unique up to isomorphism (see Exercise 6.1). A category is 
called Cartesian closed if it has all finite products, and each two objects in it 
have an exponential. In this chapter our base category is Cartesian closed. 

For any objects A and B we write BA, and evA.B: BA x A--+ B to indicate 
an exponential of B by A. We usually omit the subscripts on evA,B· Expo­
nentials are also called function sets, function spaces, or internal horns. 

The idea is that BA represents arrows from A to B. An arrow A--+ Bis (up 
to the natural isomorphism A ~ 1 x A) an arrow 1 x A--+ B, and that gives 
a unique arrow 1--+ BA. But we have to make this correspondence between 
arrows A--+ B and global elements of BA precise, and extend it to gen­
eralized elements of BA. 

For each g: C x A--+ B, call the corresponding g: C--+ BA the transpose 
of g. Each g: C x A--+ B uniquely determines its transpose, by definition, 
but it is also determined by its transpose since the definition says that 
g = ev o cg x A). Furthermore, every/: C--+ BA is the transpose of an arrow 
(and thus of a unique arrow) from C x A to B, namely evo (fx A). We will also 
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call ev o (/ x A) the transpose off, and write it as/: C x A--+ B. So arrows 
from C x A to B correspond exactly to arrows from C to BA. We pass in either 
direction by forming the 'transpose', and the transpose of the transpose is the 
original arrow. 

For any arrow/: A--+ B the name off, 'f': 1--+ BA, is defined to be the 
transpose of 

and it follows that every global element x: 1--+ B,,. is the name of an arrow; 
specifically, ,..., x 

A---.1 x A--.B 

6.2 Internalizing composition 

In addition to exponentiating objects, we can exponentiate an arrow by an 
object. For any arrow/: B ~ C define f A: BA--+ CA to be the transpose of 
foev:BA x A--+C. In other words,/A is the unique arrow that makes the 
following square commute: 

ev cA x A ______ ,. c 

,, 
BA x A ------>· B ev 

Intuitively,f A takes any arrow from A to B and composes it with/, giving an 
arrow from A to C. We can now show this for global elements of BA: 

THEOREM 6.1 Take any h: A--. B. Applying/A to the name of h gives the 
name of/oh; that is,JA('h') ='Joh'. 

PROOF Consider the following diagram: 

'h'xA 
BAxA 

JAxA 
CA xA txA 

~A~ln 
1-· 

B c 
I 
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Composing along the top edge and down to C gives ev o ((/Ao 'h') x A) which, 
by definition, is the transpose of JA o 'h'. But the triangle and the square 
commute by definition of'h' and/A respectively, and the composite along the 
bottom is the transpose of 'f oh'. Since JA o 'h' and 'f oh' have the same 
transpose, they are the same arrow. D 

We can say that/A internalizes composition of arrows from A to B with/. 
Notice that, as usual, the choice of BA, evA,B and CA, evA,c among expo­
nentials of Band C by A is arbitrary, but once it is made the arrow JA is 
uniquely determined. 

It is easy to see that, for any objects A and B, the exponential by A of the 
identity arrow on B, (lslA, equals the identity arrow on BA, l(BA)' since the 
identity arrow makes the relevant square commute. We say that expo­
nentiation by any A preserves identity arrows. 

It is not much harder to see, for any A and any/: B---+ C and g: C----+ D, 
that (gof)A = gAofA. Consider the following diagram: 

DA DAxA ev 
D 

~r ~xAl lg 

CA CAxA 
ev c 

[AI [AxAl I, 
BA BAxA ev B 

The upper and lower squares commute by definition, so the outer square 
commutes. But (gA x A)o(JA x A)= (gA ofA) x A trivially. And by definition 
(g of)A is the only arrow the product of which with A makes the outer square 
commute. So (gof)A = (gA ofA). We say that exponentiation by A preserves 
composition. 

It is worth noticing that Theorem 6.1 has already shown that (goft acts 
the same way on global elements 'h" of BA as does (gA of A). Either arrow takes 
'h' to 'g of oh'. But that is not enough to prove that the arrows are equal. We 
would have to know that they have the same effect on all generalized elements 
of BA. We return to this point in Sections 6.5 and 6.6. 
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6.3 Further internalizing composition 

Another arrow internalizes composition of arrows from A to B with arbitrary 
arrows from B to C. Define c: C8 x BA--+ CA as the transpose of: 

,_ c•xev ev 
(C8 x BA)x A_.CB x(BA x A) C8 x B--+C 

For any arrows f: A--+ B and g: B--+ C, applying c to the names of 
f and g gives the name of g of; that is, c('g', '/') = 'g of'. Here, c('g', '/') 
abbreviates the official generalized element notation c( ('g', 'f') ). We will 
freely use this multivariable function notation to eliminate useless angle 
brackets. We could prove this directly by showing that both arrows have the 
same transpose. The transpose of 'g of' is obvious, and the transpose of c('g', 
'/')is found by taking its product with A and composing with ev. It helps to 
factor ('g', 'f') as the composite ('g' x BA) o u o 'f', with u the unitary isomor­
phism for BA. But we will derive the equation from a more general result in 
Section 6.6. There we will also show that internal composition is associative. 
Given composition arrows 

c: C8 x BA----. CA c': Dex C8 --+ C8 

the following diagram commutes: 

D8 x BA ----------- fyt 
c" 

In terms of generalized elements, for any object T and any T-elements s, ~ 
and r of De, C8 , and BA respectively, we have c'"(~ c(s, r)) = c"(c'(~ s), r). One 
could show directly that the transpose of c"'(~ c(s, r)) is ev o (Dex evs,d o (De 
x C8 x ev); and that the transpose of c"(c'(~ s), r) is the same. 

6.4 Initial objects and pushouts 

Suppose that our Cartesian closed category also has an initial object 0. The 
next two theorems show how it is reasonable to think of 0 as an empty object 
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THEOREM 6.2 For every object A, 0 x A ~ 0. By symmetry, Ax 0 ~ 0. And 
for any object B, B0 :;:; 1. 

PROOF For each object B there are as many arrows from 0 x A to Bas 
there are from 0 to BA; that is, exactly one. Proof of B0 ~ 1 is left to the 
reader. D 

THEOREM 6.3 If an object A has an arrow/: A--+ 0 then A~ 0. 
PROOF The graph off is a monic r,: A>--+ Ax 0. By Theorem 6.2 this 
gives a monic from A to 0. But any arrow from A to 0 is split epic, with ! A as 
right inverse. So the monic is iso. D 

In any category (whether Cartesian closed or not) a strict initial object is an 
initial object such that every object with an arrow to it is also initial. Oearly, 
if one initial object in a given category is strict then all in that category are. 
Theorem 6.3 says that initial objects in a Cartesian closed category are strict. 

We return to our Cartesian closed base category: 

THEOREM 6.4 If there is an initial object 0 and an arrow 1---+ 0 then every 
object is a zero object, since every object has an arrow to 1. D 

Theorem 6.3 says, for any object A, forming products with A preserves 
initial objects. It also preserves coproducts, coequalizers, and pushouts. We 
prove this for pushouts, leaving the other cases to the reader. 

THEOREM 6.5 For any object A, if the left-hand square is a pushout, so is 
the right: 

;. 
B p Bx A 

i 1 ><A 
PxA 

11 l· /xA1 l,xA 
c g D CxA 

gxA 
) DxA 

PROOF Let h:B x A--+ T and k:D x A--+ T have ho(fx A)= ko(g 
x A). Then the transposes are also equal: ii of= k o g (see Exercise 6.2). Thus 
there exists a unique u: P---+ TA with u o i 1 =ii and u o i2 = k. Taking 
transposes in those equations gives ii o (i1 x A) = h and ii o (i2 x A) = k, and if 
any arrow w has those composites with i 1 x A and i2 x A, then w = u and 
row=~ 0 
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6.5 Intuitive discussion 

Consider the definition off A. Intuitively, the composite 

ev I 
BA x A---+B---+C 

takes an arrow g in BA and an argument y in A, evaluates g at y, and then 
applies/; that is, it forms/(g(y)). So its transpose takes any arrow gin BA and 
assigns to it an arrow in CA, namely the arrow the value of which at any y is 
f(g(y)). But that arrow is just fog. So f A takes any g in BA to fog. This 
intuitive view may also make the proofs clearer. We wanted to show that 
JA('h') equals 'fo h'. But these are names of arrows, so we have simply shown 
that pairing/A('h') with any argument yin A and evaluating gives the same 
result as just applying h and then f to that argument y. 

For another example, take any arrow g: A ---+A' and object B and define 
an arrow B": BA'--+ BA that internalizes composition with g on the right. 
We can describe the transpose of the sought B' as the arrow which takes any 
fin BA' and yin A, first applies g toy giving g(y), and then evaluates/ at g(y), 
giving/(g(y)). In other words, define B" as the transpose of 

BA' x g ev 
BA' x A BA' x A'--+B 

Clearly, exponentiating B preserves identity arrows; that is, BOA) = l<BAJ· 
One can also show that it preserves composition, but reverses it as it reverses 
the domain and codomain of an arrow. For any g: A--. A' and 
h: A'---+ A", we have B9 o B" = B<" 0 9>, This could be proved along the lines 
that were used for/ A, or see the proof in Section 6.6. One should also look at 
the definition of internal composition arrows c: C8 x BA--+ CA in these 
terms. 

The category Set is Cartesian closed. For sets A and B the exponential BA is 
the set of all functions from A to B, and ev: BA x A--+ B is the obvious 
evaluation function. A set is determined by its (global) elements (see Chapter 
22) and so the above arguments are rigorous in Set if we interpret 'any arrow 
in BA' to mean any actual arrow A--+ Band 'any argument yin A' to mean 
any (global) element y of A. 

To make this intuitive thinking rigorous in all Cartesian closed categories 
we have to interpret 'any arrow in BA' and 'any argument yin A' to mean any 
generalized elements of BA and A, respectively. We have already remarked 
that Theorem 6.1 fails to imply that (g of}A = gA of A because it only says how 
(g of)A acts on global elements of BA. 

The category Man is not Cartesian closed. It only includes finite-dimen­
sional manifolds, while the space of functions from one manifold to another is 
naturally infinite-dimensional. But in Chapter 23 a related Cartesian closed 
category called Spaces is described. Given spaces A and B in this category the 
global elements of BA correspond to differentiable maps from A to B. So once 
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we know the maps, that is the arrows from A to B, we know how many points 
BA has. But to give the geometric structure of BA we need more-we need to 
say how other spaces map into BA. In other words, we need give all 
generalized elements T---+ BA, and that is precisely what the definition of an 
exponential does in terms of maps from Tx A to B. 

Whether or not Data is Cartesian closed depends on just what program­
ming language we used to define it. In fact, few if any languages have a 
genuinely Cartesian closed category of data types, but some powerful lan­
guages can be reasonably idealized as though they did. Then, for any data 
types A and B, the exponential BA is the type of computable functions from A 
to B. But, of course, we cannot define a data type by saying how many 
different values it has; we must say what functions to it are computable. And, 
again, that is just what the definition of an exponential does. It says that for 
BA to be an exponential means that, for any type T, the computable functions 
T---+ BA correspond exactly to the computable functions T x A--+ B. As 
we have seen, that defines BA up to isomorphism in Data. 

6.6 Indexed families of arrows 

By definition, of course, a generalized element of an exponential, r: T--+ BA, 
corresponds to a uniquely determined arrow r: Tx A--+ B. We will refer to 
such an arrow as a T-indexedfamily of arrows from A to B, and think of Tas a 
parameter space so that, intuitively, for each value of the parameter t in T 
there is an arrow r(t, _);A--+ B. 

An arrow f: B---+ C composes on the left with any T-indexed family 
r: T x A---+ B to give a T-indexed family f o r: T x A ---+ C of arrows from A 
to c. We have f A ( r) = f 0 r. The proof is in the following diagram: 

FxA /Ax A 
Tx A-------~BA x A-------)• CA x A 

l~ 
B --~------~----.. C 

f 

The triangle and square are the definitions off and f A respectively, while f o r 
is certainly the transpose off o r. This is the generalized element version of 
Theorem 6.1. Consideranyf:B---+ Candg: C---+D. For any object Tand 
r Er BA we have 

(gA ofA)(f) = g of or= (g of~(r) 

and this proves that (gA of A) = (g o f)A. 
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On the other hand, given any arrow g: A'--+ A, define its composite on 
the right with r: Tx A--+B to be ro(Txg): Tx A'----.B. Call this rorY· 
Calculating the transpose of B9( r) directly by taking its product with A and 
composing with ev proves that B9(r) = r oTg. (Use (BA' x g) o (r x A) = 
(rx A')o(Tx g) to move r from one side of g to the other.) This is the 
generalized element version of Theorem 6. 7, and the reader can use it for a 
quick proof that B9 o B" = Jl<" 0 '>. 

Given two T-indexed families of arrows, r: Tx A--+B and 
s: T x B--+ C, one from A to B and one from B to C, we can define a 
T-indexed composite of r and s, written as s oT r, from A to C. Intuitively, for 
each value of the parameter t in T, we want to compose r(t, _) with s(t, -1 so 
that each yin A goes to s(t, r(t, y)); that is, we must pass both the value of 
r(t, y) and the parameter t to s. Spelling it out precisely, we define 
soTr: Tx A--.-.C to be this composite: 

(pa, r) s 
TxA TxB--+ C 

Exercise 6.15 shows how the earlier notation r oT g can be seen as a case of this 
T-indexed composition. Now we can give our most general result on internal 
composition: 

THEOREM 6.6 Take any r: Tx A--+ Bands: Tx B---+ C, and the arrow 
c: C8 x BA--+ cA as defined in Section 6.3. Then c(s, r) = SoTr. 

PROOF First recall that ( s, r) can be factored as (s x r) o Ar· So we can 
calculate the transpose of c(s, r) as the composite along the top and right of 
the following diagram: 

TxA 
A><A 

(T>< T) ><A 
(S>< r) ><A 

(C8 )(BA))( A c><A ) CA)( 

1 s><(r><A) l 
Tx (T>< A) C' )((BA )( A) e 

lr., !C'rn 
f>< B c•x B B T><B 

To verify that the triangle commutes, project on to each of T and B. Each 
square commutes by definition of r, s, or c, or by naturality of some isomor­
phism, and evo(sx B) = s. 0 

Exercise 6.14 shows that T-indexed composition is associative, which gives 
a generalized element proof that internal composition is associative in the 
sense given in Section 6.3. 
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Exercises 

In these exercises (except for Exercise 6.4) our base category is Cartesian closed. 

6.1 Show that if/, e is an exponential of B by A, and i: J __:::::_.1 is iso, then J, e o (ix A) 
is also an exponential of B by A. Given two exponentials/, e and J,f, both of B by A, 
show the unique i:J---+/ such that/= eo(ixA) is iso. 

~2 Given/:C---+B and h:BxA__.T, show that the transe_ose of ho(/xA) is 
hof. Conclude that for any k: B---+ TA the transpose of ko/is ko(fx A). 

6.3 Given f: C---+ T and h: B---+ CA, show that the transpose of JA oh is f o ii. 
Conclude that for any k: B x A---+ C the transpose off o k is f A o k. 

6.4 Show that every arrow from a strict initial object is monic. In any category with a 
strict initial object we say that two monies s: S >---+A and t: T>---+ A are disjoint if 
their intersection is initial. Show, in any category with a strict initial object, that ifs 
and t are disjoint then so are 1- 1 (s) and 1- 1 (t) for any/: B---+ A. 

6.5 Show, for every object A, that I A ~ 1. Show that A 1 ~ A. 

6.6 Show that if there is an initial object 0 then, for every object A, ~ is a 
subterminator. Show that if A has a global element, x: I--+ A, then 0A ~ 0. [Hint: 
given x, every object B has at least the arrow x o !8 to A.] There is no general proof that 
~ ~ 0, and in fact 00 ~ I. 

6.7 Products preserve coproducts, and in fact all colimits. Suppose that B + C, 
i1 , i2 is a coproduct diagram for B and C. Show that (B + C) x A, i1 x A, i 2 x A 
is a coproduct diagram for B x A and C x A. This result is often abbreviated as 
(B + C) x A ~ (B x A) + ( C x A). 

Show that products preserve coequalizers, and in fact preserve all colimits of 
diagrams. [Compare with Theorem 6.5.] 

6.8 Exponentiation preserves products, and in fact all limits. Consider a 
product diagram BxC, p1 , p2 • Show that (BxC)A,pt,p~ is a product diagram 
for BA and CA. Show that for any ii: T---+ BA and k: T---+ CA the induced arrow 
(h, k): T---+(B x cr4 is the transpose of (h, k): Tx A---+B x C. [Use 
Exercise 6.3.] 

This is often abbreviated as (B x C)A ~ BA x CA. It internalizes the fact that an 
arrow from A to B x C corresponds to a pair of one arrow from A to B and one from A 
to C. 

Show tha~ if e is an equalizer for/and g, then eA is an equalizer for/A and gA. Jn 
fact, show that exponentiation preserves limits of any diagram. 

6.9 Show that (CB)A, ev8 .c o ev<A.CB> is an exponential of C by Ax B. Thus show that 
c<AxB) ~ (CB)A ~ (CA)8. 

6.10 Suppose that A + C, i1 , i2 is a coproduct diagram. Show, for any B, that 
JJ<A+C>, JJ<ii>, Beil> is a product diagram for BA and IF. [Use Exercise 6.3.] In short, 
B<A+C) ~ BA x ac. 
6.11 Show, for any object A and monic /: B >----+ C, that f A is monic. 

6.12 For any object T and epic g: A--+ A', show that g x T:A x T---+A' x Tis 
epic. [Use Exercise 6.2.] Then show that for any object B, W is monic. [Use the 
description of Win terms of T-indexed composition.] 
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6.13 Any f: A---+ B gives a I-indexed family f o u A: I x A---+ B, with u A the unitary 
isomorphism, and of course 'f' is the transpose of this I-indexed family. Given 
another arrow g:B----+C show that (gou8)o 1{fouA)=(gof)ouA. Now use 
Theorem 6.6 to show that c('g', 'f') = 'g of'. 

6.14 For any r: T x A----+ B and s: T x A--+ C show that the following two arrows 
are equal: 

(1'1 •• 0 (pa.I')) (l's ,r) ( 1'1 ,s) 

TxA TxC TxA-------+TxB~TxC 

Use this to prove that T-indexed composition is associative; that is, (to rs) oT r 
= t or (s or r). Conclude that internal composition is associative. 

6.15 Any arrow f: B----+ C gives a T-indexed family fr : T x B----+ C, namely the 
composite/ o p1 • Intuitively, fr is the T-indexed family the value of which anywhere in 
Tis/. 

Consider the name off, 'f': 1----+ CB, and !r: T----+ 1. Show that 'f' 0 !T equals 'fr'· 
This is another sense in which fr is the T-indexed family the value of which anywhere 
in Tis/. 

Show that ordinary composition of any r: T x A---+ B with /: B----+ C gives the 
same result as T-indexed composition of r with fr; that is,f or =fr or r. Show that the 
composite on the right of any g: A'----+ A with r is just the same as T-indexed 
composition of gT with r; that is, r or g as defined in Section 6.6 is just r or 9r· 

6.16 Use Exercise 6.14 to prove that/ A equals 

'f'<t<JIA c 
BA~ 1 x BA--+ CB x BA---+ CA 

that is, for any re rBA we have/ A(r) = c(fr, f). Show that Wis 

" JIA<t< 'fl' c"" 
BA----+BA x l--+B,,.xAA'-BA' 

with the obvious isomorphism u and internal composition c'"'. In an equation, 
.B'(f) = c""(f, 9T). 

We could also prove that JA and .8' have these factorizations by calculating 
transposes. 

6.17. Suppose that the right-hand square below is a pushout. Then show that the 
left-hand square is a pullback: 
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Consider series of arrows like this: 

h:T---.Ac k:T---+A0 A'oh=A'ok 

h: T x C--+ A k: T x D---+ A 

ii: Tx P---+A 

u:T---+AP 

Give the appropriate conditions on the arrows, and show that they are met. Recall 
that T x _ preserves pushouts. 
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Product operators and others 

This chapter deals with a formal issue. With products, for example, once we 
know that objects A and B have at least one product we pick one and call it 
Ax B. Similarly, if B has at least one exponential by A we pick one and call it 
BA. As long as we deal with only a finite number of objects at a time this can 
be formalized in first order logic, with no axiom of choice, using no actual 
terms Ax B or BA. But if, for a given A, we want to once and for all pick one 
exponential BA for each B, that involves an axiom of choice. And even if only 
a finite number of choices are made there is a kind of awkwardness in them. 
Therefore we adopt a device for avoiding them. 

7.1 Extending the language 

Our approach is to extend the language of category theory. We already have 
operators Dom(_), Cod(_), L, and _o_, for domain, codomain, identity 
arrow, and composition. From now on when we speak of a category with all 
binary products we will mean a category described in an extended language 
that also has an operator _ x _ and two operators p1,_,_ and p2 ,_,_. The 
operator_ x _applies to a pair of objects to give an object; and each of Pi.-.­
and p2 ,_,_ applies to a pair of objects to give an arrow. 

Then the category axioms are extended by a new axiom: 

For any objects A and B: -

Dom(p1,.A,s) =Ax B and Dom(p2,.A,s) =Ax B 
Cod(p1,.A,B) =A and Cod(p2,.A,B) = B 
And for any object T and arrows f and g, if 
Dom(/) = T and Dom (g) = T and Cod(/) = A and Cod (g) = B, 
there exists a unique arrow u with Dom (u) = T and 
Cod(u) =Ax Band Pi,.A,Bou =f and P2 • .A,BoU = g. 

Of course, A x B, p1• A, 8 , p2 , A, 8 will generally not be the only product 
diagram for A and B; and nothing distinguishes it from any other except that 
it is referred to by the terms 'Ax B', 'p1,.A, 8', and 'p2 ,.A,s'· We axiomatize a 
selection of one product diagram for each pair of objects, but this selection is 
arbitrary. 
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A category with all .finite products is a category with all binary products, 
plus a constant I that satisfies another axiom: 

For every object A there is a unique arrow from A to I. 

For a category with all .finite limits we keep the operators and axioms for 
all finite products and add a partial operator e_,_ which applies to a 
pair of arrows to give an arrow. The term e1,9 is only defined when 
Dom(/) = Dom(g) and Cod(/) = Cod (g). There is then a new axiom: 

For all/ and g, if Dom(/)= Dom(g) and Cod(/)= Cod(g) then 
Cod(e1,,) =Dom(/) andfoe1,, = goe1.,, and for any arrow h 
if Cod(h) = Dom(/) and f oh = go h there exists a unique u 
with Dom(u) = Dom(h) and Cod(u) = Dom(e1,9 ) and e1,9 ou = h. 

Theorem 4.5 showed how to define a selected pullback for each comer of 
arrows explicitly using the product and equalizer operators. 

By a Cartesian closed category we will mean one described in an extension 
of the language for a category with all finite limits, extended by the obvious 
operators_ - and ev _,_,each of which applies to a pair of objects. The axioms 
make B·'\ ev.A.,B an exponential of B by A. 

Any reader who prefers to avoid partially defined operators can replace 
fog and e1,, by ternary relations C(g,f; h) and Eq(f, g; e). 

Exercises 

7.1 To avoid the existential quantifier in the axiom for a terminal object, 'For every 
A there exists an arrow ... 'introduce an operator L, applying to an object and giving 
an arrow, and take axioms: 

For every object A: Dom(! A) = A and 

For every arrow f: If Cod(/)= 1, then/= !0omcn· 

Show that we can reduce all the axioms in this chapter to universally quantified 
conditionals, where each antecedent is a conjunction of equations and so is each 
consequent. For example, for products add an operator u __ . __ which applies to two 
objects and two arrows, so that uA,B.J.i is defined when Dom(/) = Dom(g) and 
Cod( f) =A and Cod(g) = B. Add axioms saying that u is the obvious arrow from 
Dom{/) to Ax B. 
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THE CATEGORY OF CATEGORIES 
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Functors and categories 

As we begin to compare categories with one another we must always specify 
which category an object or arrow is in. We will speak of an object A of a 
category A, or an arrow f. B---+ C of a category B. 

8.1 Functors 

Afunctor F from a category A to a category B, written F: A--+ B, assigns to 
each object A of A an object FA of B, and to each arrow f of A an arrow Ff of 
B, meeting the following conditions: 

It preserves domains and codomains: given f: A--+ B of A we have 
Ff. FA--+FB. 

It preserves identities: for any A of A, F(l ..() = lFA. 

It preserves composition: if f and g are composable in A then 
F(gof) = Fgo Ff, where the second composite is formed in B. 

It follows that applying F to all the objects and arrows of any commutative 
diagram in A gives a commutative diagram in B. 

If one thinks vividly of the category A as a network of arrows between 
objects, then a functor F: A--+ B, as Mac Lane says, produces a 'picture' of 
A in B, and the picture of any commutative diagram also commutes. 

Functors compose. Given functors F:A--+B and G:B--+C define the 
composite Go F: A--+ B by the obvious rules (Go F)A = G(FA)) and 
(Go F)/ = G(Ff)). Clearly Go Fis a functor. This composition is associative, 
and the reader can define an identity functor 1A for every category A. So it is 
natural to talk about the category of categories, CAT, with categories as 
objects and functors as arrows. We will do this freely, and discuss foundations 
in Chapter 12. 

A functor F: A--+ B is faithful iff: for any pair of objects A and A' of A, for 
any arrows/ and g both from A to A' if Ff= Fg, then/= g. In other words, 
for a given A and A', Fis one-to-one on arrows from A to A'. That does not 
mean that F is one-to-one on arrows altogether, since a faithful functor need 
not be one-to-one on objects. 

A functor F: A--. Bis full iff the following holds. For any objects A and 
A' of A and arrow g: FA--+ FA' of B, there is some/: A--+ A' with Ff= g. 
For a given A and A', Fis onto from arrows A--. A' to arrows FA--+ FA'. 
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Of course, F may still not be onto for arrows altogether, since it need not be 
onto for objects. 

Given any two categories A and B and any object B of B, there is a functor 
from A to B, taking every object of A to B, and every arrow to Is. 

Suppose that A has products. Then for any object A of A there is a functor 
_ x A: A--+A. It takes every object B of A to Bx A and every arrow 
f:B--+C tofx A: Bx A--+Cx A. 

If A is Cartesian closed then for any object A of A there is a functor 
_A: A--+ A that takes every object B of A to BA and every /: B--+ C to 
/A: BA---+CA. 

8.2 Preserving structures 

Since a functor F; A--+ B preserves composition and identities, it preserves 
inverses; that is, if g = 1- 1 in A then F g = (Ff)- 1 in B. But it does not follow 
that F preserves all the categorical structures defined in Part I. 

We say that F: A--+ B preserves a product diagram P, p1 , p2 for A and A' 
in A, if FP, Fp1' Fp2 is a product diagram for FA and FA'. We say that F 
preserves all .finite products if, for every terminal object P of A, F P is terminal, 
and F preserves every product diagram in A. 

If A and B have all finite products in the sense of Chapter 7, a product­
preserving functor F need not take the selected product for A and A' to the 
selected one for FA and FA'. But it will have F (A x A') ~ FA x FA'. 

We say that F preserves the equalizer e of/ and g if Fe is an equalizer for Ff 
and Fg. Again, we do not require an equalizer-preserving functor to take 
selected equalizers to selected ones. 

Given any diagram D in A with an object A1 at each vertex i and an arrow le 
at each edge e, and a limit L, 11: L--+ A,, we say that F preserves that limit if 
FL, Fl1; FL--+FA1 is a limit for the diagram in B with FA 1 at each vertex i 
and Ffe at each edge e. By Section 4.6, if F preserves equalizers and all (or all 
finite) products, then it preserves all (or all finite) limits. 

The definitions of preserving colimits and exponentials are analogous. 
For example, if A has all finite products then, for any object A of A, the 

functor _ x A: A--+ A preserves equalizers and pullbacks, but not terminal 
objects or products. If A is Cartesian closed then _ x A also preserves all 
colimits, as noted in Chapter 6. The functor _A: A_. A preserves terminal 
objects, products, equalizers, and pullbacks. 

8.3 Constructing categories from categories 

Other functors are associated with categories constructed from categories. 
For example, any two categories A and B have a product category, A x B. An 
object of Ax Bis a pair (A, B), where A is an object of A and Ban object of 
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B. An arrow is a pair (f,g):(A,B)>---+(A',B'), where/:A--.A' is an 
arrow of A and g:B--+B' an arrow ofB. The identity arrow for (A,B) is 
( lA, 18 ) and composition is defined component-wise, so(/, g) o (/', g') is 
(fof',gog'). There is a functor p1:AxB--+A defined by p1 (A,B) =A 
and p1 (/, g) = f, and an obvious p2 • 

Given any category T and functors H: T---+ A and K: T--+ B the 
functor (H,K):T--+AxB defined by (H,K)T= (HT,KT) and 
(H, K)/ =(Hf, K/) is the unique functor with the required composites. So 
A x B, p1 , p2 is a product diagram for A and B in CAT. 

Any category with one object, and the identity arrow for that object as sole 
arrow, is a terminal object in CAT, so CAT has all finite products. 

By a subcategory of a category A we mean any monic functor to A, but we 
will often construct a subcategory i: S ,....___.A by saying that certain objects 
and arrows of A are the objects and arrows of S. Then we define i to be the 
obvious inclusion, taking each object or arrow of S to itself as an object or 
arrow of A. Such a construction makes Sa category and i a functor iff the 
following conditions are met For every object A in.S the arrow 1 A (as defined 
in A) is also in S, and for any composable pair of arrows f and g in S the 
composite g of(as defined in A) is also in S. Afull subcategory is a full monic i; 
that is, a full subcategory is determined by the objects of A in it, since all A 
arrows between them are in it 

For any parallel pair of functors, F, G: A--+ B define a category E, the 
objects of which are those objects A of A with FA = GA, and the arrows of 
which are those arrows f of A with Ff= Gf. The reader can verify that the 
inclusion e: E>---+ A is an equalizer for F and G. So CAT has all finite limits. 

Every category A has an arrow category, A2• The objects of A2 are the 
arrows of A. Given two A 2 objects/: A--+ B and g: A'--+ B', an A 2 arrow 
from f to g is a commutative square of A: 

s 
A -------..A' 

fl 
B ------...+ B' 

We will write (s, t):/--+g. (Strictly, sand t alone do not determine the A2 

arrow, since they may be the top and bottom of many different commutative 
squares in A.) Given another A2 arrow (u, w):g--+h, define (u, w) o (s, t) 
to be ( u o s, w o t) :/--+ h. 'That is, we compose commutative squares by 
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pasting them together: 

A 
s 

> A' 
u > A" 

fl } lh 
B > B' w 

) B" 

Any A2 object/:A---+B has an identity arrow (lA, 18) in A1• 

There are three important functors between any category A and its arrow 
category. To define id:A--+A2 set id(A)=l..(, and for any A arrow 
f:A---+B set id(/)=(/,/): 1..(--+ 18 • There is a 'domain functor' 
D:A2--+A defined in this way: for any A2 object/:A--+B, D/ =A. For 
any A 2 arrow ( s, t ), D( s, t) = s. And there is the obvious 'co-domain 
functor' C: A2---+ A with Cf= B and C (s, t) = t. 

For any category A and object A of A there is a slice category A/A, also 
called a comma category. The objects of A/ A are arrows of A with codomain 
A. Given A/A objectsf:B--+A an g;C--.A, an A/A arrow is a com­
mutative triangle of A: 

s B---------... C 

A 

We write s:f---+g. Composition is defined by pasting the triangles together, 
so the composite to s from A is also the composite in A/ A. Identity arrows are 
obvious. 

There is a functor EA: A/ A--+ A that takes any A/ A object/: B--+ A to 
B. For any s:/--+g, EAs is s thought of as an arrow in A. 

If the category A has binary products there is a functor A*:A--+A/A. 
For any object B of A, let A• B be p1 : Ax B--+ A; and for any/: B--+ C let 
A*fbe 
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Ax/ 
Ax B ---------.. Ax C 

A 

Given any category A with all finite products there is a category GrpA with 
the groups of A as objects and their homomorphisms as arrows. There 
is a faithful underlying object functor, U: GrpA--+ A defined by setting 
U ( G, e6 , m6 ,-6 1

) = G, and for a homomorphism/from ( G, e6 , mG,-G 1 ) 

to (H, e8 , m8 ,_ii 1 ) let U/ just be the arrow /: G--+ H. This functor 
preserves the terminal object and products, and if A has equalizers then U 
preserves the equalizers from GrpA. It does not preserve the initial object, i.e. 
the zero group 1, unless the terminator 1 of A is also initial. 

Every category A has a dual or opposite category A 0 P. The objects of A op are 
the objects of A, and the arrows of A op are the arrows of A but with domain 
and codomain reversed. So every arrow/: A--+ A' of A appears as an arrow 
/

0 P: A'---+ A of A 0 P. The superscript 'op' on '/0 P' is only a reminder to think 
off as an arrow of A 0 P. Since arrows 

f ,, 
A--+B--+C 

of A appear as arrows 
gOP /OP 

C--+B--+A 

of A 0 P, the order of composability is reversed. So we define composition in A op 
as/0 Pog0 P = (go/)°P, where the right-hand side uses composition in A. The 
category axioms are easily verified. Every category is the dual of its dual: 
A= (AOP)OP. 

All of this is the objective form of the process of forming dual statements, 
explained in Chapter 2. An arrow is monic in A iff it is epic in A 0 P. Any 
P, p1 , p2 is a product diagram in A iffit is a coproduct diagram in A0 P, and so 
on for all the dual concepts described in Chapter 2. If a statement holds in A 
then its dual holds in A 0 P. Every category is dual to its own dual, so if a 
statement holds in all categories so does its dual. 

A functor G: A op--+ B is often called a contravariant functor from A to 
B. That is, G assigns to each object A of A an object GA of B, and to 
each/: A--+ A' of A, an arrow G/: GA'---+ GA, satisfying the conditions 
G(lA) = l(GA)and G(gof) = (Gf)o(Gg). For example, given any object B of 
a Cartesian closed category A, there is a contravariant functor B- from A to 
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A, taking any A object A to BA and any A arrow f to Bl. By way of contrast, a 
functor F: A--+ B may be called a covariant functor from A to B. 

8.4 Aspects of finite categories 

We will use the category 1 with one object and one arrow, which is the 
identity arrow for the object. Call the object 0. There is also the category 2 
defined in Exercise 1.5 with two objects, 0 and 1, and just one arrow 
a:O--+ 1 in addition to the identity arrows. The fact that one object of 2 is 
called by the same name as the object of 1 means nothing. They are just 
objects in different categories. 

There are two functors from 1 to 2. Define 0: 1--+ 2 by 0(0) = 0 and 
define 1: 1---+ 2 by 1 (0) = 1. The actions of 0 and 1 on the arrow in 1 are 
determined, since functors preserve identity arrows. 

In general, for any category A, each object A of A determines a unique 
functor which we will also call A: 1--+ A, taking the object 0 of l to A. The 
objects of A correspond exactly to the I-elements of A. Since 1 is a terminator 
in CAT, these are the global elements of A. We can also say that the identity 
arrows of A correspond to the global elements, if we are thinking of the 
identity arrow in I. But we already knew that objects and identity arrows 
correspond exactly to each other! 

Each arrow f of A determines a unique functor from 2 to A, which we call 
f: 2--+ A, taking the non-identity arrow of 2 to the arrow f. In short, the 
arrows of A correspond exactly to the 2-elements of A. 

It is possible to have functors F: A--+ B and G: A--+ B which have the 
same effect on all objects A of A, but not on all arrows (see Exercise 8.11). On 
the other hand, if they agree on all arrows that includes identities, and so they 
must agree on objects, and so F = G. 

We call an object I of any category Ca generator if, for every parallel pair 
of arrows of C,f, g: C--+ C', either f = g or there is some x: I--+ C with 
fox ~go x. In other words, /-elements suffice to distinguish arrows. Thus, in 
CAT, 1 is not a generator but 2 is. (One version of the axioms for a category of 
sets will say that it is a topos and that the terminator 1 is a generator.) 

There is also a category 3 with objects and arrows as shown below: 

~I~ 
0 2 

'I 

plus identity arrows for each object The composite Po ex can only be y, and 
then the category axioms are easily verified. For any category A, com­
mutative triangles correspond to 3-elements of A. 
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Exercises 

8.1 A functor is monic iff it is one-to-one on arrows; and iso iff it is one-to-one and 
onto on arrows. 

8.2 Show that any functor F: A--+ B such that every arrow of B either is in the 
image of the functor or has an inverse in that image is epic. Define a category I with 
two objects 0 and 1, and two arrows /:0--+ 1 and g: 1--+0 in addition to the 
identities, with composition defined by f = g- 1

• Define a functor from 2 to I which is 
monic and epic, but not iso. 

8.3 Notice that the empty category is initial in CAT. Show that CAT has coproducts, 
by considering for any A and B the category formed of one copy of A and a separate 
copy of B. 

8.4 Given a parallel pair of functors F, G: A--+ B show that the objects A of A such 
that FA = GA, together with the arrows f such that Ff= Gf, form a subcategory of A. 
Show that the inclusion of this subcategory into A is an equalizer for F and Gin CAT. 

Show that if an arrow fin the equalizer has an inverse 1- 1 in A, then/- 1 is also in 
the equalizer. Show that this is not true for all subcategories (either use one of the 
examples from the introduction, or construct a finite category illustrating the fact). 
Conclude that not every monic in CAT is an equalizer (this also follows from 
Exercise 8.2). 

8.5 Show that a functor preserves split monies and split epics. Show that functors do 
not always preserve monies or epics. [Use one of the examples from the introduction, 
or construct a finite category with a non-monic arrow and a non-epic arrow and 
suitable functors.] 

8.6 Let N be a category with one object, and one arrow f,, for each natural number n 
including 0, with composition defined by /,.o/,,, = fcn+M)· Show that the functor 
assigning/1 to the non-identity arrow of 2 is a coequalizer for 0 and 1: 1--+ 2, thus 
epic, although far from onto for arrows. 

8. 7 If A has a terminal object 1 then A/l is isomorphic to A 

8.8 For any category A and object A of A, show that A/A is a subcategory of A2. In 
fact, it is a pullback: 

A A 

while I A is the composite along the right. 
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8.9 If/: 2--A corresponds to an arrow f of A, then the composite/ o 0 corresponds 
to the domain off, and f o 1 to the co-domain. For any t: 3--A the functor 
toy: 2---+ A corresponds to the composite of the arrows of A corresponding to to a. 
and to /J. 
8.10 Show that every relation r: R >--+A x B has the following properties: 

For any objects A of A and B of B, if A has r to B then IA has r to 18 • 

For any arrows/, g, of A and/', g' of B, if/has r to/' and g has r tog' then/ of' 
has r to gog'. 

Show that an external (i.e. not necessarily represented by a monic in CAT) relation of 
objects and arrows of A to those of B is represented by a subcategory of A x B iff it has 
these properties. Show that any r: R >----+A x A is an equivalence relation iff it is 
reflexive, symmetric, and transitive on objects and on arrows. 

Equivalence relations in CAT have quotients, but the explicit construction of a 
quotient category is messy and little used. It does not consist only of equivalence 
classes of objects and arrows, because two arrows that were not composable in A may 
have equivalent domain and codomain so that they are composable in the quotient. 
Think of the kernel pair of the coequalizer in Exercise 8.6. Ehresmann (1965) gives 
details. 

8.11 Suppose that A has all finite products and that GrpA includes non-zero groups, 
groups not isomorphic to 1. Show that there is a functor from GrpA to GrpA that 
agrees with the identity functor on all objects but not on all arrows. [Hint: see 
Exercise 3.4.] 

8.12 Suppose that A is Cartesian closed. Show, for every group (G, e, m,_ - l) in A 
and object A of A, that (GA,eA,mA,(_ -l)A) is also a group. Show that _A gives a 
functor from GrpA to GrpA. In fact, any product-preserving functor from A to A gives 
a product-preserving functor from GrpA to itself. 

Show that GrpA is not Cartesian closed unless every group in A is isomorphic to 1. 

8.13 Suppose that a category A with all finite limits also has a selected representative 
for each equivalence class of monies. For any object A of a category A, define Sub(A) 
to be the full subcategory of A/A the objects of which are all the selected monies to A; 
that is, the category of selected sub-objects of A with inclusions as arrows. 

Show that if you always take the selected monic as a value for the pullback, pulling 
back along any f:A--B of A gives a functor 1- 1:Sub(B)--Sub(A). Show, for 
any g:B--C, that (go/)- 1 =(/- 1)o(g- 1). Thus define a contravariant functor 
from A to CAT that takes each object A to A/A and each arrow /to/- 1

• 

Without the restriction to selected representatives we could only prove that 
(go/)- 1 ~ Cr 1 ) o (g- 1 

). This would give a contravariant pseudofunctor from A to 
CAT (for details see Benabou (1985) Section 12 and references there). 

8.14 A preorder is a collection X with a reflexive transitive relation S on it So, for 
every x in X, x ~ x; and for every x, y, and z in X, if x ~ y and y ~ z then x ~ z. An 
order-preserving function from a preorder X to another Y is a function/from X to Y 
such that if x ~ :x' in X then f x ~ f x' in Y. 

Show that a preorder X, ~ can be construed as a category, with the elements of X 
as objects, and with one arrow x-- y if x ~ y and none otherwise. What is 
composition? 
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In fact, we formally define a preorder to be a category in which, for any objects A 
and B, there is at most one arrow from A to B. Then define A S B to mean that there is 
an arrow from A to B. Show that a category is a preorder iff every diagram in it 
commutes. Show that an order-pr<!serving function between preorders is just the same 
thing as a functor between them. Thus the category of preorders, Preord, is a full 
subcategory of CAT. 

Show that an order-preserving function is monic in Preord iff it is one-to-one on 
objects, and in that case it is also monic as a functor in CAT. Show it is epic in Preord 
iff it is onto for objects, and then it need not be epic as a functor in CAT. [Hint: 
consider the preorder 1 + I, which has two elements neither less than the other, and 2, 
and the category E defined in Exercise 10.6.] 

8.15 A supremum for a preorder Xis an object t of X such that, for every object x of 
X, x S t. An infimum for X is an object i such that for every object x, i s x. A greatest 
lower bound for two objects x and y is an object p such that p S x and p S y, and for 
any object s ifs S x and s s y then s s p. We abbreviate greatest lower bound to g.l.b. 
Give a definition of least upper bound for x and y, abbreviated to l.u.b. Then show 
that these are terminal objects, initial objects, products, and coproducts in X, 
respectively. What does uniqueness up to isomorphism mean in a preorder? 

Show that in any preorder X every parallel pair of arrows trivially has an equalizer 
and a coequalizer. 

Suppose that a preorder X has a g.l.b. for every pair of its objects. Then in X define a 
material implicate of y by x to be an object c such that, for any object s, s S c iff any 
g.l.b. of s and x is S y. Show that a material implicate of y by x is just an exponential 
of y by x. 

8.16 Let P be a preorder with all finite products (equivalently, every finite set of 
objects, including the empty set, has a l.u.b.). Show that a group in P must be a zero 
group. The object G must be terminal. 

8.17 A poset, or partially ordered set, is an antisymmetric preorder; that is, a preorder 
in which, if x S y and y S x then x = y. Show a poset has at most one supremum, at 
most one g.l.b. for any given pair of objects x and y, and so on. What does uniqueness 
up to isomorphism mean in a poset? 

A lattice is a poset with a supremum t, an infimum i, and a g.Lb. and a l.u.b. for every 
pair of objects x and y. The g.l.b. of x and y is unique and is called their meet, written 
x" y. The l.u.b. is called their join and is written xv y. 

A Heyting algebra is a Cartesian closed lattice. The material implicate of y by xis 
often written x -+ y. 

A linear order is a poset such that, for any pair of objects x and y, either x S y or 
y S x. Show that every linear order with supremum and infimum is a Heyting algebra. 
[Hint show that x-+ y is t when x Sy, and equals y otherwise.] 

8.18 If you are familiar with them, show that every Boolean algebra, and every poset 
of open sets of a topological space, is a Heyting algebra. For more on Heyting 
algebras see Rasiowa and Sikorski (1963), and with emphasis on applications to 
toposes, Fourman and Scott (1979~ 
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Natural transformations 

9.1 Definition 

Given a parallel pair of functors F, G: A--+ B, a natural transformation from 
F to G is a family of arrows v A: FA--+ GA, one for each object A of A, such 
that for every arrow/: A--+ A' of A the following square commutes: 

YA 
FA GA 

F/l lG/ 
A' ' FA' 

VA' 
~GA' 

We write v: F--+ G for the natural transformation, and call the arrows v A 

the components ofv. If the above square appears in a diagram we may say that 
it commutes by naturality of v. 

For example, let A be a category with all finite products and take any 
object A of A. There is a product functor _ x A: A--+ A as well as the 
identity functor IA: A--. A and the projection arrows Pt: B x A--+ B are 
the components of a natural transformation Pt:_ x A--+ IA. For any 
/: B--+ C of A the following square commutes by definition off x A: 

Pa 
B Bx A ------>~ B 

fl fxAl } 

c C x A ------>~ C Pa 

One sense of the word 'natural' here is that the projections form a nat­
ural family of arrows in that p1: Bx A--. B 'does the same thing' with B as 
Pt: C x A__... C 'does with' C. The definition of naturality captures this 
intuitive idea of 'doing the same thing' with different objects. 
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Suppose that A is Cartesian closed and take any object A of A. The functor 
_A composes with _ x A to give (_A) x A: A--+ A and the evaluation arrows 
give a natural transformation ev A:(_ A) x A --. IA. For any arrow f: B--+ C 
the naturality square commutes by definition of fA. 

A natural transformation with every component iso is called a natural 
isomorphism. If A has all finite products then the natural transformation 
p1 : _ x 1---. IA is a natural isomorphism. 

9.2 Functor categories 

Natural transformations compose. Given functors F, G, and H, all from A to 
B, and natural transformations v: F--+ G and <p: G--+ H, there is a 
natural <p o v: F---+ H defined by composing components <p A o v A: 

VA 'PA 

>HA A FA )GA 

fl F/l G/l lH/ 
A' FA' >GA' >HA' 

VA• 'PA• 

Naturality is clear, and this composition is associative. There is an identity 
natural transformation IF: F--+ F, with components lFA· Thus there is a 
category, BA, called the functor category from A to B, the objects of which are 
the functors from A to B and the arrows of which are the natural trans­
formations between them. For example, the arrow category A2 is the functor 
category from 2 to ~since an arrow of A can be seen as a functor from 2 to A, 
and by definition an arrow of A 2 is a natural transformation between these 
functors. 

In fact, CAT is Cartesian closed, with functor categories giving expo­
nentials. The proof is easier using this description of functors from product 
categories: 

THEOREM 9.1 Consider categories A, B, and C. Suppose, for each object B 
of B, that there is a functor R8 : A--+ C and, for each object A of A, a functor 
LA:B--+C, such that for all A and B we have LA(B) = Ra(A). Finally, 
suppose that for every/: A--+ A' of A and g: B--+ B' of B the functors 
satisfy the interchange rule Ra/oL ... g = LAgoRaf. Then there is a unique 
functor F: A x B--+ C with F(A, B) = FA B and F(l A' g) = LAg and 
F(f, la)= Raf 
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PROOF Since every arrow(/, g) of Ax B factors as (t ... , g) o (/, 18 ) there 
is at most one such functor F, and it must have 

F(f, g) = F(lA., g)o F(/, 1B) =LA.go Rsf· 

So take that as defining F on arrows. It remains to show that 

F(f' of, g' o g) = F(f', g') o F(f, g). 

But this follows from the definition of F by calculation, using the interchange 
rule. (] 

A functor from a product category can be called a bifunctor. Then Theorem 
9.1 says that a bifunctor is a function of pairs of objects and pairs of arrows, 
functorial in each variable and satisfying the interchange rule. 

We apply Theorem 9.1 to obtain a functor ev :BA x A--+B. For any 
functor G from A to B, let Le: A--+B be G. For any object A of A, let 
RA:BA--+B take each functor G:A--+B to GA, and each natural 
": G --+ H to its component v A. It follows directly that RA is a functor. 
It remains to show for every natural v: G--+ Hof BA and arrow f: A--+ A' 
of A that RAv o LG/= Lu/ o RA'"· But, by definition, this is v Ao Gf =Hf o v A'' 

which is precisely the naturality of v. 
So there is a functor ev:BA x A----.B with ev(G, A)= GA. The action on 

arrows follows from the special cases ev(lG,/) = Gf and ev(v, IA)= v A· 

To show that BA, ev is an exponential of B by A in CAT consider any 
functor F: T x A--+ B. Define the transpose F: T--+ BA in the following 
way. For any object T ofT, Fr is the functor F(T, _):A--+ B. For any arrow 
f T--+ T', Ff is the natural transformation the component of which at any 
object A of A is F(f, IA). Proof that these are functors and natural trans­
formations, and that F is actually the transpose of F, is left to the reader. 

9.3 Equivalence 

An equivalence situation consists of two functors F: X--+ A and G: A--+ X 
such that there are natural isomorphisms cp: Ix--+ GF and tfr: IA--+ FG. 
Often there will be many different natural isomorphisms for a given F and G. 
Then, while F and G may not be inverse to one another, they are 'inverses up 
to natural isomorphisms'. 

THEOREM 9.2 In an equivalence situation, both functors are full and 
faithful. 

PROOF For any h: X--+ Y of X, h = ('Pr 1) o GFh o 'Px· So F is faithful. 
For any k:GA--+GB of X, k = G((t/li 1)oFkot/IA). So G is full. By 
symmetry, both are full and faithful. (] 
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Of course, every object X of X is isomorphic to one in the image of G, for 
example GFX, and every object of A to one in the image of F. 

Conversely, any full and faithful functor H: A--+ B such that every object 
of B is isomorphic to an object in the image of F is called an equivalence 
functor. Fitting an equivalence functor into an equivalence situation requires 
a selection of isomorphisms: 

THEOREM 9.3 Suppose that F: X--+ A is an equivalence functor. Suppose 
that for every object A of A there is a selected object GA of X and a selected 
isomorphism t/I A: A--+ FGA. Then G extends to a functor G: A--+ X in 
exactly one way that makes the arrows t/I A components of a natural isomor­
phism from lA to FG. There is also at least one natural isomorphism from Ix 
to GF, so F and G form an equivalence situation. 

PROOF This will be a corollary of Theorem 10.3 and Exercise 10.15. 0 

In many categorical contexts no axiom of choice is available, and the 
selections required in Theorem 9.3 cannot always be made. This is true, for 
example, of category theory in most toposes. Then some equivalence functors 
do not fit into equivalence situations. Of course, even then, many particular 
equivalence functors F fit into equivalence situations that are definable 
without arbitrary choices. 

Equivalence functors and situations often arise in mathematical practice 
when the values of the functors, say FX and GA, have only been defined up to 
isomorphism. It may follow that X ~ GFX and A ~ FGA, while the defini­
tion simply does not determine whether or not X = GFX. 

Exercises 

9.1 Let A be a Cartesian closed category. For any object A of A consider the functor 
(_xA)A:A--+A. Show that there is a natural transformation t:lA---+(_xA}A, 
where the component at any object B of A is the transpose of the identity arrow ls>c.A· 

9.2 Show that the natural isomorphisms between functors from A to B are precisely 
the isomorphisms in the functor category BA; that is, a natural transformation is iso iff 
each of its components is. 

9.3 Let A have all finite products. Show that there is a functor X12: Ax A---+ A that 
takes any object (A, A') of Ax A to Ax A', and any arrow(/, g) to fx g. There is 
also a functor X21 :A x A--+A that taJces (A,A') to A' x A and (f,g) tog xf. Show 
that the twist arrows form a natural isomorphism tw:x12_:::_.x21 • 

Show that there is a functor X(l 2>3 : A x A x A--+ A that takes any object 
(A, A', A") to (A x A') x A" and any arrow (/, g, h) to (/ x g) x h. There is also a 
functor X1<23> that takes (A, A', A") to Ax (A' x A"). Show that the associativity 
arrows form a natural isomorphism from x(12)3 to x1(23)• 

Conclude that the same holds for coproducts, + 12 : A x A---+ A and so on, 
assuming that A has all finite coproducts. 
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9.4 Consider functors F: A--+ B. G and H both from B to C. and K: C--+ D. and 
a natural transformation rp: G----+ H. Show that there is a natural transformation 
'PF: Go F--+ Ho F. where the component at any object A of A is the component of q> 
at FA. Show that there is a natural transformation Kq>: Ko G--+ Ko H. where the 
component at any object B of B is K( 'Pa). 

Note that 'PF and Kq> are both natural isomorphisms if <p is. 

9.5 A transformation between bifunctors is natural if it is natural in each variable 
separately. More precisely, consider a parallel pair of bifunctors F. G: Ax B----+ C 
and a family of arrows" .u: F(A. B)--+ G(A. B). Suppose. for every object A of A and 
arrow/: B--+ B' of B, that the following square commutes: 

VA.a 
F(A, B)-----.) G(A, B) 

Fil.,/) l l G(t.,/l 

F(A, B') > G(A, B') 
VA,•' 

Suppose that the analogous condition is met for every arrow of A and object of B. 
Show that v: F--+ G is a natural transformation. 

9.6 For functors F, G: A---+ Ba natural transformation \I: F----+ G is an arrow of 
BA. Thus there is a functor that we also call v: 2----+ BA. and this has a transpose 
v:2 x A---+ B. Twisting and transposing gives \1°: A---+ B2• Describe v0

• What arrow 
does it assign to A. and what square to f? Describe v. 
9.7 ~xercise 9.4 revisited.) Given the functors of Exercise 9.4 there are functors 
KB: c ----+ oB and cF: CB---+ cA. Show. for any arrow q> of cB. that K8( <p) is Kq> 
and CF ( q>) is 'PF. 

9.8 Show that the functor D:A2 ----+A is induced by 0:1----+2; that is. up to the 
isomorphism A ~ A1• D is A 0 : A2 ----+ A 1• Show that C is induced by 1: 1----+ 2, and 
id by !2: 2--+ 1. 

9.9 Show that a functor category BA has a terminal object (or an initial object) iff B 
does. 

9.10 Limits in functor categories are computed pointwise. 
Suppose that B has binary products. Show that for any F and G: A---+ B there is a 

unique functor F x G: A---+ B such that the following holds. For each object A of A. 
(Fx G)A =FA x GA, and p1:FA xGA---+FA and p2 :FA x GA---+GA are com­
ponents of natural transformations p1 : F x G----+ F and p2 : F x G----+ G. That is. 
show that this requirement of naturality forces the definition of (F x G)/ for each A 
arrow f. Show that F x G. p1 • p2 is a product diagram for F and G in the functor 
category BA. 

Suppose that B has equalizers. Given functors F and G as before, and a parallel pair 
of natural transformations q>. I/I: F---+ G. define a functor E: A---+ B and natural 
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transformation e: E----+ F forming an equalizer for <p and I/I in BA. Do this by making 
each e A an equalizer for <p A and I/I A in A. 

Generalize to all limits, and to all co-limits. 

9.11 Exercise 9.10 does not generalize to exponentials. Show that 2 is Cartesian 
closed, as is the functor category 22 g: 3 (in fact, both are Heyting algebras). No 
functor from l to 2 takes each object A of2 to OA. What is the exponential in 22 ofOo !2 
by the identity functor? 

9.12 Suppose that A has all finite products. Prove that_ x I: A--+ A is an equival­
ence functor, and fits into an equivalence situation. [Do this with no special assump­
tion such as A x 1 = A, so that _ x I is not necessarily either one-to-one or onto for 
objects.] 

9.13 Let A be any category with all finite products. For each group G in A consider 

the zero homomorphism G----+ I~ G. Show that these homomorphisms form a 
natural transformation from the identity functor for GrpA to the functor which takes 
each group to itself and each homomorphism/: G----+ H to the zero homomorphism 
G----+ t~H. 
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Adj unctions 

Most of this chapter is devoted to proving fundamental results on adjunc­
tions. More specific results and calculations are given in the exercises. 

10.1 Universal arrows 

Given any functor F: X--+ A and object A of A, a universal a"ow from F to 
A consists of an object X of X and an arrow £A: F X--+ A such that given 
any object Y of X and arrow/: FY--+ A there is a unique arrow g: Y--+ X 
of X that makes the following triangle commute: 

x 

gl 
y 

We will say that g is the adjunct to f with respect to £A, or just that g is 
adjunct of /when the arrow eA is clear from the context. At the same time/ is 
uniquely determined by g since/is £Ao Fg. We also call/the adjunct of g with 
respect to £A. 

For example, for any objects A and B of a category A with all finite 
products, the pair BA, ev A, 8 is universal from the functor _ x A to B. In that 
case adjuncts are called transposes. 

A functor may or may not have a universal arrow to a given object, but if 
it does the universal arrow is determined up to isomorphism. 

THEOREM 10.1 If X, eA is universal from F to A and there is an isomor­
phism i: Y--+ X then Y, eA o Fi is also universal from F to A. Conversely, if 
X, £A is universal from F to A and Y, £~ is too, and then the unique arrow 
i: Y--+ X with£~= £Ao Fi is iso. 

PROOF The proof follows the familiar argument. D 
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There is a dual notion. Given F and A as above, a universal arrow from A to 
F consists of an object X of X and an arrow '1 A: A--+ F X with the property 
suggested by the following diagram: 

Ff y 

This is the definition of a universal arrow from F to A, with all arrows in X 
and A reversed. In fact, F: X--+ A can be reconstrued as a functor 
F: X0P--+ A op (the functor F is not reversed), and this reconstrual turns a 
universal arrow to Finto one from F and vice versa. 

10.2 Adjunctions 

An adjunction ( F, G, ,,, e) consists of two functors and two natural trans­
formations as shown: 

X---F--+A 11: lx--+GF 
G 

such that eF o F11 = 1 F and Geo 'IG = 1 G; that is, for every object X of X we 
have BFX o F11x = 1 FX and similarly for every A of A. 

Given an adjunction as above, we say that F is left adjoint to G, or G is 
right adjoint to F, and write F ~ G. Then '1 is called the unit of the adjunction 
and e the counit. The equations on the unit and counit are called the 
triangular identities. 

The following Theorems 10.2 and 10.3 characterize an adjunction as a 
selection of universal arrows. Proofs are given in the next section. An 
adjunction is described as an isomorphic correspondence between arrows 
/: F X--+ A and their adjuncts g: X ~ GA in Section 10.4. 

THEOREM 10.2 Given an adjunction as above, every arrow 
'Ix= X--+ GF X is universal from X to G. Specifically, the adjunct of any 
/: X--+ GA with respect to 'Ix is eA o Ff. Dually, every eA: FGA--+ A is 
universal from F to A, and the adjunct to any g: F X--+ A is Gf o 'Ix· 

COROLLARY If G and G' are both right adjoint to one F: X--+A there is a 
natural isomorphism i: G--+ G'. More specifically, if ( F, G, ,,, e) is an 
adjunction and (F, G', 11', e') is another, then there is a unique natural 
isomorphism i with e' = e o Fi. This i is also the unique natural isomorphism 
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satisfying the dual equation for the units. The dual result holds for F and F' 
both left adjoint to G. 

THEOREM 10.3 Given a functor F:X--+A and a selected object GA ofX 
and universal arrow GA, eA: FGA--+ A for each object A of A, G extends to 
a functor G: A--+ X in exactly one way such that the arrows eA form a 
natural transformation from FG to 1A. This G is right adjoint to F, withe as 
counit. Dually, a selection of universal arrows to a functor G gives a left 
adjoint F to G. 

Thus, given an adjunction as above and an arrow f: X--+ GA the adjunct 
g: FX--+ A is eA o Ff; and g is also the unique arrow with f = Gg o "Ix· We 
will often prove that two arrows/: X--+ GA andf': X--+ GA are equal by 
finding the adjunct off one way and off' the other way, and showing the 
adjuncts are equal. We did this repeatedly in Chapter 6, where in fact for 
every object A the functor _A was right adjoint to _ x A with counit ev. 

10.3 Proofs 

LEMMA 10.4 Given an adjunction as above, we can construe Fas a functor 
F: X0 P--+ A 0 P, and similarly for G. On this construal F is right adjoint to G 
with unit e and counit '1· Thus any theorem on all left adjoints or all counits 
has a dual theorem on all right adjoints or all units. 

PROOF The proof follows by working through the definitions. 0 

PROOF OF THEOREM 10.2 Naturality of 11, specifically GFf o 'lx = 'IGA of, 
and the triangular identity show that the following triangle commutes: 

FX 

1-··F/ 
GA A 

It is worthwhile to draw the naturality square into the diagram. 
Conversely, suppose that Gg o 'Ix = f. Applying the functor F to both sides, 

and composing with eA, gives 

eA o FGg o F'lx = eA o Ff 

But naturality of e and the triangular identity show that the left-hand side 
equals g. Thus eA o Ff is the one and only arrow that makes the triangle 
commute, the adjunct off. 0 
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PROOF OF COROLLARY By Theorems 10.1 and 10.2, for each object A of A 
there is a unique isomorphism iA: G' A--+ GA with e~ = eA o Fi A. We only 
need show that these form the components of a natural transformation; that 
is, for every h: A --+ B of A, Gh o i A = is o G' h. By Theorem 10.2 it suffices to 
show that both sides give the same result when plugged into Bs o F(_). 
Naturality of e and the definition of iA shows that the left-hand side gives 
hoe~. Naturality of e' and the definition of ia show that the right-hand side 
gives the same. D 

LEMM A 10.5 Let a functor F: X--+ A have a selected universal arrow GA, 
eA to each object A of A, when 'GA' names some object of X and shows that 
this object depends on A. Then there is just one way to extend G to a functor 
G: A--+ X so that the universal arrows become components of a natural 
transformation e: FG--+ IA. 

PROOF For any arrow f: B--+ C of A, define G/ as the unique arrow of X 
that makes the following square commute: 

GC 
Cc· 

FGC -------> C 

G/ FG/ I 

GB FGB ------.) B 

that is, Gf is adjunct to foes. The rest of the proof copies the proof that_ A is a 
functor in Section 6.2. 0 

For every object X of X, define 11x: X--+ GF X to be the adjunct to lFX 
relative to BFx, and thus the unique arrow that makes the following diagram 
commute: 

GFX 

'Ix 

x FX 

LEMMA 10.6 The arrows 'Ix form a natural transformation,,: tx--+GF. 

PROOF Show, for every /:X--+ Y of X, that GF/of/x = 'lro/, by showing 
that both sides give the same result when plugged into BFYo F(_), namely Ff. 
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The calculation is very similar to the proof of the corollary to Theorem 10.2, 
using the definition of 'Ix in place of the triangular identity. 0 

LEMMA 10.7 The natural transformations '1 and e satisfy the triangular 
identities. 

PROOF One of the identities is the definition of '1· To prove the other, 
GeA o '1GA = lGA, again plug both sides into eA o F(_) to show that they have 
the same adjunct relative to eA. 0 

PROOF OF THEOREM 10.3 Lemmas 10.5--10.7 show that a functor 
F: X--+ A and selected universal arrows from it give a unique right adjoint 
that makes the arrows a natural transformation. The other claim follows as 
the dual to this one. 0 

A functor F may or may not have a right (or left) adjoint, but if it has one the 
adjoint is determined only up to a natural isomorphism. An adjunction 
(F, G, ,,, e) is fully determined by F and c, or by G and 17. Even given both 
functors F and G there may be many units and co-units that make F -f G. 

10.4 Adjunctions as isomorphisms 

Suppose that (F, G, ,,, e) is an adjunction, with F:X--+A. To be precise, 
an arrow/: X--+ GA may not have a well defined adjunct because there 
may be another object A' with GA= GA', so that f has one adjunct 
g:FX--+A and another g':FX--+A'. We have let the notation 
/: X--+ GA specify A. Strictly, the pair f, A has a unique adjunct X, g. 

Define a category (X, G) called the comma category ofX over G. An object 
of (X, G) consists of an X arrow f and an A object A as shown: 

I 
X--.GA A 

An arrow consists of a commutative square of X and an A arrow as shown: 

f 
X ------.. GA A 

hl /' . lGk lk 
X' ______ _.,.GA' A' 

We call this arrow (h, k). Composition is defined by the obvious pasting, 
(h,k)o(h'ok') = (hoh',kok'). Arrows Ox, IA) are identities. 
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There is a base functor b: (X, G)--+ Xx A which forgets the arrow. It 
takes an object (/:X--+GA,A) to (X,A), and an arrow (h,k) to the 
Xx A arrow (h, k). 

For the functor F: X--+ A there is an analogous comma category of F 
over A, (F, A). An object is an X object X and an A arrow g: F X--+ A, and 
so on. This also has a base functor to X x A. 

THEOREM 10.8 Given an adjunction (F, G, ,,, e), there is a unique functor 
isomorphism I that takes each/: FX--+ A to its adjunct and commutes with 
base functors as shown: 

(F, A) (X, G) 

~/ 
Xx A 

PROOF Consider any arrow of (F, A): 

I 
X FX ------•A 

hl Fhl /' l' 
X' FX' ------•A' 

If I is to take the top and bottom arrows to their adjuncts and commute with 
the base functors, then it must take this arrow to 

g 
X-------GA A 

hl g' lGk lk 
X'--------.GA' A' 

with g adjunct to/, and g' adjunct to f'. To show that I is a well defined 
functor we must show that the lower square commutes if the upper one does. 
To show that I has an inverse is to show that the upper square commutes if 
the lower one does. These calculations form Exercise 10.9. D 
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THEOREM 10.9 Conversely, an isomorphism l:(F, A)---..(X, G) that 
commutes with base functors gives an adj unction ( F, G, ,,, e ), where for 
every X object X the unit r/x is l(X, lFX ), and for every A object A the counit 
is r 1 (1GA, A). Then I and its inverse take arrows to their adjuncts. 

PROOF It suffices to show that, for every X object X, the arrow l(lFx, FX) 
is universal from X to G. For any arrow g:X--+GA of A consider the 
following diagrams: 

x 
IFX 

FX FX 

'·l 
Fl,l l? 

x FX ·-•g A 

IUrx) 
)GFX FX x 

·-! 
lG(?) 

l? 
x g GA A 

If either of these commutes it is an arrow in the obvious comma category, and 
the other corresponds to it under I and so also commutes. But 1- 1 g is the 
only arrow that can go in place of? to make the upper square commute, and 
so it is the only one that makes the lower one commute. Thus i- 1g is the 
adjunct of g relative to l(X, lFX ). 0 

The constructions of an isomorphism from an adjunction and of an 
adjunction from an isomorphism are inverse to one another. Adjunctions 
correspond exactly to isomorphisms of comma categories that commute with 
base functors. 

1 O.S Adj unctions compose 

Consider adjoint functors F ~ G and F' ~ G' as shown: 

A .,__.;;....F_ B ._F..__._ c 
G G' 
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Given any C object C and A arrow as shown: 

c FF'C--1--A 

form its adjunct under F -I G 

c F'C--9 --GA A 

and the adjunct under F' -fG' 

C--h--G'GA A 

By the same reasoning that was used to show that I was a functor in Theorem 
10.8, both steps take commutative squares to commutative squares, and each 
has an inverse. Thus the two give an isomorphism from (FF, A) to (C, G'G) 
that commutes with base functors. So FF' -f G'G. 

Exercises 

10.1 Take any category A and the diagonal functor A : A---+ A x A. Show that 
P, p1, p2 is a product for A and B in A iff 

(P1•P2) 
P (P, P)--+(A, B) 

is a universal arrow from A to the object (A, B) of A x A. (What is an A x A arrow 
from (T, T) to (A, B)?) Conclude that Theorems 2.1 and 2.2 are special cases of 
Theorem 10.1. Conclude that co-products are universal arrows to A. 

10.2 Given a functor F:X---+A, define a category (F, A) in the following way. An 
object is an X object X and an A arrow/: FX---+ A. An arrow from X ,f to Y, g is an 
arrow h: X---+ Y that makes the following diagram commute: 

with the obvious composition and identities, taken from X. Show that a universal 
arrow from F to A is a terminal object in this category. Conclude that Theorem 10.1 is 
a special case of Theorems 1.1 and 1.2. 
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10.3 Suppose that a functor F is an isomorphism. Show that F -f F- 1, and that 
F- 1 -IF, both with identity natural transformations as unit and counit. 

10.4 Show that a functor A: 1--+ A is right adjoint to !A iff A is a terminal object. In 
this case the functors uniquely determine the unit and counit. What are they? Describe 
left adjoints to !A. 

10.5 Show that a category A has all binary products iff there is a right adjoint 
_ x _:A x A--... A to A. By Exercise 10.1 we can take ( p., p2 ) as the counit. Then 
what is the unit? 

Describe a left adjoint to A, and its unit and counit. 

10.6 Define a category E with two objects 0 and I, their identity arrows, a parallel 
pair of arrows e 1 and e2 from 0 to I, and no other arrows. Show that a parallel pair f, g 
in any category A corresponds to a functor(/, g): E--+A. 

Define A: A--+ A E, taking each object A of A to the constant functor which taJces 
both objects of E to A and all arrows to IA. Show that A is the transpose of 
p1:A x E---+A and that, up to the isomorphism A~ A1, it is also A<'E>:A1---+AE. 

Show that a cone over a parallel pair f, g is a natural transformation from some AT 
to ( f, g), and that a limit is a universal arrow from l1 to ( f, g). Therefore A has 
equalizers iff A has a right adjoint Eq: AE-A. 

State the dual result for coequalizers. 

10.7 Generalize Exercises 10.5 and 10.6 to all limits and colimits. A diagram itself 
can be defined as a functor. A diagram of two objects of A is a functor from the 
category 1 + 1 with two objects, their identity arrows, and no others. (Show that this 
category is the coproduct of 1 with itself in CAT.) Show that A x A is isomorphic to 
Au+•>. Exercise 10.6 showed that a parallel pair in A is a functor to A from E. Define a 
category C with three objects and two non-identity arrows, so that a corner of arrows 
in any category A is a functor to A from C. 

Given a category D, with objects i thought of as vertices and arrows e thought of as 
edges, define a diagram of shape D in a category A to be a functor d: D---+ A. For 
each object i of D the object di of A corresponds to A, of Section 4.5, and de 
corresponds to fe. For every object T of A define the constant diagram Lt T: D---+ A to 
be the functor that takes each i to T and each e to IT· Define a functor ii: A--+ A 0 

that takes each object of A to its constant functor. 
Show that a cone over the diagram d is a natural transformation from some 

constant functor LtT to d, and that a limit is a universal arrow from some AT to d. 
Conclude that every diagram ofshape Din A has a limit, iffthere is a right adjoint to 
A. Dualize all this for colimits. 

10.8 Show, for any object A of a Cartesian closed category A, that _ x A -1-A with 
unit ev. Show that, in any category with all finite products,_ x A has a left adjoint iff A 
is a terminal object. 

10.9 Consider a functor F:X---+A with right adjoint G, and arrows k:A---+A' 
andj:X'-X. Let/:FX--+A have adjunct g:X--+GA. Show that the adjunct 
of ko/is Gkog. Show that the adjunct of goj is/oFj. 

10.10 Let F:X--+A have right adjoint G. Show that for any epic/:X---.. Yof X, 
F/is also epic. Show (or conclude by duality) that for any monicfi A~ B of A, G/is 
monic. 
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10.11 Again with F -f G as above, show that if 1 is initial in X then Fl is initial in A. 
Show that G preserves terminal objects. 

Show that F preserves coproducts, coequalizers, and in fact all colimits. Show (or 
conclude) that G preserves all limits. 

Compare Exercises 10.9-10.11 with the results in Chapter 6. 

10.12 Let A be a category with products. Show that for any A object A the functor 
A• (defined in Section 8.3) is right adjoint to EA. 

10.13 This is another proof that adjoints compose. Suppose that the functors 
of Section 10.5 fit into adjunctions (F, G, ,,, e) and (F', G', r(, e'). Then show that 
FF' -I G'G with unit G''lF' o ti' and counit e o Fe(;. (Either show that all components of 
the unit are universal arrows, or show that the unit and counit satisfy the triangular 
identities.] 

10.14 Given functors G:A---+B and F':C----+B define the comma category ofG 
over F', (G, F'), in the following way. An object consists of an A object A, a C object C, 
and a B arrow/: GA--+ F C. An arrow consists of an A arrow h and a C arrow k that 
make a commutative square in B, F' kof' o Gh. (G, F') has an obvious base functor to 
Ax C. Use this to factor the construction in Section 10.5 into two isomorphisms of 
comma categories. 

10.15 Suppose that F: X----+ A is full and faithful, and there is given a selected 
object GA and isomorphism I/I A: A--+ FGA for each object A of A Show that I/I.( 1 is 
universal from F to A. Conclude that G extends to a functor that is right adjoint to F 
with counit I/I - 1• 

Show, for every X of X, that the unit 'Ix is iso. [Hint: show that F11x = l/IFX.) 
Conclude that F and G make up an equivalence situation. In fact ( F, G, ,,, I/I - i ) is an 
adj unction. 

Consider any adjunction H -j K with unit '1 and counit e that are both natural 
isomorphisms. Show that also K -I H with unit e- 1 and counit ,,- 1• Such an 
adjunction is called an adjoint equivalence. 

I 0.16 For any object B of a Cartesian closed category A, consider the contra variant 
exponentiation functor B-: A op----+ A. Show that B- is right adjoint to itself con­
sidered as B- : A--+ A 0 1>. Consider a series of arrows; 

of A 

CxA--+B of A 

A---+lF of A 

lF---+A of A0 P 

Therefore Exercises 6.10 and 6.17 are special cases of Exercises 10.11. 

10.17 Show that the comma categories of Section 10.4 and Exercise 10.14 can be 
defined by pullbacks as in the following diagram: 
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(G, F') 

/~ 
(G, B) (B, F') 

/~/ ~ 
A~/8

2

~/C 
B B 

How are the base functors defined in terms of functors in this diagram? 

10.18 Exponentiation preserves pullbacks, and so it preserves comma categories and 
adjunctions. Show that (G, B}° ~ (GD, BD) for any category D and, up to the obvious 
isomorphisms, that bD is the base functor. So, if an isomorphism I commutes with base 
functors then JD does also. In other words, if G -I F then GD -I FD. 

10.19 Show, up to the isomorphism(BA}° ~(DD)", that exponentiating .d:B-BD 
by A gives .d:BA----+(BA}°. Do this directly from the definition of .d as transpose of 
p1 , and use Exercises 10.7 and 10.18 for a functorial proof of Exercise 9.10. 

10.20 Compare our definition of adjunction with, for example, Mac Lane (1971, 
p. 78) or Barr and Wells (1985, p. 50). Show that a natural isomorphism 
I:homA(F_, _)_::-_.hom8 (_, G_) determines an isomorphism l:(F, A)_:_.(x, G) 
over A x B and vice versa. [Assume that X and A are locally small, as defined in 
Chapter 12, so that the sets of arrows do exist] 
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Slice categories 

When dealing with sets we often work with sets of sets. In geometry we often 
deal with spaces that vary over another space (as with fibre bundles or 
sheaves). And high-level programming languages have dependent types, data 
types which themselves depend on parameters in other data types. All of these 
are represented categorically by indexed families of objects. 

11.1 Indexed families of objects 

For any object B of a category A, an arrow g:C--+ B to B can be seen as a 
B-indexed family of objects. Then the slice category A/ B appears as the 
category of B-indexed families of objects and arrows. In particular, if A has a 
terminator 1 then a I-indexed family of objects is just an object A of A, with 
its unique !,c:A--+ 1. Thus A~ A/I, and we will not distinguish objects 
from I-indexed families. 

The general idea of indexed families is easily motivated for categories A 
with all finite limits. Given g: C--+ B, for any global element y: I --+ B 
there is a fibre of g over y, defined by the following pullback: 

Cy)>------>• C 

'J 
------>.,B y 

Think of C, as the object lying over y via g. Pullback gives a fibre g" of g over 
any generalized element x: T--+ B, although the fibre will not generally be a 
sub-object of C if xis not monic. From this point of view, Es: A/ B--+ A 
takes each B-indexed family g: C---+ B to the union of its fibres, C. 

Let A be the category of sets. Every set B is the disjoint union of its global 
elements, so C will be the disjoint union of the discrete fibres C, over global 
elements of B. But if A is a category of spaces and smooth maps, then not only 
will the fibres be spaces, but they will be smoothly related to each other over 
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the indexing space B. In a category of data types and computable functions, 
the fibres will be data types, computably dependent on the indexing type B. 

For any category A, each slice A/ B has a terminal object, ls, whether or 
not A has a terminal object. Intuitively, 1 s is a B-indexed family of singletons, 
in the sense that it is terminal among B-indexed families, but also in the sense 
that the fibre of ls over any index x: T----. Bis just x itself. (Note that every 
category has pullbacks along any identity arrow.) 

THEOREM 11.1 If A has all finite limits, then so does each slice A/ B. 

PROOF The product of A/B objects, f:A--+B and g:C---.B, is the 
following pullback in A: 

A ---------.) B 
I 

with its arrow A XsC----+ B obtained by composing either way around. The 
reader can verify directly that A XsC, p1 , p2 is a product diagram for f and g 
in A/B. 

For any A/ B, and arrows k:f--+ g and k' :/----+ g, the following diagram 
is an equalizer: 

k' 
e E >>----..,)A _____ _ 

B 

where E, e is an equalizer for k and k' in A. Again, the verification is almost 
immediate. 0 

Pullbacks are sometimes called fibre products, because A Xs C is not the 
whole product A x C but the product taken fibre by fibre. The fibre over any 
x: T--+ B contains those pairs (h, k) with h in the fibre of/ over x and kin 
the fibre of g, that is, /(h) = g(k) = x. 

Notice that Es preserves equalizers but generally not products or the 
terminator. 
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Colimits in slice categories are discussed in Exercises 11.3-11.5, but for 
now we can say that if A has binary products then every Es= A/ B--+ A 
preserves all colimits. This, and much more, follows from the next theorem: 

THEOREM 11.2 If A has binary products, then for every A object B, the 
functor Es is left adjoint to B*. 

PROOF Given objects g: C--+ B of A/ B and A of A, an arrow 
( h, k): g---. B* A must have h = g, and so it is determined by any 

(h, le) 

B 
k:C---.A. In short, k:EBg--+A is adjunct to (g, k ). The reader should 
calculate the unit and counit of the adjunction, and verify that they are 
universal arrows. 0 

Intuitively, B* A is a constant B-indexed family, the fibre of which every­
where is A. Precisely, the fibre over any x: T--+ Bis T* A. The theorem says 
that a B-indexed family of arrows from g: C--+ B to B* A can be completely 
determined by ignoring the indexing and giving an arrow k from the union of 
the indexed objects, C, to one copy of the fibre A. The product arrow (g, k) 
restores the indexing. 

T-indexed families of arrows from A to B, as defined in Section 6, are 
adjuncts under Er -f T* to arrows T* A-+ T* B. T·indexed composition 
corresponds to composition in A/T, and the arrow fr of Exercise 6.15 is the 
adjunct of T*f. Now, by passing to A/Twe gain the non-constant T-indexed 
families of objects, k: C--+ T (see Exercise 11.6). 

11.2 Internal products 

If A is Cartesian closed, any B-indexed family of objects f has a B-indexed 
product nBf defined by the following pullback: 

llBf-----------• 

I ·1· 

AB -------•) BB 
1• 
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Intuitively, ll8 f represents arrows from B to A the composites of which 
with/are 18 . Such an arrow maps each index.~ in B to an element of the fibre 
Ax over x, so an element of ll8 fis a B-tuple ofvalues, with a value in Ax for 
each index x. If A is the category of sets, then n 8 / is (up to isomorphism) the 
usual Cartesian product of the fibres A,.. If A is a category of spaces and 
smooth maps, then an element of n J will have values varying smoothly in 
the indices, while if A models data types and computable functions the values 
will vary computably. 

There is a functor n B: A/ B--+ A that takes each /: A---+ B to n sf. 
Given an A/ B arrow 

le 
A--------------------------C 

B 

define ll8 k:llJ--+ll8 g by pulling the following triangle back along '18 '. 

This is a functor by the pullback theorems in Chapter 4. 

k. AB cs 

~I 
BB 

THEOREM 11.3 The functor n B is right adjoint to B*. 

PROOF Use the following series of arrows to establish an isomorphism of 
comma categories, (B*, A/ A)~ (A, ll8 ): 

t: T---+ ll8 f in A 

s: T--+ A8 such that/8 o s = '18 ' o !T 

s: Tx B--+A such that/os = p2 

s:B*T--+f in A/B 

For the first step, since !r is unique, the arrow t to the pullback is fully 
determined bys. The next step forms an adjunct under_ x B ~ _8

• The last is 
by definition of B* and arrows in A/ B. To show that this is an isomorphism 
of comma categories, show that the following square in A: 
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T' ----
1
,--_. Il8 f' f' 

commutes iff this one in A/ B does: 

i T B•T-----------.)f 

hl B•{ lk 
s' 

T' B• T'------> f' 
for any f:A--+B,f':A'--+B, and k:f-+f'. This is a direct calculation 
using the steps in the series (see Exercise 11.8). D 

There is a converse: 

THEOREM 11.4 For any category A with all finite limits, if every slice 
functor A* has a right adjoint llA:A/A--+A then A is Cartesian closed 

PROOF For each A object A, the functor_ x A factors as EA o A*. But each 
factor has right adjoint, so by composition of adjoints _ x A has right adjoint 
llAoA*. 0 

If A is Cartesian closed it does not follow that all its slices are (see Exercise 
11.9). But even if A and its slices are not Cartesian closed, each slice functor 
A• on A preserves whatever exponentials there are in A. 

THEOREM 11.5 For any category A with binary products, suppose that Be 
is an exponential of B by C. Then, for each A object A, A*(Bc) is an 
exponential of A* B by A*C in A/ A. 

PROOF For any A/ A object g: C--+ A, consider series of arrows: 

g xAA*C--+A*B in A/A 

EA(g x.AA*C)___. B in A 

(EAg)xC--+B 

EAg-+Bc 

g--+A*(Bc) in A/A 
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For the second step notice that E.A(g xAA*C) is isomorphic to (!'Ag) x C, 
which is clear when the pullback is laid out. In fact, this was 
Exercise 4.3. O 

11.3 Functors between slices 

For any category A, and A arrow f: A--+ B, there is a functor 
E1:A/A--+A/B that takes each A/A object g:C--+A tofog, and each 
A/A arrow h:g--+g' to h:fog--+f0 g'. The notation E1 is ambiguous, 
since/is also an object of A/Band there is a slice category (A/B)/f. But the 
ambiguity is perfectly tolerable since (A/ B)/f is isomorphic to A/ A: 

THEOREM 11.6 For any A arrow f: A____.. B there is a functor isomorphism 
I that commutes with the two functors E 1 : 

(A/B)/f A/A 

\I 
A/B 

PROOF An object of (A/ B)/f is an arrow of A/ B with codomain.f. So let I 
take the (A/ B)/f arrow on the left to its top arrow, an object of A/ A: 

h 
C-----)•A 

\/ 
B A 

Note that h fully determines the (A/B)// object, since g = f oh. The functor E 1 
defined on (A/B)// takes the triangle to its domain g, while E1 defined on 
A/ A takes h and composes it with f to give g. The reader can complete the 
proof, letting I take each (A/ B) If arrow k: h--+ h' to itself, construed as an 
A/ A arrow. (Draw the diagrams.) 0 

Since E1:A/A--+A/B is (up to isomorphism) a slice functor over A/B, 
Theorem 11.2 shows that if A/ B has binary products (that is, if A has all 
pullbacks over B) then E 1 has a right adjoint/*. If A/ B is Cartesian closed 
then/• has a right adjoint n 1 . A category is called locally Cartesian closed if 
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each of its slices is Cartesian closed. The fundamental theorem of topos 
theory will use the following case of these results: 

THEOREM 11.7 If a category A is locally Cartesian closed, then so is every 
slice of A. For each arrow/: A---. B of A there are functors E 1 ~! • -f n 1 , 

each right adjoint to the one before, and/* preserves exponentials. 0 

The functor f • is defined by products in A/ B so, to describe it in the 
category A,/* takes an arrow B and forms its pullback along/. The fibre of 
f*g over any x: T--+ A is the fibre of g over/(x). Intuitively, the fibre of E 1 h 
over an index Yin B is the union of all the fibres hx for x an index in A with 
/(x) = y; while the fibre of n 1 h is the product of those same fibres h". 

Exercises 

11.1 Show that for any category A and object B of A, an arrow h:/----. g of A/ B is 
monic iff h is monic as an arrow of A. 

11.2 For any category A and A object B, show·that EB has a left adjoint iff Bis 
terminal, and that E8 is then an isomorphism. Show that EB preserves binary products 
iff Bis subterminal. 

11.3 Show that if A has an initial object 0 then 0----. B is initial in A/ B. Also show 
that if objects A and C have a coproduct in A then any f: A--+ B and g: C---+ B 
have the following coproduct diagram in A/ B: 

A 
i1 

>A+ C< 
i2 c 

lm 
B 

11.4 For any parallel pair h, k:f---+ g of A/ B, if hand k have a coequalizer Q, q in A 
show there is a unique u making the following a coequalizer in A/ B: 

h 
>c q 

A )Q 
le 

) 

lg 

B 



106 Slice categories 

11.5 We say that a functor F: A--+ B creates colimits if it meets the following 
condition. For any diagram D in A, if the image of D under F has a co limit L with 
arrows I., then there is a unique cocone C, c, on Din A, such that FC = Land Fe, = 11, 

and this coconc is a colimit. Show that if F creates colimits then it preserves all 
colimits that exist in B. (A colimit might exist in A but not in Band, of course, F would 
not preserve it.) 

Interpret Exercise 11.3 as showing that E 8 creates initial objects and coproducts; 
and Exercise 11.4 as showing that it creates coequalizers. Show that E8 creates all 
colimits (finite or infinitci 

11.6 Take any category A with binary products and any A object T . Define a 
category with the same objects as A, where the arrows arc T-indcxed families of 
arrows, as in Section 6.6. Show that it is isomorphic to the full subcategory of A/ T, the 
objects of which arc the constant families r• A for objects A of A. In particular, show 
that T-indcxed composition corresponds to composition in A/T. 

11.7 If A has binary products, show that, for any A objects A and T, a T-clcmcnt of A 
is adjunct to a global element of T* A in A/ T. In particular, the generic clement of A is 
adjunct to ii: A--. A x A in A/ A. In fac~ ii is often called the generic clement of A. 
Show, if A has all finite limits, for every T, that every T-element x: T ~A has 
adjoint x• (LI). Thus, if we can prove the generic element LI of A has some property 
which is preserved by pullback, then every generalized element of A also has it. 

This form of generic clement is often applied in toposes (sec Chapters 18 and 19). 

11.8 Show that the arrows i: ll8 f>---.A 8 are the components of a monic natural 
transformation i: n B ,....._. (E_)8• In fact, the naturality squares arc pullbacks. 

Show that the two squares at the end of the proof of Theorem 11.3 both commute iff 
the following square commutes: 

iol 
>AB T--------------• f 

hl lk· lk 

T' --------------• i 0 ,. 

)A'B f' 

11.9 Show that CAT /N is not Cartesian closed, for N the coequalizer defined in 
Exercise 8.6. [One proof: Show that the unique arrow from/1: 2--+ N to the terminal 
object IN is epic, but the pullback of/2 : 2---+ N along/1 is not epic. Interpret this as a 
product in CAT /N and invoke Exercise 6.12.] 
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Mathematical foundations 

The axioms for, say, a Cartesian closed category are a sufficient foundation 
by themselves for the theory of a single such category. No stronger back­
ground theory or metatheory is needed for the theorems of Chapter 6. 
Similarly, the axioms in Chapter 22 suffice as a formal foundation for a 
category of sets, and those in Chapter 23 for a category of smooth spaces. But 
the past few chapters have worked with many categories at once, and this 
requires some further foundation. In what follows, two styles of mathematical 
foundations for general category theory are described. The first, found in 
most of the literature, interprets category theory in some axiomatic set 
theory. The second, still being developed, axiomatizes a category of cat­
egories in categorical terms. 

12.1 Set-theoretic foundations 

Set-theoretic foundations for category theory are largely concerned with 
questions of size. If you say that a category must have a set of objects and a 
set of arrows then there is no category Set containing all sets and functions. 
Set is too large to be a set itself. Similar problems arise with the category of 
groups and group homomorphisms, topological spaces and continuous 
maps, and so on. The literature contains several solutions to these problems, 
all using the idea of a universe. 

The original foundation used by Ellenberg and Mac Lane was 
Godel-Bernays (GB) set theory. GB begins with ordinary sets and adds 
classes, which have sets as members. There is a class U of all sets, also called 
the universe, and for every property of sets there is a class P of all sets having 
that property. If there is actually a set of all sets with the property, then Pis 
just that set. But if Pis too large to be a set, then it is a proper class, and it 
cannot itself be a member of any class. There is no set of all sets, by Russelrs 
paradox, and so the universe U is a proper class. 

Then define a category as a class Ar of arrows and a class Ob of objects 
together with functions: 

Dom: Ar--+ Ob 

Cod: Ar--+ Ob 

id; Ob--+ Ar 

m: Ar x0 b Ar--+ Ar 
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where Ar x0 b Ar is the set of pairs of arrows (/, g) with Dom (f) = Cod (g). 
(Verify that this is the pullback of Dom and Cod.) The functions must satisfy 
the equations in Section 1.1, writing IA for id(A) and/og for m((f, g)). 

If Ar and Ob are both sets we speak of a small category. Then the ordered 
five-tuple (Ob, Ar, Dom, Cod, Id) is itself a set. If Ob or Ar is a proper class 
we speak of a large category. In fact, if Ob is a proper class then Ar must be, 
because of identity arrows, so we can define a large category as one with a 
proper class of arrows. Similarly, a group with a set of elements is called a 
small group, and one with a proper class of elements is called large. A 
topological space with a set of points is a small topological space, and so on. 
Thus there is a large category Set of all sets and functions, one Grp of all small 
groups and homomorphisms, one Top of all small topological spaces and 
continuous maps, and so on. There is a large category Cat of all small 
categories. But no large category or large group or space is a member of any 
class at all, and there is no large category of all classes or all large groups or 
whatever, including that there is no large category of all large categories. 

A locally small category is one such that, for any two objects A and B, there 
is a set of all arrows from A to B. The large categories named above are all 
locally small. 

A well-powered category is one in which every object A has a set of 
representative sub--objects: that is, there is a set of monies to A such that every 
monic to A is equivalent to one of those in the set. A category is co-well­
powered if its dual is well powered. 

There are practical reasons for keeping track of what is small and what is 
not. Consider Set. Every set of sets in Set has a union in Set (even a disjoint 
union, a coproduct) and a Cartesian product. Also Set has equalizers and 
coequalizers, and so by Section 4.6 every diagram D----. Set has a limit and a 
colimit if D is a small category. But it may not if D is large-a proper class of 
non-empty sets has neither a disjoint union nor a product in Set. 

Notions such as well-poweredness help to reduce large diagrams to equi­
valent small ones. Consider any object A in a well-powered category with 
limits for all small diagrams, and any class S, of monies to A, i E /. Even if I is a 
proper class, this family of monies has an intersection since there is some set J 
with J ~ I such that every S, is equivalent as a sub--object to some S; with 
j E J. The S; collectively form a small diagram, a set of arrows all with 
codomain A. That small diagram has a limit, the intersection over A of the S1, 
and this limit is also the intersection of all the Si. Variants on this idea are 
widely used, notably in Freyd's powerful adjoint functor theorems (see Mac 
Lane 1971). 

The lack of a category of all classes or all large groups is not especially 
painful, but other restrictions in GB are. There are no functor categories 
between large categories, such as SetGrp would be, because a single functor 
from Grp to Set is already a proper class, and so no class contains even one 
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such functor. This foundation is strong enough to produce large categories, 
but not to do anything with them. 

Grothendieck's algebraic geometry required more flexibility, espe­
cially with functor categories, so he offered a more powerful foundation. A 
Grothendieck universe is a set V which satisfies the ZF axioms-more pre­
cisely, a set V such that: 

The set of natural numbers is in V. 
If yEx and xE V then yE V. 
If xE V and tE V then {x, y} EV. 
If x E V then the power set of x is in V and the union of all members of x is 

also in V. 
If x E V and f: x---+ y is a surjection, then y E V. 

The ZF axioms cannot prove that such a set V exists, since that would prove 
the consistency of ZF, so Grothendieck adopted a further axiom: 

Every set x is a member of some universe V. 
In particular, every universe Vis a member of some larger universe V'. For 
any universe V define a V-small category to be a category as above, but with 
Ob and Ar members of V. (It follows that Dom, Cod, Id, and the ordered five­
tuple of them all are also members of V.) Similarly, define V-locally-small, V­
well-powered, and so on. 

One can perform mathematics within a universe V as if in ZF set theory, 
since V satisfies the axioms of ZF. But at the same time every subset of V is 
actually a set and, in fact, a member of any universe V' with VE V'. Since V' 
also satisfies the ZF axioms you can work in it much more freely than with 
the proper classes of GB. If we define Set to be the category of all sets and 
functions in V, and Grp to be the category all groups and homomorphisms in 
V, then neither is V-small but both are V' -small for any V' with VE V'. The 
functor category SetGrp is also V' -small and so is much more. The category of 
all V'-small categories is V"-small whenever V' EV". The most powerful 
constructions anyone has had occasion to use in category theory involve at 
most a few successive universes. 

Size considerations are still important. The V' -small category Set defined 
above has all limits and colimits for diagrams defined on V-small categories 
D, but not for all on V'-small categories. Therefore, shifting from one 
universe to a larger one requires some attention to detail, but it is not difficult 
in practice. In fact, the major drawback of Grothendieck universes is that it 
seems extravagant to postulate a vast proliferation of universes, all support­
ing the same mathematics for all practical purposes. 

Mac Lane noticed that a single Grothendieck universe suffices for many 
purposes, and proposed a foundation extending ZF by a weaker axiom than 
Grothendieck's: 

There is a universe V. 
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A second universe V' with VE V' would prove the consistency of ZF plus 
Mac Lane's axiom, so its existence does not follow from ZF plus Mac Lane's 
axiom. This foundation does not make the categories Set and Grp defined 
above members of any universe, but they are still sets, as is the functor 
category SetGrp and more. 

Grothendieck9
S axiom is probably the most popular foundation among 

working category theorists, when they feel they must choose one. Mac Lane's 
seems the most elegant They all work: so would other strategies, including 
various ways of truncating the subject to fit within ordinary ZF. The most ex­
tensive discussion of set-theoretic foundations to date is in Mac Lane (1969). 

12.2 Axiomatizing the category of categories 

The other approach describes categories in terms of the functors between 
them. For example, objects and arrows of a category A would be defined as 
functors to A from 1 and 2 respectively. Then the opening of Chapter 1, •A 
category has objects and arrows ... ',becomes shorthand for 'We begin by 
looking at the functors to a category from 1 and 2'. 

More precisely, such a foundation begins with an axiom that says that 
categories and functors collectively form a category; that is, functors have 
domains and codomains, and compose and so on. Then there are special 
axioms on categories and functors such as: 

(Cat1) There is a terminal category 1. Every pair of categories A and B 
has a product diagram Ax B, p1, p2 and an exponential BA, evA.B· Every 
parallel pair of functors F, G: A--+ B has an equalizer e: E--+ A. 
There is also an initial category, and these are coproducts and coequal­
izers. 

(Cat2 ) There is a category 2 with exactly two global elements 0: 1--+2 
and 1: 1---+ 2. These two are disjoint as subcategories of 2. The functors 
12 , 0 o !2 , and 1 o !2 are the only functors from 2 to 2. And, given any 
parallel pair of functors F, G: A--+ B, either F = G or there is some 
f: 2--+ A such that F of :I= G of. 

If objects and arrows of a category A are defined as I-elements and 
2-elements of A respectively, then a functor F: A--+ B takes them to objects 
and arrows of B (as arrows in any category act on generali7.ed elements). 
Define the domain of an arrow f: 2--+ A to be the composite f o 0: 1--+ A. 
Then to say that a functor F preserves the domain off means that F(f o 0) 
= (F of) o 0, which is simply associativity of composition of functors. Sim­

ilarly, F automatically preserves codomains. Given an object of A, 
A: 1--+ A, define the identity arrow on A to be A o !2 : 2--+ A. Then 
functors preserve identity arrows; that is, F(A o !2) = (F o A) o !2 • 
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Given an arrow/: 2---+ A we may call/ o 0 the 'domain off as an arrow of 
A', just to distinguish it from the domain off as a functor which, of 
course, is 2. 

Define the category 3 as the pushout 

2 

y~ 
1 3 

~/. 
2 

Since a pushout square commutes, Po 0 = ex o 1. The domain of P as an arrow 
of 3 is the codomain of ex. It follows from Cat1_ 2 that the domain of ex is 
distinct from its codomain, and that both are distinct from the codomain of P 
(see Exercise 12.t2i So 3 has at least five arrows: ex, p, and the three identity 
arrows. Then an axiom says that: 

(Cat3 ) The category 3 has an arrow, y: 2--+ 3, the domain of which is 
the domain of ex, while its codomain is the codomain of p. 

Take any category A and arrows /:2--+A and g:2---+A, where the 
domain of g as an arrow of A is the codomain off, that is,/ o 1 = go 0. Since 3 
is a pushout there is a unique functor t: 3--+ A with to ex = f and to P = g. 
Then define the composite off and g as arrows of A to be t o ')'. We call the 
composite g oAf. The functor t preserves domains and codomains, so the 
domain of g oAf as an arrow of A is the domain of/, and the codomain is the 
codomain of g. Define a commutative triangle in A to be a 3-element t of A, 
and call the arrows to ex, top, and toy its sides. Then a functor F: A--+ B 
takes commutative triangles in A to commutative triangles in B. In other 
words, any functor preserves composition of arrows. 

In this approach, categorical structures are described by generalized ele­
ments. Objects are global elements, arrows are 2-elernents, commutative 
triangles are 3 elements, commutative squares are 2 x 2 elements, and so on. 
Functors automatically preserve all these. This is typical of categorical 
methods: any structure in any category which can be identified with a 
generalized element is preserved by all arrows of the category. 

Further axioms are needed to prove the usual theorems of category theory, 
but no one version has established itself as authoritative. The original source 
is Lawvere (1966), which remains important, although Isbell (1967) pointed 
out some technical flaws. Blanc and Donnadieu (1976) and McLarty (1991) 
have followed up different strands in Lawvere's paper. The reader is referred 
to these, plus BCnabou's (1985) use of fibred categories. 
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Exercises 

In Exercises 12.1-12.8 it is shown that there is a series of four adjoint functors between 
Set and Cat, 

Comp -I Disc -I U -I Iodise 

which cannot be extended at either end. Formally, this supposes that we have 
categories Set and Cat. For example, Set might be the category sets and functions in a 
Grothendieck universe V, and Cat the category of V-small categories and functors. 
Alternatively, they might rest on categorical foundations, as we will see how to do in 
Chapter 20, with any topos in place of Set. 

12.1 Define a functor U: Cat--+ Set, taking each small category to its set of objects, 
and each functor to its function on objects. 

12.2 Define a discrete category to be a small category with only identity arrows. 
Show that every set S gives a discrete category with Ob = Ar = S and Dom and 
Cod both the identity function 18 • Use this construction to define a functor 
Disc: Set--. Cat Show that Disc makes Set a full subcategory of Cat. 

12.3 For any small category A, define an inclusion functor Disc(U(A))>--+A that 
inserts the objects of A into A. Show that this functor is universal from Disc to A, and 
conclude that Disc is left adjoint to U. 

12.4 Define an indiscrete category to be a small category A such that for each pair of 
objects A and A' of A there is exactly one arrow from A to A'. In other words, every 
object of A is terminal. Show that every set S gives an indiscrete category with Ob = S 
and Ar= S x S and Dom= p1 and Cod= p2 • Define a full monic functor 
Iodise: Set---+ Cat that takes each set to its indiscrete category. Thus Set appears as a 
full subcategory of Cat in a second way. 

12.5 For each small category A, show that there is a unique functor 
A---+ Indisc(U(A)) that takes each object of A to itselfas an object oflndisc(U(A)), 
and show that this functor is universal from A to Indisc. Conclude that U is left adjoint 
to lndisc. Show that Indisc does not preserve the coproduct 1 + 1, and so is not left 
adjoint to any functor. 

12.6 Exercises 12.4 and 12.5 began with a definition oflndisc and deduced that it was 
left adjoint to U. Show how this could be reversed, to deduce the definition of Indisc 
from the supposition that it is left adjoint to U. [Hint: An object of Indisc (S) 
corresponds to a functor 1----+ Indisc ( S), and an arrow corresponds to a functor 
2----+lndisc(S). What must the adjuncts of these be iflndisc is right adjoint to U?] 

12 7 Let a pair of arrows.Ii and};, of a category A be linked if they have the same 
domain, or the same codomain. Then let an object A of A be connected to an object A' 
if there is a finite sequence of arrows Ji, ... ,f,., each linked to the next and with 
A = Dom (Ji ) and A' = Cod(f,.). Show that every object is copnected to itself, that if 
A is connected to A' then A' is connected to A, and that if A is connected to A' and A' 
to A" then A is connected to A". Show that if A is connected to A' in A then, for any 
functor F:A----+B, FA is connected to FA' in B. In short, 'connected to' is an 
equivalence relation, preserved by all functors. 



Exercises 113 

Define a component of a category A to be a non-empty, maximal connected full 
subcategory of A; that is, a full subcategory consisting of some object A and all the 
objects connected to il Show that A is the coproduct of its components. 

12.8 Define a functor Comp: Cat---+ Set left adjoint to Disc. [Hint: Comp takes 
each category to its set of components. What does it do with functors?] 

Show that Comp preserves products but not equalizers, and so has no left adjoint. 
[Hint: consider functors from 2 to the category E defined in Exercise 10.6.] 

Exercises 12.9-12.12 take the viewpoint of Section 12.2. For these exercises, give all 
proofs using axioms Cat1 _ 3 and the definitions in Section 12.2. 

12.9 Show (as a trivial exercise in the definitions) that an object of a product 
category A x B corresponds to a pair (A, B ), with A an object of A and B an object of 
B, and similarly for arrows. Since A x B is only defined up to isomorphism, there is no 
way to be more definite about the nature of the objects and arrows of A x B. Describe 
the objects and arrows of an equalizer for a parallel pair of functors F, G: A--+ B. 

12.10 Spell out Cat2 by the definitions as saying that 2 has two objects and three 
arrows. Note that the identity functor for 2 is the sole non-identity arrow of 2. Prove 
the following from the axioms. The product 2 x 2 has four objects and nine arrows, 
with domain and co-domain relations in 2 as shown (omitting identity arrows): 

(2. Oo!) 
(0, 0)~--------9(1, 0) 

(Oo!,2) (2,2~ (1·~2) 

(0, 1) -------. (1, I) 
(2, 1 o!) 

where 2 represents the identity functor on 2. 
Show that the composite of (1o!,2) and (2, Oo !) as arrows of 2 x 2 is (2, 2). 

[Hint: (2, 2) is the only arrow ofl x 2 with domain (0, 0) and codomain (1, 1 ).] So 
the diagram is a commutative square in 2 x 2. In general, define a commutative square 
in a category A as a functor S: 2 x 2----+ A and say that its sides are the composites of 
S with the four non-identity arrbws of 2 x 2 other than (2, 2). What functor does the 
diagram correspond to? 

12.11 Define the arrow category on A as the exponential of A by 2, A2• Show that its 
objects correspond to arrows of A and its arrows to commutative squares. [The above 
axioms do not suffice to prove that if arrows/, g, h, and k of A have g oAf = k oAh then 
there is necessarily a commutative square in A with those arrows as its sides. Thus 
they do not suffice to characterize the arrows of A 2 or other exponential categories 
very well (see McLarty 1991~] 

12.12 Show from Cat1 _ 2 and the pushout defining 3 that there is a functor t: 3----+ 2 
with to ex =F t o /J, and conclude that ex =F /J. Use this reasoning to show that neither ex 
nor /J is an identity arrow, and that the three identity arrows listed before Cat3 are all 
distinct. Using Cat3 , show that none of those five arrows equals i'· 
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Basics 

13.1 Definition 

A topos is a Cartesian closed category with a sub-object classifier. A sub­
object classifier is an object Q and a global element t: 1--+ Q such that for 
any monic s: S >---+A there is a unique arrow x.: A--+ Q that makes the 
following a pullback: 

s --------------------~ 1 

A ----------------~ x. 

The arrow x. is called the classifying a"ow for s, or the characteristic arrow 
for s. 

While every monic has a unique classifying arrow, one arrow may classify 
many monies. In fact,~ = x.· iff s = s' as sub-objects of A, since pullbacks are 
defined up to isomorphism. 

Since t is monic every arrow to Q classifies a sub-object of its domain, the 
pullback of t. So arrows from A and D correspond exactly to equivalence 
classes of sub-objects of A. Given an arrow w: A--+Q we often write 
w*: W>--+ A for the selected pullback oft along w. (By the conventions in 
Chapter 7 there is a selected one.) 

Throughout the rest of this chapter we assume that we are working with a 
topos E. 

13.2 The sub-object classifier 

THEOREM 13.1 All monies are equalizers, and all monic epics are iso. 

PROOF A monic sis an equalizer for x. and to !A, and an epic equalizer in 
any category is iso. 0 
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Think of Q as the object of truth values, with t as true. Then to ! A takes all of 
A to true. The classifying arrow of any s: S ~A is the unique arrow such 
that, for any T-element x of A, x Es iff Xs(x) = to !r. In short, x Es iff x.(x) is 
true. Conversely, an arrow to Q is fully determined by the part of its domain 
that it takes to true; that is, by the sub-object of its domain that it classifies. 

We will often use the abbreviation tr for the composite to !r, and even omit 
the subscript Twhen it is clear from the context. Thus, given any h: A--+U 
and an equation h = t, this ~t' must be short for tA- In an expression 
(h,t):T--+QxQ, 't' must be short for tr. Note that tr classifies the 
maximal subobject 1 r: T >----+ T. 

13.3 Conjunction and intersection 

The arrow t is sometimes called the generic sub-object because it is 
a sub-object of Q itself, and every sub-object is a pullback of it along 
exactly one arrow. There is also a generic pair of sub-objects, namely 
txQ:l xQ---+'2x'2 and '2xt:Qx 1--+QxQ. 

THEOREM 13.2 Given any pair of sub-objects of an object A, r: R >-----+A 
and s: S >----.A, there is a unique arrow u: A---. Q x Q that makes both the 
squares below pullbacks, and that arrow is ( Xr, x.): 

R 1 xQ s Qx I 

I lxn I lUxt 

A 
u )!lxU A QxU 

PROOF Consider the following diagram: 

R I xO ) l 

j txU 1 
A u 

QxQ 
P1 

)Q 

The left-hand square is a pullback iff the outer rectangle is; that is, iff 
p1 o u = Xr· Similarly, p2 o u = Xs· 0 
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THEOREM 13.3 The generic pair of sub-objects has intersection 
( t, t >: 1--+ Q x Q. 

PROOF If h:T--+lxQ and k:T--+Qxl have {txQ)oh=(Qxt)ok 
then h = ( !n tT) and k = (tr, !r ), and these factor through ( t, t ). 0 

Since ( t, t) is monic it has a classifier ": Q x Q--+ Q, called the conjunc­
tion arrow. Given any h and k from A to Q, we may abbreviate " o ( h, k) by 
h "k. Conjunction is a truth function with the familiar property: for any 
object T and u ErQ and vErQ, u " v =tr iff u = t7 and v =tr. 

THEOREM 13.4 Suppose that v:A___.Q and w:A--+Q classify 
v•: V>---+A and w*: W>---+A respectively. Then v "w classifies V" W. In 
other words, for any r:R>----.A and s;S>--+A, XrAs = Xr A Xa· 

PROOF Since (v, w) classifies the pair of sub-objects V and W, Theorem 
4.10 shows that " o (v, w) classifies their intersection. D 

So, for any xEr!l, (Xs" x,)(x) =tiff x.(x) = t and x,.(x) = t. 
Familiar properties of intersections allow us to conclude that for any T­

elements u, v, and w of Q, u " u = u, and u " v = v " u and ( u " v) " w 
= u " (v " w). For example, u• "u* equals u*, so both u " u and u classify 

u•, sou" u = u. We also have, for any uETQ, u" t = u, since both sides 
classify u•. 

13.4 Order and implicates 

Define ~ 1 as the equalizer of " and p1 : 

For any ( v, w): T--+ '2 x Q, write v S 1 w to abbreviate ( v, w) E s 1 , saying 
that ( v, w) factors through ~ 1 • Then the definition of ~ 1 as an equalizer 
can be restated in the form 

v s 1 w iff v = v " w 

That definition and known properties of conjunction imply, for any T and 
T-elements u, v, and w of Q: 

u S:1t 

if u ~ 1 v 

if u S:1V 

and 

and v s 1 w then u S 1 w 

and v ~ 1 u then u = v 

Thus s 1 is an order relation on Q. Intuitively, u ~ 1 v if v is at least as true as u. 
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THEOREM 13.5 Let v and w classify v•: V>---+ T and w•: W>--+ T. Then 
v S 1 w iff v• £ w* as sub-objects of T. 

PROOF v* £ w• is equivalent to v* = v• n w*. But that is equivalent to 
v = v " w and so to v ~ 1 w. 0 

The monic S 1 : Q 1 >---+ Q x Q is a relation from Q to U in the sense 
of Chapter 5. It internalizes the relation v* £ w* in the sense that a pair 
( v, w) has v* £ w• iff it factors through ~ 1 • Its classifying arrow is written 
-+ : U x Q---+ Q and is called the material conditional arrow. 

Write h-+ k to abbreviate-+ o (h, k). The definition can be restated as 
follows. For any T and T -elements u and v of Q, ( u--+ v) = t iff u s 1 v; that is, 
u-+ v is true iff v is at least as true as u. 

For any sub-objects q: Q >---+A and r: R >----+A, define Q => R to be the 
sub-object c;;lassified by Xq -+ x,. Call Q => R the (material) implicate of 
R by Q. 

THEOREM 13.6 For any sub-objects Q, R, and s:S~A, we have 
( S n Q) £ R iff S ~ ( Q => R ). 

PROOF First, S £ ( Q => R) is equivalent to -+ o (xq, Xr) o s = t11 • This is 
equivalent to (Xq o s) ~ 1 (x,o s) and so to (Sn Q) £(Sn R), which is easily 
equivalent to (Sn Q) £ R. 0 

Since (Q => R) £ (Q => R) we have (Q => R)" Q £ R. So the theorem 
says that Q => R is the largest sub-object of A the intersection of which with 
Q is contained in R. 

13.S Power objects 

Since arrows from any A to U classify sub-objects of A, the exponential QA is 
the object of sub-objects of A or the power object of A. The membership 
relation over A is internalized by the following pullback: 

E-4 ----------_.....;~ 1 

I l· 
For any (x, h): T--+A x QA we abbreviate the confusing notation 
( x, h) E E-4 by x EA h. Either expression says that ( x, h) factors through EA 
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or, equivalently, evA o (h, x) = t (notice how the twist arrow has dis­
appeared). 

THEOREM 13.7 Take any x: 1--+A and w:A --+Q. Then xEA'w' iff 
xEw*. 

PROOF To say x EA 'w' means that the outer quadrilateral commutes: 

x 
~A I 

+ 

l· 
Ix A 

1w·~A 
QAxA u ev 

But the two left-hand triangles commute trivially, so the outer quadrilateral 
commutes iff w ox = t. 0 

13.6 Universal quantification 

For any E, the name 'tE': 1--+QE represents the maximal sub-object 
1 E: E >----+ E. And since every arrow from 1 is monic, 't E' itself has a classifying 
arrow VE: QE--+ U; that is, VE takes a sub-object of E to true iff it is the 
maximal sub-object. 

Given any relation r: R ,,_____.Bx A, define the universal quantification of r 
over A to be the following pullback along the transpose of the classifying 
arrow: 

(Va)R 1 

(Va)I 1· .. 
B ~ QA 

Xr 

Equivalently, (Va)R is the sub-object classified by VA o Xr· The following 
theorem says that (Va)r is the largest sub·object of B that is r-related to all of 
A, and so explains the term 'universal quantification'. 

THEOREM 13.8 For any s:S>--+B, S £ (Va)R iff S x A£ R. 
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PROOF We have S ~ (Va )R iff Xr o s = 't A' o !s. Transposing both sides gives 
Xro(s x A)= ts>< A· Exercise 13.4 completes the proof. 0 

Of course, we might want to quantify over any factor of a finite product. 
Also, note that one object may occur several times in the factors of a product, 
so the quantification is actually along a certain projection rather than over 
a certain object. Given any finite product A1 x · · · x An and any i between 
1 and n, define 11 to be the obvious isomorphism from A 1 x · · · x An to 
A1 x · · · x A1_ 1xA1+ 1 x · · · x An x A1• For any r: R >---+ A1 x · · · xAn, de­
fine the universal quantification of rover A., written (Vpi)r, to be the pullback 
of 'tA1' along the transpose of 11 or. 

13.7 Members of implicates and of universal quantifications 

For any sub-objects q: Q >---+-A and r: R >---+A and generalized element 
w Es A, we have w E Q n R iff w E Q and w ER. The situation for material 
implicates and universal quantifications is more subtle: 

THEOREM 13.9 Consider a relation r: R Bx A. For any w Es B we 
have w E(Va)R iff w x lA £ R. 

PROOF We have w E(Va)R iff Xr ow= 't 8 ' o !s. Transposing both sides gives 
Xro(wx lA) =ts>< A, which is equivalent tow x lA s;; R. 0 

CoROLLAR v For r and w as in the theorem, w E (Va)R iff for every 
h: C --+S and k: C--+ A we have ( w( h ), k) ER. In other words, for every 
later stage of definition h: C--+ S, w considered at that stage has R to every 
element of A defined at that stage. 

PROOF The theorem is the case in which C = S x A, h = p1, and k = p2 • 

The general case follows by an easy diagram. Think of S x A, p1, p2 as the 
generic object with an arrow to S and one to A-every such object and two 
arrows factors uniquely through this one. 0 

THEOREM 13.10 For w, q, and r as above, define y: T>---+S by the following 
pullback: 

T---_.,.> Q 

y q 

s ----->~A w 
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Then w E ( Q ~ R) iff w(y) ER. 

PROOF Note that w(y)EQ. If we assume that wEQ~R then certainly 
w(y) E Q ~ R. Thus w(y) E ( Q ~ R) f'l Q, so the remark following Theorem 
13.6 shows that w(y)ER. Conversely, assume that w(y)ER. Since w(y) is the 
pullback w - 1 Q this means that w- 1 Q £ w- 1 R, and so 

w- 1Q = w- 1(QnR) 

This means that w o Xq classifies the same sub-object as w o Xq n, and so these 
are the same arrow. Therefore w factors through the equalizer of x11 and Xqnr· 
By Exercise 13.13, that equalizer is Q ~ R. 0 

Think of y as measuring how much of w is in Q. Then the theorem says that 
w E Q ~ R iff w is in R at least as much as it is in Q. 

COROLLARY For w, q, and r as above, wEQ ~Riff: for every h: C----.S, if 
w(h)E Q then w(h)E R. 

PROOF This follows by the pullback property of T. Think of y: T---+S as 
the generic arrow to S factoring through Q-every arrow to S factoring 
through Q factors uniquely through y. 0 

Exercises 

13.1 Show that the singleton category 1 is a topos. A topos in which every object is 
terminal is called trivial. Supposing that a topos E has an initial object 0 (Theorem 
16.12 shows that every topos has an initial object), show that if0 has a global element, 
E is trivial. 

For any toposes E and E' prove that the product category E x E' is a topos. Show 
that ifE and E' have initial objects 0 and 0' then for any objects A and A' ofE and E' 
respectively the product (0, A') x (A, 0) is initial in Ex E'. 

13.2 Lett: 1----.. U and t': 1----.. U' be two sub-object classifiers for one topos. Show 
that U ~ U' by a unique isomorphism commuting with t and t'. 

13.3 Given any s: S >--+A and/: B---+ A, show that the classifying arrow of 1- 1 (s) 
is Lo/. 

13.4 Show, for any sub-object u: U >---+A with classifying arrow x11 , and v: V>---+ A, 
that we have V ~ U ift' Xuo v = ty. 

13.5 Let u: U >---+A be any sub-object and c any T-element of A with c EU. Show 
for any s: S--. Tthat c(s)E U. We say that Sis a 'later stage of definition' than Tand 
that c( s) is 'c at the later stage S'. Compare with Chapter 18. In these terms, if c is in U 
it remains in U at all later stages of definition. 

13.6 Extend Theorem 13.7 to generalized elements. For any (x, s): T---.A x U'\ 
show that x EA s iff (1 n x) Es•. 

13.7 Prove, for any sub-objects Q and R of one object A, that 
[Qn(Q~R)] :s(QnR). 
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13.8 Show that the intersection of s 1 and its opposite is the diagonal tJ0 :U>---+t2 
x U. Show that S 1 is the material implicate of the generic pair of sub-objects. 

13.9 For typographical convenience, let PA denote the power object UA. For any 
object A define an internal intersection arrow r"I : PP A--+ PA. [Hint: the transpose 
PP A x A--+ t2 should take a pair ( s, x) to true iff for every p EPA s we have x EA p.] 

13.10 For any A, define ~A: Ax A -....u to be the classifying arrow for A: A>---+ A 
x A. Thus for any (h, k): T----+ Ax A,~ A(h, k) =tiff h = k. The transpose of~ A is 
called the singleton arrow { } A: A--+ UA. For any x: T--+ A we write { x} to 
abbreviate { } A o x. 

Prove, for any x Er A and y Er A, that x EA {y} iff x = y. [Hint: use the diagram 
and the fact that~ Ao (y, x) = t iff x = y.] 

T----(x_. _Y> ___ )•A X A----A_x_{_) __ ,_.A X QA 

twl { l~A lw 
Ax A---------•UA x A 

Conclude that for any A, the singleton arrow { } A is monic. 

13.11 Pullback preserves implicates. Given q: Q >----+A and r: R >--+A and 
f: B--+ A, show that 

/- 1(Q•R) ::(/- 1Q)•(/- 1 R) 

by showing that both sides have the same classifying arrow. 

13.12 Pullback preserves universal quantification. Given r: R >---+ B x A and any 
/:C----+B, show that r 1((Va)R)::(Va)(/xA)- 1 R. [Hint: consider classifying 
arrows and transposition.] 

13.13 To show that Q • R is the equalizer of x, and Xqnr, note that these factor as 
Pi 0 (tq, Xr) and A 0 <x,, x,) respectively, and prove the following theorem, which 
holds in any category. 

For any arrows as shown: 

A__!_.B~C 
ti 

pulling any equalizer for h and g back along f gives an equalizer for h of and g of. 
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13.14 A class of generators for a category Eis a class C of E objects such that for 
every parallel pair of arrows/, g: A---+ B in E either f = g or there is some C in C and 
h: C-A with f oh #:go h. Obviously, the class of all objects of E is a class of 
generators, but a given category E may also have much smaller classes of generators. 
The singleton class { 2} is a generator for the category of categories. 

If E is topos show it follows that, for any two sub-objects u: U >--+A and 
v: V >---+ A, U £ V iff for every C in C and x Ee A if x E U then x E V. The proof uses 
the sub-object classifier, and the result does not hold in all categories (compare with 
Theorem 4.3). 

13.15 Let C be a class of generators for a topos E. Given any u: U >-----+A and 
v: V >--+A, let s: S >--+A have the following property: for any C in C and x Ee A we 
have x ES iff, for every C' in C and h: C'----+ C, if x(h) EU then x(h) EV. Show that 
S = U => V. That is, show that any sub-object that looks like U ~ V to the objects of 
C actually is U => V, up to equivalence of sub-objects. 

Given R, a sub-object of B x A, suppose that for any C in C and x Ee B, x E S iff for 
every h: C'----+ Band k: C'----+ A we have (x(h}, k) ER. Show that S = (Va)R. 

13.16 In any category with pullbacks a power object of an object A is an object PA 
with a universal relation from A to PA: a relation EA >---+ A x PA such that for any 
relation R >---+Ax B there is a unique arrow f: B----+ PA such that Risa pullback of 
EA along IA xf. Show that the power objects defined above are power objects in this 
sense. 

Conversely, show that any category with all finite limits and with a power object for 
each object is a topos. First, show that Pl is a sub-object classifier. Then show that for 
any object B the power object P(B x A) is an exponential of PB by A. (Any C---+ P(B 
x A) gives a sub-object of C x A x B, and so an arrow C x A----+ PB.) Show that any 
object Bis an equalizer oft o !8 and the arrow ~B that classifies the diagonal B >--+ B 
x B. Show that the equalizer of the exponential arrows (to !8}A and (d8)A is an 

exponential of B by A. 
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The internal language 

For more complex reasoning in a topos E, we introduce a notation com­
bining variables with E arrows to make up a kind of set-theoretic language 
with a familiar (although not quite classical) logic. This language is called the 
internal language of E. The internal language, and how its terms refer to E 
arrows, is described in Section 14. l. The logic of this language is described in 
Section 14.2, and various proofs in it are given in Section 14.3. 

14.1 The language 

The internal language is sorted, with each E object A as one sort. We 
inductively define terms and their sorts: 

(LTl) Each E object A has a list of variables over A, Xtt x2 , x 3 ••. Every 
variable over A is a term of sort A. 

(LT2) For any arrow f; A--+ Band terms sort A,fs is a term of sort B. 
Every arrow c: 1 ---+A with domain sort 1 is itself a term of sort 
A: we call it a constant of sort A. We write ! as a constant for the 
identity arrow on 1. 

(LT3) For every term s1 of sort A and s2 of sort B, there is a term (s1 , s2 ) 

of sort Ax B. 
(L T4) For every terms of sort Band variable y of sort A, there is a term 

(ly)s of sort BA. 

A variable x isfree unless it is bound by a lambda operator (A.x). We may 
write (lx. A) to indicate the sort of the variable. A term with no free variables 
is closed. 

Given a variable x and a term v of the same sort, for any term s we write 
s(x/v) for the term obtained by substituting v for every free occurrence of x 
in s. If no free variables of v become bound in s( x/v) we say that v is free for 
x ins. 

Suppose that a term s has sort Band all its free variables are in the list 
y1 , ••• , Y.tt where the y's are variables over A 1 , ••• , A.rr respectively. Thens 
refers to an arrow Isl: A1 x · · · x A"--. B, which we call the interpretation 
of s. Intuitively, any assignment of a value to each variable, giving each y1 a 
value in Ai, determines a value for s. Since the arrow Isl actually depends on 
the list of variables involved, we should show the list in the notation 



14.1 The language 127 

We use i to abbreviate a list x 1, ••• , Xn and then Ai' ... , An is the list of 
sorts of the variables in the same order. A variable can only appear once in a 
list, but an object A will appear as many times as there are variables over A in 
the list. For a term s of sort B and a list i including all the free variables of s, 
we write lsl.x: Ai x · · · x An--+ B for the interpretation of s relative to the 
list x. We always assume that our lists of variables include all those that are 
free in.the terms we apply them to. Ifs has no free variables then x can be an 
empty list of variables, and of course the product of an empty list of sorts is 1. 

(II) For any list x and variables X; in the list, lxd.x is the ith projection 

A1 x · · · x An---+A1 

(12) For any arrow/: A--+ B, ifs is a term of sort A then I/ sl.x is 

Isl; I 
Aix · · · xAn---+A--+B 

For any constant c, lcl.x is 

c 
Ai x · · · xAn---+ 1--+ B 

(13) For any terms s i of sort A and s2 of sort B, I ( s tt s2 ) Ii is the pair 
arrow to Ax B induced by lsil.x and ls2 1.x-

(14) For any terms of sort B, if the variable y over A is not in the list x 
then l(A.y)sl.x is the transpose of lslx, 1: x · · · x An x A--+ B. 

If the bound variable y is in the list x that is an irrelevant 
coincidence. Then we replace y in (A.y)s by some variable over A 
neither ins nor in the list x. 

By L T2, for any term g of sort BA and s of sort A there is a term ev( ( g, s) ). 
We will abbreviate this to g(s). Also, we will use set builder notation for 
lambda abstraction over '2; that is, rather than write ( A.x. A )s when s has sort 
Q, we write { x. A Is}. This suits our view of an arrow from A to U as a sub­
object of A. And for a term P of sort UA we write x E Prather than ev ( (P, x) ). 
In what follows we will omit angle brackets inside parentheses, writing/(x, y) 
rather than f ( ( x, y) ). 

A formula is a term of sort Q. By L T2, for any formulas cp and t/I there are 
formulas A ( cp, t/I) and -+ ( cp, t/I ). We will write these as cp & t/I and cp--. t/J. 
There are also formulas/ a, --cp, and cp v t/I, read as 'false', 'not-cp', and 'cp or 
t/I', which we describe in this chapter, although the definitions are given in 
Chapter 15. 

For any formula cp and variable y over any object A, we define the formula 
(Vy. A)cp as an abbreviation for VA {y. A lcp }. So (Vy. A)cp says that {y. Alcp} 
is all of A. Its interpretation over a list of variables x follows the definition. 
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It is 

if the variable y does not occur in the list x. If y in the list it is first replaced by 
some new variable. Note that y is bound in (Vy. A )q>. In Chapter 15 we define 
an existential quantifier (3x. A) for each A. 

For any terms a1 and a2 of sort A, the arrow l> A: A x A~ U gives a term 
l> ... (a1 , a2 ) which we abbreviate to a1 = a2 • It follows that lai = a2 Ix is the 
classifying arrow for the equalizer of la1 Ix and la2 1x· 

Finally, for any monies i: I>---+ A and r: R >---+A x B, we write formulas 
l(s) and Rsis2 as abbreviations for x,(s) and x,.(stt s2 ), wheres and s1 are any 
terms of sort A and s2 is any term of sort B. 

14.2 Topos logic 

The extension of <p over a list of variables x is the sub-object of Ai x · · · x A,. 
classified by 1'1'1.x- Write [il<p] for this extension and think of'all x such that 
q>'. For example, we have: 

[ilt] = A,x · · · xA,. 

[.il<p&tfr] = [.il<p] ("\ [ilt/I] 

[xl'fJ-+t/IJ = [il'l'J => [xlt/IJ 

and [ii (Vy)<p] is the universal quantification of[.i, yj<p] over the projection 
corresponding to y. 

A formula <p is called true if its extension [.ij<p] is all of Ai x · · · x A,. 
when .i lists exactly the variables free in <p. 

We say that a formula <p implies t/I if the extension of <p is contained in that 
of tfr. More generally, for any finite set of formulas r, write [xlI'] for 
the intersection of the extensions over x of all formulas in r. In particular, 
[ii ] =Ai x · · · x A,. for the empty list of formulas. Then I' implies <p iff 
[ x I I'] ~ [ x I q>] when x lists exactly the free variables in r and 'I'· 

A sequent is an expression I': <p, where r is a finite (possibly empty) set of 
formulas and <p js a formula. Think of I': <p as a claim that the formulas in I' 
imply <p. The sequent is true iff r does imply <p. In particular, a sequent : <p 
with empty left side is true iff [ x I 'I'] is all of A i x · · · x A,. and so iff <p is true. 
When we know a sequent I': <p is true we may write 

We can give sound rules of inference for these sequents; that is, rules such 
that applying them to true sequents of E always yields true sequents. We call 
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these rules topos logic. We will describe these rules and their use in this 
chapter, and prove that they are sound in Chapter 15. 

First are the structural rules. From the sequent or sequents above the line 
we can infer the one below. An asterisk shows that the sequent below follows 
from an empty set of assumptions: 

Trivial sequent: 

True and false: 

Thinning: 

Substitution: 

Cut: 

• 
"':"' 
• • 
: t fa: 'I' 

r:"' 
r, t/I: "' 

r:"' 
I'(x/s): cp(x/s) 

for any term s free for x in 
all the formulas 

r, t/I:"' and r:"' 

r:"' 
if every variable free in t/J is 
free in r or in "' 

Exercises 14.5, 15.5, and 16.7 explain the restriction on the cut rule. The 
basic point is that if t/I has free variables over empty objects then the upper 
sequents are trivially true even if the lower one is false. 

There is one reversible connective rule for each connective. From the 
sequent(s) above the line we can infer the one below, and from the one below 
we can infer the one or either of the ones above: 

r, cp:fa r:"' and r:"' 
r: ,... "' r: "' & .p 
r, cp: 6 and r, t/J: 6 r, cp:"' 

r,"' v .p:o r:cp_,.t/I 

and if the variable x is not free in r or t/I: 

I':cp I',cp:t/J 

I': (Vx )cp I', (3x )cp: t/I 
Finally, we have the axioms of local set theory: 

Singleton: l-- (Vy. l)y = ! 

The equality axioms, for variables q, r, and x all over any one object A, 

l-- q = q (q = r1 cp(x/r) J- cp(x/q) 

where cp is any formula with q and r both free for x in cp: 

Biconditional: (v-+w)&(w-+v)f- v = w v, w.tl. 
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The converse follows from the equality axioms. For formulas cp and t/I we 
usually write 'cp +-+ t/J' instead of "cp = t/J'. 

P d t I 'L I ro uc : Pt u = Pt u , p2 u = p2 u 1 u = u u, u' .Ax B 

~(Pt (s, s') = s & p2 (s, s') = s') s, s'. B 

Extensionality: (Vx. A)f(x) = g(x) ~ f = g f, g. BA 

Comprehension: ~ ((h. A)s)(x) = s x. A 

for any term s of sort B. 
In the case B = U we have an alternative notation, of course. The exten­

sionality and comprehension axioms take the following form: 

(Vx.A)(xEP+...xEQ) ~ P = Q 

~ xE{x.Alcp}+-+cp x.A 

for any formula cp. 
This is local set theory in that each variable is over one object-there are 

no global variables. 
The structural rules, connective rules, and axioms of local set theory are 

not really axioms for us. The next chapter proves all of them from the axioms 
for a topos. But we treat them as axiomatic in the internal language, and in 
fact they are complete in a certain sense, as discussed at the end of Chapter 15. 

14.3 Proofs in topos logic 

Typical differences between topos and classical logic are that 'cp v "' cp' and 
'"' "' cp-+ cp' are not provable in topos logic, and neither is '"' ( cp & t/J) -+ 
(--cp v "'t/J)' or',...., (Vx)cp--+(3x)"' cp', or '(Vx)cp-+(3x)cp'. In short, it is 
hard to conclude from a negative, or to a disjunction or an existential 
statement in topos logic. An assortment of deductions will show how topos 
logic works. We often omit obvious steps. 

Clearly, by the definition of & any list of formulas on the left-hand side of a 
sequent is equivalent to its conjunction. So we form or separate conjunctions 
of formulas on the left without comment. 

We deduce two forms of the law of non-contradiction: 

• • 
"' cp, cp:fa 

cp& "''P:fa cp : "' "' cp 

: cp--+ "' "' cp 
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Three DeMorgan laws are provable. This deduction: 

* 
* and "': "' v t/I 

"' ( cp v t/I ), ( cp v t/I), cp : fa "' ( cp v t/I ), cp: cp v t/I 

"' ( cp v t/I 1 cp: fa 

"' ( "' v "' ) : "' "' 
shows how to prove 

Two more are straightforward applications of "', &, and v rules: 

~ ("' "' & "' "')--+ "' ("' v "') 

~ ( "' "' v "' "')--+ "' ("' & "') 
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As already remarked, the converse of the last is not provable in topos logic. 
The distributive laws for conjunction and disjunction are provable. For 

example: 

• • 
cp&O:(cp&O) v (cp&t/I) and cp&t/l:(cp&O) v (cp&t/I) 

"'' 0: ("' & 0) v ("' & "') "'' "': ("' & 0) v ("' & "') 
cp,O v t/l:(cp&O) v (cp&t/I) 

cp&(O v t/l):(cp&O) v (cp&t/I) 

The converse is easier: 

(cp&O) v (cp&t/I) ~ cp&(O v t/I) 

and, similarly, 

"' v ( 0 & "') ~ ~ ("' v 0) & ("' v "') 

As to quantifiers and negation, consider the following deduction: 

• 
(Vx) "' cp: (Vx) "' cp 

(Vx)"' cp: "'cp 
(Vx)"' cp, cp:fa 

(Vx)"' cp, (3x)cp:/a 
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A similar deduction shows that (Vx)cp and (3x) rv <Pare contradictory. Thus 
we have 

J-- (\Ix) rv "'____... rv (3x)cp 

~ (3x)cp--+ "'(Vx) rv cp 

J-- ( 3x) ,...., cp --+ ,...., (\Ix) cp 

J-- (Vx)cp--+ rv (3x),...., cp 

Of all these, only the first has converse provable in topos logic for all 
formulas cp: 

• 
cp: ( 3x )cp 

,...., ( 3x )cp: rv "' 

,...., ( 3x )cp: (\Ix) ,...., cp 

For the step from the first sequent to the second, see Exercise 14.1. 
Local set theory proves relativized versions of the usual axioms of set 

theory; that is, versions with bounded quantifiers. For example, for every 
object A, the term { x. Alfa} is the 'empty set of things in A'. Formally, we 
show that 

~(Vy. A)"' (y E { x. Alfa}) 

by deducing it from 
y E { x, A I fa} J-- fa 

which itself is a case of the comprehension axiom. 
Each object A has analogues to the pair set, power set, and union axioms of 

classical set theory relativized to A: 

J-- ('Vx.A)(\ly.A)(3z.QA)(\la.A)(aEz.-.(a =xv a= y)) 

J-- (Vx. QA)(3y. a<0 .. >)(Vz. UA)(z Ey.-.(\la. A)(a Ez--+aEx)) 

J-- (\Ix. a<0 .. >)(3y. QA)(\la. A)(aEy+...(3z. QA)(zEx &a Ez)) 

To deduce the first just use the term { s. A Is= x v s = y }. The others are 
similar. 

Exercises 

14.1 For any formulas <p and 1/1, from the premise <p: I/I deduce ""'1/1:,.., <p. 

14.2 Fill out the deductions abbreviated in these inferences, used several times above 
without comment: 

I':l/I and l/J:<p 

I':<p 

I':<p 

r, <p----+ o: o 
where every variable free in I/I is free in either r or <p. 
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14.3 Give deductions in topos logic for each of these: 

q> f- 1/1---+q> 

q>--+,.., q> f- ,.., q> 

,.., q>---+q> f- ,.., ,.., q> 

,.., q> v t/I f- q>---+ I/I (but not the converse) 

,.., ,.., ,.., q> -If- ,.., q> 

(q>& t/1)---+ 6 -If- q>---+(1/1---+8) 

(q> v 1/1)--+8 -If- (q>---+8)&(1/1---+8) 

(Vx. A)(q>& 1/1) -If- (Vx)q>&(Vx)l/f 

(3x.A)(q>&.p) f- (3x)q> 

(3x.A)(q> v 1/1) -If- (3x)q> v(3x)l/f 
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14.4 Assuming that xis not free in q>, give deductions in topos logic for each of these: 

(3x.A)(l/f---+q>) f- (Vx)l/f---+q> 

(Vx.A}(l/f---+q>) -If- (3x)l/f---+q> 

14.5 The free variable restriction on the cut rule blocks the attempt to deduce 

f-(Vx.A)q>---+(3x.A)q> 

by cut from (Vx)q> f- q> and q> f- (3x)q>. Show that the sequent can be deduced 
if there is any constant of sort A. Show it can be deduced from the premise 
(3x.A) x = x. 

In fact, suppose that x 1 ••• xn are all the variables free in I/I which are not free in I' 
or q>. Then show that from 

one can deduce 

:(3x1. Bi} ... (3xn. Bn}Xi = X1 & ... &xn = Xn 

r, .µ:"' 
I':l/I 

I':q> 

while obeying the free variable restriction. 

14.6 Show that in topos logic a contradiction implies anything; that is, deduce 

q>&--q>f-"' 

14.7 From the axioms of equality deduce each of these sequents, for any variables 
q, r, ands of the same sort: 

q = r:r = q 

q = r, r = s: q = s 
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14.8 Call the negation rule given above the topos negation rule, and call the following 
the Boolean negation rule: 

r,-<p:fa 

I':<p 

Derive the topos rule from cut and the Boolean rule. [Hint: from the Boolean rule 
derive - - <p ~ <p. Use that and cut to derive half the topos rule. From that derive 
<p ~ - - <p and then the other half of the topos rule.] 

Boolean logic is topos logic with the Boolean negation rule. Apart from the free 
variable restriction on cut, Boolean logic is classical logic. 

14.9 Derive each of these rules in Boolean logic: 

• • 

Conversely, derive the Boolean negation rule from topos logic (including the topos 
negation rule) plus either one of these. 

14.10 Deduce each of these in Boolean logic: 

-(<P&l/I)~ -<pv "'"' 

- I/I--+ - "'~ "'___."' 
<p---+1/1 ~ "''P vi/I 
(\fx.A)<p---+1/1 ~ (3x.A)(<p---.l/I) if x is not free in I/I 

and converses to the quantifier negation theorems in Section 14.3. 

14.11 Suppose that we extend topos logic by the quantifier negation rule 
(\fx)+-+ - (3x) - for all variables x (or even just for all variables over U). Show that 
this formula is derivable: 

~ (\fw.U)(w = t v w =fa) 

From that derive the law of excluded middle, ~ <p v - <p, and conclude that 
the extension is Boolean logic. [Hint: show that ~ (<p = t)+-+<p, and show that 
~ (<p =fa)+-+ - <p) for any formula <p.] 

14.12 Show that extending topos logic by the fourth DeMorgan law 

- (<p& 1/1) ~ ,.., "' v - "' 

is equivalent to extending it by the law 

~ "'<pv ,.., "''P 

The example ofSet2 among others in Chapter 22 shows this is weaker than excluded 
middle. 
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Soundness proof for topos logic 

In this chapter the truth value false, negation, disjunction, and existential 
quantifiers are defined, and it is proved that topos logic is sound. A reader 
who feels no need for the details may omit this chapter. 

15.1 Defining fa, "', v , and ( 3x) 

We define/a, ~, v, and (3x) in terms of&,-+, and (Vx), using quantification 
over !2. In this section we use only the structural rules, not including 'false', 
and the inference rules for&,-+, and (Vx). 

The formula (Vw. tl)w implies every formula: 

• 
(Vw)w:w 
(Vw)w:<p 

since <pis obviously free for win w. Thus we can define/a to be (Vw)w, and the 
sequent rule 'false' follows. There is a reversible derived rule of inference: 

r, <p:fa 

I':cp--+fa 

So we can define ,_ <p to be <p--+ fa and the ,_-rule follows. 
For any formulas <p and t/I consider the formula 

(Vw)([(<p--+ w)&(t/1--+ w)]---. w) 

for w a variable over '2 not free in <p or t/J. Each of <p and t/J implies it: 

• 
<p, (<p--+ w)&(t/1--+ w): w 

<p:(Vw)([(<p--+ w)&(t/1--+ w)]--+ w) 

since w is not free in <p or t/J. On the other hand, for every formula () we have 

(Vw)([(<p--+w)&(t/1--+w)]--+w) ~ [(<p--+lJ)&(t/1---+0)]--+lJ 
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So we can use cut in the last step to give this deduction: 

r, <t>= o r, .p: o 
r: ( <p--+ O) & ( t/1--+ O) 

r, [( <t>--+ O) & ( t/1--+ O)J--+ o: o 
I', (Vw)(((<p--+ w)&(t/1--+w)]--+w):O 

Altogether, there is a reversible derived rule of inference: 

I',<p:O and I',t/1:0 

I', (Vw)([(<p--+ w)&(t/1--+w)]--+ w):O 

So we can use the formula to define <p v t/I, and the v-rule follows (see 
Exercise 15.6). 

The existential quantification of a formula <p at a variable x can be defined 
to be (Vw)((Vx)( <p--+ w)--+ w), where w is a variable over '2 not free in cp. 
On one hand: 

• 
(Vx)(<p--+ w):<p____. w 

<p, (Vx)(<p--+ w): w 
<p:(Vx)(<p--+ w)--+ w 

<p:(Vw)((Vx)(<p--+w)--+ w)) 

since w is not free in <p. On the other hand, if x is not free in a formula 0, then 
we have 

(Vw)((Vx)(<p--+w)--+w) l-(Vx)(<p--+0)--+0) 

So a cut gives the last step in: 

r, <t>= o 
I':<p--+0 

I': (V x )( <p---+ 0) 

I', (Vx)( <p--+ 6)--+ 0: 0 
I', (Vw)((Vx)( <p--+ w)--+ w): 0 

The second step requires that x not be free in r. In short, for any r and 0 with 
x not free in either there is a reversible derived rule of inference: 

r, <p: o 
I', (Vw)((Vx)( <p--+ w)--+ w): 8 

15.2 Soundness 

First, variables that are not free in a term have no effect on its interpretation 
except in determining the domain: 
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LEMMA 15.l (the superfluous variable lemma) Lets be any term of sort A. 
Let x be a list of variables over Ai' ... , An, including all those free in s. Let y 
be a list of variables over Bi' ... , B"' including all the variables of x. Then 
Isl; is the arrow 

proj lsl.r 
Bi x · · · x B"----+Ai x · · · x An--+ A 

where proj is the obvious projection of B 1 x · · · x B" on to those factors that 
are in A i x · · · x An. 

PR oo F This is immediate ifs is a variable and easy for terms given by L T2 
or LT3. The result holds for terms (A.x)s since the obvious projection of 
Bi x · · · x B" x A to A1 x · · · x An x A is just (proj) x A and the transpose of 
any ho(k X A) is hok. 0 

COROLLARY For any formula <p and list x including all its free variables, 
and list y including all the variables in x, the extension [yl <p] is the pullback 
along proj of [xl<p ]. Thus, if I': <pis true then [ylI'] £ [.Yl'I'] for every list y 
including all variables free in the sequent. 0 

LEMMA 15.2 (the substitution lemma) Consider a term s of sort B and 
suppose that x contains every variable free ins. For each variable x, in x let ci 

be a term free for x, ins. Let s(x/c) denote the result of substituting each ci for 
X; in s. Suppose that a list y of variables over Bi x · · · x B" includes all 
variables free in s(x/c). Then ls(x/C)I; is the arrow 

where ( c 1 , ••• , en); is the n-tuple of the arrows I c1 I y· 

PROOF Ifs is a variable then the theorem merely repeats the definition of 
( c1 , ••• , en) j· From there, the proof is virtually the same as that of the 
superfluous variable lemma. 0 

COROLLARY The extension (yf<p(x/c)] is the pullback of [xl<p] along 
( c 1, ••• , en) 1. The same holds for a finite set of formulas, so if 
[:XII']£ [xl<p] then 

[.YI I'(x/c)J £ [.YI <p(x/c)J. 

The structural rules are sound by simple properties of inclusion and 
intersection. Certainly we have [il'I'] s [xl<p] as well as [xi ] £ [xlt]. 
And if [xlI'] £ [xl<p] then certainly [:XII', t/I] £ [xlcp]. The preceding 
corollary shows that substitution is sound. The proof in Section 15.1 shows 
that the rule 'false' is sound if substitution and the (Vx )-rule are. 

As to the cut rule, the free variable restriction guarantees that the list x of 
variables free in the sequent r:"' is also the list ofvariables free in r, .p: "''and 
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includes all variables free in I':t/l. Given [.XII']~ [ii t/l] it is easy to see 
that [.XII', t/l] =[.XII']. And in that case [.XII', t/l] ~ [il<p] itself says that 
[.XII' J ~ [xl<p]. 

The connective rule for conjunction is clearly sound: we have 
[.XII']~ [xl<p] and [.XII']~ [ilt/l] iff we have [.XII']~ [il'P] n [ilt/l]. 
The -+-rule is sound in both directions, by Theorem 13.6. The soundness of 
the (Vx)-rule is by Theorem 13.8 once one notices, by the superfluous variable 
theorem, that [i, xlI'] = [.XII'] x A iff xis a variable over A not occurring 
free in r. 

Since the rules for ~, v, and (3x) can be derived from rules that we have 
proved sound, they are sound. 

It remains to show that the axioms of local set theory are true. 

LEMMA 15.3 A formula s1 = s2 is true iff ls1 l.x = ls2 1.x, where i lists exactly 
the variables free in s1 and s2 • 

PROOF The extension [ils1 = s2 ] is the equalizer of ls1 Ix and ls2 li, and the 
equalizer is iso iff the arrows are equal. 0 

Thus every formula x = x is true. Also, y = ! is true for any variable y over 
1, so by soundness of the (Vx)-rule the formula (Vy. l)y =!is true. 

LEMMA 15.4 For any formula <p and variables q, r, and x over one object A, 
the following sequent is true: 

q = r, <p(x/r) ~ <p(x/q) 

PaooF Let y be a list of variables over y., ... , y" such that y, q, r is a list of 
the variables free in the sequent. Then we must show that 

[y, q, rl q = r& <p(x/r)] ~ [y, q, rl<p(x/q)] 

The right-hand extension contains all generalized elements (hit ... , h"' s, s') 
of Y1 x · · · x Y11 x Ax A such that (h1 , ••• , h11 , s) is in the extension over 
the list y, q of <p(x/q). Routine calculation shows that the left-hand extension 
contains the same generalized elements, but subject to the further condition 
thats=~- 0 

Exercise 13.8 proves that the biconditional axiom is true. 

LEMMA 15.5 For any objects A and Band variables u and u' over A x B this 
sequent is true: 

Pt u = P1 u', 

PROOF A generalized element ((h,k), (m,n)) of(AxB)x(AxB) is a 
member of the extension [u, u'lp1 u =Pt u'] iff h = m. It is a member of 
[u, u'lp2 u = p2 u'] iff k = n. So it is in both iffit is in L1A xs: Ax B>----+(A x B) 
x (Ax B); but that is the extension [u, u'lu = u']. 0 
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Each case of the second product axiom is true by an easy application of 
Lemma 15.3. 

LEMMA 15.6 Each case of the extensionality axiom is true. 

PROOF Suppose that a generalized element (h, k) of BA x BA is a member 
of [f, gl(Vx. A)/(x) = g(x)]. By Theorem 13.9 (h, k) x A is a member of 
[/, g, xl/(x) = g(x)]. But the latter is the equalizer of evo(p1 x A):(BA x BA) 
x A--+ B and ev o (p2 x A). If ( h, k) x A equalizes these two arrows then 

evo(h x A)= evo(k x A) and so, by taking transposes, h = k. Thus (h, k) is a 
member of [f,glf= g]. 0 

Each case of the comprehension axiom follows by Lemma 15.3, including 
the case B = '2. 

The structural rules, connective rules, and axioms of local set theory are 
complete in this sense: if in every topos every sequent with the logical form of 
r:"' is true, then r:"' is deducible from the rules and axioms of topos logic. 
(See Boileau and Joyal (1981), Lambek and Scott (1986) or Bell (1988b) for 
precise statements and proofs.) But topos logic is not complete for each 
individual topos. In a given topos E it may well be that every sequent with 
some form I': <p is true while the form is not deducible in topos logic. The 
Boolean rules are sound in Set and many other toposes but not deducible in 
topos logic, and other intermediate sentential logics are sound and complete 
for various toposes. The classical result that no axiomatic higher order logic 
is complete for standard interpretations in sets applies directly to show that 
there is no complete axiomatization of the internal truths of Set, and the same 
proof holds for many toposes (see further remarks in Mclarty 1990a). Since 
we are concerned with particular toposes, rather than with deducibility, we 
use the soundness results but not the completeness theorem. 

Exercises 

15.1 Show, for any variables y and y' over B, that the extension [y, y'ly = y'] is the 
diagonal sub-object of Bx B. Show, for any f: A--+ B, that the extension [x. ~ 
y. Bly= fx] is the graph off. 

15.2 Define - : u__. u as the interpretation I - wlw· Show that for any formula 'P 
we have I - <p Ix = - o I 'I' l.x. Do the same for a disjunction arrow v : U x U---+ U. 
Use substitution and 

fa -U- t--+ fa 

to show that - is the classifying arrow for fa. Some authors use this to define ,.., . 

15.3 Show that every sequent in Eis true if Eis a trivial topos. 

15.4 Deduce from the substitution lemma that the order of the variables in a list is 
immaterial. Let i list variables over A 1 x · · · x An and let y list the same variables, 
possibly in a different order. Write B1 x · · · x Bn for the objects in the order of y. 
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There is a unique isomorphism I: Ba x · · · x Bn--+ A a x · · · x An that commutes 
with the projections. Show, for any s with all its free variables in x, that Isl; = I six o I. 
Give the corresponding result for extensions. 

15.S The free variable restriction in the cut rule. Let x list exactly the variables that 
are free in r and <p. Let y list any other variables that are free in "'' varying over 
Ba x · · · x ~· Show that if 

r,"'~"' and 

then [x, ylr] £ [x, yl<p]. 
In general, it does not follow that [xlr] £ [xj<p]. Show that ifthe product Ai x · · · 

x An x Ba x · · · x B" is an initial object then [ x, YI I'] £ [ x, .VI <p] holds whatever the 
formulas r and <p are. Exercise 13.1 shows that a product may be initial while none of 
the factors is. 

Show that we do have [xlr] £ [il'P] if the projection 

Ai x ... x An x Bi x ... x B1c---+ Ai x ... x An 

is epic. By the description of epics in Chapter 16, the projection is epic iff the first 
premise in Exercise 14.S is true. 

15.6 Given any formula <p and variable y which does not occur free in <p and is free 
for x in <p, deduce these in topos logic: 

(Vx)<p -I~ (Vy)(<p(x/y)) (3x)<p -I~ (3y)(<p(x/y)) 

The derivations of the v -rule and 3-rule above have gaps, as each applies the V-rule 
to w, which might be free in I' or 6. Correct the deductions by showing that w can be 
replaced by a suitable new variable before that rule is applied. 
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From the internal language to the topos 

16.1 Oveniew 

We work with a fixed topos E. We show an arrow/: A--+ Bis monic iffit is 
one-to-one: 

fx =fx'f- x = x' x,x' .A 

It is epic iff it is internally onto, meaning that: 

f-(3x.A)y =fx y.B 

The reader is warned that this sequent does not say that for every generalized 
element y Er B there is some x Er A with y = fx. It says internally that every y 
in Bis the image of some x in A, but externally this only means that/is epic 
and not necessarily split epic (see Exercise 18.5). 

We show that every arrow f:A--+B factors as an epic q:A~I 
followed by a monic i: I>---+ B. This is called an image factorization, or more 
briefly the image off. 

The central result is that every functional relation in E defines an arrow. 
That is, for any R from A to B, if 

Rxy, Rxy'f-y = y' x.Ay,y' .B 

f- (3y.B)Rxy x.A 

then there is a unique arrow f: A--+ B such that: 

f- Rxy +---+ y = fx x.Ay.B 

We show that [x .11/a] is an initial object. Intuitively, the object of'all x in 
1 such that false is true' is empty. For any objects A and B, we construct a 
coproduct in the form of a disjoint union of A and B, an object C with monies 
A>--+ C and B >---+ C such that every value in C is either in A or B and none 
are in both. For any arrows f: A--+ T and g: B---+ T, we can define a 
unique arrow u: C--+ T by the relation 'z = u ( w) iff either w lies in A and 
z = /(w), or else w lies in Band z = g(w)'. 

For every equivalence relation r: R ,,___.A x A in E we construct a quo­
tient, namely the sub-object of QA containing just the equivalence classes for 
the relation. Then we can take any parallel pair f, g: A ---+ B and construct 
an equivalence relation on B such that the equivalence classes form a 
coequalizer for f and g. 
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16.2 Monies and epics 

LEMMA 16.1 Arrowsf,g:A---+B have/= g iff 

~fx = gx x.A 

PROOF The extension of the formula is the equalizer of/ and g, so it is all of 
A iff/= g. 0 

THEOREM 16.2 An arrow/: A---+ B is monic iff 

fx =fx'~ x = x' x.Ax'.A 

PROOF The extension [x, x'. Alfx = fx'] is the equalizer of/op1 and/o p2 • 

This is an arrow ( h, k): E >---+A x A with h and k a kernel pair for f. And 
[x, x'. Alx = x'] is the diagonal AA: A>---+ Ax A. Exercise 4.9 shows that 
the kernel pair is contained in the diagonal iff f is monic. 0 

LEMMA 16.3 An arrow/: A---+ Bis epic iff 18 is the smallest sub-object of 
B that f factors through. 

PROOF Suppose that f is epic and factors through s: S ,...__. B. Then 
Xsof = tA, but also tBof = tA, so since f is epic x$ =ts and s = •s· Con­
versely, suppose that 18 is the smallest sub-object of B that /factors through. 
If h o q = k o q then q factors through the equalizer of h and k, so the equalizer 
must be all of B. So h = k. 0 

THEOREM 16.4 Every arrow/:A--+B has an image factorization as 

q 
A---..[y.Bl(3x.A)y =fx]>---+B 

PROOF Consider a sub-object s: S ~ B. Since f = p2 oI'1 we see that f 
factors through s iff I' 1 ~ P2 1(s). (Draw the pullback square: you may 
recognize the adjunction E ,,2 ~ pf.) The graph of f is the extension 
[x. A, y. Bly= fx], so the inclusion holds iff 

y =fx~ S(y) 

By topos logic that is iff 

x.Ay.B 

(3x.A)y =fx ~ S(y) y.B 

and so iff S contains the extension [y. BI ( 3x . A) y = f x ]. The extension is the 
smallest sub-object that f factors through. 0 

COROLLARY An arrow f:A--+B is epic iff 

~ (3x.A)y =fx y.B 

PROOF The formula is true iff its extension is ls. 0 
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COROLLARY For any monies i: I >---+A and r: R >---+Ax B, we have 

f- /(x)+---.(3w.l)x = i(w) x.A 

I- Rxy+---.(3w. R)(x, y) = r(w) x.Ay.B 

PROOF The left-hand side of the first formula has extension I, and by 
Theorem 16.4 so does the right side. The second formula is a case of the first, 
substituting ( x, y) for x. 0 

16.3 Functional relations 

Throughout this section we use the following notation for a relation R with h 
and kits composites with the projections: 

THEOREM 16.5 The arrow his iso iff R is equivalent to the graph of some 
f: A--+ B, and in that case f = k oh- 1

• (In fact, this holds in any category 
with binary products.) 

PROOF Suppose that R is equivalent to the graph of some/; that is, there 

exists an iso i:R~A such that I'foi = r. Then 

i = p1 oI'ri = h 

so h is iso and r 1 = r o h- 1 and so 

f = P2 o I' I = k o h-1 

Conversely, if h is iso then h itself makes R equivalent to the graph 
of koh- 1• 0 

Call R single-valued iff 

Rxy, Rxy' f- y = y' x.Ay, y' .B 

THEOREM 16.6 If R is single-valued the arrow h is monic. 

PROOF We have 

f-R(h(w),k(w)) w.R 
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since it says that (h, k) factors through r and in fact (h, k) = r. For any 
c: T--+ R and c': T--+ R, substitution gives both conjuncts in 

I- R(h(c(s)), k(c(s)))& R(h(c'(s)), k(c'(s))) s. T 

If we suppose that hoc = hoc' then we conclude that 

I- R(h(c(s)~ k(c(s)))& R(h(c(s)), k(c'(s))) s. T 

If we suppose that R is single-valued we conclude that 

r k(c(s)) = k(c'(s)) 

and so koc = koc'. But hoc= hoc' and koc = koc' together imply that 
c=c'. 0 

Call a relation R totally de.fined iff 

1- (Vx. A)(3y. B)Rxy 

THEOREM 16.7 If R is totally defined then his epic. 

PROOF Suppose that R is totally defined. By the last corollary to 
Theorem 16.4 this is equivalent to 

I- (3y.B)(3w.R)r(w) = (x,y) x.A 

But since h = p1 or, composing p 1 with each side gives 

l-(3y.B)(3w.R)h(w) = x 

Since y does not occur outside the quantifier, this implies that 

I- (3w.R)h(w) = x. 0 

Call Rfunctional iff it is single-valued and totally defined. We have shown 
that R is functional iff it is equivalent to the graph of some arrow, and in that 
case it determines the arrow uniquely: 

THEOREM 16.8 A relation R has 

Rxy, Rxy' I- y = y' 

I- (3y. B)Rxy 

iff there is an arrow f: A--+ B such that 

x.Ay,y' .B 

I- Rxy+---+ y = fx 

and in that case f is uniquely determined by R. 

PROOF If f is functional his monic and epic and thus iso. So R is the graph 
of a unique arrow, and the third sequent says that R is the graph off. 
Conversely, the first two sequents follow from the third by topos logic. 0 
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16.4 Extensions and arrows 

We often use Theorem 16.8 to define an arrow from the extension of some 
formula, [ x I 'I'], to another object. Such use depends on: 

THEOREM 16.9 Take any formula <p(x), the sole free variable of which is x 
of sort A. Let d:D>--+A abbreviate the extension [x.Al<p(x)]. Then 

~ <p(d(y)) y. D 

That is, everything in the extension has the property. 

PROOF By the substitution lemma, [y .Dl(d(y))] is the pullback along d (as 
the interpretation of d(y)) of d (as the extension of <p(x)). So it is 10 • 0 

On the other hand, to define an arrow to an extension: 

THEOREM 16.10 For any formula <p(x), the sole free variable of which is x of 
sort A, an arrow f:B--+A factors through the extension [x.Al<p(x)] iff 

~<p(fy) y.B 

That is, every value off has <p. 

PROOF An arrow/: B--+ A factors through any sub-object of A iff the 
pullback of the sub-object along f is 1 s· By the substitution lemma the 
extension of the sequent is the pullback along f of [x. A l'l'(x)]; and the 
sequent is true iff its extension is 18 • 0 

16.S Initial objects and negation 

Abbreviate the extension [y. 11/a] by 0 ,____. 1. So the following is a pullback: 

-----~> (2 
fa 

In any topos 0 is an initial object. From the point of view of logic, the proof 
turns on the classical fact that any universal quantification over an empty 
domain is true. 

THEOREM 16.11 Every sequent with a free variable x over 0 in it is true. 
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PROOF For x of sort 0 we have 

x=xl-fa x.0 

because both [x .01x = x] and [x. 01fa] are 0. So if xis free in r: cp there is a 
deduction: 

• 
fa: 'I' • 

• fa, I': cp and x = x:fa 

x = x, I':cp and :x =x 

I':"' 

Both cuts satisfy the free variable restriction. 

x.0 

0 

rhe free variable restriction keeps us from using similar deductions simply 
to prove every sequent in E. 

THEOREM 16.12 The object 0 is initial. 

PROOF For every object A there is the identity relation 0 x A >--+0 x A. 
The sequents that say that this relation is functional both have free variables 
over 0, so both are true and there is an arrow 0--+ A. And for any arrows 
h, k: 0--+ A the sequent that says that h = k also has a free variable over 0, 
so it is true. There is exactly one arrow 0---+ A. 0 

Since a topos is Cartesian closed, 0 is a strict initial object. So every arrow 
0--+ A is monic. It is also the smallest sub-object of A, since for any 
p:P>--+A there is the unique 0>--+P. 

There are several ways to look at the pullback defining 0. It says that fa 
classifies the empty sub-object of 1. In fact, it defines the truth value false as 
the unique truth value disjoint from true. Exercise 15.2 showed that the 
following is a pullback: 

1-----)•1 

fal 1 
'2----~>u 

So "'fa = t, and in fact for any w: C--+ U, "'w = tc iff w =fa o !c. A truth 
value with negation true must be false. We also have "' t =fa, since both 
sides classify 0 >------. 1. But from "' w =fa o !c we can only conclude that 
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,...., ,...., w = tc. We cannot conclude that w = tc. A truth value with negation 
false has double-negation true but need not itself be true. (See Exercise 16.15 
and examples in specific toposes in Chapters 22-24.) 

16.6 Coproducts 

THEOREM 16.13 Take any two sub-objects i 1:A>--+C and i2 :B>--+C of 
an object C such that 

I- A ( w) v B( w) w. C 

I- ,...., (A(w)&B(w)) 

Then C is a coproduct of A and B, with the injections i 1 and i2 • 

PROOF Assume the sequents and take any/:A-.-.Tand g:B--.T. 
Recalling the last corollary to Theorem 16.5 it is easy to show that the 
formula on the right below is functional from C to T, so there is a unique 
u: C--+ Tsuch that 

z = u(w)+---.[(3x)(w = i1 x&z =fx) v (3y)(w = i2 y&z = gy)] 

w.Cz.T 
It follows directly that 

1-fx = u(i1 x) x.A 

I- gy = u(i2 y) y.B 

so f = u o i1 and g = Uo i2 • And for any v: C--+ T such that f = vo i1 and 
g = v o i2 we have 

I- z = u(w).--+z = v(w) w.Cz.T 

and so v = u. 0 

A coproduct in which the injections are monic and disjoint is often called a 
disjoint union. The two sequents in the theorem say that C is a disjoint union 
of A and B. (The second sequent says that A and B have intersection 0.) The 
rest of this section shows how to embed any objects A and B into a disjoint 
union. So every topos has coproducts. 

For any object A, let 0 A: 1--+ QA abbreviate the interpretation of the term 
{ x. A If a}. That is, internally 

I- 0 A = { x. A I fa} 

so we have already proved that 

I- ,...., (xE0 .. ) x.A 
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The arrows ({ }.A,08 o!.A):A>----+QAxQ8 and (0.Ao!8 ,{ } 8 ):B>--+QA 

x 0 8 are monic since { } A and { } 8 are already monic. By Theorem 16.10 
both factor through the extension 

[Q. QA x D'11(3x. A)(Q = ( {x }, 08 )) v (3y. B)(Q = (0A, {y} ))] 

where { x} abbreviates { }.A(x). So if c: C>--+QA x !28 abbreviates the exten­
sion then there are monies i 1 and i2 that commute with those monies: 

LEMMA 16.14 We have 

I- (3x. A)(w = i 1x) v (3y. B)(w = i2 y) w. C 

I- ,_ [(3x.A)(w = i1 x)&(3y.B)(w = i 2 y)] 

PROOF Since c is monic the first sequent is equivalent to 

l-(3x.A)(c(w) = c(i1 x)) v (3y.B)(c(w) = c(i2 y)) 

and by the definition of i 1 and i2 that is equivalent to 

I- (3x. A)(c(w) = ( { x}, 08 )) v (3y. B)(c(w) = (0.4, {y})) 

which is true by Theorem 16.9. 
As to the second, it is easy to deduce that 

x.Ay.B 

and so since no singleton is empty (see Exercise 16.9) 

I- ,_ Ci1 x = i2Y) 

and the second sequent in the lemma follows by topos logic. 0 

THEOREM 16.15 Any pair of objects A and B has a coproduct with the 
inclusions i 1 and i2 that is monic and disjoint. 

PROOF Lemma 16.14 showed that A and B have a pair of monies meeting 
the conditions in Theorem 16.13. 0 

Since coproducts are unique up to isomorphism, the inclusions to any co­
product (in a topos) are monic and disjoint. 

We could use the logical construction of a coproduct and the substitution 
lemma to show that coproducts are stable under pullback. That is, pulling i 1 
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and i 2 back along any arrow g: D----. C gives a coproduct diagram D, 
g- 1(i1 ), g- 1(i2 ). But, instead, we prove stability of coproducts from the 
fundamental theorem of toposes in the next chapter. 

16.7 Equivalence relations 

We show that every equivalence relation r: R ~ B x Bin a topos is a kernel 
pair, namely for the epic projecting B on to the object of equivalence classes 
for R, and every epic is a co-equalizer for its kernel pair. 

LEMMA 16.16 Given a relation (h, k): R >----+Bx B, hand k are a kernel 
pair for c: B---+ C iff 

f- cy = cy' ...__. Ryy' y,y' .B 

PROOF The extension [y, y'. Bley = cy'] is the pullback of c along c, i.e. the 
kernel pair as a sub-object of B x B. D 

LEMMA 16.17 For any equivalence relation r: R >----+Bx B, there is an epic 
q: B--* Q with hand k a kernel pair for Q. 

PROOF Let l:B--+!28 abbreviate the interpretation l{w.BjRyw}j1 • We 
easily deduce that 

f- {wlRyw} = {wlRy'w}+-+Ryy' 

since R is an equivalence relation. Let q: B__.. Q and i: Q >--+ C be an 
epic-monic factorization of /. Thus, I = i o q, and since i is monic we can 
deduce that 

f- qy = qy' ...__. Ryy' 

which says that R is the kernel pair of q. 

By definition, Q is (up to equivalence) the extension 

[P.Q8 1(3y)(P = {w.BIRyw})] 

and q maps each value in B to its equivalence class. 

LEMMA 16.18 Any epic is a coequalizer for its kernel pair. 

0 

PROOF Let q: B___.... Q be an epic with kernel pair (h, k): R >--+Bx Band 
take any c: B--+ C such that co h =co k. Define a relation Vfrom Q to C by 

Vwz+--.(3y.B)(w = qy&z = cy) w.Qz.C 

Then V is single-valued, as follows from the sequent 

qy = qy't- cy = cy' y,y'.B 

which in tum is true since the extension of the left-hand side is the kernel pair 
of q, and c coequalizes the kernel pair. 
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Since q is epic we can deduce that V is totally defined: 

• 
:(3y.B)(w = qy&cy = cy) w.Q 

: (3y. B) V( w, cy) 

:(3z.C) Vwz 

So there is a unique u: Q--+ C with 

f- Vwz..__.z = u(w) 

From the definition of V, 

w.Qz.C 

f- cy = u(qy) y.B 

Conversely, for any v: Q--+ C with 

f- cy = v(qy) y.B 

the definition of V implies 

f- Vwz <=> z = v( w) w. Q z. C 

and since V uniquely defines u, u = v. 0 

16.8 Coequalizers 

As QB>< B is the object of relations from B to B, so the object of equivalence 
relations on R is the extension 

[r. QB><Bl(Vy, y', yH. B)((y, y) Er& 

( (y, y') Er---+ (y', y) Er)& 

(( (y, y') Er& (y', y") Er)--+ (y, y") Er))] 

that is, all reflexive, symmetric, and transitive relations r. Abbreviate the 
extension as EqRel>---+QB><B. 

For any parallel pair of arrows f, g: A--+ B we say that a relation r on B 
respects/and g if, for all x in A, the values of x under/ and g are r-related. We 
want to express this internally, so we define a sub-object R 19 >---+us>< Bas the 
extension 

[r. QB><Bl(Vx. A)(/x, gx) Er] 

To construct a coequalizer for f and g we define a relation on B, holding for 
just those pairs (y, y') such that y is r-related to y' for every equivalence 
relation r that respects/and g. Specifically, let R >--+Bx B be the extension 

[y, y'. Bl(Vr. QB><B)((EqRel(r)& R19(r)--+ (y, y') Er)] 
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Clearly R is an equivalence relation on B. As usual, we write h and k for the 
projections from R to B. 

LEMMA 16.19 For any arrow c: B--+ C we have c of= cog iff co h =co k. 

PROOF The kernel pair of c is an equivalence relation on B (see Chapter 5). 
On one hand, we have co f = cog iff the kernel pair of c respects f and g. On 
the other hand, by construction of R, that kernel pair respects/ and g iff R is 
contained in it, and so iff c o h = c o k. D 

The projection q: B---.. Q on to equivalence classes for Risa coequalizer 
for hand k, so Exercise 16.11 proves that it is a coequalizer for/ and g. Every 
parallel pair in E has a coequalizer. 

We could follow through the logical construction and use the substitution 
lemma to show that the pullback of a coequalizer is a coequalizer, and thus 
the pullback of any epic is epic. But, instead, we will prove these from the 
fundamental theorem of toposes. 

Exercises 

16.1 Show that an object A is subterminal iff 

f- x = x' x, x' .A 

[Hint: show that the relation R defined by 

f-Rxy~y=! x.Ay.1 

is functional and gives a monic arrow.] Show that A is terminal iff we also have 
f- (3x.A)x = x. 

16.2 Show that P,f, g is a product diagram for A and B iff 

fp = fp', gp = gp'I- p = p' p, p'. p 

f- (3p. P)(fp = x&gp = y) x.Ay. B 

16.3 Show that E, e is an equalizer for f, g: A--+ B iff 

e(w) = e(w')f- w = w' w, w' .E 

f- /(e(w)) = g(e(w)) w. E 

fx = gxf-(3w. E)x = e(w) x.A 

16.4 Show that h:P---+A and k:P---.B are a pullback for /:A---+C and 
g: B---. C iff 

hw = hw', kw = kw'f- w = w' 

f-f(hw) = g(kw) w. P 

fx = gyf-(3w.P)(x = hw&y =kw) 

Compare with Lemma 16.16. 

w,w'.P 

x.Ay.B 
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16.5 In any category, an image factorization for an arrow f: A---+ B consists of an 
epic q: A--* I and a monic i: I>---+ B with i o q = f. Show that if the category has 
pullbacks, and all epic-monic arrows are iso, then images are unique up to iso­
morphism. That is, given q, i as above and another q': A__..... I' and i': I'>--+ B with 
i' o q' = f, show there is an iso h: I _::_.1 •with i = i' oh and q' = ho q. Show that either 
one of those equations uniquely determines h. [Hint: show that the intersection i r-. i' 
is equivalent as a sub-object of B to both i and i'. Note that if p1 o u = q then p1 must 
be epic since q is.] 

16.6 Prove the converse to Theorem 16.6, if his monic then R is single-valued. Prove 
the converse to Theorem 16.7. 

16. 7 Give a quick proof directly from the fact that 0 is initial, that every sequent with 
a free variable over 0 is true. [Hint: 0 has only one sub-object, up to equivalence.] 
Show that if we did not have the free variable restriction on the cut rule we could 
derive every sequent from a true premise. 

16.8 Show that an object A is initial iff I- - ( x = x) for x a variable over A. 

16.9 Using {y} to abbreviate { }A(y), show that 

1- x E { y} .,_.._... x = y x, y. A 

by showing that both sides of the biconditional have the same interpretation. 
Using topos logic conclude that I- xE{x}. Then with I- -(xE0A) conclude that 
~ - ({x} = 0.t). 

16.10 Exercise 6.10 has already shown that if there is a coproduct A+ B then 
UA + 8 ~ DA x U 8• Show that under this isomorphism the singleton arrow { } A+ 8 
corresponds to the unique u:A + B---+UAxus with uoiA = ({ }.t,08 o!A) and 
u o is= (0A o !s· { }s· ). Show that the sub-object of QA x as which we took as the co­
product of A and Bis (up to this isomorphism) the image of { }A+B· 

16.11 Take any parallel pairs f, g: A---+ B and f', g': A'--+ B (in any category). 
Show directly from the definition of coeq ualizer that if, for every c: B---+ C, we have 
Cof =Cog iff Cof' =Cog', then any coequalizer forfand g is also a coequalizer forf' 
and g'. 

16.12 Show that the sequent I- fa is true in E iff Eis trivial. [Hint: show that the 
sequent is true iff 0 ~ 1.] 

16.13 Show that if E has an object A with an epic r: A~ DA then E is trivial. (The 
converse is easy.) That is, prove that 

ry = {x.AI -(xErx)} I- -(yEry)& - -(yEry) y.A 

for any r: A---+ UA in any topos, and from the assumption that r is epic conclude that 
I-fa. 

16.14 Show that ifE has an object A with a monic i: DA>---+ A then Eis trivial. Use 
the term {x.AI -(3P·UA)(iP = x&xEP}. 

16.15 This exercise is for those familiar with topology. For every topological space S 
there is a topos ofsheaves on S. These arc described in most texts on topos theory (for 
details, see Tennison 1975). In this topos the truth values, global elements of U, 
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correspond to open subsets of S. The truth value tis the whole of S. Conjunction is 
defined by intersection of the open subsets. Show that the negation of a subset, the 
largest open subset disjoint from it, is the interior of the complement. Show that the 
truth value/a is the empty set. Show that an open subset has negation/a iffit is dense. 
Every open subset of the real line R with countable complement is dense. 

In such a topos, disjunction of truth values is union. Show, for any open subset w, 
that the union of w and - w is all of S iff w is also closed. 
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The fundamental theorem 

The fundamental theorem of toposes says that every slice of a topos is also a 
topos and, for every arrow f: A---+ B of E, the functor f •: E/ B---+ E/ A has 
a right adjoint n 1 and a left adjoint E 1 . This makes indexed families of 
objects and arrows in a topos easy to handle, and it proves a great deal about 
the structure of a topos. The last two sections of this chapter discuss aspects 
of Boolean logic in toposes, and show that in toposes the axiom of choice 
implies the law of excluded middle. Unless otherwise noted, objects and 
arrows are understood to be those of a fixed topos E. 

17 .1 Partial arrow classifiers 

A partial arrow from A to B consists of a monic i: J ,.__. A and an arrow 
f:I--+B. We call i the domain of definition of the partial arrow. Partial 
arrows i, f and i', f', both from A to B, are equivalent iff there is an 
isomorphism h: 1--+ I' such that i = i' oh and f = f' oh. That is, the do­
mains of definition are equivalent as sub-objects of A, and the arrows/ and/' 
agree up to that isomorphism. The graph of a partial arrow i,f is the induced 
arrow to the product, ( i,f): I--+ A x B. It is monic since i is. 

A partial arrow classifier for an object Bis a monic 11: B >---+ B such that for 
every partial arrow i,ffrom any object A to B there is a unique arrow h that 
makes the following a pullback: 

I 
1----->•B 

A------.jj 
la 

The converse follows: every arrow from A to B gives a partial arrow from A to 
B, by pullback of,,, and this partial arrow is unique up to equivalence. We 
will show that every object in a topos has a partial arrow classifier. 

Specifically, for any object B, let s: B >---+ U8 be the extension 
[P.U8 1(Vy.B)(yEP-+P= {y})]. In words, Bis the object of 'at most 
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singleton' subsets of B. If the logic of the topos Eis Boolean then every 'at 
most singleton' subset is 'singleton or empty', but this is not so in general. 

The singleton arrow { } s= B >----.QB factors through B since every singleton 
is 'at most singleton'. A formal proof could use Theorem 16.10 and 

~ y E { x} -+ { x} = { y} x, y. B 

So there is a unique '1: B >--+ B with so '1 = { } s, and '1 is monic. 

THEOREM 17.l The monic ,.,: B >----.Bis a partial arrow classifier. 

PROOF Take any partial arrow i,ffrom A to B. It suffices to show there is 
a unique arrow k: A--+ Q 8 such that k factors through s, and i, f form a 
pullback for k and { } 8 • Then there is an arrow h: A---+ B with k = so h. 
Since s is monic, h is unique and i, f form a pullback for h and '1· 

So we must prove that there is a unique k such that: 

~ y E kx -+ kx = { y} x. A y. B 

~k(i(w))={fw} w.I 

~ kx = {y}-+(3w.I)(x = iw&y =fw) 

The first sequent for a pullback in Exercise 16.4 is trivial in this case as i is 
monic. These are equivalent to: 

~ yEkx+--+(3w.l)(x = iwa:y =fw) 
and so 

~ kx = {y.Bl(3w./)(x = iw&y =fw)} 

But that means that k is uniquely determined as the interpretation 
l{y.Bl(3w.I)(x = iw&y =fw)}lx· 0 

We define a functor:: E ~ E so that the arrows 'l make a natural 
transformation rJ: lE ~ :. For any arrow f: A ~ B we have a partial 
arrow rJ, f from A to B. Let J be the unique arrow that makes the 
following a pullback: 

I 
A------.>B 

I I 
A -------.> iJ 

j 

Verification that this is a functor is left to the reader. 
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17.l Local Cartesian closedness 

We can show that each slice E/ A is Cartesian closed. Take any g: C--+ A 
and consider its twisted graph as a partial arrow from Ax C to A: 

g 

r.1----~>A 

CxA 

! 
Axe 

Intuitively, the partial arrow is defined for pairs ( x, y ), where y is in the fibre 
of g over x, that is gy = x, and then it takes ( x, y) to the base point x. The 
transposed classifying arrow h: A--+ Jc intuitively takes each x in A to a 
partial arrow from C to A, namely the one defined on the fibre of g over x and 
taking it all to x. 

Now take any k: D--+ A and define k' by the pullback 

P-----)•Dc 

~1 i~ 
A----->•Ac 

h 

Then P indexes certain partial arrows from C to D; namely, all those which, 
for some x in A, are defined on the fibre of g over x and take values in the fibre 
of k over x. The arrow k9 takes each such partial arrow to the base point x it is 
defined over. 

THEOREM 17.2 For every object g of E/ A the operation _9 extends to a 
functor right adjoint to _ x g. So E/ A is Cartesian closed. 

PROOF Take any arrow of E/ A: 

s S------>T 

A 
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To define s9 first apply:. to the whole triangle, exponentiate by C, and then 
pull the resulting triangle back along ii. The pullback theorems show that this 
is a functor. To show that_" is right adjoint to_ x g consider any E/ A objects 
f: T---+ A and k: D---+ A and series of arrows: 

m 
f--+kg in E/A 

m 
with k9 om =! T--+P in E 

T~fic with fc o n = ho f 

if -TxC--+D with k o n = ho(/ x C) 

, 
TxAC---+D with k o r = g o p2 

, 
fxg---+k in E/A 

To explain the fourth step, note that every square here is a pullback: 

P2 g TxA c----->· c _____ .,.)A 

e l 
Tx c----.. )A x c-----) A 

/xC h 

where e is the monic from T x AC to T x C described in Theorem 4.5 and the 
middle arrow is the twisted graph of g. The right-hand square is a pullback by 
definition, the left-hand square can be checked using pullback theorems, and 
so the outer is also. 

For any arrow n: Tx C--+D with ko n =ho (fx C) there is a unique r 
with k o r = go p2 , namely the arrow that makes the outer square here a 
pullback: 

r k 
TxA C-----) D-----) A 

-I n i~· I l~· 
Tx A----.. > D ---->-A 
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Conversely, any r: TxAC--+D gives a partial arrow e, rand so deter­
mines a unique n that makes the left-hand square a pullback. But then k on 
classifies the partial arrow e, k or. If k or = go p2 then the first pullback in 
this proof shows that ho (f x C) classifies the same partial arrow and so 
ko n = ho(fx C). 0 

17.3 The fundamental theorem 

Every slice of a category with all finite limits has all finite limits, and 
Theorem 17.2 shows that every slice of a topos is Cartesian closed. To 
complete the proof that every slice E/ A is a topos we must show that E/ A has 
a sub-object classifier. In fact, we prove that the slice functor A • preserves the 
sub-object classifier: 

THEOREM 17.3 For every object A, A*t:A*l--+A*tl is a sub-object 
classifier in E/ A. 

PROOF By Exercise 11.1 the monies to an E/ A object f: B--+ A are 
precisely the arrows h:foh--+ffor h:C>---+B monic in E. We must show 
that for each such h there is a unique u:f--+A*!2 that makes the requisite 
pullback. But a square in E/ A is a pullback iff EA of it is a pullback in E. So 
we must show that there is a unique v that makes the left-hand square here a 
pullback: 

(/oh,I) P2 
C -------.Ax 1-----> .. 1 

la A>< r 

8 ------>•Ax '2-----)• U 
(tv) P2 

Composing with the projection arrows shows xh: B--+ '2 is this unique v. 
D 

THEOREM 17.4 (the fundamental theorem) Every slice of a topos is a topos. 
For every arrow/: A--+ B, the functor/*: E/ B---+ E/ A preserves expo­
nentials and the sub-object classifier, and has a right adjoint n 1 and left 
adjoint r,. 
PROOF The proof follows from a summary of the results above and in 
Chapter 11. 0 
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A functor F: E~ E' between toposes is a logical functor if it preserves 
limits, exponentials, and the sub-object classifier. So the pullback functors/* 
between slices are logical morphisms. Preserving the sub-object classifier 
means that Ft: Fl----+ FQ is a sub-object classifier in E', but not that Ft is 
necessarily the selected one in E'. In fact, Fl might not be the selected 
terminator in E'. Preserving exponentials means that for any objects A and B 
in Ethe object and arrow F(BA), F(evA.B) form an exponential of FB by FA 
in E'. So F(BA) is iso to the selected exponential F BFA in E' but again the two 
need not be equal. 

A logical functor also preserves implicates, universal quantifications, all 
finite colimits, and anything else that can be constructed from limits, expo­
nentials, and U (see Exercise 17.8). 

More important than logical functors are geometric morphisms, which are 
actually adjunctions. A geometric morphism from E to E' is any adjoint pair 
offunctorsf* ~ f., where/.: E---+ E' andf* preserves all finite limits. Note 
that f* necessarily preserves all colimits, and f. all limits, because they are 
adjoints. We may compress the notation tof* ~ f.: E--+ E', and call/* the 
inverse image functor and f. the direct image functor of the morphism. If/* has 
a left adjoint it is usually written.fr ~f*, and the morphism/* ~f. is called 
essential. Here f • is not necessarily pullback along an arrow f. 

So, for every arrow f: A --+ B of E there is an essential geometric 
morphism f* ~ n 1 : E/ A--+ E/ B, with further left adjoint E 1. Inverse im­
age functors of geometric morphisms do not generally preserve exponentials 
or sub-object classifiers, but pullback functors do. 

Geometric morphisms are given this name because they arise from geo­
metric functions. Every topological space S has a topos of sheaves Shv(S), 
and every continuous map between spaces f: S--+ T gives a geometric 
morphism/* -Lf.:Shv(S)--+Shv(T). Similar facts apply to various other 
notions of spaces (see Tennison 1975). 

One of the main uses of logical functors is in giving geometric morphisms. 
This uses the fact that if a logical functor has either a right or left adjoint it has 
both (see Barr and Wells 1985, p. 180) and thus is the inverse image functor of 
an essential geometric morphism. 

17.4 Stability 

For any/: A---+ B the pullback functor f* E/ B-+ E/ A preserves all co­
limits since it is a left adjoint. But there is another important way to look at 
pullbacks of colimits: 

THEOREM 17.5 Suppose that q: B--+ C is a coequalizer for f and g, and 
consider any r: C'--+ C: 
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f' 
) B' 

q' 
A' >C ) 

·l 
g' 

} } 
I q 

A )B )C 
(/ 

) 

Let s be the pullback of r along q, and v the pullback of r along q of. Since 
q of= q o g, there is some f' that makes v,f ', s,f a pullback, and also some g' 
that makes v, g'., s., g one. Then q' is a coequalizer for f' and g'. 

PROOF If q is a coequalizer for f and g, the following is a coequalizer 
diagram in E/C: 

But/* and Ee· both preserve coequalizers, and Ee· of* of this is the upper 
fork in the theorem. 0 

Suppose that the lower row here is a coproduct diagram, and that both 
squares are pullbacks: 

A'---->-C'-<----- B' 

l 1' l 
A ---->•A + B .. E---- B 

Then a similar proof shows that the upper row is also a coproduct, 
C' ~A' + B'. An even simpler proof shows that pulling 0--+ C back along 
any r: C'--+ C gives 0--+ C'. 
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We say that coequalizers, coproducts, and 0 are stable under pullback. It 
follows that all finite colimits are stable. The reader may give the precise 
statement and proof. 

Since every epic in a topos is a coequalizer, it follows that the pullback of 
an epic is epic. There is also a dual result that the pushout of a monic is 
monic: 

THEO REM 17.6 If i: I>--+ A is monic and the following square is a pushout: 

I 
I ----___,.> B 

n 

A-----) .. p m 

then n is monic and the square is also a pullback. 

PROOF Consider the arrow h: A--. B that classifies i, f and the corres­
ponding pullback square. Since Pis a pushout there is an arrow u: P---+ B 
with u om = h and u o n = '1· Thus i,f is a pullback for m and n. And since '1 is 
monic, n is too. D 

17.S Complements and Boolean toposes 

Define the union i u j of two monies i: I>--+ A and j: J >--+A to be the 
extension [x. A I /(x) v J(x)]. 

A complement to a sub-object i: I>---. A is a sub-object j: J >--+A such 
that i r.j = 0 and i u j = 1 A. In general, a sub-object in a topos does not 
have a complement; but if it does then the complement is the negation 
(Exercise 17.10). Generally, i u --i falls short of IA, although its negation 
,_ (iu --i) is 0A, as is easily proved by a De Morgan law (compare with 
Exercise 16.15). 

Note that if i: I>---+ A and j: J >--+ A are complementary then their union 
as sub-objects of A is a disjoint union; so A is the coproduct of I and J, with i 
and j as the injections. Conversely, the two summands A and B of a co­
product A+ Bare always complementary sub-objects of A+ B. 

Complements to diagonals have a special role. Call an object B decidable if 
the diagonal L1: B >--+ B x B has a complement. In other words, B is decid­
able iff 

I- (y = y') v "" (y = y') y,y'.B 
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For example, in Chapter 19 it is shown that if a topos has a natural number 
object, that is a model of Peano9

S axioms for arithmetic, then that object is 
decidable. Certainly 1 is decidable. 

THEOREM 17.7 Every sub-object of a decidable is decidable, and any 
product of two decidables is decidable. Thus every finite limit of decidables is 
decidable. 

PROOF Take any decidable objects B and C and monic i: />--+ B. Decid­
ability of I follows from 

I- w = w' +--+i(w) = i(w') w,w'.l 

and decidability of B x C follows from the product axioms in local set theory. 
D 

It is easy to see that a coproduct of decidables is decidable. An exponential Be 
need not be decidable even if B and C both are. 

A topos is said to be Boolean if every sub-object in it has a complement. 
There are several equivalent definitions: 

THEOREM 17.8 The following conditions on a topos E are equivalent: 
(i) Every sub-object in E has a complement. 

(ii) The arrow (;
0
): 1 + 1 --+ U is an isomorphism. 

(iii) The arrow ,..., ,..., :!2--+!2 is 10 . 

(iv) Boolean logic is sound in E. 
(v) '2 is decidable. 

PROOF Assume (i). Then the complement oft must be its negation/a, and 
in that case U ~ 1 + 1, so (ii) holds. In any case, ,..., ,..., C;J equals C;J, so if we 
assume that (j

0
) is iso, or even just epic, then ,..., ,..., = 1 n· H we assume (iii}, 

then for every formula cp in E, 

~,...,, ,...,cp--+cp 

and so Boolean logic is sound. But Boolean logic makes every object 
decidable. Finally, if U is decidable and i: I>--+ A is any sub-object, then 
[x. Al,..., /(x)] is a complement to i. 0 

17.6 The axiom of choice 

The axiom of choice says that given a family of non-empty objects there is a 
way of selecting one value from each family. AB-indexed family of objects is 
an arrow f: A --+ B, and we understand 'non-empty9 to mean that each fibre 
is occupied. That is: 

I- (Vy. B)(3x. A)fx = y 
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but that just says f is epic. By a 'selection of values9 we understand an arrow 
s: B--+ A that takes each value in B to one in its fibre; that is,f o s = 18 • So, 
to be precise, the axiom of choice for a topos E says that every epic in E is split 
epic. This is also a traditional form of the axiom in set theory: every onto 
function has a right inverse. 

Diaconescu (1975) discovered that the axiom of choice implies excluded 
middle. The rest of this section gives a proof and then a more intuitive 
discussion. 

THEOREM 17.9 If the axiom of choice holds for E, then Eis Boolean. 

PROOF Suppose that choice does hold. To construct a complement for a 
arbitrary monic h: Y >---+ X, consider the pushout 

h 

h Y>>-----.. ) X 

X>>----~>Q 
qz 

By Theorem 17.6 the arrows q 1 and q2 are monic and Y is their intersection. 
In other words, Q consists of two copies of X overlapping precisely on Y. As a 
pullback is an equalizer of a product, so a pushout is a coequalizer of a 
coproduct. Thus the arrows q1 and q2 induce an epic arrow q: X + X ____.. Q, 
and by choice this has a splittings: Q >---+ X + X. 

Consider the following pullbacks, for m = 1 or 2 and n = 1 or 2: 

T,,.n> ) Sn x 

I I r~ 
x> i,,. >X+X q ))Q~X+X 

The two copies of X are complementary sub-objects of X + X, so by 
stability of co-products S 1 and S2 are complementary sub-objects of X + X. 
And so T11 and T12 are complements in X, as are T21 and T22 • It follows by 
distributivity that T11 n T22 and T12 u T21 are complements. The proof is 
finished by showing that T12 u T21 = Y, which we do in two steps. 
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Step 1 T12 u T21 is contained in Y. For this it suffices to show that each of 
T12 and T21 is contained in Y, and by symmetry it suffices to prove that one of 
them is. Take T12 • Composing the two routes around the pullback defining 
T12 with q shows that the following square commutes: 

x )>--------> Q 
ql 

Thus T12 is contained in the intersection of q 1 and q2 , which is Y. 

Step 2 T1 1 n T22 is disjoint from Y. It suffices to show that T11 n Y is 
disjoint from T22 • Now Tu is the pullback of S1 along i., so Tun Y is the 
pullback of S1 along i 1 oh. And i 1 oh= i2 oh. So T11 n Y is also T21 n Y and 
T21 itself is disjoint from T22 since they are complements. 

Since T12 u T21 has a complement, any sub-object containing it and 
disjoint from its complement must be it So T12 u T21 ~ Y. 0 

Intuitively, q: X + X--.-.. Q takes two copies of X and pastes them to­
gether, overlapping precisely on Y. Thens: Q >----+ X + X takes each value in 
Q to one of the values in X + X that it came from. The sub-object T12 

contains those values in X which, when mapped into X + X by i 1 and then 
back to X + X bys o q, land in the image of i2 • That implies that the value is 
mapped into the region of overlap in Q, so it is in Y. Thus T12 is contained in 
Y, as proved in step 1 above, and by the same reasoning so is T21 • On the 
other hand, T11 contains those values which, mapped into X + X by i 1 and 
back to X + X by so q, land in the image of i 1 • The corresponding route for 
T22 lands in the image ofi2 • Now a value in Y cannot be in both T11 and T22 , 

since q o i 1 agrees with q o i2 for any value in Y; and s cannot take that single 
result into both the image of i 1 and the image of i2 , since those images are 
disjoint. So Y is disjoint from T1 1 n T22 , as in step 2 above. 

Exercises 

17.I Show that t: I >--+Cl is a partial arrow classifier for I. 

17.2 Show that a relation from A to B is the graph of a partial arrow ifT it is single­
valued, and that partial arrows are equivalent iff their graphs are equivalent sub­
objects. Therefore partial arrows are just a way of looking at single-valued relations. 
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17.3 Using Boolean logic prove that 

(Vy. B)(yE P--.P = {y})l- P = 0 v (3y. B)P = {y} P.!28 

So in a Boolean topos an 'at most singleton' is either a singleton or empty. 

17.4 Give a quick proof that if E is Boolean then i 1 : B >--+ B + 1 is a partial arrow 
classifier for B. [Hint: if E is Boolean every domain of definition has a complement.] 

17.5 Show that the composite of logical functors is logical, so that toposes and 
logical functors form a category LOG. Show that the topos 1 is terminal in LOG and 
that a topos E has a global element in LOG iff Eis trivial. Show, for any toposcs E and 
E', that the topos Ex E' is a product in LOG; that is, the projection functors are 
logical, and the functor induced by logical functors to E and E' is logical. 

17.6 Given geometric morphisms r -tf.: E--+ E' and g * -1 g •: E'---. E ", show 
that/* o g • -I g • of. is geometric, and so toposes and geometric morphisms form a 
category GEOM. 

17.7 For any topos Ethe functor!: E---.1 preserves finite limits. Show that! has as 
many right adjoints as there are terminal objects in E. Thus there are as many 
geometric morphisms from 1 to E as there are terminal objects in E; but all have! as 
inverse image functor, and all the direct image functors are naturally isomorphic. In 
short, 1 is an initial object in GEOM 'up to natural isomorphism of functors'. Show 
that the topos Ex E' is a co-product for E and E' in GEOM up to the same kind of 
natural isomorphism, with the projection functors to E and E' as the inverse image 
parts of the geometric morphism injections. 

The best approach to GEOM uses 2-categories, which we will not consider here (see 
geometric morphisms in Johnstone 1977~ 

17.8 Let F:E--.E' be a logical functor. Show that if/has transpose/;C--.BA 
then F/has transpose Ff(up to the isomorphism between F(BA) and FBFA). For any 
monic i in E, show that F( i) has classifying arrow F(x,). Use the constructions of 
implicates and universal quantifications in Chapter 13, and of finite co-limits in 
Chapter 16, to show that F preserves them. [Hint: you could use the result in the next 
exercise.] 

17.9 A logical functor F:E--.E' interprets the internal language of E in E'. For 
any formula <p ofE, let F<p be the E' formula obtained by replacing every variable x, of 
sort A in <p by the first variable y1 of sort FA that has not already been used, and every 
arrow f by Ff Show that F<p is a formula of LE'. Show that F preserves extensions, as 
follows. If <p has free variables x1 ••• Xn of sorts A 1 ••• An then there is an isomor­
phism h that makes the following commute: 

Conclude that if <pis true in LE then F<p is true in LE'. 
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17.10 Show that if i: />---+A has a complement j: J>---+ A then J = - I. [Hint: 
- I is the coproduct of its pullbacks along i andj.] Then conclude that I= - - I. 

17.11 Use stability of epics to show that/: A______. B is epic iff: for every T-element 
c: T ______. B there is an epic s: S-----* T such that cos factors through f. For one 
direction form the pullback of/ and c, for the other consider the generic element 18 . 

17.12 For any object A define the inclusion relation on UA by 

P £; Q+----+(\fx.A)(xEP____.xEQ) P,Q.UA 

Prove that UA is a poset ordered by inclusion. Use { x. A I P( x) & Q( x)} to prove that 
UA has binary intersections, and that these are meets for the poset; that is, show that 

Use disjunction and the material conditional to show that UA has joins and implic­
ates, and thus is a Heyting algebra. Use 

{x. Al(\f P. UA)(PE F ____.xE P)} 
to show that 

r-. (3M .UA)('o'N .UA)N £ M+---+('o'P.UA)(PEF--+N £ P) 

where F varies over the power object of the power object of A. In words, any family F 
of sub-objects of A has an intersection, a greatest lower bound for F in the order on 
UA. Show that the union is a least upper bound for F. 

A Boolean algebra can be de.fined as a Heyting algebra in which every member has a 
complement; so Eis Boolean iff every UA is a Boolean algebra, and thus iff U is. 

A Heyting algebra in which every family has a least upper bound is called complete. 
Thus UA is a complete Heyting algebra. Complete Heyting algebras and their relation 
to toposes are discussed in Fourman and Scott (1979), and from another point of view 
in Joyal and Tierney (1984) under the name locales. 

17.13 For any monic i: I>--+ A write [ i] for the selected pullback oft along X•· Then 
[ i] = [j] iff i = j, and the selected monies [ i] form a poset ordered by inclusion, and 
not just a preorder. Call the poset Sub(A), as in Exercise 8.13. Conclude from 
Exercise 17.12 that Sub(A) is a Heyting algebra, with [IA] as supremum, [0] as 
infimum, and r-., u , and ~ giving meets, joins, and implicates. 

For every arrow f: A--+ B, show that 1- 1 : Sub( B)____. Sub( A) preserves all the 
Heyting algebra operations. 

Exercise 17.12 does not prove that every family of sub-objects in Sub (A), defined by 
any means whatsoever, has a g.l.b. or a l.u.b. It generally is not so. Any internal family 
of sub-objects of A has a l.u.b. and a g.l.b.; that is, any family defined by a sub-object in 
E of UA. Bu~ in general, not every collection of sub-objects definable in some way is 
definable internally. 
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External semantics 

We have interpreted formulas in a topos E by assigning each an extension. 
This is called the internal semantics. The external semantics, also called 
Kripke-Joyal semantics, describes which generalized elements satisfy each 
formula. The idea is that the extension collects the instances of a formula 
internally to E, while the class of generalized elements satisfying it is an 
external collection. A generalized element satisfies a formula iff it is a member 
of the formula's extension, and this external viewpoint is often handy for 
more complicated formulas. 

18.1 Satisfaction 

As before, x is a list of variables x 1 , ••• , Xn over objects A1 , ••• ,An. Let x 
include all the variables that are free in cp. Then c: T--+ A 1 x · · · x An 
satisfies cp with respect to x iff c is a member of [ x I cp ]. The following theorem 
gives conditions which are sometimes used for an inductive definition of 
satisfaction: 

THEOREM 18.1 Let x include all the variables that are free in cp and t/I, 
while () may have a further free variable y of sort B. Then, for any 
c: T--+A 1 x · · · x An, we have: 

(i) c E [xlcp & t/I] iff c E [ilcp] and c E [ilt/I]; 
(ii) c E [ x I fa] iff T is initiat 

(iii) c E [xi cp--+ t/I] iff, for every s: S---+ T, if co sE [xlcp] then co sE [ilt/I]; 
(iv) c E [ x I cp v t/I] iff there exist S 1 and S 2 and an epic s: S 1 + S 2 ----* T such 

that cosoi1 E[ilcp] and CoSoi2 E[ilt/I]; 
(v) cE[xl(Vy.B)lJ] iff for every s:S--+T and r:S--+B we have 

(co s, r) E [ x, y I lJ] (see Exercise 18.4); 
(vi) c E [xl(3y. B)O] iff there is some epics: S--* T and an r: S--+ B such 

that ( c o s, r) E [ x, y I lJ] (see Exercise 18.4). 

PROOF Clauses (i), (iii), and (v) were proved in discussing intersections, 
universal quantifications, and implicates. Clause (ii) is trivial, since 0 is a strict 
initial object. For clause (iv), suppose that c is in the extension, so that c 
factors through some h: T---+ [xlcp v t/I]. Let S1 be the preimage h- 1 [xlcp] 
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and let S2 be h- 1 [.XI t/I]. The obvious arrow from [.Xl<p] + [.Xlt/I] to 
[il'I' v t/I] is epic, so by stability of coproducts and epics the induced arrow 
from S 1 + S2 to Tis epic. Conversely, suppose that there are S 1 and S 2 , as in 
the clause. Then s factors through the preimage c - 1 [ x I 'P v .p ]. Then since s 
is epic the monic of the preimage is also epic, and so it is iso, which proves 
that c factors through [il'P v t/I]. Similarly, stability of epics proves 
clause (vi). 0 

Given a T-element c: T--+ A, we call s: S--+ Ta change of stage and say 
that cos: S--+ A is c at the later stage of definition S. The terminology is 
slightly ambiguous, since what matters is the change of stage arrow s and not 
just the domain S. Clause (iii) says that c satisfies <p --+ t/I iff, at any stage of 
definition at which c satisfies <p, c satisfies t/I. Think of this clause as saying 'to 
whatever extent c satisfies <pit also satisfies t/I'. Clause (v) says that c satisfies 
(Ay. B)O iff at every later stage of definition Sand for every S-element r of B, c 
and r satisfy 0. 

We say that an epic arrows: S---.. T covers T. Then clause (iv) says that c 
satisfies a disjunction iff T is covered by some later stage S 1 + S 2 , itself a 
co product such that c at stage S 1 satisfies one disjunct while c at stage S 2 

satisfies the other. Clause (vi) says that c satisfies ( 3y. B)O iff there is a cover S 
of T and an S-element r of B such that c and r satisfy 0. 

The idea of a later stage of definition appears in Kripke's semantics 
(although not the term 'stage of definition', which seems to be derived from 
algebraic geometry, where a given polynomial has solutions 'defined over' 
various fields). Joyal first saw how to generalize to topos semantics, and in 
particular he noticed the role of coverings. Lawvere (1976) discusses all this. 
Bell (1988b) describes Kripke models in topos terms. 

A closed existential formula (3y. B)<p is true iff 11 satisfies it, and so iff there 
is some object S with S--+ I epic and some r: S--+ B that satisfies <p. There 
need not be a global element c: 1 --+ B that satisfies <p. But the corollary 
below shows that unique existence does imply a global instance. We intro­
duce unique existential quantifiers (3!x. A) as abbreviations in the usual way: 
for any formula <p, (3!x. A)<p abbreviates 

(3x. A)<p & (Vx, x'. A)[( <p & <p(x/x'))---. x = x'] 

where x is any variable over A that is free for x in <p. 
We can neatly express the theorem on functional relations using the unique 

existential quantifier (compare this with Theorem 16.8): 

THEOREM 18.2 Suppose, for some relation R >----+Ax B, that we have 

I- (3!y.B)Rxy x.A 

Then 
I- (3!g.BA)(Vx.A)(Vy.B)(Rxy..-.g(x) = y) 
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PROOF (3!y. B) Rxy says that R is totally defined and single-valued, so R is 
the graph of an actual arrow, which corresponds to a unique global element 
g0

: 1 --+ BA that makes this formula true: 

~ (Vx.A)(Vy.B)(Rxy~g0 (x) = y) 

While this proves internal existence, the uniqueness of the global instance is 
not enough to prove internal unique existence (i.e. just as there may be 
internal existence without global existence, so there may be many internal 
instances while there is only one global instance). But from 

(Vx.A)(Vy.B)(Rxy.-.g(x) = y&Rxy..-.g'(x) = y) 

we easily deduce that 
g = g' 

and this proves internal uniqueness. 0 

COROLLARY If a closed formula (3!x. A)cp is true then a unique global 
element of A satisfies cp. In fact, the closed formula is true iff [x. A I cp] itself is 
a global element of A. 

PROOF For any object T define a relation R >--+ Tx A by the formula 
Rzx ~ cp; that is, everything in Tis related to everything with the property 
cp. Then (3!x. A)cp implies that this is the unique functional relation from Tto 
A with all values in [xlcp]. By Theorem 18.2 there is a unique arrow from Tto 
[xlcp]. So [xlcp] is terminal. 0 

18.2 Generic elements 

By topos logic a closed universal formula (Vy. B)cp is true iff the formula cp 
with y free is true, and that is iff the identity arrow 18 satisfies cp. This gives a 
rapid technique for proving universal formulas when we reconstrue it in 
terms of the generic element of B as a global element of B* B in the slice topos 
E/B; that is, as A8 : B--+ Bx B. The next theorem shows that a closed 
formula (Vy. B)cp is true iff A8 satisfies B*cp in the slice topos E/B. (B*cp is a 
case of the notation introduced in Exercise 17.9.) 

We often speak of'the formula cp in E/B', meaning the formula B*cp. We 
may speak of'the extension of cp in E/B' to mean the extension of B*cp which, 
after all, is just the functor B* applied to the extension of cp in the base 
topos E. 

THEOREM 18.3 A formula cp, the only free variable of which is y over B, is 
true iff the generic element A8 satisfies it in E/B. 

PROOF Any c:T--+B satisfies cp iff the E/T arrow 
<1r, c): T*l--+ T*B satisfies cp in E/T, since each of these triangles 
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commutes iff the other does: 

T---h----..>[Yl'P] 

I 
B 

To prove the theorem, let c = 18 • 

(lr,h) 
T----~>Tx [YI <p] 

I 
TxB 

0 

Theorem 18.3 is typically used when we know that in every topos every 
formula of the form of <p is satisfied by all global elements (of the relevant 
object). Then L1 8 satisfies <p in E/B, and so <p and (Vy. B)<p are true in E. 
Exercise 19.8 is one example. Here we use this method to extend Theorem 
18.2, after a technical lemma. 

LEMMA 18.4 Take any closed formula() and subterminator U >--+ 1. Then 
() is true in E/U iff U is included in [-1 O] >--+ l. 

PROOF The extension of lJ in E/U is the pullback ofits extension in E along 
U >--+ 1. But the pullback of any monic V >--+ 1 along U >--+ 1 is all of U iff 
u~~ o 
COROLLARY Any closed formula() is true in the slice over its own extension. 
A closed conditional u--+ 8 is true iff 8 is true in the slice over the extension 
of u, since each claim is equivalent to [_la] ~ [-10]. 0 

In any topos E, for any objects A and B of E, consider the following 
formula: 

(Vx. A)(3!y. B) (x, y) Er---+(3!g. BA)((Vx)(Vy) (x, y) Er.--. y = g(x)) 

with r a variable over fr4><B. Abbreviate it as <p(r)--+t/l(r) to emphasize the 
free variable. 

LEMMA 18.5 Every global element r0
: 1--+UA><B satisfies <p(r)---+t/l(r). 

Equivalently, substituting the constant r 0 for the variable r gives a true closed 
formula <p(r0 )--+ t/l(r0

). 

PROOF Consider the slice of E over the extension of <p(r0
). In this slice <p(r0

) 

is true, so r 0 classifies a functional relation from A to B in the slice (that is, the 
pullback of r 0 into the slice classifies a functional relation from the pullback of 
A to the pullback of B) so t/l(r0

) is true in the slice. Thus the conditional 
<p(r0 )---+ t/l(r0

) is true in E. 0 

THEOREM 18.6 The formula <p(r)--+ t/l(r) is true. 
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PROOF Consider the slice of E over fr">< 8 • The pullback of <p(r}---+ t/l(r) to 
this slice is another formula of the same form, so applying the last lemma in 
the slice topos shows that the generic element A(a-t .. •> satisfies it. Therefore 
Theorem 18.3 shows that <p(r)---+ t/l(r) is true in E. 0 

The advantage of Theorem 18.6 over Theorem 18.2 is that Theorem 18.6 
allows us to substitute any term for r, and not only closed terms. Therefore it 
applies to all T-elements of UA >< 8 rather than just global elements; so we can 
obtain T-elements of BA, for any object T of E. 

Exercises 

18.1 Let i list exactly the variables that arc free in <p. Show that <p is true ift' the 
identity arrow on A 1 x · · · x An satisfies it, and thus iff every generalized clement of 
A1 x • • · x An satisfies it w.r.t. i. 

18.2 Suppose that <p has only one free variable, x of sort A. Show that any 
c: T----+ A satisfies <p iff the closed formula <p(x/c) is true, taking c as a constant. 
[Hint: calculate [_jq>(x/c)] using the substitution lemma.] 

18.3 Let x include all the variables free in <p. Show that if c: T----+ A 1 x · · · x An 
satisfies q> w.r.t. i then so docs co r for any r: S--+ T. Prove that the extension 
[ij<p] >---+ A 1 x · · · x An satisfies <p, and that any c: T----+ A 1 x · · · x An that 
satisfies <p is [ i I 'I'] at the later stage T. 

18.4 This is a technical detail. If the list of variables i is empty (so that (}must have 
no free variables except y), then clauses (v) and (vi) of Theorem 18.l must be 
understood as follows: 
(v) cE [_j(\fy. B)6] ifffor every s: s-- Tand r: s-B WC have (cos, r) [_, yj6]; 

(vi) cE[_j(3y.B)8] iff there is some epic s:S--* T and an r:S----+B such that 
(cos, r) E [_, yl6]; 

where '_9 is interpreted in the way a variable of sort 1 would be. If 6 has no free 
variables, except possibly y, show that there is a pullback as shown below, so that his 
iso: 

h 
[_,ylO]-----[yjO] 

I I 
1 x B'--------.-.B 

18.S Show that ( 3 y. B)(y = y) is true iff B----+ 1 is epic. 

18.6 This exercise is about replacing many variables by one. Suppose that all of the 
free variables of <p arc among x 1 , ••• , Xn, and let z be a variable over A 1 x · · · x An 
not in 'I'· Let <p(i/z) be obtained by substituting Pi(z) for x1 for every i, where p1 is the 
projection to A1• Show that s: T----+ A 1 x · · · x An satisfies <p w.r.t. the list 
X 1 1 ••• , Xn iff S Satisfies <p( X/z). 
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Natural number objects 

In this chapter, unless otherwise stated, we deal with a topos E that has a 
natural number object N, 0, s, defined below. Not every topos has a natural 
number object. 

19.1 Definition 

A natural number object is an object N plus a global element 0: 1 ---+ N and 
an arrows: N---+ N, called the successor arrow, with the following property: 
for any object A and global element q: 1 -----+A and arrow/: A --+ A, there 
exists a unique u: N---+ A such that u o 0 = q and u o s = f o u: 

0 s 
-----)-# N----->., N 

ul l· 
A------>A 

I 

Call q and f recursion data for u. Internally, u is defined by 

I- u(O) = q & u(sy) = f (u(y)) y. N 

It follows that indexed recursion data define indexed families of arrows 
from N: 

THEOREM 19.1 Any q: P----+ A and /:Ax P---+ A determine a unique 
u: N x P---+A such that 

I- u(O, p) = q(p) & u(sy, p) = f(u(y, p), p) p. Ty.N 

PROOF Consider recursion data 'q': 1---+ AP and k: AP---+ AP, where k is 
the transpose offo(ev,p2 ):APxP---+A. These give a unique v:N---+AP 
and the transpose of v is the desired u. 0 
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19.2 Peano's axioms 

A natural number object N, 0, s supports proof by induction; that is, the only 
sub-object of N including 0 and closed under successor is the whole of N. To 
say that a monic i: J ,.___.A is closed under /:A---+ A means that these 
equivalent conditions are satisfied: 
1. For any T and x ETA, if x E i then/x E i. 
2. There is some h: 1--+ I with/ o i = i oh. 
3. i ~1- 1 

( i) as sub-objects of A. 
4. We have I- l(y)---+ l(fy) y. A. 
The first three are equivalent in any category with pullbacks, and external 
semantics shows that the fourth is equivalent to the first. 

THEOREM 19.2 If i:f>.--+N has OEi and is closed under s, then i ~ lN. 

PROOF Assume that there are some q and h that make the lower triangle 
and square here commute: 

s /1-h-----.)I· 
1 q ) I ) I 

~jr t 
N---

5
--)-.N 

Define u by recursion data q, h. Then i o u is defined by recursion data 0, s, 
which means that i o u = lN. So i is split epic, and thus iso. 0 

THEOREM 19.3 Suppose that arrows/, g: N---+A have/(O) = g(O) and, for 
every T and yErN, if /(y) = g(y) then/(sy) = g(sy). Then/= g. 

PROOF By Theorem 19.2, the equalizer of/ and g is an isomorphism. 0 

THEOREM 19.4 (Freyd) The following is a coproduct diagram: 

0 s 
--N N 

PROOF For any object A and arrows q: 1--+A and f:N---+A, the 
recursion data (see Exercise 19.4) 

u(O) = q and u(sy) = fy 

define the unique u: N---+ A to show that the diagram is a coproduct. 0 
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Thus s is monic and N is the disjoint union of 0 and s. Altogether, the 
following Peano axioms are true in E: 

,.., (0 = sy) y.N 

sx = sy -+ x = y x, y. N 

((0 EI)& (Vx. N)(x EI-+ sx E /)]-+ (Vx. N)(x E /) I. 01' 

Actually, Theorem 19.2 only shows that the induction axiom is true for 
every global sub-object of N; that is, for every constant of sort [JN in place of 
the variable I (but see Exercise 19.8). 

The next theorem says that everything in N is connected to everything else 
by way of s. 

THEOREM 19.5 (Freyd) The arrow !N: N---+ 1 is a coequalizer for sand lN. 

PROOF Suppose that an arrow f:N--+A has/=/os. Then/ =/oOo!N, 
since both sides correspond to recursion data/ o 0 and 1 A, so /factors through 
!N. Since !N is epic, split by 0, any factorization through !N is unique. 0 

Freyd showed that Theorem 19.4 and 19.S characterize natural number 
objects. We state the main theorems but leave the proofs to Freyd (1972~ 
Johnstone (1977), or Barr and Wells (1990). They hold in any topos, without 
assuming that it has a natural number object. 

THEOREM 19.6 Suppose that there is an isomorphism f: 1 + M--+M 
such that 1 is a coeq ualizer for f o i2 and 1 M. Then M, f o i 1 ,f o i2 is a natural 
number object. It follows that any functor between toposes that preserves 1, 
coproducts, and coequalizers also preserves natural number objects. 

THEOREM 19.7 Suppose that an object M has an isomorphism 
/: 1 + M--+ M. Let q: M--+ Q be the co-equalizer off o i2 and 1 M. Then 
the pullback of q of o i 1 along q is a natural number object. 

19.3 Arithmetic 

Define + : N x N---+ N by the N-indexed recursion data 1 N and 
so p1 : N x N---+ N. Internally, + is uniquely determined by these equa­
tions, abbreviating + (x, y) by x + y: 

I- 0 + y = y & (sx) + y = s(x + y) 

THEOREM 19.8 These equations also hold: 

x+O=x x, y, z .N 

x + sy = s(x + y) 

x+y=y+x 

x + (y + z) = (x + y) + z 

x,y.N 
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PROOF For the first use this induction: 

Basis: 0 + 0 = 0 
Induction: x + 0 = x implies (sx) + 0 = s(x + 0) = sx. 

Formally, using the recursion equation for +,we prove that 

~ 0 + 0 = 0 & (x + 0 ::= x --. (sx) + 0 = sx) x. N 

Then using the internal Peano axiom of induction we deduce: 

~ (Vx. N) x + 0 = x 

175 

All the usual inductive proofs are sound (see recursive functions in Kleene 
1952, Mendelson 1987, or other texts). 0 

Define multiplication, .:NxN--+N, by N-indexed recursion data Oo!N 
and + : N x N---. N. In other words, with the obvious abbreviation x. y, 

~ O.y = 0 & (sx).y = (x.y) + y 

The usual inductions show that 

x.0=0 x, y, z.N 

x.sO = x 

x.y = y.x 

x. (y + z) = (x. y) + (x. z) 

x,y.N 

and so on. So we have elementary arithmetic. In fact, all primitive recursive 
functions can be defined and the usual results on them follow by the usual 
inductions. Lambek and Scott (1986) give further results on exactly what 
functions exist in toposes with natural number objects. 

19.4 Order 

Define a relation ~ on N by 

x S y+--+(3z. N)x + z = y x,y.N 

THEOREM 19.9 The relation ~ is reflexive and transitive. In other words, it 
is a weak order relation. 

PROOF Prove that x s x from x + 0 = x. The formula 

(x ~ y & y ~ z) --. x ~ z 

follows from associativity of + . 

x, y, z.N 

D 
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Arithmetic proves formulas such as 

x ~sx x, y, z .N 

sx S sy+---+x Sy 

xSy--+x+z~y+z 

x ~ y---.x.z ~ y.z 

THEOREM 19.10 We have: 

(1) xsy~(x=yvsx~y) 
(2) x S y v y S x; 
(3) ,..., (sx ~ x). 

x, y.N; 

PR oo F Theorem 14.4, or an easy induction, shows that 

z = 0 v (3w)(z = sw) z. N 

Thus x ~ y is equivalent to 

x = y v (3z. N)(x + sz = y) 

and so to the right-hand side of formula (I). 
Formula (2) follows by induction on y. For the basis step, (x ~ 0 v 0 S x) 

follows from 0 S x. For the induction, prove that 

(x S y v y S x) I- (x S sy v sy S x) 

by cases, that is by the v-rule. Oearly, x ~ y implies x s sy. On the other 
hand, 

y ~ x I- (y = x v sy S x)) I- (x ~ sy v sy S x) 

Formula (3) is proved by induction, with basis step 

sO ~ 0 I- (3z. N)sO + z = 0 I- (3z. N)sz = Ol- fa 

For the induction step, given sx ~ Ol- fa we can deduce ssx ~ Ol- fa, since 
~~wus~ O 

THEOREM 19.11 N is decidable. 

PROOF Each step here can be justified using Theorem 19.10: 

• 
sx s y, x = y I- sx s x 

sx Sy I- "'(x = y) 
x ~ y I- x = y v -. (x = y) 

I- x = y v "'(x = y) 

x,y.N 

The last step uses the v -rule and Theorem 19.10, formula (2). 0 
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We also define a strong order < on N by: 

x<y~sxsy x.Ny.N 

Its properties are fairly immediate from Theorem 19.10 (see Exercise 19.9). 
The internal logic of a natural number object includes much of the law of 

excluded middle, because of decidability, even if the general form of that law 
is not valid in the topos. 

19.S Rational and real numbers 

The classicality of N extends part way into arithmetized analysis. For 
example, we construct an object of positive rational numbers Q +. Define an 
equivalence relation Eq on N x N by 

l- (x,y)Eq(z, w).--+x.sw = z.sy x, y, z, w.N 

and let q: N x N ~ Q+ be its quotient. The idea is that q(x, y) is the ra­
tional x/sy, using s to preclude denominator zero. By definition we have 
q(x, y) = q(z, w) iff x. sw = z. sy, the desired definition of equality of ratio­
nals. 

One can show that Q+ x Q+ is the quotient ofEq x Eq and define an arrow 
+ Eq from (N x N) x (N x N) to Q + by 

+Eq((x, y), (z, w)) = ((x.sw) + (z .sy), (y. w) + y + w) 

This is the usual addition rule for fractions, allowing for the use of s in 
denominators, and + Eq co-equalizes the two projections from the relation 
Eq + Eq and so induces an arrow from the quotient, + : Q+ x Q+-+ Q+. 
The multiplication of rationals can be defined in the same way and, since 
internally every rational is q(x, y) for some x and y, arithmetic of rationals 
can be performed in the usual way using fractions. 

A quotient of a decidable object need not be decidable, but Q+ is because 
Eq is decidable on N x N. That is, internally, for any r and r' there are 
x, y, z, win N with q(x, y) =rand q(z, w) = r'. By decidability of N we have 

(x.sw = z.sy) v ,_ (x.sw = z.sy) 

which means that either ( x, y) Eq ( z, w) or not and so either r = r' or not. 
So all the above theorems on order and arithmetic in N transfer easily to Q +. 
To obtain all the rationals, Q, we take an object of integers Z (see Exercise 
19.15) and carry out the construction with Z x N in place of N x N (so the 
denominator of a fraction is a non-zero natural number, while the numerator 
is any integer). 

The real numbers are trickier. In most toposes, constructing the reals by 
c.~uchy sequences and by Dedekind cuts does not give isomorphic results. 
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Clearly, QN is an object of sequences of rationals, and we can define the 
Cauchy sequences in the internal language and the desired equivalence 
relation. The usual definitions work, but Johnstone (1977) gives versions that 
are more useful in topos logic. The result is called the object of Cauchy reals, 
or, Re. A Dedekind cut is a suitable pair of sub-objects of Q, so the Dedekind 
reals R4 are a sub-object of U'2 x QCl (details are given in Johnstone (1977) and 
Bell (1988b), among other works). In general Rd is not isomorphic to Re. 

There is a canonical inclusion Re >-----+ R4 in any topos, since topos logic 
proves that every Cauchy sequence gives a Dedekind cut; but in general Rd is 
much larger and richer than Re. For a topological space S, the natural 
numbers in Shv (S) are the locally constant functions from S to the actual 
natural numbers, the rationals are the locally constant functions from S to the 
actual rationals, and the Cauchy reals in Shv(S) are the locally constant 
functions to the actual real numbers IR. The Dedekind reals are all continuous 
functions from S to JR. 

19.6 Finite cardinals 

In addition to the global element 0: 1--+ N, there are sO, ssO, and so on. 
These are the standard natural numbers, but they need not be the only global 
elements of N. For example, the generic element of N as a global element of 
N* Nin E/N is not standard unless Eis trivial (see Exercises 19.10 and 19.11). 

For any global element p: 1---+ N, define the cardinal of p to be the 
extension [x.Nlx < p], a sub-object of N. Since we can show that 

I- "' (x < 0) x. N 

I- x < sp +--+ (x < p v x = p) 

it follows that [O] 2:: 0 and for every p, [sp] ~ [p] + 1. In particular, the 
cardinal of the nth standard natural number is a coproduct of n copies of I. 

Slice functors preserve natural number objects (see Exercise 19.3 or 19.14), 
so N* N, N*O, N* sis a natural number object in E/N. Since N* is logical it 
preserves < , meaning that N* < is the strong order relation on N* N in 
E/ N. Similarly, pullback along any p: 1---+ N preserves all these, but more is 
true. Since N* is the pullback along !N, and !Nop is the identity arrow for 1, 
for every object A we have p* N* A 2:: A. 

Let n be the generic element L1N: N >----. N x N as a global element of N • N. 
Then the cardinal [n] in E/N is useful. From the point of view of E, it is an 
arrow to N, which we write [n]--+ N. It is the generic cardinal: 

THEOREM 19.12 For any global element p: 1--+N, the following is a 
pullback: 
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[p]> >[n] 

l l 
1 p >N 

PROOF The pullback of the generic element n along pis p, and the pullback 
functor p* preserves every construction used in defining cardinals, so it takes 
[n] in E/N to [p] in E. D 

In other words, [n]--+ N is an N-indexed family of cardinals, where the 
fibre over any value in N is the cardinal of that value. 

For any object A, consider the exponential (N* A)Cn1 in E/N. From the 
viewpoint of E this is an arrow (N* A)C•1---+ N. Its pullback along any 
p: 1---+ N is, up to isomorphism, AIPl, since p* preserves exponentials. 

Think of AIP1 as containing all p-tuples, or p-length lists, of values in A. 
Since [O] 2:; 0, we have AIOJ ~ 1, which intuitively says that there is just one 
empty list. And [sp] ~ [p] + 1 implies that AlapJ ~ AIPJ x A. A (p + 1)-length 
list consists of a p-length list plus one more value. Notice, however, that this 
does not require p to be a standard natural number, and so A1"l need not 
actually be a product of copies of A (compare with Exercise 19.13). 

The arrow (N* A)C0l--+ N combines all the AIPJ into one family indexed 
over N, and thus gives a meaning internal to E to the phrase 'all finite length 
lists of values in A'. For applications of this construction to inductive 
definitions in toposes, and algebraic theories in toposes, and much more, see 
Johnstone ( 1977) and references therein. 

Exercises 

19.1 Natural number objects make sense in any category with a terminator. Show 
that natural number objects are unique up to isomorphism. 

19.2 For any category A with terminator define a category NA as follows. An object 
of NA is an object A of A and arrows q: I---+ A and/: A---+ A. An NA arrow from 
A, q,fto A', q',f' is an A arrow h: A---+ A' such that ho q = q' and h of= f' oh. Show 
that a natural number object for A is an initial object for NA. 

19.3 Let N, 0, s be a natural number object in E, and let F: E----+ E' be any functor 
preserving 1 and with a right adjoint. Show that F N, FO, Fs is a natural number object 
in E'. This includes slice functors A* from any Cartesian closed category and the 
inverse image functors of geometric morphisms. 
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19.4 Show that, for any q: 1 ----+A and h: N x A----+ A, there is a unique 
u:N----+A such that 

I- u(O) = q & u(sx) = h(x, u(x)) x. N 

[Hint: use recursion data ( 0, q ), (so p 1 , h ). ] Use this to define the factorial function. 
Combine the reasoning here and in Theorem 19.1 to show we can obtain every 
primitive recursive function N----+ N. Lambek and Scott (1986) or any treatment of 
recursive functions define primitive recursive functions. 

19.S Use the predecessor function pr: N----+ N, defined by pr(O) = 0 and pr(sx) = x, 
to show that s is split monic. 

19.6 Show that Theorems 19.1-19.5, and all the exercises up to this point, hold in 
any Cartesian closed category with a natural number object. Use Theorem 19.3 to 
prove the equations in Section 19.3 for generalized elements of Nin any such category. 

19.7 Prove that a terminator in any preorder is a natural number object. Use a 
Cartesian closed preorder to show that 0 and s need not be disjoint, and may actually 
be the same arrow in a Cartesian closed category. 

19.8 Show that the induction axiom with variable I over rt' is true in any topos E 
with natural number object. [Hint (UN)• N is a natural number object in E/(UN), so 
the axiom's pullback is the induction axiom for E/(flN). Use the generic element 
of UN.] 

19.9 Prove that < is transitive and that: 

,.., (x < x) 

x S y +----+ [x = y v x < y] 

x<yvx=yvy<x 

19.10 Show that if 0 = sO then E is trivial. [Hint: one method is to show that if 
0 = sO then [O] = [sO].] Conversely, show that every object in a trivial topos is a 
natural number object. Show that if E is not trivial then not all global elements of the 
natural number object in Ex E are standard (even if all in E are). We can describe a 
global element (p, q): ( 1, 1 )----+ (N, N) in Ex E, with p :F q in E, as a natural 
number in Ex E with 'internal variation'. 

There are toposes built along the lines of non-standard models of type theory, as in 
non-standard analysis (see Robinson 1974). These toposes have 'infinite' non-standard 
natural numbers. But internal variation, like the simple example above, is the more 
typical source of non-standard natural numbers. 

19.11 Show that the generic natural number n for E, viewed as a global element of 
the natural number object in E/N, is neither the zero in E/N nor the successor of any 
other global element [Hint: Exercise 19.3 shows that zero and the successor are 
preserved by pullback.] 

Explain how, nevertheless, 'n = 0 v (3y. N)n = sy' is true in L(E/N). [Hint. inter­
pret 0: 1-N and s: N ,____. N as sub-objects of the terminator in E/N, the co­
product of which is the terminator. Show that they are the extensions of 'n = O' and 
'(3y. N)n = sy' respectively in E/N.] Again, n has internal variation in E/N. 
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19.12 (Benabou's original definition of (p]) For any p: 1---+ N prove that [p] is 
isomorphic to the pullback of p along + : N x N---+ N. [Hint: prove internally that 
for every x < p there exists exactly one y with x + y = p.] 

19.13 Let p be an actual natural number (i.e. a natural number from our external 
point of view rather than a global element of N in E). Let p0 be the global element 
so ... o sO of N in E, with s repeated p times. Show that [p0

] is the coproduct of p 
copies of 1, and so for any object A, AIP"l is the product of p copies of A. 

19.14 Let Ebe any topos, without supposing that it has a natural number object 
Show that if an object N with 0: 1---+ N and s: N---+ N satisfies the Peano axioms 
in E, then N, 0, s is a natural number object. [Hint: show that the usual argument from 
the Peano axioms to recursive definition of functions is sound in E.] Conclude that 
every logical functor preserves natural number objects. 

19.15 Define an equivalence relation Ron N x N by 

~ (x,y)R(z, w)...-+x + w = y + z 

and define p: N x N---* Z as the quotient, so that intuitively p(x, y) is the integer 
x - y (compare with Beth 1968, p. 9Sff.). Johnstone (1977) constructs the integers as a 
pushout, but our Chapter 24 uses the fact that Z is a quotient of N x N. 
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Categories in a topos 

In this chapter small categories and functors in a topos E are defined. 
Functors are then defined from a small category A to E, and the category EA 
of such functors, and it is proved that EA is a topos. Examples of functor 
categories on the topos Set are given in Chapter 22. 

Section 20.1 really only applies naive constructions given in Part II to 
small categories in E. It generalizes the results in Chapter 12 on small 
categories in a universe of sets. 

20.1 Small categories 

A small category in a topos E is a pair of objects A0 and A 1 and arrows 
D:A 1--+A0 ,C:A 1 ---+A0 ,i:A0 --+A 1,and M:A 2 --+A., where A2 is 
the following pullback: 

satisfying these equations: 

A 1 -------9) A0 D 

Do M = Do p2 and Co M = Co p1 

D o i = A0 and Co i = A0 

Mo ( i o C, A 1 ) = A 1 and M o (A 1 , i o D) = A 1 

Mo(MxA 1 ) = Mo(A 1 xM) 

Note that (i o C, A1 ): A1 --+ A2 , among others, is an arrow to the pull­
back and not to the product A 1 x A 1 • But the equation Doi = A0 implies the 
pullback condition D o i o C = Co A 1 , so in fact ( i o C, A 1 ) is well defined 
to A2 • 
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The equations look more familiar internally, with variables over objects 
and arrows of A; and writing i0 in place of i(o), and/ o gin place of Mo(/, g). 

Df =Cg ~D(fog) = Dg & C(fog) =Cf f, g, h.A. 

~ D(i0 ) = o & C(i0 ) = o o.A0 

~ icrf=f & g 0 in, = g 

Df= Cg, Dg = Chf- (fog)oh =fo(goh) 

(Exercise 20.21 discusses 'fog' as an abuse of notation.) 
In a small category A= (A0 , Att D, C, i, M), we call A0 the object of 

objects, and A 1 the object of a"ows. D, C, i, and M are the domain arrow, 
codomain a"ow, identities arrow, and composition arrow. 

A functor, F:A--+B, from A= (A0 , Att D, C, i, M) to B = (B0 , B., D', 
C', i', M') is a pair of arrows F 0 : A0 --+ B0 and F 1 : A 1 ----+ B 1 such that 

r-D'(F 1 h)=F1(Dh) & C'(F1h)=F1(Ch) g,h.A 1 

~ F 1 (io) = i'Fo(o) O • Ao 

Dh =Cg~ F1(hog) = (F.h)o'(F.g) 

Functors compose, with F o G consisting of F 0 o G0 and F 1 o G 1 • Every small 
category A has an identity functor consisting of the identity arrows for A0 

and A1 • 

Small categories and functors in E themselves form a (non-small) category 
CatE· The constructions in Part II, of products, coproducts, and equalizers of 
categories, apply in any topos (see Exercise 20.1), so CatE has all of these. 
Given functors F, G: A--+ B, the reader can define natural transformations 
from F to G and show that there is a small category &', an exponential of B 
by A in CatE (see Exercise 20.5). Coequalizers are more complicated. In fact, 
CatE has coequalizers iff E has a natural number object. The results on 
adjunctions in Chapter 10 all hold for CatE, but of course we do not have the 
axiom of choice in every topos E. 

20.2 E-valued functors 

In addition to functors between small categories, we can define functors from 
a small category A to the base topos E. These are called E-valued functors on 
A, or diagrams on A. The idea, naturally, is that a diagram S on A assigns to 
each object o of A an E object S(o), and to each arrow o--+ o' of A an E 
arrow S(o)--+ S(o'), preserving identity arrows and composition. But (un­
less E is a topos of sets) the object of objects A0 is not determined by its global 
elements alone, and so we cannot formalize this definition simply by assig­
ning an E object to each global element of A0 • We need an A0-indexed family 
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of objects, that is an arrow s: S ~ A0 , and a suitable action of A 1 on that 
family. 

Precisely, define a diagram on A to consist of a structure arrows: S--+ A0 

plus an action ac: A 1 xA0 S--+S, where A 1 xA0 S is the pullback of s along D. 
In other words, it is the extension [ (f, x). A1 x SID/= s(x)]. The arrows s 
and ac are required to meet the following conditions: 

Df = s(xH- s(ac(f, x)) =Cf f, g .A 1 x .S 

s(x) = o l- ac(i0 , x) = x 

Dg = s(x), Df = Cg l- ac(f o g, x) = ac(f, ac(g, x)) 

We may refer to the diagram (s, ac) as S for short, naming it by the domain 
of its structure arrow. 

Intuitively, the first equation says that when x lies in the fibre over the 
domain off, then/ acts on x to give a value in the fibre over the codomain of 
f. The second says that when x lies in the fibre over an object o then the 
identity arrow on o does not change x. The last says that if f and g are 
composable and x lies in the fibre over the domain of g, then letting g act on x 
and letting fact on the result is the same as letting f o g act on x. Think of the 
fibres over objects as the values of the functor on those objects, and the 
actions of the arrows as the values of the functor for those arrows. This is 
further spelled out in the next two paragraphs. 

Let s, ac be a diagram on A. Then each generalized object of A, that is each 
o: T--+ A 1 , gives as object the fibre of s over o: 

S(o) >>------.> S 

l 
T ___ o __ _.,.) Ao 

If o is a global object, that is T = 1, then we regard S(o) us an E object. 
Otherwise we regard S(o)--+ T as an object in E/T. In Chapter 11 the 
subscript notation S0 was used for fibres, as is customary for families of sets. 
Here we shift to the notation S(o), which is customary for values of functors. 

Suppose that a global arrow of A,f: 1 --+A 1 , has domain and co-domain 
f: o--+ o' in A. Then the relation 

ac(f, x) = x' x,x' .S 

is single-valued from x to x', defined for x in S(o), and takes values x in S(o'). 
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So the E arrow S(f): S(o)--+ S(o') is uniquely defined by 

I- S(f)(x) = acs(f, x) x. S(o) 

The second equation on sand ac says that S(i0 ) is the identity on S(o). The 
third says that S preserves composition. This is extended to generalized A 
arrows in Exercises 20.8-20.10. 

Take a pair of diagrams on A, one with structure arrow s: S--+ A0 and 
action ac.s; and one with w: W--+ A0 and acw. Define a natural trans­
formation v:S--+ Was an E/A0 arrow, v:s--+ w, which commutes with 
the actions as .follows: 

" s-----w Ai XAoS >S 

A, ~•••l l· 
Ai XAo W )W 

Internally this says that: 

s(x) = or-w(v(x)) = o o.A0 x.S 

DJ= s(x) I- acw(f, v(x)) = v(ac5 (f, x) f. A 1 

So pulling the triangle back along any global A object o: 1--+ A A gives an 
E arrow v0 : S(o)--+ W(o), and for any global A arrow f: o--+ o' the 
naturality square commutes in E: 

Vo 
S(o) ----~> W(o) 

S(/'1 lW(/) 

S(o') ----.... ) W(o') 
Vo 

But, again, the real point is that such conditions hold for all generalized 
objects and arrows (see Exercise 20.10). 

Natural transformations v: S--+ Wand µ: W--+ Y compose simply by 
composing the arrows to give µ o v: S--+ Y. And for any diagram S the 
identity 15 : S--+ S is natural. Thus diagrams on A and natural trans­
formations form a category called the diagram category on A, or simply EA. 
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Limits in EA (as well as colimits) are calculated pointwise, meaning that you 
obtain a given limit diagram by taking the limit in each fibre. A quick 
description of the fibres will motivate the precise constructions. The termin­
ator in EA is called L11, or the constant diagram with fibre 1. The fibre over 
each A object is I, and so for each A arrow f the arrow S(f) has to be the 
identity 1--+ 1. This is clearly functorial; it preserves identity arrows and 
composition. And for any diagram S there is a unique natural transformation 
! : S--+ A 1 with the only components it could have: 

S(o) -----> 1 

S(/1 l 
S(o')-----

Given diagrams S and W as above, define a diagram S x W with fibre 
S(o) x W(o) for any A object o, and arrow 

S(/P< W(/) 
S(o) x W(o) __ __. S(o') x W(o') 

for each A arrow f: o--+ o'. This is clearly functorial, and the projections 
Pt: S(o) x W(o)--+ S(o) are components of a natural transformation Pt: S 
x W--+ S. For any diagram T and natural transformations v: T--+ S and 
µ: T--+ S, the components 

T(o) ---S(o) x W(o) 

give the unique natural transformation required to show that S x Wis 
a product of S and Win EA. 

For diagrams S and Wand natural transformations v and µ, both from S to 
W, define a diagram E the fibres of which are the equalizers shown, and the 
arrows of which are those induced by the equalizers: 

E(o) :>>---~) S(o) ____ ..,.)W(o) 

lS(/) lW(/) 

E(o"') :>>----.) S(o') ____ ,.... W(o') 
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By their definition, the inclusions E(o) ~ S(o) are components of a natural 
transformation E ,._..__. S, easily seen to be an equalizer for v and µ in EA. 

Thus EA has all finite limits. In fact, like all toposes it has limits over all 
diagrams that can be defined within it, including infinite ones, of course, if E 
has any infinite objects to begin with (see Exercise 20.18). 

It remains to actually construct diagrams with the fibres described. Each 
diagram must not only have fibres in E, as described for global objects and 
arrows of the diagrams, but it must also have them in E/T for all objects and 
arrows of A defined over any E object T. So it must have the appropriate fibre 
in E/A0 over the generic element of A0 , the identity arrow. And, conversely, 
since all the constructions involved are preserved by pullbacks, if we get this 
fibre right all the others will follow. Of course, for any diagram S the fibre 
over the identity arrow on A0 is simply the structure arrow s: S--+ A0 itself. 
So we calculate each limit (or colimit) of structure arrows in E/A0 and the 
corresponding actions to obtain limits (resp. colimits) in EA. 

Therefore the terminator L11 must have the terminator in E/ A0 as structure 
arrow; that is, the identity A0 --+ A0 • The action is C: A1--+ A0 • It can 
easily be seen that is the only action that this structure arrow can have, and 
that this diagram is terminal in EA. For the product S x W, form the product 
in E/A0 , that is the pullback S XAo Win E, with action ac9 xA0 acw. This is the 
unique action with projections acs and acw. For the equalizer of v and µ, form 
their equalizer as E/A0 arrows, which is also their equalizer as E arrows, by 
Theorem 11.1. The action is uniquely defined by the requirement that the 
insertion of the equalizer be natural, so that it can be an equalizer of 
diagrams, i.e. by the requirement that the following square commutes: 

ac. 

E ')>------~) S 

20.3 The Yoneda lemma 

For each generalized A object o: T--+ A0 we define a diagram R0 , called the 
representable functor on o. For any A object o', R0 (o') consists of all A arrows 
from o too'. For any A arrow /:o'--+o", R0 (f) is the function that takes 
each A arrow g:o--+o' and composes with/to give/og:o--+o". Clearly, 



188 Categories in a topos 

R0 (f) is well defined from R0 (o') to R0(0"~ and R0 preserves identity arrows 
and composition. 

For any o: T---+ A0, let the object R0 beA 1 XAo T, the pullback of o along 
D: A1 ---+ A0 • Therefore R0 consists of all A arrows with domain o or, more 
strictly, with domain o(x), where x is a parameter in T. Let the structure 
arrow be: 

p 1 C 
At x AO T---+ Ai --+Ao 

Therefore the fibre over any A object o' consists of all pairs ( g, x) with g an A 
arrow and x in T such that Dg = o(x) and Cg = o'. Let the action be: 

M XAOT 

Ai XA0A1 XAoT Ai XAo T 

Therefore the action applies to triples (f, g, x) with Df = Cg and 
Dg = o(x), and it composes the arrows leaving x alone to give(/ o g, x). 

The Yoneda lemma says that for any diagram S and T-indexed object 
o: T--+ A0 , the T-elements of the fibre S(o) correspond exactly to the 
natural transformations from R0 to S. Of course, a T-element of the fibre is 
the same thing as an arrow from o to s over A0 : 

Ao 

The idea is simply this. Take any v: R0 --+ S. For any A arrow g with Dg = o 
we have g = goi0 in A and so 

v(g) = v(R0 (i0 )(g)) = S(g)(v(i0 )) 

So vis completely determined by the action of S once we know v(i0 ). And, 
conversely, we can use those equations to define a natural transformation v 
starting with any value in S(o) for v(i0 ~ 

We state the Yoneda lemma as an adjunction. There is a functor 
U: EA--+ E/ A0 which 'forgets' the action of a diagram. That is, U (S) is the 
structure arrow of S, an object of E/A0 • For any natural transformation 
cp: S-+ W, U ( cp) is just <p as an E /A 0 arrow. The theorem shows that U has 
a left adjoint which assigns to each E/ A0 object o: T--+ A0 the representable 
functor R0 • 
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THEOREM 20.1 (the Yoneda lemma) Every o: T--+A0 has an E/A0 
arrow h: o---+ R0 universal from o to U. 

h 
T------R

0 

PRooF Leth: T---+A 1 xA0 Tbe the arrow induced by ioo: T--+A 1 and 
IT: T--+ T. So h takes any value x in Tto the pair (i0 <">' x). It is easy to see 
that paii:- is in A 1 x Ao T and that the structure arrow takes that pair to o(x ), so 
his well defined as an arrow over A0 • Let S be any diagram on A and take any 
y:o--+S in E/A 1• We must show that there is a unique v:R0 --+S with 
v oh = y. But to say that v oh = y is the same as saying that 

}- v(i0 '"'' x) = y(x) x. T 

and we also have 

Dg = o(x) I- ( g, x) = acR0 (g,(i°"' x)) 

and so naturality of v says that 

g.A, x.T 

Dg = o(x) }- v(g, x) = ac.(g, v(io(x).x)) = ac.(g, y(x)) 

and that fully defines v: A 1 x Ao T--+ S in terms of ac •. 

20.4 EA is a topos 

D 

We begin proving that EA has a sub-object classifier by describing the monies 
in EA. 

LEMM A 20.2 A natural transformation v: S--+ W is monic in EA iff it is 
monic in E/A0 , and so iff it is monic in E. 

PROOF Obviously, if vis monic in E/A0 it is monic in EA. The converse 
holds since U is a right adjoint and any right adjoint preserves monies. The 
second claim is a general fact about slice categories. D 

LEMMA 20.3 A subdiagram v: S ,.__. W consists of a sub-object v: S >---+ W 
of the E object W with the following property. Suppose that y in W has 
w(y) = o and y is in the sub-object S; then for every A arrow f: o--+ o' we 
have acw(f, y) also in S. 
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PROOF If S is a subdiagram, to say that y is in it means (expressing it 
internally) that for some x in S we have v(x) = y. But then by naturality of v, 
acw(f, y) equals v(ac.(f, x)) and so it is in the sub-object. Conversely, given an 
E monic S >----+ W with that property, the restriction of acw to S is clearly the 
one and only action that makes S a diagram and v natural. 0 

Consider any diagram Wand subdiagram S ,......__... W. We can do more than 
just say whether or not each value y in Wis in S. We can measure the 'extent 
to which y is in S' by the collection of arrows that carry y into S; that is, 
{g. A 1 lacw(g, y) ES}. Call that collection x.s(y). For example, Xs(Y) contains 
all arrows with domain w(y) iff y is in S, since acw(iw<>'>' y) = y. The larger 
Xs(Y) is, the closer we think of y as being to S. 

If w(y) = o then for any h:o--+o' and y' = acw(h, y) we have 

Xs(y') = {/.A 1 1 f oh E x.(y)} 

since we have 

Define a cosieve on an object o to be a collection of arrows with domain o 
such that if an arrow g is in the collection and D/ = Cg then fog is also in it 
(compare with sieves, in Section 21.4). The maximal cosieve on o contains all 
arrows with domain o, and a cosieve on o is maximal iff it includes i0 • Note 
that Xs(Y) is always a cosieve. Our 'measures of the extent' to which a value is 
in a given subdiagram are cosieves. The sub-object classifier for EA will be the 
diagram of cosieves. 

THEOREM 20.4 EA has a sub-object classifier. 

PROOF Define the object UA as the object of all cosieves (this can be defined 
internally as a sub-object of the power object Q<Aa> in E). Define the structure 
arrow y: QA--+ A0 as taking each cosieve to the object that it is a cosieve on. 
For any arrow h: o--+ o' and cosieve C on o, define the action this way: 

acy(h, C) = {/. A1 I/oh EC} 

This clearly preserves identity arrows and composition. Note that if C is 
maximal on o then ac>'(h, C) is maximal on o', and so there is a natural 
transformation t: A 1--+ UA given by the E arrow A0 --+ UA which takes 
each o in A0 to the maximal cosieve on o. 

Take any subdiagram S>--+ W. The natural transformation Xs= W--+ UA 
that takes each y in W to Xs(Y) is the only one which takes y to the maximal 
cosieve on w(y) iffy is in S, the only one to make this square a pullback in EA: 
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s A 1 

I 1 
w x. )QA 

So !2A is a sub-object classifier. D 

Given diagrams Sand Won A, define the exponential diagram ws by 
saying, for any object o of A, that W5 (o) is the collection of all natural 
transformations from R0 x S to W (see Exercise 20.16). For any A arrow 
/: o---+ o' there is a natural transformation f •: R0 .--+ R0 defined by 
f*(h) = h of. So we can define ws(f) as taking each v: R0 x S--+ W to 

,. xs \I 

R0 .xS----.R0 xS--+ W 

The reader can verify that ws is a well-defined diagram on A. Do not confuse 
the diagram W5 with the exponential of objects ws in E! 

THEOREM 20.5 The diagram ws is an exponential of W by Sin EA. 

PROOF To define the natural transformation ev: ws x S--+ W, for each 
v: R0 x S--+ Wand each x in S with s(x) = o, let ev( v, x) be v(i0 , x). Take any 
natural transformation cp: Vx S---+ W. For each yin Vwith v(y) = o define 
a natural transformation ijJ(y): R0 x S--+ W by saying for each h: o--+ o' 
and x' in S(o') we have 

(<P(y)) (h, x') = <p((Vh)(y), x') 

Define ijJ: V--+ ws as taking each y to ii>(y). Routine though copious details 
verify that each of these is natural, and that (p is the transpose of cp. 0 

Exercises 

20.1 Prove that CatE has a terminator with object of objects and object of arrows 
both 1. Given small categories A and B, show that there is a product A x B with object 
of objects A0 x 80 and object of arrows A 1 x B1 • Given functors F and G, both from A 
to B, construct an equalizer for F and G using the equalizer of F 0 and G0 , and also the 
equalizer of F 1 and G1 in E. Do the same for an initial category, using 0, and for 
coproducts in CatE, using coproducts in E. 

20.2 Call a small category A a preorder if ( D, C): A 1 ---+ A0 x A0 is monic, 
indiscrete if (D, C) is iso, and discrete if i is iso. Explain these in terms of our 
previous definitions of preorders, and indiscrete and discrete categories. What is the 
dual of A? 
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20.3 Define an underlying object functor U: CatE--+ E that takes A to A0 and F to 
F0 • Show that the four adjoint functors of Exercises 12.1-12.8 exist over any topos E. 
[Hint: Comp (A) is the coequalizer of the domain and codomain arrows of A; that is, 
functors from A to Disc(S)correspond to arrowsf:A0 ----+Swith/oD = foC.] Show 
there is no further adjoint on either end if E is not trivial (i.e. if 1 + 1 is not iso to I in E 
and thus-comparing with Exercise 20.6 below-the finite category 2 in E is not 
isomorphic to the category unfortunately also called E in Exercise 10.6). 

20.4 Define a natural transformation between small functors F, G: A---+ Bas an 
arrow v; A0 ---+ 8 1 that meets certain conditions. 

20.5 For any small categories A and Bin E, construct a functor category BA and 
show that it is an exponential of B by A in CatE. [Hint: for the object of objects (BA }0 

use the extension 

[f. B\A•) If preserves identity arrows and composition] 

State that condition internally. Define the object of arrows as the sub-object of 
(BA)0 x (BA)o x (B\A0 >) that contains all (/, g, v) with v natural from/ tog.] 

20.6 Show that every finite category appears as a small category in E with finite 
coproducts of I for object of objects and object of arrows, and that the functors 
between them all appear in E. 

20. 7 Given a natural number object N, construct a category N with object of objects 
I and object of arrows N and + : N x N----+ N as composition. Show that any 
functor F:N----+A is fully determined by F(l), since F(sn) = F(n)oF(l). Show that 
the functor q: 2----+ N that takes the non-identity arrow of 2 to the natural number 1 
is a coequalizer in CatE for the two functors from 1 to 2. 

Conversely, those functors have a coequalizer only if E has a natural number object. 
This could be proved by reasoning internally, but it is perhaps better to see 
Johnstone (1977, Theorem 6.41). 

20.8 Given any small category A in E and any E object T, show that applying the 
functor r•:E--+E/Ttoeach object and arrow in (A0 , A1,D, C, i, M) gives a small 
category in E/T. (This just means that T* preserves the pullback A 2 and the equations 
defining a category.) Call this small category T* A. Show that T* also preserves small 
functors, so that there is a (non-small) functor T*: CatE----+ CatE/T· 

20.9 Given a diagram s, ac on A and any E object T, show that T* s, T* ac is a 
diagram on T* A in E/T. (As in Exercise 20.8, the verification is trivial.) Show that 
there is a (non-small) functor r• from EA to (E/T)T·A. 

20.10 A T-indexed A object o: T----+ A0 can be regarded as a global object of T* A, 
and similarly for T-indexed arrows. Show that the fibre of T* S over o as global object 
of r• A is the same as the fibre S(o) defined in Section 20.2 as a pullback in E. 

Suppose that an A arrow f: T----+ A 1 has Df = o and Cf= o', for o and o' T-indexed 
objects of A Transfer all of this to the slice E/Tto conclude that there is an E/Tarrow 
S(f):S(o)----+S(o') such that S preserves identity arrows and composition for T­
elements of A0 and A 1 • Also conclude that natural transformations give naturality 
squares in E/ T similar to those in E described in the text of the chapter for global 
arrows and objects. 
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20.11 Generalize Exercise 20.8 by showing that any geometric morphism 
f* -1 f.: E---+ E' gives a functor f •: CatE----+ CatE, and a functor 
f.:CatE.---+CatE which are also adjoint/* -lf •. 
20.12 For diagrams S and W, define a diagram with structure arrow 
(~): S + W----+ A0 and action ac5 + acw. Show that the inclusions S ,...__. S + Wand 
W ~ S + Wand S + Ware a coproduct for S and Win EA. Show that the fibres of 
S + Wover A objects (including fibres in E/Tfor fibres of objects defined over any T) 
are coproducts of the fibres of Sand W. 

20.13 Given Sand Wand natural transformations v andµ, both from S to W, define 
a coequalizer for v and µ. As usual, the basic step is to form the coequalizer of v and µ 
as E/ A0 arrows. [Hint: recall Exercise 11.4 on coequalizers in a slice.] 

20.14 Sum up the results of finite limits and colimits in EA as saying that the forgetful 
functor U: EA----+ E/ A0 creates them ('creating' is defined in Exercise 11.5). 

20.15 Show that a cosieve on o amounts to a subdiagram of R., (recall Lemma 20.3). 
Thus the Yoneda lemma explains why the fibres of the sub-object classifier for EA 
contain the cosieves. 

Use the Yoneda lemma to explain why the fibre over o of the exponential diagram 
ws contains the natural transformations from R., x S to W. 

20.16 Show that a natural transformation from R0 x S to W can be defined internally 
as a partial function from A 1 x S to Wand so, treating the partial function as a single­
valued relation, as a member of the power object of A 1 x S x W. Thus the object of all 
natural transformations from R., x S to W, for all A objects o, can be defined internally 
as a sub-object of the power object of A 1 x S x W. 

20.17 Show that for every E object B there is an A diagram with structure arrow 
p1 : A0 x B----+ A0 and action C x B: A1 x B----+ A0 x B. Call this diagram AB, or the 
constant diagram with fibre B. Show that its fibre over any global object of A is B and 
that the action of any global arrow is 18 • Similarly, show that the fibre over any T­
indexed object is T* Band that the action of any T-indexed arrow is the identity. 

For any E arrow /:B----+B', show that A0 xf:A0 x B----+A0 x B' gives a natural 
transformation between constant diagrams. Conclude that there is a functor 
A: E----+ EA that takes each object to its constant diagram. Show that L1 preserves all 
finite limits. 

20.18 For any diagram S, define Colim(S) by the following coequalizer: 

ac 
A1 xAo S ::::::s-....Colim(S) 

P2 

Show for any E object B that a natural transformation v: S----+ B gives an E arrow 
Colim (S)----+ B and vice versa, so that Colim is left adjoint to A. Use A0-indexed and 
A1-indexed products to internalize the construction of limits in Section 4.6 to 
construct a right adjoint Lim to A. Thus every topos E has a colimit and limit for 
every diagram on a small category in E. We say that E is internally cocomplete and 
internally complete (compare with Mac Lane (1971, Theorem 5.1) and Johnstone 
(1977, Ch. 2). 
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20.19 A global section of a diagram Son A is a global element of Sin EA, a natural 
transformation b: A 1-S; in other words, a E arrow b: A0 ----+ S such that 

r- s(b(o)) = o o. A0 

Df= or- ac1 (/,b(o)) = b(Cf) f.A 1 

Show that if v: S----+ Wis a natural transformation and b is a global section of S, then 
v o b is a global section of W. 

20.20 Show that there is a functor r: EA--. E that takes each diagram to the object 
of its global sections, right adjoint to L1: E-EA, and so there is a geometric 
morphism A -jI':EA----+E. 

I do not recommend formalizing this too strictly, but the reader may notice that the 
indexed product llA0 S is the object of selections ofa value b(o) in each fibre S(o), so 
that the object of global sections of Sis a sub-object of that rs>---+ n AoS. An E arrow 
/: B----+ S gives an arrow 

- fxAo 
A0 x B----+ Bx A0 ----+ (I'S) x A0 >----t (fl AoS) x A0----+ S 

Reasoning internally to E, this arrow takes any A object o and value y in B to 
(/(y))(o); that is to the value in S(o) of the global section /(yi One can prove that 
arrow is a natural transformation from AB to S. Conversely, any natural trans­
formation v:AB----+S determines an arrow f:B----+I'S whic~ put internally, takes 
each yin B to the section b defined by b(o) = v(o, y). 

20.21 This is an exercise on formalizing an abuse of notation in the internal 
language. Terms such as/o g, used in the axioms for a small category, are an abuse of 
notation, since the composition arrow of A is defined for terms of sort A2, not A 1 x A 1 • 

Having D/ = Cg in the sequent does not eliminate the abuse, since that equation is a 
presupposition for definedness off o g, and not just a condition for the truth of some 
claim about it. 

Call a composition term such as/ o g a pseudoterm. If/ and g are not bound variables 
then we can regard a sequent with fog in it as short for a sequent with a formula 
(p1c = f & p2 c = g) added to the left-hand side, and every occurrence off o g 
replaced by m(c), where c is a variable over A2 not already occurring in the sequent. 
This must be done inductively, since a pseudoterm sot might have other pseudoterms 
embedded in s and t. Call the result the expanded form of the sequent with pseudo­
terms, and call a sequent with pseudoterms true iff its expanded form is. The expanded 
form of the associativity axiom is quite long. 

Call Df = Cg the presupposition of the pseudo term fog, and call a sequent with 
pseudoterms proper if its left-hand side includes the presupposition of each pseudo­
term in the sequent. 

Show that topos logic is sound for proper sequents; that is, applying any rule to true 
proper sequents in such a way as to yield a proper sequent always yields a true one. 

Give analogous definitions for the pseudoterms ac (/, x) used with diagrams on A, 
with presupposition Df = o(x). 

20.22 The cut rule is not sound for arbitrary sequents with pseudoterms because it 
can eliminate a pseudo term the presupposition of which is required for the conclusion 
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For example, for any small category A the domain-codomain axioms imply that 

o,o'.A0 

but the identity axiom implies that i0 o i0 • = i0 so cut would give 

~ o=o' 

saying that all objects of A are equal. Show that adding the presuppositions turns this 
into a proof that o = o' implies o = o'. 

20.23 The reader familiar with Russell's theory of definite descriptions might enjoy 
proving that our expanded forms of sequents with pseudoterms 'fog• are equivalent to 
the result obtained by treating 'fog• as a definite description 'the h such that there is 
some c with p1 c = f and p2 c = g and me = h•, and spelling it out in Russelrs way. 
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Topologies 

In this chapter is described Lawvere and Tierney's elementary treatment of 
the topologies on toposes that Grothendieck first described. We use any base 
topos E and, given a topology j on E we construct a topos E1 which is 'E 
modified by makingj-true formulas actually true'. Grothendieck toposes are 
described. 

21.1 Definition 

A topology on Eis an arrow j: !2--+!2 such that: 

j 0 t = t, j oj = j, j 0 " = /\ 0 (j x j) 

Let J >---+ U be the sub-object classified by j. Every sub-object s: S ~A of 
any object A has aj-closure, written s: S >---+A and defined as the sub-object 
classified by j o x.s, where Xs classifies s. Equivalently, s is the pullback of J 
along Xs· 

The j-closure operator has various nice properties: 

THEOREM 21.1 For any topology j, sub-objects sand w of A, and arrow 
f:B--+A: 

(1) s ~ s; 
(2) s = s; --
(3) (s f'l w) = s f'l w; 
(4) if s ~ w then s ~ w; 
(5) the j-closure of 1- 1 (s) is 1- 1 (s). 

We say that the)-closure operator is inflationary, idempotent, it preserves 
intersections, it preserves order, and it is stable under pullback. 

PROOF Since jot= t we have t ~ J as sub-objects of U, and (1) follows 
since pullback along x1 preserves order. Oause (2) is immediate from j o j = j, 
and (3) from j o " = " o (j xj). Since s ~ w means the same thing as 
s f'l w = s, clause (3) implies (4). And (5) holds since both sub-objects are 
classified by j o Xs of. 0 

A sub-objects: S >---+A is calledj-dosed if it is its ownj-closure; that is, if 
s = S. It is called j-dense if its j-closure is all of A; that is, if s = 1 A. 
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Immediately from Theorem 21.1, ifs is closed then so is any pullback/-• (s). 
Ifs is dense then so is any sub-object that contains s and any pullback 1- 1 (s). 

We need two technical lemmas: 

LEMMA 21.2 Suppose thats is dense and w closed, and that the following 
square commutes: 

f S----->W 

I 
X-----__.) A g 

w 

Then there is a unique u: X--+ W with g = w o u. It follows that f = u o s. 

PROOF The pullback g- • (w) is closed, and also dense since it contains s; 
thus it is (up to equivalence) 1 x· So g factors through w, and uniquely since w 
is monic. To prove that f = u o s, compose both sides with the monic w. 0 

LEMMA 21.3 Any sub-object w: W,__. A is dense in its own closure. 

PROOF The inclusion w,__. Wis the pullback ofw along w, so its closure 
is the pullback of w along w. But that is W. 0 

This use of terms from point-set topology has a history, but on our level it 
is more misleading than helpful. Lawvere suggests looking at a topology as a 
modal operator 'it is j-locally the case that'. We may shorten that to 'it is j­
true that'. The arrow j appears internally as an operator applying to formulas 
and giving formulas, such that: 

f- w--+jw 

l- jjw ..__. jw 

w,w'.U 

f- j(w& w')+--+(jw)&(jw') 

For example, take any u: 1---+ Q. It is easy to verify that the arrow 
(u-+ _): Q--+ Q is a topology. To be u-true means to have truth value at 
least u. This is called an open topology, since in the case where Eis a topos of 
sheaves on a topological space, Shv ( T) for some topological space T, u will 
correspond to an open subset U of T and the u-true formulas will be those 
true over at least U. 

The arrow (u v _): Q---+ U is the closed topology for u. A formula is true in 
this topology if its disjunction with u is true. If E is Shv (T) the formulas true 
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for this topology are those true over at least the closed set the complement 
of U. 

The double negation arrow -. "" : U--. U is a topology. In some toposes 
E, to be not-not-true means to be 'true so far as global elements in E are 
concerned'. If E is Shv (T) it means 6not false on any open set' or, in other 
words, 'true on some dense open subset of T'. 

21.2 Sheaves 

For any topos E and topology j on it, an E object A is a sheaf for j iff the 
following holds. For every object X andj-dense sub-object s:s~x and 
every f: S----. A there is a unique g: X ~A with f = gos: 

X-----•)A g 

The idea is that, since s is j-dense, it is j-true that s is all of X. A j-sheaf A is an 
object that thinks s is all of X, so that an arrow from S to A fully determines 
an arrow from X to A. 

Let E1 be the full subcategory of E the objects of which are the j-sheaves, 
and let i: Er--. Ebe the inclusion functor. 

THEOREM 21.4 Ei has all finite limits, and i preserves them. 

PROOF Trivially, 1 is aj-sheaf and is terminal in Ei. Givenj-sheaves A and 
B, form their product Ax Bin E. For any j-dense S>--.X, any arrow from S 
to A x B corresponds to arrows from S to A and to B, so A x B is a sheaf and 
is a product of A and Bin Ei. Similarly, the equalizer in E of any parallel pair 
of arrows from a sheaf A to a sheaf Bis a sheaf(this uses the sheaf property of 
A and of B) and in fact is an equalizer in Ei. 0 

COROLLARY An arrow /between sheaves is monic in E1 iff it is monic in E. 

PROOF Clearly, if/is monic in E it is in Ei. And since i preserves pullbacks 
it preserves monies (compare with Exercise 4.9). 0 

THEOREM 21.5 For any object A, if Bis a j-sheaf then so is BA. It follows 
that i preserves exponentials. 

PROOF Take any j-dense s:S>--.X and arrow f:S--+BA. Then 
s x A: S x A >-----+ X x A is j-dense, since it is the pullback of s along 
p1 : Xx A--+ X. The transpose J: S x A---. B determines a unique 
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u: X x A--+ B, the transpose of which is the unique arrow showing that BA 
is a sheaf. The second claim is left to the reader. 0 

Define Q1 ,.__. Q as the equalizer of j and 10 • Since j o l = t, the arrow t 
factors through a unique t: 1--+ !21• So !21 contains the truth values equival­
ent to their ownj-truth, those w withj(w) = w. We will prove that !21 is a sub­
object classifier for E1. First note that !21 classifies closed sub-objects in E. For 
any monic s: S ,.__.A, the classifying arrow Xs factors through !21 iff j o Xs = Xs 
and thus iff s is closed. 

LEMMA 21.6 Let A be a sheafand take any monic w: W>--+A. Then Wis a 
sheaf iff w is closed. 

PROOF By Lemma 21.3, i: w,.__. Wis dense. So if Wis a sheaf there is a 
unique arrow u: W--+ W with 1 w = u o i. But then w o u and w both com­
pose with i to give w, and since A is a sheaf this shows that w o u = w. So w is 
equivalent to w. 

Then suppose that w is closed and take any dense s: S ,.__. X and arrow 
f:S--+ W. Apply Lemma 21.2 to sand w, with g the unique arrow to the 
sheaf A with w of= gos, to obtain some u: X--+ W with/= u o s. For any 
v: X---+ W, if/= v o s then g and w o v have the same composite with s. So the 
sheaf property of A implies that g = Wo v, and since w is monic v = u. 0 

THEOREM 21.7 For any monic s: S >---+A with Sand A both sheaves, there 
is a unique u: A--+!21 such thats is a pullback oft along u. 

PROOF Since s is closed, its classifying arrow to U factors uniquely 
through uj. 0 

Theorem 21.7 will imply that Q1 is a sub-object classifier for E1, and so E1 is 
a topos, as soon as we show that !21 is itself a sheaf. 

THEOREM 21.8 Ql is a sheaf. 

PROOF For any dense s:S>--+X and any /:S--+!11, let w: W>---+S be 
the sub-object classified by S--+ Ui ,.__. Q, so that w is closed. The pullback 
of so w along s is w, so the pullback of so w along s is w, and that is w. So 
j o X<s ow> o sis the classifying arrow of w. Butj o X<s ow> factors through a unique 
g: X--+ !11, and this is the unique arrow with f = gos. 0 

21.3 The sheaf reflection 

Given a topology j we will construct a left adjoint L to the inclusion 
i: E1--+ E and prove that it preserves all finite limits. A left adjoint to the 
inclusion of a full subcategory is often called a reflection functor. It 'reflects' 
each object into the subcategory. We call L the sheaf reflection functor. 
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Separated objects have half of the sheaf property and make a good halfway 
point in constructing L. An object A is separated (for the topology j} iff: for 
every object X andj-dense sub-objects: S >----+ X, if arrows g and g' from X to 
A have gos = g' o s then g = g'. This is what you obtain by saying 'at most 
one arrow g" rather than 'a unique arrow g' in the definition of a sheaf. In 
particular, every sheaf for j is j-separated. 

Let Eacp,J be the full subcategory ofE with thej separated objects. We often 
omit j in the subscript. 

THEOREM 21.9 The following are equivalent: 
(i) The object A is separated. 

(ii) The equalizer of any parallel pair of arrows with codomain A is closed. 
(iii) The diagonal A ,.__. A x A is closed. 
(iv) This sequent is true: 

j(x = x'H- x = x' x,x' .A 

PROOF Suppose that A is separated and take any f, g: B--+ A and the 
equalizer e: E ...__. B, with its closure e: E >---+ B. The inclusion s: E ~ E of 
E into its closure is dense, and we have 

foeos =foe= goe = goeos 

Since A is separated this implies that f o i = go e. Thus e factors through e, 
proving that e = e. Clause (iii) foJlows from (ii), since the diagonal is the 
equalizer of the two projections to A. Clauses (iii) and (iv) are equivalent since 
the extension of j(x = x') is the closure of the diagonal Finally, assume that 
the diagonal is closed and consider any dense s: S ,.__. X and/: S--+ A. If 
hos = f and k o s = f, then ( h, k) o s: S---+ A x A factors through the dia­
gonal, and so Lemma 21.2 shows that (h, k) already factors through it. But 
that means that h = k. So A is separated. 0 

In constructing the sheaf reflection functor we freely take the kernel pair of 
an arrow f: A--+ B as a pair of arrows, h and k, to A or a sub-object 
( h, k): P ,___. A x A, whichever is convenient. We slightly abuse our not­
ation, using j for the image factorization 

J 
Q--+QJ,,__.-.u 

of the topology j: !2--+ Q (see Exercise 21.6). For each object A, our 
construction of L(A) centres on the arrow 

AJ.l..uA~Q ... 
J 

The idea is that this composite coequalizes each pair of values in A that are j­
equal, yielding a separated object MA embedded in the sheaf U1. The closure 
of MA is the sheaf L(A ). 
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LEMMA 21.10 The kernel pair of j'4 
o { } is closure of the diagonal of A. 

PROOF The kernel pair is the extension of 

{y.AI j(y = x)} = {y.AI j(y = x')} x,x'.A 

This formula is equivalent to j(x = x'), so its extension is the closure of the 
diagonal. 0 

THEOREM 21.11 For any object A, let q:A___..MA be the image of the 
arrow jA o { } • Then MA is separated, and for every separated object C and 
arrow g: A---+ C there is a unique u: MA--+ C such that g = u o q. 

PROOF MA is separated since it is a sub-object of the sheaf Uf (see 
Theorems 21.5 and 21.8, and Exercisc.21.5). Take any g from A to a separated 
object C and let ( h, k) be its kernel pair. Every kernel pair includes the 
diagonal, and (h, k) is closed by Theorem 21.10 since it is the equalizer of 
go p1: A x A--+ C and go p2 • So the closure of the diagonal is included in 
(h, k), and Exercise 21.7 completes the proof. 0 

By Theorem 10.3 there is a unique functor M: E--+ Escp left adjoint to the 
inclusion of ~cp into E, with each arrow qA: A --+MA universal to M. Each 
Mf is the unique arrow that makes the following square commute: 

I 

qA 
A----->..,..>MA 

Mf 

B------>~>MB qB 

THEOREM 21.12 M preserves monies. What is more, for any arrow 
f: A--+ B we have Mf monic iff 

fx = fx'r- j(x = x') x,x' .A 

PROOF The second c1aim implies the first, since the sequent holds for any 
monic f So suppose the sequent holds. The following is sound in the internal 
language. Take any z and z' in MA such that (Mf)(z) = (Mf)(z'). Since qA is 
epic there are some x and x' in A with qA(x) = z and qA(x') = z'. And since 
(Mf) o qA- = q8 of it follows that q8(f x) = q8(fx'). But q8 is the quotient of the 
kernel pair of j 8 

o { }, so the last equation means that 

{w.Blj(w =/x)} = {w.Blj(w =/x')} 
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and that is equivalent to 

j(fx =fx') 

By the assumption on/plusjj = j this is equivalent to 

j(x = x') 

and so to 

{y.Alj(y = x)} = {y.Alj(y = x')} 

which proves that z = qA(x) = qA(x') = z', so Mf is monic. The converse, 
if Mf is monic then the sequent in the statement is true, is left to the 
reader. 0 

THEOREM 21.13 For any object A, let LA be the closure of MA in ut. So 
s: MA ,.__.LA is dense. Let '1: A--+ LA be so qA. Then LA is a sheaf and for 
every sheaf C and arrow g: A--+ C there is a unique v: LA--+ C with 
g =Vo '1· 

PROOF LA is closed in the sheaf U1 and so, by Lemma 21.6, a sheaf. 
Consider any C and g as in the theorem. Since C is separated there is a unique 
u: MA--+ C with g = u o qA. Since s is dense and C is a sheaf there is a 
unique v: LA--+ C with u = v o s. Thus g = v o '1· Uniqueness is left to the 
~~L D 

Therefore there is a unique functor L: E--+ Ei left adjoint to the inclusion 
i: E1---+ E with the arrows '1 universal to L. 

THEOREM 21.14 L preserves finite products. In fact, for any A and B the 
arrow ('lA, 'ls) is universal to sheaves. 

PROOF Since 1 is a sheaf, L preserves it. Take any sheaf C and arrow f: 
Ax B--+ C. Since cs is a sheaf,f:A--+Cs gives a unique u: L(A)--+ cs. 
The double transpose u: B--+ cL(A) gives a unique v: L(B)--+ cL<A>. Calcu­
lation shows that the twisted transpose of v, an arrow from L(A) x L(B) to C, 
is the unique arrow the composite of which with ('IA, 'ls) is f. 0 

THEOREM 21.15 L preserves monies. In fact, Lf is monic iff Mf is. 

PROOF The second claim implies the first, since M preserves monies. So 
suppose that Mf is monic. Lf is the unique arrow that makes the following 
diagram commute: 

MA )>---s--....-.) LA 

Mf I 
s 

MB)>-----~> LB 
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Consider any arrows h, k: T--+ LA with (Lf) oh = (Lf) o k. The pullbacks of 
h and k along s are both dense sub-objects of T. So their intersection 
i: I >---+ T is also dense, by Theorem 21.1. Let h', k': I---+ MA be the 
restrictions to I of h and k. Chasing through the diagram shows that 
so(Mf)oh' = so(Mf)ok' and since sand (Mf) are monic we have h' = k'. 
Thus 

ioh = h' oS = k' oS = iok 

Since I is dense and LA is a sheaf, h = k. Conversely, if Lf is monic so is 
(Lf) o s, and thus so is Mf. D 

THEOREM 21.16 A monic s:S>---+A is dense iff Ls is iso. 

PROOF Ifs is dense then since LS is a sheaf there is an arrow f: A--+ LS 
with f o s ='ls· Since '1A is universal to sheaves the corresponding 
u: LA--+ LS is easily shown to be right inverse to the monic Ls. So Ls is iso. 

Conversely, suppose that Ls is iso. Then 'ls factors as 

"' S >---+A--+ LA--+ LS 

so for every sheaf B every arrow /: S--+ B factors uniquely through A. 
Consider the following diagram: 

As S is the equalizer of the middle pair, so its closure is the equalizer of the 
two composites to !21. But those each have the same composite withs and !21 
is a sheaf. Sojo t = j o Xa and thus the equalizer is A. Sos is dense. 0 

An arrow/: A--+ B is called almost monic (for j) if 

fx =fx ~ j(x = x') 

Theorems 21.12 and 21.15 show that/ is almost monic iff Lf is monic. The 
arrow is called almost epic iff its image is j-dense in B or, equivalently, iff 

I- j((3x.A)/x = y) y.B 

And f is called j-bidense iff it is almost monic and almost epic. 

THEOREM 21.17 For any arrow/: A--+ B, the arrow Lf is epic iff f is 
almost epic. So Lf is iso iff /is bidense. 

PROOF Consider the image factorization A--../.>---+ B off in E. L pre­
serves monies, and any left adjoint preserves epics, so LI is an image 
factorization of Lfin E1. Thus Lfis epic iff Li: LI>---+ LB is epic, and since Li 
is monic that means iffit is iso. Theorem 21.16 shows that this happens iff the 
image I is dense in B. Again, since monic-epics in a topos are iso, Lf is iso iff 
f is bidense. D 
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COROLLARY Each universal arrow '1A is bidense, since LA--+ LLA 
is iso. D 

Our proof that L preserves equalizers follows Veit (1981). 

LEMMA 21.18 If Bis a sheaf and/: X--+ Bis almost monic, then LX is iso 
to the closure of the image I >-----+ B off. 

PROOF If/is almost monic then (up to the iso B ~LB) we have a monic 
Lf: LX >---+ B. Since fis a sheaf(being closed in the sheaf B) there is an arrow 
from LX to i and, in fact, a monic showing that LX ~ i as sub-objects of B. 
On the other hand,/ factors through LX so I ~ LX, and since LX is closed 
in B this implies that i ~ LX. Thus i and LX are equivalent sub-objects 
~R 0 

THEOREM 21.19 L preserves equalizers. 

PROOF Suppose that the top row here is an equalizer: 

f 
E )>---e--> A ) B 

-----.-.) 

1 1 :, 1 
LE >>---Le-~> LA ) LB -----... ) Lg 

Since (Lf) o (Le) = (Lg) o (Le), the equalizer of Lf and Lg includes LE. Also 
note that '1A o e is almost monic, so LE is equivalent as a sub-object of LA to 
the closure of the image of E in LA. Therefore we are done once we show that 
the equalizer of Lf and Lg is included in that image. Reasoning internally to 
E, let x be any value in LA with (Lf)(x) = (Lg)(x). As '1A is bidense we have 

j((3y. A)'lA(y) = x) 

But '1A(Y) = x implies that 

(L/)('1A(y)) = (Lg)('lA(y)) 

and then by naturality of '1 we obtain 

'ls(f(y)) = 'ls(g(y)) 

and since 'ls is almost monic that gives 

j(f(y) = g(y)) 
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which implies that 

j((3w. E)e(w) = y) 

Summing up, we obtain 

j((3w. E)'IA(e(w)) = x) 

which says that xis in the closure of the image. (To be quite precise, summing 
up gives j(3y. A )j(3w. E)('IA (e(w) = x). But we drop the quantifier over y 
because y does flot appear in the formula, and we use jj = j.) 0 

Altogether, L ~ i is a geometric morphism from E1 to E. 

21.4 Grothendieck toposes 

The real strength of topologies appears in connection with diagram cat­
egories, as in Chapter 20. Algebraic geometers often work with diagrams on 
the dual to a given small category. A diagram on A op is called a presheaf on A, 
and the category EAop is the presheaf category on A. This dualizing is a minor 
detail, but coherence with the literature requires it. 

Given a small category A, a sieve on an A object o is a collection of A 
arrows with co-domain o, such that if g is in the collection and Cf= Dg then 
g of is also in iL These are the duals to co-sieves, defined in Section 20.4. A 
Grothendieck topology on A assigns to each A object o a collection of sieves 
on it, called the covering sieves on o for that topology. The covering sieves 
must meet certain conditions, such as that the maximal sieve on an object is 
always covering, but we will not use these conditions. Makkai and Reyes 
(1977) work With them at length, and Artin et al. (1972) at greater length. 
Most books on toposes list them. Mumford and Tate (1978) discuss 
Grothendieck's use of the idea in algebraic geometry. 

As a collection of sieves, a Grothendieck topology is contained in the sub­
object classifier '2Aop for the presheaf category EA0 P. In fact, the conditions on 
a Grothendieck topolgy are equivalent to saying that it is a sub-presheaf 
J >---+ .OA0 p, the classifying arrow j of which is a topology on the topos EAop in 
the sense we have been using. We may call the Grothendieck topology J and 
use j for the corresponding topology on EA0 P, but the two determine each 
other interchangeably. 

A site in a topos E is a small category A in E plus a Grothendieck topology 
J on it. The Grothendieck topos over that site is the category of sheaves for j 
on EA0 P. Call this topos A. This is a very flexible device for constructing 
toposes over E. We briefly discuss one kind of example in Chapter 24, namely 
models for synthetic differential geometry defined over a topos of sets. 

The notion of covering in a Grothendieck topology is tied to the notion in 
Chapter 18 in that each J-covering of an object o in A gives an epic to L(R0 ), 
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the 'sheafification• of the representable presheaf on o in A (that is, R0 is the 
representable functor on o in A 0 P). All of the terms of external semantics have 
special forms for the case of Grothendieck toposes, and 'external semantics' is 
sometimes used just to mean this case (see Exercise 21.11). 

Exercises 

21.l Show that for any u: 1----+U, the arrow (u -+ _):U----+U is a topology by 
proving these sequents: 

w ~ u-w w,w'.U 

U----+ ( U----+ w) ~ U----+ W 

u--(w& w') -I~ (u----+ w)&(u -+ w') 

Similarly, verify that (u v _)and - ,..., are topologies. 

21.2 Verify the following. The identity arrow U----+U is a topology, and every E 
object is a sheaf for it. The constant arrow true, that is t o ! : D----+ I ----+ n, is a 
topology, called the trivial topology. Every sub-object is dense for the trivial topology, 
and only terminal objects are sheaves. The identity topology is the open topology for 
t, trivial is the closed topology for t. 

21.3 Show that a sub-object is dense for the double negation topology iffits negation 
is empty. Show that (j0 ): I + 1>--+U is dense for this topology. [Hint: prove that 
,.., - (t v /a) in topos logic.] Conclude that 1 + I is dense in u _ ... and so E _ ... is 
Boolean. 

21.4 Take any u: 1----+U and the U >--+ 1 that it classifies. Let i: be the open 
topology for u. Show the i:-ctosure of any s: S >--+A is the material conditional 
A x U ~ S and so S is dense iff S contains p1 : A x U >--+A. So p1 is the minimal 
i:-cover of A. Show that an object Bis aj:-sheafiffit is iso to Bu. [Hint To say that B 
is a sheaf means that an arrow from the minimal cover A x U to B determines a unique 
arrow from A to B.] 

Let E., be the topos of sheaves. Show that U*: E----+ E/ U restricted to E.. is full and 
faithful. Conclude that there is an adjoint equivalence U • -1-v: Eu--+ E / U. One 
often says that (up to this adjoint equivalence) the slice E/U is the category of sheaves. 
Thus the sheaf reflection is a logical functor. 

21.5 Show that every sub-object of a separated is separated. Show that E.ep has all 
finite limits, and that the inclusion into E preserves them. Also, if Bis separated then 
for any object A the exponential BA is separated. [Hint: follow the proofs of Theorems 
21.4 and 21.5.] 

21.6 In any category, an arrow/: A---+ A with/ o //is called idempotent. Show that if 
e: E >--+A is an equalizer for an idempotent/ and the identity 1 A, then e is split monic, 
so f has an image factorization A - E >--+A. 

21. 7 In any topos, suppose that ( h, k) is the kernel pair of an epic f: A-B, and 
that (h', k') is the kernel pair of g: A---+ C. Show that (h, k) .s; (h', k') as sub-
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object of Ax A iff g factors through f. [Hint: recall that in a topos every epic is 
coequalizer to its kernel pair.] 

21.8 The sheaf reflection L for j is not logical unless j is an open topology. But E1 is 
always 'E modified by making j-true formulas actually true' in the following two 
senses. The extension of a formula <p is taken by L to an identity iff j<p is true in E. 
Objects A and B of E become isomorphic in E1 iff it is j-true in E that they are iso. 
Expand on these. 

21.9 A topology j is called smaller than j' iff 

~ j(w)---. j'(w) w. U 

Show thatj is smaller thanj' iff J £ J' as sub-objects of !2, and so ifT every j-cover is a 
j'-cover, and so iff every j' -sheaf is a j-shea( 

21.10 Define the object of topologies Top>--+ .on as the extension 

[j. o0 jj(t) = t & (Vw. U)(w -+ j(w)) & (\fw, w'. D)(j(w & w') .--. j(w) &j(w'))] 

Show that the transpose of any global element of Top is a topology. 
Given any monic F >--+ U, show that there is a smallest topology that takes 

everything in F to true. In fact, it is the intersection of all topologies with that 
property, so it is the classifier for the extension 

[w. !21(\fj. Top)((Vw' .U)(w'EF----+j(w') = t)----+j(w) = t] 
Show that the classifier is indeed a topology. 

For any arrow f: A--+ B, let F be the image of the classifying arrow for the 
extension [y. Bl(3x. A)fx = y] >--+ B. Show that L/is epic iff F s; J. Conclude that 
there is a smallest topology that makes f epic. 

For any arrow/: A--+ B, let K >--+Ax A be the kernel pair. Show that/is monic 
iff the inclusion of the diagonal L1 >--+ K is epic. Conclude that there is a smallest 
topology that makes/monic, and thus also a smallest one that makes/ iso. 

The smallest topology for a given condition is often called the forcing topology for 
the condition. (The term has its own plausibility and it is related to the set theorist's 
term, in that a classical set-theoretic forcing construction turns into a Boolean-valued 
model by passing to - - -sheaves.) But it could be trivial, and so collapse the topos to 
a trivial topos. The only topologies on a topos of sets are the identity and the trivial. 
So, forcing anything in Set that is not already true collapses Set to triviality. 

21.11 Use the Yoneda lemma to prove that in a presheaf topos EAop the rep­
resentables R0 form a class of generators. (If natural transformations have the same 
composites with all arrows from representables, they are equal.) Let <p----+ I/I be any 
conditional formula in EAop, the only free variable of which is x of sort S. Show that 
clause (iii) of Theorem 18.1 is equivalent to saying: a member c of S(o) satisfies 
<p----+ I/I iff, for every f: o----+ o', if S/(c) satisfies <p then it satisfies 1/1. [Hint: take 
representables as stages of definition, and remember to switch from A and A 0 P.] The 
reader familiar with Kripke models can compare this to them. External semantics for 
Grothendieck toposes is discussed in Kock (1981, Ch. 11.8), for example. 



Part IV 

SOME TOPOSES 



22 

Sets 

The distinguishing feature of sets is that 'a set is determined by its elements', 
which we express categorically by an axiom that says that every/: A---+ B is 
fully determined by its effect on global elements of A. A topos satisfying this 
axiom is called well·pointed, and we will refer to its objects as sets and its 
arrows as functions. 

Topos theorists sometimes use 'set' for an object in any topos (especially 
the effective topos). Lawvere calls the objects of any topos 'variable sets' and 
those of a well·pointed topos 'constant sets', the limiting case of variation. 
One way in which to see the sense of this is to look at sheaves on a topological 
space T as sets varying over T. If Tis a one·point space the sheaves are 
constant sets. See Lawvere (1975, 1976) and elsewhere for more on this view. 
In these terms, in Section 22.1 constant sets are described, and in Section 22.2 
some variable sets are constructed from them. 

22.1 Axioms 

We assume a topos Set satisfying the following axioms: 

(SET 1 ) Well· pointedness, or 1 generates: for any parallel pair of arrows 
f, g:A---+ B either f = g or there is some c: 1--+A with 
Jo C ":F go C. 

(SET 2 ) Non·triviality: 1 is not iso to 0. 
(SET 3 ) Infinity: there is a natural number object N. 

We show that Set has some familiar properties and that its internal logic 
matches its external description by global elements. No theorems in this 
chapter use the axiom of infinity, but applications here and later do. 

THEOREM 22.1 
1. Every set is either initial or has global elements. 
2 The terminator 1 has (up to equivalence) only the two subsets 0 >---+ 1 and 

1>---+1. 
3. Set is Boolean. 

PROOF Any set A has subsets 0 and 1..4. Either the classifying functions are 
equal and 0 ~ A, or some c: 1--+ A distinguishes them. Oause (2) follows, 
since for any u: U ,__.1 if there is any c: 1--+ U then u = c- 1. It follows 
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that t: 1 ---+ U and fa: 1 --+ Q are the only global elements of Q. In any 
topos "'"' t = t and "'"'fa =fa, but 1 generates in Set so ,..., "' is 10. 
Therefore Set is Boolean, by Theorem 17.8. 0 

Any topos in which 1 has (up to equivalence) only the subobjects 0 and 1, or 
in other words the sub-object classifier has only t and/a as global elements, is 
called two-valued. The example of SetM in Section 22.2 shows that a two­
valued topos need not be Boolean. In Set we write 1 + 1 for the subset 
classifier. In the rest of this chapter we use 'elements' to mean 'global 
elements' and we write either x EA or x: 1---+ A to say that xis an element of 
A. We will not use other generalized elements in Set. 

COROLLARY Elements of a set are equal or disjoint. That is, given 
c: 1---+ A and d: 1---+ A, either c = d or the intersection c n d is 0. 0 

COROLLARY If monies s:S>----+ A and w: W>----+A have the same members 
they are equivalent subsets of A. 

PROOF Suppose that every c: 1---+ A is in s iff it is in w. Then the 
classifying functions of s and w agree on all elements of A and thus are 
~~ 0 

THEOREM 22.2 A function/: B--+ C is monic iff, for all elements b and b' 
of B,fb = fb' implies b = b'. It is epic iff for every element c of C there is some 
element b of B with fb = c. 

PROOF The first 'only if' holds in any category. Conversely, suppose 
that f b = fb' implies b = b' for all elements b and b' of B, and take 
any h, k: D--+ B with f oh= f o k. For every element d of D we have 
fo hod= f o ko d, which implies hod= k o d, and so h = k, which proves that/ 
is monic. 

Suppose that/is epic. For any c: 1---+ C, the pullback S---+ 1 of/ along c 
is epic, so Sis not initial and any element y of S has/(s o y) = c. Conversely, 
suppose that every element of C factors through f and suppose that 
h, k: C----. D have h of= k of. Then hand k agree on all elements of C, and so 
h=~ 0 

THEOREM 22.3 Let <p and t/I be closed formulas in Set and let() be a formula 
with at most one free variable x, and that of sort A. Then we have: 

I- - <p iff not I- <p 

I- <p & t/I iff both I- <p and I- t/I 
I- <p v t/I iff either I- <p or I- t/I 
I- <p---+ t/I iff either not I- <p or I- t/I 
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f- (3x. A)O iff there is some c EA such that f- O(x/c) 

f- (Vx. A)O iff for every c EA f- O(x/c) 
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PROOF The first four hold since a closed formula in any two-valued topos 
has extension 0 ,.__. 1 or 1,.__. 1. The fifth follows since there is an epic from 
[x. A IO] to the extension of (3x. A)O, and so either both are initial or both 
have elements. The sixth follows from the fifth since Set is Boolean and 
(Vx.A)O is equivalent to -(3x.A)- 0. 0 

In short, there is no need to distinguish between internal and external 
descriptions in Set. Notably, the internal quantifiers over a set A can be read 
as ranging over global elements of A. Thus the classical methods of set theory 
apply directly (with bounded comprehension; see the comparison with mem­
bership-based set theory in Section 22.3 below). We have a natural number 
object, and since Set is Boolean the Dedekind reals wiJI agree with the 
Cauchy reals, and all the usual results of analysis that do not use the axiom of 
choice will follow. Adding the axiom of choice as given in Chapter 17, saying 
that all epics split, gives all of classical analysis. We will not go into that: our 
example of working methods in Set will be to describe some of the toposes 
SetA for small categories A in Set (Another good example is the proof of the 
independence of the continuum hypothesis from the axioms SET 1 _ 3 plus the 
axiom of choice in Tierney (1972).) 

22.2 Diagram categories over Set 

We summarize Chapter 20 as applied to Set. We can describe a small 
category A in Set by its objects o and arrows/, the (global) elements of A0 and 
A1 • We write h: o--+o' to say that his an A arrow with Dh = o and Ch= o'. 
We call a functor F from A to Set a diagram on A. It assigns a set Fo to each 
A object o, and a function Fh: Fo---+ Fo' to each A arrow h, preserving 
identities and composition. The category SetA of all diagrams on A and 
natural transformations between them is a topos. 

A natural transformation v: F---+ G has component functions 
v0 : F(o)--+ G(o), and is monic iff every component is. The terminator ofSetA 
is A 1, the diagram assigning 1 to every object of A and consequently assigning 
the unique 1---+ 1 to every A arrow. Given diagrams F and G on A, 
the product F x G in SetA has (F x G)(o) = F(o) x G(o) and (F x G)(h) = 
F(h) x G(h) for every object and arrow of A. All limits and co-limits in SetA 
are calculated in this way. 

Define the small category 2 as in Chapter 1, with two objects 0 and 1, and 
one arrow cx:O--+ 1 in addition to the identities. A diagram Fon 2 amounts 
to two sets FO and Fl and a function Fcx: FO---+ Fl. The functions F(id0 ) 

and F(id.) have to be 1Fo and ln. A global section of F, that is a natural 
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transformation u: A 1--+ F, is (uniquely determined by) any element x of FO 
since the corresponding element of Ft has to be Fcx(x). 

A subdiagram S >---+ F consists of subsets SO>--+ FO and SI >--+Fl such 
that for any element x of FO, if xis a member of SO then Fcx(x) is a member of 
SI. Of course, x might not be in SO while F<x(x) is in SI, or both might be out 
of S: 

"o SO ::>>------.) FO 

~1 }· 
SI >~-----...) Fl 

"• 

The negation of S, the largest subdiagram disjoint from S, is a subdiagram 
"'s: "'S >-----+ F such that "'SO contains all elements x of FO such that 
Fo:(x) is not in SI, and -. SI contains all the elements of Fl not in St. Thus, if 
FO has any elements x not in SO but with Fcx(x) in St, then they are omitted 
from "' S as well, so Set2 is not Boolean. 

It is useful to think of a diagram F in Set2 as a 'set with one step of 
development'. Think of FO as 'F now' and Fl as 'Flater', so that any element 
x of F now becomes the element Fcx(x) of Flater. In these terms two elements 
now may become one later (if Fa is not monic), or an element may first arise 
later (if Fcx is not epic), but an element now cannot split into two later or 
disappear. If an element of F is in S >---+ F now, it is also later, but not 
conversely. 

For another example, consider a small category M with one object 0 and 
two arrows, the identity i and an arrow m with mom = m. A diagram F on M 
is a set FO and an idempotent function Fm: FO--+ FO. The fixed points of F 
are those x in FO with Fm (x) = x. Since Fm is idempotent every Fm(x) is 
fixed. Since A 1 in SetM just consists of one fixed point, a global element of Fis 
(uniquely determined by) any fixed point of F. Thus supports split in SetM. 

One can think of a diagram on M as a 'set with one step of resolution'. 
Each x in FO resolves itself into a fixed point Fm(x). A subdiagram S ,.__. F 
consists of a subset SO,.__. FO such that every member of SO resolves itself 
(under Fm) to a fixed point also in SO. The negation of S includes all of the 
elements of FO that resolve to fixed points outside SO. An element x of FO 
might be outside SO but resolve into it. Then x is in neither S nor "' S. So 
SetM is two-valued but not Boolean. 
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The central difference between sets in a well-pointed topos and sets ap­
proached via membership as in Zermelo-Frankel (ZF) and other set theories 
is that membership is local in the topos, while it is global in membership­
based theories. That is, in Set (or any topos) we can take a set (object) A and 
ask whether a given element of A is a member of a given subset of A, but it is 
pointless to ask whether an element of A is also an element of some other set 
B. An element of A is an arrow with codomain A, and it certainly does not 
also have another codomain B. In Set membership is a relation between 
elements and subsets of one given set. 

In ZF and other membership-based set theories, elementhood and mem­
bership collapse into a single relation that holds between sets, and that is 
global. The elements of a set are sets themselves and it always makes sense to 
whether one set is a member of another. Every set is a member of a proper 
class of others. 

The sets of a well-pointed topos are cardinals in Cantor's sense. For 
Cantor, a cardinal is 'a definite set composed out of mere ones (lauter Einsen)' 
(Cantor 1895, p. 482). Similarly, a set in Set has a definite multiplicity of 
(global) elements, distinct from one another but with no distinguishing 
features. Distinct elements of a ZF set, on the contrary, are distinguished in 
having different elements themselves. 

The local character of membership in Set appears formally in the fact that, 
internally, Set has only bounded quantifiers. This entails some trivial differ­
ences from membership-based set theories. For example, the ZF axioms 
say that any sets x and y have a pair set {x, y}. The Set axioms only imply 
that any elements x and y of a given set A have a pair subset {x, y} of A. 
Chapter 14 showed that the empty set, extensionality, pair set, union, and 
power set axioms of ZF are sound in bounded quantifier form in any topos, 
and in the case of Set we also have Boolean logic, and we can interpret the 
quantifiers as ranging over just the global elements. For these axioms the 
bounds on quantifiers make no serious difference in practice. 

The bounded quantifiers do make a considerable difference between Set 
and ZF, which the cognoscenti will recognise in the finite axiom system for 
Set. These axioms do not have the strength of the separation axiom scheme, 
much less replacement. 

The axiom scheme of separation can be stated for Set as follows. For every 
property P of functions with domain 1, and every set A, there exists a subset 
S >--+ A the members of which are just those elements of A with property P. 
(Anyone familiar with axiomatic set theory win see how to formalize this, but 
note that it is not to be formalized in the internal language with its bounded 
quantifiers. That version is already a theorem. It is to be formalized in the first 
order categorical language used for the axioms SET 1 _ 3 .) The replacement 
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scheme can be stated as follows. For every relation R between functions with 
domain 1 and sets, and every set A, if each element x of A has R to a unique 
set Bx then there is an A-indexed family of sets C---+ A such that each fibre 
Cx is iso to the corresponding Bx. In short, if every element of A is R-related 
to a unique set, then there is a disjoint union C of all those sets. An easy 
exercise.shows that replacement implies separation, since a subset S >--+A 
can be seen as an A-indexed family with the fibre 0 over x if xis not in Sand 1 
if xis in S. 

Since the finitely many category and topos axioms plus SET 1_ 3 suffice for 
ordinary set-theoretic mathematics, category theorists have paid little at­
tention to the axiom schemes. 

Various extensions of SET 1_ 2 have been shown to be equiconsistent with 
corresponding fragments and extensions ofZF (see Johnstone 1977; also Cole 
1973, Mitchell 1972, Osius 1974). The earlier papers were testing grounds for 
the internal language of toposes, and for the logical character of toposes in 
general as opposed to their geometric character. 

Exercises 

22.1 In any topos Ewe say supports split if. for every object T, the image i: T ___.. J of 
the arrow !: T--+ I is split epic. Show that E is well·pointed iff it is Boolean, two· 
valued, and supports split. 

222 Show that every slice Set/ A is Boolean. [Hint: show that EA preserves 
complements.] It is not two-valued unless A ~ I in Set. Show that, for any 
h, k:f---+ g in Set/ A, either h = k or there is some subtenninator i: I>--+ A and 
arrow c:i---+/with hoc':/: koc. 

Show that supports split in Set/(I + l), and that the axiom of choice for Set is 
equivalent to saying that supports split in every slice Set/ A. 

22.3 Show that the only topologies on Set are the identity and the trivial. 

22.4 Finite sets are co-products of 1 with itself. Suppose that a set A has exactly three 
elements, x: I--+ A, y: 1-A. and z: t -A. Show that A is iso to I + 1 + I with 
x, y, and z as the injections. [Hint: define a monic-epic function from the coproduct to 
A.] Thus we can define a function/with domain A by saying what each of/(x),/(y). 
and/(z) are. 

Also conclude from stability of co products that for any f: B---+ A, the set B is iso 
to the coproducts of the fibres/", f,. and fz. Generalize to any finite number of 
elements. 

22.5 Our first order theory of Set is not formally equipped to deal with infinite 
coproducts directly (except for internally indexed ones~ But show that the axiom 
scheme of separation is equivalent to the following axiom scheme, which says-to the 
extent that our first order language can-that each set is the coproduct of its elements: 
for every relation R between functions with domain 1 and for any sets A and B, if every 
element of A is R-related to a unique element of B then there is a function f: A--+ B 
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such that every element x of A is R-related to/ x. [Hint: in one direction construct the 
graph, in the other use I + I.] 
22.6 Show that a weakened law of excluded middle in sound is Set2 and SetM. For 
any formula <p we have ~ - ,.., <p v - <p. This is sound in every topos in this chapter 
except one in Exercise 22.13. 

22. 7 Show that the representable diagram ~o in Set2 is the terminal diagram. 
Compare this, via the Yoneda lemma, with the remark that a global section of a 
diagram Fin Set2 amounts to an element of FO. Show that R1 has R1(0) ~ 0 and 
R1(1) ~ 1. 

22.8 Let S and W be diagrams on 2. Define a diagram W 5 by making ( W 5 ) 0 the set 
of natural transformations from S to W, ( W 5 ) 1 the set of functions from Sl to Wl, and 
( W8 )cx the function that takes a natural transformation v to its component v1 • Define 
ev: W8 x S---+ W by letting ev0 (v, x) be v0 (x) and letting ev1(/, y) befy. Show that 
this is an exponential of W by S. (Compare with Chapter 20, but it is also worthwhile 
to verify it directly.) 

22.9 Define a sub-object classifier U for Set2• Make DO a three-element set, 
1 + 1 + 1. Call the elements n, g, and a, to represent 'in now', 'only gets in later', and 
'always out'. Let U 1 be 1 + 1 and call its elements i and o, for 'in' and 'out'. Define Fcx 
by 

Fcx(n) = Fcx(g) = i and Fa(a) = o 

Verify that the global section picking out n from UO and i from m is a sub-object 
classifier for Setl. 

22.10 Define the poset N of natural numbers with set of objects N and set of arrows 
the extension of ~. Generalize from Exercise 22.9 to describe the sub-object classifier 
for SetN. (There is one truth value for each natural number.) Note that every 
representable in SetN is subterminal. Describe exponentials in SetN. Generalize all this 
to any poset in place of N. 

22.11 Define a small category Z2 with one object 0 and two arrows, the identity i, 
and an arrow m with mom = i. (This is the group Z 2 .) A diagram F on Z2 is a set FO 
and Fi: FO--+ FO, with Fi its own inverse. An arrow that is its own inverse is an 
involution. Show that the global sections of Fare its fixed points, the x with Fi(x) = x. 
Show that the diagram category on Z2 is Boolean and two-valued. 

Verify that the representable diagram R0 on Z2 has two elements in its set, and that 
the involution reverses them. (In fact, it is the regular representation of Z2.) Conclude 
that supports do not split in the diagram category. In particular, we have 

~ (3x.R0 )x == x 

but R0 has no global section. 
Generalize to any group G in place of Z2 • Show that SetG is Boolean and two­

valued, and that supports do not split unless G is the singleton group. Define the 
exponential W5 in SetC by letting the set W8(0) contain all functions /from the set SO 
to WO, with arrows gin G acting so that W8 g(f) is the function that takes each x in SO 
to Wg- 1(/( Wg(x)}~ 
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22.12 One might generalize Exercise 22.11 and SetM to any monoid H in place of Z 2 

or M. Take a single object, and the elements of H as arrows, with multiplication xy as 
composition x o y. Set" is Boolean iff H is a group. This and other examples are 
discussed in the introduction to Lawvere (1972). 

22.13 Define a small category S with three objects O. O', and l, and two arrows, 
/: 0--+ 1 and/': O'----+ I, in addition to the identities. Describe the representable 
diagrams R0 and R0 •• Show that their coproduct has an epic natural transformation 
to the terminator, but no global section. Roughly, this and Exercise 22.11 give the two 
reasons why internal existence in a Grothendieck topos need not be global. The 
element may exist intemaJly but not as a fixed point, or it may exist on overlapping 
parts of a cover of I but not continuously over aJI of 1 (think of 1 as a space, with 
regions as parts). 

Calculate R0 and R0 • in Sef8-0P, the presheaf category in S. Show that each is the 
negation of the other as sub-objects of A l, so that the weak Jaw of excluded middle in 
Exercise 22.6 fails in Sef8-0P. 

22.14 Define the global section functor from Set2 to Set, taking each diagram F to 
FO. Verify directly that the constant diagram functor is left adjoint to it. 

22.15 Show that every diagram category over Set has as natural number object its 
constant diagram AN. In fact, show that for E any topos with natural number object 
every Grothendieck topos over E has a natural number object. 
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Synthetic differential geometry 

The synthetic differential geometry axioms (SDG) describe a topos in which 
each object has a differentiable structure, each arrow has a derivative, and the 
basic rules of calculus are simple calculations with infinitesimals. For this 
chapter we assume that we have a particular topos Spaces that satisfies the 
axioms. We refer to objects of Spaces as spaces, to its arrows as maps, and to 
global elements p: 1-. M as points of the space M. 

The axioms posit a space R, with addition and multiplication making a 
kind of number line. But R is unlike the standard reals (i.e. the Cauchy or 
Dedekind reals in any topos) in that the subspace D >---+ R of x in R with 
x 2 = 0 is not just {O}. We call D the space of infinitesimals of square zero, and 
the axiom SDG2 says that every map from D to R has a well-defined slope. 
We describe some non-classical spaces in addition to D, and some models for 
SDG built in Set. 

23.1 A ring of line type 

We assume axioms for a non-trivial topos, a topos with 0 not iso to 1. The 
axiom SDG1 says: 

(SDG 1 ) The space R has selected points 0: I--+ R and 1: 1 ---+ R (do 
not confuse the point I on R with the terminator 1) and maps 
-:R--+R, +:Rx R--+R, and .:Rx R--+R that make Ra non­

trivial ring. For variables x, y, and z over R: 

O+x=x x+(-x)=O x+y=y+x 1.x=x x.y=y.x 

(x + y) + z = x +(y + z) (x .y).z = x.(y.z) 

x.(y + z) = (x.y) + (x.z) 

And non-triviality means the internal negation 

~ "'(0 = 1) 

Let D>--+R be the equalizer [x.Rlx 2 = O]. Clearly OED. We call D the 
space of infinitesimals of square zero. Since D is a subspace of R we freely mix 
variables over Rand Din expressions such as 'x + d' or 'd .y'. (Formally, we 
should write '.x + i(d)' or 'i(d).y' to show the monic i:D>--+R.) 
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Define a map ci: Rx Rx D--+ R by ci(a, b, d) =a+ d. b. The transpose 
ex: Rx R---+ RD is described internally by 

cx(a, b) = (ld. D)(a + d. b) 

The crucial axiom for SDG is the axiom of line type: 

(SDG2 ) cx:R x R--+RD is an isomorphism. 

THEOREM 23.1 The axiom SDG2 is equivalent to any of the following: 

~ (V /. RD)(3 ! a, b. R)f = cx(a, b) 

~ (3!a, b.R)(Vd.D)f(d) =a+ d.b f.RD 

~ (3 ! b. R)(Vd.D)/(d) = /(0) + d.b 

PROOF The existence of parameters (a, b) for each/ in RD says that ex is 
epic, and uniqueness says that it is monic. The second formula is equivalent 
by extensionality. And if/(d) =(a+ d.b) then/(O) =a. 0 

The rest of this section describes D in more detail, and is not actually used 
in the next section. Pictorially, SDG2 says that Dis too small to bend but 
larger than the point 0, so that its images in R have well-defined slopes. It 
does not follow that anything in D is affirmatively unequal to 0, since D is not 
decidable. Thus Spaces is not Boolean. 

THEOREM 23.2 D is not {O}. In fact, internally: 

I- ,_ (Vd.D)d = 0 

PROOF If we put lR for fin SDG2 the assumption (Vd. D)d = 0 would 
imply (Vd.D)(d = d.O&d = d.1) and so 0 = 1 (see Exercise 23.4). This 
contradicts SDG 1 • 0 

THEOREM 23.3 Dis not decidable. What is more, the internal negation is 
true, where d :I 0 abbreviates ,_ ( d = 0), 

I-,_ (Vd.D)(d = 0 v d :I 0) 

PRooF If we assume that 

(Vd.D)(d = 0 v d :I 0) 

then a functional relation defines a map f: D--+ R such that 

/(0) = 0 & (d :I 0--+f{d) = 1) 

It follows from SDG2 by topos logic that there is some bin R with 

d :I 0---+f(d) = 1 = d.b 

But, by SDG1 , if 1 = d.b then 1=(d.b)2 =0, a contradiction. So 
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we conclude that ,_ ,_ ( d = 0). Our assumption gives d = 0 and then 
(Vd. D)d = 0, contradicting Theorem 23.2 0 

Nor is R decidable, since it includes D. Axiom SDG4 implies that every­
thing in D is not-not-equal to 0 (see Exercise 23.1). 

23.2 Calculus 

Foranymapf:R--+ Rand any x in R, there is a mapg:D--+R defined by 
g( d) = f ( x + d) and so a unique b in R with 

f(x + d) = g(d) = g(O) + d.b =f(x) + d.b d.D 

Since each x has a unique b, there is a unique map f': R--+ R such that 

f(x + d) = f(x) + d .f' (x) x.Rd.D 

Call/' the derivative of/(Exercise 23.2). Then/' also has a derivative. In fact, 
every function from R to R is smooth, in the sense of having derivatives of all 
(finite) orders. 

The familiar rules of calculus follow quickly. Suppose that f is constant, 
that is, for some c in R we have f ( x) = c for all x. Then 

f(x + d) = c =f(x) + d.O 

and so f'(x) = 0, for all x. The identity function lR has 

lR(X + d) = X + d. J 

so the derivative of IR is the constant 1. 
Given functions f and g from R to R and a value b in R, define (/ + g) by 

the rule(/+ g)(x) = (/(x) + g(x)). Define/.g by (/.g)(x) = (f(x).g(x)1 
and b./by (b.f)(x) = b.(/(x)). Then: 

(/ + g)(x + d) =/(x) + d.f'(x) + g(x) + d.g'(x) 

= (/ + g)(x) + d. (f' + g')(x) 

(f.g)(x + d) = (/(x) + d.f'(x))-(g(x) + d.g'(x)) 

= (/.g)(x) + d.(f.g' + f' .g)(x) 

(b .f)(x + d) = (b .f)(x) + d. (b .f')(x) 

The product rule uses the step d 2 .g(x).f(x) = 0. We conclude that 

(f + g)' = f' + g' 

(f.g)' = f.g' + !' .g 

(b ./)' = b .f' 
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The chain rule is also a simple calculation: 

(fog)(x + d) =f(g(x) + d.g'(x)) 

= (/og)(x) + d.g'(x).f'(g(x)) 

The second step uses (d. g'(x)) 2 = 0, sod. g'(x) is in D. Thus 

(fog)'=(/' og).g' 

which is the classical chain rule. 
We give R an order relation compatible with the ring structure: 

(SDG3 ) There is a relation < on R such that for all x, y, and z in R: 

(x < y&y < z)--+x < z 

,.., (x < x) 0 < 1 

x < y---.(x + z) < (y + z) and (x < y&O < z)--+(x.z) < (y.z) 

THEOREM 23.4 For any x in R and d in D we have 

0 < x--..-. 0 :I x and 0 < x--+ - x < 0 and ,.., ( d < 0 v 0 < d) 

PROOF The first follows from ,.., (x < x), and the second by adding -x to 
both sides of 0 < x. For the third, using the second claim plus (-1) 2 = 1, 
either d < 0 or 0 < d implies that 0 < d 2

, contradicting 0 = d 2
• 0 

There cannot be a trichotomy law, saying that for any x and y either x < y 
or x = y or y < x, since this would imply that, for every d in D, d = 0. (See the 
discussion of smoothness in parameters at the end of Section 23.3.) The 
second clause in the next axiom partly replaces trichotomy, while the first 
says that R is a field: 

(SDG4 )l- x :I 0--+(3y.R)x.y =I x.R 

)-O<xvx<l 

Given any kin R with k ":#= 0, we write 1/k for the inverse of k. For any hand 
kin R we write (h, k) for { x. Rlh < x < k }, the open interval from h to k. 
Now an axiom can relate derivatives to local behaviour: 

(SDG5 ) Internally, for any fin RR and x in R, if 0 <f'x there is some 
£ > 0 such that for any y and w such that 

(x - e) < y < w < (x + e) 

we have fy < fw. 

In words, if/' is greater than 0 at x then/is increasing on an interval around 
x. This implies a mean value theorem, and that every map from R to R is 
continuous. We state both internally. 
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THEOREM 23.5 For any /in RR and any x in R, if h <f' x < k there is some 
t > 0 such that for any y and z with 

x-c<y<z<x+e 
we have 

h.(z - y) <fz - fy < k.(z - y) 

PROOF Apply SDG5 to the maps/x - (k.x) and (h.x) - fx. 0 

So upper and lower bounds on the derivative at x become upper and lower 
bounds on the total rate of change on some interval around x. 

THEOREM 23.6 Every fin RR is continuous. That is, for any x in Rand 
any h, k in R, if h <fx < k there is some e > 0 with h <fy < k for ally in 
(x - e, x + e). 

PROOF By algebra we can reduce this to the following. For every g, if 
0 < gx there is some m > 0 with 0 < gy for every yin (x - m, x + m). So 
suppose that 0 < gx. Take any r in R with 0 < r and -r < g'x < r (see 
Exercise 23.3) and any e > 0 such that the inequality 

-r.(z - y) < gz - gy < r.( z - y) 

holds for ally< z in the interval (x - e, x + e). Take any m with 

and m < £ 

Put x for y, and x + m for z, in the inequality, to show that g(x + m) is greater 
than (3. gx)/4. Then since -e < -m it follows for every z in the interval 
(x - m, x + m) that 

g(x + m) - gz < r.((x + m)-z) 

but 2.r.m is less than (gx)/2, and so we obtain 0 < (gx)/4 < gz for all z in 
that interval. 0 

From R we construct other spaces. There is the plane Rx R and, more 
generally, R" for any natural number n. The 2-sphere, S 2, is defined as a 
subspace of R3 by the equalizer 

[(x,y,z).R 3 l(x2 + y2 + z2
) = 1] 

There are quotients such as the projective plane P 2
, the quotient of S 2 by the 

relation identifying each point (x, y, z) with (- x, -y, -z). There are 
function spaces such as RR. The exponential ad junction forces the smooth 
curves c: R--+ RR to be the transposes of smooth maps c: R x R--+ R. 
(This characterizes the Frechet topology among the many different topo­
logies that functional analysts have for the space of maps from R to R.) The 
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axioms SDG1_ 5 give these spaces many of their classical properties, but 
not all. 

Different further axioms suit different purposes, and no one axiom set for 
SDG has become standard. Some further axioms deal with non-classical 
spaces. For example, there is a space [x.Rlx3 = O], called D2 , or the space 
of infinitesimals with cube zero. In general, D" is [x. Rix"+ 1 = O]. A 
higher axiom of line type says that every map f: D2 --+ R is quadratic with 
unique coefficients: there are unique a, b, c in R such that for any d in D2 , 

f( d) = a + d. b + d 2 • c. Therefore D2 is just large enough for a map defined 
on it to have a slope and a rate of change for the slope, but no more. Similar 
axioms say that any D" is just large enough to support n derivatives. 
This generalizes further to more variables and mixed orders of deriv­
atives (see Kock 1981). There are also richer non-classical spaces such as 
[ x. R I ,_ ,_ ( x = 0) ], sometimes called the germ neighbourhood of 0 (see 
Penon (1981) or Bunge and Dubuc (1987) and references therein). 

Theorem 23.6 shows that every map/:R--+R" is continuous (if/x lies in 
any open rectangle of R" then for some interval around x all values of/lie in 
that rectangle), since its composite with any projection p1: R"--+R is con­
tinuous. But it does not show that maps from Rm to R" are continuous. That 
claim follows if we also assume that the sphere sm -1 is compact. We could 
also take an axiom that says that every differential equation on a vector space 
R" has a local solution at every point (i.e. for every initial condition). For any 
f: R---+ R an integral of f is a map g: R---+ R with g' = f. As this is a 
differential equation on g it follows that f has a definite integral over any 
interval on R. Using compactness, the classical reduction of partial differ­
ential equations to ordinary ones goes through in SDG, and the inverse and 
implicit function theorems follow, since they are themselves partial differ­
ential equations. These axioms are pursued in Mclarty (1983). 

23.3 Models over Set 

To say that a topos G models SDG means that all of the SDG axioms are 
true of some ring R in G. There are Grothendieck toposes constructed in Set 
(or using ZF or any reasonable set theory~ each satisfying all the axioms 
mentioned in this chapter, proving the axioms consistent ifthe Set axioms are 
(or whatever theory is in use). More than that, we briefly describe a class of 
models that relate SDG closely to analytic differential geometry. 

Take the category Man, the objects of which are manifolds and the arrows 
of which are the infinitely differentiable maps (see, for example, the first three 
chapters of Spivak 1970). There is the standard real line, the set of real 
numbers R. Every manifold M has a tangent bundle TM. To say that G is 
fully well-adapted means that it is a model with a full and faithful functor 
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I:Man--+G with various properties, including: 
(i) IIR ~ R; 
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(ii) for every f: IR--+ IR in Man with derivative f', we have (I/)'= I(f'); 
(iii) for every manifold M, I( TM)~ (l(M))0 . 

That is, I takes the line as a manifold IR to the ring of line type R, it takes the 
derivative of/ calculated in Man to the derivative ofl/ calculated in G, and it 
takes the tangent bundle M of Min Man to the tangent bundle (I(M)) 0 of 
I(M) in G. In short, the differentiable structure in G of the images under I of 
manifolds agrees with their differentiable structure in Man. Such models exist 
to satisfy any of an array of extensions of the SDG axioms (see Moerdijk and 
Reyes, 1991 ). 

Construction of such a model begins with the co-ordinate ring C( M) of 
each manifold M; that is, the ring of smooth maps from M to IR with 
pointwise addition and multiplication. There is no manifold like D, but we do 
know what the co-ordinate ring of D should be. A smooth map from D to IR 
should be given by a pair (a, b ), thought of as a base point and slope, or as 
the constant and linear coefficients of a Taylor series. They should add and 
multiply as those coefficients do; that is, 

(a., b1 ) + (a2 , b2 ) = (a1 + a2 , b1 + b2 ) 

(attb1 ).(a2,b2 ) = (a1 .a2 ,(a1 .b2 + b1 .a2 )) 

A smooth map f: M--+ M' gives a ring homomorphism 
C(f):C(M')--+C(M) that takes each g in C(M') to gof, so C is a 
contravariant functor from Man to the category Ring of rings. Therefore we 
take a non-full subcategory A of Ring, including all co-ordinate rings of 
manifolds, and every ring we would like to be the co-ordinate ring of an 
infinitesimal space such as D. We include only those homomorphisms which 
ought to correspond to smooth maps. Think of the dual category A op as a 
category of spaces including the manifolds and the new infinitesimal spaces. 
This duality between rings and spaces is the basic reason why algebraic 
geometers so often work with both a category and its dual. 

We define a suitable Grothendieck topology on A0 P and define G as the 
category of sheaves for this topology. This gives a topos the objects of which 
are 'locally' like the spaces of A op. The topos has a richer structure than A 0 P, 

such as Cartesian closedness, and the effect is that G has all the properties we 
have described for Spaces. 

At a first glance, classical manifolds behave differently in Spaces, and thus 
in G, than they do in Man. For example, classically, for any x on the line IR, 
either x = 0 or x :I 0, and it is not so in G. But tllis difference is only 
apparent. Variables over R in G can be replaced by arbitrary generalized 
elements of R, that is by arbitrary maps to R from other spaces while, 
classically, xis to be a point. An internal satement in G with a variable over R 
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is true iff the corresponding statement in Man is true smoothly in parameters, 
meaning that it not only holds for all points of IR but is locally true for all 
maps to IR. A classical map/: IR--+ IR may have/(x 0

) = 0 for some point x 0 

and while not being constantly 0 on any neighbourhood of x 0
• Then/= 0 is 

not locally true at x 0-nor is f =#: 0- and so '/ = 0 v f :F O' is not locally 
true. This is also why we have no trichotomy law on R. For maps f and g 
there may be points x 0 such that no neighbourhood of x 0 verifies any single 
one of/< g or f = g or g <f. But every point x 0 either has a neighbourhood 
with 0 =for one with/< 1, since f is continuous. 

A statement that is true for all points of IR in Man is true for all global 
elements of R in the usual models. This is related to the fact that those models 
are two-valued, and so a closed law of excluded middle is sound in them: 

For any closed formula <p we have f- cp v ,_ <p 

Note that <p itself may have quantifiers, but we cannot assume excluded 
middle inside the scope of any. The closed law of excluded middle implies, for 
any (global) point p0

: 1--+ R, 

f- p0 = 0 V p0 =#: 0 

It implies that any double-negation true formula with free variables over R is 
actually true for any points substituted for the variables. This idea is applied 
in Bunge and Heggie (1984) and McLarty (1987). 

Exercises 

23.1 Using SDG1•2•4 , prove that(\f x. R)(x2 = 0----+ - - (x = 0)). Show that if we 
assume two-valuedness, then 0 is the only point of D. 

23.2 Section 23.2 begins by reasoning internally. Formalize the first paragraph as 
proving that 

~ (\f /.RR)(3 !f' .RR)(\fx. R)(\fd .D)f(x + d) = /(x) + d ./'(x) 

Use global elements of RR to show that for any actual map f: R----+ R in Spaces there 
is an actual map/': R----+ R with the relevant property. 

23.3 There is no absolute value function in SDG, since it would not have a derivative 
at 0. We replace it by an positive upper bound function. Define S(x) to be 2 + x 2• Use 
SDG1 _4 to show that, for all x in R, we have 0 < S(x) and also -S(x) < x < S(x). 
(The second clause of SDG4 is crucial.) 

23.4 Certainly if d2 = 0 then d. b = d. c does not imply that b = c. (Let b = d 
and c = 0.) But use SDG2 to show that (\fd. D)(d. b = d. c) does imply that 
b = c. Conclude that, internally, -(\fd.D)(\fe.D)(d.e = 0). [Hint: show that 
(\fd. D)(\fe. D)(d. e = 0) implies that (\fd. D)(d = 0).] 

23.5 Show that for every fin RR, x in R, and d and e in D: 

/(x + d + e) = fx + (d + e).f' x + (l/2)(d + e) 2 .f" x 
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Generalize to higher order terms of the Taylor series by using the sum of more 
terms in D. 

23.6 Consider the exponential map + R: RR x RR-----.. RR. Show that it defines 
addition of maps pointwise; that is: 

r- (f + Rg)(x) = /(x) + g(x) x.Rf,g.RR 

Show that RR is a ring with points OR and IR: 1----.RR and operations +R, .R, and 
- R. (The proof is nearly just that exponentiation preserves products.) 

23.7 Use SDG3 to prove that 0 < 1 + I and so 0 I: 1 + 1. 

23.8 For each natural number n, define a function _n: R---+ R by 

and x" = x.x<n-O 

For each n > 0 prove that the derivative of _n is n. (_<n- 1>). Conclude with the general 
rule for derivatives of polynomials. This reasoning can be given internally if we 
assume a natural number object N and recursively define a map N ___...RR that takes 
each n to _ n. Calculate the derivative of, say, (x3 )

2 by the chain rule. 

23.9 Assuming a natural number object N, there is a map i: N-----.. R defined by 
i(O) = 0 and i(n + I)= i(n) + I, where 0 and + on the left are in N, while those on 
the right are in R. Prove by induction that i preserves addition and multiplication; 
that is, i(n + m) = i(n) + i(m) and i(n .m) = i(n). i(m). Show that SDG 1_ 3 imply that 
i is monic. 

23. l 0 Still assuming a natural number object, define the nth power map N---+ RR 
as in Exercise 23.8. Show, for any natural number n, that the function xn is not equal to 
p(x) for p any polynomial function of degree less than n. [Hint: consider the nth 
derivative.] 

For any n, define P: Rn x R---+ R by 

P((xl, ..• ,Xn),y) = X1 + (x2.y) + · • · + (xn.yn- 1) 

Show that the transpose of P is monic Rn,,__ RR. Show that it is linear (for the 
operations defined in Exercise 23.6). Conclude that SDG1 _ 3 plus the axiom of infinity 
imply that RR is infinite-dimensional 

23.11 For any h and k with h < k, for any x in R, either h < x or x < k. The interval 
(h, k) is empty iff - (h < k). For the first, apply SDG4 to (x - h)/(k - h). For the 
second, one can show that h < k holds iff the mean (h + k)/2 is >hand < k. 

23.12 Define a tangent vector on any space M to be a map v: D--+ M, and the base 
point of v to be v(O). Intuitively, vis an infinitesimal straight stroke on M based at v(O). 
Define the tangent space on M to be MD. Show that MD---+ M, the exponential of M 
by 0: 1---+ D, takes each tangent vector to its base point. Show that the tangent space 
on R is Rx R, and that for any Rn it is R 2n since exponentiation preserves products. 

23.13 Take the projections pi:R3 ----.R for i =I, 2. 3, and for any tangent vector 
v: D---+ R 3 define the components of v as the composites v1 = p1 o v: D---+ R. By 
SDG2 we have some b1 and b2 and b3 such that 

v1(d) = v1(0) + d. b1 
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Show that v factors through the equalizer defining 52 iff 

Vi (0) 2 + V2(0) 2 + V3(0) 2 = 1 

and 
(vi(O).bi) + (v2 (0).b2 ) + (v3 (0).b3 ) = 0 

In other words, vis a tangent vector to 52 iff its base point is in 52 and (bi, b2 , b3 ) has 
inner product 0 with the radius vector. [Hint: use the fact, which follows from 
SDG i - 4 , that 2. x = 0 implies x = O.] Compare with Exercise 21 in Chapter 3 of 
Volume 1 of Spivak (1970). 

23.14 For those familiar with the terms, generalize Exercise 23.13 to any subspace of 
R" defined by an equation/(xi, ... , Xn) = 0. This gives the classical tangent plane at 
points at which f is non-singular (i.e. at which f gives a classical manifold), and all 
tangent vectors to Rn at any point at which f is singular. 
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The effective topos 

In the effective topos, Elf, described by Hyland using suggestions from Dana 
Scott, Church's thesis is true in the strong sense that every function from the 
naturals to themselves in recursive. In fact, all functions between objects built 
from the natural numbers, including the rationals and the real numbers, are 
recursive. Thus those objects are naturally suited to modeling data types in 
programming languages, and Elf is a natural setting for higher order recur­
sion theory. 

We construct Elf out of sets by a method due to Freyd, and compare this to 
Hyland's construction. To date there are no such decisive categorical axioms 
for Elf as for Set and Spaces. We discuss this briefly at the end of the chapter. 

We assume basic recursive function theory: Kleene (1952, Chs. IX and XI) 
or Mendelson (1987, Ch. 5) provide more than enough. We take a fixed 
enumeration of the unary partial recursive functions and write n(m) for the 
value at m of the nth function, if that value is defined. We also use a recursive 
pairing function ( _, _): N x N--+ N and recursive functions t: N---+ N 
and ~: N----+ N called left and right, such that for any natural numbers n and 
m we have t(n, m) = n and ~(n, m) = m and n = (tn, m). So (n, m) is a natural 
number which codes the ordered pair ( n, m ), and t and ~ serve as 
projections. Note that every number n codes a pair (see Exercise 24.1). 

24.1 Constructing the topos 

An assembly consists of a set A called the ambient set and a sequence of 
subsets of it, An for each natural number n, called the caucuses. The union of 
all the caucuses is the carrier of the assembly. The caucuses need not be 
disjoint, and the carrier need not be all of A. We give assemblies names such 
as (A), and write An for the nth caucus of (A) and I A I for its carrier. The 
ambient is just a technical convenience. We often define an assembly by 
giving its caucuses, and then the ambient may be their union, the carrier. An 
arrow between assemblies/:(A)--+(B) is a function/: IAI--+ IBI between 
their carriers which has at least one modulus, a partial recursive function <p 

such that for every x EI A I if x E An then qm is defined and/ x E Brpn· One arrow 
may have many different moduli. Arrows compose by composing the func­
tions, and the composite of moduli is necessarily a modulus for the composite 
arrow. Call the category of assemblies and their arrows A. There is obviously 



230 The effective topos 

an underlying set functor from A to Set that takes each assembly to its carrier 
and each arrow to itself as function. 

The restriction of (A) to a subset S >--+ I A I of the carrier is the sub­
assembly s: ( S) >--+ (A), where each caucus Sn is the intersection of An with S. 
Then s has the identity function as a modulus. 

THEOREM 24.1 A has all finite limits, and the underlying set functor 
preserves them. 

PROOF For the assembly (1) let each caucus be the singleton 1. Given 
assemblies (A) and (B), define (Ax B~ where each caucus (Ax B)n is the 
product A1n x Ben· The projection p1 has modulus t, and p2 has ~. For the 
equalizer (E) off, g:(A)---+(B), restrict (A) to the set equalizer of/ and gas 
functions on I A I. For any h: ( T)--+ (A) with .f o h = g o h, the obvious 
u:(T)--+(E) has at least the same moduli ash. 0 

Any product (C) for(A) and (B) is isomorphic to (Ax B) in A but it could 
have its caucuses arranged differently and not have t and ~ as moduli for the 
projections. We take the given construction of (A x B) as canonical, and 
similarly for equalizers and other constructions to follow. 

THEOREM 24.2 A has a natural number object (N), where each caucus N" is 
{ n}, so the carrier is the set of natural numbers N. 

PROOF Let 0:(1)--+(N) be the function 0: 1--+N in Set. The constant 
function 0 is the modulus. Lets: (N)--+ (N) be the successor function in Set 
with itself as modulus. Take any assembly (A) and arrow x:(l)--+(A) 
and /:(A)--+(A) with moduli cp and t/I respectively. The functions x 
and f induce a unique u: N--+ I A I in Set and recursion data BO = cpO and 
0( n + 1) = t/!On give a recursive 0, which is a modulus for u. 0 

THEOREM 24.3 The arrows /:(N)--+(N) are the recursive func­
tions f: N---+ N of Set, since each arrow from ( N) to ( N) must be its own 
modulus. 0 

The category A is Cartesian closed (see Exercise 24.5) but not a topos. It 
has no sub-object classifier but, more to the point, it does not have quotients 
for all equivalence relations. We define Elf by adding quotients to A by 
the method of Chapter 25. That is, we define Elf to be what Chapter 
25 calls Map( A) and we freely use results from that chapter here. In short, 
there is a full monic functor A>--+ Elf such that every equivalence relation 
(R)>---+(A x A) in A has a quotient (A/R) in Elf and every Elf object is the 
quotient of some equivalence relation in A. 

The inclusion A>--+ Eff preserves all limits, so it preserves monies. On the 
other hand, every Elf sub-object of an assembly is (iso to) an assembly. 
Therefore the intersections, unions, material conditionals, and complements 
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in Elf of sub-assemblies of an assembly (A) already exist in A. Some are 
calculated directly in Exercises 24. 7 and 24.8. 

The quotients which do exist in A, namely the quotients of double-negation 
closed equivalence relations according to Exercise 24.9, remain quotients in 
Eff. Once we prove that Eff is a topos it will follow that an arrow between 
assemblies is epic in Elf iff it is surjective in A. Hyland ( 1982, Prop. 3.3) shows 
that the inclusion preserves the natural number object (N), so in Elf too the 
arrows from the natural number object to itself are the recursive functions 
of Set. 

The next theorem shows that the results of Chapter 25 do apply to A: 

THEOREM 24.4 A has stable surjective images and thus is regular. In fact, 
every arrow /:(A)--+(B) has an image factorization/= iog, where g is a 
quotient for the kernel pair off. 

PROOF Given/ construct(/), where each In contains all those yEIBI such 
thatsomexEA"has/x = y.Defineg:(A)___.(/)bylgl = 1/1. Thenghasthe 
identity as a modulus and the inclusion i:(l),.___. (B) has the same moduli 
asf. For any monicj:(J)>---+(B), if /factors throughj then i ~j, with the 
same moduli as the factorization off through j. The reader can show that g 
is a co-equalizer, and thus is surjective, and that every pullback of g is 
surjective. 0 

Call this factorization the canonical image of f. 
COROLLARY The arrow f is surjective iff its canonical image is iso to (B), 
and iff f is a quotient for its kernel pair. 

PROOF Lemmas 25.1 and 25.2 prove the first claim. The second follows 
directly. 0 

Note that a relation of assemblies (F),.__.(A x B) is a series of Set 
relations. For any modulus <p of the monic, each caucus Fn is a relation 
between the sets Atq>n and B,"',,. We write xFny to say that (x, y) is in Fn. 

THEOREM 24.5 Elf, or Map(A) in the notation of Chapter 25, is a topos. 

PROOF By Theorem 25.25 it suffices to show that Elf has A-relation 
classifiers, and this is done in Exercises 24.14-24.15. 0 

The next two theorems help to draw conclusions about El by working 
with A, and are heavily used in Hyland (1982), for example: 

THEOREM 24.6 The full monic A>---+ Elf is (up to equivalence) the insertion 
of separated objects for the double-negation topology. In other words, the 
separated objects are precisely those iso to assemblies. 

PROOF See Theorem 25.26 and Exercise 24.9. 0 
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COROLLARY The inclusion A>---+ Elf preserves exponentials, as does the 
inclusion of separateds for any topology on any lopos. 0 

Exercises 24.11 and 24.16 define a full monic functor V: Set>---+ Elf right 
adjoint to the global section functor r: Eft'---+ Set, so that there is a 
geometric morphism I' -f V: Set--+ Elf which is in fact the insertion of 
double-negation sheaves: 

THEOREM 24.7 The full monic Set,.__. Elf is (up to equivalence) the 
double-negation sheaf insertion. 

PROOF Exercise 24.18 shows that sheaves are the objects iso to assemblies 
which look like sheaves to assemblies. The reader can show that codiscretes 
look like sheaves to assemblies. Every assembly (A) has a double-negation 
dense monic i: (A)>--+ VIAi to the codiscrete on its carrier. If (A) looks like a 
sheaf to VI A I then i is iso. So sheaves are codiscrete. D 

24.2 Realizability 

Hyland (1982) describes Elf in terms of realizability, which nicely motivates 
many constructions in Elf. We compare it briefly with our approach. Hyland 
defines an Elf object as a set X plus a suitable assignment of a set of natural 
numbers to each pair (x, x') in Xx X. Write [x =xx'] for the set of 
numbers assigned to (x, x'). We say that n realizes x =xx' if n is in 
[x =xx']. The conditions on = x are as follows: 

(Symmetry) For some natural number m, whenever n realizes x =xx' the 
value m(n) is defined and realizes x' =xx. 

(Transitivity) For some natural number m, whenever tn realizes x =xx' 
and m realizes x' =xx", the value m(n) is defined and realizes x =xx". 

An Eff object (X, = x) in Hyland's sense gives an assembly (A)-with X as 
ambient, where each caucus An contains all x such that n realizes x =xx. It is 
easy to see that ( = x)>--+(A x A) is an equivalence relation on the assembly 
(A) when we define the caucuses by 

iff n realizes x =xx' 

Then the symmetry and transitivity clauses above just say that there are 
moduli for inclusions 

(=x) ~ (=x 0
) and 

proving symmetry and transitivity on (A~ Reflexivity follows from the 
construction of (A~ So we have an Eff object (A/= x) in our sense. Con­
versely, a quotient (A/R) gives an Elf object (IAI, =A) in Hyland's sense, 
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where n realizes x =Ax' iff xRnx'. Hyland's definition of a functional relation 
from an Elf object ( X, = x) in his sense to another ( Y, = r) is ours, only 
expressed in terms of realizability. 

The assembly (N) corresponds to an Eff object (N, = N) in Hyland's sense, 
where = N is defined by caucuses 

iffn = m = p 

This is K.leene's definition of 'n realizes m = p'. Anyone familiar with realiz­
ability will easily read the symmetry and transitivity clauses as saying that the 
formulas 

(Vx, x')(x = x'---.x' = x) 

(Vx, x', x")[(x = x' &x' = x")---. x = x"] 

are realized. Hyland (1982) gives more details, and remarks that a closed 
formula of first order arithmetic is true in Elf iff it is realized in Kleene's sense. 

24.3 Features of Ell' 

The Kleene T-predicate and Kleene's output function U are both primitive 
recursive, so they exist in any topos with natural number object. In effect, 
T( e, y, z) says that the eth partial recursive function applied to input y gives a 
completed calculation coded by z, and U(z) gives the output value for z (as it 
might be, the number in the last line of z). 

In Elf, Church's thesis holds in the most naive form: 

I- (3e .(N))(Vn.(N))(3y.(N))(T(e, n, y)& Uy= fn) f.(NN) 

That is, internally every f in (NN) is the eth partial recursive function for 
some e. (Of course, every fin (NN) is in fact total.) See Hyland 1982. 

This strong Church's thesis is inconsistent with Boolean logic. For 
example, reasoning internally with Boolean logic we could define an 
/:(N)--+(N) by saying: if 

(3z. N)( T(n, n, z) & Uz = m) 

then f n = m + 1 and otherwise fn = 0. In words, if the nth partial recursive 
function is defined for input n and its output value for n is m, Jn = m + 1, 
otherwise }n = 0. Then f would be defined for all N, but it could not have 
any code e since that would imply 

fe = (fe) + 1 

In Set, with Boolean logic, this proves that not all functions from N to N are 
recursive. In any topos where the strong internal Church's thesis is true it 
shows that Boolean logic cannot hold. 
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Call an Elf object modest if it is iso to an assembly in which each caucus is 
at most a singleton. These are often called modest sets, and are effective 
objects in Hyland (1982). 

THEOREM 24.8 An Elf object is modest iff it is a quotient of a sub-object of 
(N) by a double-negation closed equivalence relation, and iff it is separated 
and every Elf arrow to it from V2 is constant, where 2 is a two-element set. 

PROOF If (M) has each caucus at most a singleton then let (S),__. (N) be 
the obvious sub-assembly with the same caucuses non-empty as (M), and let 
q:(S)--+(M) be the surjection with the identity modulus. Theorem 25.19 
shows that (M) is the quotient in Elf of the kernel pair of q, which is closed by 
Exercise 24. 10. For the second condition: separateds are iso to assemblies, 
and it is easy to see that aH arrows from V2 to an assembly are constant iff all 
caucuses of the assembly are at most singleton. D 

Carboni et al. (1988) and Hyland et al. (1990) show that modestness in Elf is 
also equivalent to having all arrows from the sub-object classifier constant 
This may be the right definition for generalizing to other toposes, but we do 
not need it here. 

Let Mod>---+ A be the full subcategory of modest objects, so that it is also 
a full subcategory of Elf. Each arrow g:(M)--+(M') of Mod is partial 
recursive in the sense that it is fully determined by any one of its moduli. 
Hyland says that it is 'recursive in the indices', meaning the indices of the 
caucuses in our terms. Not every partial recursive function will be the 
modulus of an arrow from (M) to (M'), and one arrow may have many 
different moduli. In short, an arrow from (M) to (M') corresponds to a 
suitable set of partial recursive functions-all the moduli for the arrow. 
Hyland (1982, p. 198) shows how to express this internally as a generalized 
strong Church's thesis for modest objects. 

THEOREM 24.9 Mod is Cartesian closed and has quotients for double­
negation closed equivalence relations, and Mod>---+ A preserves those struc­
tures; i.e. finite limits, exponentials, and closed quotients are calculated the 
same way whether in Mod or A, or Elf. 

PROOF Use the characterization by at most singleton caucuses. 0 

In fact, Mod is closed under all products indexed in Elf, not only finite ones. 
If all arrows from V2 to each of a family of objects M 1 is constant, then every 
arrow to the product of the family is also constant (This is intuitive internally 
in Elf: see also Exercise 24.19.) Since Elf has limits for all internal diagrams, 
and the limits are equalizers of products, every functor from a small category 
in Elto Mod has a modest limit: that is, Mod is internally complete in Elf and 
the inclusion into Elf preserves all small limits. 
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The crucial example in Eff is the exponential ( N N). In many toposes with 
natural number object N, such as Set, N N is much larger than N. But in Elf 
the exponential is the object of recursive functions, and so it is a quotient of a 
sub-object of ( N). The theorems prove this, but see also Exercise 24.21. The 
rational numbers (Q) in Elf are a closed quotient of (N x N1 so they are 
modest (cf. the argument in Chapter 19 showing that the rationals are 
decidable). Hyland (1982) shows that the Cauchy reals (Re) are modest in Ell' 
and that they coincide with the Dedekind reals (R,). So all of arithmetized 
analysis in Elf takes place in Mod, where all arrows are recursive. Hyland 
notes that analysis in Elf essentially 'is constructive real analysis in the sense 
of Markov' (p. 166). 

Modest objects are plausible models of programming data types. We can 
look at a computer as basically working with natural numbers, coded in 
binary or whatever. Other data types allow certain codes as values, and may 
treat some pairs of different codes as representing the same value. From this 
point of view, data types are quotients of subsets of the natural numbers, and 
of course the computable functions between them are the ones recursive in 
the codes. Few, if any, programming languages have all of the power of 
modest sets, but the sense of the model is obvious. 

Given any (C)>--+(N) and equivalence relation (R) on (C), the quotient 
( C / R) is, viewed internally to Elf, a collection of disjoint sub-objects of ( C); 
namely, the equivalence classes, and thus a collection of disjoint sub-objects 
of (N). In fact, every collection of disjoint sub-objects of (N) arises in this 
way: take their union as ( C) and define the equivalence 'xRy' to mean 'x and 
y are together in some one of the sub-objects'. Note that this is done in the 
internal language of Elf, not to be confused with the construction out of 
assemblies. 

Therefore a modest object is internally a sub-object Q>---+P(N) of the 
power object satisfying formulas for non-empty disjointness, and closedness 
of the resulting relation: 

(VS, S' .P(N))[(SEQ&S'EQ)--+(S = S' .-.-.(3x. N)(xES&xES')] 

(VS, S'. P(N))[(S E Q & S' E Q)--+("' "' S = S'---. S = S')] 

We can use these formulas to define a sub-object IM>--+ PP(N) of the 
double power object, the sub-object of all internal modests. Each global 
element of IM gives a modest object, and every modest is iso to one of these. 

Given two modests, represented as sub-objects Q >---+ P(N) and 
Q' >----+ P(N), an arrow between the quotients appears as a relation from (N) 
to (N); namely, a relation such that for any sub-object Sin Q there is a unique 
sub-object S' in Q' such that any x in S is related to y iffy is in S'. This 
amounts to the same thing as a functional relation between the quotients. 
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There is a sub-object of PP(N x N) that contains just these relations from (N) 
to (N~ 

Altogether then, we have an Elf object of representatives (up to isomor­
phism) of all modest objects, and another for arrows between them. Domain, 
codomain, and composition functions are easily defined internally. So we 
have a small category IM in Elf of all internal modests and arrows between 
them. 

Intuitively, IM has a functor equivalence to Mod, the functor that takes 
each internal modest to the actual modest object. The functor is full and 
faithful, and every actual modest is iso to one of the values of the functor. 
Furthermore, IM has a striking property for a small category. Freyd proved 
that any small category in Set with a limit for every functor from a small 
category is a preorder. Any object in it has at most one arrow to any other 
(see Mac Lane 1971, p. 110). Preorders are not very interesting categories. 
This result extends to small categories in any Grothendieck topos over Set, 
but not to Elf: 

THEOREM 24.10 IM is complete in Elf. Every functor from a small category 
D in Elf to IM has a limit. 

PROOF A functor from D to IM gives one from D to Mod, which we have 
already seen has a limit, and that is iso to some internal modest in IM. D 

Therefore IM has limits over diagrams as large as itself and even larger, 
and this makes some constructions in IM very easy. For example, it implies 
that every functor T: JM----. IM in Ell' has a fixed point, a modest object ( M) 
such that T(M) is iso to ( M) (see the conclusion of Hyland 1988). This in tum 
makes recursive definitions of modest objects very easy (see Freyd 1990). For 
example, it quickly gives a non-singleton modest object (D) with (D) iso to 
(Dn), so that (D) makes a model of untyped lambda calculus-a non-trivial 
'set' iso to the 'set' of all functions from itself to itseU: 

Much work with modests uses the relations that they are quotients of. 
These are called partial equivalence relations, or Pers, on (N), and they are 
often described independently, outside the context of the effective topos. The 
very clear discussion in Robinson (1989) takes the approach that 'from our 
normal point of view' we deal with partial equivalence relations but 'inside 
this nonstandard model of set theory' which is Eff we work with their 
quotients. Other descriptions of applications are in Carboni et al. (1988), 
Longo and Moggi (1991), and numerous papers on polymorphism, Pers, and 
recursive type definition in IEEE (1990). 

The proof of Theorem 24.10 is taken from Carboni et al. ( 1988). It has a 
robust working quality, but passes over genuine problems relating the 
internal category IM to the external category Mod. We have really only 
discussed global elements of the sub-object IM>---+ PP( N~ and thus global 
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objects of the small category IM: we have ignored the recursive structure. The 
details in Hyland (1988) and Hyland et al. (1990) are complicated, and the 
subject has probably not reached its final form. 

24.4 Further features 

The topos Elf is a natural context for higher order recursion theory. Rosolini 
( 1986) axiomatizes a fair part of this theory and derives various classical 
theorems. Using this approach applied to Elf we have genuine exponentials 
such as ( N N), and so we can work directly with functions rather than with 
their codes. Recursive sets of numbers or functions simply become the 
complemented sub-objects of (N) or (NN). 

Hyland (1982) mentions various applications to recursion theory. For one, 
he follows Powell and Pitts to show that the Turing degrees appear not only 
as sub-objects of the sub-object classifier in Elf(compare with Exercise 24.15) 
but as topologies on Elf. For any set A of natural numbers there is a sheaf 
topos over Elf where: the natural number object is the sheafification L(N), its 
complemented sub-objects are just the sets of natural numbers Turing 
reducible to A, and the arrows from it to itself are the functions recursive 
relative to A. 

Rosolini's axioms for higher order recursion far from uniquely characterize 
Elf. That is nice for the generality of his axioms, but not for our understand­
ing of the topos. It has been suggested that excessive attention to the 
subjective aspect of recursiveness as computability has been one obstacle to 
axiomatizing Elf. Compare the way in which so much of Kleene realizability, 
invented to formalize the idea that every fact should come with effective 
instructions for its proof, falls out of the definition of assembly plus the 
considerations in Chapter 25. The latter considerations are in some sense 
more 'objective', and were discovered with no view towards recursiveness or 
provability at all. Perhaps less 'computational' aspects of Elf, such as that 
every object is a quotient of a separated, will yield useful axioms. 

We end this chapter by quoting the conclusion of Hyland (1982~ There has 
been great progress in understanding and applying Elf however, still 'what we 
lack, above all, in our treatment of the effective topos, is any real information 
about axiomatization'. 

Exercises 

24.1 Show that the function (((n + m) 2 + n + m)/2) +mis an isomorphism from 
N x N to N. Describe t and tin the inverse(/, t) from N to N x N. [Hint: recall 
that (k2 + k)/2 is the sum of the first k natural numbers.] 

24.2 Show that any assembly (A) with IAI a singleton is iso to (1), no matter what the 
ambient or how the caucuses are arranged. 
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24.3 Show that (1) is a generator in A: in fact every assembly (A) and x E IAI there is 
an arrow x:(l)-.(A) that picks out x. Conclude that an A arrow /:(A)--+B is 
monic iff the function f is monic in Set. 

24.4 Construct a canonical pullback of/:(A)----+(C) and g:(B)----+(C) using the 
canonical product and equalizer from Theorem 24.1. Show that each caucus P< 11• •> is 

{(x, Y)lxEA,. and yEB11 and /x = gy} 

and that I and tare moduli for the projections. 

24.5 Given (A) and (B), define (BA) by letting the nth caucus B: contain those arrows 
from (A) to (B) for which the nth partial recursive function is a modulus. Define the 
evaluation arrow and transposes of arrows f: ( C x A)----+ ( B). Show that the carrier 
of (NN) is the set ofrecursive functions. 

24.6 Show that any assemblies (A) and (B) have a coproduct (A+ B) with caucuses 
(A+ B),o.n) =An and (A+ B)u.n> =Bn, and other caucuses empty. Show that no 
assembly has more than countably many arrows to the coproduct (I + 1). 

24.7 Let (S)----+(A) and (T)---+(A) be any sub-assemblies of(A). Show that their 
intersection, calculated by the canonical pullback, has for its nth caucus the inter­
section S1,. n Ttn· Show they have a union, a smallest sub-assembly containing both, 
namely the image of their coproduct. (The canonical construction, following Exercise 
24.6, gives caucuses (Su T)co.n> =Sn and (Su T)u.n> = Tn and the rest empty.) 
Anyone familiar with realizability can compare this to realizability for conjunctions 
and disjunctions. 

24.8 Show that every monic (S)>--+(A) of assemblies has a negation 
(...., S) >--+(A); that is, a largest sub-assembly disjoint from it. For a canonical 
complement, let each caucus -Sn contain all those xEAn which are not in ISi. (For 
comparison with realizability, x E ...., S,. iff x E An and for no m is x ES,,..) 

Show that a sub-assembly (S) has (S) = (...., --S) iff it is (equivalent to) a restriction 
of (A). We call (S) double-negation closed if (S) = (...., ....,S). Therefore the double­
negation closed sub-assemblies of (A) correspond to subsets of the carrier. 

24.9 Suppose that (R)>--+(A x A) is double-negation closed. Show that (R) is an 
equivalence relation in A iff the underlying relation IR I >--+I A x A I on the carrier is 
an equivalence relation in Set. Show that every double-negation closed equivalence 
relation in A has a quotient in A. [Hint: assume that (R) is a restriction of(A x A) and 
put the natural caucus structure on the quotient set of IR I >--+ I A x A I.] 

24.10 Show that the double-negation closed equivalence relations of A are precisely 
the kernel pairs. 

24.11 For every set S, let VS be the assembly every caucus of which is S. Call this the 
codiscrete assembly on S. Define a full monic functor V: Set---+ A that takes each set 
to its codiscrete assembly. 

Generally, call an assembly (A) codiscrete if it is iso to VS for some set S. Show that 
an assembly is codiscrete iff at least one caucus contains the whole carrier. 

24.12 Let q: p__.. Q be an epic in any topos. For any sub-objects i andj of Q, show 
that q- 1 ( i) = q- 1 (j) iff i = j. (What are the classifying arrows?) Conclude that 
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q- 1 ( i) £ q- 1 (j) iff i £ j. Conclude, for any given topology, that i is closed iff q- 1 ( i) is, 
and dense iff q- 1 

( i) is. Compare with Exercise 25.3. 

24.13 Given relations (F)>--+(A x B) and (G)>-+(B x C), show that the com­
posite ( Q, F) >-+(A x C) defined in Theorem 25.4, if constructed using canonical 
pullbacks and images in A, has caucuses 

iff for some y xF1nY and yGtnZ 

(Note that this chapter uses 'o' and reverses the order of F and G compared with the 
notation in Chapter 25.) 

24.14 Let ( W) be the codiscrete assembly on the power set of N. That is, each caucus 
Wn contains all subsets of N. Define an assembly (M) with Mn containing all those 
subsets S of N with n ES, and let ( M) >-+ ( W) be the inclusion. Show that for any 
monic ( C) >---+ ( B) there is at least one arrow ( B)----+ ( W) making ( C) a pullback of 
(M). [Hint: for each x E IBI consider the set S of all n with x EC".] 

For any assembly (A} let ( V) >-+(Ax WA) be the pullback of (M) along 
evotw:(A x WA)----+(W). Conclude directly from the result above that for any 
relation ( C)>--+(A x B) there is at least one arrow c:(B)----+ ( W,.) such that ( C) is a 
pullback of( V) along 1,A> x c. 

24.15 For ( W) as defined in Exercise 24.14, define a relation ( h, k ): ( E) >--+ ( W x W) 
by caucuses, by letting SEnS' iff: for every min S the value tn(m) is definea and is in S', 
and for every min S' the value m(m) is defined and is in S. Show, for any assembly (B) 
and arrows/and g both from (B) to ( W), that (M) has the same pullbacks along/and 
g iff there is some r:(B)---+(E) with hor = f and kor = g. Conclude that (E) is an 
equivalence relation on ( W). 

For any assembly (A) consider the exponential (EA)>--+( WA x WA). Conclude 
from general properties of exponentials that, for any assembly (B), any arrows f and g 
both from ( B) to ( WA) correspond to the same subobject of ( B x A) iff there is some 
r:(B)---+(EA) with hA or =/and kAor = g. 

Use Lemma 25.24 to define an EA such that the following is a pullback 
in Elf: 

(M)-------.) EA 

I I 
(A) x [A]--__...).(A) x [A]/E 

Since the quotient (WA/ EA) has kernel pair hA, kA, conclude that (WA/ EA) is an A­
relation classifier for A in Ell'. Thus, by Theorem 25.23 the quotient (WA/EA) is a 
power object for A in Ell', and ( W/ E) is a subobject classifier. 

24.16 We also use Vto name the composite of Vin Exercise 24.11, with the inclusion 
A>---+ Ell'. Thus V: Set >-+Ell' is monic and full. 

Show that a global element s:(l)----+(A/R)of an Ell' object (A/R) corresponds to a 
subset S of the carrier I A I such that: for some x ES, and all y E I A I, we have y ES iff 
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there is some n such that xRnY· (In Hyland's terms, for some x in I A I, S contains all the 
y such that x = ,..y is realized.) 

Let r: Efl'---+Set be the global section functor, so that each I'(A/ R) is the set of 
global sections, and for each/:(A/R)---+(B/R') the function I'f takes each global 
section s to f o s. Show that there is an adjunction I' -IV: Set--+ Elf, and in fact a 
geometric morphism, since any global section functor preserves limits. 

24.17 Conclude from Exercise 24.6 that no Ell' object has more than countably many 
arrows to (I + I), and therefore that Elf contains no infinite co-products of non-empty 
assemblies. Thus the global section functor has no left adjoint and Ell' is not a 
Grothendieck topos over Set. 

24.18 Let Ebe any topos andj any topology on it, with separated reflection functor 
m: E---+ E,cp,J· For any j·dense s: S ,._.._. X show that Ms: MS>--+ MX is also dense. 
[Hints: S s;; q- 1(MS) for q: X-.-.. MX the universal arrow. Use Exercise 24.12.] 
Show that an E object B is a j-sheaf iff it is j-separated and 'looks like a sheaf to 
separateds' in the following sense: for any separated object X and dense monic 
s: S >---+ X and arrow f: S---+ B, there is a unique arrow g: X----+ B with f = so g. 
[Hint: /factors through the universal q: S--+ MS.] 

24.19 For any topos E and object A of it, show that the functors A* and ll.11 take 
- --separated objects to - --separated objects. (Hint: Recall that A• is a logical 

functor. For n .11 use the definition of separatedness, noting that A• takes dense monies 
to dense monies.) For any E objects B and C, if the projection C x B--+ C 
has an isomorphism as transpose C _..::_. C8 then we say that internally every arrow 
from B to C is constant. In the internal language this says 'for every g in cs there is a 
unique yin C such that g is the constant function with value y'. For any objects B of E 
and f of E/ A, show that if internally all arrows from A• B to fare constant then so are 
all from B to n ,../. (Hint: Argue internally, or else show that (Il ,../)8 is naturally 
isomorphic to n .11 (/A.8 ) by showing that as functors off both have the same left 
adjoint.) 

Show that an object of Ell' is modest iff it is separated and internally every arrow 
from V2 to it is constant. By an (A/R).indexed/amily of modest objects we mean any 
- --separated object/ of Eff./(A/R) such that internaJly every arrow from (A/R)* V2 
to f is constant. Show this implies for every c: I --+(A/ R) the fiber J; is modest in Ell: 
Show it implies that n(A/R)f is modest in Etr. 

24.20 Mod is not complete for small categories in Set, and does not even have 
products over all sets. Show that neither Ell' nor Mod has a product of countably 
many copies of 1 + I. [Hint: such a product would have to be an assembly.] 

24.21 Let (C)>---+(N) be the sub-assembly of codes of(total) recursive functions and 
(R) >--+ ( C x C) the relation which identifies m and n iff they code the same recursive 
function. Show that the exponential (NN) constructed as in Exercise 24.5 is also the 
quotient of (C) by (R). 

Show that (NN) is not iso to (N). In fact, there is no surjection from (N) to (C), nor 
from (N) to (NN~ [Hint: neither sort of surjection could have a modulus.] 
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Relations in regular categories 

Regular categories, defined below, support a nice theory of relations. We 
follow Freyd and Scedrov (1990) in extending any regular category C to a 
regular category Map (C) with quotients for all equivalence relations. Then 
we give a necessary and sufficient condition for Map(C) to be a topos. We 
begin by assuming that C has all finite limits, and that it is regular, once we 
have defined that. 

25.1 Categories of relations 

An arrow q: A--+ Q is surjective, a surjection, if the smallest sub-object of Q 
it factors through is la. 

LEMMA 25.1 Any surjection is epic. Any surjective monic is iso. 

PROOF Let q: A--+ Q be surjective. If ho q = k o q then the equalizer of 
h and k is (up to equivalence) IQ, so h = k. If q is monic itself then 

q =•a· D 

LEM MA 25.2 If q: A--+ Q is surjective then an arrow p: Q--+ Pis surjec­
tive iff po q is. 

PROOF po q factors through a sub-object M >---+ P iff q factors through 
p- 1 (M). D 

A surjective image of an arrow f: A--+ B is an image factorization 
ioq:A~Q~B with q surjective. 

LEMMA 25.3 If f has surjective image i, q then i is the smallest sub-object 
that f factors through. So surjective images are unique up to equivalence. 

PROOF If q factors through in i' then in i' = i. 0 

A surjection q: A---* Q is stable if for every s: Q'--+ Q the pullback of q is 
surjective to Q'. A category is regular if it has all finite limits, all surjections 
are stable, and every arrow has a surjective image. Hereafter we assume that 
C is regular. 

The next theorem defines composition of relations in C. For any relation 
R >--+A x B, and T-elements x of A and y of B, we write xRy to say that 
(x, y) ER. 
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THEOREM 25.4 Given F >---+A x Band G >---+Bx C, with common object 
B, there is a unique (up to equivalence) FG >---t-A x C such that, for any T 
and T-elements x of A and z of C, we have xFGz iff there is some surjective 
s: S---.. T and some y: S---+ B such that (x o s) Fy and yG(z o s). 

PROOF Given F and G and having formed the pullback 

let FG >---+A x C be the surject1ve image of P--+ A x C. Suppose that 
T-elements x and z have xFGz, so that they factor through some 
u: T--+ FG. Let s: S ____.. T be the pullback of P--.. FG along u, and let 
y: S--+ P---. B be the obvious composite. Then s and y are as in the 
theorem. Conversely, suppose that s is surjective and (x o s) Fy and yG(z o s). 
Then (x, z) os factors through P and thus through FG. By Exercise 25.2, the 
pair (x, z) factors through FG. Any relation is determined up to equivalence 
by its members. 0 

In short, xFGz means that 'there exists a y with xFy and yGz' in the sense 
of existence on a surjective covers (cf. existential quantifiers in Chapter 18). In 
fact, to prove general inclusions or equivalences of relations one can ignore 
covers and stages of definition altogether (see Exercise 25.5). 

COROLLARY For any composable F, G, and H, we have F(GH) = (FG)H. 
Diagonals A >---+A x A compose as identities: for any F ,.___... C x A and 
G>---+A x B we have FA= F and G =AG. 0 

So there is a category Rel(C) with the same objects as C and with C 
relations as arrows. A relation F >---to A x B has domain A and co-domain B. 
We say that F and F' >---+A x B give the same Rel (q arrow iff F = F' over 
A x B. If F and G are composable then define the composite Go F to be FG. 

Unfortunately, we reverse the order of F and Gin forming the composite, 
but it is a mere matter of notation. In our notation since Chapter 1, we have 
written g of for the composite off: A--+ B and g: B--+ C. Using the 
opposite order, writing the composite as Jg, would spare us the present 
embarrassment but would fly in the face of common notation in other 
branches of mathematics. Writing Go F for FG would consort awkwardly 
with our notation xFy for relations. Try the experiment. In fact, part of the 
category literature uses one order for composites, and part uses the other, and 
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there is no option but to become familiar with both. In this chapter we 
generally write composites FG as in Theorem 25.4, and only use Go F as a 
formality to define categories of relations. Chapter 24 uses the dot notation 
and the order G o F. 

LEMMA 25.5 For any Carrow/: A--+B with graph r1 , and T-elements x 
of A and y of B, we have xI'1 y iffy= fx. 0 

It is easy to see that C is a subcategory of Rel (C), where each C arrow 
/: A--+ B appears as its graph I' 1 >--+A x B. The composite of graphs I' 1 I'9 

in Rel(C) is the graph of the composite go/in C, which follows from Lemma 
25.5 or from the following pullback: 

Every C relation F >----+A x B has a converse F0 and C relations are 
ordered by inclusion. If F £ F' then F° £ F' 0

• Composition preserves conver­
ses and inclusion: 

THEOREM 25.6 Assuming that the relations are composable: (FGr is equi­
valent to (G0 F°). If F £ F' then FG ~ F' G, and similarly if G £ G'. 0 

THEOREM 25.7 R >----+A x A is an equivalence relation iff 

As; R and Rs;R0 and 

where A stands for the diagonal A >---+ A x A. The first two clauses express 
reflexivity and symmetry as in Chapter 5. The third expresses transitivity. For 
one direction, if R is transitive then xRRz implies that (x o s)R(z o s), and by 
Exercise 25.2 it implies that xRz. 0 

Note that symmetry implies that R = R0
• Reflexivity and transitivity imply 

that (R) = (R o R). 
Given C equivalence relations R >--+A x A and R' >----+ B x B, a relation 

F >----+A x B is defined from R to R' iff: 

RF::F::FR' 

Put roughly: if xRy and yFz then already xFz, and similarly for R'. 

THEOREM 25.8 If Fis defined from R to R' and G from R' to R", then FG is 
defined from R to R". Any equivalence relation R ~A x A is defined from 
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itself to itself and composes as an identity with any relation defined to or 
from R. 0 

Therefore we can extend Rel(C) to a new category Eq (C). Each C equival­
ence relation R >---+A x A is an object of Eq (C). When we think of R as an 
Eq (C) object we may write it as A/ R to suggest the quotient of A by R. An 
Eq (C) arrow from A/ R to B/ R' is a C relation F defined from R to R', and we 
say that two relations give the same arrow iff they are equivalent sub-objects 
of A x B. Again, to suit Chapter 1, given F defined from R to R' and G from R' 
to R", the composite Go F is FG as defined in Theorem 25.4. 

Every C relation R >---+A x B is defined from the diagonal on A to that on 
B, since AF= F = FB. So Rel(C) is a full subcategory of Eq (C) when we 
identify each assembly A with its quotient by its diagonal. We write A for the 
Eq (C) object rather than A/ A. 

If F is defined from R to R' then F° is defined from R' to R, so every Eq (C) 
arrow F from A/R to B/R has a converse F 0 from B/R' to A/R. And Eq(C) 
arrows have inclusions preserved by composition as in Rel (C). 

A relation F defined from R to R' is functional from R to R' iff: 

R ~FF0 and F°F ~ R' 

Briefly, Fis totally defined consistently with R-relatedness and single-valued 
up to R' -relatedness. 

THEOREM 25.9 If Fis functional from R to R', and G from R' to R", then FG 
is functional from R to R". Any equivalence relation is functional from itself 
to itself. 

PROOF Both claims are calculations. For example, 

R ~ FF° := FR' F 0 ~ FGG° F0 =: (FG)(FG)0 

establishes half of the first. 0 

Therefore function al relations form a subcategory of Eq ( C) which we call 
Map (q. In fact, C is full in Map (C): 

THEOREM 25.10 A relation F,,___.A x Bis functional from the diagonal on 
A to that on B iff it is (equivalent to) the graph ofa (necessarily unique) arrow 
f:A--+B. 

PROOF By Theorem 25.4, graphs are functional. Conversely, let F have 
projection arrows h: F---+ A and k: F--+ B. Assuming that A ~ F F 0

, apply 
Theorem 25.4 to lA as x to see that his surjective. For any arrows v and w, 
if ho v = how then (k o v)F° F(k ow). If we also assume that F° F ~ B then 
k o v = k ow, and h, k are jointly monic so v = w. So h is monic and thus iso, 
and Fis the graph of k o h- 1• 0 



25.2 Map(C) 245 

25.2 Map(q 

In short, we have four categories with inclusions as shown: 

Map(C) 

r 
>-------.) Rel(C) ~Eq(C) 

Those marked with circles are full. Each C arrow appears in the other 
categories as identified with its graph, and each C object A appears in Eq (q 
and Map (C) as identified with its quotient by its diagonal. Given a C 
arrow/: A ---+ B, we may write/: A --+ B for its image in the other three 
categories. 

We now prove that Map(q is regular and has quotients for all equivalence 
relations, and that every Map (C) object A/ R is the quotient of A by the 
equivalence relation R. 

LEMMA 25.11 Take any functional relations F:A/R--+B/R' and 
G: A/ R---+ B/ R'. If F £; G then F = G. And if F 0 is functional it is 
inverse to F. 

PROOF If F £; G then F0 £; G0 and so 

G £; FF°G £; FG 0 G £; F 

If F 0 is functional so are FF° and F° F, so that R = FF° and F° F = R'. 0 

LEMMA 25.12 If F:A/R--+B/R' is functional and G and Hare both 
defined from B/R' to some C/R", then F(G n H) = FG n FH. 

PROOF For any F we have F(G n H) £; (FG n FH~ Use Theorem 25.4 or 
Exercise 25.5 to verify that (FG n FH) £; F(G n H) given that F° F £; R'. 

LEMMA 25.13 For any F and G, both defined from A/R to B/R', 

Rn [(F n G)(F n G)0
] =Rn [FG 0

] 

0 

as verified by Theorem 25.4 or Exercise 25.5, using RG £; G and R° F £; F. 
0 

LEMMA 25.14 If F:A/R--+B/R' and G:A/R---+C/R" are functional 
and (FF0 n GG0

) = R then F, Gare jointly monic in Map(C). 

PROOF Subject to those conditions, let H and K be functional, with 
HF= KF and HG= KG. From H =HR and Lemma 25.12 deduce that 
H=:K. 0 
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A tabulation of an Eq (C) arrow F: A/ R---+ B/ R' is a Eq (C) object P / V 
and arrows S: P / V---+ A/ R and T: P / V---+ B/ R' such that S0 T = F and 
SS0 

(") TT0 = v. 
LEMMA 25.15 Every C relation (h, k): F>--+ Ax B, taken as Eq (C) arrow 
F: A--+ B, has tabulation F, h, k. 0 

THEOREM 25.16 Every Eq (C) arrow has a tabulation. 

PROOF Let F ~A x B be defined from R to R', with projections 
h: F---+ A and k: F--+ B. Theorems 25.6 and 25. 7 show that hRh0 and 
kR' k0 are equivalence relations on F as C object. Thus so is their intersection, 
which we will call V, while hR is functional from Vto R, and kR' from Vto R', 
and these arrows tabulate F. 0 

THEOREM 25.17 Map(C) has all finite limits. Specifically, given Map(C) 
arrows F:A/R--+C/R" and G:B/R'--+C/R", a tabulation for FG0 is a 
pullback for F and G. 

PROOF Clearly, 1 is terminal in Map(C). Let P/V, S, T tabulate FG0 as 
above. Prove that SF = TG from TG £ SS0 TG = SFG0 G £ SF, since both 
sides are functional For any Map(C) object D/W and arrows 
H:D/W--+A/R and K:D/W--+B/R', the induced Map(C) arrow is 
(HS0 n KT0

). Abbreviate this as l:D/W--+P/V. To see that W£ /l 0
, use 

Lemma 25.13 to verify that 

W (") /1° =: W (") (HS0 TK 0
) :S W (") (K GG° K0

) E W 

And because composition preserves order we have 

1° I£ (SH0 HS0
) n (TG0 GT0

) s; (SS0 7T0
) = V 

Trivially, IS £ H and IT£ K, and so JS = H and IT= K. Finally, l is 
unique, as tabulations are jointly monic. 0 

COROLLARY A Map(C) arrow F:A/R--+B/R' is monic iff FF0 = R. 

PROOF By Exercise 4.9, F is monic iff its kernel pair is R, R, two copies of 
the identity on A/R. But that is iff FF"= R. D 

THEOREM 25.18 Every Map(C) arrow F:A/R--+B/R' has a surjective 
image 

FS0 S 
A/R P/V>--+B/R' 

where P / V, S, S tabulates F° F. 

PROOF Since Po F £ R' the tabulation is two copies of a single Map(C) 
arrow S:P/V'>--+B/R', monic since tabulations are jointly monic. Then 
FS0 S = FF° F = F. Functionality of FS0 follows easily. Take any Map(C) 
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arrow G: A/R--+C/R" and monic H:C/R">----+B/R', with P = GH. Then 
SS0 = V and H H 0 = R" show that SH0 is functional. Trivially, SH0 H ~ S 
and so they are equal as Map(C) arrows, showing that P/V>--+C/R" in 
~~ 0 

COROLLARY P is surjective in Map(C) iff P0 P = R'. 

CoROLLAR v Surjections are stable in Map(C). 

0 

PROOF Use the notation of Theorem 25.17 and suppose that G is surjective. 
From S"T= FG0 conclude that R ~FF°= PG0 GF° = S0 1T0 S. By 
Theorem 25.4 and joint monicness of S and T, conclude that R £;.; S" S, and 
thus S 0 S = R. D 

THEOREM 25.19 A Map(C) arrow F:A/R--+B/R' is surjective iffit is a 
quotient of its kernel pair. 

PROOF Every quotient is surjective. Conversely, let P be surjective with 
kernel pair S, T. Let K: A/ R--+ C/ R" have SK = TK. Calculation shows 
that P° K is functional from R' to R". By Theorem 25.9 we have K = P Po K. 
Since P is surjective, Po K is unique. 0 

COROLLARY Take any C equivalence relation (h, k): R >--+A x A. Then 
R: A----. A/ R is a quotient for h and k in Map(C). 

PROOF Since h and k tabulate R, which is equivalent to RR0
, they are a 

kernel pair. And R is subjective since R0 R = R. 0 

THEOREM 25.20 Every equivalence relation in Map(C) has a quotient. 

PROOF Verify that a jointly monic pair in Map(C) 

A/R A/R 

is an equivalence relation in Map (C) iff H° K is an equivalence relation on 
A. In that case, A/ H° K is a coequalizer for Hand K, with them as its kernel 
pair. D 

The inclusion C >-----+ Map (C) adds no sub-objects of C objects: 

LEMMA 25.21 Every Map(C) monic H:B/R>----+A to a C object is equi­
valent to a C monic. 

PROOF Given H >------+Bx A in C, monic from R to A in Map(C), the 
pullback H 0 H is a C object and H 0 H ~ A makes it a sub-object of A. 
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Abbreviate the sub-object as S >--+A. Then H factors through B x S >---+ 

B x A and for the relation H >--+ B x S we have H H 0 = R and H 0 H = S. 
Thus H: B/R~S is an equivalence of sub-objects of A. The lemma is 
proved, but we also note that S >--+A is the image of H--+ A. 0 

CoROLLARY A Carrow/: A--+ Bis surjcctive in C iff it is surjective in 
Map(C), since B has the same sub-objects in each. 0 

THEOREM 25.22 The full monic C>---+ Map(C) preserves finite limits, 
images, and whatever quotients exist in C. 

PROOF Limits are left to the reader. The last corollary proves it for images. 
Then, by Theorem 25.19, it preserves quotients. 0 

25.3 When Map (C) is a topos 

For any C object A, we say that a Map(C) object PA and monic EA>---+ 
A x PA classifies C-relations with A in Map (C) iff for every C object B and C 
relation C>---+ Ax B there is a unique Map(C) arrow U: B---+ PA, with C 
a pullback of EA along 1 A x U. 

LEMMA 25.23 If PA, EA is a C relation classifier for A then it is a power 
object for A in Map (C). 

PROOF For any Map(C) object B/R and monic C/R'>--+A x B/R, take 
pullbacks along the product of the coequalizer presenting B/ R with A. 

S' _____ ,.. S ----~> C/R' 

I I I 
Ax R _____ ~,A x B---_.,.) A x B/R 

By Lemma 25.21, we can assume that S and S' are in C. The classifier 
/: B--+ PA of S coequalizes the two projections R---+ B, since its com­
posite with either one classifies S'. Thus it induces an arrow u:B/R--+PA, 
which classifies some relation, and Exercise 25.3 shows that the relation 
is C/R'. 0 

LEMMA 25.24 This holds in any regular category where all equivalence 
relations have quotients (and thus in Map(C)). Let q be a surjection with 
kernel pair h, k and let i be a monic as shown. Suppose that i has the same 
pullback along h as along k, so that there is a monic m and there are arrows h' 
and k' that make corresponding squares pullbacks, as follows: 
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h: 
)A s 

K' ))B 
le' 

) 

ml l 1 
" K >c ) )D 
le 

) q 

Then i, s, q,j is a pullback, where s,j is the image of q o i. 

PROOF First we show, on the assumptions given, that h', k' is a kernel pair 
for s. From 

j o s o h' = q o i o h' = q o h o m = q o k o m 

and monicness of j, deduce thats oh' = so k'. Then take any Tand T-elements 
x and y of A such that s(x) = s(y). Since q o i(x) = q o i(y) and K is a kernel 
pair, there is some T-element z of K with h(z) = i(x) and k(z) = i(y). Since K' 
is a pullback, there is some T-element w of K' with m(w) = z and h'(w) = x. 
But also i o k'(w) = i(y) and so k'(w) = y. Uniqueness is left to the reader, and 
completes the proof that h', k' is a kernel pair. Since s is surjective, it is a 
quotient of h', k'. 

For the next step let x and y be T-elements of Band C such that j(x) = q(y). 
Let 

K" ______ :,.P 
le" 

mt w t 
K,---------~>A 

h" r 
))T 

s >>B 

be the pullback of s and its kernel pair along x. So h", k" is also kernel pair to 
its quotient r. (Think of r as pulling x and y back to a stage P covering T.) 
Since q o i(z) = q(y or) there is some P-element v of K with h(v) = i(z) and 
k(v) =yo r, and so some P-element b of K' with m(b) = v and h'(b) = z. 
Simple chasing shows that so le' ob= x or and i o le' ob= yo r, and since i is 
monic k' ob is unique with those composites. Further chasing shows that 
k' ob oh" = k' ob o k", so that k' ob factors through a unique u: T--+ A, and 
since r is epic we have so u = x and i o u = y. This proves the pullback 
property. D 
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In short, any sub-object of C closed under the equivalence relation given by 
the kernel pair of q is a preimage along q. An alternative proof uses 
Metatheorem 6.8 in Chapter 3 of Barr (1971). 

THEOREM 25.25 Map(C) is a topos iff every C object has a C relation 
classifier in Map(q. 

PROOF Exercise 13.16 showed that a category with finite limits is a topos iff 
it has power objects. So we need only show that if every C object has a power 
object in Map(q then all Map(C) objects do. So let R be (h, k): R >---+ 

A x A. Let T,. >--+ R x PA be the pullback of EA along h x 1 PA and let 
Ph: PA--+ PR classify Th. Similarly, define Pk classifying T,'" 

Define e:P(A/R)>--+PA as the equalizer of Ph and Pk. Define 
EAIR >--+(A/ R) x P(A/ R) as the image of the following pullback: 

K -----)---)EAIR )>---~)(A/ R) x P(A/R) I }A/R)~• 
EA )>------)A x p A--~> (A/R) x PA 

Given a Map(C) monic C/R">---+(A/R) x (B/R'), take the pullback 

S -------. Cf R" 

I I 
Ax (B/R')1

-----.) (A/R) x (B/R') 

and let u:(B/R')--+PA classify S. But Phou classifies the pullback of Th 
along R x u, and that is the pullback of S along h x lc/R'. Similarly, Pk o u 
classifies the pullback of S along k x lc/R'· And Sis already the pullback of 
C/ R" along an arrow that coequalizes h x lc/R' and k x lctr' so Pho u and 
Pk o u classify the same relation and are equal. Therefore there is a unique 
w:(B/R')--+PA with u = eow. 

By Exercise 25.3 we can prove that w classifies C/ R" by proving that Sis 
the pullback of EAIR along 

A x (B/ R')--+ (A/ R) x (Bf R') (A/R) x w (A/ R) x P(A/ R) 
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So it suffices to show that the outer square here is a pullback: 

s )".11-------->~ K-------~EAIR 

I I I 
A x (B/ R')--A-><_w _ _,.) A x P(A/ R)--~>(A/R) x P(A/R) 

for K the pullback of EA defined above. The left-hand side is a pullback 
because u = e o w, while the right is by Lemma 25.24. Indeed, K has the same 
pullback along both of h x P(A/ R) and k x P(A/ R), since Th and T" have the 
same pullback along R x e, since Th and T" are pullbacks of ER along two 
arrows equalized by R x e. 0 

THEOREM 25.26 Suppose that Map(C) is a topos and letj be a topology on 
it such that an equivalence relation on a C object has a quotient in C iff it is 
j-closed. Then a Map (C) object is j-separated iff it is iso to a C object. 

PROOF An object isj-separated iff its diagonal isj-closed. By Exercises 25.3 
and 25.6 then, a Map(C) object A/R is separated iff R isj-closed in Ax A. But 
then, by supposition and by Theorem 25.22, the quotient of R is a C 
object. 0 

Exercises 

25.1 Show that epics in a topos are surjective, so that toposes are regular. Use the 
category 2 to show that epics in a regular category need not be surjective. Show that 
pullback preserves surjective images in any regular category. 

25.2 Give i: J ,,__A and x: T---+ A, and a surjection s: S ___..... T, show that if 
XosEI then xEI. 

25.3 Let/: A____.. B be surjective in a regular category. Given sub-objects i: I>----+ B 
and j: J ~ B, show that r 1 (i) £ r 1 (j) iff i s j. [Hint: if r 1 (i) s r 1 (j) then i is 
the surjective image orr 1(1)---+J.] 

25.4 Show that every coequalizer in a regular category is surjective. 

25.5 Let M and N be terms formed of converses, intersections, and composites of 
relations ofC, and suppose that from vMw you can deduce vNw by these formal rules: 

xF0 y iff yFx 
x(F n G)z iff both xFz and xGz 
xFGz iff for some y both xFy and yGz 

Conclude that M £ N. In short, if you can prove that M £ N (or M = N) by these 
rules, ignoring stages of definition, then suitable covering stages can always be filled 
in. (Use Exercise 25.2.) 
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25.6 In any category with all finite limits, show that the pullback of a diagonal 
B >---+ B x B along a product arrow f x f: A x A ----+ B x B is the kernel pair off. 
Conclude that for any Ell' object (A/ R) the pullback of the diagonal along R x R is the 
equivalence relation (R) >---+(A x A). 

25. 7 A regular category is effective if every equivalence relation in it has a quotient. 
(The term is only coincidentally related to the effective topos.) Let Reg, the category of 
regular categories, have regular categories as objects, and functors that preserve finite 
limits and surjections as arrows. Let EReg be the full sub-category of effective regular 
categories. Show that the inclusion C >---+ Map(C) is universal from C to the inclusion 
functor EReg >--+Reg, so that the inclusion has a left adjoint Map: Reg--. EReg. 
Map (C) is sometimes called the effective reflection of C. 



Further reading 

The standard text on category theory is Mac Lane (1971~ The original 
Eilenberg and Mac Lane (19451 Freyd (1964), Herrlich and Strecker (1973), 
and Barr and Wells (1990), which aims at computer science, must also be 
mentioned. Our approach in Part II is based on Lawvere (1963, 1966). 
Johnstone (1977) is the standard reference on topos theory, with an exhaust­
ive bibliography up to its publication date. For history see Mac Lane (1988) 
and McLarty (1990b). 

Toposes in general 

Freyd (1972) works with toposes by the elegant use of set-valued functors, 
including a representation theorem embedding toposes into products of 
copies of Set. Barr and Wells (1985) use an algebraic approach for quick 
proofs of the central theorems. Bell (1988b) works almost exclusively with the 
internal language. Schlomiuk (1977) (see also Schlomiuk 1974) introduces the 
internal language piece by piece as needed for each result. Goldblatt ( 1979) 
emphasizes the topos Set Freyd and Scedrov (1990) is a highly personalized 
run through numerous topics, including toposes, with numerous applications 
to logic. Mac Lane and Moerdijk (1992) introduces toposes by means of 
Grothendieck topos constructions. 

Two works on particular topics stand out for introducing a good part of 
the general theory; Kock ( 1981) on synthetic differential geometry, and 
Rosolini (1986) on the effective topos and another called the recursive topos. 

Makkai and Reyes (1977) gives the basic results on Grothendieck toposes 
over Set. The original Artin, Grothendieck, and Verdier ( 1972), is rich and 
demanding. The case of sheaves on a complete Heyting algebra with the 
canonical topology (but the base topos is not assumed to be Set) is covered in 
Fourman and Scott (1979). 

For the internal language see among other sources Boileau and Joyal 
(1981); and Osius (1975). Lambek and Scott (1986) covers an array of topics in 
the higher order logic of Cartesian closed categories and of to poses, and has a 
long bibliography. Scott (1979) axiomatizes a form of topos logic using 
existence predicates. 



254 Further reading 

Topics 

On geometric morphisms, see Johnstone (1977) and Mac Lane and Moerdijk 
{ 1992), both of which include the powerful theorem originally in Diaconescu 
(1975b). Wraith (1975) gives a survey without proofs. For recent advances, see 
Joyal and Tierney ( 1984) and Moerdijk ( 1988) and references therein. Joyal 
and Moerdijk (1990) describe toposes and geometric morphisms in a very 
geometrically motivated way. 

Various proofs that the axiom of choice implies excluded middle agree at a 
certain level but differ in style. The one in Johnstone ( 1977) is similar to that 
in Diaconescu {l 975a), as is ours. Scott (1979) reduces the theorem to the case 
of sub-objects of 1 (in any topos). Barr and Wells (1985) use a representation 
theorem to reduce to sub-objects of 1 in Set. Both Lambek and Scott ( 1986) 
and Bell (1988b) work with a choice principle in the internal language. 
Goodman and Myhill (1978) adapts the result to intuitionistic set theory. 

On natural numbers 

Johnstone ( 1977) covers many topics, including inductive definition of infinite 
structures (such as free groups) in toposes. Lambek and Scott (1986) describes 
computability in Cartesian closed categories and in toposes. Coste-Roy et al. 
( 1980) study natural number objects and aspects of intuitionistic analysis. 
Rousseau ( 1978) proves theorems of classical analysis by interpreting them as 
sim pier theorems in the internal languages of to poses of sheaves on suitable 
spaces. 

On small categories 

Almost the whole theory of small categories in Set is already sound in any 
topos with natural number object, including all of our Part II. (We avoided 
non-constructive theorems on functor equivalences, which would be valid in 
Set but not, say, in El[) Discussions of small categories in toposes tend to 
stick close to categorical primitives, since that is all that is new, and risk 
making the subject seem less familiar than it is. Our Chapter 20 does this, and 
Johnstone (1977) does it to a much greater extent. Wraith (1975) discusses the 
topic without proofs, and Diaconescu (l 975b) deals with it. Moerdijk (1985) 
works freely with categories in an arbitrary topos. 

Non-small categories 

Over arbitrary toposes, these present greater problems. For example, given a 
non-trivial topos E, the category of groups in Eis not small. There is no one E 
object of all E groups. Tools to work with indexed families of groups or 
homomorphisms, for example, have not found their final form: see the 
appendix in Johnstone (1977~ohnstone and Pare (1978), Benabou (1985), 
and references therein. l 
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On topologies 

Johnstone ( 1977) gives more examples and theorems, and a description of 
sheaves for a given topology as a category of fractions. Tierney { 1973) also 
describes sheaves in this way. For topologies on posets, see Fourrnan and 
Scott (1979). 

On Set 

See Lawvere (1964~ and references in Chapter 22. Mac Lane (1986) proposes 
this as a foundation for mathematics. Little is written on that, since for 
working purposes Set is not very different from other set theories, being just a 
little closer to naive practice. 

On Spaces 

Most publications on SDG presume knowledge of basic differential geo­
metry, as in Spivak (1970). Lawvere's original talks on the subject eventually 
appeared as Lawvere (1979): see also Lawvere (1980). Kock (1981) introduces 
the axiomatic theory and models. Lavendhomme ( 1987) discusses the axio­
matic theory, with an extensively annotated bibliography. The first paper on 
fully well-adapted models, Dubuc ( 1979), is also nice reading. Moerdijk and 
Reyes ( 1991) go deeply into a wide array of models, including some with both 
the infinitesimals of SDG and those of non-standard analysis. 

Bunge (1983), Bunge and Dubuc (1987~ and Bunge and Gago (1988) use 
the germ neighbourhood of 0 for classical theorems in the synthetic setting. 
The collections of Kock ( 1979, 1983) cover a great deal. Bell ( l 988a) puts 
ideas from SDG into a general discussion of infinitesimals. 

On Elf 

Hyland (1982) uses the version of topos logic with existence predicates, 
developed in Scott (1979). In this version any formula offirst order arithmetic 
is true in Elf iff it is realized. To relate this to our version, see the remarks on 
existence predicates in Boileau and Joyal (1981). Hyland et al. (1980) gives a 
general setting for constructing Elf, such as we obtain from regular categories. 

Categorical logic 

Categorical logic treats theories T as categories. An interpretation of T in 
another theory T' becomes a functor T--+ T', a model in sets becomes a 
functor T--+ Set, and so on. This began with the work of Lawvere ( 1963) on 
algebraic theories; that is, theories such as the theory of groups, axiomatized 
by equations between operators. Lawvere showed, among other things, when 
a category is (equivalent to) the category of models of an algebraic theory and 
how to recover the theory in that case. Barr and Wells ( 1985) treat algebraic 
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theories and other weak fragments of first order logic. Makkai and Reyes 
( 1977) gives definability and completeness results for finitary and infinitary 
first order classical and intuitionistic logic, with applications to Grothendieck 
to poses. See also Kock and Reyes ( 1977) and Pitts ( 1989). 

Any first order theory T gives a category Mod (T~ the objects of which are 
models of Tin Set, and the arrows of which are elementary embeddings. 
There is also a notion of ultraproducts of models. Makkai (1987) shows just 
what information is needed to recover a first order theory from its models. 
Given any category with a specified 'ultraproduct' structure, he shows how to 
tell if it is (equivalent to) the category of models of a theory and how to 
recover the theory if it is. See also Makkai and Pare ( 1989~ 

For categorical treatments of various logics applied to semantics for 
programming languages, see papers in Gray and Scedrov ( 1989). G. Reyes 
(1991) presents a modal logic and a theory of reference in a topos context, and 
M. Reyes (forthcoming) applies similar ideas to metaphor and literary 
reference. 

/ 
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Symbol index 

!2, x,, w• 117 
~. 119 
" 119 
-+, ~ 120 
- 130 
VE 121 
(Vy.A) 127 
(3y.A) 135 
(3!y . .A) 168 
l(s), R(s., s2) 128 
fa 135 
- (negation) 135 
v (disjunction) 135 
~ ... , {x} ... , {x} 124 
(!x) 126 
Isl 126 
{x.Als} 127 
(x . .Al<p] 128 
r:<p, n-"' 128 
f.,J. 159 
iuj 161 
a1 t98 
£1 199 



Subject index 

adjoint 6, 89 
adjoint equivalence 97 
adjunct 88 
adjunction 89 
arrow category 75 
assembly 229 
associativity arrows 28 
axiom of choice 163 

base category 9 

cardinals 178 
Cantorian 215 

categorical logic 255 
category 

balanced 15 
base 9 
cartesian closed 57 
of categories 5, 107-13 
discrete 112, 191 
dual 77 
effective regular 252 
indiscrete 112, 191 
large 108 
locally cartesian closed 104, 156 
locally smaJI 108 
regular 241 
small 108, 182 
V-small 109 

caucus 229 
characteristic arrow, see classifying arrow 
Church's thesis 233 
classifying arrow 6, 117 
closed subobject 196 
coequalizer 31, 150 
colimit 50 
comma category 76, 92, 97 
complement 161 
completeness theorem 139 
components 

of a category 113 
of a natural transformation 82 

conditional 120 
cone 48 

conjunction 119 
constant 

arrow 17 
diagram 96 

converse 54 
coproducts 28, 147 
cosieve 190 
counit 89 
covers 168, 205 
creating 106 

decidable object 161 
DeMorgan laws 131, 134 
diagonal 32, 54 
diagram 8, 74, 96, 183 

commutative 20 
constant 96 

disjoint subobjects 65 
disjoint union 147 
disjunction 139 
duaJ 32, 54 

category 77 

element (cf. membership) 
generalized 4, 16 
generic 17, 106, 169 
global 4. 17 

epic 15 
equalizer 30 
equivalence 

functor 85 
situation (also adjoint equivalence) 84, 97 
of subobjects 5, 39 

exponential 57 
extension (of formula) 128 

fibre 99 
formula 127 
functor 5, 73 

contra variant 77 
covariant 78 
direct image 159 
faithful 73 
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fibre (cont.) 
full 73 
inverse image 159 
logical 159 

functor category 83 

generator 78. 125 
generic 

element 17, 106, 169 
natural number 178 
pair of subobjects 118 
subobject 118 

geometric morphism 7. 159 
graph (of an arrow) 31 
Grothendieck 

topology 205 
topos 8, 205. 224 
universe 109 

Heyting algebra 81 
complete 166 

image 141, 152 
implicate 81. 120 
inclusion 39 
indexed 

composition 64 
family of arrows 63 
family of objects 99 
product 101 
recursion data 172 

initial object 3. 16. 145 
strict 61 

internalizing 59, 120. 166, 179 
interpretation (of a formula) 126 
intersection 44 

internal 124 
inverse 14 
in verse image 44 
iso, see isomorphism 
isomorphism 14 

associativity 28 
natural 23 
unitary 24 

kernel pair 55. 149 

limit 48 
finite 51 

logic 
Boolean 134 
topos 129 

Subject index 

) 

membership (cf. element) 38, 120 
modest sets 234 
modulus 229 
monic 5, 15 

name 58 
naturaJ isomorphism 23. 83 
natural number object 5, 172 
natural transformation 82, 185 
naturality square 82, 185 

opposite category, see dual category 

partial arrow 154 
partial equivalence relation 236 
poset 81 
power object 7, 120, 125 
preorder 80, 191 
product 2, 21 

finite 27 
projection arrows 22. 41. 48 
pseudoterm 194 
pullback 41 
pushout 53 

quantifiers 
existential 129, 136 
unique existential 168 
universal 121 

quotient 56 

rationaJ numbers 177 
real numbers 177 
realizability 232 
recursion data 172 
recursive functions 229 
relation 54 

effective 55 
equivaJence 54. 149. 243 
functional 144, 244 
reflexive 54 
single-vaiued 143 
symmetric 55 
totally defined 144 
transitive 55 

satisfaction 167 
separated 200 
sequent 128 
sheaf 198 

reflection functor 199 



sieve 205 
singleton 124 
site 205 
slice 76 
soundness 136 
split epic 18 
split monic 32 
stability 159 
stage of definition 4, 17, 123, 168 
sub-object 5, 38 
sub-object classifier 6, 117 
subcategory 75 
subterrninator 32 
successor 172 
surjection 231, 241 

tabulation 246 
term 126 
terminaJ object 3, 16 
terminator, see terminal object 
topology 

closed 197 
double negation 198 
forcing 207 
open 197 

Subject index 265 

point set (examples from) 19, 152, 197 
trivia] 206 

topos 6, 117 
Boolean 162 
trivial 123 
two-vaJued 212 
well-pointed 211 

transpose 57 
triangular identities 89 
truth value object, see sub-object classifier 
twist arrow 25 

union 161 
unit 89 
unitary isomorphism 24 
universal arrow 88 
universe 107 

variables 
bound 126 
free 126 

zero object 3, 16 




