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Foreword

This book is about quantales, lattice-ordered semigroups structured in such a way
that they generalize the locales of point-free topology and various multiplicative
lattices of ideals from the theories of rings and C�-algebras. The formal notion of a
quantale—a complete lattice equipped with a semigroup multiplication which
distributes over arbitrary joins—arose in the 1980s, and the subject has flourished
and diversified in content and range of mathematical connections since that
beginning, with developments appearing in a diversity of journals.

The most notable and distinctive feature of this monograph is a shift from
regarding quantales as the principal objects of study to a categorical emphasis that
encompasses the category Sup (morphisms preserve all suprema) of complete
lattices, the category of quantales with Sup-semigroup morphisms, other related
categories naturally connected with quantales, and a variety of categorical con-
structions that enhance quantale theory. Categorical properties of Sup such as
existence of tensor products and the fact it is symmetric and monoidal closed led the
authors to a whole new categorical perspective and approach of applying enriched
category to the study of quantales. The authors have pioneered work along these
lines in recent years, and now for the first time seek to bring it together in one
organized, comprehensive, and mostly self-contained source.

An attractive additional feature of the text is the effort to make some connections
and applications to other areas. One is the introduction and study of the spectrum of
a C�-algebra as a quotient of the tensor product of the quantales of closed left and
right ideals and the use of quantale modules of this quantale to study algebra
representations. Another rather vast direction of study arises by replacing standard
objects such as f0; 1g as the range for characteristic functions for subsets of a set or
the positive reals for metric spaces with quantales, so that one gets many-valued
versions of sets, or metric spaces, or other standard objects. Thus, the authors seek
to show how the foundations of a theory of many-valuedness can be based on
quantale theory. The authors are to be commended for collecting and putting
together in an attractive and accessible manner the necessary categorical back-
ground, the systematic, organized presentation from their perspective of quantale
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theory, and for the interesting applications to C�-algebra theory and to many-valued
structures.

This book can serve a wide audience from being an introduction to quantale
theory to providing a valuable source of reference.

Baton Rouge, Louisiana
September 2017

Jimmie Lawson

viii Foreword



Preface

Since the mid-1980s, quantales have found an increasing interest in various areas
of mathematics. This development has its origin in ideas coming from
non-commutative geometry and is driven by the desire to create a non-commutative
and non-idempotent set theory known as the theory of quantale sets. Since that
time, an extensive literature has grown and is scattered over a diversity of journals.
Furthermore, and as algebra at the same time became connected with developments
using category theory, dedicated workshops and discussion fora emerged to focus
on enriched category theory in further support of studying quantales. The 33rd Linz
Seminar 2012 devoted to enriched category theory, and organized by U. Höhle and
E.P. Klement, was typical in that respect. In that particular workshop, the general
feeling emerged that there exists a necessity to have a new comprehensive and
coherent representation of the field. This insight became the starting point of the
cooperation between the authors leading to the present book.

The foundations of many-valuedness, as enabling non-commutativity for its
related operators, are another thematic and applicative aspect overlaying the formal
algebraic treatment in this book. Indeed, the book aims to provide a treatment of
semigroups in complete lattices with a special focus on quantales and modules and
offers a new way to approach many-valuedness in mathematics—in particular as it
is related to algebraic, logical, and topological methodology.

We give an introduction to the theory of quantales with applications to
C�-algebras and many-valued order theory from the perspective of the category of
complete lattices and join-preserving maps, which also includes a brief sketch on
automata in this context. The book aims to be self-contained. However, some basic
knowledge in category theory is desirable, and similarly knowledge in functional
analysis is helpful with respect to applications.

This book does not exclude the possibility of being used as a textbook.
Therefore, every section is accompanied by a subsection of exercises ranging in
difficulty from a trivial to a rather advanced level. The more advanced exercises are
supplied with various hints which can be considered as an extension of the previous
results. We hope that the book forms a useful basis for further research in enriched
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category theory, non-classical logic, many-valued and non-commutative topology,
and computer science.

During the preparation of the book, we received support from various people.
Explicitly we would like to mention the passionate commitment of T. Kubiak, who
collected a large variety of papers on quantales, was involved in the discussion on
how to organize such a book, and made most valuable suggestions during its
preparation. We also acknowledge the stimulating advice we received from M. Barr
and J. Lawson at advanced stages of its development. In addition, and in fact over
the past few years, from idea generation to finalizing the book, several colleagues
and collaborators have been supportive and provided encouragement on various
occasions.

This book would not have seen daylight without the support of our working
environments and people in our vicinity. Our working environments were diverse
but always supportive and flexible, enabling all of us to use required time for the
production of the book. Some directed financial support was enabled by the Spanish
Government provided by MTM2015-63608-P (MINECO/FEDER), and further
indirect financial support was available through various parallel projects. We also
express our gratitude to Springer-Verlag, especially to Dr. Remi Lodh for his
stimulating advice and efficient assistance during the preparation of the final
manuscript.

Last but certainly not least, we acknowledge the invaluable support we received
from our families and friends.

Umeå, Sweden Patrik Eklund
Bilbao, Spain Javier Gutiérrez García
Wuppertal, Germany Ulrich Höhle
Mikkeli, Finland Jari Kortelainen
December 2017
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Introduction

Quantales appear in various areas of mathematics—in quantaloid-enriched category
theory, in non-classical logics as completions of the Lindenbaum algebra, and in
different representations of the spectrum of C�-algebras as many-valued and
non-commutative topologies.

The theory of quantales has a long history, and its beginning dates back to the
1920s. Even though the terminology goes back to C. J. Mulvey when he proposed a
quantization of the theory of locales (cf. [58]) at the Oberwolfach Category
Meeting, 1983 (cf. [82]), it was W. Krull in 1924 and 1928 who formulated the
axioms of ideal lattices as those axioms of a two-sided quantale (cf. [68, 69]). In
this context, we have of course anticipated contemporary terminology. Moreover, it
is interesting to see that W. Krull also formulated the axioms of prime elements of
two-sided quantales and noticed the existence of left residuals and right residuals.
The first simple properties of residuals had already been collected in [69], whose
origin can even be traced back to some formulas derived by R. Dedekind for
modules in the commutative setting (cf. [22]).

The continuation of this development took place in the 1930s. In 1939, M. Ward
and R. P. Dilworth gave a detailed account of the residuation theory associated with
quantales (cf. [24, 109]). A first overview of this theory appeared in G. Birkhoff’s
famous book on lattice theory, which ran through three editions in 1940, 1948,
1967 (cf. [14]). Here, G. Birkhoff used the language of completely lattice-ordered
(groupoids) semigroups with zero for the description of (pre)quantales. For a
long time, this book was the standard reference in this area until 1990 when
K. I. Rosenthal’s book on quantales appeared (cf. [101]).

These developments are characterized by an object-based presentation—this
means that the question of which type of morphisms is appropriate for the theory of
quantales did not find a satisfactory solution. It is therefore not surprising that
colimit constructions of quantales are not treated in this type of literature, because
the standard approach in this context would first consist in the construction of free
objects and subsequently in a quotient construction in order to fulfil “certain
equations”. This problem can be brought to a solution, if we exhaust all possibilities
provided by the tensor product of complete lattices.
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The tensor product goes back to the Ph.D. thesis by D. G. Mowat (1968) and is
accessible to a larger audience in the papers by Z. Shmuely (1974) and
B. Banaschewski and E. Nelson (1976) (cf. [6, 106]). In this context, it is important
to see how elements of the tensor product appear as Galois connections between
complete lattices—a concept which had already been covered in the first edition of
Birkhoff’s book on lattice theory.

The existence of the tensor product together with the important fact that the
category of complete lattices and join-preserving maps is symmetric and monoidal
closed opens a completely different view on the theory of quantales than the pre-
vious perspective from the point of view of residuation. The category Sup of
complete lattices and join-preserving maps is star-autonomous (cf. [8]) and is the
Eilenberg–Moore category of the monad of downclosed sets on the category of
preordered sets. Secondly, (pre)quantales are (magmas) semigroups in Sup, and the
formation of right- (left-)residuals determines a right (left) action on the dual lattice
of the underlying quantale. Hence, module theory on unital quantales turned out to
be a natural field of applications for quantales.

This second approach to the theory of quantales was initiated by A. Joyal and
M. Tierney in their booklet An Extension of the Galois Theory of Grothendieck
1984 (cf. [59]). Here, they observed the interesting fact that frames (which occur as
complete dual Brouwerian lattices in [14]) are special commutative monoids in Sup
(cf. Proposition 1 on p. 21 in [59]).

Furthermore, the existence of free quantales is an immediate corollary of the
general theorem that in every cocomplete, symmetric, and monoidal closed cate-
gory free semigroups exist. Based on this observation, the cocompleteness of the
category of semigroups in Sup is inherited by Sup.

The aim of this book is to tie up these branches of different developments and to
harmonize and reshape the theory of quantales as a significant algebraic structure in
complete lattices. We describe a coherent theory which also includes the monadic
basis of quantales expressed by the composition of the term monad with the monad
of downclosed sets. Since we have tried to keep the book more or less
self-contained, we begin with basic, categorical properties of preordered sets. For
this purpose, we also recall some aspects of universal algebra in monoidal cate-
gories and the construction of composite monads. Further, this approach means that
in the theory of quantales we have to fill some gaps which, unfortunately, are still
present—e.g. a definition of prime elements satisfying an appropriate level of
generality. W. Krull only formulated these axioms in the case of two-sided
quantales.

In this context, we present a new concept of prime elements which permits a
non-commutative generalization of the well-known adjunction between locales and
topological spaces (cf. [58]) and leads to a satisfactory representation of semiunital
quantales by six-valued topological spaces. Moreover, prequantales occur as
algebras of the composite monad of the term monad with the monad of downclosed
sets on the category of preordered sets—a property which also explains the rôle
of the Minkowski multiplication in the theory of quantales. Finally, we introduce
the spectrum of a non-commutative C�-algebra as a quotient of the tensor product
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of the quantales of closed left and closed right ideals. It is interesting to see that this
construction collapses to the standard concept of the spectrum in the case of
commutative C�-algebras.

The last chapter, as already mentioned above, deals with applications of unital
quantales to module theory. In comparison with the traditional theory of modules
over rings, this approach means the replacement of the category of abelian groups
by the category of complete lattices and join-preserving maps. Here, involutive and
unital quantales play a special rôle at certain places. On the one hand, the existence
of an involution guarantees the self-duality of the category of left modules, but on
the other hand involutions on the underlying quantale are also necessary for the
concept of an involutive module. The latter concept plays an important rôle in the
representation theory of C�-algebras. As a fundamental result, we refer to the fact
that irreducible representations of a C�-algebra A and irreducible involutive left
modules on the unital quantale of all closed linear subspaces of A are equivalent
concepts (cf. [70]). In this sense, module theory on unital quantales has non-trivial
applications to the theory of operator algebras.

Another direction of applications is the well-known fact that the free right
module on a unital quantale Q generated by the power set of X is isomorphic to the
right Q-module of all “Q-fuzzy subsets” of X (cf. p. 10 in [59]). This observation
opens the door towards many-valuedness inside mathematics as well as to appli-
cations outside of mathematics, and it is not surprising that right modules on a
unital quantaleQ and join-completeQ-valued lattices are equivalent concepts— an
observation which goes back to I. Stubbe (2006) (cf. [107]) in a more general
context given by quantaloid-enriched categories. Since the chain ¼ f0; 1g of two
elements is the unit object of Sup, we can summarize this situation from the point
of view of many-valued structures as follows: The category of right modules on a
unital quantale plays the same rôle as Sup has done in the binary setting given
by ¼ f0; 1g.

If we restrict our interest to commutative and unital quantales Q as A. Joyal and
M. Tierney did in their booklet 1984, then the category ModðQÞ of modules has a
tensor product which is a quotient of the tensor product in Sup. In this context,
ModðQÞ turns into a star-autonomous category, and we can obviously repeat all
those algebraic constructions with ModðQÞ which we have previously done with
Sup. However, it is an open question whether such an approach is desirable.

The answer might depend on the perspective of possible applications. A typical
context of applications is computer science, where modules are sometimes related
to program transformation techniques for imperative languages (cf. [23]).
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Chapter 1
Foundations

Categorical aspects of preordered sets seem to be the natural point of departure for a
more fundamental understanding of quantales and their related topics. The following
basic properties of the category of preordered sets are explained:

– completeness and cocompleteness,
– cartesian closedness,
– free preordered groupoids,
– the term monad (of a single binary operator symbol),
– the monad of downclosed sets.

In this context we emphasize the important fact that the composition of the term
monad on preordered sets with the monad of downclosed sets exists in the sense
of some distributive law. This insight opens the door for a comprehensive study of
prequantales and quantales.

Evidently this approach requires some knowledge of universal algebra in certain
categorical settings. For this purpose we recall in Sect. 1.1 the construction of free
magmas and free monoids which is based on an application of the free algebra
algorithm due to J. Adámek 1974 (cf. [1, 3]). We also describe the tensor product of
semigroups in symmetric monoidal categories, which will later play a significant rôle
in the construction of coproducts of certain quantales. Further, in Sect. 1.2 we add
a detailed analysis of the concept of distributive laws and their applications which
goes back to J. Beck 1969 (cf. [10]). This concept might be understood as the way to
circumvent the symmetry axiom of symmetric monoidal categories. A reader who
is familiar with all these topics might skip both Sects. 1.1 and 1.2 and move directly
to Sect. 1.3 on categorical properties of preordered sets.
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2 1 Foundations

1.1 Some Properties of Universal Algebra in Monoidal
Categories

In this section it is assumed that the reader is familiar with the fundamental concepts
of category theory as they have been developed in [73]. We will follow the nota-
tion in [73]; only at those places where we deviate from [73] we will give special
explanations. First we recall the concept of monoidal categories.

Definition 1.1.1. A sextuple C = (C0,⊗,1, a, �, r) is called a monoidal category
if C0 is a category, ⊗: C0 × C0 → C0 is a bifunctor, 1 is an object of C0 and
the transformations a : ⊗ ◦(⊗ × idC0) → ⊗ ◦ (idC0 × ⊗), � : 1 ⊗ → idC0 and
r : ⊗ 1 → idC0 are natural isomorphisms with the components

(X ⊗ Y ) ⊗ Z aXY Z X ⊗ (Y ⊗ Z), 1 ⊗ Y �Y Y and X ⊗ 1
rX X

subjected to the following coherence axioms:

(1) The bifunctor ⊗ is associative — i.e. the following pentagonal diagram is com-
mutative:

((X ⊗ Y ) ⊗ Z) ⊗ U (X ⊗ Y ) ⊗ (Z ⊗ U ) X ⊗ (Y ⊗ (Z ⊗ U ))

(X ⊗ (Y ⊗ Z)) ⊗ U X ⊗ ((Y ⊗ Z) ⊗ U )

aXY Z ⊗1U

a(X⊗Y )ZU aXY (Z⊗U )

aX (Y⊗Z)U

1X ⊗aY ZU

(2) �1 = r1 and the following triangle is commutative:

(X ⊗ 1) ⊗ Y X ⊗ (1 ⊗ Y )

X ⊗ Y

rX ⊗1Y

aX1Y

1X ⊗�Y

If C is a monoidal category, then the bifunctor ⊗ is called the tensor product of C
and 1 the unit object of C.

The next example goes back to J. Bénabou 1963 (cf. [12]).

Example 1.1.2. In order to avoid foundational problemsweconsider a small category
C. Then the category End(C) of endofunctors of C consists of the following data:

– objects of End(C) are all endofunctors C F C,
– morphisms of End(C) are all natural transformations— i.e. with every pair (F,G)

of endofunctors of Cwe associate the set hom(F,G) of all natural transformations
τ : F → G.

The composition of natural transformations is given by the (vertical) composition
and the identity of F is the identity transformation 1F of F.
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Since the Interchange Law is valid, we are in a position to introduce a monoidal
structure on End(C) in the following way. The tensor product — i.e. the bifunctor

End(C) × End(C)
⊗ End(C)

acts as follows:

(i) On each pair of objects (F,G) the bifunctor ⊗ is given by the composition of
functors — i.e. F ⊗ G = GF.

(ii) On each pair of morphisms (τ, τ ′), where τ : F → G and τ ′ : F′ → G′, the
bifunctor ⊗ is given by the star composition of natural transformations — i.e.
τ ⊗ τ ′ = τ ′ � τ : F′F → G′G.

The unit object is the identity functor idC of C. Since the composition of functors and
the star composition of natural transformations are associative and the identity trans-
formation 1idC of idC is the unit w.r.t. the star composition, the natural isomorphisms
a, � and r coincide with the respective identity transformations Id — i.e.

HGF 1HGF HGF, idCF
1F F, GidC

1G G.

Hence the sextuple (End(C),⊗, idC, Id, Id, Id) is a monoidal category.

A pair (X, m) is called a magma in C if X ∈ |C0| and m is a binary operation on X
— i.e. a morphism X ⊗ X m X of C0.
A magma (X, m) is a semigroup if m is associative — this means the commutativity
of the following diagram:

(X ⊗ X) ⊗ X X ⊗ (X ⊗ X)

X ⊗ X X X ⊗ X

m⊗1X

aX X X

1X ⊗m

m m

(Associativity Axiom)

A magma (X, m) is called unital if there exists a morphism 1 e X such that the
diagram

1 ⊗ X X ⊗ X X ⊗ 1

X
�X

e⊗1X

m

1X ⊗e

rX

(Unit Axiom)

commutes. A unit e of a magma (X, m) is uniquely determined. Hence e is the unit.
In fact, if e′ is a further unit, then we obtain e′ ◦ �1 = m ◦ (e ⊗ e′) = e ◦ r1. Since
the isomorphisms �1 and r1 coincide, the relation e′ = e follows.

A monoid in C is a unital semigroup in C.
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Let (X, m) and (X ′, m ′) be magmas in C. A morphism X h X ′ in C0 is called a
homomorphism if the following diagram is commutative:

X ⊗ X X ′ ⊗ X ′

X X ′

m

h⊗h

m ′

h

If (X, m) and (X ′, m ′) are unital and e and e′ are the respective units, then a
homomorphism h is unital if the following additional diagram is commutative:

1

X X ′

e e′

h

Finally, if we assume that C0 has finite coproducts and the tensor product dis-
tributes over finite coproducts, then the unitalization of magmas exists. For this
purpose we fix some further notation.

The coproduct of two objects X and Y is denoted by X � Y . If X
jX X � Y and

Y
jY X � Y are the coproduct injections, then for every pair of morphisms X

f
Z

and Y
g

Z the unique morphism X � Y h Z with h ◦ jX = f and h ◦ jY = g is
denoted by h = f � g.

If (X, m) is now any magma, then on the coproduct ̂X = X � 1 we introduce the

following binary operation ̂X ⊗ ̂X m̂
̂X and the unit 1 ê

̂X by:

– m̂ = ( jX ◦ m) � ( jX ◦ �X ) � ( jX ◦ rX ) � ( j1 ◦ �1),where jX and j1 are the respec-
tive coproduct injections,

– ê = j1, where j1 is the coproduct injection of 1.

Then (̂X , m̂, ê) is a unital magma and is called the unitalization of (X, m). It is not
difficult to verify that the unitalization preserves the associativity axiom — i.e. the
unitalization of a semigroup is a monoid.

The aim of the following considerations is to show that under certain sufficient
but rather general conditions, free magmas and free monoids exist. For this purpose
we recall some further terminology of monoidal categories.

Definition 1.1.3. (a) A monoidal category C = (C0,⊗,1, a, �, r) is symmetric if
C is provided with a symmetry c — i.e. a natural isomorphism c : ⊗ → ⊗ whose
components

X ⊗ Y Y ⊗ X
cXY
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satisfy the subsequent coherence axioms expressed by the commutativity of the
following diagrams:

(3)

X ⊗ Y Y ⊗ X X ⊗ 1 1 ⊗ X

X ⊗ Y X

1X⊗Y

cXY

cY X
rX

cX1

�X

(4)

(X ⊗ Y ) ⊗ Z X ⊗ (Y ⊗ Z) (Y ⊗ Z) ⊗ X

(Y ⊗ X) ⊗ Z Y ⊗ (X ⊗ Z) Y ⊗ (Z ⊗ X)

cXY ⊗1Z

aXY Z cX (Y⊗Z)

aY Z X

aY X Z 1Y ⊗cX Z

(b) A monoidal category C is closed if for each object X ∈ |C0| the endofunctor
⊗ X : C0 → C0 has a right adjoint [X, ] : C0 → C0. The respective components

of the unit and counit (the latter is also called the evaluation arrow) of this adjoint sit-

uation ⊗ X � [X, ] are denoted by Z
ηZ [X, Z ⊗ X ] and [X, Z ] ⊗ X evZ Z .

(c) A monoidal category C is biclosed if for each object X ∈ |C0| the endofunctors
⊗ X : C0 → C0 and X ⊗ : C0 → C0 have right adjoint functors.

Evidently, every symmetric and monoidal closed category is biclosed, and the
right adjoint functor of X ⊗ coincides with [X, ], where the corresponding counit
ε = (εY )Y∈|C0| has the form εY = evY ◦ cX [X,Y ].

1.1.1 Free Magmas

The next theorem recalls the important fact that in monoidal biclosed categories the
tensor product always preserves direct limits.

Theorem 1.1.4. Let C = (C0,⊗,1, a, �, r) be a monoidal biclosed category and
(I,≤) be a directed preordered set. Further, let (Xi , f j i )i∈I and (Yi , g j i )i∈I be
direct systems. If (X0, ( fi )i∈I ) and (Y0, (gi )i∈I ) are the respective direct limits of
(Xi , f j i )i∈I and (Yi , g j i )i∈I , then

(X0 ⊗ Y0, ( fi ⊗ gi )i∈I )

is the direct limit of (Xi ⊗ Yi , f j i ⊗ g j i )i∈I .
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Proof. Since for i ≤ j the relation fi ⊗ gi = ( f j ⊗ g j ) ◦ ( f j i ⊗ g j i ) is obvious, we
only verify the universal property of direct limits. For this purpose we choose D ∈ C0

and consider a system (hi )i∈I of morphisms Xi ⊗ Yi
hi D with h j ◦ ( f j i ⊗ g j i ) =

hi for i ≤ j . Since the index set I is directed, for each pair (i, k) ∈ I × I there exists

a morphism Xi ⊗ Yk
σi k D such that the diagram

Xi ⊗ Yk Xm ⊗ Ym

D

σi k

fm i ⊗gm k

hm

is commutative for all m ∈ I with i ≤ m and k ≤ m.

(a) We verify the existence of X0 ⊗ Y0
h0 D satisfying h0 ◦ ( fk ⊗ gk) = hk for all

k ∈ I . In a first stepwe fix k ∈ I . SinceC is closed, the endofunctor ⊗ Yk has a right
adjoint and hence preserves direct limits. Since σi k = σ j k ◦ ( f j i ⊗ 1Yk ) (i ≤ j),

there exists a uniquemorphism X0 ⊗ Yk
σk D such that σk ◦ ( fi ⊗ 1Yk ) = σi k holds

for all i ∈ I . Now we apply σi k = σi l ◦ (1Xi ⊗ gl k) and observe:

σk = σl ◦ (1X0 ⊗ gl k), k ≤ l.

Since C is biclosed, the endofunctor X0 ⊗ also preserves direct limits. Hence there

exists a unique morphism X0 ⊗ Y0
h0 D satisfying h0 ◦ (1X0 ⊗ gk) = σk for all

k ∈ I . Obviously, the construction of h0 implies:

h0 ◦ ( fk ⊗ gk) = σk ◦ ( fk ⊗ 1Yk ) = σk k = hk .

Thus the existence of h0 is verified.

(b) In order to prove the uniqueness of h0 we fix some morphism X0 ⊗ Y0
h D

with the property h ◦ ( fk ⊗ gk) = hk for all k ∈ I . Then we observe:

h0 ◦ ( fi ⊗ gk) = σk ◦ ( fi ⊗ 1Yk )

= σi k

= hm ◦ ( fm i ⊗ gm k)

= h ◦ ( fm ⊗ gm) ◦ ( fm i ⊗ gm k)

= h ◦ ( fi ⊗ gk).

Hence h0 coincides with h. 
�

If we now combine Theorem 1.1.4 with Theorem A.1.1 in Appendix A.1, then
we obtain the following important result.
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Corollary 1.1.5. Let C be a monoidal biclosed category with an underlying cocom-
plete category C0. Then for each object X ∈ |C0| there exists a magma (X �, m X � )

and a morphism X ηX X � such that for every magma (Y, mY ) and for every mor-

phism X h Y there exists a unique homomorphism X � h�

Y making the following
diagram commutative:

X X �

Y

ηX

h
h�

Proof. Let us consider the composition of the diagonal functor Δ : C0 → C0 × C0

with the bifunctor ⊗. Then the resulting endofunctor F⊗ of C0 has the following
explicit form:

F⊗(X) = X ⊗ X, X h Y, F⊗(h) = h ⊗ h.

Obviously F⊗-algebras (cf. Appendix A.1) and magmas are the same things.
Since F⊗ preserves direct limits (cf. Theorem 1.1.4), the assertion follows from
Theorem A.1.1. 
�

We can also reformulate the assertion of the previous corollary as the statement
that the forgetful functor from the category of magmas to the underlying category

C0 has a left adjoint functor. Hence (X �, m X � ) with the morphism X
ηX X � is also

called the free magma generated by X .
Finally, we do not fail to mention that in the case of monoidal biclosed categories

with an underlying complete and cocomplete category the category of magmas is
always complete and cocomplete.

1.1.2 Free Monoids

In this subsection we assume that the monoidal category C = (C0,⊗,1, a, �, r) is
biclosed and its underlying category C0 is cocomplete.

We fix an object X of C0. In order to construct the free monoid generated by X
we deviate here from the standard approach (cf. [73]) and base our arguments on
the endofunctor FX = ⊗ X . It is interesting to see that FX also plays a significant
rôle in the theory of automata (cf. Sect. 3.4). We will show that the free FX -algebra
generated by the unit object of C0 is the free monoid generated by X .

For this purpose we first have to make some preparations. We maintain here the
notation from Theorem A.1.1 in Appendix A.1 and add some further notation and
comments.
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Notation and Comment. Since C is biclosed, the tensor product is distributive over

coproducts. Hence, if B
jB B � C and C

jC B � C are the coproduct injections
of B � C , then 1A ⊗ jB and 1A ⊗ jC are the coproduct injections of A ⊗ (B � C).

Further, the coproduct B1 � B2
h1⊕h2 C1 � C2 of B1

h1 C1 and B2
h2 C2 is given

by h1 ⊕ h2 = ( jC1 ◦ h1) � ( jC2 ◦ h2).

In a first step we apply the natural isomorphism a occurring in the associativity
axiom of the tensor product. We fix the endofunctor FX = ⊗ X : C0 → C0 and
recall the following notation from the proof of Theorem A.1.1. For every A ∈ |C0|
we put

Z1(A) = A ⊗ X, W1(A) = Z1(A) � A,

Zn(A) = Wn−1(A) ⊗ X, Wn(A) = Zn(A) � A, n ≥ 2.

Further, let A
jA W1(A) = Z1(A) � A be the coproduct injection. We state the

following definitions of morphisms (see again the proof of Theorem A.1.1):

Z1(A)
eA
2 1=FX ( jA)

Z2(A), W1(A)
�A
2 1=FX ( jA)⊕1A W2(A),

Zn(A)
eA

n+1 n=FX (�A
n n−1) Zn+1(A), Wn(A)

�X
n+1 n=eA

n+1 n⊕1A
Wn+1(A), n ≥ 2.

Then for every morphism A ξ B ⊗ C we define recursively a sequence (ϕ
ξ
n )n∈N of

morphisms Zn(A)
ϕ

ξ
n B ⊗ Zn(C) by

ϕ
ξ
1 = aBC X ◦ FX (ξ) and ϕξ

n = aBWn−1(C)X ◦ FX (ϕ
ξ
n−1 ⊕ ξ), n ≥ 2,

and we will use the notation Wn(A)
ψ

ξ
n =ϕ

ξ
n ⊕ξ

B ⊗ Wn(C) in the following consid-
erations. First we notice that (1B ⊗ eC

2 1) ◦ ϕ
ξ
1 = ϕ

ξ
2 ◦ eA

2 1. Hence the relation

(1B ⊗ eC
n+1 n) ◦ ϕξ

n = ϕ
ξ
n+1 ◦ eA

n+1 n, n ∈ N

follows by induction. Now we refer to the construction of direct limits and obtain a

unique morphism Z∞(A)
ϕ

ξ∞ B ⊗ Z∞(C) satisfying the conditions

ϕξ
∞ ◦ eA

n = (1B ⊗ eC
n ) ◦ ϕξ

n , n ∈ N. (1.1)

In this context we introduce a morphism A� ψ
ξ∞ B ⊗ C� by ψ

ξ∞ = ϕ
ξ∞ ⊕ ξ .

Further, we refer to the formula (A.2) in the proof of Theorem A.1.1 and recall

the morphism A� ⊗ X ϑA Z∞(A). Then a repeated application of (1.1) leads to the
following relation:
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ϕξ
∞ ◦ ϑA ◦ FX (eA

n ⊕ 1A) = ϕξ
∞ ◦ eA

n+1 = (1B ⊗ eC
n+1) ◦ ϕ

ξ
n+1

= (1B ⊗ ϑC) ◦ (

1B ⊗ FX (eC
n ⊕ 1C)

) ◦ aBWn(C)X ◦ FX (ψξ
n )

= (1B ⊗ ϑC) ◦ aBC� X ◦ FX
(

1B ⊗ (eC
n ⊕ 1C)

) ◦ FX (ψξ
n )

= (1B ⊗ ϑC) ◦ aBC� X ◦ FX
((

1B ⊗ (eC
n ⊕ 1C)

) ◦ ψξ
n

)

= (1B ⊗ ϑC) ◦ aBC� X ◦ FX (ψξ
∞) ◦ FX (eA

n ⊕ 1A).

Thus
(1B ⊗ ϑC) ◦ aBC� X ◦ FX (ψξ

∞) = ϕξ
∞ ◦ ϑA (1.2)

follows from the universal property of direct limits.
After these preparations we consider the situation

A
r−1

A A ⊗ 1, A� ψ
r−1

A∞ A ⊗ 1�, A ⊗ 1�
r−1

A⊗1�
(A ⊗ 1�) ⊗ 1, 1�

r−1
1�

1� ⊗ 1

and abbreviate these morphisms as follows:

ξ = ψ
r−1

A∞ , π = r−1
A⊗1� , ρ = r−1

1� .

As an immediate corollary of the coherence axioms of monoidal categories the prop-
erty

aA1�1 ◦ π = 1A ⊗ ρ (1.3)

is obviously valid (cf. Exercise 1.1.1). Consequently the following diagram is com-
mutative:

Z1(A�)

Z1(A ⊗ 1�) A ⊗ Z1(1
�)

FX ((A ⊗ 1�) ⊗ 1) A ⊗ (1� ⊗ Z1(1))

(A ⊗ (1� ⊗ 1)) ⊗ X A ⊗ ((1� ⊗ 1) ⊗ X)

FX (ξ)
ϕ

ξ
1

FX (π)

(1A⊗ρ)⊗1X

aA1� X

1A⊗FX (ρ)

1A⊗ϕ
ρ
1

aA1�1
⊗1X

aA(1�⊗1)X

1A⊗a
1�1X
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Now we insert the pentagonal diagram and obtain the relation

(1A ⊗ ϕ
ρ
1 ) ◦ ϕ

ξ
1 = aA1� Z1(1) ◦ ϕπ

1 ◦ FX (ξ). (1.4)

In a next step we apply the FX -term functor T and prove the following technical, but
important property:

aA1�1� ◦ ψπ
∞ ◦ T(ξ) = (1A ⊗ ψρ

∞) ◦ ψξ
∞. (1.5)

Because of (1.1) and (1.4) we first notice:

(1A ⊗ ϕρ
∞) ◦ ϕξ

∞ ◦ eA�

1 = (1A ⊗ ϕρ
∞) ◦ (

1A ⊗ e1
�

1

) ◦ ϕ
ξ
1

= (

1A ⊗ (

ϕρ
∞ ◦ e1

�

1

)) ◦ ϕ
ξ
1

= (

1A ⊗ (

(11� ⊗ e11 ) ◦ ϕ
ρ
1

)) ◦ ϕ
ξ
1

= (

1A ⊗ (11� ⊗ e11 )
) ◦ (1A ⊗ ϕ

ρ
1 ) ◦ ϕ

ξ
1

= (

1A ⊗ (11� ⊗ e11 )
) ◦ aA1� Z1(1) ◦ ϕπ

1 ◦ FX (ξ)

= aA1� Z∞(1) ◦ (

(1A ⊗ 11� ) ⊗ e11
) ◦ ϕπ

1 ◦ FX (ξ)

= aA1� Z∞(1) ◦ ϕπ
∞ ◦ eA⊗1�

1 ◦ FX (ξ).

Now we are going to construct T(ξ) (see Appendix A.1) and put

̂ξ1 = eA⊗1�

1 ◦ FX (ξ).

Hence the previous relation can be rewritten as follows:

(1A ⊗ ϕρ
∞) ◦ ϕξ

∞ ◦ eA�

1 = aA1� Z∞(1) ◦ ϕπ
∞ ◦̂ξ1. (1.6)

We assume that (1.6) holds for some n ∈ N, and not only for n = 1 as we have
explained. Since aA1�1 ◦ π = 1A ⊗ ρ and aA1� Z∞(1) ⊕ aA1�1 = aA1�(Z∞(1)�1), we
obtain:

(1A ⊗ ψρ
∞) ◦ ψξ

∞ ◦ (eA�

n ⊕ 1A� ) = aA1�1� ◦ ψπ
∞ ◦ (

̂ξn ⊕ ξ
)

. (1.7)

If we apply the endofunctor FX to (1.7) and use repeatedly (1.2), then we arrive at
the following commutative diagram1

1To simplify the notation we have dropped the subscript X of FX in this diagram.
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Zn+1(A�) F((A�)�) Z∞(A�)

F(A ⊗ (1�)�) A ⊗ F((1�)�) A ⊗ Z∞(1�)

F((A ⊗ 1�)�) F(A ⊗ (1� ⊗ 1�)) A ⊗ F(1� ⊗ 1�) A ⊗ (1� ⊗ Z∞(1))

F((A ⊗ 1�) ⊗ 1�) A ⊗ (1� ⊗ F(1�))

F(̂ξn⊕ξ)

F(eA�

n ⊕1A� )

F(ψ
ξ∞)

ϑA�

ϕ
ξ∞

F(1A⊗ψ
ρ∞)

aA(1�)� X

1A⊗F(ψ
ρ∞)

1A⊗ϑ
1�

1A⊗ϕ
ρ∞

F(ψπ∞)

aA(1�⊗1�)X

1A⊗a
1�1� XaA1�1� ⊗1X 1A⊗(1

1� ⊗ϑ1)

If we now intend to insert again the pentagonal diagram, then we first make use of
(1.2) and notice:

(1A ⊗ (11� ⊗ ϑ1)) ◦ aA1�FX (1�) ◦ a(A⊗1�)1� X ◦ FX (ψπ
∞)

= aA1� Z∞(1) ◦ (1A⊗1� ⊗ ϑ1) ◦ a(A⊗1�)1� X ◦ FX (ψπ
∞)

= aA1� Z∞(1) ◦ ϕπ
∞ ◦ ϑA⊗1� .

Because of this observation the previous commutative diagram entails the following
relation (see also formula (A.2) in the proof of Theorem A.1.1):

(1A ⊗ ϕρ
∞) ◦ ϕξ

∞ ◦ eA�

n+1 = aA1� Z∞(1) ◦ ϕπ
∞ ◦ ϑA⊗1� ◦ FX (̂ξn ⊕ ξ)

= aA1� Z∞(1) ◦ ϕπ
∞ ◦̂ξn+1.

Hence (1.6) also holds for n + 1.
Finally we pass to the direct limit of Zn(A�) and conclude from the previous

results that the relation

(1A ⊗ ϕρ
∞) ◦ ϕξ

∞ = aA1� Z∞(1) ◦ ϕπ
∞ ◦̂ξ∞

holds. Hence (1.5) follows.
Let T = (T, η, μ) be the FX -term monad (cf. Appendix A.1). In this context we

now turn to the monoidal structure on the free T-algebra 1� generated by the unit
object 1 of C. Therefore in the previous considerations we consider the special case
A = 1� and recall for the convenience of the reader the explicit construction of the

1-component (1�)�
μ1 1� of the multiplication μ (see Appendix A.1):

μ1 = μ1
∞ � 11� , μ1

∞ ◦ e1
�

n = μ1
n , n ∈ N,

μ1
1 = δ1� = j1∞ ◦ ϑ1, μ1

n+1 = δ1� ◦ FX (μ1
n � 11� ), n ∈ N.
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Lemma 1.1.6. If ρ = r−1
1� and ξ = ψ

ρ∞, then the following diagram is commutative:

((1�)�)� (1�)�

1� ⊗ (1�)� 1� ⊗ 1�

μ1�

ψ
ξ∞ ψ

ρ∞
11� ⊗μ1

Proof. By the construction of direct limits it is sufficient to show that for all n ∈ N

the diagram

Zn((1
�)�) (1�)�

1� ⊗ Zn(1
�) 1� ⊗ 1�

ϕ
ξ
n

μ1�

n

ψ
ρ∞

11� ⊗μ1
n

(1.8)

is commutative. We begin with the observation:

ψρ
∞ ◦ δ(1�)� = (11� ⊗ j1∞) ◦ ϕρ

∞ ◦ ϑ1�

= (11� ⊗ j1∞) ⊗ (11� ⊗ ϑ1) ◦ a1�1� X ◦ FX (ψρ
∞)

= (11� ⊗ δ1� ) ◦ ϕ
ξ
1 .

Hence (1.8) is commutative for n = 1. Now we assume that (1.8) holds for n. Since
ξ = ψ

ρ∞, the relation ψ
ρ∞ ◦ (μ1�

n � 1(1�)� ) = (

11� ⊗ (μ1
n � 11� )

) ◦ (ϕ
ξ
n ⊕ ξ) is obvi-

ous. Hence we obtain (where we apply again (1.2)):

ψρ
∞ ◦ μ1�

n+1 = ψρ
∞ ◦ δ(1�)� ◦ FX (μ1�

n � 1(1�)� )

= (11� ⊗ j1∞) ◦ ϕρ
∞ ◦ ϑ1� ◦ FX (μ1�

n � 1(1�)� )

= (11� ⊗ δ1� ) ◦ a1�1� X ◦ FX (ψρ
∞) ◦ FX (μ1�

n � 1(1�)� )

= (11� ⊗ δ1� ) ◦ a1�1� X ◦ FX
(

11� ⊗ (μ1
n � 11� )

) ◦ FX (ψξ
n )

= (11� ⊗ δ1� ) ◦ (

11� ⊗ FX (μ1
n � 11� )

) ◦ a1�Wn(1�)X ◦ FX (ψξ
n )

= (11� ⊗ μ1
n+1) ◦ ϕ

ξ
n+1. 
�

If A h B is any morphism, then it follows from the free algebra algorithm (see
Appendix A.1) in connection with (1.1) and (1.2) that it is not difficult to verify the
commutativity of the following diagram

A� B�

A ⊗ 1� B ⊗ 1�

ψ
r−1

A∞

T(h)

ψ
r−1
B∞

h⊗11�
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Hence ψ∞ = (ψ
r−1

C∞ )C∈C0 is a natural isomorphism from the FX -term functor T to
⊗ 1�.
As a last step of the preparations we introduce a binary operation m1� on 1� by

the diagram

(1�)� 1�

1� ⊗ 1�

ψ
ρ∞

μ1

m1�

where ρ = r−1
1� . We will show that (1�, m1� , η1) is the free monoid generated by

X . Hence from an intuitive point of view the binary operation m1� plays the rôle of
“concatenation”.

Theorem 1.1.7. The triple (1�, m1� , η1) is a monoid in C.

Proof. First we recall ξ = ψ
r−1
1�

∞ andπ = r−1
1�⊗1� . Sinceψ∞ : T → ⊗ 1� is a natural

isomorphism, the relation

μ1 ◦ T(μ1) = m1� ◦ (m1� ⊗ 11� ) ◦ ψπ
∞ ◦ T(ξ)

follows. On the other hand, referring to Lemma 1.1.6 and formula (1.5) we obtain:

μ1 ◦ μ1� = m1� ◦ (11� ⊗ m1� ) ◦ (11� ⊗ ψρ
∞) ◦ ψξ

∞
= m1� ◦ (11� ⊗ m1� ) ◦ a1�1�1� ◦ ψπ

∞ ◦ T(ξ).

Hence the associativity of m1� follows from the associativity axiom of the free
T-algebra (1�, μ1) — i.e. μ1 ◦ μ1� = μ1 ◦ T(μ1) (cf. Appendix A.1). In order to

verify the unit axiom for η1 we first observe ψ
r−1
1∞ = �−1

1� . Then we obtain:

μ1 ◦ T(η1) = m1� ◦ (η1 ⊗ 11� ) ◦ �−1
1� .

Since 1 η1 1� = Z∞(1) � 1 is the coproduct injection of 1 and ρ coincides with
r−1
1� , the following relation holds:

μ1 ◦ η1� = m1� ◦ ψρ
∞ ◦ η1� = m1� ◦ (11� ⊗ η1) ◦ r−1

1� .

Hence the unit axiom for η1 follows from the propertyμ1 ◦ T(η1) = 11� = μ1 ◦ η1�

(cf. Appendix A.1) which is related to the unit axiom of the FX -term monad (see
also Sect. 1.2). 
�

In order to establish the universal property of the monoid (1�, m1� , η1) we intro-

duce a morphism X
ηX 1� of C0 by

ηX = j1∞ ◦ e11 ◦ �−1
X .
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Warning. In this subsection themorphism ηX defined above is not the X -component
of the unit of the FX -term monad.

Theorem 1.1.8. Let (Y, mY , eY ) be a monoid in C and X h Y be a morphism of C0.

There exists a unique unital homomorphism (1�, m1� , η1)
̂h (Y, mY , eY ) making the

following diagram commutative:

X 1�

Y
h

ηX

̂h

Proof. (a) (Uniqueness) Sincêh is unital and 1� is the coproduct of Z∞(1) and 1,̂h
is uniquely determined by h∞ = ̂h ◦ j1∞. Obviously, h∞ induces a sequence (hn)n∈N
of morphisms Zn(1)

hn Y by hn = h∞ ◦ e1n , and h1 = h ◦ �X follows from the
commutativity of the previous diagram. If we can prove

hn+1 = mY ◦ (

(hn � eY ) ⊗ h
)

, n ∈ N, (1.9)

then ̂h is uniquely determined. By the coherence axiom (2) we first observe that
ϕ

ρ
1 = 11� ⊗ �−1

X . Then we obtain the following relation:

hn+1 = ̂h ◦ j1∞ ◦ e1n+1 = ̂h ◦ μ1
1 ◦ FX (e1n ⊕ 11) = ̂h ◦ μ1 ◦ j1

�

∞ ◦ e1
�

1 ◦ FX (e1n ⊕ 11)

= ̂h ◦ m1� ◦ ψρ
∞ ◦ j1

�

∞ ◦ e1
�

1 ◦ FX (e1n ⊕ 11)

= mY ◦ (̂h ⊗̂h) ◦ (11� ⊗ j1∞) ◦ ϕρ
∞ ◦ e1

�

1 ◦ FX (e1n ⊕ 11)

= mY ◦ (̂h ⊗̂h) ◦ (11� ⊗ j1∞) ◦ (11� ⊗ e11 ) ◦ ϕ
ρ
1 ◦ (

(e1n ⊕ 11) ⊗ 1X
)

= mY ◦ (

(hn � eY ) ⊗ (h1 ◦ �−1
X )

)

where we have used (1.1). Hence (1.9) follows.
(b) (Existence) Since eY is the unit of (Y, mY ), we first observe that for anymorphism

A
f

Y the relations

mY ◦ (eY ⊗ f ) = f ◦ �A and mY ◦ ( f ⊗ eY ) = f ◦ rA (1.10)

hold. Now we put h1 = h ◦ �X and recursively define a sequence (hn)n∈N of mor-

phisms Zn(1)
hn Y by (1.9). We apply (1.10) and obtain:

h2 ◦ e12 1 = mY ◦ ((h1 � eY ) ⊗ h) ◦ ( j1 ⊗ 1X ) = mY ◦ (eY ⊗ h) = h ◦ �X = h1.

Then hn+1 ◦ e1n+1 n = hn follows by induction. Hence there exists a unique mor-

phism Z∞(1)
h∞ Y such that h∞ ◦ e1n = hn for all n ∈ N. We put ̂h = h∞ � eY

and observe that̂h ◦ ηX = h1 ◦ �−1
X = h and̂h ◦ η1 = eY .
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Finally, we show that ̂h is a homomorphism. For this purpose we first prove the
following relation for all k ∈ N:

̂h ◦ μ1
k = mY ◦ (̂h ⊗ hk) ◦ ϕ

ρ

k . (1.11)

We choose k = 1 and notice that the relation

̂h ◦ μ1
1 ◦ FX (e1n ⊕ 11) = h∞ ◦ ϑ1 ◦ FX (e1n ⊕ 11) = hn+1 = mY ◦ (

(hn � eY ) ⊗ h
)

= mY ◦ (̂h ⊗ h1) ◦ ϕ
ρ
1 ◦ FX (e1n ⊕ 11)

holds for all n ∈ N. Hence the universal property of the direct limit of FX (Wn(1))

implies the validity of (1.11) when k = 1.
Let us now assume that (1.11) holds for some k ∈ N. Then the following diagram

is commutative:

Zk+1(1
�) FX (1�) Y ⊗ X Y ⊗ Y

FX (1� ⊗ Wk(1)) (Y ⊗ Y ) ⊗ X (Y ⊗ Y ) ⊗ Y

1� ⊗ Zk+1(1) Y ⊗ (Y ⊗ X) Y ⊗ (Y ⊗ Y )

FX (ψ
ρ

k )

FX (μ1
k �11� ) ̂h⊗1X 1Y ⊗h

a1�Wk (1)X

FX (̂h⊗(hk�eY ))

aY Y X

mY ⊗1X

1Y⊗Y ⊗h

aY Y Y

mY ⊗1Y

̂h⊗((hk�eY )⊗1X ) 1Y ⊗(1Y ⊗h)

where we have used again (1.10). Further, we recall μ1
1 = δ1� and apply the associa-

tivity of mY . Then we obtain:

̂h ◦ μ1
k+1 = ̂h ◦ μ1

1 ◦ FX (μ1
n � 11� )

= mY ◦ (̂h ⊗ h) ◦ FX (μ1
n � 11� )

= mY ◦ (mY ⊗ 1Y ) ◦ a−1
Y Y Y ◦ (

̂h ⊗ ((hk � eY ) ⊗ h)
) ◦ ϕ

ρ

k+1

= mY ◦ (1Y ⊗ mY ) ◦ (

̂h ⊗ ((hk � eY ) ⊗ h)
) ◦ ϕ

ρ

k+1

= mY ◦ (̂h ⊗ hk+1) ◦ ϕ
ρ

k+1,

Thus (1.11) also holds for k + 1. Finally, we pass to the respective direct limits and
again make use of (1.10). Then the diagram

Z∞(1�) � 1� 1� Y

1� ⊗ (

Z∞(1) � 1
)

Y ⊗ Y

ψ
ρ∞

μ1 ̂h

m1�

̂h⊗(h∞�eY )

mY

is commutative, and consequentlŷh is a homomorphism. 
�



16 1 Foundations

We record the following:

Fact. The triple (1�, m1� , η1) is the free monoid generated by X and the morphism

ηX = j �∞ ◦ e11 ◦ �−1
X is the corresponding “embedding” X ηX 1�.

1.1.3 Tensor Products of Semigroups

In contrast to Sect. 1.1.1, the biclosedness of the underlyingmonoidal category is now
replaced by the symmetry axiom. Hence in this subsection we assume a symmetry c
on C (see Definition 1.1.3 (a)).

Let (X, m X ) and (Y, mY ) be semigroups in C. In order to define a semigroup
structure on the tensor product X ⊗ Y we need a construction interchanging the
second and third factor of (X ⊗ Y ) ⊗ (X ⊗ Y ). For this purpose we need some
notation and choose therefore four objects X , Y , U , V of C0. First we introduce a
morphism

(X ⊗ Y ) ⊗ (U ⊗ V )
ΦX Y U V (X ⊗ (Y ⊗ U )) ⊗ V

by the diagram:

(X ⊗ Y ) ⊗ (U ⊗ V )

((X ⊗ Y ) ⊗ U ) ⊗ V (X ⊗ (Y ⊗ U )) ⊗ V

ΦXYU VaX⊗YU V

aXYU ⊗1V

Thenwedefine amorphism (X ⊗ Y ) ⊗ (U ⊗ V )
ΘXYU V (X ⊗ U ) ⊗ (Y ⊗ V ) inter-

changing the second and third factor as follows:

ΘXYU V = (ΦXUY V )−1 ◦ (

(1X ⊗ cYU ) ⊗ 1V
) ◦ ΦXYU V . (1.12)

Since a and c are natural transformations, the diagram

(X1 ⊗ Y1) ⊗ (U1 ⊗ V1) (X2 ⊗ Y2) ⊗ (U2 ⊗ V2))

(X1 ⊗ U1) ⊗ (Y1 ⊗ V1) (X2 ⊗ U2) ⊗ (Y2 ⊗ V2)

ΘX1Y1U1V1

( f ⊗g)⊗(h⊗k)

ΘX2Y2U2V2

( f ⊗h)⊗(g⊗k)

(1.13)

is commutative — i.e. Θ is also a natural transformation.

Theorem 1.1.9. Let C be a symmetric monoidal category. If (X, m X ) and (Y, mY )

are semigroups in C, then (X ⊗ Y, m) with m = (m X ⊗ mY ) ◦ ΘXY XY is again a
semigroup in C.
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Proof. If (X, m X ) and (Y, mY ) are semigroups inC, thenwe define a binary operation
m on X ⊗ Y by m = (m X ⊗ mY ) ◦ ΘXY XY . In order to verify the associativity axiom
for m we first observe the commutativity of the diagram

(

(X ⊗ Y ) ⊗ (X ⊗ Y )
) ⊗ (X ⊗ Y ) (X ⊗ Y ) ⊗ (

(X ⊗ Y ) ⊗ (X ⊗ Y )
)

(

(X ⊗ X) ⊗ (Y ⊗ Y )
) ⊗ (X ⊗ Y ) (X ⊗ Y ) ⊗ (

(X ⊗ X) ⊗ (Y ⊗ Y )
)

((X ⊗ X) ⊗ X) ⊗ ((Y ⊗ Y ) ⊗ Y ) (X ⊗ (X ⊗ X)) ⊗ (Y ⊗ (Y ⊗ Y ))

ΘXY XY ⊗1X⊗Y

a(X⊗Y )(X⊗Y )(X⊗Y )

1X⊗Y ⊗ΘXY XY

Θ(X⊗X)(Y⊗Y )XY ΘXY (X⊗X)(Y⊗Y )

aX X X ⊗aY Y Y

which is a direct consequence of the pentagonal diagram (1) and the coherence axiom
(4) (for more details see Proposition A.2.1 in Appendix A.2). Further, we derive the
following relations from (1.13)

(

(m X ⊗ 1X ) ⊗ (mY ⊗ 1Y )
) ◦ ΘX⊗XY⊗Y XY = ΘXY XY ◦ (

(m X ⊗ mY ) ⊗ 1X⊗Y
)

,
(

1X ⊗ m X ) ⊗ (1Y ⊗ mY )
) ◦ ΘXY X⊗XY⊗Y = ΘXY XY ◦ (

1X⊗Y ⊗ (m X ⊗ mY )
)

.

Then we obtain:

m ◦ (m ⊗ 1X⊗Y )

= (m X ⊗ mY ) ◦ ΘXY XY ◦ (

(m X ⊗ mY ) ⊗ 1X⊗Y
) ◦ (ΘXY XY ⊗ 1X⊗Y )

= (m X ⊗ mY ) ◦ (

(m X ⊗ 1X ) ⊗ (mY ⊗ 1Y )
) ◦ ΘX⊗XY⊗Y XY ◦ (ΘXY XY ⊗ 1X⊗Y )

= (m X ⊗ mY ) ◦ (

(1X ⊗ m X ) ⊗ (1Y ⊗ mY )
)◦

◦ (aX X X ⊗ aY Y Y ) ◦ ΘX⊗XY⊗Y XY ◦ (ΘXY XY ⊗ 1X⊗Y )

= m ◦ (1X⊗Y ⊗ m) ◦ aX⊗Y X⊗Y X⊗Y . 
�
The semigroup (X ⊗ Y, m) constructed in Theorem 1.1.9 is called the tensor

product of the semigroups (X, m X ) and (Y, mY ). If (X, m X , eX ) and (Y, mY , eY ) are
monoids in C, then e = (eX ⊗ eY ) ◦ �−1

1 is obviously the unit of (X ⊗ Y, m) (see also
Exercise 1.1.2). Hence the tensor product of monoids in C is again a monoid in C.

Exercises

1.1.1. Show that in anymonoidal category the following diagrams are commutative:

(1 ⊗ X) ⊗ Y 1 ⊗ (X ⊗ Y )

X ⊗ Y
�X ⊗1Y

a1XY

�X⊗Y

(X ⊗ Y ) ⊗ 1 X ⊗ (Y ⊗ 1)

X ⊗ Y
rX⊗Y

aXY1

1X ⊗rY
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1.1.2. Let C = (C0,⊗,1, a, c, �, r) be a symmetric and monoidal category. Further,

let (1 ⊗ 1) ⊗ (X ⊗ Y )
Θ11XY (1 ⊗ X) ⊗ (1 ⊗ Y ) be the morphism introduced in

(1.12). Show that the following relation holds:

(�X ⊗ �Y ) ◦ Θ11XY = �X⊗Y ◦ (�1 ⊗ 1X⊗Y ).

1.1.3. Let C = (C0,⊗,1, a, c, �, r) be a monoidal biclosed category with underly-
ing cocomplete category C0. Further, let X ∈ |C0| and (X �, m X � ) be the free magma
inC generated by X . Show that the unitalization of (X �, m X � ) is the free unitalmagma
in C.

1.2 Monads and Distributive Laws

Even though we expect that the reader is familiar with the basic definitions and
properties of monads, we begin by recalling some of them. The reason for this
approach is to fix our notation for later purposes.

Let C be a category. A triple T = (T, η, μ) is a monad on C if T is an endofunctor
of C (i.e. T : C → C) and η : idC → T and μ : TT → T are natural transformations
such that for all X ∈ |C| the following diagrams are commutative:

T(X) TT(X) T(X)

T(X)

ηT(X)

1T(X)

μX

T(ηX )

1T(X)

(Unit Axiom)

TTT(X) TT(X)

TT(X) T(X)

T(μX )

μT(X) μX

μX

(Associativity Axiom)

Using the (vertical) composition and the star composition of natural transformations,
the previous axioms can be rewritten as follows:

μ ◦ (η � 1T) = 1T = μ ◦ (1T � η) and μ ◦ (μ � 1T) = μ ◦ (1T � μ).

Hence, if C is small, thenmonads on C are monoids in the monoidal category End(C)

(cf. Example 1.1.2). This observation justifies the previous notation as well as the
following terminology. If T is a monad, then η is called the unit of T, and μ is called
the multiplication of T.

Every adjoint situation (η,C F D G C) — i.e. F is a left adjoint functor to G,
and η is the corresponding unit of F � G— induces a monad T = (T, η, μ) on C as
follows:
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T = GF, η is the unit of F � G, μ = (μX )X∈|C|, μX = G(�1T(X)�)

whereFGF(X)
�1T(X)� F(X) is the uniquemorphismmaking the following diagram

commutative
GF(X) GFGF(X)

GF(X)

1T(X)

ηT(X)

G(�1T(X)�)

Comment. If the right adjoint functor G of F is the forgetful functor, then the
X -component μX of the multiplication of the induced monad “can be read as”
�1T(X)�. In this situation μX is the extension of the identity of T(X) (cf. e.g. the
construction of the multiplication of the F-term monad in Appendix A.1).

The aim of the following considerations is to show that every monad is induced
by an adjoint situation. For this purpose we can construct either the Kleisli category
or the Eilenberg–Moore category. Here we prefer the latter.

Definition 1.2.1. Let T = (T, η, μ) be a monad on a category C. A T-algebra is a

pair (X, ξ) where X ∈ |C| and T(X)
ξ X is a morphism (so-called structure map)

making the following diagrams commutative:

X T(X) TT(X) T(X)

X T(X) X
1X

ηX

ξ μX

T(ξ)

ξ

ξ

(Unit Axiom) (Associativity Axiom)

Let (X, ξ) and (Y, ζ ) be T-algebras. A T-homomorphism is a morphism X h Y in
C such that the following diagram is commutative:

T(X) T(Y )

X Y

ξ

T(h)

ζ

h

Obviously, T-algebras and T-homomorphisms form a category denoted by CT —
the so-called Eilenberg–Moore category.

Theorem 1.2.2. Let T = (T, η, μ) be a monad on C. Then the forgetful functor
U : CT → C sending each T-algebra to its underlying C-object has a left adjoint
F : C → CT. Moreover, the monad induced by F � U coincides with T.

The assertion of the previous theorem follows from the universal property of free
T-algebras. Since we will frequently refer to this property, we include here its details
(see [74, p. 36]).
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Lemma 1.2.3. (Universal Property of Free T-Algebras) Let T be a monad on C and
X ∈ |C|. Then (T(X), μX ) is aT-algebra, and for every furtherT-algebra (Y, ζ ) and

morphism X h Y in C there exists a unique T-homomorphism T(X) h�

Y making
the following diagram commutative:

X T(X)

Y
h

ηX

h� (1.14)

Proof. It follows immediately from the unit and associativity axiom of a monad that
(T(X), μX ) is a T-algebra.

(Uniqueness) Let (Y, ζ ) be aT-algebra and T(X) h�

Y aT-homomorphismmaking
the diagram in Lemma 1.2.3 commutative. Then we obtain:

h� = h� ◦ μX ◦ T(ηX ) = ζ ◦ T(h�) ◦ T(ηX ) = ζ ◦ T(h).

(Existence) Motivated by the uniqueness proof we define T(X) h�

Y by:

h� = ζ ◦ T(h). (1.15)

Since η : idC → T is a natural transformation, we obtain:

h� ◦ ηX = ζ ◦ T(h) ◦ ηX = ζ ◦ ηY ◦ h = h.

Hence h� makes the diagram (1.14) commutative. Therefore it remains to show that
h� is a T-homomorphism. In fact, since μ : TT → T is a natural transformation, we
conclude from the associativity axiom of ζ that the following relation holds:

ζ ◦ T(h�) = ζ ◦ T(ζ ) ◦ TT(h) = ζ ◦ μY ◦ TT(h) = ζ ◦ T(h) ◦ μX = h� ◦ μX . 
�
Referring to [73, 74] the following permanence property is well-known. If C is

a complete category, then the Eilenberg–Moore category of a monad T on C is also
complete.

Since monads are intuitively monoids, the question arises whether a “tensor prod-
uct of monads” exists in some sense. However in this context, we regret to find out
that in the case of small categories C the monoidal category of endofunctors of C
is not symmetric. Therefore with regard to Sect. 1.1.3 the previous question asks us
to find a substitute for the concept of symmetry in monoidal categories. This notion
leads to the idea of “swapper maps” or to distributive laws of endofunctors over
monads.

In the following we adopt the terminology introduced by E.G. Manes 1976 (see
[74, Definition 3.6 on p. 311]).
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Definition 1.2.4. Let C be a category. Further, let P : C → C be an endofunctor
and T = (

T, ηT, μT
)

be a monad on C. A distributive law of P over T is a natural
transformation σ : TP → PT such that the following diagrams are commutative for
each X ∈ |C|

(A)
TP(X)

P(X) PT(X)

σX
ηT
P(X)

P(ηT
X )

(B)
TTP(X) TPT(X) PTT(X)

TP(X) PT(X)

μT
P(X)

T(σX ) σT(X)

P(μT
X )

σX

Given a distributive law of an endofunctor P over a monad T, we first show that
for every T-algebra (X, ξX ) there exists an intrinsic T-algebra structure on P(X).

Lemma 1.2.5. Let σ : TP → PT be a distributive law of an endofunctor P over a
monad T.

(a) If (X, ξX ) is a T-algebra, then the morphism TP(X)
ζX P(X) defined by

ζX = P(ξX ) ◦ σX (1.16)

is again a T-structure map — i.e. (P(X), ζX ) is a T-algebra.

(b) If (X, ξX ) h (Y, ξY ) is a T-homomorphism, then (P(X), ζX )
P(h)

(P(Y ), ζY )

is again a T-homomorphism.

Proof. (a) Let us define ζX by (1.16). Then the commutativity of (A) implies the unit
axiom. In fact, the relation

ζX ◦ ηT
P(X) = P(ξX ) ◦ σX ◦ ηT

P(X) = P(ξX ) ◦ P(ηT
X ) = 1P(X)

holds. Since σ is a natural transformation, the commutativity of (B) guarantees the
commutativity of the diagram:

TTP(X) TPT(X) TP(X)

PTT(X) PT(X)

TP(X) PT(X) P(X)

μT
P(X)

T(σX )

σT(X)

TP(ξX )

σX

P(μT
X )

PT(ξX )

P(ξX )

σX P(ξX )

Hence the associativity axiom ζX ◦ μT
P(X)

= ζX ◦ T(ζX ) is also verified.
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(b) Let (X, ξX ) h (Y, ξY ) be a T-homomorphism. Referring to (1.16) and again to
the property that σ is a natural transformation, it is easily seen that the diagram

TP(X) TP(Y )

PT(X) PT(Y )

P(X) P(Y )

ζX

σX

TP(h)

σY

ζYP(ξX )

PT(h)

P(ξY )

P(h)

is commutative. Hence P(h) is a T-homomorphism. 
�
By the previous lemma we introduce the following terminology and notation. If

σ : TP → PT is a distributive law, then the T-algebra (P(X), ζX ) constructed from
a given T-algebra (X, ξX ) according to (1.16) is called the canonical T-algebra
induced by ξX and is denoted by˜P(X, ξX ). Later we will see that the symbol˜P plays
the rôle of a special functor which can be regarded as a lifting of the given functor
P.

Corollary 1.2.6. Let σ : TP → PT be a distributive law of an endofunctor P
over a monad T = (

T, ηT, μT
)

on C. Then for every C-object X the C-morphism

TP(X)
σX PT(X) is a T-homomorphism from (TP(X), μT

P(X)
) to ˜P(T(X), μT

X ).

Proof. Referring to (1.16) the T-structure map ζT(X) of ˜P(T(X), μT
X ) is given by

ζT(X) = P(μT
X ) ◦ σT(X).

Hence the commutativity of diagram (B) is equivalent to the statement that σX is a
T-homomorphism. 
�

In the next step we strengthen Lemma 1.2.5 and give a characterization of the
existence of distributive laws.

Theorem 1.2.7. Let C be a category. Further, let P : C → C be an endofunctor and
let T = (

T, ηT, μT
)

be a monad on C. Then the following assertions are equivalent:

(i) There exists a distributive law σ : TP → PT of P over T.
(ii) For every T-algebra (X, ξX ) there exists a morphism TP(X)

αX P(X) such

that (P(X), αX ) is a T-algebra, and for every T-homomorphism X h Y the
diagram

TP(X) TP(Y )

P(X) P(Y )

αX

TP(h)

αY

P(h)

is commutative — i.e. P(X)
P(h) P(Y ) is again a T-homomorphism.
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Before we prove Theorem 1.2.7, we comment on the meaning of assertion (ii).
In fact, if CT is the Eilenberg–Moore category of T and U : CT → C is the forgetful
functor, then assertion (ii) in Theorem 1.2.7 is equivalent to the statement that PU

factors through U — i.e. the existence of a lifting CT ˜P CT of P such that the
following diagram commutes:

CT CT

C C

U

˜P

U
P

Proof of Theorem 1.2.7. The necessity of assertion (ii) for assertion (i) follows imme-
diately from Lemma 1.2.5. In order to show that assertion (ii) is also sufficient for
assertion (i) we proceed as follows.
Let (T(X), μT

X ) be the freeT-algebra generated by theC-object X . Thenwe conclude

from assertion (ii) that there exists a T-structure map TPT(X)
αT(X) PT(X) such

that (PT(X), αT(X)) is a T-algebra. Motivated by Corollary 1.2.6, for every X ∈ |C|
we consider the unique extension of the C-morphism P(X)

P(ηT
X) PT(X) to a

T-homomorphism TP(X)
P(ηT

X)
�

PT(X) (cf. Lemma 1.2.3), which we will denote
by σX . Explicitly σX is given by:

σX = αT(X) ◦ TP
(

ηT
X

)

. (1.17)

We put σ = (σX )X∈|C|. Since the assertion (ii) implies that for every morphism

X
f

Y the morphism PT( f ) is also a T-homomorphism, the following diagram
is commutative:

TP(X) TP(Y )

TPT(X) TPT(Y )

PT(X) PT(Y )

σX

TP(ηT
X)

TP( f )

σY

TP(ηT
Y )

αT(X)

TPT( f )

αT(Y )

PT( f )

Hence σ : TP → PT is a natural transformation. By definition, σX fills in diagram
(A). In order to verify (B) we first use (1.17) and obtain:

P
(

μT
X

) ◦ σT(X) ◦ T(σX ) ◦ ηT
TP(X) = P

(

μT
X

) ◦ σT(X) ◦ ηT
PT(X) ◦ σX

= P
(

μT
X

) ◦ P
(

ηT
T(X)

) ◦ σX = σX

= σX ◦ μT
P(X) ◦ ηT

TP(X).
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Since μT
X is a T-homomorphism (see the associativity axiom of μ), we conclude

from assertion (ii) that P
(

μT
X

)

is also a T-homomorphism. Hence the commutativity
of diagram (B) follows from the previous relation and the universal property of free
T-algebras. 
�

As a preparation for Beck’s Theorem we now characterize the commutativity of
two further diagrams. For this purpose we make the following

Standing Assumption. Let P be an endofunctor of C and T = (

T, ηT, μT
)

be a
monad on C. Then σ : TP → PT is always a distributive law of P over T.

Lemma 1.2.8. Let ηP : idC → P be a natural transformation. For every X ∈ |C| the
following assertions are equivalent:

(i) The C-morphism T(X)
ηP
T(X) PT(X) is a T-homomorphism from (T(X), μX ) to

˜P(T(X), μX ).
(ii) The following diagram is commutative:

(C)
TP(X)

T(X) PT(X)

σX
T(ηP

X )

ηP
T(X)

Proof. Since σX is always a T-homomorphism (cf. Corollary 1.2.6) the implication
(ii) =⇒ (i) is obvious. On the other hand, since ηP and ηT are natural transformations
and the diagram (A) is commutative, we obtain:

ηP
T(X) ◦ ηT

X = P(ηT
X ) ◦ ηP

X = σX ◦ ηT
P(X) ◦ ηP

X = σX ◦ T(ηP
X ) ◦ ηT

X .

If we now assume (i) and use again the fact that σX is a T-homomorphism, then
the commutativity of diagram (C) follows from the universal property of free
T-algebras. 
�
Corollary 1.2.9. Let ηP : idC → P be a natural transformation. If the diagram (C)

is commutative, then for every T-algebra (X, ξX ) the C-morphism X
ηP

X P(X) is a
T-homomorphism from (X, ξX ) to ˜P(X, ξX ).

Proof. Since the diagram (C) is commutative, the assertion follows from the commu-
tativity of the diagram:

X T(X)

TP(X)

P(X) PT(X)

ηP
X ηP

T(X)

ξX

T(ηP
X )

σX
P(ξX ) 
�
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Lemma 1.2.10. Let μP : PP → P be a natural transformation and X ∈ |C|. Then

PPT(X)
μP
T(X) PT(X) is aT-homomorphism from˜P(˜P(T(X), μT

X )) to˜P(T(X), μT
X )

if and only if the following diagram is commutative:

(D)
TPP(X) PTP(X) PPT(X)

TP(X) PT(X)

T(μP
X )

σP(X) P(σX )

μP
T(X)

σX

Proof. By Corollary 1.2.6 and Theorem 1.2.7 the C-morphism P(σX ) is a T-homo-
morphism. If μP

T(X)
is a T-homomorphism, then it is easily seen that the composed

morphisms
μP
T(X) ◦ P(σX ) ◦ σP(X) and σX ◦ T(μP

X )

are again T-homomorphisms. Since μP : PP → P is a natural transformation, we
obtain the following relation from the commutativity of (A):

μP
T(X) ◦ P(σX ) ◦ σP(X) ◦ ηT

PP(X) = μP
T(X) ◦ P(σX ) ◦ P

(

ηT
P(X)

)

= μP
T(X) ◦ PP

(

ηT
X

) = P
(

ηT
X

) ◦ μP
X

= σX ◦ ηT
P(X) ◦ μP

X = σX ◦ T
(

μP
X

) ◦ ηT
PP(X).

Hence the necessity of the commutativity of (D) follows from the universal property
of free T-algebras.
In order to show that the commutativity of (D) is sufficient we proceed as follows.
Referring to Lemma 1.2.5 (a) we recall that the structure maps TPT(X) α PT(X)

of˜P
(

T(X), μT
X

)

andTPPT(X)
β PPT(X) of˜P

(

˜P
(

T(X), μT
X

))

have the following
form (cf. (1.16)):

α = P(μT
X ) ◦ σT(X) and β = PP(μT

X ) ◦ P(σT(X)) ◦ σPT(X).

Now we use again the fact that μP is a natural transformation and derive the com-
mutative diagram

TPPT(X) TPT(X)

PTPT(X)

PPTT(X) PTT(X)

PPT(X) PT(X)

β

σPT(X)

T
(

μP
T(X)

)

α

σT(X)

P(σT(X))

PP
(

μT
X

)

μP
TT(X)

P
(

μT
X

)

μP
T(X)

from the commutativity of diagram (D). Hence μP
T(X)

is a T-homomorphism. 
�
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Corollary 1.2.11. Let μP : PP → P be a natural transformation. If diagram (D) is

commutative, then for every T-algebra (X, ξX ) the C-morphism PP(X)
μP

X P(X)

is a T-homomorphism from ˜P
(

˜P(X, ξX )
)

to ˜P(X, ξX ).

Proof. The assertion follows immediately from the commutativity of the diagram:

TPP(X) PTP(X) PPT(X) PP(X)

TP(X) PT(X) P(X)

T(μP
X)

σP(X) P(σX )

μP
T(X)

PP(ξX )

μP
X

σX P(ξX ) 
�
LetT = (

T, ηT, μT
)

andP = (

P, ηP, μP
)

bemonads onC. As a first stepwe recall
the construction of the star composition of the respective natural transformations:

η := ηP � ηT : idC → PT, ηX = ηP
T(X) ◦ ηT

X = P
(

ηT
X

) ◦ ηP
X . (1.18)

μ := μP � μT : PPTT → PT, μX = μP
T(X) ◦ PP

(

μT
X

) = P
(

μT
X

) ◦ μP
TT(X). (1.19)

After these preparations we are ready to prove Beck’s Theorem.

Theorem 1.2.12. ([10]) Let T = (

T, ηT, μT
)

and P = (

P, ηP, μP
)

be monads on
C, and let σ : TP → PT be a distributive law of P over T such that the diagrams (C)
and (D) are commutative. Then the triple PT = (PT, η, μ) is a monad on C where
the unit η and the multiplication μ are determined as follows:

⎧

⎪

⎨

⎪

⎩

ηX = ηP
T(X)

◦ ηT
X = P

(

ηT
X

) ◦ ηP
X = (

ηP � ηT
)

X and

μX = μP
T(X)

◦ PP
(

μT
X

) ◦ P(σT(X))

= P
(

μT
X

) ◦μP
TT(X)

◦ P(σT(X)) = ((

μP � μT
) ◦ (1P � σ � 1T)

)

X .

(1.20)

ThemonadPT constructed in the previous theorem is called the composite monad
of T and P in the sense of the distributive law σ .

For the proof of Theorem 1.2.12 the next lemma is useful.

Lemma 1.2.13. The commutativity of the diagrams (B) and (D) implies the follow-
ing equation:

(μP � 1T) ◦ (1P � σ) ◦ (1P � μT � 1P) ◦ (σ � 1TP)

= (1P � μT) ◦ (σ � 1T) ◦ (1T � μP � 1T) ◦ (1TP � σ).

Proof. Since the commutativity of (B) and (D) means

σ ◦ (μT � 1P) = (1P � μT) ◦ (σ � 1T) ◦ (1T � σ),

σ ◦ (1T � μP) = (μP � 1T) ◦ (1P � σ) ◦ (σ � 1P),
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we obtain the following relation by a repeated application of the interchange law (cf.
[47, 73]):

(μP � 1T) ◦ (1P � σ) ◦ (1P � μT � 1P) ◦ (σ � 1TP)

= (μP � 1T) ◦ (

1P �
(

(1P � μT) ◦ (σ � 1T) ◦ (1T � σ)
)) ◦ (σ � 1TP)

= (μP � μT) ◦ (1P � σ � 1T) ◦ (σ � σ)

= (1P � μT) ◦ (μP � 1TT) ◦ (1P � σ � 1T) ◦ (σ � 1PT) ◦ (1TP � σ)

= (1P � μT) ◦ (σ � 1T) ◦ (1T � μP � 1T) ◦ (1TP � σ). 
�
Proof of Theorem 1.2.12.
(a) (Unit axiom) Since the commutativity of the diagrams (A) and (C) can be rewritten
as follows:

σ ◦ (

ηT � 1P
) = 1P � ηT and σ ◦ (

1T � ηP) = ηP � 1T. (1.21)

we again obtain by a repeated application of the interchange law:

μ ◦ (η � 1PT) = (μP � μT) ◦ (1P � σ � 1T) ◦ (ηP � ηT � 1P � 1T)

= (μP � μT) ◦ (

ηP � ((σ � 1T) ◦ (ηT � 1P � 1T))
)

= (μP � μT) ◦ (

ηP � (σ ◦ (ηT � 1P)) � 1T
)

= (μP � μT) ◦ (ηP � 1P � ηT � 1T)

= (

μP ◦ (ηP � 1P)
)

�
(

μT ◦ (ηT � 1T)
) = 1PT.

Analogously, σ ◦ (

1T � ηP
) = ηP � 1T implies μ ◦ (1PT � η) = 1PT.

(b) (Associativity axiom) First we use the associativity ofμT and apply again repeat-
edly the interchange law:

μ ◦ (1PT � μ)

=(μP � μT) ◦ (1P � σ � 1T) ◦ (

1PT �
(

(μP � μT) ◦ (1P � σ � 1T)
))

=(μP � μT) ◦ (1P � σ � 1T) ◦ (

1PT �
(

(1P � μT) ◦ (μP � 1TT) ◦ (1P � σ � 1T)
))

=(μP � μT) ◦ (1P � σ � 1T) ◦ (1PTP � μT) ◦ (1PT � μP � 1TT) ◦ (1PTP � σ � 1T)

=(μP � μT) ◦ (1P � σ � μT) ◦ (1PT � μP � 1TT) ◦ (1PTP � σ � 1T)

=(μP � μT) ◦ (1PPT � μT) ◦ (1P � σ � 1TT) ◦ (1PT � μP � 1TT) ◦ (1PTP � σ � 1T)

=(μP � μT) ◦ (1PP � μT � 1T) ◦ (1P � σ � 1TT) ◦ (1PT � μP � 1TT) ◦ (1PTP � σ � 1T).

By means of the star composition we now multiply the equation in Lemma 1.2.13
from the left by 1P and from the right by 1T. Then we obtain:
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μ ◦ (1PT � μ)

= (μP � μT) ◦ (1P � μP � 1TT) ◦ (1PP � σ � 1T) ◦ (1PP � μT � 1PT) ◦ (1P � σ � 1TPT).

Now we apply the associativity of μP

μ ◦ (1PT � μ)

= (μP � μT) ◦ (μP � 1PTT) ◦ (1PP � σ � 1T) ◦ (1PP � μT � 1PT) ◦ (1P � σ � 1TPT)

and reverse the previous “direction” of reasoning. Hence the relation

μ ◦ (1PT � μ) = μ ◦ (μ � 1PT)

follows. 
�
After having established Beck’s Theorem the aim is now to characterize the

Eilenberg–Moore category of composite monads. Therefore we fix two monads
T = (

T, ηT, μT
)

and P = (

P, ηP, μP
)

on C and assume that there is a distributive
law σ : TP → PT of P over T such that the diagrams (C) and (D) are commutative.

Theorem 1.2.14. If (X, ξ) is a PT-algebra, then (X, ξ1) with ξ1 = ξ ◦ ηP
T(X)

is a

T-algebra, and (X, ξ2) with ξ2 = ξ ◦ P(ηT
X ) is a P-algebra. Moreover, the following

relations hold:

(i) ξ = ξ2 ◦ P(ξ1),
(ii) ξ ◦ σX = ξ1 ◦ T(ξ2).

Proof. The respective unit algebra axiom is evident. In order to verify the associati-
vity axiom we proceed as follows.

(a) Referring to the commutativity of (C) (cf. (1.21)) we first obtain:

μ ◦ (1PT � ηP � 1T) = (μP � μT) ◦ (1P � σ � 1T ) ◦ (1PT � ηP � 1T)

= (μP � μT) ◦ (

1P � (σ ◦ (1T � ηP)) � 1T
)

= (μP � μT) ◦ (1P � ηP � 1TT)

= (

(μP ◦ (1P � ηP)
)

� μT

= 1P � μT.
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Now we conclude from the associativity axiom of (X, ξ) that the diagram

TT(X) T(X)

PTT(X) PTPT(X) PT(X)

T(X) PT(X) X

μT
X

ηP
TT(X)

T(ξ◦ηP
T(X)

)

ηP
T(X)

P(μT
X )

PT(ηP
T(X)

)

μX

PT(ξ)

ξ
ηP
T(X) ξ

is commutative. Hence ξ1 ◦ μT
X = ξ1 ◦ T(ξ1) follows.

(b) First we use the commutativity of (A) (cf. (1.21)) and observe:

(σ � 1T) ◦ (1TP � ηT) ◦ (ηT � 1P) = (σ � ηT) ◦ (ηT � 1P � 1idC)

= (

σ ◦ (ηT � 1P)
)

� (ηT ◦ 1idC)

= 1P � ηT � ηT

= 1P �
(

(ηT � 1T) ◦ (1idC � ηT)
)

= 1P �
(

(ηT � 1T) ◦ ηT).

Now we use the unit axiom of μT and obtain:

μ ◦ (1PTP � ηT) ◦ (1P � ηT � 1P) = (μP � μT) ◦ (

1PP � ((ηT � 1T) ◦ ηT)
)

= μP � ηT

= (1P � ηT) ◦ μP.

Finally, we apply the associativity axiom of (X, ξ)

ξ ◦ P(ηT
X ) ◦ μP

X = ξ ◦ μX ◦ PTP(ηT
X ) ◦ P(ηT

P(X))

= ξ ◦ PT(ξ) ◦ PTP(ηT
X ) ◦ P(ηT

P(X))

= ξ ◦ P
(

T(ξ ◦ P(ηT
X )) ◦ ηT

P(X)

)

= ξ ◦ P
(

ηT
X ◦ (ξ ◦ P(ηT

X ))
)

= (ξ ◦ P(ηT
X )) ◦ P(ξ ◦ P(ηT

X ))

and obtain ξ2 ◦ μP
X = ξ2 ◦ P(ξ2).

(c) In order to verify the validity of property (i) we refer again to (1.21)) and observe:
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μ ◦ (1P � ηT � 1PT) ◦ (1P � ηP � 1T) = (μP � μT) ◦ (1P �
(

σ ◦ (ηT � 1P) ◦ ηP)

� 1T)

= (μP � μT) ◦ (1P �
(

(1P � ηT) ◦ ηP)

� 1T)

= (μP � μT) ◦ (1P � ηP � ηT � 1T)

= 1PT.

Hence (i) follows from the following relation:

ξ2 ◦ P(ξ1) = ξ ◦ P(ηT
X ◦ ξ ◦ ηP

T(X))

= ξ ◦ P(T(ξ) ◦ ηT
PT(X) ◦ ηP

T(X))

= ξ ◦ PT(ξ) ◦ P(ηT
PT(X) ◦ ηP

T(X))

= ξ ◦ μX ◦ P(ηT
PT(X) ◦ ηP

T(X))

= ξ.

Further, we conclude from the unit axioms of μP and μT that the relation

μ ◦ (ηP � 1TPT) ◦ (1TP � ηT)

= (μP � μT) ◦ (1P � σ � 1T) ◦ (ηP � 1TPT) ◦ (1TP � ηT)

= (μP � μT) ◦ (ηP � σ � 1T) ◦ (1TP � ηT)

= (μP � μT) ◦ (ηP � 1PTT) ◦ (1idC � σ � 1T) ◦ (1TP � ηT)

= (1P � μT) ◦ (σ � ηT)

= (1P � μT) ◦ (1PT � ηT) ◦ (σ � 1idC)

= 1PT ◦ σ = σ

holds. Now we obtain:

ξ1 ◦ T(ξ2) = ξ ◦ ηP
T(X) ◦ T(ξ) ◦ TP

(

ηT
X

) = ξ ◦ PT(ξ) ◦ ηP
TPT(X) ◦ TP

(

ηT
X

)

= ξ ◦ μX ◦ ηP
TPT(X) ◦ TP

(

ηT
X

) = ξ ◦ σX .

Thus property (ii) is verified. 
�
Proposition 1.2.15. If (X, ξ1) is a T-algebra and (X, ξ2) is a P-algebra satisfying
the following compatibility condition:

ξ1 ◦ T(ξ2) = ξ2 ◦ P(ξ1) ◦ σX , (1.22)

then (X, ξ2 ◦ P(ξ1)) is a PT-algebra.

Proof. The unit axiom is always trivial. From (1.22) it is easily seen that the following
diagram is commutative:
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PTPT(X) PTP(X) PT(X)

PPTT(X) PPT(X) PP(X) P(X)

PTT(X) PT(X) P(X)

PT(X) P(X) X

PTP(ξ1)

P(σT(X)) P(σX )

PT(ξ2)

P(ξ1)

μP
TT(X)

PPT(ξ1)

μP
T(X)

PP(ξ1)

μP
X

P(ξ2)

ξ2

P(μT
X)

PT(ξ1)

P(ξ1)

P(ξ1)

ξ2

P(ξ1) ξ2

Hence the associativity axiom follows. 
�
Comment. We conclude from Lemma 1.2.5 (a) that in the light of formula (1.16)

the compatibility condition (1.22) is equivalent to the requirement that P(X)
ξ2 X

is a T-homomorphism.

The previous results can be summarized as follows.

Theorem 1.2.16. Let T = (

T, ηT, μT
)

and P = (

P, ηP, μP
)

be monads on C pro-
vided with a distributive law σ : TP → PT such that additionally the diagrams (C)
and (D) are commutative. Then the composite monad PT = (PT, η, μ) exists, and
the Eilenberg–Moore category CPT is isomorphic to the subcategory of CP × CT

consisting of all

– pairs
(

(X, ξ2), (X, ξ1)
)

of algebras satisfying the compatibility condition (1.22)
and

– C − mor phisms X h Y which are simultaneously T-homomorphisms and
P-homomorphisms.

In particular, each PT-algebra (X, ξ) has the form ξ = ξ2 ◦ P(ξ1) where (X, ξ2) is
a P-algebra and (X, ξ1) is a T-algebra.

Proof. Let ((X, ξ1), (X, ξ2)) and ((Y, ζ1), (Y, ζ2)) be pairs of algebras satisfying
(1.22). We only have to show that a C-morphism is a PT-homomorphism if and only
if h is a T-homomorphism and a P-homomorphism. If h is a PT-homomorphism,
then the following diagrams are commutative:

T(X) T(Y )

PT(X) PT(Y )

X P(X) P(Y ) Y

X Y

ξ1

ηP
T(X)

T(h)

ηP
T(Y )

ζ1

P(ξ1)

PT(h)

P(ζ1)

1X

ηP
X

ξ2 ζ2

ηP
Y

1Y
h
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P(X) P(Y )

PT(X) PT(Y )

P(X) P(Y )

X Y

1P(X)

P(ηT
X)

P(h)

P(ηT
Y )

1P(Y )P(ξ1)

PT(h)

P(ζ1)

ξ2 ζ2

h

Hence h is a T-homomorphism and a P-homomorphism. On the other hand, if h is
a T-homomorphism and a P-homomorphism, then h is obviously a PT-homomor-
phism. 
�
Example 1.2.17. Let T = (

T, ηT, μT
)

and P = (

P, ηP, μP
)

be monads on C pro-
vided with a distributive law σ : TP → PT such that additionally the diagrams (C)
and (D) are commutative. Hence the composite monad PT = (PT, η, μ) exists. Fur-

ther, let (X, ξX ) be a T-algebra and PTP(X) ϑ P(X) be a morphism determined
by the following commutative diagram:

PTP(X) P(X)

PPT(X) PT(X)

ϑ

P(σX )

μP
T(X)

P(ξX )

Then the pair (P(X), ϑ) is a PT-algebra. In order to verify this statement we will
apply Proposition 1.2.15. For this purpose we first notice that (P(X), ζX ) with

ζX = P(ξX ) ◦ σX

is a T-algebra (cf. Lemma 1.2.5 (a)). As a second algebra structure on P(X) we
can consider the free P-algebra (P(X), μP

X ). We verify the compatibility condition
(1.22). In fact, because of diagram (D) the following relation holds:

μP
X ◦ P(ζX ) ◦ σP(X) = μP

X ◦ PP(ξX ) ◦ P(σX ) ◦ σP(X)

= P(ξX ) ◦ μP
T(X) ◦ P(σX ) ◦ σP(X)

= P(ξX ) ◦ σX ◦ T
(

μP
X

) = ζX ◦ T(μP
X ).

Now we observe:

μP
X ◦ P(ζX ) = μP

X ◦ PP(ξX ) ◦ P(σX ) = P(ξX ) ◦ μP
T(X) ◦ P(σX ) = ϑ.

Hence we conclude from Proposition 1.2.15 that (P(X), ϑ) is a PT-algebra.
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As an additional remark wewould like to point out that the structure map ϑ occurs
as the second column of the diagram appearing in the proof of Proposition 1.2.15.

Exercises

1.2.1. If F � G is an adjoint pair of functors, then show that the multiplication μ of
the associated monad has the form μ = 1G � ε � 1F where ε is the counit of F � G.

1.2.2. Let P and T be endofunctors of a category C. Further, let ηP : idC → P and
ηT : idC → T be natural transformations. Show that:

(a)
(

(ηP � 1T) ◦ ηT
)

� 1P � ηT = ηP ∗ ηT � 1P � ηT = (

ηP � ηT � 1PT
) ◦ (

1P � ηT
)

.
(b) ηP � 1T �

(

(1P � ηT) ◦ ηP
) = ηP � 1T � ηP � ηT = (

1PT � ηP � ηT
) ◦ (

ηP � 1T
)

.

1.2.3. Let P = (P, η, μ) be a monad on a category C. Show that the natural trans-
formation σ : PP → PP with σX = P(ηX ) ◦ μX is a distributive law of the functor
P over the monad P (cf. Definition 1.2.4).

1.3 The Category of Preordered Sets

A preorder on a set X is a binary relation≤ on X satisfying the followingwell-known
axioms

– if x ∈ X , then x ≤ x , (Reflexivity)
– if x ≤ y and y ≤ z, then x ≤ z. (Transitivity)

A preordered set is a pair (X,≤) where X is a set and ≤ is a preorder on X . Two
elements x and y of a preordered set are called equivalent if x ≤ y and y ≤ x .

If (X,≤) is a preordered set, then the dual preorder ≤op on X is determined by

x ≤op y ⇐⇒ y ≤ x .

Obviously, (X,≤op) is again a preordered set. In this context the principle of duality
can be described as follows:

If P is a property (notion) in (X,≤), then the dual property (notion) Pop in (X,≤)

is the property (notion) P phrased in (X,≤op).

Definition 1.3.1. Let (X,≤) and (Y,≤) be preordered sets. A map X
f

Y is iso-

tone, if x1 ≤ x2 implies f (x1) ≤ f (x2) for all x1, x2 ∈ X . Amap X
f

Y is antitone

if f is isotone from (X,≤) to (Y,≤op). A pair X
f
g Y of isotone maps f and g is

called naturally equivalent if f (x) ≤ g(x) and g(x) ≤ f (x) for all x ∈ X .
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If the context is clear, we may drop the notation for the preorder of a preordered
set and simply write X . In the case of dual preorders this approach leads to the rule
to write Xop instead of (X,≤op).

Obviously preordered sets and isotonemaps form a category denoted byPreord.
Since preorders on X are preserved under arbitrary intersections of binary relations
on X , it follows immediately that Preord is a topological category over Set (cf.
[2]). Hence Preord is a complete and cocomplete category (cf. [2, 21.16 Theo-
rem]). Moreover, the hom-sets of Preord can always be enriched by a preorder

— i.e. if X
f
g Y are isotone maps, then f ≤ g ⇐⇒ f (x) ≤ g(x) for all x ∈ X .

Therefore it is not difficult to prove that Preord is cartesian closed. Hence the
categorical product in Preord induces the structure of a symmetric and monoidal
closed category onPreord. In particular,magmas ofPreord are preordered group-
oids— these are triples (X,≤, m X ) such that (X,≤) is a preordered set and the binary
operation m X is isotone in each variable separately. Since Preord is cocomplete
and cartesian closed, it follows immediately from Corollary 1.1.5 that for every
preordered set there exists a free preordered groupoid. In detail, this results means
that for every preordered set (X,≤) there exists a preordered groupoid (X �,≤�, m X � )

and an isotone map X
ηX X � such that for any further preordered groupoid (Y,≤, ·)

and isotone map X
f

Y there exists a unique isotone groupoid homomorphism

(X �,≤�, m X � )
f �

(Y,≤, ·) making the following diagram commutative:

X X �

Y

f

ηX

f �

The corresponding monad on Preord is called the term monad T on Preord
(of a single binary operator symbol). In particular, the Eilenberg–Moore category
PreordT is isomorphic to the category of preordered groupoids.

The preorder on hom-sets of Preord also expresses a second feature of Preord
—namely the concept of adjoint pairs of isotone maps. In order to fix some notation
we recall here its definition in terms of Preord.

A pair X
f
g Y of isotone maps is said to be adjoint (i.e. forms a covariant Galois

connection) if ( f, g) satisfies the following condition

1X ≤ g ◦ f and f ◦ g ≤ 1Y . (AD)

In this context we use the notation f � g and call f a left adjoint map of g and g a
right adjoint map of f .

Obviously a pair X
f
g Y of isotone maps is adjoint if and only if the relation

f (x) ≤ y ⇐⇒ x ≤ g(y)
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holds for all x ∈ X and y ∈ Y . It is easily seen that left adjointness and right adjoint-

ness are dual notions, because Y
g

X is right adjoint to X
f

Y if and only if

Y op g
Xop is left adjoint to Xop f

Y op. Moreover, adjoint pairs of isotone maps
are uniquely determined by each other up to a natural equivalence — this means

– If f � g and f � g′, then g and g′ are naturally equivalent.
– If f � g and f ′ � g, then f and f ′ are naturally equivalent.

Hence this observation motivates the requirement that equivalent elements are equal
and leads to the following terminology. A preorder is antisymmetric if x ≤ y and
y ≤ x imply x = y. An antisymmetric preorder is also called a partial order, and
a preordered set with a partial order is said to be a partially ordered set (poset for
short).

As we will see later, large parts of the theory of complete preordered sets are
independent from the antisymmetry axiom. But for those readers who prefer to work
with partial orders we insert the following result.

Corollary 1.3.2. Let X
f
g Y be a pair of isotone maps. If either f � g or g � f

holds, then the following properties hold:

(i) If Y is a poset, then f = f ◦ g ◦ f .
(ii) If X is a poset, then g = g ◦ f ◦ g.

The aim of the following considerations is to show how completeness of preor-
dered sets is based on adjointness. We begin with some terminology. A subset U of
a preordered set X is said to be downclosed if whenever y ∈ X has the property that
there exists an x ∈ U with y ≤ x , then y is an element of U — i.e.

U = {y ∈ X | ∃x ∈ U : y ≤ x}.

The empty set is a special example of a downclosed subset. The set of all down-
closed subsets of X is denoted by Dwn(X) and is provided with the set-inclusion.
Then (Dwn(X),⊆) is a preordered set, ⊆ is a partial order onDwn(X), and the map

X
ηX Dwn(X) defined by ηX (x) = ↓x = {y ∈ X | y ≤ x} for x ∈ X is isotone.

Finally, the downclosed hull of an arbitrary subset A of X is given as follows:

↓A = {z ∈ X | ∃a ∈ A : z ≤ a} = ⋃

a∈A
ηX (a).

Lemma 1.3.3. Let X be a preordered set and 1X be the identity map of X. An isotone

map Dwn(X)
ξ X is left adjoint to ηX (i.e. ξ � ηX ) if and only if 1X and ξ ◦ ηX

are naturally equivalent.

Proof. It is sufficient to prove 1Dwn(X) ⊆ ηX ◦ ξ ⇐⇒ 1X ≤ ξ ◦ ηX . The necessity
of 1X ≤ ξ ◦ ηX for 1Dwn(X) ⊆ ηX ◦ ξ follows from
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ηX (x) ⊆ ηX
(

ξ(ηX (x))
) ⇐⇒ x ≤ ξ(ηX (x)), x ∈ X.

On the other hand, let us assume that 1X ≤ ξ ◦ ηX holds. If A is a downclosed subset
of X , then A = ⋃

a∈A ηX (a) ⊆ ⋃

a∈A ηX (ξ(ηX (a))) ⊆ ηX
(

ξ(A)
)

follows from the
isotonicity of ξ . Hence 1X ≤ ξ ◦ ηX is also sufficient for 1Dwn(X) ⊆ ηX ◦ ξ . 
�

In order to give a further characterization under which condition ηX has a left
adjoint map we need some more terminology. Let (X,≤) be a preordered set and A
be a subset of X . An element x ∈ X is called an upper bound of A if a ≤ x for all
a ∈ A — i.e. A ⊆ ηX (x). An upper bound x of A is called a join of A if x ≤ z for
all upper bounds of z of A. If a subset A has joins, then the joins of A are uniquely
determined by A up to equivalence — i.e. all joins of A are equivalent elements.

Theorem 1.3.4. Let (X,≤) be a preordered set. Then X ηX Dwn(X) has a left
adjoint map if and only if every subset of X has a join.

Proof. Let Dwn(X)
ξ X be a left adjoint map of ηX . If A is a subset of X and ↓A

its downclosed hull, then ξ(↓A) is a join of A. On the other hand, let J(A) be the
set of all joins of a subset A. If every subset of X has a join, then J(A) is nonempty
for all A ∈ Dwn(X). Using the axiom of choice we can select a choice function ξ of
{J(A) | A ∈ Dwn(X)} — i.e. ξ(A) ∈ J(A) for each A ∈ Dwn(X). If A ⊆ B, then
ξ(A) is a join of A and ξ(B) is an upper bound of A. Hence ξ(A) ≤ ξ(B) follows
— i.e. ξ is isotone. By definition x is equivalent to ξ(ηX (x)) for each x ∈ X . Hence
Lemma 1.3.3 implies that ξ is left adjoint to ηX . 
�

Motivated by the previous theorem we introduce the following terminology. A
preordered set X is join-complete if every subset of X has a join. A join of the
empty subset is called a universal lower bound of X , while a join of X is called
a universal upper bound of X . Based on this terminology we can reformulate
Theorem 1.3.4 as follows. A preordered set X is join-complete if and only if the

isotone map X
ηX Dwn(X) has a left adjoint map. Since left adjoint maps of a

given isotone map are naturally equivalent, in the case of join-complete preordered
sets X a left adjoint map of ηX will always be denoted by supX and will also be called
the formation of arbitrary joins in X .

The dual concept of downclosed subsets are upclosed subsets and the dual notions
of upper bound and join are lower bound and meet. For later applications we briefly
recall some notation. The partially ordered set of all upclosed subsets of a preordered
set X is denoted by Up(X) and is provided with the containment relation ⊆op. The

isotonemap X
η∗

X Up(X) is determined byη∗
X (x) = ↑x = {z ∈ X | x ≤ z} for each

x ∈ X . Then a preordered set X is meet-complete (i.e. all subsets have meets) if and
only if η∗

X has a right adjoint map inf X which is also called the formation of arbitrary
meets in X .

The next proposition reveals that join-completeness and meet-completeness are
equivalent concepts.
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Proposition 1.3.5. A preordered set X is join-complete if and only X is meet-
complete.

Proof. Let us assume that X is join-complete. We fix a subset A of X and consider
the set B of all lower bounds of A. Let y be a join of B. Since every element of A
is an upper bound of B, y is a lower bound of A. In particular, b ≤ y for all b ∈ B.
Hence y is a meet of A. The converse direction follows by the principle of duality. 
�

Motivated by the previous proposition in general we will speak of complete pre-
ordered sets where we mean either join-completeness or meet-completeness. An
antisymmetric, complete preordered set is also called a complete lattice. In this con-
text supX is denoted by

∨

and inf X by
∧

.
In the following considerations we are interested in the extension of isotone maps

to join-preserving maps, which will lead to a further monad on Preord. First we
make a simple observation.

Lemma 1.3.6. Let X and Y be complete preordered sets, and X f Y be an isotone
map. Then for every A ∈ Dwn(X) the following relation holds:

supY (↓ f (A)) ≤ f (supX (A)).

Proof. Let A be a downclosed subset of X . Since A ⊆ ηX (supX (A)), we infer from
the isotonicity of f that ↓ f (A) ⊆ ηY ( f (supX (A))) holds. Hence

supY (↓ f (A)) ≤ supY (ηY ( f (supX (A)))) ≤ f (supX (A)). 
�
Motivated by the previous lemma we introduce the following terminology. Let X

and Y be complete preordered sets. An isotone map X
f

Y is join-preserving if for
every downclosed subset A of X the following inequality holds:

f (supX (A)) ≤ supY (↓ f (A)). (1.23)

A characterization of join-preserving maps is given in the next theorem.

Theorem 1.3.7. Let X and Y be complete preordered sets. An isotone X f Y is
join-preserving if and only if f has a right adjoint map.

Proof. Since X is complete, we introduce an isotone map Y
g

X by

g(y) = supX

(

f −1(ηY (y))
) = supX {x ∈ X | f (x) ≤ y}, y ∈ Y. (1.24)

Since f (ηX (x)) ⊆ ηY ( f (x)), the relation

x ≤ supX (ηX (x)) ≤ supX

(

f −1(ηY ( f (x)))
) = g( f (x))
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follows for all x ∈ X . If f is join-preserving, we conclude from (1.23) that

f (g(y)) = f
(

supX

(

f −1(ηY (y))
)) ≤ supY

(↓ f
(

f −1(ηY (y))
)) ≤ supY (ηY (y)) ≤ y

holds for all y ∈ Y . Hence g is a right adjoint map to f .
On the other hand, let A be a downclosed subset of X . If g is a right adjoint map of
f , then we infer from the relation

f (a) ≤ supY (↓ f (A)), a ∈ A

that g
(

supY (↓ f (A))
)

is an upper bound of A. Hence supX (A) ≤ g
(

supY (↓ f (A))
)

and a fortiori f
(

supX (A)
) ≤ supY (↓ f (A))

)

follows — i.e. f is join-preserving. 
�

Corollary 1.3.8. Let X and Y be complete preordered sets. An isotone map X f Y
is meet-preserving if and only if f has a left adjoint map.

Proof. The assertion follows from Theorem 1.3.7 by the principle of duality. 
�
Since arbitrary unions of downclosed subsets of a preordered set X are again

downclosed, the partially ordered set (Dwn(X),⊆) is obviously a complete lattice.
If Y is now an arbitrary complete preordered set, we are interested in the extension of

isotone maps X h Y to join-preserving maps from Dwn(X) to Y . As a preparation
we first prove an interesting property.

Lemma 1.3.9. Let X and Y be preordered sets and X h Y be an isotone map.

Further, let Dwn(X)
f
g Y be a pair of adjoint isotone maps such that f is left

adjoint to g. Then h and f ◦ ηX are naturally equivalent if and only if g has the form
g(y) = {x ∈ X | h(x) ≤ y} for each y ∈ Y .

Proof. First we observe that h and f ◦ ηX are natural equivalent if and only if the
equivalence h(x) ≤ y ⇐⇒ ( f ◦ ηX )(x) ≤ y holds for all x ∈ X and for all y ∈ Y .
Hence the assertion follows from

( f ◦ ηX )(x) ≤ y ⇐⇒ ηX (x) ⊆ g(y) ⇐⇒ x ∈ g(y)

where x ∈ X and y ∈ Y . 
�
Theorem 1.3.10. Let X be a preordered set and Y be a complete preordered set. For

every isotone map X h Y there exists a join-preserving map Dwn(X) h�

Y such
that h and h� ◦ ηX are naturally equivalent. Moreover, h� is unique up to a natural
equivalence.

Proof. The uniqueness of h� up to a natural equivalence follows immediately from

Theorem 1.3.7 and Lemma 1.3.9. On the other hand, since the map Y
g Dwn(X)

defined by g(y) = {x ∈ X | h(x) ≤ y} is meet-preserving, Corollary 1.3.8 implies
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that g has a left adjoint map Dwn(X) h�

Y . Finally, by Lemma 1.3.9 the maps
h� ◦ ηX and h are naturally equivalent. 
�

If in the previous theoremwe now assume that the preorder on Y is antisymmetric
— this means that Y is a complete lattice, then Theorem 1.3.10 can be reformulated
as follows.

Corollary 1.3.11. Let X be a preordered set and Y be a complete lattice. Then for

every isotone map X h Y there exists a unique join-preserving map Dwn(X) h�

Y
such that the following diagram is commutative:

X Dwn(X)

Y
h

ηX

h� (1.25)

Obviously h� is determined by h�(A) = ∨

h(A) for each A ∈ Dwn(X).

1.3.1 The Monad of Downclosed Sets

Corollary 1.3.11 permits an equivalent categorical formulation. For this purpose we
introduce the category Sup of complete lattices and join-preserving maps. On this
background Corollary 1.3.11 means that the forgetful functor U : Sup → Preord
has a left adjoint functor F : Preord → Sup. In particular, F is determined by:

F(X) = Dwn(X), X h Y, Dwn(X)
F(h) Dwn(Y ), F(h) = (ηY ◦ h)�.

The monad on Preord corresponding to F � U (cf. Sect. 1.2) has the form Dwn =
(Dwn, η, μ), where

– The endofunctor Dwn assigns Dwn(X) to a preordered set X and acts on isotone

maps X h Y as follows:

Dwn(h)(A) = (ηY ◦ h)�(A) = ⋃

(ηY ◦ h)(A) = ⋃

a∈A
↓h(a) = ↓h(A), A ∈ Dwn(X).

– The unit has the form ηX (x) = ↓x , and the X -component of the multiplication μ

coincides with the arbitrary union of downclosed sets — i.e. μX (A) = ⋃

A for
all A ∈ Dwn(Dwn(X)).

The monad Dwn is called the monad of downclosed sets on Preord. Obviously,
the endofunctor Dwn of Dwn preserves the order on hom-sets of Preord. Hence
Dwn has the interesting property that Dwn preserves adjoint pairs of isotone maps.



40 1 Foundations

If ((X,≤), ξ) is now aDwn-algebra, then the unit axiom implies (cf. Lemma 1.3.3
and Theorem 1.3.4) that (X,≤) is complete and ≤ is antisymmetric — i.e. the
underlying preordered set of a Dwn-algebra is always a complete lattice, and the
structure map coincides with the formation of arbitrary joins. On the other hand,

if X is a complete lattice, then Dwn(X)
supX X is left adjoint to X

ηX Dwn(X)

(cf. Lemma 1.3.3) and consequently join-preserving (cf. Theorem 1.3.7). Hence the
associativity axiom of (X, supX ) follows— i.e. every complete lattice is aDwn-alge-
bra. Moreover Dwn-homomorphisms and join-preserving maps between complete
lattices are the same things. Hence the Eilenberg–Moore category of Dwn coincides
with Sup.

1.3.2 The Composite Monad DwnT

In this subsection we show that the composition of the term monad T on Preord
(of a single binary operator symbol) with the monad of downclosed sets exists in
the sense of some distributive law σ : TDwn → DwnT. First we fix a preordered
groupoid (X,≤, ·) and define an isotone binary operation � on Dwn(X) as follows:

A � B = {z ∈ X | ∃a ∈ A, ∃b ∈ B : z ≤ a · b}, A, B ∈ Dwn(X). (1.26)

Then � is called the Minkowski multiplication on Dwn(X) induced by the multipli-
cation of X . In particular, (Dwn(X),⊆,�) is again a partially order groupoid. If h
is an isotone groupoid homomorphism, then it is easily seen that Dwn(h) is again
an isotone groupoid homomorphism with respect to the respective Minkowski mul-
tiplications. Hence we conclude from Theorem 1.2.7 that there exists a distributive
law

σ : TDwn → DwnT

of the endofunctor Dwn of Preord over the term monad T (of a single binary
operator symbol) on Preord. In particular, if X is a preordered set, then the con-

struction of the X -component TDwn(X)
σX DwnT(X) of the “swapper map” can

be reproduced as follows.
Let T(X) be the free preordered groupoid generated by X with the correspon-

ding “embedding” X
ηT

X T(X), and let TDwn(X) be the free preordered groupoid
generated by Dwn(X). Further, let Dwn(T(X)) be the partially order groupoid pro-
vided with the Minkowski multiplication induced by the multiplication of T(X).

Then TDwn(X)
σX Dwn(T(X)) = DwnT(X) is given by the unique extension of

Dwn(X)
Dwn(ηT

X )
Dwn(T(X)) to an isotone groupoid homomorphism.
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Moreover, if (X,≤, ·) is a preordered groupoid, then it is easily seen that the
following relations hold:

ηX (x · z) = ↓(x · z) = (↓x) � (↓z) = ηX (x) � ηX (z),

μX (A) � μX (B) = {z ∈ X | ∃ A ∈ A, ∃B ∈ B, ∃a ∈ A, ∃b ∈ B : z ≤ a · b}
= ⋃

A∈A, B∈B
A � B = μX (A � B).

Hence we conclude from Corollary 1.2.9 and Corollary 1.2.11 that we can apply
Beck’s Theorem (cf. Theorem 1.2.12) to our setting. So, the composition of the term
monad on Preord (of a single binary operator symbol) with the monad of down-
closed sets exists. As we have seen, here the Minkowski multiplication plays a rôle
of fundamental importance.

Exercises

1.3.1. A closure operator on a preordered set (X,≤) is an isotone map X c X
satisfying the properties x ≤ c(x) and c(c(x)) ≤ c(x) for all x ∈ X .

(a) Let X
f
g Y be a pair of adjointmaps such that f � g holds. Show that c = g ◦ f

is a closure operator on X .
(b) Let c be a closure operator on (X,≤). On c(X) we consider the preorder ≤

inherited from (X,≤). Now, let c(X) ι X be the inclusion map and X
q

c(X)

be the isotone map determined by c as map onto its range — i.e. q(x) = c(x)

for all x ∈ X . Show that q � ι holds.

Comment. Ifwe identify preordered setswith thin and small categories, then closure
operators and monads are equivalent concepts.

1.3.2. Let X and Y be posets and X
f
g Y be a pair of isotone maps such that f � g

or g � f holds.

(a) Show that the following assertions are valid (cf. Corollary 1.3.2):

(i) f ◦ g = 1Y ⇐⇒ f is surjective ⇐⇒ g is injective.
(ii) g ◦ f = 1X ⇐⇒ f is injective ⇐⇒ g is surjective.
(iii) f is bijective ⇐⇒ ( f � g and g � f ) ⇐⇒ g is bijective.

(b) Show that f is an order isomorphism if and only if f is bijective.

Warning. In the general case a bijective isotone map may not be an order isomor-
phism.

1.3.3. (Cf. [75]) Let Up(X) be the complete lattice of all upclosed subsets of a
preordered set X . Since the partial order on Up(X) is given by the containment
relation ⊆op, meets inUp(X) are given by unions of upclosed subsets. The upclosed
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hull of a subset A of X has the form ↑A = {x ∈ X | ∃a ∈ A : a ≤ x}. Further, we
recall that η∗

X (x) = ↑x for all x ∈ X . In this context the upclosed set↑x is also called
the upsegment of x . After having fixed this notation we complete the object function
X �−→ Up(X) to an endofunctor Up of Preord as follows:

X
f

Y, Up(X)
Up( f ) Up(Y ), Up( f )(A) = ↑ f (A), A ∈ Up(X).

Show that the following assertions are valid:

(a) The triple Up = (Up, η∗, μ∗) is a monad on Preord where the X -component

Up(Up(X))
μ∗

X Up(X) of the multiplication μ∗ coincides with the formation
of arbitrary unions of upclosed subsets.

(b) The Eilenberg–Moore category of Up coincides with the category Inf of com-
plete lattices and meet-preserving maps.

(c) There exists a distributive law σ : UpDwn → DwnUp of the endofunctor Dwn
over the monad Up. In particular, for some preordered set X compute explicitly
the X -component σX of σ .
(Hint: Use the fact that Dwn preserves adjoint pairs of isotone maps and apply
Theorem 1.2.7).

(d) The composite monad DwnUp exists.
(Hint: Corollaries 1.2.9 and 1.2.11 and Beck’s Theorem.)

(e) The Eilenberg–Moore category of DwnUp is isomorphic to the category CD of
completely distributive complete lattices with join- and meet-preserving maps.
(Hint: Theorem 1.2.16.)

Notes

The history of preorders is not easily traceable, but preorders were already occurring
in the literature as far back as 1937 under the name “quasi-orderings” (cf. [13]). Since
then, preordered sets have played a remarkable rôle in various areas of mathematics
— especially in category theory (see e.g. [34, 36, 73]). How adjoint pairs of maps,
respectively pairs of adjoint functors, have emerged is a complex topic, and we will
not attempt to give a precise historical account here (cf. [36, 73]). We only mention
two important developments in the theory

– In 1944 O. Ore was the first to give a comprehensive study of adjoint pairs of
antitone maps (i.e. contravariant Galois connections) (cf. [87]).

– In 1958 D.M. Kan introduced the important concept of adjoint functors (cf. [62]).

If preordered sets are viewed as 2-enriched categories (cf. [63]), then the internal
characterization of complete preordered sets by the requirement that the covariant
(resp. contravariant) 2-enriched Yoneda embedding (cf. [15, 16]) has a left (resp.
right) adjoint map goes back to C.J. Mikkelsen 1976 (cf. [78], where an internal
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characterization of complete ordered object is given). The extension of isotone maps
to join-preserving (resp. meet-preserving) maps is a standard construction in order
theory which is evidently independent from the antisymmetry axiom.

The investigation of the interrelationship between adjoint situations and monads
goes back to P. Huber 1961, S. Eilenberg, J.C.Moore andH. Kleisli 1965 (cf. [26, 57,
66]). Huber showed that any adjoint situation gives rise to a standard construction,
which is a comonad in contemporary language, while Eilenberg and Moore, and
Kleisli give two different constructions showing that every monad is induced by an
adjoint pair of functors. In this book we have only focused on the Eilenberg–Moore
category and not on the Kleisli category.

The composition of monads in the sense of distributive laws (cf. [10]) depends
essentially on the star composition of natural transformations—a constructionwhich
seems to go back to C. Ehresmann 1960 (cf. [25]), even though in 1958 various
pieces of this construction had already appeared in the appendix of [38] under the
title Cinq règles de calcul fonctoriel. For this reason the star composition is some-
times also called the Godement product (cf. [15, p. 13]). A graphical explanation of
the Interchange Law (cf. [47, 73]) is given in Appendix A.3, where a graphical rep-
resentation of a mixed application of the (vertical) composition and star composition
is also developed. In this context, the equation in Lemma 1.2.13 and its application
in the proof of Beck’s Theorem (cf. Theorem 1.2.12), including the related graphical
representation, seem to appear explicitly for the first time in [27].

The introduction of monoidal categories goes back to J. Bénabou and S. Mac
Lane 1963 (cf. [12, 72]). This concept forms a perfect algebraic framework for
the definition of magmas, semigroups and monoids. The existence of free magmas
in the context of monoidal biclosed categories has recently been established by
P. Eklund, U. Höhle and J. Kortelainen (cf. [28]). This proof is based on the free
algebra algorithm formulated by J. Adámek 1974 (cf. [1, 3]).



Chapter 2
Fundamentals of Quantales

The aim of this chapter is to give a survey of the most important properties of
the theory of (pre)quantales from the perspective of the category Sup of complete
lattices and join-preserving maps. We therefore begin with a detailed account of the
categorical properties of Sup.

As a first important observation we point out that the category of prequantales
is the Eilenberg–Moore category of the composition of the term monad of a single
binary operator symbol on Preord with the monad of downclosed sets. This result
also explains the rôle of theMinkowskimultiplication in the theory of (pre)quantales.
As a corollary of this fact we obtain that the category of prequantales is algebraic.

The second important observation is the fact that the Eilenberg–Moore category
of the composition of the monad of involutive lattices on Sup with the term monad
of a single binary operator symbol on Sup coincides with the category of involutive
prequantales.

Quantales are associative prequantales. In this context the concept of prime ele-
ments of quantales opens the door for the topological representation of quantales.
Left-sided idempotent quantales and balanced, bisymmetric quantales play a domi-
nant rôle in these constructions. In both cases the non-commutativity forces the
absence of a unit. Moreover, the non-commutativity requires many-valued topolo-
gies (cf. [49]) for the topological representation. In particular, semi-unital, bisym-
metric and spatial quantales are represented by six-valued topological spaces where
the quantale of six elements coincides with quantization of the two-chain — i.e. the
tensor product of the left-sided, non-commutative, idempotent three-chain with the
right-sided, non-commutative, idempotent three-chain.

As an application of these constructions we treat the problem of defining the spec-
trum of a C∗-algebra and constructing its topological representation. This approach
leads to the concept of the non-commutative Gelfand topology, which coincides with
the usual Gelfand topology in the commutative case.

Finally, we try to give a coherent account of the law of double negation in the
framework of quantales. Hence we describe the fundamental properties of Frobenius
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quantales, including a class of examples which arise from completely distributive
lattices. We also study complete MV -algebras as divisible and commutative Frobe-
nius quantales. Without mentioning the concept of semi-simplicity we pay special
attention to the MacNeille completion of MV -algebras. As a special result we prove
that every infinite, simple and complete MV -algebra is isomorphic to the real unit
interval provided with the Łukasiewicz arithmetic conjunction.

2.1 The Category Sup

In Sect. 1.3.1 we have already encountered the category Sup of complete lattices and
join-preserving maps. In this section we will give a detailed account of its categorical
properties and related topics.

First of all, since Sup is the Eilenberg–Moore category of the monad of down-
closed sets, the completeness of Sup is inherited by the completeness of Preord.
With regard to cocompleteness, Theorem 1.3.7 and Corollary 1.3.8 suggest that on
Sup there exists a self-duality expressed by the following contravariant endofunctor
S : Sup→ Sup:

S(X) = Xop = (X,≤op), X
f

Y, S( f ) = f �, Y op f �
Xop

where f � is the right adjoint map of f and has the following explicit form (see
(1.24)):

f �(y) =∨{x ∈ X | f (x) ≤ y}, y ∈ Y.

Hence the cocompleteness of Sup follows from the completeness of Sup and the
existence of the self-duality S. Obviously Sup has a zero object given by the lattice
consisting of a single element. For the convenience of the reader we briefly describe
the construction of coproducts and coequalizers in Sup.

Let F = {Xi | i ∈ I } be a family of complete lattices and
∏

i∈I Xi be the product

ofF (inSup). Since the projections
∏

i∈I Xi
π j X j ( j ∈ I ) aremeet-preserving, the

coproduct of F is also given by
∏

i∈I Xi , but the corresponding coproduct injections

X j
q j ∏

i∈I Xi are determined by:

q j (x j ) = (zi )i∈I , zi =
{

x j , i = j,

⊥, i �= j,
x j ∈ X j

where ⊥ denotes the universal lower bound in Xi .

If R
f
g X is a pair of arrows inSup, then we can explicitly construct the coequal-

izer of f and g as follows.We put Z = {x ∈ X | f �(x) = g�(x)} and define X π Z
by π(x) =∧{z ∈ Z | x ≤ z} for all x ∈ X . Obviously π ◦ f = π ◦ g holds. In
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order to verify the universal property, we consider a further arrow X h U with

h ◦ f = h ◦ g and define Z h∗ U by h∗(z) =∧{u ∈ U | z ≤ h�(u)} for all z ∈ Z .
Since

h(x) ≤ u ⇐⇒ x ≤ h�(u) ⇐⇒ π(x) ≤ h�(u) ⇐⇒ h∗(π(x)) ≤ u,

the relation h(x) = (h∗ ◦ π)(x) holds for all x ∈ X . The uniqueness of h∗ follows
from the surjectivity of π .

In the next step we investigate the rôle of epimorphisms in Sup. We begin with
a simple, but interesting property.

Lemma 2.1.1. Let X f Y be an epimorphism in Sup. Then f , viewed as a map,
is surjective.

Proof. LetC2 = {0, 1} be the 2-chainwith the usual order. Then every element y ∈ Y

can be identified with a join-preserving map Y
λy C2 defined by:

λy(z) =
{
1, z �≤ y,

0, z ≤ y,
z ∈ Y.

Since f (x) ≤ y if and only if f (x) ≤ f ( f �(y))we obtain the following relation for
all y ∈ Y :

λy ◦ f = λ f ( f �(y)) ◦ f.

Since f is an epimorphism, the relation y = f ( f �(y)) follows for all y ∈ Y . Hence
f is surjective. �


Theorem 2.1.2. Let X h Y be an epimorphism in Sup and R
p
q X be the kernel

pair of h. Then the diagram

R X

X Y

p

q

h

h

(2.1)

is a pullback and a pushout square — i.e. a pulation square.

Proof. By definition, the diagram (2.1) is a pullback square. In order to show that
(2.1) is also a pushout square we proceed as follows.
Since pullback squares in Sup are computed at the level of Preord, we conclude

from h ◦ h� ◦ h = h (cf. Corollary 1.3.2) that there exist isotone maps X
ξ

ζ
R such

that the relations p ◦ ξ = h� ◦ h = q ◦ ζ and q ◦ ξ = 1X = p ◦ ζ hold in Preord.

Now we consider a further complete lattice Z and a pair X
k
l Z of join-preserving

maps with k ◦ p = l ◦ q. By Corollary 1.3.2 again, we have the relation
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k ◦ h� = k ◦ h� ◦ h ◦ h� = k ◦ p ◦ ξ ◦ h� = l ◦ q ◦ ξ ◦ h� = l ◦ h�

and we can introduce an isotone map Y π Z given by π = k ◦ h� = l ◦ h�. Now
we observe:

k = k ◦ p ◦ ζ = l ◦ q ◦ ζ = l ◦ h� ◦ h = π ◦ h = k ◦ h� ◦ h = k ◦ p ◦ ξ = l ◦ q ◦ ξ = l.

Hence we have verified k = π ◦ h = l. Since h is surjective (cf. Lemma 2.1.1), π

is uniquely determined by the previous relation. Further, we show that h ◦ l� is the
right adjoint map of π . Referring again to the surjectivity of h we obtain:

h ◦ l� ◦ π = h ◦ l� ◦ l ◦ h� ≥ h ◦ h� = 1Y .

On the other hand we observe that

π ◦ h ◦ l� = k ◦ h� ◦ h ◦ l� = k ◦ p ◦ ξ ◦ l� = l ◦ q ◦ ξ ◦ l� = l ◦ l� ≤ 1Z .

Hence π is join-preserving (Theorem 1.3.7), and so the universal property of a
pushout square is established. �


By the previous theorem every epimorphism in Sup is regular and can be under-
stood as a surjective join-preserving map. If we apply the self-duality of Sup to
Theorem 2.1.2, then we conclude from Theorem 2.1.2 that the amalgamation prop-
erty holds in Sup — this means that for any monomorphism Y m X in Sup the
pushout square

Y X

X P

m

m

ϕ2

ϕ1

is also a pullback square.

2.1.1 Closure Operators and Quotient Objects in Sup

Let X be a complete lattice and CL(X) be the set of all closure operators on X (cf.
Exercise 1.3.1). On CL(X) we introduce a partial order as follows

c1 ≤ c2 ⇐⇒ c1(x) ≤ c2(x) for all x ∈ X.

Then
(
CL(X),≤)

is again a complete lattice, and meets in CL(X) are computed
pointwisely.
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Let a closure operator c on X be given. Then on the range c(X) of c we consider
always the partial order inherited from X . Thus c(X) is again a complete lattice
and the join of a subset A of c(X) is the c-closure of the join of A in X — i.e.∨

A = c(
∨

A). Moreover, we conclude from Exercise 1.3.1 (b) and Theorem 1.3.7
that the map c viewed as map onto its range— i.e. X π c(X) with π(x) = c(x) for
all x ∈ X — is join-preserving. Hence (c(X), π) can be understood as a quotient of
X in Sup.

Further, every join-preserving map X h Y induces a closure operator ch on X
by ch = h� ◦ h. In this context ch is also called the closure operator associated with
h. We show that Sup has the (epi,mono)-factorization property (cf. [47]).

As a first step we prove a factorization lemma.

Lemma 2.1.3. Let X π Z be an epimorphism in Sup and X h Y be an arbitrary
join-preserving map with the associated closure operators cπ and ch on X. Then h
factors through π — i.e. the commutativity of the following diagram holds:

X Z

Y
h

π

k

if and only if the relation cπ ≤ ch is valid.

Proof. Since adjoint situations compose, the necessity of cπ ≤ ch follows from
h = k ◦ π and the relation π� ◦ π ≤ π� ◦ k� ◦ k ◦ π = h� ◦ h. On the other hand,
let us assume cπ ≤ ch and observe that cπ ≤ ch is equivalent to ch = ch ◦ cπ . Nowwe

define an isotonemap Z k Y by k = h ◦ π� and show thatπ ◦ h� is the right adjoint
map of k. Since π is surjective (cf. Lemma 2.1.1), the relation 1Z ≤ (π ◦ h�) ◦ k is
obvious. Further, we obtain (cf. Corollary 1.3.2):

k ◦ (π ◦ h�) = h ◦ ch ◦ cπ ◦ h� = h ◦ ch ◦ h� = h ◦ h� ≤ 1Y .

Hence k is join-preserving and the following relation holds:

k ◦ π = h ◦ ch ◦ cπ = h ◦ ch = h.

So, h factors through π . �

It follows immediately from Lemma 2.1.3 and the previous constructions that

quotient objects of a complete lattice X in the sense of Sup can be identified with
closure operators on X and vice versa. Hence the class of quotient objects of a
complete lattice X is a partially ordered set and order isomorphic to the complete
lattice (CL(X),≤).

Finally, every join-preserving map X h Y has a decomposition
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X ch(X)

Y

πh

h
mh

into an epimorphism πh determined by ch and followed by a monomorphism mh

defined on ch(X) by mh(x) = h(x) for all x ∈ ch(X). Obviously, this decomposition
is unique up to isomorphism.

We finish this subsection with an example of a quotient construction given by the
MacNeille completion.

Example 2.1.4. (a) Let X be a preordered set,Dwn(X) be the complete lattice of all
downclosed subsets of X and Up(X) be the complete lattice of all upclosed subsets

of X . We introduce an adjoint pair Dwn(X)
U
L Up(X) of isotone maps by

U(A) = {all upper bounds ofA}

and
L(B) = {all lower bounds ofB},

where A ∈ Dwn(X) and B ∈ Up(X). Obviously, U is left adjoint to L. Hence
C = L ◦ U is a closure operator on Dwn(X) and the quotient Dwn(X)

πC X̂ of
Dwn(X) w.r.t. C is called the MacNeille completion of X . Since ↓x = ηX (x) is
C-closed (i.e. C(↓x) = ↓x) for all x ∈ X , the MacNeille completion X̂ satisfies the
following well-known property:

⋂

b∈U(A)

ηX (b) = C(A) = ∨

x∈A
ηX (a), A ∈ Dwn(X). (2.2)

We show now in what sense the MacNeille completion is uniquely determined up
to order isomorphism. For this purpose we choose a further complete lattice Y and

an isotone map X
j

Y such that the following properties hold for all x1, x2 ∈ X
and y ∈ Y :

– j (x1) ≤ j (x2) =⇒ x1 ≤ x2,
–

∧{ j (x) | x ∈ X, y ≤ j (x)} = y =∨{ j (x) | x ∈ X, j (x) ≤ y}.
In a first step we consider the extension of the isotone map j to a join-preserving

mapDwn(X)
j �

Y (cf. Corollary 1.3.11). Obviously j � is surjective, and the closure
operator c j � associated with j � has the following form:

c j � (A) = {x ∈ X | j (x) ≤∨
j (A)}, A ∈ Dwn(X).

By the previous properties the relations

{x ∈ X | j �(A) ≤ j (x)} = U(A) and L(U(A)) = c j � (A), A ∈ Dwn(X)
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hold. Hence the closure operators C and c j � coincide — this means that X̂ and Y are
order isomorphic.

(b) If Y is a further preordered set and X
f
g Y is a pair of adjoint isotone maps with

f � g, then f has a unique extension to a join-preserving map X̂
f̂

Ŷ such that the
following diagram is commutative:

X Y

X̂ Ŷ

ηX

f

ηY

f̂

The uniqueness of f̂ follows immediately from (2.2). In order to verify the existence
of f̂ we proceed as follows. Since the functor Dwn preserves the order on the
respective hom-sets of Preord, Dwn( f ) is left adjoint to Dwn(g). Further, we

consider the join-preserving map Dwn(X) h Ŷ determined by the diagram:

Dwn(X) Dwn(Y )

Ŷ

h

Dwn( f )

πC

Since 1X ≤ g ◦ f , we obtain the following relation for every A ∈ Dwn(X):

A ⊆ ↓g( f (A)) ⊆ ↓g
(
L(U( f (A)))

) = Dwn(g)
(
πC(Dwn( f )(A))

) = ch(A).

Hence we conclude from Lemma 2.1.3 that h factors through the MacNeille com-
pletion of X — i.e. the commutativity of the following diagram:

Dwn(X) Dwn(Y )

X̂ Ŷ

πC h

Dwn( f )

πC

f̂

Evidently, f̂
(
ηX (x)

) = πC
(
Dwn( f )(ηX (x))

) = ηY ( f (x)) holds for all x ∈ X .

2.1.2 The Tensor Product in Sup

From the algebraic point of view one of the most important properties of Sup is
the existence of a tensor product turning Sup into a symmetric monoidal closed
category.
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First we begin with some terminology and an important example related to
contravariant Galois connections. Let X , Y and Z be complete lattices. A map

X × Y b Z is called a bimorphism in Sup (cf. [6]) if b is join-preserving in

each variable separately — i.e. for all y ∈ Y and x ∈ X the maps X
b(·,y)

Z and

Y b(x,·) Z are join-preserving. In the next examplewe construct an important bimor-
phism which already appeared in [106].

Example 2.1.5. Let X and Y be arbitrary complete lattices.We start by recalling that

a pair ( f, f +) of maps X
f

Y and Y
f +

X is a contravariant Galois connection
between X and Y if for all x ∈ X and y ∈ Y the equivalence

y ≤ f (x) ⇐⇒ x ≤ f +(y)

holds (cf. [14, 35]) — i.e. X
f

f + Y op is an adjoint pair of isotone maps such that

f � f + holds. Since X and Y are complete lattices, it follows from Theorem 1.3.7

that an antitone map X
f

Y is the left part of a contravariant Galois connection if
and only if f is join-reversing. — i.e. f (

∨
A) =∧

f (A) for all A ⊆ X . In this case
the right part f + is given by (cf. (1.24))

f +(y) =∨{x ∈ X | y ≤ f (x)}, y ∈ Y. (2.3)

After this preparation we introduce the set G (X, Y ) of all join-reversing maps

X
f

Y provided with the following partial order:

f1 ≤ f2 ⇐⇒ f1(x) ≤ f2(x) for all x ∈ X. (2.4)

Obviously, (G (X, Y ),≤) is a complete lattice in which meets (but in general not
joins) are computed pointwisely. In particular, the universal upper bound � and the
universal lower bound ⊥ in G (X, Y ) have the following form:

�(x) = � and ⊥(x) =
{
�, x = ⊥,

⊥, x �= ⊥,
x ∈ X.

In this context (2.3) determines an order isomorphism G (X, Y )
(·)+

G (Y, X). Now

we introduce a map X × Y
β

G (X, Y ) as follows:

[β(x, y)](x ′) =

⎧
⎪⎨

⎪⎩

�, if x ′ = ⊥,

y, if ⊥ �= x ′ ≤ x,

⊥, if x ′ �≤ x,

x, x ′ ∈ X, y ∈ Y. (2.5)
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Obviously, β(x, y) ∈ G (X, Y ), and the relation β(x,⊥) = β(⊥, y) = ⊥ holds for
all x ∈ X and y ∈ Y . We show that β is a bimorphism. If we fix the left argument of
β, then β(x, ·) is evidently join-preserving. Hence we fix the right argument y ∈ Y
and observe β(⊥, y) = ⊥. Therefore it is sufficient to consider a nonempty subset
A ⊆ X . If f ∈ G (X, Y ) and x ∈ X , then

β(x, y) ≤ f ⇐⇒ y ≤ f (x). (2.6)

Hence an element f ∈ G (X, Y ) is an upper bound of {β(x, y) | x ∈ A} if and only
if y ≤∧

x∈A f (x) = f (
∨

A), and so β
(∨

A, y
) ≤ f follows — this means that∨

x∈A β(x, y) = β
(∨

A, y
)
holds.

Moreover, β satisfies the following important properties:

β(�,�) = � (2.7)
∧

i∈I
β(xi , yi ) = β

(∧

i∈I
xi ,

∧

i∈I
yi

)
(2.8)

f = ∨

x∈X
β(x, f (x)) for any f ∈ G (X, Y ). (2.9)

The properties (2.7) and (2.8) mean that β is meet-preserving, while the property
(2.9) expresses the fact that {β(x, y) | x ∈ X, y ∈ Y } forms a join-basis of G (X, Y ).

Remark 2.1.6. Let X , Y and Z be complete lattices. If X × Y b Z is a bimorphism,

then for all z ∈ Z the maps X
bz Y and Y

b+z X given by

bz(x) =∨{y ∈ Y | b(x, y) ≤ z} and b+z (y) =∨{x ∈ X | b(x, y) ≤ z} (2.10)

satisfy the chain of equivalences

y ≤ bz(x) ⇐⇒ b(x, y) ≤ z ⇐⇒ x ≤ b+z (y).

Hence (bz, b+z ) is a contravariant Galois connection between X and Y . In particular,
bz ∈ G (X, Y ) and b+z ∈ G (Y, X).

Now we give a definition which will play a fundamental rôle in this book.

Definition 2.1.7. Let X and Y be complete lattices. A pair (t, T ) is called a tensor

product of X and Y if T is a complete lattice and X × Y t T is a bimorphism such
that the following universal property holds:

For every bimorphism X × Y b Z there exists a unique join-preserving map T hb Z
making the following diagram commutative:

X × Y T

Z
b

t

hb (2.11)
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In this context t is also called the universal bimorphism.

It follows immediately from the universal property inDefinition 2.1.7 that a tensor
product of two complete lattices is always unique up to isomorphism in the sense of
Sup. Thus we speak of the tensor product. In what follows we will show that the
tensor product always exists.

The next theorem is a special case of a general construction in [6] (cf. Corollary
of Proposition 5 in [6]) where we maintain the notation from Example 2.1.5 and
Remark 2.1.6

Theorem 2.1.8. If X and Y are complete lattices, then (β,G (X, Y )) is the tensor
product of X and Y in Sup.

Proof. Let Z be a complete lattice and X × Y b Z be a bimorphism. We have

to show that there exists a unique join-preserving map G (X, Y )
hb Z making the

diagram (2.11) commutative. The uniqueness of hb follows immediately from (2.9),
the commutativity of (2.11) and the fact that hb is join-preserving. In order to verify

the existence of hb we define a map G (X, Y )
hb Z as follows:

hb( f ) = ∨

i∈I
b(xi , yi ), (2.12)

where
∨

i∈I β(xi , yi ) = f is a representation of f ∈ G (X, Y ) as a join of some
elements of the join-basis {β(x, y) | x ∈ X, y ∈ Y }. If we can show that hb is well
defined by (2.12) — this means that the value hb( f ) is independent from the chosen
representation — then it is easily seen that hb is join-preserving and makes the
diagram (2.11) commutative. Hence it is sufficient to show that hb is well defined. For
this purpose we choose a further representation

∨
j∈J β(x j , y j ) = f of f . Because

of the law of antisymmetry it is sufficient to establish the following relation

∨

j∈J
b(x j , y j ) ≤ ∨

i∈I
b(xi , yi ). (2.13)

First we put z =∨
i∈I b(xi , yi ). Since b is a bimorphism, we define an element

bz ∈ G (X, Y ) by (cf. Remark 2.1.6):

bz(x) =∨{y ∈ Y | b(x, y) ≤ z}, x ∈ X.

Since yi ≤ bz(xi ), it follows from the definition of β (cf. Example 2.1.5) that the
relation β(xi , yi ) ≤ bz holds for all i ∈ I — i.e. f =∨

i∈I β(xi , yi ) ≤ bz . Now we
make use of the relation ∨

j∈J
β(x j , y j ) = f ≤ bz

and obtain y j ≤ bz(x j ) for all j ∈ J . Then b(x j , y j ) ≤ z follows from Remark 2.1.6
for all j ∈ J . Hence (2.13) is verified. �
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Addition and Comment. If we use the representation of f ∈ G (X, Y ) given in

(2.9), then the unique extension of a bimorphism X × Y b Z to a join-preserving

map G (X, Y )
hb Z (cf. Theorem 2.1.8) can be expressed, among other ways, as

follows:
hb( f ) = ∨

x∈X
b(x, f (x)), f ∈ G (X, Y ). (2.14)

This formulation will play a special rôle in the proofs of Lemmas 2.1.13 and 2.1.14.

Motivated by the previous theorem we introduce the following:

Notation. The tensor product of two complete lattices X and Y is denoted by X ⊗ Y .

By abuse of notation the universal bimorphism X × Y
β

X ⊗ Y is also denoted by
⊗. Instead of β(x, y) we write x ⊗ y. In this context every element of f ∈ X ⊗ Y is
called a tensor, and tensors of the special type x ⊗ y are called elementary tensors.

Before we proceed we briefly sketch some simple properties of the tensor calcu-
lus. Obviously, x ⊗⊥ = ⊥⊗ y and �⊗� are the bottom and the top of X ⊗ Y ,
respectively (cf. Example 2.1.5). If f ∈ X ⊗ Y , then for all x ∈ X and y ∈ Y

x ⊗ y ≤ f ⇐⇒ y ≤ f (x). (2.15)

In particular, if x �= ⊥ and y �= ⊥, then for all x ′ ∈ X and y′ ∈ Y

x ⊗ y ≤ x ′ ⊗ y′ ⇐⇒ x ≤ x ′ and y ≤ y′ (2.16)

holds. Moreover, it follows immediately from (2.7) – (2.9) that the universal bimor-
phism ⊗ is meet-preserving and every tensor is a join of an appropriate family of
elementary tensors — e.g.

f = ∨

x∈X
x ⊗ f (x), f ∈ X ⊗ Y = G (X, Y ). (2.17)

Further, the maps X
jX X ⊗ Y and Y

jY X ⊗ Y determined by

jX (x) = x ⊗�, jY (y) = �⊗ y, x ∈ X, y ∈ Y, (2.18)

are meet-preserving and join-preserving embeddings provided X and Y have at least
two different elements.

We continue with two examples which will play a special rôle in a later context.

Example 2.1.9. Let X be an arbitrary set andP(X) be the power set of X with the
usual partial order. Then P(X) is a complete lattice. Further, let M be an arbitrary

complete lattice. Then the set M X of all maps X
f

M is again a complete lattice
w.r.t. the partial order:
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f ≤ g ⇐⇒ f (x) ≤ g(x) for all x ∈ X.

We will refer to M X as the M-valued power set of X .

If we now restrict a join-reversing mapP(X) F M to the atoms ofP(X), then

we obtain an order isomorphismP(X)⊗ M Φ M X . In particular, Φ and Φ−1 are
given by: (

Φ(F)
)
(x) = F({x}) and

(
Φ−1( f )

)
(A) = ∧

x∈A
f (x),

where F ∈P(X)⊗ M , f ∈ M X , x ∈ X and A ∈P(X). Since the tensor product
is unique up to isomorphism, M X is also the tensor product of the power set P(X)

with M . In this context it is interesting to see what the corresponding universal
bimorphism looks like. Referring to the definition of β in Example 2.1.5 it is easily
seen that the following relation holds for all A ∈P(X) and all m ∈ M :

(
m · 1A

)
(x) :=

{
m, x ∈ A

⊥, x /∈ A

}

= Φ
(
β(A, m)

)
(x), x ∈ X. (2.19)

We emphasize that the dot in m · 1A does not stand for any binary operation (it is
simply part of the symbol). Hence, in this context, the universal bimorphism has
the form (A, m) �−→ m · 1A. It is interesting to note that maps of the type m · 1A

play a significant rôle in the study of many-valued structures, where their meaning
remains obscure. However, from the perspective of the category Sup these maps are
simply elementary tensors of the tensor product of the power set with some complete
lattice M .

The next example is related to probability theory and nonnegative probability
distribution functions.

Example 2.1.10. Let [0,+∞]op be the nonnegative extended real line provided
with the dual order, and let [0, 1] be the real unit interval. Then the tensor prod-
uct [0,+∞]op ⊗ [0, 1] is the complete lattice of all meet-preserving maps

[0,+∞] G [0, 1]

— these are all nonnegative, isotone, right-continuous probability distribution func-
tions. Obviously, for x ∈ [0,+∞] and α ∈ [0, 1] the elementary tensor x ⊗ α has
the following form (cf. Example 2.1.5):

(x ⊗ α)(r) =

⎧
⎪⎨

⎪⎩

1, r = +∞,

α, x ≤ r �= +∞,

0, 0 ≤ r < x,

r ∈ [0+∞].

If at every point of discontinuity we now move the right-limit point to the left-limit
point, then this procedure leads to an order isomorphism
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[0,+∞]op ⊗ [0, 1] Ψ Δ+

whereΔ+ is the complete lattice of all nonnegative, isotone, left-continuous probabi-

lity distribution functions — these are all join-preserving maps [0,+∞] F [0, 1].
Explicitly Ψ is given by:

(
Ψ (G)

)
(r) = sup{G(x) | x < r}, r ∈ [0,+∞], G ∈ [0,+∞]op ⊗ [0, 1].

(2.20)
Hence Δ+ is also the tensor product of [0,+∞]op with [0, 1] in Sup. Since

(
α · Hx

)
(r) = (

Ψ (x ⊗ α)
)
(r) =

{
0, r ≤ x,

α, x < r,
r ∈ [0,+∞],

the corresponding universal bimorphism has the form (x, α) �−→ α · Hx , where Hx

denotes the left-continuous unit step function at x . From a probabilistic point of
view, the elementary tensor α · Hx describes a random variable taking the value x
with probability α and the value+∞ with probability 1− α. In this sense the tensor
product Δ+ plays an important rôle in the theory of probabilistic metric spaces (cf.
[104]). In Examples 2.3.5 and 2.3.36 we will describe certain monoidal structures
on Δ+.

The next example can be regarded as a refinement of Example 2.1.9.

Example 2.1.11. Wemaintain the notation from Example 2.1.9 and consider a topo-
logical space (X, τ ) — this means that X is a set and τ is a subset of the power set
P(X) which is closed under finite intersections and arbitrary unions. Hence τ is a
complete lattice with respect to the partial order inherited fromP(X). In particular,

the embedding τ
ιτ

↪−→P(X) is join-preserving.

Let x be an element of X . An open neighborhood of x is a set U ∈ τ such that
x ∈ U . The set of all open neighborhoods of x is denoted by Nx .

Further, let M be an arbitrary complete lattice. A map X
f

M is called lower
semicontinuous if the following condition holds for all x ∈ X (cf. [54]):

f (x) = ∨

U∈N x

( ∧

y∈U
f (y)

)
.

It is not difficult to verify that a map X
f

M is lower semicontinuous if and
only if there exists an index set I and subsets of the form {Ui | i ∈ I } ⊆ τ and
{mi | i ∈ I } ⊆ M such that the relation

f = ∨

i∈I
mi · 1Ui

holds.
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Now we consider the join-preserving embedding τ
ιτ

↪−→P(X) and the bimor-

phism τ × M b P(X)⊗ M determined by b(U, m) = U ⊗ m for all U ∈ τ and
m ∈ M . Then we conclude from the universal property of the tensor product that
there exists a unique join-preserving map from τ ⊗ M to P(X)⊗ M , denoted by
ιτ ⊗ 1M , such that b(U, m) = (ιτ ⊗ 1M)(U ⊗ m) holds for all U ∈ τ and m ∈ M .1

Further, we compose ιτ ⊗ 1M with the order isomorphism P(X)⊗ M Φ M X

given in Example 2.1.9 and denote it by Φτ — i.e. Φτ = Φ ◦ (ιτ ⊗ 1M). Then it is
easily seen that Φτ acts on elementary tensors U ⊗ m ∈ τ ⊗ M as follows:

Φτ(U ⊗ m) = m · 1U .

Consequently, if F ∈ τ ⊗ M , then by (2.17), Φτ(F) is explicitly given by:

Φτ(F) = ∨

U∈τ

F(U ) · 1U

and the range of Φτ coincides with the set LSC(X, M) of all lower semicontinuous
maps, which is a complete sublattice of M X .

Since Φτ is join-preserving, Φτ has a right adjoint map LSC(X, M)
Φ�

τ τ ⊗ M .
Because of the following chain of equivalences

Φτ (F) ≤ f ⇐⇒ (∀U ∈ τ, F(U ) · 1U ≤ f
) ⇐⇒ (∀U ∈ τ, F(U ) ≤ ∧

x∈U
f (x)

)
,

the right adjoint map of Φτ can be expressed by the formula:

(
Φ�

τ ( f )
)
(U ) = ∧

x∈U
f (x), f ∈ LSC(X, M), U ∈ τ.

Obviously, the relationΦτ ◦Φ�
τ = 1LSC(X,M) follows from the surjectivity ofΦτ (cf.

Exercise 1.3.2 (a)). Hence Φτ is injective (i.e. bijective in this context) if and only
if Φ�

τ is left adjoint to Φτ (see again Exercise 1.3.2 (a)). This observation motivates
the question: under which condition does the relation Φ�

τ � Φτ hold? We show that
the continuity of the complete lattice M (cf. [36, 37]) is a sufficient condition.

Assertion. If M is a continuous lattice, then Φ�
τ � Φτ holds.

In fact, let us choose F ∈ τ ⊗ M and f ∈ LSC(X, M). Since Φτ is surjective, the
implication Φ�

τ ( f ) ≤ F =⇒ f ≤ Φτ(F) is evident. On the other hand, in order to
verify the converse implication, we assume f ≤ Φτ(F) and so

1For the general definition of the tensor product of two join-preserving maps, see p. 59.
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(
Φ�

τ ( f )
)
(U ) = ∧

x∈U
f (x) ≤ ∧

x∈U
Φτ(F)(x) = ∧

x∈U

( ∨

V∈N x

F(V )
)

for each U ∈ τ . Since {F(V ) | V ∈ Nx } is directed for each x ∈ U , we conclude
from the continuity of M (cf. [36, 37]) that the following relation holds for each
U ∈ τ :

(
Φ�

τ ( f )
)
(U ) ≤

∨

ξ∈∏

x∈U
N x

( ∧

x∈U
F(ξ(x))

) =
∨

ξ∈∏

x∈U
N x

F
( ⋃

x∈U
ξ(x)

) ≤ F(U ),

where we have used the property U ⊆⋃
x∈U ξ(x).

To sum up we have established the following important

Fact I. If M is continuous, then the complete lattice of all lower semicontinuous
M-valued maps is the tensor product of τ with M — i.e. LSC(X, M) ∼= τ ⊗ M.

For more details on the tensor product τ ⊗ M , we refer to Sect. 3.2 in [43].

Now we return to our general train of thought and construct a monoidal structure
on Sup which transforms Sup into a monoidal closed category. We begin with the
definition of a bifunctorSup× Sup→ Sup, whichwe also denote by⊗. The action
of ⊗ on

– an object (X, Y ) is given by X ⊗ Y (the complete lattice of all join-reversing maps

X
f

Y );

– a morphism (X1, Y1)
(h,k)

(X2, Y2) is given by the tensor product of h and k,
which is the unique join-preserving map h ⊗ k making the following diagram
commutative:

X1 × Y1 X1 ⊗ Y1

X2 × Y2 X2 ⊗ Y2

h×k

⊗

h⊗k

⊗

Before we show the associativity of the bifunctor ⊗, we prove that for each
complete lattice X the endofunctor X ⊗ has a right adjoint functor. Therefore for
each pair (X, Y ) of complete lattices we first introduce the complete lattice [X, Y ]
of all join-preserving maps X

f
Y ordered pointwisely — i.e.

f1 ≤ f2 ⇐⇒ f1(x) ≤ f2(x) for all x ∈ X.

On this basis we define an endofunctor homX of Sup as follows:

homX (Y ) = [X, Y ], Y1
h Y2, [X, Y1] homX (h) [X, Y2], homX (h)( f ) = h ◦ f.
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In this context it is interesting to note that [X, Y op]op coincideswith the tensor product
X ⊗ Y .

Theorem 2.1.12. For every complete lattice X the functor homX is right adjoint to
X ⊗ .

Proof. Let X be a fixed complete lattice. Then for every further complete lattice Y

there exists a join-preserving map Y
ηY [X, X ⊗ Y ] defined by ηY (y)(x) = x ⊗ y

for all x ∈ X and y ∈ Y .
Evidently η = (ηY )Y is a natural transformation from idSup to homX ◦ (X ⊗ ).

We show that η is the unit of the adjoint situation (X ⊗ ) � homX — i.e. for every

complete lattice Z and every join-preserving map Y
g [X, Z ] there exists a unique

join-preserving map X ⊗ Y
�g�

Z making the following diagram commutative:

Y [X, X ⊗ Y ]

[X, Z ]
g

ηY

homX (�g�)

First we notice that Y
g [X, Z ] can be identified with a bimorphism X × Y

bg Z
according to the formula

bg(x, y) = g(y)(x), x ∈ X, y ∈ Y.

Then the previous diagram is equivalent to the following relation:

homX (�g�)
(
ηY (y)

)
(x) = �g�(x ⊗ y) = g(y)(x) = bg(x, y). (2.21)

Hence �g� coincides with the unique extension of bg to a join-preserving map from
X ⊗ Y to Z , whose existence is ensured by the universal property of the tensor
product in Sup. �

Comment. Let ε = (εY )Y be the counit of the adjoint situation X ⊗ � homX .

Then X ⊗ [X, Y ] εY Y attains the following form at elementary tensors:

εY (x ⊗ f ) = f (x), x ∈ X, f ∈ [X, Y ].

Therefore εY is also called the evaluation arrow of [X, Y ].
The aim of the following considerations is to show that the bifunctor ⊗ induces

the structure of a symmetric, monoidal category on Sup.

Lemma 2.1.13. (Associativity) Let X, Y and Z be complete lattices. There exists a
unique order isomorphism (X ⊗ Y )⊗ Z aXY Z X ⊗ (Y ⊗ Z) satisfying the follow-
ing condition:

aXY Z ((x ⊗ y)⊗ z) = x ⊗ (y ⊗ z), x ∈ X, y ∈ Y, z ∈ Z . (2.22)
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Proof. For every z ∈ Z we define a bimorphism X × Y
bz X ⊗ (Y ⊗ Z) by

bz(x, y) = x ⊗ (y ⊗ z), (x, y) ∈ X × Y.

By the universal property of the tensor product there exists a unique join-preserving

map X ⊗ Y
hz X ⊗ (Y ⊗ Z) making the following diagram commutative:

X × Y X ⊗ Y

X ⊗ (Y ⊗ Z)

⊗

bz
hz

Now we define a map (X ⊗ Y )× Z ξ X ⊗ (Y ⊗ Z) by ξ( f, z) = hz( f ) and show
that ξ is again a bimorphism. Since hz is join-preserving, it is sufficient to prove that
ξ is join-preserving in its second variable. For this purpose we choose a subset C of
Z , put z0 =∨

C and derive the following relation from (2.14):

ξ( f, z0) = hz0 ( f ) = ∨

x∈X
bz0 (x, f (x)) = ∨

x∈X
x ⊗ ( f (x)⊗ z0) =

∨

x∈X, z∈C
x ⊗ ( f (x)⊗ z)

= ∨

z∈C, x∈X
bz(x, f (x)) = ∨

z∈C
hz( f ) = ∨

z∈C
ξ( f, z).

Hence ξ is a bimorphism. Referring again to the universal property of the tensor

product, we obtain a unique join-preserving map (X ⊗ Y )⊗ Z aXY Z X ⊗ (Y ⊗ Z)

with aXY Z ( f ⊗ z) = ξ( f, z) = hz( f ) for all f ∈ X ⊗ Y and all z ∈ Z . In particular,
aXY Z ((x ⊗ y)⊗ z) = hz(x ⊗ y) = x ⊗ (y ⊗ z) for all x ∈ X , y ∈ Y and z ∈ Z , and
so aXY Z satisfies (2.22).

By analogy with the previous argumentation there exists a unique join-preserving
map

X ⊗ (Y ⊗ Z)
bXY Z (X ⊗ Y )⊗ Z

such that bXY Z (x ⊗ (y ⊗ z)) = (x ⊗ y)⊗ z for all x ∈ X , y ∈ Y and z ∈ Z . Since
every tensor is the join of an appropriate family of elementary tensors, we conclude
from

bXY Z
(
aXY Z ((x ⊗ y)⊗ z)

) = (x ⊗ y)⊗ z and aXY Z
(
bXY Z (x ⊗ (y ⊗ z))

) = x ⊗ (y ⊗ z)

that 1(X⊗Y )⊗Z = bXY Z ◦ aXY Z and 1X⊗(Y⊗Z) = aXY Z ◦ bXY Z holds. Hence aXY Z is
an order isomorphism. �


It is easily seen that a = (aXY Z )XY Z is a natural transformation

a : ⊗ ◦(⊗× idSup)→⊗ ◦ (idSup ×⊗).
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Since every tensor is a join of elementary tensors, it follows immediately from Lem-
ma 2.1.13 that the natural isomorphism a satisfies the pentagonal diagram (cf. (1) in
Sect. 1.1). Hence the bifunctor ⊗ is associative.

Lemma 2.1.14. (Unit object) Let X and Y be complete lattices and 1 = {0, 1} be

the chain with two elements. Then there exist order isomorphisms 1⊗ Y �Y Y and
X ⊗ 1

rX X such that the diagram

(X ⊗ 1)⊗ Y X ⊗ (1⊗ Y )

X ⊗ Y

aX1Y

rX⊗1Y 1X⊗�Y

(2.23)

is commutative. If X = Y = 1, then r1 and �1 coincide — i.e. r1 = �1.

Proof. By (2.17) the tensors f ∈ X ⊗ 1 and g ∈ 1⊗ Y have the form:

f = x0 ⊗ 1 where x0 =∨{x ∈ X | f (x) = 1},
g = 1⊗ y0 where y0 = g(1).

Hence the order isomorphisms rX and �Y are defined by rX (x ⊗ 1) = x and
�Y (1⊗ y) = y. It is easily seen that the diagram (2.23) is commutative and the
relation r1 = �1 holds. �


Obviously, the maps �X and rX are components of two natural isomorphisms
� : 1⊗ → idSup and r : ⊗ 1→ idSup. In this context Lemma 2.1.14 assures the
validity of coherence axiom (2) in Sect. 1.1.

The commutativity of the tensor product follows immediately from its universal
property by interchanging the variables.

Lemma 2.1.15. (Commutativity)Let X and Y be complete lattices. Then there exists
a unique order isomorphism X ⊗ Y cXY Y ⊗ X satisfying the condition:

cXY (x ⊗ y) = y ⊗ x (2.24)

for all x ∈ X and y ∈ Y . Moreover, the following diagram is commutative:

X ⊗ 1 1⊗ X

X

cX1

rX �X

(2.25)

Proof. Let πX and πY be the respective projections of the product X × Y in Sup.
By the universal property of the tensor product there exists a unique join-preserving

map X ⊗ Y cXY Y ⊗ X making the following diagram commutative:
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X × Y X ⊗ Y

Y × X Y ⊗ X

〈πY ,πX 〉

⊗

cXY

⊗

Obviously cXY satisfies the desired properties. �

Addition. In order to have a concrete perception of cXY we point out that cXY

coincides with the order isomorphism

X ⊗ Y = G (X, Y )
(·)+

G (Y, X) = Y ⊗ X

mentioned in Example 2.1.5 (cf. (2.3)).

Let F : Sup× Sup→ Sup× Sup be the endofunctor of Sup× Sup inter-
changing the “components” of Sup× Sup. Then c = (cXY )XY is a natural transfor-
mation c : ⊗ → ⊗ ◦ F. It follows immediately from Lemma 2.1.15 that c satisfies
the coherence axioms (3) and (4) in Sect. 1.1.

Moreover, since c is a natural isomorphism, the functors ⊗ X and homX also
form an adjoint situation ⊗ X � homX for each complete lattice X . If ε = (εY )Y

is the counit of (X ⊗ ) � homX , then the counit (evY )Y of ⊗ X � homX obvi-
ously has the form evY = εY ◦ c[X,Y ]X — i.e. evY ( f ⊗ x) = f (x). In this context we
introduce the following terminology.

If Z ⊗ X ξ Y is a join-preserving map, then the join-preserving map Z �ξ� [X, Y ] sat-
isfying the property ξ = evY ◦ (�ξ�⊗ 1X ) is called the monoidal adjoint map of ξ .

We summarize the previous results as follows.

Fact II. The septuple (Sup,⊗,1, a, c, �, r) is a symmetric and monoidal closed
category. If the self-duality of Sup determined by the construction of right adjoint
maps is added, then the octuple (Sup,⊗,1, a, c, �, r, op) is even a star-autonomous
category (for a full discussion of star-autonomous categories, we refer to [8, 9]).

As an immediate corollary of Theorem 1.1.4 and the previous Fact II we obtain
the following result.

Corollary 2.1.16. The tensor product in Sup preserves direct limits.

We finish this subsection with a discussion of some important lattice-theoretical
properties of the tensor product. In particular, we show that the tensor product pre-
serves continuity, complete distributivity, compactness of continuous lattices and
the property of being algebraic. The fact that the tensor product also preserves the
structure of frames will be postponed to Sect. 2.4, where we will study idempotent
quantales in more detail.

Recall that, given a complete lattice X and x1, x2 ∈ X , we say that x1 isway below
x2, and we write x1 � x2, if for any directed set D ⊆ X with x2 ≤∨

D there is a
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d ∈ D such that x1 ≤ d. An element x ∈ X is said to be compact if x � x . Hence
a complete lattice X is continuous (cf. [36, 37]) if and only if� is approximating,
i.e. x =∨{x ′ ∈ X | x ′ � x} for all x ∈ X . A complete lattice is algebraic if every
element of X is a join of a family of compact elements of X . Every algebraic lattice
is continuous. A complete lattice is compact if its universal upper bound is compact.

Following Raney (see [96, Definition 3 and Theorem 1]), we say that x1 ∈ X
is totally below x2 ∈ X , and we write x1 � x2, if for any subset A ⊆ X with
x2 ≤∨

A there is an a ∈ A such that x1 ≤ a. Hence a complete lattice X is com-
pletely distributive if and only if � is approximating, i.e. x =∨{x ′ ∈ X | x ′ � x}
for all x ∈ X .

Theorem 2.1.17. Let X and Y be complete lattices with at least two different ele-
ments and X ⊗ Y be its tensor product. Then the following equivalences hold:

(i) X ⊗ Y is continuous if and only if X and Y are continuous.
(ii) X ⊗ Y is completely distributive if and only if X and Y are completely distri-

butive.
(iii) X ⊗ Y is continuous and compact if and only if X and Y are continuous and

compact.

The proof of Theorem 2.1.17 is based on a sequence of lemmas. Since, in general,
joins in the tensor product are not computed pointwisely, we first give an explicit
description of directed joins. For this purpose we recall that a complete lattice X is
meet-continuous if for every x ∈ X and for every directed subset D of X the relation

x ∧ (
∨

D) = ∨

d∈D
(x ∧ d)

holds. Obviously, continuous lattices are meet-continuous.

Lemma 2.1.18. Let X be a continuous lattice and Y be a meet-continuous lattice.
If {gi | i ∈ I } is a directed subset of X ⊗ Y , then the join of {gi | i ∈ I } has the
following form: (∨

i∈I
gi

)
(x) = ∧

x ′�x

(∨

i∈I
gi (x ′)

)
, x ∈ X.

Proof. For every directed subset {gi | i ∈ I } of X ⊗ Y we define an antitone map

X
g0 Y by

g0(x) = ∨

i∈I
gi (x), x ∈ X.

Since Y is meet-continuous, g0 is finite join-reversing. In fact, the following holds:

g0(x1) ∧ g0(x2) = ∨

i, j∈I
gi (x1) ∧ g j (x2) = ∨

i∈I
gi (x1) ∧ gi (x2) = g0(x1 ∨ x2).

Now we smooth g0 and define a map X
ĝ0 Y by ĝ0(x) =∧

x ′�x g0(x ′) for each
x ∈ X . We show that ĝ0 is join-reversing. Since {x ′ ∈ X | x ′ � ⊥} = {⊥}, the value
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ĝ0(⊥) coincides with �. Hence it is sufficient to consider a nonempty subset A of
X . Since X is continuous and therefore the way below relation is approximating, for
every x �∨

A there exist finitely many

xk ∈ ⋃

a∈A
{x ∈ X | x � a}, k = 1, . . . , n

such that the relation x ≤∨n
k=1 xk holds. Now we apply the property that g0 is finite

join-reversing and obtain:

∧

a∈A
ĝ0(a) ≤

n∧

k=1
g0(xk) = g0

( n∨

k=1
xk

) ≤ g0(x).

Hence the relation ∧

a∈A
ĝ0(a) ≤ ∧

x�∨
A

g0(x) = ĝ0
(∨

A
)

follows — i.e. ĝ0 is join-reversing. Referring again to the continuity of X it follows
immediately from the construction that ĝ0 is the join of {gi | i ∈ I }. �

Lemma 2.1.19. Let X and Y be complete lattices, and let X be completely distribu-
tive. If {gi | i ∈ I } is a subset of X ⊗ Y , then the join of {gi | i ∈ I } has the following
form: (∨

i∈I
gi

)
(x) = ∧

x ′�x

(∨

i∈I
gi (x ′)

)
, x ∈ X.

Proof. For every subset {gi | i ∈ I } of X ⊗ Y we define a map X
f

Y by

f (x) = ∧

x ′�x

(∨

i∈I
gi (x ′)

)
, x ∈ X.

Since {x ′ ∈ X | x ′ � ⊥} = ∅, the relation f (⊥) = � is obvious. Further, since the
totally below relation � is approximating, for every nonempty subset A of X the
property ⋃

a∈A
{x ′ ∈ X | x ′ � a} = {x ′ ∈ X | x ′ �

∨
A}

holds. Hence
f (

∨
A) = ∧

a∈A

∧

x ′�a

(∨

i∈I
gi (x ′)

) = ∧

a∈A
f (a)

follows — i.e. f is join-reversing. Finally, if we apply again the property that � is
approximating in X , then we conclude immediately from the construction of f that
f is the join of {gi | i ∈ I }. Hence the assertion is verified. �

Lemma 2.1.20. Let X be a continuous lattice with x, a ∈ X and Y be a meet-
continuous lattice with y, b ∈ Y .

(a) If a �= ⊥ and b �= ⊥, then a � x and b � y if and only if a ⊗ b � x ⊗ y.
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(b) If x �= ⊥ and y �= ⊥, then x and y are compact if and only if x ⊗ y is compact.

Proof. Since (b) is a special case of (a), we only prove (a). We therefore assume
⊥ �= a � x and ⊥ �= b � y and consider a directed subset {gi | i ∈ I } of X ⊗ Y
with x ⊗ y ≤∨

i∈I gi . Since y ≤ (∨
i∈I gi

)
(x), the relation y ≤∨

i∈I gi (a) follows
fromLemma 2.1.18. Since {gi (a) | i ∈ I } is a directed subset ofY and b is way below
y, there exists an i ∈ I with b ≤ gi (a) — i.e. a ⊗ b ≤ gi . Hence a ⊗ b � x ⊗ y.
On the other hand, we assume a �= ⊥, b �= ⊥ and a ⊗ b � x ⊗ y. Then we consider
a directed subset U of X with x ≤∨

U . Hence {u ⊗� | u ∈ U } is a directed subset
of X ⊗ Y and the relation x ⊗ y ≤∨{u ⊗� | u ∈ U } holds. Since a ⊗ b is way
below x ⊗ y, there exists a u ∈ U with a ⊗ b ≤ u ⊗�. In particular, a ≤ u follows
from (2.16). Hence a is way below x . Analogously we show b � y. �

Lemma 2.1.21. Let X be a completely distributive lattice and Y be an arbitrary
complete lattice. Further, let x, a ∈ X and y, b ∈ Y . If a �= ⊥ and b �= ⊥, then
a � x and b � y if and only if a ⊗ b � x ⊗ y.

Proof. If we replace Lemma 2.1.18 by Lemma 2.1.19 and� by �, then the proof
of Lemma 2.1.20 (a) can be repeated verbatim. �

Proof of Theorem 2.1.17. In order to verify (i) we proceed as follows. Since the

embeddings X
jX X ⊗ Y and Y

jY X ⊗ Y preserve arbitrary meets and joins (cf.
(2.18)), we infer from the definition of continuity given supra that the continuity of
X and the continuity of Y are necessary for the continuity of X ⊗ Y . On the other
hand, if X and Y are continuous, then the continuity of X ⊗ Y follows from Lem-
ma 2.1.20 (a) and the fact that every tensor is the join of an appropriate family of
elementary tensors.

If in the previous argumentation we replace continuity by complete distributivity
and Lemma 2.1.20 (a) by Lemma 2.1.21, then we obtain a proof for (ii).

Finally, the equivalence in (iii) follows from (i) and Lemma 2.1.20 (b). �

Proposition 2.1.22. If X and Y are algebraic lattices, then the tensor product X ⊗ Y
is again algebraic.

Proof. The assertion follows from Lemma 2.1.20 (b) and the fact that every tensor
is a join of an appropriate family of elementary tensors. �


As an immediate corollary of Theorem 2.1.17 and Example 2.1.11 we obtain the
following result.

Corollary 2.1.23. Let (X, τ ) be a topological space and M be a continuous lattice.
Then the following equivalences hold:

(i) LSC(X, M) is continuous if and only if τ is continuous.
(ii) LSC(X, M) is completely distributive if and only if τ and M are completely

distributive.
(iii) LSC(X, M) is continuous and compact if and only if τ and M are continuous

and compact.
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2.1.3 The Tensor Product on Completely Distributive Lattices

Let CD be the category of completely distributive lattices with join- and meet-
preserving maps (see also Exercise 1.3.3 (e)). Hence CD is a subcategory of Sup.
Motivated by Theorem 2.1.17 (ii) we investigate the restriction of the tensor product
of Sup to CD.

By (2.7) and (2.8) it follows immediately from Theorem 2.1.8 that the univer-
sal bimorphism (x, y) �−→ x ⊗ y is meet-preserving. Hence every join- and meet-

preserving map X ⊗ Y h Z induces a meet-preserving bimorphism X × Y b Z
by

b(x, y) = h(x ⊗ y), x ∈ X, y ∈ Y.

This observation motivates the following:

Question 2.1.24. Does every meet-preserving bimorphism X × Y b Z have a

unique extension to a meet- and join-preserving map X ⊗ Y h Z such that the
diagram

X × Y X ⊗ Y

Z
b

⊗

h

is commutative?

The next example shows that the previous question does not always have a positive
answer.

Counterexample Let B be a complete and atomless Boolean algebra. Then the
binary meet operationB×B ∧ B is a meet-preserving bimorphism. We show that
the unique join-preserving map B⊗B w B making the diagram

B×B B⊗B

B
∧

⊗

w

commutative is not meet-preserving.
In the following we denote the complement of x ∈ B by x ′ and introduce a subset I
of B as follows:

I = {x ∈ B | x �= ⊥ and x ′ �= ⊥}.

For every x ∈ I we define a join-reversing map B
gx B by
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gx(z) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

⊥, z �≤ x and z �≤ x ′,
x, z ≤ x and z �= ⊥,

x ′, z ≤ x ′ and z �= ⊥,

�, z = ⊥.

z ∈ B

It is not difficult to confirm the relation gx = (x ⊗ x) ∨ (x ′ ⊗ x ′) (cf. Exercise 2.1.6).
Now we refer to the definition of w and observe:

w(gx) = w(x ⊗ x) ∨ w(x ′ ⊗ x ′) = (x ∧ x) ∨ (x ′ ∧ x ′) = �, x ∈ I.

Hence
∧

x∈I w(gx) = � follows. On the other hand, the meet of {gx | x ∈ I } (which
is computed pointwisely) coincides with the universal lower bound inB⊗B. In fact,
if z is an element of B with z �= ⊥, then we apply the property that B is atomless
and choose elements u, v ∈ B satisfying the following conditions:

u �= ⊥, v �= ⊥, u ∧ v = ⊥, u ∨ v = z.

Now we define x0 = u ∨ z′ and observe that x ′0 = v. Since z �≤ x0 and z �≤ x ′0, the
relation gx0(z) = ⊥ follows.
Sincew is join-preserving,wehavew

(∧
x∈I gx

) = ⊥. Thusw is notmeet-preserving.

The next theorem shows that under the complete distributivity of all three complete
lattices X , Y and Z the previous question has a positive answer. For this purpose we
recall that complete distributivity is preserved under the tensor product in Sup (cf.
Theorem 2.1.17 (ii) in Sect. 2.1.2).

Theorem 2.1.25. Let X, Y and Z be three completely distributive lattices, and

let X × Y b Z be a bimorphism in Sup which also preserves arbitrary meets.

Then there exists a unique join- and meet-preserving map X ⊗ Y hb Z making the
following diagram commutative:

X × Y X ⊗ Y

Z
b

⊗

hb
(D)

Proof. By Theorem 2.1.8 we know that there exists a unique join-preserving map

X ⊗ Y hb Z making the diagram (D) commutative. In particular, hb is determined
by (cf. (2.12))

hb( f ) = ∨

i∈I
b(xi , yi ), f = ∨

i∈I
xi ⊗ yi ∈ X ⊗ Y.

We have to show that hb preserves meets. Since b is meet-preserving, the relation
b(�,�) = � holds. Hence hb preserves the respective universal upper bounds —
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i.e. hb(�⊗�) = �. Now we choose a nonempty subset { fi | i ∈ I } of X ⊗ Y and
use the fact that every tensor fi is a join of an appropriate family of elementary
tensors — i.e. fi =∨

j∈Ji
(x(i, j) ⊗ y(i, j)). Since b is meet-preserving, we derive the

following relation from the complete distributivity of X ⊗ Y and Z :

∧

i∈I
hb( fi ) = ∧

i∈I

( ∨

j∈Ji

hb(x(i, j) ⊗ y(i, j))
)

= ∨

( ji )i∈I∈∏
i∈I Ji

(∧

i∈I
b(x(i, ji ), y(i, ji ))

)

= ∨

( ji )i∈I∈∏
i∈I Ji

b
((∧

i∈I
x(i, ji )

)
,
(∧

i∈I
y(i, ji )

))

= hb
( ∨

( ji )i∈I∈∏
i∈I Ji

(∧

i∈I
x(i, ji )

)⊗ (∧

i∈I
y(i, ji )

))

= hb
( ∨

( ji )i∈I∈∏
i∈I Ji

(∧

i∈I
(x(i, ji ) ⊗ y(i, ji ))

))

= hb
(∧

i∈I

( ∨

j∈Ji

(x(i, j) ⊗ y(i, j))
)) = hb

(∧

i∈I
fi
)
.

Hence the assertion is verified. �

As an immediate corollary of Theorems 2.1.17 (ii) and 2.1.25 we obtain that the

tensor product⊗ inSup induces a symmetric monoidal structure onCD. In fact, since

every pair of morphisms X1
h1 Y1 and X2

h2 Y2 in CD induces a meet-preserving

bimorphism X1 × X2
b Y1 ⊗ Y2 by:

b(x1, x2) = h1(x1)⊗ h2(x2), x1 ∈ X1, x2 ∈ X2

(where we have used the fact that the universal bimorphism (x, y) �−→ x ⊗ y is
meet-preserving), there exists a bifunctor CD× CD→ CD which assigns a meet and

join-preserving map X1 ⊗ X2
h1⊗h2 Y1 ⊗ Y2 to each pair of morphisms X1

h1 Y1

and X2
h2 Y2 such that the following diagram is commutative:

X1 × X2 X1 ⊗ X2

Y1 × Y2 Y1 ⊗ Y2

h1×h2

⊗

h1⊗h2

⊗

Obviously, the validity of the pentagonal diagram, the unit object 1 = {0, 1} and the
coherence axioms of a symmetry c is inherited by Sup. Hence (CD,⊗,1, �, r, c)
is a symmetric and monoidal category. In contrast to Sup we conjecture that
(CD,⊗,1, �, r, c) is not a (monoidal) closed category.
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Exercises

2.1.1. Let X be a complete lattice. Show that every idempotent and join-preserving
map X e X splits — i.e. there exists a complete lattice Y and join-preserving maps
X r Y and Y s X such that r ◦ s = 1Y and e = s ◦ r .
(Hint: Consider the quotient w.r.t. the closure operator associated with e.)

2.1.2. Let X
f

Z be a join-preserving map. Show that the pullback of an epimor-
phism along f is again an epimorphism.

2.1.3. Let X , Y and Z be complete lattices. For x ∈ X , y ∈ Y and z ∈ Z let us
view (x ⊗ y)⊗ z as a join-preserving map from X ⊗ Y to Zop. Show that the join-
preserving map x ⊗ (y ⊗ z) from X to [Y, Zop] is the monoidal adjoint map of
(x ⊗ y)⊗ z.

2.1.4. Let X and Y be complete lattices. Further, for each x, y ∈ X let us consider
a tensor fxy of X ⊗ Y having the form fxy = (x ⊗�) ∨ (�⊗ y). Show:

(a)

fxy(x ′) =
{
�, if x ′ ≤ x,

y, if x ′ �≤ x,
x ′ ∈ X.

(b) u ⊗ v ≤ fxy if and only if u ≤ x or v ≤ y.
(c) fx1 y1 ∧ fx2 y2 = f(x1∧x2)(y1∧y2) ∨ (x1 ⊗ y2) ∨ (x2 ⊗ y1).
(d)

∧
i∈I fxi yi =

∨
A⊆I

((∧
i∈A xi

)⊗ (∧
i /∈A yi

))
.

(e)
(∧

i∈I fxi yi

) ∧ (u ⊗ v) =∨
A⊆I

((
u ∧ (∧

i∈A xi
))⊗ (

v ∧ (∧
i /∈A yi

)))
.

(Hint to (c) – (d): Use (b) and the fact that every tensor is a join of an appropriate
family of elementary tensors. Further, apply the meet preservation of the universal
bimorphism.)

2.1.5. Let X be a complete lattice and C3 = {⊥, a,�} be the three-chain. Show that
the tensor product X ⊗ C3 is order isomorphic to the complete lattice

Z = {(x, y) ∈ X × X | x ≤ y}

provided with the partial order (x1, y1) ≤ (x2, y2) ⇐⇒ x1 ≤ x2 and y1 ≤ y2.

(Hint: Consider the following bimorphism X × C3
b Z determined by:

b(x,�) = (x, x), b(x, a) = (⊥, x), b(x,⊥) = (⊥,⊥), x ∈ X,

and use Exercise 2.1.6.)
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2.1.6. Let X and Y be complete lattices. If x1, x2 ∈ X and y1, y2 ∈ Y , then show
that the tensor f = (x1 ⊗ y1) ∨ (x2 ⊗ y2) has the following explicit form:

f (z) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

y1 ∨ y2, z ≤ x1 ∧ x2,

y1, z ≤ x1, z �≤ x2,

y2, z �≤ x1, z ≤ x2,

y1 ∧ y2, z �≤ x1, z �≤ x2, z ≤ x1 ∨ x2,

⊥, z �≤ x1 ∨ x2,

z ∈ X \ {⊥}.

2.1.7. Let (X, τ ) be a topological space, M be a complete lattice, and LSC(X, M)

be the complete lattice of all M-valued lower semicontinuous maps from X to M . If
τ and M are algebraic, show that LSC(X, M) is also algebraic.

2.1.8. Let X be a complete lattice and f ∈ X ⊗ X . Show that the pair ( f, f ) is a
contravariant Galois connection if and only if the relation x ≤ f ( f (x)) holds for all
x ∈ X .

2.1.9. Let X1
h X2 and Y1

k Y2 be join-preserving maps. Show that the right

adjoint map (h ⊗ k)� of X1 ⊗ Y1
h⊗k X2 ⊗ Y2 has the following form:

(h ⊗ k)�( f ) = k� ◦ f ◦ h, f ∈ X2 ⊗ Y2

where k� is the right adjoint map of k.

2.1.10. Let X , Y and Z be complete lattices, and let X × Y b Z be a bimorphism.
With every z ∈ Z we associate a tensor bz ∈ X ⊗ Y defined by (cf. Remark 2.1.6):

bz(x) =∨{y ∈ Y | b(x, y) ≤ z}.

If X ⊗ Y h Z is the unique join-preserving map extending b (i.e. b(x, y) =
h(x ⊗ y), x ∈ X , y ∈ Y ), then show that the following relation holds:

h( f ) =∧{z ∈ Z | f ≤ bz}, f ∈ X ⊗ Y.

2.1.11. Let X , Y and Z be complete lattices. Show that the following chain of
isomorphisms hold:

[X ⊗ Y, Z ] ∼= [Zop, [X, Y op]] ∼= [X, [Zop, Y op]] ∼= [X, [Y, Z ]] ∼= Bimorph(X × Y, Z).

Comment. The previous exercise was inspired by a personal communication to the
authors by M. Barr.
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2.2 Prequantales: The Basis of Quantales

A pair (X, ∗) is a prequantale if X is a complete lattice and X × X ∗ X is a
bimorphism of Sup — i.e. X × X ∗ X is a map in Set and is join-preserving in
each variable separately. Instead of ∗(x, y)we also write x ∗ y for x, y ∈ X . If (X, ∗)
is a prequantale, then ∗ is called the multiplication of X .

By the universal property of the tensor product in Sup the multiplication ∗ of a
prequantale X can be identified with a binary operation in the sense of Sup— i.e. a

join-preserving map X ⊗ X � X . In this context, the commutative diagram (2.11)
attains the following form

X × X X ⊗ X

X
∗

⊗

�

where⊗ denotes the universal bimorphism. Hence prequantales andmagmas inSup
are equivalent concepts, and we will not distinguish between them.

Since in the case of x �= ⊥ and y �= ⊥ every pair (x, y) can be identified with its
corresponding elementary tensor x ⊗ y (cf. (2.16)), the previous diagram suggests
the following simplification of notation.

Notation. Let (X, ∗) be a prequantale with its corresponding binary operation �.
Then we will also write x � y for �(x ⊗ y) where x, y ∈ X . Since now x ∗ y and
x � y coincide, it will depend on the context which kind of notation we will prefer.

Since the category Sup shares various properties with the category of abelian
groups—e.g. zero object, biproducts, (epi-mono)-factorization property and a tensor
product producing a symmetric and monoidal closed structure (see Sect. 2.1), a
prequantale can therefore be viewed as a “non-associative ring-like object” — the
formation of joins plays the rôle of addition, while ∗ is the ring multiplication.

Before we proceed, we first present an interesting class of examples of prequanta-
les induced by non-associative algebras.

Example 2.2.1. Let g = (V, [ , ]) be a finite-dimensional real or complex Lie
algebra (cf. [45, Definition 2.36 on p. 53]). Then V is a finite-dimensional real

or complex vector space, and V × V
[ , ]

V is a bilinear map which is alternating
(i.e. [a, a] = 0 for each a ∈ V ) and satisfies the Jacobi identity:

[a, [b, c]] + [b, [c, a]] + [c, [a, b]] = 0, a, b, c ∈ V .

The map [ , ] is also called Lie bracket.
Now letX(V )be the lattice of all linear subspacesU ofV ordered by set-inclusion.

Obviously,meets inX(V ) are intersections of subspaces, and joins inX(V ) are given
by the linear hull of unions of subspaces.
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The Lie bracket induces a binary operation on X(V ) as follows:

U ∗W = linear hull of {[a, b] | a ∈ U, b ∈ W }, U, W ∈ X(V ).

Since the Lie bracket is bilinear, the operation ∗ is join-preserving in each variable
separately. Hence (X(V ), ∗) is a prequantale.

As a first simple property we mention the unitalization of prequantales. In this
context we recall that a prequantale (X, ∗) is unital if (X, ∗) has a unit e — i.e.
x ∗ e = x = e ∗ x for all x ∈ X . Referring to Sect. 1.1 the unitalization of prequan-
tales always exists (for details, see Exercise 2.2.2).

A homomorphism between prequantales2 (X, ∗) and (Y, ∗) is a homomorphism

between magmas in Sup; this means that X h Y is join-preserving and also
preserves the respective multiplications — i.e. h(x1 ∗ x2) = h(x1) ∗ h(x2) for all
x1, x2 ∈ X . A homomorphism h is unital if h preserves the respective units eX and
eY — i.e. h(eX ) = eY .

In order to give a characterization of homomorphisms we need some more termi-

nology. Let (X, ∗) and (Y, ∗) be prequantales. An isotone map (X,≤) h (Y,≤) is
said to be closed if the relation h(x1) ∗ h(x2) ≤ h(x1 ∗ x2) holds for all x1, x2 ∈ X .

Proposition 2.2.2. Let (X, ∗) and (Y, ∗) be prequantales. Further, let X h Y be a

join-preserving map and Y h� X its right adjoint map. Then the following assertions
are equivalent:

(i) h and h� are closed maps.
(ii) h is a homomorphism.

Proof. If h� is closed, then x1 ∗ x2 ≤ h�(h(x1)) ∗ h�(h(x2)) ≤ h�(h(x1) ∗ h(x2))
for all x1, x2 ∈ X . Hence h(x1 ∗ x2) ≤ h(x1) ∗ h(x2) follows. If h is also closed,
then h is a homomorphism. On the other hand, if h is a homomorphism, then
weobtainh

(
h�(y1) ∗ h�(y2)

) = h
(
h�(y1)

) ∗ h
(
h�(y2)

) ≤ y1 ∗ y2 for all y1, y2 ∈ Y .
Hence the closedness of h� follows. �


Prequantales and homomorphisms form a category denoted by Pq. In the follow-
ing considerations we will focus on the categorical properties of prequantales.

As a first important property we show that Pq is isomorphic to the Eilenberg–
Moore category of the composite monad DwnT, where Dwn is the monad of down-
closed sets and T is the term monad of a single binary operator symbol on Preord
(cf. Sect. 1.3.2). In this sense prequantales have deep roots in the category of pre-
ordered sets.

Since a prequantale (X, ∗) has two structures — on one hand a preordered
groupoid (X,≤, ∗) and on the other hand a complete lattice (X,≤), we identify

2In order to avoid a cumbersome notation the multiplication of prequantales is denoted by ∗ on
both sides.
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(X,≤, ∗) with a structure map T(X,≤)
ξ1 (X,≤) in the sense of T and the for-

mation supX of arbitrary joins with a structure map (Dwn(X),⊆)
ξ2 (X,≤) in

the sense of Dwn. If we now consider the Minkowski multiplication � on Dwn(X)

induced by ∗, which is intrinsically related to the distributive law ofDwn over T (see
Sect. 1.3.2), then it is easily seen that the distributive law between the multiplication
and the formation of arbitrary joins in a prequantale means the commutativity of the
diagram

Dwn(X)× Dwn(X) X × X

Dwn(X) X

�

supX × supX

∗
supX

(2.26)

— i.e. ξ2 is a T-homomorphism. Hence we conclude from Proposition 1.2.15 and
the subsequent comment that ξ2 ◦ Dwn(ξ1) is a structure map of a DwnT-algebra on
(X,≤).

On the other hand, given a DwnT-algebra ((X,≤), ξ), ξ can be decomposed into
a T-algebra

(
(X,≤), ξ1

)
and a Dwn-algebra

(
(X,≤), ξ2

)
such that the following

relations hold (cf. Theorem 1.2.14):

ξ = ξ2 ◦ Dwn(ξ1) and ξ ◦ σX = ξ1 ◦ T(ξ2). (2.27)

Hence (X,≤) is a complete lattice, and
(
(X,≤), ξ1

)
can be identified with a preor-

dered groupoid (X,≤, ∗). Moreover, the second property in (2.27) means that supX
is a groupoid homomorphism (cf. (2.26)). Hence ∗ satisfies the required distributive
law — this means that ∗ is a bimorphism in Sup.

Since DwnT-homomorphisms are join-preserving maps which are simultane-
ously groupoid homomorphisms (cf. Theorem 1.2.16), we can summarize the pre-
vious results as follows.

Fact I. The category Pq of prequantales is isomorphic to the Eilenberg–Moore
category of the composite monad DwnT on Preord.

Because of the previous fact, completeness of Pq is inherited from Preord. In
particular, limits in Pq are computed at the level of Preord.

Since it appears thatPq does not have a self-duality, the investigation of colimits is
more complicated than what we have encountered in Sup. For example, we leave the
characterization of epimorphisms in Pq as an open problem to the reader. Therefore
we turn directly to regular epimorphisms. For this purpose we need an adaptation of
closure operators to the situation given by prequantales.

Definition 2.2.3. Let (X, ∗) be a prequantale. A closure operator c on X is called a
nucleus on (X, ∗) if c is compatible with the multiplication ∗ in the following sense:

c(x1) ∗ c(x2) ≤ c(x1 ∗ x2), x1, x2 ∈ X.
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Example 2.2.4. Let X h Y be a homomorphism between prequantales (X, ∗) and
(Y, ∗). If ch = h� ◦ h is the closure operator on X associated with h, then we infer
from Proposition 2.2.2 that ch is always a nucleus on (X, ∗).

By analogy with closure operators, the set N(X, ∗) of all nuclei on (X, ∗) is a
complete lattice with respect to the partial order defined by

c1 ≤ c2 ⇐⇒ c1(x) ≤ c2(x) for all x ∈ X.

In particular, meets in N(X, ∗) are again computed pointwisely.
The first important observation is that the range of every nucleus c on a prequan-

tale (X, ∗) gives rise to a prequantale (c(X), �). In fact, the multiplication � is given
by

c(x1) � c(x2) = c(c(x1) ∗ c(x2)) = c(x1 ∗ x2), x1, x2 ∈ X. (2.28)

Obviously, (c(X), �) is a prequantale and the quotient map X πc c(X) is a surjec-
tive homomorphism in Pq. We call (c(X), �) the regular quotient of (X, ∗) w.r.t. c
and will justify this terminology in the following. We begin with the construction
of coequalizers in Pq. As a first step we present an analogue of the factorization
Lemma 2.1.3.

Lemma 2.2.5. Let X π Z be a surjective homomorphism and X h Y be an arbi-
trary homomorphism between prequantales with the associated nuclei cπ and ch

on X. Then h factors through π — i.e. the commutativity of the following diagram
holds:

X Z

Y
h

π

k

if and only if the relation cπ ≤ ch is valid.

Proof. The necessity of cπ ≤ ch is evident. On the other hand, if cπ ≤ ch , then we
conclude from the proof of Lemma 2.1.3 that h ◦ π� is left adjoint to π ◦ h�. By
Proposition 2.2.2 both isotone maps h ◦ π� and π ◦ h� are closed. Hence by The-
orem 1.3.7 and again by Proposition 2.2.2 the map k = h ◦ π� is a homomorphism
between prequantales. Obviously h = k ◦ π holds — i.e. h factors through π . �

Theorem 2.2.6. The coequalizer of every pair of parallel homomorphism in Pq
exists.

Proof. Let R
h1

h2
X be a pair of parallel homomorphisms between prequantales and

F be the set of all nuclei c on (X, ∗) satisfying the following condition:

c(h1(r)) = c(h2(r)), r ∈ R.
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Since the meet of nuclei is computed pointwisely, the meet c0 of F belongs to F.

Further, let (c0(X), �) be the regular quotient of (X, ∗) w.r.t. c0 and X
πc0 c0(X)

be the corresponding quotient map. Then πc0 ◦ h1 = πc0 ◦ h2 follows. If X k Z is
a further homomorphism with k ◦ h1 = k ◦ h2, then the associated nucleus ck is an
element of F. Then we infer from Lemma 2.2.5 that k factors through πc0 . Since
πc0 is surjective, the factorizing homomorphism is unique. Hence

(
πc0 , (c0(X), �)

)

is the coequalizer of R
h1

h2
X . �


The proof of the previous theorem implies that every coequalizer in Pq can be
viewed as a surjective homomorphism. The next theorem reveals that every surjective
homomorphism in Pq is the coequalizer of its kernel pair.

Theorem 2.2.7. Let X h Y be a surjective homomorphism between prequantales

and R
p
q X be the kernel pair of h. Then the diagram

R X

X Y

p

q

h

h

(2.29)

is a pullback and a pushout square — i.e. a pulation square in Pq.

Proof. By definition the diagram (2.29) is a pullback square. Further, we choose

homomorphisms X
k
l Z with k ◦ p = l ◦ q. Then we conclude from the proof of

Theorem 2.1.2 that the following properties hold:

k = l and k ◦ h� � h ◦ k�.

Since k ◦ h� and h ◦ k� are closed maps, Y k◦h� Z is a homomorphism from (Y, ∗)
to (Z , ∗). In particular, (k ◦ h�) ◦ h = k holds (cf. Proof of Theorem 2.1.2). Hence
the universal property of pushouts in Pq follows. �


We can summarize the previous results as follows.

Fact II. Regular epimorphisms of Pq and surjective homomorphisms between pre-
quantales are equivalent concepts.

Since the forgetful functor from Preord to the category Set (of sets and maps)
has a left adjoint functor, we derive the following important result from the previous
Facts I, II and Theorem 2.2.6.

Corollary 2.2.8. The category Pq of prequantales is algebraic.

It follows from the general theory of algebraic categories that Pq has the (regular
epi, mono)-factorization property and coproducts (cf. [47, Corollary 32.13 and The-
orem 32.14]). For the convenience of the reader we will give here direct proofs of
these properties.
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Since the associated closure operator of every homomorphism between prequan-
tales is a nucleus (cf. Example 2.2.4), it follows immediately from Lemma 2.2.5 that

every homomorphism (X, ∗) h (Y, ∗) has a unique decomposition (up to isomor-
phism)

X ch(X)

Y
h

πch

mh

into an regular epimorphism πch determined by the nucleus ch and followed by a
monomorphism mh defined by mh(x) = h(x) for all x ∈ ch(X). In particular, the
partially ordered set of all regular quotient objects of a given prequantale (X, ∗) is
order isomorphic to the complete lattice N(X, ∗) of all nuclei on (X, ∗).

As a preparation of the construction of coproducts in Pq, we conclude from
Fact II in Sect. 2.1 and Corollary 1.1.5 that for every complete lattice X the free
magma (X �, m X � ) exists. We record this result as follows.

Theorem 2.2.9. (Free prequantales) Let X be a complete lattice. Then there exists

a prequantale (X �, ∗�) and a join-preserving map X ηX X � such that for every

further prequantale (Y, ∗) and for every further join-preserving map X h Y there

exists a unique homomorphism (X �, ∗�)
h�

(Y, ∗) such that the following diagram
is commutative:

X X �

Y
h

ηX

h�

Let {(Xi , ∗i ) | i ∈ I } be a family of prequantales. As a first step we form the
coproduct C = 
i∈I Xi of the family {Xi | i ∈ I } in Sup with the corresponding co-

product injections Xi
qi C . Subsequently we consider the free prequantale (C�, ∗�)

generated by the complete lattice C . Now we introduce the set F of all nuclei c on
(C�, ∗�) satisfying the following condition:

c
(
(ηC ◦ qi )(xi ) ∗� (ηC ◦ qi )(yi )

) = c
(
(ηC ◦ qi )(xi ∗i yi )

)

for all xi , yi ∈ Xi and for all i ∈ I . Finally, let c0 be the meet of F in N(C�, ∗�).
Then c0 is again an element of F.

Now we construct the regular quotient (X0, ∗) of (C�, ∗�) and the corresponding

join-preserving quotient map C� πc0 X0. Finally, for every i ∈ I we introduce a

join-preserving map Xi
ρi X0 by ρi = πc0 ◦ ηC ◦ qi .

It follows from the construction of X0 = c0(C�) that Xi
ρi X0 is a homomor-

phism for all i ∈ I . We show that (X0, ∗) is the coproduct of F with the coproduct
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injections ρi where i is varying in I . For this purpose we consider a further prequan-

tale (Y, ∗) and homomorphisms Xi
hi Y for all i ∈ I . We have to show that there

exists a unique homomorphism X0
h0 Y such that h0 ◦ ρi = hi holds for all i ∈ I .

(Uniqueness) Since h0 ◦ πc0 ◦ ηC ◦ qi = hi = (
i∈I hi ) ◦ qi , we conclude from
the universal property of coproducts in Sup that the relation h0 ◦ πc0 ◦ ηC = 
i∈I hi

holds. Hence h0 ◦ πc0 =
(
i∈I hi

)�
follows from Theorem 2.2.9. Since πc0 is surjec-

tive, the uniqueness of h0 follows.
(Existence) With regard to the existence of h0, the previous argumentation sug-

gests to verify the factorization of
(
i∈I hi

)�
throughπc0 . If c̃ is the nucleus associated

with
(
i∈I hi

)�
, then we infer from Lemma 2.2.5 that it is sufficient to show c0 ≤ c̃.

For this purpose we fix j ∈ I and choose x j , y j ∈ X j . Now we observe:

(
i∈I hi
)�(

ηC(q j (x j )) ∗� ηC(q j (y j ))
)

= ((
i∈I hi
)�

(ηC(q j (x j )))
) ∗ ((
i∈I hi

)�
(ηC(q j (y j )))

)

= h j (x j ) ∗ h j (y j )

= h j (x j ∗ j y j )

= (
i∈I hi
)�(

ηC(q j (x j ∗ j y j ))
)
.

Hence c̃ is an element of F, and c0 ≤ c̃ follows.
As the readermight have noticed, the construction of coproducts of prequantales is

not simple, but rather complicated inPq. Therefore it would bemost desirable to have
a method at our disposal which simplifies the situation under certain restrictions. In
Sect. 2.5 we will see that the tensor product will play such a rôle (cf. Theorem 2.5.9).

2.2.1 Left- and Right-Implication

In this subsection we prefer to understand prequantales as magmas (X,�) in Sup
and make repeated use of the self-duality in Sup. First we are interested in the right
adjoint map of binary operations in Sup.

Theorem 2.2.10. Let (X,�) be a magma in Sup. Then the right adjoint map

Xop Γ�
(X ⊗ X)op = [X, Xop] of the binary operation � has the following form:

[Γ�(z)](x) = x ↘ z :=∨{y ∈ X | x ∗ y ≤ z}, z, x ∈ X. (R)

Proof. Let us recall that the tensor product X ⊗ X inSup is the complete lattice of all

join-reversing maps X
g

X . Since every tensor is an appropriate join of elementary
tensors, for every z ∈ X we have to compute the join of the following subset of
X ⊗ X :

Az = {x ⊗ y ∈ X ⊗ X | x � y ≤ z}.
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Further,we recall x � y = x ∗ y and the equivalence x ⊗ y ≤ g ⇐⇒ y ≤ g(x) (cf.
(2.15)). Thus we have to determine the meet of the following subset Bz of X ⊗ X :

Bz = {g ∈ X ⊗ X | x ∗ y ≤ z =⇒ y ≤ g(x)}.

Obviously, every g ∈ Bz satisfies the property
∨{y ∈ X | x ∗ y ≤ z} ≤ g(x) for all

x ∈ X . Hence the correspondence x �−→∨{y ∈ X | x ∗ y ≤ z} is the smallest join-
reversing map contained in Bz . Thus (R) is verified. �


Since Sup is a symmetric and monoidal closed category, every binary operation

X ⊗ X � X induces a join-preserving map X ⊗ Xop �
Xop by

� = εXop ◦ (1X ⊗ Γ�), (2.30)

where X ⊗ [X, Xop] εXop
Xop is the evaluation arrow of X ⊗ � homX . If we

evaluate � at elementary tensors of X ⊗ Xop, then we conclude from (2.30) and
Theorem 2.2.10 that the relation

� (x ⊗ z) = x ↘ z, x, z ∈ X (2.31)

holds. Therefore � is also called the right-implication of � (respectively of ∗).
In order to define the left-implication of � we proceed as follows. Since Sup has

a symmetry c (cf. Lemma 2.1.15), we first recall that the transposed multiplication
of � is determined by:

�τ = � ◦ cX X — i.e. x1 ∗τ x2 = x2 ∗ x1, x1, x2 ∈ X.

Then the left-implication Xop ⊗ X
�

Xop of � is defined as the composition of
cXop X with the right-implication of the transposed multiplication �τ . Hence � is
explicitly given by

� = evXop ◦ (Γ�τ ⊗ 1X ). (2.32)

In this context, the evaluation of � at elementary tensors now attains the following
form:

� (z ⊗ y) = z ↙ y := ∨{x ∈ X | x ∗ y ≤ z}, z, y ∈ X. (2.33)

As we will see later, the right- and left-implication will play a basic rôle in the theory
of modules in Sup (cf. Sect. 3.1). In particular, the right- (left-)implication coincides
with the formation of right- (left-)residuals (cf. [14, p. 325]).

A left unit of a prequantale (X, ∗) (resp. magma (X,�) in Sup) is a join-
preserving map 1 e X such that the diagram
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1⊗ X X ⊗ X

X
�X

e⊗1X

�

is commutative. If we identify the join-preserving map e with its value at 1, then this
means e ∗ x = x for all x ∈ X . The concept of a right unit is defined analogously,
via the commutativity of the diagram:

X ⊗ 1 X ⊗ X

X

rX

1X⊗e

�

In fact, e is the unit of a magma (X,�) in Sup (cf. Sect. 1.1) if and only if e is a left
unit and a right unit.

After these preliminaries we will show that a left (resp. right) unit can be charac-
terized by the right-implication (resp. left-implication) of the corresponding multi-
plication.

Theorem 2.2.11. Let (X,�) be a magma in Sup and � be the right-implication of
�. A join-preserving map 1 e X is a left unit of (X,�) if and only if the following
diagram is commutative:

1⊗ Xop X ⊗ Xop

Xop

�Xop

e⊗1Xop

�

Proof. By thedefinitionof the natural isomorphism � (see the proof ofLemma2.1.14)
the diagram

1⊗ Xop

1⊗ [1, Xop] Xop

11⊗��X
�Xop

εXop

is commutative. Further, the right adjoint map of 1⊗ X e⊗1X X ⊗ X is the evalu-
ation at e — i.e. m �−→ m(e) for all m ∈ [X, Xop] (see Exercise 2.1.9). Hence the
diagram
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1⊗ [X, Xop] X ⊗ [X, Xop]

1⊗ [1, Xop] Xop

11⊗(e⊗1X )�

e⊗1[X,Xop ]

εXop

εXop

is also commutative. Since�� coincides with Γ�, we now put the previous diagrams
together and observe

1⊗ [X, Xop]

1⊗ Xop 1⊗ [1, Xop] X ⊗ [X, Xop]

Xop

11⊗(e⊗1X )�
e⊗1[X,Xop ]

�Xop

11⊗��

11⊗��X

εXop
εXop

Hence the assertion follows. �

Corollary 2.2.12. Let (X,�) be a magma in Sup and � be the left-implication of
�. A join-preserving map 1 e X is a right unit of (X,�) if and only if the following
diagram is commutative:

Xop ⊗ 1 Xop ⊗ X

Xop

rXop

1Xop⊗e

�

Proof. Since e is a right unit of (X,�) if and only if e is a left unit of the transposed
magma (X,�τ ), the assertion follows immediately from the construction of � and
Theorem 2.2.11. �


We finish this subsection with an example describing the MacNeille completion
of residuated preordered groupoids.

Example 2.2.13. Anpreordered groupoid (X, ·,≤) is called residuated if there exists
two further binary operations ↘ and ↙ on X (in the sense of Set) satisfying the
following condition for all x, y, z ∈ X :

y ≤ x ↘ z ⇐⇒ x · y ≤ z ⇐⇒ x ≤ z ↙ y. (RR)

By (R), (2.31) and (2.33), the underlying groupoid of any prequantale is residuated.
On the other hand, we will show that the MacNeille completion of any residuated
preordered groupoid is a prequantale such that the corresponding “embedding” pre-
serves the respective multiplications and formations of residuals. For this purpose
we maintain the notation from Example 2.1.4 (a).
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Let (X,≤, ∗,↘,↙) be a residuated groupoid. In order to prove that the Mac-
Neille completion X̂ of the underlying preordered set (X,≤) is a prequantale it is
sufficient to show that the closure operator C = L ◦ U is a nucleus with respect to
the Minkowski multiplication � on Dwn(X) induced by ∗. If A and B are down-
closed subsets of X , then we choose u ∈ C(A), v ∈ C(B) and z ∈ U(A � B). Since
a ∗ b ≤ z holds for all a ∈ A and b ∈ B, we infer from (RR) that a ↘ z is an upper
bound of B for all a ∈ A. Hence v ≤ a ↘ z follows for all a ∈ A. Applying (RR)
again we obtain that z ↙ v is an upper bound of A. In particular, we have u ≤ z ↙ v.
So, u ∗ v ≤ z follows — i.e. C(A) � C(B) ⊆ C(A � B).

Obviously, ηX preserves the respectivemultiplications. Further, we conclude from
(RR) that the following equivalences hold:

↓x � A ⊆ ↓y ⇐⇒ A ⊆ ↓(x ↘ y),

A � ↓x ⊆ ↓y ⇐⇒ A ⊆ ↓(y ↙ x).

Hence ηX also preserves the respective formation of residuals.

As a trivial corollary of the previous example we obtain that every prequantale
(X, ∗) is a regular quotient of the complete latticeDwn(X) of all downclosed subsets
of X provided with the Minkowski multiplication induced by ∗.

2.2.2 Involutive Prequantales

In this subsection we enrich prequantales with an involution which is also an anti-
homomorphism. For this purpose we first briefly review the category of involutive
lattices.

Let X be a complete lattice. An isotone map X ιX X is called an involution on
X if ιX ◦ ιX = 1X . Since involutions are always automorphisms, every involution on
a complete lattice is join- and meet-preserving. A pair (X, ιX ) is called an involu-
tive lattice if X is a complete lattice and ιX is an involution on X . Let (X, ιX ) and

(Y, ιY ) be involutive lattices. A join-preserving map X h Y is said to be involutive
if the relation h ◦ ιX = ιY ◦ h holds. Obviously, involutive lattices and involutive
join-preserving maps form a category, which we denote by ISup.

Lemma 2.2.14. Let (X, ιX ) and (Y, ιX ) be involutive lattices and X h Y be a join-

preserving map. Then (X, ιX ) h (Y, ιY ) is a morphism in ISup if and only if its

right adjoint (Y op, ιY ) h� (Xop, ιX ) is a morphism in ISup.

Proof. Let X h Y be an involutive and join-preserving map. Since the following
chain of equivalences holds for all x ∈ X and y ∈ Y :

x ≤ ιX
(
h�(ιY (y))

) ⇐⇒ h(x) = ιY
(
h(ιX (x))

) ≤ y ⇐⇒ x ≤ h�(y),
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the right adjoint map h� of h is involutive. The converse implication follows by an
application of the principle of duality. �


Obviously, the self-duality of ISup follows immediately from Lemma 2.2.14.
A further property is the simple fact that every complete lattice gives rise to an
involutive lattice X × X provided with the involution ιX×X defined by

ιX×X (x1, x2) = (x2, x1), (x1, x2) ∈ X × X.

We will show that (X × X, ιX×X ) is the free involutive lattice generated by X where

the corresponding embedding X
ηX X × X is given as follows:

ηX (x) = (x,⊥), x ∈ X.

Proposition 2.2.15. Let X be a complete lattice, (Y, ιY ) be an involutive lattice

and X h Y be a join-preserving map. Then there exists a unique involutive and

join-preserving map X × X �h� Y making the following diagram commutative:

X X × X

Y

ηX

h
�h� (I)

Proof. (a) (Uniqueness). Since �h� is involutive, the commutativity of diagram (I)
means:

ιY (h(x)) = (ιY ◦ �h�)(x,⊥) = �h�(⊥, x), x ∈ X.

Subsequently, we use the property that �h� is join-preserving. Hence we obtain:

h(x1) ∨ ιY (h(x2)) = �h�(x1, x2), (x1, x2) ∈ X × X. (2.34)

(b) (Existence)We define �h� by (2.34). Then �h� is join-preserving and the diagram
(I) is commutative. Further, the following relation holds for all (x1, x2) ∈ X × X :

ιY (�h�(x1, x2)) = ιY (h(x1)) ∨ h(x2) = �h�(x2, x1) = �h�(ιX×X (x1, x2)).
�


As an immediate corollary of Proposition 2.2.15 we obtain that the forgetful
functor U : ISup→ Sup has a left adjoint functor F : Sup→ ISup. The monad I
induced by this adjoint situation F � U is called the monad of involutive lattices (for
details, see Exercise 2.2.5).

Definition 2.2.16. (a) Let (X, ∗) and (Y, ∗) be prequantales. A join-preserving map

X h Y is called an anti-homomorphism if h(x1 ∗ x2) = h(x2) ∗ h(x1) holds for all
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x1, x2 ∈ X . Hence an anti-homomorphism means a homomorphism from X to Y
where Y is provided with the transposed multiplication of Y .
(b) A triple (X, ∗, ιX ) is an involutive prequantale if (X, ιX ) is an involutive lattice,
(X, ∗) is a prequantale and the involution ιX is an anti-homomorphism.
(c) Let (X, ∗, ιX ) and (Y, ∗, ιY ) be involutive prequantales. A join-preserving map

X h Y is an involutive homomorphism if h is a homomorphism between prequan-
tales and an involutive, join-preserving map between involutive lattices.

Since prequantales are magmas in Sup, involutive prequantales are involutive
magmas in Sup. Further, free magmas in Sup generated by complete lattices X
are always denoted by (X �,��). In this context we also refer to the F⊗-term monad
T = (T, η, μ) (of a single binary operator symbol) onSup and recall the construction
of the F⊗-term functor T (see Sect. 1.1.1 and Appendix A.1 in the special case
C0 = Sup):

T(X) = X �, X h Y, T(X)
T(h) T(Y ), T(h) = (ηY ◦ h)�.

The next theorem and the subsequent corollaries can be understood as a confir-
mation that there exists a distributive law of the endofunctor T over the monad I of
involutive lattices.

Theorem 2.2.17. Let (X, ιX )be an involutive lattice and (X �,��)be the free magma
in Pq generated by the complete lattice X with the corresponding join-preserving

embedding X ηX X �. On X � there exists a unique isotone involution X � ιX� X �

satisfying the following conditions:

(A1) ιX � ◦ ηX = ηX ◦ ιX .
(A2) (X �,��, ιX � ) is an involutive magma.

Proof. Let (X, ιX ) be an involutive lattice, and (��)
τ be the transposed multipli-

cation of X �. Then we conclude from Theorem 2.2.9 that there exists a unique
homomorphism

(X �,��)
ιX�

(
X �, (��)

τ
)

satisfying (A1). Obviously ιX � is an anti-homomorphism from (X �,��) to (X �,��).
Since ιX � is also a homomorphism from

(
X �, (��)

τ
)
to (X �,��), it follows from

the uniqueness of the extension of join-preserving maps to homomorphisms on free
prequantales (see again Theorem 2.2.9) that ιX � ◦ ιX � = 1X � holds — i.e. ιX � is an
involution on X �. Hence condition (A2) is verified. �


The next corollary reveals that the involutive magma (X �,��, ιX � ) constructed in
Theorem 2.2.17 (i.e. ιX � satisfies (A1)) is the free involutive magma generated by
the involutive lattice (X, ιX ).

Corollary 2.2.18. Let (X, ιX ) be an involutive lattice, (X �,��) be the free magma
generated by X, and let ιX � be the involution on (X �,��) satisfying the conditions



2.2 Prequantales: The Basis of Quantales 85

(A1) and (A2) in Theorem 2.2.17. Further, let (Y, ∗, ιY ) be an involutive prequantale

and X h Y be an involutive and join-preserving map. Then there exists a unique

involutive homomorphism X � h�

Y making the following diagram commutative

X X �

Y
h

ηX

h�

Proof. Let h� be the unique extension of h to a homomorphism from (X �,��) to
(Y, ∗). We have to show that h� is involutive. Obviously, h� is also a homomorphism

from
(
X �, (��)

τ
)
to (Y, ∗τ ). Hence (X �,��)

h�◦ιX�

ιY ◦h� (Y, ∗τ ) is a pair of homomor-

phisms. Now we invoke (A1) and obtain:

h� ◦ ιX � ◦ ηX = h� ◦ ηX ◦ ιX = h ◦ ιX = ιY ◦ h = ιY ◦ h� ◦ ηX .

Since the extension to homomorphisms is unique, h� ◦ ιX � and ιY ◦ h� coincide —
i.e. h� is involutive. �

Corollary 2.2.19. Let (X, ιX ) and (Y, ιY ) be involutive lattices, and let

X � = T(X)
ιX� T(X) = X � and Y � = T(Y )

ιY � T(Y ) = Y �

be the involutions satisfying conditions (A1) and (A2) in Theorem 2.2.17. If X h Y

is a morphism in ISup, then T(X)
T(h) T(Y ) is not only a homomorphism between

prequantales, but also a morphism of ISup.

Proof. By (A1) the map ηY is involutive and a fortiori join-preserving. Hence in the
case of ηY ◦ h the hypothesis of Corollary 2.2.18 is satisfied. Since T(h) coincides
with (ηY ◦ h)�, the assertion follows from Corollary 2.2.18. �


If we now combine Corollary 2.2.19 with Theorem 1.2.7, then it is evident that
there exists a distributive law σ : IT→ TI of the F⊗-term functor T over the monad
I of involutive lattices.

In the next step we verify that the composite monad TI exists in the sense of σ .
For this purpose we have to confirm the assumptions of Beck’s Theorem (cf. Theo-
rem 1.2.12). Obviously, the assertion (i) of Lemma 1.2.8 follows immediately from
condition (A1) (cf. Theorem 2.2.17). In fact, if (X, ιX ) is an involutive lattice, then
(A1) means that the X -component of the unit of the F⊗-term monad T is involutive.
The assertion (i) of Lemma 1.2.10 in the setting of the monads I and T is the subject
of the next proposition.

Proposition 2.2.20. Let (X, ιX ) be an involutive lattice, and let (X �,��, ιX � ) and(
(X �)�, (��)�, ι(X �)�

)
be the involutive magmas constructed in Theorem 2.2.17.
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Then the X-component (X �)� = TT(X)
μX T(X) = X � of the multiplication of the

F⊗-term monad T is involutive.

Proof. First we recall that the X -component T(T(X))
μX T(X) of the multiplica-

tion of T is also a homomorphism w.r.t. the transposed multiplications
(
(��)�

)τ
and

(��)
τ . Hence

(
(X �)�, (��)�

) μX◦ι(X�)�

ιX�◦μX

(
X �, (��)

τ
)

are homomorphisms. Since μX ◦ ηT(X) = 1X � , we infer from (A1) that the following
relation holds:

ιX � ◦ μX ◦ ηT(X) = μX ◦ ηT(X) ◦ ιX � = μX ◦ ι(X �)� ◦ ηT(X).

Since the extension of a join-preserving map to a homomorphism is unique, the
homomorphisms ι

�

X � ◦ μX and μX ◦ ι(X �)� necessarily coincide. Thus μX is involu-
tive. �


The previous results show that we have verified the assumptions of Beck’s Theo-
rem. Thus the composite monad TI of the monad of involutive lattices on Sup with
the F⊗-term monad (of a single binary operator symbol) on Sup exists.

Moreover, it is not difficult to verify that TI-algebras (X, ξ) and involutive pre-
quantales can be identified with each other (cf. Exercise 2.2.6). Hence the Eilenberg–
Moore category SupTI is isomorphic to the category IPq of involutive prequantales
with involutive homomorphisms. Since Sup is complete, IPq is also complete. In
order to verify the existence of colimits in IPq we need some more terminology.

Definition 2.2.21. Let (X, ∗, ιX ) be an involutive prequantale. A closure operator
c on X is called an involutive nucleus if c is a nucleus on (X, ∗) and satisfies the
additional condition:

ιX (c(x)) ≤ c(ιX (x)), x ∈ X. (IN)

It is easily seen that every involutive nucleus c on an involutive prequantale
(X, ∗, ιX ) satisfies the property ιX (c(x)) = c(ιX (x)) for all x ∈ X . Hence the regular
quotient of an involutive prequantale with respect to an involutive nucleus is again an
involutive prequantale. By Lemma 2.2.14 the closure operator associated with an in-
volutive homomorphism is always an involutive nucleus. Since right adjoint maps of
involutive homomorphisms are obviously involutive, the results from Lemma 2.2.5,
Theorems 2.2.6 and 2.2.7 can be transferred to IPq — this means that

– the category IPq has coequalizers,
– the regular epimorphisms in IPq are precisely the surjective and involutive homo-
morphisms,

– the category IPq has the (regular epi, mono)-factorization property.

Morover, if we combine Proposition 2.2.15 with Corollary 2.2.18, then we obtain
that every complete lattice X generates a free involutive prequantale
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(
(X × X)�,��, ι(X×X)�

)
.

In fact, for every involutive prequantale (Y, ∗, ιY ) and for every join-preserving map

X h Y there exists a unique involutive homomorphism (X × X)� h�

Y such that
h�

(
ηX×X (x,⊥)

) = h(x) holds for all x ∈ X . If we put

�h�(x1, x2) = h(x1) ∨ ιY
(
h(x2)

)
, (x1, x2) ∈ X × X,

then h� coincides with the extension (�h�)� of �h� to a homomorphism on the free
prequantale ((X × X)�,��) generated by X × X (cf. Corollary 2.2.18).

Thus the construction of coproducts also transfers from Pq to IPq. So, IPq is a
cocomplete category.

Since the forgetful functor from Sup to Set has a left adjoint functor, we derive
the following important property from the previous results.

Fact III. The category of involutive prequantales is algebraic.

We finish this subsection with the observation that in involutive prequantales
(X, ∗, ιX ) the right-implication and left-implication aremutually determined by each
other. Referring to (R), (2.31) and (2.33), the relations

ιX (x1 ↘ x2) = ιX (x2)↙ ιX (x1) and ιX (x2 ↙ x1) = ιX (x1)↘ ιX (x2) (2.35)

hold for all x1, x2 ∈ X . Hence these properties can be expressed by the following
commutative diagrams:

Xop ⊗ X X ⊗ Xop

Xop ⊗ X Xop Xop

cXop X

ιX⊗ιX �

� ιX

Xop ⊗ X X ⊗ Xop

Xop Xop X ⊗ Xop

cXop X

� ιX⊗ιX

ιX �

Exercises

2.2.1. Confirm that there exist precisely 20 prequantale structures on the three-chain
C3 = {⊥, a,�} given by the following multiplication tables:

(1)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ ⊥
� ⊥ ⊥ ⊥

(2)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ ⊥
� ⊥ ⊥ a

(3)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ a
� ⊥ ⊥ a



88 2 Fundamentals of Quantales

(4)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ ⊥
� ⊥ a a

(5)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ a
� ⊥ a a

(6)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ ⊥
� ⊥ ⊥ �

(7)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ a
� ⊥ ⊥ �

(8)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ ⊥
� ⊥ a �

(9)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ a
� ⊥ a �

(10)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ �
� ⊥ ⊥ �

(11)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ ⊥
� ⊥ � �

(12)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ a
� ⊥ � �

(13)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ �
� ⊥ a �

(14)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ �
� ⊥ � �

(15)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ a a
� ⊥ a a

(16)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ a a
� ⊥ a �

(17)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ a �
� ⊥ a �

(18)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ a a
� ⊥ � �

(19)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ a �
� ⊥ � �

(20)

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ � �
� ⊥ � �

2.2.2. If (X, ∗) is a prequantale and 1 is the two-chain {0, 1}, then define a binary
operation ∗̂ on X̂ = X × 1 as follows:

(x, 0) ∗̂ (y, 0) = (x ∗ y, 0), (x, 1) ∗̂ (y, 1) = ((x ∗ y) ∨ x ∨ y, 1),
(x, 1) ∗̂ (y, 0) = ((x ∗ y) ∨ y, 0), (y, 0) ∗̂ (x, 1) = ((y ∗ x) ∨ y, 0).

(a) Show that (X̂ , ∗̂) is a unital prequantale with unit (⊥, 1).
(b) Show that (X̂ , ∗̂) is the unitalization of (X, ∗).
(c) Let ∗τ be the transposed multiplication of ∗. Show that ∗̂τ = ∗̂τ holds.
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2.2.3. Let (X, ∗) be a prequantale and c be a closure operator on X . Show that c is a
nucleus if and only if c satisfies the following additional properties for all x, y ∈ X :

x ∗ c(y) ≤ c(x ∗ y) and c(x) ∗ y ≤ c(x ∗ y).

2.2.4. Let (X, ∗) be a prequantale. An isotone map X
p

X is called a prenucleus
if p satisfies the following conditions for all x, y ∈ X (cf. [94]):

x ≤ p(x), x ∗ p(y) ≤ p(x ∗ y) and x ∗ p(y) ≤ p(x ∗ y).

If now p is a prenucleus on X , then show that the map X
p0 X defined by

p0(x) =∧{z ∈ X | x ≤ z, p(z) ≤ z}, x ∈ X

is a nucleus on (X, ∗).
(Hint: For x, u ∈ X with p(u) ≤ u first verify the relations p(x ↘ u) ≤ x ↘ u and
p(u ↙ x) ≤ u ↙ x , and then use Exercise 2.2.3.)

2.2.5. Let I = (I, ηI, μI) be the monad of involutive lattices on Sup.

(a) Show that the data I, ηI and μI of I are explicitly given as follows:

I(X)= X × X, ηI
X (x)= (x,⊥), μI

X

(
(x1, x2), (x3, x4)

) = (x1 ∨ x4, x2 ∨ x3)

for all x, x1, x2, x3, x4 ∈ X .

(b) Let X ι X and I(X) = X × X ξ X be join-preserving maps such that
ξ(x,⊥) = x and ξ(⊥, x) = ι(x) for all x ∈ X . Show that (X, ξ) is an I-algebra
if and only if ι is involutive.

(Hint: Prove that II(X)
I(ξ) I(X) is defined for all ((x1, x2), (x3, x4)) ∈ II(X) by

I(ξ)((x1, x2), (x3, x4)) = (ξ(x1, x2), ξ(x3, x4))

2.2.6. Let I be the monad of involutive lattices, T = (T, η, μ) be the monad of a sin-
gle binary operator symbol onSup, and let X be a complete lattice providedwith two
algebra structures: (X, ξ1) is an I-algebra and (X, ξ2) is a T-algebra such that ξ2 is
an involutive homomorphism— i.e.

(
TI(X), ξ2 ◦ T(ξ1)

)
is a TI-algebra and the rela-

tion ξ2 ◦ T(ξ1) ◦ σX = ξ1 ◦ I(ξ2) holds (cf. Theorem 1.2.14 and Proposition 1.2.15).

Further, let X ι X and X ⊗ X � X be determined by (cf. Exercise 2.2.5 (b)):

ξ2 ◦�� ◦ (ηX ⊗ ηX ) = �, and ξ1(⊥, x) = ι(x), x ∈ X.

Show that (X,�, ι) is an involutive magma in Sup— i.e. an involutive prequantale.
On the other hand, show that every involutive prequantale (X, ∗, ι) gives rise to a
TI-algebra.
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(Hint: Conclude from Corollary 2.2.18 that the extension of 1X to a homomorphism

T(X)
ξ2 X is involutive.)

2.3 Quantales: The Axiom of Associativity

A prequantale (X, ∗) is a quantale if the multiplication ∗ is associative — i.e.

(x ∗ y) ∗ z = x ∗ (y ∗ z), x, y, z ∈ X. (Associativity)

With regard to Lemma 2.1.13 the associativity axiom of quantales means that quan-
tales are semigroups in Sup. Hence, because of similarities between Sup and the
category of abelian groups, quantales can be understood as ring-like objects (see also
the Introduction in [59]).

Quantales obviously form a full subcategory of the category of prequantaleswhich
wewill denote by Quant. We show now that Quant is even a reflective subcategory
of Pq.

Theorem 2.3.1. Let (X, ∗) be a prequantale. Then there exists a quantale (X �, ∗�)

and a homomorphism X
η

�

X X � such that for every quantale (Y, ∗) and for every

homomorphism X h Y there exists a unique homomorphism X � h�

Y making the
following diagram commutative:

X X �

Y
h

η
�

X

h�

Proof. Let F be the set of all nuclei c on a given prequantale (X, ∗) satisfying the
following condition:

c
(
(x ∗ y) ∗ z

) = c
(
x ∗ (y ∗ z)

)
, x, y, z ∈ X.

Now we compute the meet c0 of F in the sense of the complete lattice N(X, ∗) of all
nuclei on (X, ∗). Then c0 stays inside F— i.e. c0 ∈ F— and the regular quotient of

(X, ∗) w.r.t. c0 is a quantale, which we denote by (X �, ∗�). In this context X
η

�

X X �

is the corresponding quotient map— i.e. η�

X (x) = c0(x), x ∈ X . If (Y, ∗) is a further
quantale and X h Y is a homomorphism, then the associativity of themultiplication
in Y implies that the nucleus ch associated with h is an element of F. Hence c0 ≤ ch

follows — i.e. h factors through η� (cf. Lemma 2.2.5). �

The quantale (X �, ∗�) constructed in Theorem 2.3.1 is called the associative

reflection of the prequantale (X, ∗). Obviously, the associative reflection of the free
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prequantale generated by a complete lattice X (cf. Theorem 2.2.9) is the free quantale
generated by X .

It follows immediately from Theorem 2.3.1 that the cocompleteness of Pq is
transmitted to Quant. The completeness of Quant is evident. In particular, limits
inQuant are computed at the level ofSup. Finally, regular epimorphisms inQuant
are surjective homomorphisms and coincide with the coequalizer of their kernel pair.
Since the forgetful functor from Sup to Set has a right adjoint functor, the category
of quantales is obviously algebraic.

A quantale is unital if it has a unit. Hence unital quantales are monoids in Sup.
A typical example of a unital quantale can be given as follows.

Example 2.3.2. Let X be a complete lattice and [X, X ] be the set of all join-

preserving self-maps X
f

X provided with the partial order defined by

f1 ≤ f2 ⇐⇒ f1(x) ≤ f2(x) for all x ∈ X.

Then ([X, X ],≤) is a complete lattice. On [X, X ] we consider the composition of
maps as multiplication— i.e. f1 ∗ f2 = f1 ◦ f2. Then ([X, X ], ◦) is a unital quantale
with the unit given by the identity 1X of X .

As a further important class of unital quantales we point out (cf. Sect. 1.1.2) that
for every complete lattice X the free unital quantale generated by X exists.

A subset of a quantale (X, ∗) is a subquantale of (X, ∗) if the inclusion map
is a homomorphism. A unital quantale is called integral if the unit coincides with
the universal upper bound �. If e is the unit of a unital quantale (X, ∗), then the
subquantale {x ∈ X | x ≤ e} is always an integral quantale.

Since in the case of symmetric and monoidal closed categories with underlying
cocomplete category the unitalization of semigroups always exists (cf. Sect. 1.1), we
mainly focus here on non-unital quantales.

Let X be a complete lattice with the trivial multiplication ∗ — i.e. x ∗ y = ⊥
for all x, y ∈ X . Then the pair (X, ∗) is a quantale — the so-called trivial quantale.
Hence a quantale (X, ∗) is said to be non-trivial if � ∗ � �= ⊥ holds. Every non-
trivial quantale contains at least two different elements. A trivial quantale (X, ∗) is
non-unital provided that X has at least two different elements. In order to understand
the rôle of the universal upper bound, especially in non-unital quantales, we introduce
the following terminology.

An element x of a quantale (X, ∗) is left-sided (resp. right-sided) if � ∗ x ≤ x
(resp. x ∗ � ≤ x). An element x of a quantale (X, ∗) is two-sided if it is left-sided
and right-sided. A quantale (X, ∗) is left-sided (resp. right-sided) if every element
of X is left-sided (resp. right-sided). A quantale (X, ∗) is two-sided if every element
of X is two-sided.

Obviously, left-sidedness and right-sidedness are transposed notions. In fact, a
quantale (X, ∗) is right-sided if and only if the transposed quantale (X, ∗τ ) (i.e. X
provided with the transposed multiplication) is left-sided. Hence at various places it
is sufficient to restrict our interest, for example, to left-sided quantales (cf. Sect. 2.4).
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Every integral quantale is two-sided, but not vice versa. If a complete lattice X has
at least two different elements, then a counterexample is given by the trivial quantale
(X, ∗), which is two-sided, but not unital as we have seen above.

As a first important result we note that the tensor product of quantales (X, ∗) and
(Y, ∗) is again a quantale (cf. Sect. 1.1.3). Referring to Lemmas 2.1.13, 2.1.15 and
Theorem 1.1.9, it is easily seen that the multiplication � of the tensor product X ⊗ Y
is determined on elementary tensors as follows:

(x1 ⊗ y1) � (x2 ⊗ y2) = (x1 ∗ x2)⊗ (y1 ∗ y2), x1, x2 ∈ X, y1, y2 ∈ Y. (2.36)

If eX and eY are the respective units of (X, ∗) and (Y, ∗), then the elementary tensor
eX ⊗ eY is obviously the unit of (X ⊗ Y, �). The tensor product of quantales is non-
trivial if and only if its factors are non-trivial. Since �⊗� is the universal upper
bound in X ⊗ Y , left-sidedness (resp. right-sidedness) of tensor products can be
characterized as follows.

Proposition 2.3.3. Let (X, ∗) and (Y, ∗) be non-trivial quantales. Then the tensor
product (X ⊗ Y, �) is left-sided (right-sided) if and only if (X, ∗) and (Y, ∗) are
left-sided (right-sided).

Proof. If (X ⊗ Y, �) is left-sided, then � ∗ x ≤ x follows from � ∗ � �= ⊥ and the
relation

(� ∗ x)⊗ (� ∗ �) = (�⊗�) � (x ⊗�) ≤ x ⊗�.

Hence (X, ∗) is left-sided. Analogously we treat the quantale (Y, ∗). On the other
hand, if (X, ∗) and (Y, ∗) are left-sided, then we observe

(�⊗�) � (x ⊗ y) = (� ∗ x)⊗ (� ∗ y) ≤ x ⊗ y.

Since every tensor is a join of an appropriate family of elementary tensors, (X ⊗ Y, �)

is left-sided. �

We continue with some interesting examples of quantales occurring in system

theory and probability theory (cf. the probabilistic metric spaces in [104]).

Example 2.3.4. Let (X, ·) be a semigroup (in Set) and P(X) be the power set of
X . On P(X) we consider the set-inclusion as the partial order and the Minkowski
multiplication

A � B = {a · b | a ∈ A, b ∈ B}, A, B ∈P(X).

Then (P(X),�) is a quantale. Let (Q, ∗) be a further arbitrary quantale. By (2.36)
the multiplication � of the tensor product P(X)⊗Q is determined on elementary
tensors by

(A ⊗ α) � (B ⊗ β) = (A � B)⊗ (α ∗ β), A, B ∈P(X), α, β ∈ Q.



2.3 Quantales: The Axiom of Associativity 93

Referring to Example 2.1.9 we know that P(X)⊗Q is order isomorphic to QX ,

and the respective order isomorphismP(X)⊗Q Φ QX has the following form:

(
Φ(F)

)
(x) = F({x}), x ∈ X, F ∈P(X)⊗Q.

Obviously, for every x ∈ X and α ∈ Q the relation Φ({x} ⊗ α) = α · 1{x} holds,
where the map α · 1{x} is given by (Example 2.1.9):

(
α · 1{x}

)
(z) =

{
α, z = x,

⊥, z �= x .

Since ⊗ is a bimorphism, it follows from (2.17) that {{x} ⊗ α | x ∈ X, α ∈ Q} is
also a join-basis ofP(X)⊗Q. Hence for every tensor F ∈P(X)⊗Q there exists

a unique map X
f
Q satisfying the condition

F = ∨

x∈X
{x} ⊗ f (x). (2.37)

Now we apply Φ and infer from (2.37) that the relation

Φ(F) = ∨

x∈X
f (x) · 1{x} = f (2.38)

holds. Hence the unique map f in (2.38) coincides with the value of the order
isomorphism Φ at the tensor F — i.e. Φ(F) = f . In order to fix terminology we
call the map f the reduced representation of the tensor F ∈P(X)⊗Q.

Now we multiply two tensors F and G of P(X)⊗Q in the sense of the ten-
sor product of (P(X),�) with (Q, ∗) and obtain the following situation for their
respective reduced representations f, g ∈ QX :

( ∨

x∈X
{x} ⊗ f (x)

)
�

( ∨

y∈X
{y} ⊗ g(y)

) = ∨

x,y∈X
({x} ⊗ f (x)) � ({y} ⊗ g(y))

= ∨

x,y∈X
{x · y} ⊗ ( f (x) ∗ g(y))

= ∨

z∈X
{z} ⊗ ( ∨

x ·y=z
f (x) ∗ g(y)

)
.

Further, let be the binary operation onQX determined by the semigroup operation
· according to Zadeh’s extension principle3 — i.e.

( f  g)(z) =∨{ f (x) ∗ g(y) | x · y = z}, z ∈ X, f, g ∈ QX .

3In his original papers [113] L.A. Zadeh only used a frame as an underlying quantale, which means
that ∗ coincides with the binary meet operation ∧.
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Then we conclude from (2.37) and (2.38) that the reduced representation of the
tensor product F � G coincides with f  g. Hence the tensor product of the quan-
tale (P(X),�) with the quantale (Q, ∗) is isomorphic to the quantale given by the
Q-valued power set QX provided with the multiplication  defined according to
Zadeh’s extension principle.

Example 2.3.5. On the complete lattice [0,+∞]op we consider the usual addition of
the nonnegative extended real line. Then ([0,+∞]op,+) is a unital quantale. Further,
let ∗ be a binary operation on the real unit interval [0, 1] such that ([0, 1], ∗) is also
a quantale. Now we consider the tensor product of [0,+∞]op with [0, 1] given by
the complete lattice Δ+ of all nonnegative left-continuous probability distribution
functions. Since (x, α) �−→ α · Hx is the corresponding universal bimorphism (cf.
Example 2.1.10), the product f � g of f, g ∈ Δ+ according to the multiplication of
the tensor product of ([0,+∞]op,+) with ([0, 1], ∗) has the following form:

f � g = ( ∨

x∈[0,+∞]
f (x) · Hx

)
�

( ∨

y∈[0,+∞]
g(y) · Hy

)

= ∨

x,y∈[0,+∞]
( f (x) · Hx ) � (g(y) · Hy)

= ∨

x,y∈[0,+∞]
( f (x) ∗ g(y)) · Hx+y .

Thus f � g is explicitly given by:

( f � g)(z) = ∨

x+y=z
f (x) ∗ g(y), z ∈ [0,+∞]. (2.39)

We will return to this situation in Sect. 2.3.3 when we consider the special case in
which ∗ is given by a left-continuous t-norm (cf. Example 2.3.36).

In the next theorem we give a characterization of the law of associativity.

Theorem 2.3.6. Let (X, ∗) be a prequantale viewed as magma (X,�) in Sup.
Further, let � and � be the corresponding left- and right-implication. Then the
following assertions are equivalent:

(i) (X, ∗) is a quantale — i.e. (X,�) is a semigroup in Sup.
(ii) The following diagram is commutative:

X ⊗ (X ⊗ Xop) (X ⊗ X)⊗ Xop

(X ⊗ X)⊗ Xop

X ⊗ Xop Xop X ⊗ Xop

1X⊗ �

aX X Xop

cX X⊗1Xop

�⊗1Xop

� �
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where c is the symmetry and a is the natural isomorphism expressing the asso-
ciativity of the tensor product in Sup.

(iii) The following diagram is commutative:

(Xop ⊗ X)⊗ X Xop ⊗ (X ⊗ X)

Xop ⊗ (X ⊗ X)

Xop ⊗ X Xop Xop ⊗ X

�⊗1X

1Xop⊗cX X

aXop X X

1Xop⊗�
� �

(iv) The following diagram is commutative:

(X ⊗ Xop)⊗ X X ⊗ (Xop ⊗ X)

Xop ⊗ X Xop X ⊗ Xop

�⊗1X

aX Xop X

1X⊗ �

� �

Proof. Let↘ and↙ be the restrictions of the right- and left-implication to elemen-
tary tensors. Then for all x, y, z ∈ X the following chain of equivalences holds (cf.
(R), (2.31) and (2.33)):

y ≤ x ↘ z ⇐⇒ x ∗ y ≤ z ⇐⇒ x ≤ z ↙ y.

In order to verify the statement of the theorem it is sufficient to show that the asso-
ciativity of the multiplication ∗ is equivalent to each of the following properties for
all x, y, z ∈ X : ⎧

⎪⎨

⎪⎩

y ↘ (x ↘ z) = (x ∗ y)↘ z,

(z ↙ x)↙ y = z ↙ (y ∗ x),

(x ↘ y)↙ z = x ↘ (y ↙ z).

(E)

In a first step we verify the equivalence of the following assertions:

(a) (x ∗ y) ∗ z ≤ x ∗ (y ∗ z) for all x, y, z ∈ X .
(b) y ↘ (x ↘ z) ≤ (x ∗ y)↘ z for all x, y, z ∈ X .
(c) z ↙ (y ∗ x) ≤ (z ↙ x)↙ y for all x, y, z ∈ X .
(d) (x ↘ y)↙ z ≤ x ↘ (y ↙ z) for all x, y, z ∈ X .

The implication (a) =⇒ (b) follows from the relation:

(x ∗ y) ∗ (
y ↘ (x ↘ z)

) ≤ x ∗ (
y ∗ (

y ↘ (x ↘ z)
)) ≤ x ∗ (x ↘ z) ≤ z.

The verification of (b) =⇒ (c) is based on the observation:
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x ≤ y ↘ (y ∗ x) ≤ y ↘ (
(z ↙ (y ∗ x))↘ z

)≤ (
(z ↙ (y ∗ x)) ∗ y

)↘ z.

Further, the implication (c) =⇒ (d) follows from the relation

x ≤ y ↙ (x ↘ y) ≤ y ↙ (
((x ↘ y)↙ z) ∗ z

) ≤ (y ↙ z)↙ (
(x ↘ y)↙ z

)
.

Finally, the verification of (d) =⇒ (a) makes use of the observation:

y ≤ (y ∗ z)↙ z ≤ (
x ↘ (x ∗ (y ∗ z))

)↙ z ≤ x ↘ (
(x ∗ (y ∗ z))↙ z

)
.

If in (a) – (d) we replace the multiplication ∗ of X by its transposed multiplication ∗τ ,
then in a second step we notice that the equivalences between (a) – (d) remain valid
with respect to the dual order ≤op of ≤. Hence the equivalence of the associativity
of ∗ to each of the properties in (E) follows from the antisymmetry axiom. �


Since the Minkowski multiplication induced by an associative binary operation
is again associative, we have the following associative version of Example 2.2.13.

Example 2.3.7. Let (X,≤, ∗,↘,↙) be a residuated preordered semigroup — i.e.
a residuated preordered groupoid with an associative multiplication ∗. Then the
MacNeille completion of (X,≤, ∗,↘,↙) is a quantale.

Finally, we restrict our interest to completely distributive lattices. In this situation
quantales whose multiplication is in addition meet-preserving can be understood as
semigroups in CD (cf. Theorem 2.1.25).

The next theorem shows that semigroups in CD have an intrinsic “diagonal map”.
For this purpose we add the following terminology.

A pair (X, n) is a cosemigroup in Sup if X is a complete lattice and X n X ⊗ X
is a join-preserving map such that the following diagram is commutative:

(X ⊗ X)⊗ X X ⊗ (X ⊗ X)

X ⊗ X X X ⊗ X

aX X X

n⊗1X

n n

1X⊗n (CS)

Theorem 2.3.8. Let (X, m) be a semigroup in CD and X m�
X ⊗ X be the left

adjoint map of m. Then (X, m�) is a cosemigroup in Sup.

Proof. Letm� be the left adjointmap ofm. Sincem ⊗ 1X and 1X ⊗ m aremorphisms
in CD, their respective left adjoint maps (m ⊗ 1X )� and (1X ⊗ m)� exist. Now we
first observe: (m ⊗ 1X )� = m� ⊗ 1X and (1X ⊗ m)� = 1X ⊗ m�. In fact, since 1X ≤
m ◦ m� and m� ◦ m ≤ 1X⊗X , the following relations hold:

1X⊗X ≤ (m ⊗ 1X ) ◦ (m� ⊗ 1X ) and (m� ⊗ 1X ) ◦ (m ⊗ 1X ) ≤ 1(X⊗X)⊗X ,

1X⊗X ≤ (1X ⊗ m) ◦ (1X ⊗ m�) and (1X ⊗ m�) ◦ (1X ⊗ m) ≤ 1X⊗(X⊗X).
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Now we derive the following relation from the associativity of m:

a�X X X ◦ (1X ⊗ m�) ◦ m� = (m ◦ (1X ⊗ m) ◦ aX X X )�

= (m ◦ (m ⊗ 1X ))� = (m� ⊗ 1X ) ◦ m�.

Since a�X X X coincides with a−1X X X , the diagram (CS) is commutative. �

Motivated by the previous theorem we introduce the following terminology. If

(X, m) is a semigroup in CD, then the left adjoint m� of m is also called the comul-
tiplication of (X, m).

Example 2.3.9. Let X be a completely distributive lattice and ∧ be the binary meet
operation on X . Then ∧ is a meet-preserving bimorphism which determines a

meet- and join-preserving map X ⊗ X �∧ X given explicitly by (cf. (2.17) and
Theorem 2.1.25):

�∧( f ) = ∨

u∈X
u ∧ f (u), f ∈ X ⊗ X.

Hence (X,�∧) is a monoid in CD. The corresponding comultiplication ��∧ has the
following form:

��∧ (x) = ∨

z�x
z ⊗ z, x ∈ X, (2.40)

where � is the totally below relation in X .
In fact, if f ∈ X ⊗ X and x ∈ X , then the relation x ≤ �∧( f ) holds if and only if for
every element z ∈ X with z � x there exists a u ∈ X with the property z ≤ u ∧ f (u).
Since f is antitone, this implies that the relation z ≤ f (z) holds for z � x — i.e.∨

z�x z ⊗ z ≤ f . Since � is approximating and �∧ is join-preserving, we obtain
x = �∧

(∨
z�x z ⊗ z

)
. Hence formula (2.40) follows.

2.3.1 Balanced Quantales

In the following we give some further properties of non-unital quantales. First we
need a bit more terminology.

Definition 2.3.10. Let (X, ∗) be a quantale and � be the universal upper bound in
X . Then (X, ∗) is called
– balanced if � of X is idempotent — i.e. � ∗ � = �.
– semi-unital if the relations x ≤ x ∗ � and x ≤ � ∗ x hold for all x ∈ X .
– strictly left-sided if � is a left unit — i.e. � ∗ x = x for all x ∈ X .
– strictly right-sided if � is a right unit — i.e. x ∗ � = x for all x ∈ X .
– idempotent if every element x of X is idempotent — i.e. x ∗ x = x .
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Every semi-unital quantale is balanced, and every strictly left-sided (right-sided)
quantale is left-sided (right-sided). Further, every semi-unital and left-sided (right-
sided) quantale is strictly left-sided (right-sided), but not vice versa (cf. Exer-
cise 2.3.1 (l)). A quantale is integral if and only if it is strictly left-sided and strictly
right-sided. Finally, every unital or idempotent quantale is semi-unital, and every
idempotent and two-sided quantale is integral.

If a quantale (X, ∗) is not semi-unital, then it is not difficult to see that (X, ∗) can
be extended to a semi-unital quantale (X , ∗) as follows:
– The complete lattice X arises from X by adding an improper element ω — i.e.

X = X ∪ {ω} with ω /∈ X .
– ω acts as a universal upper bound in X .
– The semigroup operation ∗ is defined by:

ω ∗ ω = ω, x ∗ y = x ∗ y, ω ∗ x = (� ∗ x) ∨ x, x ∗ ω = (x ∗ �) ∨ x, x, y ∈ X,

where � is the universal upper bound in X . The quantale (X , ∗) is semi-unital and
is called the semi-unitalization of (X, ∗). Obviously, (X, ∗) is a subquantale of its
semi-unitalization. Moreover, (X , ∗) is strictly left-sided (resp. right-sided) if and
only if (X, ∗) is left-sided (resp. right-sided). Consequently, (X , ∗) is an integral
quantale if and only if (X, ∗) is two-sided.

Since every quantale on the chain C2 with two elements is two-sided, it might be
meaningful to include the following example.

Example 2.3.11. On the three-chain C3 there exist precisely two structures of an
integral quantale which appear as the semi-unitalization of quantales on C2. In fact,
the semi-unitalization of the trivial quantale on C2 is (9) in Exercise 2.2.1 and coin-
cides therefore with the three-valued MV -algebra (cf. Sect. 2.7), while the second
quantale structure onC2 is the binary meet onC2 and its semi-unitalization coincides
with the binary meet on C3 (see (16) in Exercise 2.2.1).

Referring to Example 2.3.26 infra it is hopeless to expect that the tensor product
preserves the structure of idempotent quantales. However, the tensor product does
preserve the remaining properties formulated in Definition 2.3.10. Since every tensor
is a join of elementary tensors and the relations

(� ∗ x)⊗ (� ∗ y) = (�⊗�) � (x ⊗ y) and (x ∗ �)⊗ (y ∗ �) = (x ⊗ y) � (�⊗�)

hold in any tensor product of quantales (X, ∗) and (Y, ∗), the following lemma can
easily be verified.

Lemma 2.3.12. The following assertions are valid:

(i) The tensor product of balanced quantales is balanced.
(ii) The tensor product of semi-unital quantales is semi-unital.
(iii) The tensor product of strictly left-sided (right-sided) quantales is strictly left-

sided (right-sided).
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If the underlying lattices of the respective quantales contain at least two different
elements, then the converse of the assertions in Lemma 2.3.12 is true.

Definition 2.3.13. Let (X, ∗) and (Y, ∗) be quantales. A homomorphism X h Y is
strong if h preserves the respective universal upper bounds — i.e. h(�) = �.

Every surjective homomorphism is strong. In the context of C∗-algebras we will
see that irreducible representations and strong homomorphisms are closely related
to each other (cf. Exercise 3.2.8 (a)). Moreover, we have the following result.

Proposition 2.3.14. Let (X ⊗ Y, �) be the tensor product of the quantales (X, ∗)
and (Y, ∗). The following assertions hold:

(i) If (Y, ∗) is balanced, then the embedding X jX X ⊗ Y (cf. (2.18)) is a strong
homomorphism.

(ii) If (X, ∗) is balanced, then the embedding Y jY X ⊗ Y (cf. (2.18)) is a strong
homomorphism.

(iii) If (X, ∗) is non-trivial and X jX X ⊗ Y is a strong homomorphism, then (Y, ∗)
is balanced.

(iv) If (Y, ∗) is non-trivial and Y jY X ⊗ Y is a strong homomorphism, then (X, ∗)
is balanced.

Proof. By definition jX preserves the universal upper bounds. Since (Y, ∗) is ba-
lanced, the homomorphism property of jX follows from

jX (x1 ∗ x2) = (x1 ∗ x2)⊗� = (x1 ∗ x2)⊗ (� ∗ �) = jX (x1) � jX (x2).

Analogously we verify the assertion (ii). With regard to (iii) the homomorphism
property of jX implies

(� ∗ �)⊗� = jX (� ∗ �) = jX (�) � jX (�) = (� ∗ �)⊗ (� ∗ �).

Since (X, ∗) is non-trivial, (Y, ∗) is balanced. Analogously we verify (iv). �

The previous proposition motivates the introduction of the category BQuant of

balanced quantales and strong homomorphisms.ObviouslyBQuant is a subcategory
of Quant. By Lemma 2.3.12 (i) the tensor product of Sup induces a monoidal
structure on BQuant — i.e. BQuant is a monoidal category. It is not difficult to
verify that BQuant is a complete category.

In order to prove the cocompleteness of BQuant we proceed as follows.

Theorem 2.3.15. The category BQuant has set-indexed coproducts.

Proof. Obviously, the quantale 1 = {0, 1} with 1 ∗ 1 = 1 (i.e. the unit object of the
tensor product in Sup (cf. Lemma 2.1.14)) is the initial object of BQuant. On the
other hand, given a nonempty system of balanced quantales {(Xi , ∗) | i ∈ I }, we first
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consider the coproduct (X0, ∗) (in the sense of Quant) of {(Xi , ∗) | i ∈ I } with the
coproduct injections Xi

qi X0. Now we construct the following regular quotient of
(X0, ∗). For this purpose let F be the set of all nuclei c on (X0, ∗) satisfying the
conditions

c(� ∗ �) = � and c(qi (�)) = �, i ∈ I.

Then the meet c0 of F is again an element of F. Let (Z , �) be the regular quotient of

(X0, ∗) w.r.t. c0 and X0
πc0 Z be the quotient homomorphism. Obviously, (Z , �)

is a balanced quantale and ri = πc0 ◦ qi is a strong homomorphism for all i ∈ I .
We show that

(
(Z , �), (ri )i∈I

)
is the coproduct of {(Xi , ∗) | i ∈ I } in the sense of

BQuant.
Let (Y, ∗) be a further balanced quantale and (hi )i∈I be a system of strong homo-

morphisms Xi
hi Y . Then there exists a unique homomorphism X0

h0 Y such that
h0 ◦ qi = hi holds for all i ∈ I . Since

h0(qi (�)) = hi (�) = �, i ∈ I, (2.41)

h0 is a strong homomorphism. It is sufficient to show that h0 factors through πc0 .
Since (Y, ∗) is a balanced quantale, we conclude from (2.41) that the associated
nucleus ch0 of h0 is an element of F. Hence c0 ≤ ch0 follows, and we infer from
Lemma 2.2.5 that h0 factors through πc0 . �

Proposition 2.3.16. The category BQuant has set-indexed coequalizers.

Proof. Since quotients of balanced quantales are again balanced, coequalizers in
BQuant are computed at the level of Quant, where we recall that Quant is cocom-
plete. �


We summarize the previous results as follows.

Fact I. The category BQuant is a complete and cocomplete, monoidal category.

2.3.2 Prime Elements of Quantales

Let (X, ∗) be a quantale and � be the universal upper bound of X . An element
p ∈ X is called prime in (X, ∗) if p �= � and the following implication holds for all
x1, x2 ∈ X :

x1 ∗ x2 ≤ p =⇒ x1 ∗ � ≤ p or � ∗ x2 ≤ p. (Prime Property)

In the case of integral quantales the previous definition coincides with the termino-
logy introduced by G. Birkhoff in [14].

Since the implication (x1 ∗ � ≤ p or � ∗ x2 ≤ p =⇒ x1 ∗ x2 ≤ p) always
holds, the primality can also be expressed by the following equivalence:
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x1 ∗ x2 ≤ p ⇐⇒ x1 ∗ � ≤ p or � ∗ x2 ≤ p. (Prime Property′)

Lemma 2.3.17. Let p be a prime element in a quantale (X, ∗). If � ∗ � �≤ p, then
� ↘ p and p ↙ � are again prime elements in (X, ∗).
Proof. Let p be a prime element in (X, ∗) with the property� ∗ � �≤ p. Obviously,
the relations � ↘ p �= � and p ↙ � �= � hold. In order to verify the primality
of � ↘ p we choose x1, x2 ∈ X with x1 ∗ x2 ≤ � ↘ p. Since ∗ is associative, we
obtain:

� ∗ (x1 ∗ x2) = (� ∗ x1) ∗ x2 ≤ p.

Hence the primality of p and again the associativity of ∗ imply:

� ∗ (x1 ∗ �)=(� ∗ x1) ∗ � ≤ p or � ∗ (� ∗ x2)=(� ∗ �) ∗ x2 ≤ � ∗ x2 ≤ p.

Thus x1 ∗ � ≤ � ↘ p or � ∗ x2 ≤ � ↘ p — this means that � ↘ p is prime in
(X, ∗). Analogously we show that p ↙ � is prime in (X, ∗). �


In order to understand the rôle of prime elements we need some additional termi-
nology. A quantale (X, ∗) is semi-integral if the relation x1 ∗ � ∗ x2 ≤ x1 ∗ x2 holds
for all x1, x2 ∈ X . Every integral or left-sided (right-sided) quantale is semi-integral.

Lemma 2.3.18. Let (X, ∗) be a quantale and let be the multiplication defined by:

x1  x2 = x1 ∗ � ∗ x2, x1, x2 ∈ X. (2.42)

Then (X, ) is a semi-integral quantale.

Proof. The assertion follows immediately from the associativity of ∗ and the follow-
ing relation

x1  � x2 = x1 ∗ � ∗ � ∗ � ∗ x2 ≤ x1 ∗ � ∗ x2 = x1  x2, x1, x2 ∈ X.

�

The quantale (X, ) constructed in Lemma 2.3.18 is called the semi-integral

regularization of (X, ∗). It is not difficult to see that the semi-integral regularization
gives rise to an endofunctor of the category BQuant (cf. Sect. 2.3.1).

The next proposition characterizes the semi-integrality of the tensor product.

Proposition 2.3.19. Let (X, ∗) and (Y, ∗) be quantales. Then the following asser-
tions are equivalent:

(i) The tensor product (X ⊗ Y, �) is semi-integral.
(ii) One of the following properties occurs:

(1) (X, ∗) or (Y, ∗) satisfies the condition � ∗ � ∗ � = ⊥.
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(2) (X, ∗) and (Y, ∗) are semi-integral.

Proof. Since (1) is equivalent to (�⊗�) � (�⊗�) � (�⊗�) = ⊥, the impli-
cation (ii) =⇒ (i) is evident. On the other hand, let us assume that (X ⊗ Y, �) is
semi-integral and � ∗ � ∗ � �= ⊥ holds in both quantales (X, ∗) and (Y, ∗). Then
we conclude from

(� ∗ � ∗ �)⊗ (y1 ∗ � ∗ y2) = (�⊗ y1) � (�⊗�) � (�⊗ y2)

≤ (�⊗ y1) � (�⊗ y2)

= (� ∗ �)⊗ (y1 ∗ y2)

that y1 ∗ � ∗ y2 ≤ y1 ∗ y2 holds for all y1, y2 ∈ Y — i.e. (Y, ∗) is semi-integral.
Analogously we verify the semi-integrality of (X, ∗). �

Definition 2.3.20. A left-sided (resp. right-sided) element x of a quantale (X, ∗) is
called maximal if x �= � and for every further left-sided (resp. right-sided) element
z ∈ X with the properties z �= � and x ≤ z the relation x = z follows.

Theorem 2.3.21. In every semi-integral quantale (X, ∗) the following properties
hold:

(i) Every maximal left-sided element is prime in (X, ∗).
(ii) Every maximal right-sided element is prime in (X, ∗).
Proof. We verify property (i). For this purpose we fix a maximal left-sided element
p of (X, ∗) and choose x, y ∈ X with x ∗ y ≤ p. If� ∗ y �≤ p, then the maximality
of p implies (� ∗ y) ∨ p = �. Now we use the semi-integrality of (X, ∗) and the
left-sidedness of p and obtain:

x ∗ � = (x ∗ � ∗ y) ∨ (x ∗ p) ≤ (x ∗ y) ∨ (� ∗ p) ≤ p.

Hence p is prime in (X, ∗). Property (ii) can be verified analogously. �

Comment. Prime elements of left-sided (resp. right-sided) quantales are not neces-
sarily maximal (cf. Exercise 2.3.10 (b)).

The prime elements of the tensor product of quantales can be classified in terms
of the prime elements of its respective factors, provided that the left factor is strictly
left-sided and the right factor is strictly right-sided.

As a first step we show how prime elements of the respective factors induce prime
elements of the tensor product.

Lemma 2.3.22. Let (X, ∗) and (Y, ∗) be quantales. If x is a prime element in (X, ∗)
and y is a prime element in (Y, ∗), then (x ⊗�) ∨ (�⊗ y) is a prime element in
the tensor product (X ⊗ Y, �).
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Proof. Let x ∈ X and y ∈ Y be prime elements in (X, ∗) and (Y, ∗), respectively.
Further, we put p = (x ⊗�) ∨ (�⊗ y) and observe that the join-reversing map p
evaluated at z ∈ X attains the following value (cf. Exercise 2.1.6):

p(z) =
{
�, if z ≤ x,

y, if z �≤ x .

Now let us assume that p = (x ⊗�) ∨ (�⊗ y) is not a prime element in (X ⊗ Y, �).
Then there exist tensors f, g ∈ X ⊗ Y satisfying the conditions

f � g ≤ p, f � (�⊗�) �≤ p, (�⊗�) � g �≤ p

which can be rewritten as follows (cf. (2.36)):

f � g = ∨

z1,z2∈X
(z1 ∗ z2)⊗ ( f (z1) ∗ g(z2)) ≤ p,

f � (�⊗�) = ∨

z∈X
(z ∗ �)⊗ ( f (z) ∗ �) �≤ p,

(�⊗�) � g = ∨

z∈X
(� ∗ z)⊗ (� ∗ g(z)) �≤ p.

Hence there exist elements z1, z2 ∈ X with the properties:

z1 ∗ � �≤ x, f (z1) ∗ � �≤ y and � ∗ z2 �≤ x, � ∗ g(z2) �≤ y.

Since both x and y are prime,we obtain z1 ∗ z2 �≤ x and f (z1) ∗ g(z2) �≤ y. Referring
again to the special form of p we conclude from (z1 ∗ z2)⊗ ( f (z1) ∗ g(z2)) ≤ p
that p(z1 ∗ z2) = � holds. Thus z1 ∗ z2 ≤ x follows, which is a contradiction to
z1 ∗ z2 �≤ x . So, the assumption is false and p = (x ⊗�) ∨ (�⊗ y) is prime in
(X ⊗ Y, �). �


In a second step we show that the right adjoint map of a strong homomorphism
preserves prime elements. We begin with a preliminary property.

Lemma 2.3.23. Let (X, ∗) and (Y, ∗) be quantales. Further, let X h Y be a homo-

morphism and Y h� X be its right adjoint map. If q is a prime element in (Y, ∗)
with the property h�(q) �= �, then h�(q) is a prime element in (X, ∗).
Proof. Let q be a prime element in (Y, ∗) with h�(q) �= �. We choose x1, x2 ∈ X
with x1 ∗ x2 ≤ h�(q). Then h(x1) ∗ h(x2) ≤ q follows, and the primality of q implies
h(x1) ∗ � ≤ q or � ∗ h(x2) ≤ q. Since h(�) ≤ �, we obtain h(x1 ∗ �) ≤ q or
h(� ∗ x2) ≤ q — i.e. x1 ∗ � ≤ h�(q) or � ∗ x2 ≤ h�(q). Hence h�(q) is prime
in (X, ∗). �

Corollary 2.3.24. The right adjoint map of a strong homomorphism preserves prime
elements.
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Proof. Let X h Y be a strong homomorphism and Y h� X be its right adjoint
map. If q is prime in (Y, ∗), then it follows from Lemma 2.3.23 that it is suffi-
cient to prove h�(q) �= �. In fact, since h is strong, h(h�(q)) ≤ q �= � implies
h�(q) �= �. �


Having made these preparations, we record the following important fact.

Theorem 2.3.25. Let (X, ∗) be a strictly left-sided quantale and (Y, ∗) be a strictly
right-sided quantale. If p is a prime element of the tensor product (X ⊗ Y, �), then
there exist prime elements x in (X, ∗) and y in (Y, ∗) such that p has the following
form

p = (x ⊗�) ∨ (�⊗ y).

Proof. Let X
jX X ⊗ Y and Y

jY X ⊗ Y be the embeddings defined in (2.18).
Since (X, ∗) and (Y, ∗) are balanced, jX and jY are strong homomorphisms.
Nowwefix aprime element p ∈ X ⊗ Y . ByCorollary 2.3.24 the elements x = j�X (p)

and y = j�Y (p) are prime elements in (X, ∗) and (Y, ∗), respectively. In particular,
jX (x) ∨ jY (y) ≤ p follows. On the other hand, let us choose an elementary tensor
u ⊗ v ≤ p. Since (X, ∗) is strictly left-sided and (Y, ∗) is strictly right-sided, u ⊗ v
has the form u ⊗ v = (�⊗ v) � (u ⊗�). Hence the primality of p implies:

(�⊗ v) � (�⊗�) ≤ p or (�⊗�) � (u ⊗�) ≤ p.

Since v is strictly right-sided and u is strictly left-sided, the previous relation is
equivalent to the statement:

�⊗ (v ∗ �) = �⊗ v ≤ p or (� ∗ u)⊗� = u ⊗� ≤ p.

Thus v ≤ y or u ≤ x , and consequently u ⊗ v ≤ (x ⊗�) ∨ (�⊗ y) holds. Since
every tensor is a join of elementary tensors, the relation p = (x ⊗�) ∨ (�⊗ y)

follows. Hence the assertion is verified. �

As we have seen, Lemma 2.3.22 and Theorem 2.3.25 give a complete description

of prime elements of the tensor product of quantales provided its left factor is strictly
left-sided and its right factor is strictly right-sided. We illustrate this result with the
following example, which will also play a crucial rôle in some later contexts — e.g.
in the topological representation of semi-unital quantales (cf. Sect. 2.5.2).

Example 2.3.26. LetC3 = {⊥, a,�}be the three-chain.OnC3 we consider twonon-
commutative, idempotent and associative multiplications given by the multiplication
tables (see (17) and (18) in Exercise 2.2.1):

∗� ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ a �
� ⊥ a �

∗r ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ a a
� ⊥ � �
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Then C�
3 = (C3, ∗�) is a left-sided, non-commutative, idempotent quantale, while

Cr
3 = (C3, ∗r ) is a right-sided, non-commutative, idempotent quantale. As a next step

we compute the tensor product C�
3 ⊗ Cr

3 = (C3 ⊗ C3, �) and observe that C3 ⊗ C3

consists of six elements

� = �⊗�, α = (a ⊗�) ∨ (�⊗ a), λ = a ⊗�, ρ = �⊗ a, β = a ⊗ a,

⊥ = ⊥⊗⊥ = ⊥⊗ a = a ⊗⊥.

The order-theoretic structure of C3 ⊗ C3 can be visualized by the following Hasse
diagram:

�
α

λ ρ

β

⊥

and the multiplication table has the form (see also Example 8.1 in [32])

� ⊥ β λ ρ α �
⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥
β ⊥ β β ρ ρ ρ

λ ⊥ λ λ � � �
ρ ⊥ β β ρ ρ ρ

α ⊥ λ λ � � �
� ⊥ λ λ � � �

The unique non-elementary tensor α is the unique non-idempotent element in
(C3 ⊗ C3, �). Further, the elementary tensor β is neither left-sided nor right-sided,
while λ is left-sided, but not right-sided and ρ is right-sided, but not left-sided.
Moreover, the tensor product (C3 ⊗ C3, �) is semi-integral (cf. Proposition 2.3.19).

Since ⊥ and a are the prime elements of C�
3, respectively Cr

3, we conclude
from Lemma 2.3.22 and Theorem 2.3.25 that (C3 ⊗ C3, �) has four prime elements,
namely, α, λ, ρ and ⊥.

In the following we construct the “spatial reflection” of quantales. We begin with
a simple property.

Lemma 2.3.27. Let (X, ∗) and (Y, ∗) be quantales. Further, let X h Y be a sur-

jective homomorphism and Y h� X be its right adjoint map. If p is a prime element
in (X, ∗) with the property h�(h(p)) = p, then h(p) is a prime element in (Y, ∗).
Proof. Let p be a prime element in (X, ∗) satisfying the condition h�(h(p)) = p.
Since h�(�) = �, we first notice that h(p) �= �. Now we choose u, v ∈ Y with
u ∗ v ≤ h(p). Since h� is a closed map (cf. Proposition 2.2.2), the relation
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h�(u) ∗ h�(v) ≤ h�(h(p)) = p

follows. We apply the primality of p and obtain h�(u) ∗ � ≤ p or � ∗ h�(v) ≤ p.
Finally, u ∗ � ≤ h(p) or � ∗ v ≤ h(p) follows form the surjectivity of h. Hence
h(p) is prime in (Y, ∗). �

Lemma 2.3.28. Let (X, ∗) be a quantale. Then the map X cs X defined by

cs(x) =∧{p ∈ X | p prime in (X, ∗), x ≤ p}, x ∈ X (S)

is a nucleus on (X, ∗).
Proof. The map cs determined by (S) is obviously a closure operator on (X,≤). In
order to prove that cs is a nucleus we fix elements x, y ∈ X and choose an arbitrary
prime element p in (X, ∗) with x ∗ y ≤ p. If � ∗ � ≤ p, then cs(x) ∗ cs(y) ≤ p
is obvious. Hence we assume � ∗ � �≤ p. Because of the primality of p we obtain
x ∗ � ≤ p or � ∗ y ≤ p. Without loss of generality we can assume x ∗ � ≤ p,
which means x ≤ p ↙ �. By Lemma 2.3.17 the element p ↙ � is prime. Hence
the relation

cs(x) ∗ cs(y) ≤ (p ↙ �) ∗ � ≤ p

follows — this means that cs is a nucleus. �

Corollary 2.3.29. Let (X, ∗) be a quantale and cs be the nucleus on (X, ∗) deter-
mined by (S). Further, let (cs(X), �) be the regular quotient of (X, ∗) w.r.t. cs . Then
every element of the quantale (cs(X), �) is a meet of prime elements of (cs(X), �).

Proof. Let X
πcs cs(X) be the corresponding quotient homomorphism. Since all

prime elements p of (X, ∗) are fixpoints of cs (i.e. p = π�cs
(πcs (p))) and πcs is

surjective, we conclude from Lemma 2.3.27 that every prime element in (X, ∗) is
also a prime element in (cs(X), �). Hence the construction of cs ensures that every
element of cs(X) is a meet of prime elements in (cs(X), �). �


Motivated by Corollary 2.3.29 we introduce the following terminology. A quan-
tale (X, ∗) is called spatial if the set of prime elements is order generating — i.e.
every element x ∈ X \ {�} is a meet of prime elements of (X, ∗). A simple example
of a spatial, non-idempotent, but semi-integral quantale is given by the tensor product
C�
3 ⊗ Cr

3 (cf. Example 2.3.26).
Moreover, the regular quotient of (X, ∗) constructed in Lemma 2.3.28 and Cor-

ollary 2.3.29 is called the spatial reflection of (X, ∗).
The next theorem justifies the chosen terminology.

Theorem 2.3.30. Let (X, ∗) be a quantale and (Y, ∗) be a spatial quantale. Further,
let (Xs, �) be the spatial reflection of (X, ∗) with the quotient homomorphism ηX .

For every homomorphism X h Y there exists a unique homomorphism Xs
�h� Y

making the following diagram commutative:
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X Y

Xs

ηX

h

�h�

Proof. Let cs be the nucleus determined by (S). In order to show that h factors
(uniquely) through ηX it is sufficient to verify that the nucleus ch = h� ◦ h associated
with h satisfies the condition cs ≤ ch (cf. Lemma 2.2.5). Without loss of generality,
we can choose x ∈ X with ch(x) �= �. Since (Y, ∗) is spatial and the right adjoint
map h� of h ismeet-preserving, we derive the following relation fromLemma 2.3.23:

ch(x) = h�(h(x)) =∧{h�(q) | h(x) ≤ q, q prime in (Y, ∗)}
=∧{p | ch(x) ≤ p, p prime in (X, ∗)}.

Hence ch(x) = cs(ch(x)) follows for all x ∈ X — i.e. cs ≤ ch . �

Let SpQ be the category of spatial quantales and homomorphisms. Then Theo-

rem 2.3.30 means that SpQ is a reflective subcategory of the category of quantales.

2.3.3 Involutive Quantales

A triple (X, ∗, ιX ) is an involutive quantale if (X, ∗) is a quantale and (X, ∗, ιX ) is an
involutive prequantale. In order to simplify the notation we sometimes also denote
the involution ιX of an involutive quantale by ′. An element x of X is hermitian if x
is a fixed point of the involution — i.e. x ′ = x . Obviously, the universal bounds of
X are always hermitian.

The next example shows that every complete lattice with an order-reversing invo-
lution gives rise to an involutive and unital quantale (cf. Example (5) in [93]).

Example 2.3.31. Let X be a complete lattice and ([X, X ], ◦, 1X ) be the (non-com-
mutative) unital quantale constructed in Example 2.3.2. Further, we assume that there
exists an order-reversing involution x �−→ x⊥ on X — this is an antitone self-map
of X with the property (x⊥)⊥ = x for all x ∈ X . Since X is complete, for every
order-reversing involution on X the relation

∨
A = ((

∨
A)⊥)⊥ ≥ ( ∧

x∈A
x⊥

)⊥ ≥∨
A, A ⊆ X

holds. Hence, for all subsets A of X , an order-reversing involution always satisfies
the following properties:

(∨
A
)⊥ = ∧

x∈A
x⊥ and

(∧
A
)⊥ = ∨

x∈A
x⊥. (De Morgan’s Laws)
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On this basis we now construct an order-preserving involution ′ on [X, X ] as follows.
Let X

f
X be a join-preserving map. We define X

f ′
X by f ′(x) = ( f �(x⊥))⊥

for all x ∈ X , where f � is the right adjointmap of f . Obviously f ′ is join-preserving.
Since the chain of equivalences

f ′(x) ≤ y ⇐⇒ y⊥ ≤ f �(x⊥) ⇐⇒ f (y⊥) ≤ x⊥ ⇐⇒ x ≤ ( f (y⊥))⊥

holds for each x, y ∈ X , we obtain ( f ′)�(y) = ( f (y⊥))⊥ for each y ∈ X . Hence
f ′′ = f follows. In fact, the correspondence f �−→ f ′ is an order-preserving invo-
lution on [X, X ]. Since adjoint situations compose, for all f, g ∈ [X, X ] the relation
( f ◦ g)′ = g′ ◦ f ′ is valid— i.e. f �−→ f ′ is an anti-homomorphism on ([X, X ], ◦).
To sum up, ([X, X ], ◦, 1X , ′) is an involutive and unital quantale.

Comment. An interesting example of a complete lattice with an order-reversing
involution is the complete lattice of all closed subspaces of a Hilbert space provided
with the formation of orthogonal complements.

An element x of an involutive and unital quantale (X, ∗, e, ′) is called unitary if
x ∗ x ′ = x ′ ∗ x = e. Obviously unitary elements form a group. Hence there exists a
functor from the category of involutive and unital quantales to the category of groups
which has a left adjoint functor determined by the power set functor. In this sense we
obtain further examples of involutive and unital quantales (see also Exercise 2.3.12).

Before we continue, we return to Example 2.3.31 and give a characterization of
unitary join-preserving maps.

Example 2.3.32. Let X be a complete lattice equipped with an order-reversing invo-
lution x �−→ x⊥. Further, let ([X, X ], ◦, 1X , ′) be the involutive and unital quan-

tale constructed in Example 2.3.31. A join-preserving map X
f

X is unitary if
and only if f is bijective and preserves the given order-reversing involution — i.e.
f (x⊥) = f (x)⊥ for all x ∈ X .
In fact, if f ◦ f ′ = 1X and f ′ ◦ f = 1X hold, then f and its right adjoint map f �
are obviously surjective. Hence we infer from Exercise 1.3.2 (a) that f is bijective,
and f � coincides with f −1. Since f ′ ◦ f = 1X , we now obtain

f (x)⊥ = f
(

f �
(

f (x)⊥
)) = f

((
f ′( f (x))

)⊥) = f (x⊥)

for all x ∈ X — i.e. f preserves the order-reversing involution.

On the other hand, if a join-preservingmap X
f

X is bijective, then again f � = f −1
follows. If we now assume that f also preserves the given order-reversing involution
x �−→ x⊥, then f is obviously unitary.

Since the universal upper bound of an involutive quantale is always hermitian,
the semi-integral regularization of involutive quantales (cf. Lemma 2.3.18) is again
an involutive quantale.
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The next theorem explains in what sense the tensor product generates involu-

tive quantales. For this purpose we first refer to the embeddings X
jX X ⊗ Y and

Y
jY X ⊗ Y defined in (2.18).

Theorem 2.3.33. Let (X, ∗) be a strictly left-sided quantale and (Y, ∗) be a strictly

right-sided quantale. Further, let X
ϑX

ϑY
Y be a pair of join-preserving anti-homo-

morphisms with the property ϑY ◦ ϑX = 1X and ϑX ◦ ϑY = 1Y . Then there exists
a unique isotone involution on (X ⊗ Y, �) such that (X ⊗ Y, �, ι) is an involutive
quantale and the following diagram is commutative:

X ⊗ Y X ⊗ Y X ⊗ Y

X Y X

ι ι

jX

ϑX

jY
ϑY

jX
(I)

Proof. (Uniqueness) Let ι be an involution on the tensor product X ⊗ Y such that
(X ⊗ Y, �, ι) is an involutive quantale and the diagram (I) is commutative. Since
(X, ∗) is strictly left-sided and (Y, ∗) is strictly right-sided, the relation

ι(x ⊗ y) = ι
(
(�⊗ y) � (x ⊗�)

) = ι(x ⊗�) � ι(�⊗ y)

= jY (ϑX (x)) � jX (ϑY (y))

= (�⊗ ϑX (x)) � (ϑY (y)⊗�)

= ϑY (y)⊗ ϑX (x)

follows for all x ∈ X and y ∈ Y . Since ι is join-preserving and every tensor is a join
of elementary tensors, ι is uniquely determined by (I).
(Existence). Since ϑX and ϑY are join-preserving, we conclude from the univer-
sal property of the tensor product that there exists a unique join-preserving map
X ⊗ Y ι X ⊗ Y satisfying the following condition:

ι(x ⊗ y) = ϑY (y)⊗ ϑX (x), x ∈ X, y ∈ Y. (2.43)

We show that ι is an anti-homomorphism and an involution. For this purpose it is
sufficient to consider elementary tensors only. Therefore we choose x, u ∈ X and
y, v ∈ Y and observe:

ι
(
(x ⊗ y) � (u ⊗ v)

) = ι
(
(x ∗ u)⊗ (y ∗ v)

)

= ϑY (y ∗ v)⊗ ϑX (x ∗ u)

= (
ϑY (v) ∗ ϑY (y)

)⊗ (
ϑX (u) ∗ ϑX (x)

)

= (
ϑY (v)⊗ ϑX (u)

)
� (ϑY (y)⊗ ϑX (x)

)

= ι(u ⊗ v) � ι(x ⊗ y).



110 2 Fundamentals of Quantales

Hence ι is an anti-homomorphism. SinceϑX ◦ ϑY = 1Y andϑY ◦ ϑX = 1X , the prop-
erty ι ◦ ι = 1X is obvious. Thus (X ⊗ Y, �, ι) is an involutive quantale.
Since both anti-homomorphisms ϑX and ϑY preserve the universal upper bounds, we
obtain for all x ∈ X :

ι( jX (x)) = ι(x ⊗�) = ϑY (�)⊗ ϑX (x) = jY (ϑX (x)).

Analogously, we verify ι ◦ jY = jX ◦ ϑY . Hence the commutativity of diagram (I)
follows. �

Example 2.3.34. Let C�

3 be the left-sided, non-commutative and idempotent chain
of three elements and Cr

3 be the right-sided, non-commutative and idempotent chain
of three elements (cf. Example 2.3.26). Then we observe that the identity map of C3

gives rise to a pair of anti-homomorphisms between C�
3 and Cr

3. Hence we conclude
from Theorem 2.3.33 that there exists a unique involution ′ on C3 ⊗ C3 satisfying
the following conditions:

(i) (C3 ⊗ C3, �,
′) is an involutive quantale.

(ii) (a ⊗�)′ = � ⊗ a and (�⊗ a)′ = a ⊗�.
In particular, the tensors (a ⊗�) ∨ (�⊗ a) and a ⊗ a are hermitian. Moreover, the
involutive quantale (C3 ⊗ C3, �,

′) is isomorphic to the semi-integral regularization
of ([C3, C3], ◦, 1C3 ,

′) (cf. Example 2.3.31).

We finish this subsection with a brief discussion related to the commutativity of
quantales. A quantale (X, ∗) is commutative if (X, ∗, 1X ) is an involutive quantale—
this means x1 ∗ x2 = x2 ∗ x1 for all x1, x2 ∈ X . Hence a quantale is commutative if
and only if its multiplication coincides with its transposed multiplication.

Theorem 2.3.35. The coproduct of two commutative and unital quantales coincides
with their tensor product.

Proof. Let (X, ∗, eX ) and (Y, ∗, eY ) be unital and commutative quantales, and let
(X ⊗ Y, �) be their tensor product. We recall that the unit e and the multiplication �

of the tensor product have the following form (cf. (2.36):

e = eX ⊗ eY and (x ⊗ y) � (u ⊗ v)=(x ∗ u)⊗ (y ∗ v), x, u ∈ X, y, v ∈ Y.

Then (X ⊗ Y, �, e) is a commutative and unital quantale, and the join-preserving

maps X
qX X ⊗ Y and Y

qY X ⊗ Y defined by

qX (x) = x ⊗ eY , qY (y) = eX ⊗ y, x ∈ X, y ∈ Y

are obviously unital homomorphisms. We show that ((X ⊗ Y, �), (qX , qY )) is the
coproduct of (X, ∗) and (Y, ∗) in the category of commutative and unital quantales.
For this purpose let (Z , ∗, eZ ) be a further commutative and unital quantale with

unital homomorphisms X h X Z and Y hY Z . We have to show that there exists
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unique unital homomorphism X ⊗ Y k Z with hX = k ◦ qX and hY = k ◦ qY .
Obviously, every elementary tensor x ⊗ y of X ⊗ Y can be written as:

x ⊗ y = (x ⊗ eY ) � (eX ⊗ y) = (eX ⊗ y) � (x ⊗ eY ).

If we now assume the existence of a unital homomorphism X ⊗ Y k Z with the
properties hX = k ◦ qX and hY = k ◦ qY , then we obtain

k(x ⊗ y) = k
(
(x ⊗ eY ) � (eX ⊗ y)

) = k(x ⊗ eY ) ∗ k(eX ⊗ y) = hX (x) ∗ hY (y).

Since k is join-preserving, k is uniquely determined by hX and hY .
In order to verify the existence of k we apply the universal property of the tensor
product in Sup and introduce k by:

k(x ⊗ y) = hX (x) ∗ hY (y), x ∈ X, y ∈ Y.

Since the multiplication of Z is associative and commutative, we obtain:

k
(
(x ⊗ y) � (u ⊗ v)

) = k
(
(x ∗ u)⊗ (y ∗ v)

)

= hX (x ∗ u) ∗ hY (y ∗ v)

= hX (x) ∗ hX (u) ∗ hY (y) ∗ hY (v)

= hX (x) ∗ hY (y) ∗ hX (u) ∗ hX (v)

= k(x ⊗ y) ∗ k(u ⊗ v).

Hence k is a homomorphism. Finally, it is easily seen that k is unital and satisfies the
relations hX = k ◦ qX and hY = k ◦ qY . �

Example 2.3.36. A binary operation ∗ (in the sense of Set) on the real unit interval
[0, 1] is called a left-continuous t-norm if ([0, 1], ∗) is a commutative and integral
quantale (cf. [67]). Motivated by the need for a triangle inequality for probabilistic
metric spaces B. Schweizer and A. Sklar formulated a binary operation τ∗ on the
complete latticeΔ+ of all left-continuous probability distribution function as follows
(cf. [104]):

(
τ∗( f, g)

)
(r) = sup{ f (x) ∗ g(y) | x + y = r}, r ∈ [0,+∞].

It follows immediately from (2.39) that τ∗ coincides with �. Hence we conclude
from Theorem 2.3.35 that (Δ+, τ∗) is the coproduct of the commutative and unital
quantales ([0,+∞]op,+) and ([0, 1], ∗).
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2.3.4 Topological Semigroups as Quantales on [0, 1]

In this subsection we prove the Mostert–Shields theorem (cf. [79, 89]) in the case of
[0, 1], which can be stated as follows:

If a topological semigroup on [0, 1] is an integral quantale, then the semigroupmultiplication
is commutative. More specifically, every non-idempotent topological semigroup on [0, 1]
with the boundary points 0 and 1 as zero and unit element is an ordinal sumwhose summands
are isomorphic either to the usual product or to Łukasiewicz arithmetic conjunction given
by:

x ∗Ł y = max(x + y − 1, 0), x, y ∈ [0, 1]
or to a restriction of the binary minimum.

Throughout this subsection ([0, 1], ∗) will always be an integral quantale. First we
note that ∗ is continuous (i.e. ([0, 1], ∗) is a topological semigroup) if and only if
∗ is nonempty meet-preserving in each variable separately. If ∗ is continuous, then
([0, 1], ∗) is called a continuous quantale. In this sense, every continuous quantale
is integral.

Lemma 2.3.37. In every continuous quantale ([0, 1], ∗) the following properties
hold:

(i) For n ∈ N and x ∈ [0, 1] there exists a z ∈ [0, 1] such that x coincides with the
nth power of z w.r.t. ∗— i.e. x = zn := z ∗ n· · · ∗ z.

(ii) If x ≤ y, then there exist u, v ∈ [0, 1] with x = u ∗ y = y ∗ v.

Proof. Since 1 is the unit and [0, 1] is a connected topological space, the properties
(i) and (ii) follow from the continuity of ∗ and the intermediate mean value theorem.

�

As an immediate corollary of Lemma 2.3.37 (i) we obtain that every continuous

quantale has roots — i.e. for every n ∈ N there exists a unique isotone map x �−→
x1/n satisfying the following conditions:

(R1) zn ≤ x ⇐⇒ z ≤ x1/n .
(R2) x = (

x1/n
)n

for all x ∈ [0, 1].
Moreover, the assertion (ii) in Lemma 2.3.37 implies:

x ∗ (
x ↘ (x ∧ y)

) = x ∧ y = (
(x ∧ y)↙ x

) ∗ x, x, y ∈ [0, 1]. (2.44)

With regard to cancellation properties we have the following situation.

Corollary 2.3.38. Let ([0, 1], ∗) be a continuous quantale. If 1 and 0 are the only
idempotent elements of [0, 1], then for all x, y, z ∈ [0, 1] the following implications
hold:

0 �= x ∗ y = x ∗ z =⇒ y = z and 0 �= y ∗ x = z ∗ x =⇒ y = z.
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Proof. If 0 �= x ∗ y = x ∗ z, then we infer from (2.44) that:

0 �= x ∗ y ∗ (
y ↘ (y ∧ z)

) = x ∗ (y ∧ z) = x ∗ y = x ∗ z.

Since ∗ is nonempty meet-preserving in each variable separately, the element

e = ∧

n∈N

(
y ↘ (y ∧ z)

)n

is idempotent and satisfies the property 0 �= x ∗ y ∗ e = x ∗ y. Hence y ↘ (y ∧ z)
necessarily coincides with 1— i.e. y ≤ z. If we interchange the rôle of y and z, then
we also obtain z ≤ y —i.e. y = z. Analogously we verify the second implication. �

Corollary 2.3.39. Let ([0, 1], ∗) be a continuous quantale. If 0 and 1 are the only
idempotent elements of [0, 1], then for all x, y ∈ (0, 1) and for all n, m ∈ N the
following properties hold:

(i) 0 �= xm = xn =⇒ m = n.
(ii) 0 �= xn = yn =⇒ x = y.
(iii)

(
x1/n

)1/m = x1/(n·m).

Proof. Without loss of generality, we can assume n ≤ m and consider the case
0 �= xn = xm where x �= 1. Then xm−n = 1 follows from Corollary 2.3.38. Hence
we obtain n = m. Nowwe choose x, y ∈ (0, 1]with 0 �= xn = yn and assume, with-
out loss of generality, x ≤ y. Then 0 �= yn ∗ (y ↘ x) = yn−1 ∗ x ≥ xn follows from
Lemma 2.3.37 (ii). Since xn = yn , the previous relation means 0 �= yn ∗ (y ↘ x) =
yn . Nowwe introduce an idempotent element e of [0, 1] by e =∧

m∈N(y ↘ x)m and
observe that 0 �= yn ∗ e = yn . Hence e necessarily coincides with 1 — i.e. x = y.
Finally, referring to (R2), it is easily seen that the relation

(
(x1/n)1/m

)n·m = x = (
x1/(n·m)

)n·m

holds. Hence (iii) follows immediately from (ii). �

Theorem 2.3.40. Let ([0, 1], ∗) be a continuous quantale such that the relation
0 < x ∗ x < x holds for all x ∈ (0, 1). Then ([0, 1], ∗) is isomorphic to the quantale
([0,+∞]op,+).

Proof. Wefix x ∈ (0, 1) and choose natural numbers i, j, m, n ∈ Nwith the property
i · n = m · j . Then we obtain from Corollary 2.3.39 (iii):

(
x1/n

)m = ((
x1/n

)1/j) j ·m = (
x1/(n· j))m· j = (

x1/(n· j))i ·n = (
x1/j

)i
.

Thuswe can assign a unique element xr ∈ [0, 1] to each rational number r in [0,+∞]
according to the following rule:

xr = (
x1/n

)m
where r = m

n . (2.45)
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Obviously xr ∗ xs = xr+s holds for all rational numbers r, s ∈ (0,+∞). Now we

extend the antitone correspondence r �−→ xr to a join-preservingmap [0,+∞]op ϕ

[0, 1] by:

ϕ(0) = 1, ϕ(+∞) = 0, ϕ(α) = sup{xr | α < r}, α ∈ (0,+∞).

It is easily seen that ϕ also preserves the multiplications+ and ∗, respectively. Hence
ϕ is a unital homomorphism.

We show that [0,+∞]op ϕ [0, 1] is also meet-preserving. Since 0 and 1 are the
only idempotent elements in [0, 1], we first notice that supn∈N x1/n = 1. Now we
conclude from

xr ∗ x1/n = xr+ 1
n ≤ xr ′ ≤ xr , r < α < r ′ < r + 1

n

that for all n ∈ N the relation

(inf{xr | r < α}) ∗ x1/n ≤ ϕ(α) ≤ inf{xr | r < α}

holds. Hence
ϕ(α) = inf

r<α
xr

follows for all α ∈ (0,+∞). To sum up, ϕ is continuous. Then, by the intermediate
value theorem, ϕ is surjective.
In order to verify the injectivity of ϕ we proceed as follows. Since rational numbers
of [0,+∞] are dense in [0,+∞], it is sufficient to verify the implication:

(
x1/j

)i = (
x1/n

)m =⇒ i
j = m

n . (2.46)

If
(
x1/j

)i = (
x1/n

)m
holds, then we derive the following relation from (R2) and

Corollary 2.3.39 (iii):

(
x1/( j ·n)

)i ·n = (
x1/j

)i = (
x1/n

)m = (
x1/(n· j))m· j

.

Since all powers xk of x are different from 0, we infer from Corollary 2.3.39 (i) that
i · n = m · j holds. Hence (2.46) is verified.
To sum up, we have shown that ϕ is an isomorphism of unital quantales. In particular,
∗ is commutative. �


In the next step of the classification we need quantales with nilpotent elements.
Here we consider the interval [0, 2] provided with the dual order and the multiplica-
tion ⊕ defined by:

x ⊕ y = min(x + y, 2), x, y ∈ [0, 2].
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Then ([0, 2]op,⊕) is a unital quantalewith unit 0 and zero element 2. Since1⊕ 1 = 2,
the element 1 is nilpotent.

Theorem 2.3.41. Let ([0, 1], ∗) be a continuous quantale satisfying the condition
x ∗ x < x for all x ∈ (0, 1). If there exists an element x0 ∈ (0, 1) with x0 ∗ x0 = 0,
then ([0, 1], ∗) is isomorphic to ([0, 2]op,⊕).

Proof. Let x0 be an element in (0, 1) with x0 ∗ x0 = 0. Then we put

z = sup{x ∈ [0, 1] | x ∗ x = 0}

and observe that z ∗ z = 0 and zr �= 0 holds for all r ∈ (0, 2) (cf. (2.45)). Hence the
essential arguments from the proof of Theorem 2.3.40 carry over, and there exists an

order isomorphism [0, 2]op ψ [0, 1] defined by:

ψ(0) = 1, ψ(2) = 0, ψ(α) = sup{zr | α < r}, α ∈ (0, 2).

We show that ψ is a homomorphism. For this purpose we distinguish the following
cases. If α + β < 2, then ψ(α ⊕ β) = ψ(α) ∗ ψ(β) follows from the definition of
zr with 0 < r < 2 (cf. (2.45)). If 2 ≤ α + β, then we obtain:

ψ(α) ∗ ψ(β) ≤ sup{zr | 2 < r} ≤ z2 = 0.

Hence 0 = ψ(2) = ψ(α ⊕ β) = ψ(α) ∗ ψ(β) follows. To sum up we have verified
that ψ is an isomorphism between unital quantales. �


Since the map α �−→ ln(−α) is a unital homomorphism from ([0,+∞]op,+) to
[0, 1] providedwith the usual product and themapα �−→ 1− α

2 is a unital homomor-
phism from ([0, 2]op,⊕) to [0, 1] providedwith Łukasiewicz arithmetic conjunction,
we can summarize the results of Theorems 2.3.40 and 2.3.41 as follows.

Fact II. Let ([0, 1], ∗) be a continuous quantale with the property x ∗ x < x for
all x ∈ (0, 1). Then ([0, 1], ∗) is isomorphic to ([0, 1], �), where � is either the usual
product or the Łukasiewicz arithmetic conjunction.

Now we complete the classification when we consider an arbitrary continuous quan-
tale ([0, 1], ∗). Since idempotent elements play a special rôle, we distinguish the
following cases:
(1) If every element of [0, 1] is idempotent, then ∗ coincides with the binary mini-
mum.
(2) If there exists at least one non-idempotent element of [0, 1], then we define
I = {x ∈ [0, 1] | x ∗ x = x} and observe that I is a compact subset of [0, 1]. Hence
its complement, {x ∈ [0, 1] | x ∗ x < x}, is an open, nonempty subset and can be read
as a countable union of open intervals (an, bn). Then the restriction of ∗ to [an, bn]
is either isomorphic to the usual product or to Łukasiewicz arithmetic conjunction.
If the pair (x, y) is not contained in some rectangle [an, bn] × [an, bn], then ∗ oper-
ates on (x, y) as the minimum — i.e. x ∗ y = min(x, y). Hence we can summarize
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the situation as follows. A continuous quantale having at least one non-idempotent
element is the ordinal sum of those summands which are isomorphic either to the
usual product, or to Łukasiewicz arithmetic conjunction or to a restriction of the
binary minimum. In this sense we have a complete classification of all continuous
quantales. In particular, every continuous quantale is commutative, and consequently
the multiplication is a continuous t-norm (cf. [67]).

Exercises

2.3.1. (See Exercise 2.2.1) Let C3 be chain with three elements. Prove:

(a) There exist precisely 12 quantale structures on the three-chain C3, namely (1)–
(2), (6)–(9) and (15)–(20).

(b) 6 of them are semi-unital, namely (9) and (16)–(20).
(c) 3 of them are unital, namely (9), (16) and (19).
(d) 8 of themare commutative, namely (1)–(2), (6), (9) and (15)–(16) and (19)–(20).
(e) 4 of them are idempotent, namely (16)–(19).
(f) 9 of them are left-sided, namely (1)–(2), (6)–(9) and (15)–(17).
(g) 9 of them are right-sided, namely (1)–(2), (6)–(9), (15)–(16) and (18).
(h) 8 of them are two-sided, namely (1)–(2), (6)–(9) and (15)–(16).
(i) 9 of them are balanced, namely (6)–(9) and (16)–(20).
(k) 2 of them are integral (cf. Example 2.3.11), namely (9) and (16).
(l) 2 of them are non-commutative and two-sided, namely (7) and (8). More pre-

cisely, (8) is strictly left-sided and not semi-unital, while (7) is strictly right-
sided and not semi-unital.

(m) Oneof them is non-commutative, left-sided andnot right-sided (17), and another
one is non-commutative, right-sided and not left-sided (18).

Comment. As a corollary of the previous observations we record the following
statements:

(i) Every unital quantale on the three-chain C3 is commutative.
(ii) There exists a unique left-sided and not right-sided quantale on C3 which is

necessarily idempotent.
(iii) There exists a unique right-sided and not left-sided quantale on C3 which is

necessarily idempotent.
(iv) There exist two non-commutative and two-sided quantales on C3.

2.3.2. Show that the associative reflection of the eight prequantales (3)–(5) and
(10)–(14) introduced in Exercise 2.2.1 have the following form:

(i) The associative reflection of (3)–(5) are isomorphic to the trivial quantale on the
two-chain C2.

(ii) The associative reflection of (10)–(14) coincide with the quantale consisting of
a single element.
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2.3.3. Determine all integral quantales on the chain with four elements.
(Hint: Use Exercise 2.3.1 (h) and apply the semi-unitalization.)

2.3.4. Let C2 be the chain with two elements. Show that on a Boolean algebra with
four elements there exist three structures of a unital quantale up to isomorphism.More
precisely, there exists a unique structure of an integral quantale and two structures
of a non-integral and unital quantale occuring as the unitalization of quantales on C2

(cf. Exercise 2.2.2).

2.3.5. Let [0, 1] be the real unit interval and ∗ be the binary geometric mean — i.e.
x ∗ y = √x · y. Show that ([0, 1], ∗) is a prequantale and compute its associative
reflection.
(Hint: If c is a nucleus on ([0, 1], ∗) such that c

(
(x1 ∗ x2) ∗ x3

) = c
(
x1 ∗ (x2 ∗ x3)

)

holds for all x1, x2, x3 ∈ [0, 1], then c also satisfies the property x2/3 ≤ c(x) for all
x ∈ (0, 1]. For this purpose fix x ∈ (0, 1] and consider the case x1 = 1 and x2 =
x3 = x4/3.)

2.3.6. Let N be the set of natural numbers and 1 be the unit object of Sup (cf.
Lemma 2.1.14). Show that the free quantale generated by 1 in the sense of Sup is
isomorphic to the power setP(N) of N provided with the Minkowski addition.

2.3.7. Let (X, ∗, e, ′) be an involutive and unital quantale, and let us recall that the
universal bounds are always hermitian. Show that the unit e of X is also hermitian.

2.3.8. Show that the category of commutative quantales is a reflective subcategory
of the category Quant of quantales.

2.3.9. Construct a continuous quantale ([0, 1], ∗) which satisfies the following pro-
perties:

(a) 1
2 is the unique idempotent element x ∈ (0, 1).

(b) 1
2 < x ∗ x for all x ∈ ( 12 , 1).

(c) There exists an element x ∈ (0, 1) with x ∗ x = 0.

2.3.10. Let X be a complete lattice with at least two different elements. Further, let
∗� and ∗r be binary operations on X (in the sense of Set) given by

x ∗� y =
{
⊥, x = ⊥,

y, x �= ⊥,
and x ∗r y =

{
⊥, y = ⊥,

x, y �= ⊥,
x, y ∈ X.

Show

(a) (X, ∗�) is a left-sided and idempotent quantale, while (X, ∗r ) is a right-sided
and idempotent quantale.

(b) The set of prime elements in both quantales X � = (X, ∗�) and Xr = (X, ∗r )

coincides with X \ {�}. What are the prime elements of X � ⊗ Xr?
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(c) All the elementary tensors in the tensor product X � ⊗ Xr are idempotent ele-
ments. X � ⊗ Xr is idempotent if and only if X is isomorphic to the unit object
of the tensor product.

(d) A tensor f ∈ X � ⊗ Xr is left-sided if and only if there exists a u ∈ X such that
f = u ⊗�.
(Hint: u =∨{x ∈ X | f (x) �= ⊥}.)

(e) A tensor g ∈ X � ⊗ Xr is right-sided if and only if there exists a v ∈ X such that
g = �⊗ v.
(Hint: v =∨{g(x) | x �= ⊥}.)

(f) Conclude from (d) and (e) that the subquantale L(X � ⊗ Xr ) of all left-sided
tensors is isomorphic to X � and the subquantale R(X � ⊗ Xr ) of all right-sided
tensors is isomorphic to Xr .

(g) The subquantale I(X � ⊗ Xr ) of all two-sided tensors coincides with the quantale
consisting only of the universal bounds of X � ⊗ Xr — i.e. {⊥,�}.

(h) Conclude from (d), (e) and (g) that X � ⊗ Xr is left-sided (resp. right-sided) if
and only if X = {⊥,�}.

2.3.11. Let [0, 1] be the real unit interval provided with the order-reversing involu-
tiondeterminedby x⊥=1− x for all x ∈ [0, 1]. Further, let ([[0, 1], [0, 1]], ◦, 1[0,1], ′)
be the involutive and unital quantale of all join-preserving maps [0, 1] f [0, 1]
(cf. Example 2.3.31). Show that the group of all unitary join-preserving maps in
[[0, 1], [0, 1]] is isomorphic to the group of all join-preserving and bijective maps

[0, 1
2 ] g [0, 1

2 ].
(Hint: Use Example 2.3.32 and for every [0, 1

2 ] g [0, 1
2 ] consider the map f

determined by: f (x) = g(x) for all x ∈ [0, 1
2 ] and f (x) = 1− g(1− x) for all

x ∈ ( 12 , 1].)
2.3.12. For every topological group (X, ·, τ ) with the multiplication · show that the
complete lattice τ of open subsets is an involutive quantale (τ, ∗, ′) with respect to
the following operations:

U ∗ V = {x · y | x ∈ U, y ∈ V } and U ′ = {x−1 | x ∈ U }, U, V ∈ τ.

2.3.13. Show that the quantales (7) and (8) in Exercise 2.2.1 are semigroups in CD
— i.e. the corresponding binary operation in Sup is meet-preserving. Moreover,
compute the comultiplication of (7) and (8).

2.4 Idempotent Quantales and Frames

As a first general property we show that the idempotency of the tensor product entails
the idempotency of its factors.
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Lemma 2.4.1. Let (X, ∗) and (Y, ∗) be quantales such that X and Y contain at
least two different elements. If (X ⊗ Y, �) is idempotent, then both factors (X, ∗)
and (Y, ∗) are idempotent.

Proof. If (X ⊗ Y, �) is idempotent, then (X ⊗ Y, �) is balanced. Since X and Y con-
tain at least two different elements, the quantales (X, ∗) and (Y, ∗) are also balanced.
Hence the embeddings jX and jY are homomorphisms (cf. Proposition 2.3.14 (i) and
(ii)), which implies that (X, ∗) and (Y, ∗) are idempotent. �

Comment. The converse of the previous lemma does not hold (see Example 2.3.26
for a counterexample). A complete characterization of the idempotency of the tensor
product will be given in Theorem 2.4.11 infra.

In the following considerations we investigate the impact of left- and right-
sidedness on the theory of idempotent quantales. Obviously, left-sided (resp. right-
sided) and idempotent quantales are always strictly left-sided (resp. right-sided).
Under the hypothesis of left-sidedness (resp. right-sidedness) we show now that the
tensor product preserves the structure of idempotent quantales.

Corollary 2.4.2. If (X, ∗) and (Y, ∗) are left-sided (resp. right-sided) and idempo-
tent quantales, then their tensor product (X ⊗ Y, �) is also left-sided (resp. right-
sided) and idempotent.

Proof. The left-sidedness of (X ⊗ Y, �) is evident (cf. Lemma 2.3.12 (iii)). Further,
for every tensor f ∈ X ⊗ Y the following relation holds:

f = ∨

x∈X
(x ∗ x)⊗ ( f (x) ∗ f (x)) = ∨

x∈X
(x ⊗ f (x)) � (x ⊗ f (x)) ≤ f � f.

Since f � f ≤ f follows from the left-sideness of (X ⊗ Y, �), we conclude that the
tensor product (X ⊗ Y, �) is idempotent. �


If X and Y contain at least two different elements, then we conclude from Prop-
osition 2.3.3 and Lemma 2.4.1 that the converse statement of Corollary 2.4.2 is also
true.

Lemma 2.4.3. Let (X, ∗) be an idempotent quantale. Then the following properties
hold:

(i) If (X, ∗) is left-sided, then (X, ∗) is left-symmetric — i.e.

x ∗ y ∗ z = y ∗ x ∗ z, x, y, z ∈ X.

(ii) If (X, ∗) is two-sided, then (X, ∗) is an integral and commutative quantale.

Proof. Let (X, ∗) be a left-sided and idempotent quantale. Then we obtain:

x ∗ y ∗ z = (x ∗ y ∗ z) ∗ (x ∗ y ∗ z) ≤ � ∗ y ∗ � ∗ x ∗ � ∗ z ≤ y ∗ x ∗ z, x, y, z ∈ X.
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Interchanging the rôle of x and y, the left-symmetry of (X, ∗) follows.
If (X, ∗) is two-sided, then the universal upper bound � is the unit of (X, ∗) — i.e.
(X, ∗) is integral. The commutativity of (X, ∗) follows from (i). �


Since in any integral, commutative and idempotent quantale the multiplication
coincideswith the binarymeet operation, two-sided and idempotent quantales receive
a special name and are called frames (cf. [58]). Typical examples of frames are given
by lattices of open subsets of topological spaces.

Further, it is important to note that left-sided, idempotent and unital quantales are
always frames. Hence the non-commutativity of a left-sided and idempotent quantale
is characterized by the absence of a unit. This fundamental observation leads to the
motivation to study non-unital quantales in more detail.

Before we proceed, we first present a non-trivial class of left-sided, idempotent
and non-commutative quantales arising from non-commutative unital C∗-algebras.
For the convenience of the reader we begin with the axioms of a C∗algebra.

A Banach algebraA = (A,+, ·)with unit e (cf. [60, 77]) is a unital C∗-algebras
if A is provided with a conjugate-linear map a �−→ a∗ of A into itself satisfying the
following conditions:

(C1) (a∗)∗ = a for all a ∈ A.
(C2) (a · b)∗ = b∗ · a∗ for all a, b ∈ A.
(C3) ‖a∗ · a‖ = ‖a‖2 for all a ∈ A.

Sometimes the conjugate-linear map a �−→ a∗ is called the involution of A. In
this context condition (C3) is also known as the C∗-property.

Because of (C1), (C3) and the submultiplicativity of the norm the involution
a �−→ a∗ is always an isometry.

A closed left ideal of a C∗-algebra A = (A, ·,+) is a closed linear subspace I of
A satisfying the additional property:

a ∈ A, x ∈ I =⇒ a · x ∈ I.

Morphisms between C∗-algebras are ∗-homomorphisms — these are algebra homo-
morphisms A π B satisfying the property π(a∗) = π(a)∗ for all a ∈ A. Conse-
quently ∗-homomorphisms are algebra homomorphisms preserving the correspond-
ing involutions. It follows from the spectral theory of self-adjoint elements of A and
the C∗-property that a ∗-homomorphism π always satisfies the condition (cf. [5,
p. 12])

‖π(a)‖ ≤ ‖a‖, a ∈ A.

Hence ∗-homomorphisms are continuous.
Further, we recall that the multiplication of closed left ideals of C∗-algebras

is idempotent. Since these constructions make essential use of spectral theory in
Banach algebras, we first summarize the fundamental properties of the continuous
function calculus. For details the reader is referred to standard references in Func-
tional Analysis— e.g. [77]. Herewe only recall the spectrum of self-adjoint elements
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of unital C∗-algebras A. If x ∈ A is self-adjoint (i.e. x∗ = x), then in this case the
spectrum σ(x) of x is always a compact subset of the real line and is given by

σ(x) = {λ ∈ R | λe − x is not invertible},

where e denotes the unit of A.

Theorem 2.4.4. Let A be a unital C∗-algebra, x be a self-adjoint element of A and
let σ(x) be the spectrum of x. Further letC (σ (x)) be the commutative C∗-algebra of

all continuous functions σ(x)
f
C and σ(x)

ι
↪−→ C be the inclusion map. Then there

exists a unique ∗-homomorphism C (σ (x)) Φ A satisfying the condition Φ(ι) = x.
Moreover, Φ satisfies the following properties:

(i) Φ is an isometry.
(ii) For every f ∈ C (σ (x)) the spectrum of Φ( f ) coincides with the image of σ(x)

under f — i.e. σ(Φ( f )) = f (σ (x)).

Comment. The first part of Theorem 2.4.4, including property (i), is the (contin-
uous) function calculus of self-adjoint elements (cf. [60, p. 239 and p. 271]), while
property (ii) is also called the spectral mapping theorem.

Corollary 2.4.5. Let (A, ·, ‖ ‖) be a unital C∗-algebra with unit e, and let I be a
closed left ideal of A. Then I ⊆ I ∗ I holds where

I ∗ I = top.closure(lin.hull {a · b | a, b ∈ I }).

Proof. We distinguish the following cases.
(a) Let x be a self-adjoint element of I and σ(x) be the spectrum of x . Further, let

C (σ (x)) Φ A be the unique ∗-homomorphism satisfying the conditions of Theo-

rem 2.4.4. Thenwe consider a sequence ( fn)n∈N of continuous functions σ(x)
fn C

defined by
fn(t) = nt2

1+nt2 , t ∈ σ(x), n ∈ N.

SinceΦ(1) = e and ι2(t) = t2 for all t ∈ σ(x), we obtain that there exists a sequence
(en)n∈N of elements en ∈ A such that

en = Φ( fn) = nx2(e + nx2)−1,

where e is the unit of A. We show that en belongs to I . Since fn is bounded (σ(x) is
compact) and fn(0) = 0 holds, fn can uniformly be approximated by polynomials
p having the following form p(t) =∑m

k=1 aktk . Since x is self-adjoint and Φ is an
isometry, en is the limit of self-adjoint elements of the form

Φ(p) =
m∑

k=1
ak xk .



122 2 Fundamentals of Quantales

Hence en is self-adjoint, and Φ(p) is an element of I where we have used the ideal
property of I . Now the closedness of I ensures that the self-adjoint element en is
also an element of I . Finally, we invoke the spectral mapping theorem and obtain:

σ(e − en) = (1− fn)(σ (x)) ⊆ [0, 1).

Since the norm of e − en coincides with its spectral radius, we have ‖e − en‖ ≤ 1.
Now we use the C∗-property of C∗-algebras and again the property that Φ is an
isometry. Then the relation

‖x · en − x‖2 = ‖(en − e) · x · x · (en − e)‖
≤ ‖x2 · (en − e)‖ = ‖x2 · (e − en)‖
= sup

t∈σ(x)

t2
(
1− nt2

1+nt2
) ≤ 1

n

follows — this means limn→∞ x · en = x . Thus x ∈ I ∗ I holds by definition of ∗.

(b) Now we choose an arbitrary element x of I . Since I is a left ideal, x∗ · x is
contained in I . In particular, x∗ · x is self-adjoint. Hence limn→∞ x∗ · x · en = x∗ · x
follows from (a). Moreover, we observe:

‖x · en − x‖2 = ‖(en − e) · x∗ · x · (en − e)‖ ≤ ‖x∗ · x · (en − e)‖.

The previous relation implies limn→∞ x · en = x . Thus we have verified x ∈ I ∗ I .
�


Corollary 2.4.6. Let (A, ·, ‖ ‖) be a unital C∗-algebra. Further, let I be a closed
left ideal of A and I ′ = {x∗ | x ∈ I } be its adjoint closed right ideal. Then the relation
I ⊆ I ∗ I ′ holds, where I ∗ I ′ = top.closure (lin.hull {a · b | a ∈ I, b ∈ I ′}).
Proof. Since the sequence (en)n∈N constructed in the proof of Corollary 2.4.5 con-
sists of self-adjoint elements of I , the assertion follows from the proof of Corol-
lary 2.4.5. �


As an immediate corollary of Corollary 2.4.6 we obtain the following well-known
result (cf. [5]).

Corollary 2.4.7. Every closed two-sided ideal I of a unital C∗-algebra is self-
adjoint — i.e. I = I ′.

Example 2.4.8. Let (A, ·, ‖ ‖) be a unital C∗-algebra and L(A) be the set of all
closed left ideals I of A ordered by set-inclusion. Then L(A) is a complete lattice.
In particular, meets in L(A) are computed by intersections, while joins in L(A) are
formed by the closure of the linear hull of unions. Further, we consider the ideal
multiplication ∗ on L(A) — i.e.

I ∗ J = top.closure (lin. hull {a · b | a ∈ I, b ∈ J }, I, J ∈ L(A).



2.4 Idempotent Quantales and Frames 123

Then it is not difficult to verify that (L(A), ∗) is a quantale. Further, (L(A), ∗)
is a left-sided quantale and also an idempotent quantale by Corollary 2.4.5. Since
(L(A), ∗) is semi-integral, maximal left ideals are prime (cf. Theorem 2.3.21). Hence
we conclude from [61, Theorem 10.2.10 (iii) on p. 733] that every closed left ideal
is a meet of prime elements. Thus (L(A), ∗) is a spatial quantale.
In this context it is well-known that a unital C∗-algebra is commutative if and only if
each closed left ideal is a two-sided ideal (cf. [60, Exercise 4.6.29 on p. 292]). Hence
(L(A), ∗) is a non-commutative, idempotent and left-sided quantale if and only if
the underlying C∗-algebra (A, ·, ‖ ‖) is non-commutative — e.g. the C∗-algebra of
all bounded, linear operators on a Hilbert space.
If the underlying unital C∗-algebra (A, ·, ‖ ‖) is commutative (i.e. every closed left
ideal is two-sided), thenwe conclude fromLemma 2.4.3 (ii) that (L(A), ∗) is a frame.
In this case L(A) is isomorphic to the Gelfand topology on the spectrum of A (cf.
[77]).

We continue our train of thought with a categorical framework of left-sided and
idempotent quantales. First we note that a strong homomorphism between frames
is a frame homomorphism — i.e. an arbitrary join and finite meet-preserving map.
Now we introduce the following terminology and notation.

Let LQuant be the category of left-sided and idempotent quantales and strong
homomorphisms. Obviously, LQuant is a full subcategory of BQuant (cf.
Sect. 2.3.1). Further, let Frm be the category of frames and frame homomorphisms.
Then Frm is evidently a full subcategory of LQuant.

It is easily seen thatLQuant is complete.Moreover,LQuant satisfies the follow-
ing important property.

Theorem 2.4.9. The category LQuant is a reflective subcategory of BQuant.

Proof. Let (X, ∗) be a balanced quantale. We have to prove that there exists a left-

sided and idempotent quantale (X �, ∗�) and a strong homomorphism X
η

�

X X � such
that for every further left-sided and idempotent quantale (Y, ∗) and every further

strong homomorphism X h Y there exists a unique strong homomorphism X � h�

Y making the following diagram commutative:

X X �

Y

h

η
�

X

h�

Let F be the set of all nuclei c on (X, ∗) satisfying the following condition:

c(� ∗ x) = c(x) = c(x ∗ x), x ∈ X.

Further, let c0 be the meet of F. Since the meet of nuclei is computed pointwisely,
c0 is contained in F. Now let (X �, ∗�) = (c0(X), �) be the regular quotient of (X, ∗)
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w.r.t. c0. Then (X �, ∗�) is a left-sided and idempotent quantale, and the quotient map

X
η

�

X X � is a strong homomorphism. If (Y, ∗) is a further left-sided and idempotent

quantale and X h Y is a further stronghomomorphism, then the nucleus ch = h� ◦ h
associated with h is contained in F. Hence c0 ≤ ch follows, and h factors uniquely
through η

�

X . �

As an immediate corollary of Theorem 2.3.15, Proposition 2.3.16 and Theo-

rem 2.4.9 we obtain that LQuant is cocomplete. We can summarize the previous
results as follows.

Fact I. The categoryLQuant of left-sided and idempotent quantales is a complete,
cocomplete and monoidal category.

The next proposition is a first step on theway to giving a complete characterization
of idempotent tensor products of quantales.

Proposition 2.4.10. Let (X, ∗) and (Y, ∗) be idempotent quantales. If (X, ∗) or
(Y, ∗) is a frame, then their tensor product (X ⊗ Y, �) is idempotent.

Proof. Let (X, ∗) and (Y, ∗) be idempotent quantales. We fix a tensor f ∈ X ⊗ Y .
Then the relation f ≤ f � f is obvious (cf. the proof of Corollary 2.4.2). In order to
verify f � f ≤ f we distinguish the following cases.
Case 1. Let (X, ∗) be two-sided — i.e. a frame. Since f is antitone and (Y, ∗) is
idempotent, we obtain for all x, z ∈ X :

(x ⊗ f (x)) � (z ⊗ f (z)) = (x ∧ z)⊗ ( f (x) ∗ f (z)) ≤ (x ∧ z)⊗ f (x ∧ z) ≤ f.

Case 2. Let (Y, ∗) be two-sided — i.e. a frame. Since f is join-reversing and (X, ∗)
is idempotent, we obtain for all x, z ∈ X :

(x ⊗ f (x)) � (z ⊗ f (z)) = (x ∗ z)⊗ ( f (x) ∧ f (z)) ≤ (x ∨ z)⊗ f (x ∨ z) ≤ f.

Hence f � f ≤ f follows. �

Warning. The tensor product of a frame with an arbitrary idempotent quantale is in
general neither left-sided nor right-sided.

Theorem 2.4.11. Let (X, ∗) and (Y, ∗) be quantales such that X and Y contain at
least two different elements. Then the following assertions are equivalent:

(i) The tensor product (X ⊗ Y, �) is idempotent.
(ii) (X, ∗) and (Y, ∗) are idempotent and one of the following cases occurs:

(1) (X, ∗) or (Y, ∗) is a frame.
(2) (X, ∗) and (Y, ∗) are left-sided.
(3) (X, ∗) and (Y, ∗) are right-sided.
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Proof. The implication (ii) =⇒ (i) follows immediately from Corollary 2.4.2 and
Proposition 2.4.10. In order to verify (i) =⇒ (ii) the idempotency of (X, ∗) and
(Y, ∗) has already been established in Lemma 2.4.1. Without loss of generality,
we can assume that (X, ∗) is not two-sided and show now that one of the cases
(1)–(3) occurs. For this purpose we choose x ∈ X and y ∈ Y and consider the
tensor fxy = (x ⊗�) ∨ (�⊗ y). Obviously, fxy has the explicit form (see Exer-
cise 2.1.4 (a)):

fxy(z) =
{
�, z ≤ x,

y, z �≤ x,
z ∈ X.

Further, we observe:

fxy � fxy ≥
(
(x ⊗�) � (�⊗ y)

) ∨ (
(�⊗ y) � (x ⊗�)

)

= (
(x ∗ �)⊗ (� ∗ y)

) ∨ (
(� ∗ x)⊗ (y ∗ �)

)
.

Since fxy is idempotent, the relation

(
(x ∗ �)⊗ (� ∗ y)

) ∨ (
(� ∗ x)⊗ (y ∗ �)

) ≤ fxy (2.47)

follows for all x ∈ X and for all y ∈ Y . Now we distinguish the following cases:
Case 1. Let (X, ∗) be neither left-sided nor right-sided. Then there exist elements
x1, x2 ∈ X such that � ∗ x1 �≤ x1 and x2 ∗ � �≤ x2. Now the relations

y ∗ � ≤ y = fx1 y(� ∗ x1) and � ∗ y ≤ y = fx2 y(x2 ∗ �), y ∈ Y

follow from (2.47). Hence (Y, ∗) is two-sided (i.e. a frame), and (1) occurs.
Case 2. Let (X, ∗) be left-sided and not right-sided. Then there exists an x ∈ X such
that x ∗ � �≤ x . Now we infer from (2.47) that

� ∗ y ≤ y = fxy(x ∗ �)

holds for all y ∈ Y . Hence (Y, ∗) is also left-sided, and (2) occurs.
If (X, ∗) is right-sided and not left-sided, then by analogy with Case 2 the quantale
(Y, ∗) is right-sided, and (3) occurs. �


The next theorem shows that in special cases the coproduct of left-sided and
idempotent quantales can be expressed by their tensor product. Since idempotent

quantales are balanced, we know already that the embeddings X
jX X ⊗ Y and

Y
jY X ⊗ Y are strong homomorphisms (cf. Proposition 2.3.14 (i) and (ii)).

Theorem 2.4.12. Let (X, ∗) be a left-sided, idempotent quantale, and let (Y, ∗) be a
two-sided, idempotent quantale (i.e. a frame). Then (X ⊗ Y, �) with the embeddings
jX and jY as coproduct injections is the coproduct of (X, ∗) and (Y, ∗) in LQuant.
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Proof. Let (X, ∗) and (Y, ∗) be idempotent quantales such that (X, ∗) is left-sided
and (Y, ∗) is two-sided. By Corollary 2.4.2 we already know that their tensor product
(X ⊗ Y, �) is an object of LQuant. In order to confirm that the universal property of
coproducts holds for (X ⊗ Y, �)with the coproduct injections jX and jY we choose a
further left-sided and idempotent quantale (Z , ∗), and further stronghomomorphisms

X h X Z and Y hY Z . We show that there exists a unique strong homomorphism

X ⊗ Y k Z with hX = k ◦ jX and hY = k ◦ jY .
(a) (Uniqueness) Since (X, ∗) is strictly left-sided and (Y, ∗) is strictly right-sided,
the universal upper bound is a left-unit in (X, ∗) and a right-unit in (Y, ∗). Hence the
relation

(�⊗ y) � (x ⊗�) = (� ∗ x)⊗ (y ∗ �) = x ⊗ y

holds for all x ∈ X and y ∈ Y . If X ⊗ Y k Z is a strong homomorphism satisfying
the conditions hX = k ◦ jX and hY = k ◦ jY , then we obtain:

k(x ⊗ y) = k(�⊗ y) ∗ k(x ⊗�) = hY (y) ∗ hX (x), x ∈ X, y ∈ Y. (2.48)

Since every tensor is a join of an appropriate family of elementary tensors, k is
uniquely determined.

(b) (Existence) Let Z ⊗ Z � Z be the binary operation corresponding to the
multiplication ∗ in Z . Motivated by (2.48) we now define a join-preserving map

X ⊗ Y k Z by k = � ◦ cZ Z ◦ (hX ⊗ hY ), where cZ Z is the Z -component of the
symmetry in Sup (cf. Lemma 2.1.15). We show that k is a strong homomorphism.
Since k(�⊗�) = hY (�) ∗ hX (�) = � ∗ � = �, the map k preserves the respec-
tive universal upper bounds. Further, we use the left-symmetry of (Z , ∗) (cf. Lem-
ma 2.4.3 (i)) and observe:

k
(
(x1 ⊗ y1) � (x2 ⊗ y2)

) = k
(
(x1 ∗ x2)⊗ (y1 ∗ y2)

)

= hY (y1) ∗ hY (y2) ∗ hX (x1) ∗ hX (x2)

= (
hY (y1) ∗ hX (x1)

) ∗ (
hY (y2) ∗ hX (x2)

)

= k(x1 ⊗ y1) ∗ k(x2 ⊗ y2).

Since every tensor is a join of elementary tensors, the map k is a strong homomor-
phism. Finally, for x ∈ X and y ∈ Y we observe:

k( jX (x)) = k(x ⊗�) = � ∗ hX (x) = hX (x)

k( jY (y)) = k(�⊗ y) = hY (y) ∗ � = hY (y) ∗ hY (�) = hY (y ∗ �) = hY (y).

Hence k satisfies the desired properties. �

Corollary 2.4.13. ([110]) If X and Y are frames, then their tensor product X ⊗ Y
is the coproduct of X and Y in Frm.
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The previous corollary implies that the coproduct of a family of frames in the
sense of Frm is the direct limit of their finite tensor products (cf. [59]).

In the next subsection we describe the relationship between quantales and frames.

2.4.1 Localic Quotients

A nucleus c on a prequantale (X, ∗) is called localic if c satisfies the following
additional property:

c(x1) ∗ c(x2) ≤ c(x1) ∧ c(x2) ≤ c(x1 ∗ x2), x1, x2 ∈ X. (L)

Since c(c(x1) ∧ c(x2)) = c(x1) ∧ c(x2), condition (L) is equivalent to

c(x1) ∧ c(x2) = c(x1 ∗ x2), x1, x2 ∈ X. (L′)

The following properties are now obvious.

Lemma 2.4.14. Let (X, ∗) be a prequantale and (Y,∧) be a frame. If X h Y is a
homomorphism, then the associated nucleus ch (i.e. ch = h� ◦ h) is localic.

Corollary 2.4.15. Let (X, ∗) be a prequantale and c be a nucleus on (X, ∗). Then
the following assertions are equivalent:

(i) The regular quotient (c(X), �) of (X, ∗) w.r.t. c is localic — i.e. � coincides with
the binary meet operation. In particular, c(X) is a frame.

(ii) The nucleus c is localic.

Example 2.4.16. Let R be a commutative ring with unit and (I(R), ∗) be the unital
and commutative quantale of all ideals of R provided with the ideal multiplication ∗.
In particular, the unit coincides with R, which is the universal upper bound of I(R).
Further, r(I ) denotes the radical of each ideal I of R — i.e.

r(I ) = {x ∈ R | ∃n ∈ N : xn ∈ I }.

It is well-known that the correspondence I �−→ r(I ) is a closure operator r on I(R)

satisfying the additional condition:

r(I ∗ J ) = r(I ) ∩ r(J ), I, J ∈ I(R).

Hence r is a localic nucleus, and the localic quotient of I(R) w.r.t. r coincides with
the frame of all open subsets of the Zariski spectrum of R.

Theorem 2.4.17. The spatial reflection of any integral quantale is a frame.
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Proof. Let cs be the nucleus on (X, ∗) defined by (S) in Lemma 2.3.28. Referring to
Corollary 2.3.29 and Theorem 2.3.30 it is sufficient to prove that cs is localic.
Since (X, ∗) is integral, the relation cs(x1 ∗ x2) ≤ cs(x1) ∧ cs(x2) holds for all
x1, x2 ∈ X . On the other hand, let us choose an arbitrary prime element p of (X, ∗)
with x1 ∗ x2 ≤ p. Using again the integrality of (X, ∗) we obtain x1 ≤ p or x2 ≤ p.
Hence cs(x1) ∧ cs(x2) ≤ p follows. Since p is an arbitrary prime element with
x1 ∗ x2 ≤ p, the relation cs(x1) ∧ cs(x2) ≤ cs(x1 ∗ x2) holds. �


As an immediate corollary of Theorem 2.4.17 we obtain the following result due
to J. Rosický (cf. [102, Corollary 1 on p. 392]).

Corollary 2.4.18. Every spatial and integral quantale is a frame.

Theorem 2.4.19. The category Frm is a reflective subcategory of LQuant.

Proof. Let (X, ∗) be a left-sided and idempotent quantale. We have to prove that

there exists a frame (X �,∧) and a strong homomorphism X
η

�

X X � such that for

every further frame (Y,∧) and strong homomorphism X h Y there exists a unique

frame homomorphism X � h�

Y making the following diagram commutative:

X X �

Y

h

η
�

X

h�

(2.49)

In comparison to the proof of Theorem 2.4.9 we will here apply a similar proof
strategy. Therefore let F be the set of all nuclei c on (X, ∗) satisfying the condition:

c(x ∗ �) = c(x), x ∈ X.

Further, let c0 be the meet of F. Since the meet of nuclei is computed pointwisely, c0
is contained in F. Then the regular quotient of (X, ∗) w.r.t. c0 is an idempotent and
two-sided quantale (X �,∧) = (c0(X), �)—i.e. a frame (cf. Lemma 2.4.3 (ii)). Obvi-

ously, the quotient map X
η

�

X X � is a strong homomorphism. If (Y,∧) is a further

frame and X h Y is a further strong homomorphism, then the nucleus ch = h� ◦ h
associated with h is contained in F. Hence c0 ≤ ch follows, and h factors uniquely
through η

�

X . �

Since adjoint situations compose, we conclude from Theorems 2.4.9 and 2.4.19

that Frm is a reflective subcategory of BQuant, and the action of the corresponding
reflector at a balanced quantale (X, ∗) is called the localic reflection of (X, ∗). Hence
Frm is a cocomplete category. The completeness of Frm is evident.



2.4 Idempotent Quantales and Frames 129

2.4.2 Topological Representation of Left-Sided and
Idempotent Quantales

In the case of left-sided quantales (X, ∗) we begin with the observation that an
element p ∈ X \ {�} is prime if and only if the following implication holds for all
x1, x2 ∈ X :

x1 ∗ x2 ≤ p =⇒ x1 ∗ � ≤ p or x2 ≤ p. (Prime Property′′)

Since the implication (x1 ∗ � ≤ p or x2 ≤ p =⇒ x1 ∗ x2 ≤ p) holds in any left-
sided quantale, the previous prime property can also expressed by the following
equivalence

x1 ∗ x2 ≤ p ⇐⇒ x1 ∗ � ≤ p or x2 ≤ p.

Further, let C�
3 = (C3, ∗�) be the idempotent, left-sided and non-commutative

chain with three elements (cf. Example 2.3.26) — i.e. C3 = {⊥, a,�} and the mul-
tiplication table of ∗� is given by

∗� ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ a �
� ⊥ a �

First we show that prime elements of left-sided and idempotent quantales and
strong homomorphisms with codomain C�

3 are equivalent concepts (cf. [51]).
Webeginwith the observation that in an arbitrary quantale strong homomorphisms

with codomain C�
3 always induce prime elements.

Lemma 2.4.20. Let (X, ∗) be a quantale and X h C�
3 be a strong homomorphism.

Then the element p ∈ X defined by p =∨{x ∈ X | h(x) ≤ a} is a prime element in
(X, ∗).
Proof. Since h is join-preserving and strong, the element p is different from the
universal upper bound of X . In order to show that p is prime we choose x1, x2 ∈ X
with x1 ∗ x2 ≤ p. If x2 �≤ p, then h(x2) = �, and we observe:

h(x1 ∗ �) = h(x1) ∗� � = h(x1) ∗� h(x2) = h(x1 ∗ x2) ≤ h(p) ≤ a.

Hence x1 ∗ � ≤ p. �

Theorem 2.4.21. Let (X, ∗) be a left-sided and idempotent quantale. Then for every

prime element p in (X, ∗) there exists a unique strong homomorphism X h C�
3

satisfying the condition
p =∨{x ∈ X | h(x) ≤ a}. (2.50)
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Proof. (a) (Uniqueness) Let X h C�
3 be an arbitrary strong homomorphism satisfy-

ing (2.50). Since h is join-preserving, the equivalence x ≤ p ⇐⇒ h(x) ≤ a holds
for all x ∈ X . Now we distinguish the following cases:

– If x ∗ � ≤ p, then h(x) ∗� � = h(x ∗ �) ≤ h(p) ≤ a. Hence h(x) = ⊥.
– If x ∗ � �≤ p and x ≤ p, then h(x) ∗� � = h(x ∗ �) = � and h(x) ≤ a. Hence

h(x) = a.
– If x �≤ p, then h(x) = �.
Since (X, ∗) is semi-unital, it follows from the previous cases that h is uniquely
determined by (2.50).
(b) (Existence) Let p be a prime element. Motivated by the uniqueness proof we

define a map X
h p C�

3 by:

h p(x) =

⎧
⎪⎨

⎪⎩

⊥, x ∗ � ≤ p,

a, x ∗ � �≤ p and x ≤ p,

�, x �≤ p,

x ∈ X. (2.51)

Obviously, h p is join-preserving. Since (X, ∗) is semi-unital, h p satisfies property
(2.50) — i.e. p =∨{x ∈ X | h p(x) ≤ a}. Therefore we have only to show that h p

is a strong homomorphism. Since p �= �, the relation h p(�) = � holds. In order to
verify h p(x1 ∗ x2) = h p(x1) ∗� h p(x2) we distinguish the following cases:

– If h p(x1 ∗ x2) = ⊥, then x1 ∗ x2 ∗ � ≤ p. Since p is prime, we have either
x1 ∗ � ≤ p or x2 ∗ � ≤ p — i.e. either h p(x1) = ⊥ or h p(x2) = ⊥. Hence
h p(x1) ∗� h p(x2) = ⊥.

– If h p(x1 ∗ x2) = a, then x1 ∗ x2 ∗ � �≤ p and x1 ∗ x2 ≤ p. Because of the prime
property we obtain x2 ≤ p, x1 ∗ � �≤ p and x2 ∗ � �≤ p. Hence the relations
a ≤ h p(x1), h p(x2) = a and h p(x1) ∗� h p(x2) = a follow.

– Ifh p(x1 ∗ x2) = �, then x1 ∗ x2 �≤ p.Hence x1 ∗ � �≤ p and x2 �≤ p hold, because
of the prime property. This means a ≤ h p(x1) and h p(x2) = �, and so
h p(x1) ∗� h p(x2) = �. �

Since it is possible to identify prime elements of left-sided and idempotent quan-

taleswith strong three-valued homomorphisms (cf. Theorem2.4.21), this observation
motivates the introduction of the basic properties of three-valued topological spaces.

Let againC�
3 = (C3, ∗�) be the left-sided, idempotent and non-commutative chain

with three elements and X be an arbitrary set. Then we extend pointwisely the partial

order and the multiplication in C�
3 to the set (C

�
3)

X of all maps X
f

C�
3 — i.e.

f ≤ g ⇐⇒ f (x) ≤ g(x) for all x ∈ X,

( f ∗ g)(x) = f (x) ∗� g(x), x ∈ X.

Obviously, ((C�
3)

X , ∗) is again a left-sided and idempotent quantale.
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Definition 2.4.22. Let X be a set. A subset τ of (C�
3)

X is called a three-valued
topology on X if X satisfies the following properties (see also [49, p. 150]):

(O1) τ is closed under arbitrary joins in the sense of (C�
3)

X — i.e. the inclusion map

τ
ι

↪−→ (C�
3)

X is join-preserving.
(O2) The universal upper bound � of (C�

3)
X belongs to τ .

(O3) If f, g ∈ τ , then f ∗ g ∈ τ .

If τ is a three-valued topology on X , then the pair (X, τ ) is called a three-valued
topological space.

Let (X, τ ) and (Y, σ ) be three-valued topological spaces. A map X ϕ Y is called
continuous if for all g ∈ σ the composition g ◦ ϕ is an element of τ .

Three-valued topological spaces and continuousmaps form a category denoted by
Top(3�). Since every three-valued topology is a left-sided and idempotent quantale,
there exists an object function

|Top(3�)| |LQuant|

sending each three-valued topological space to its underlying three-valued topology.
This object function can be completed to a functor F : Top(3�)→ LQuantop as
follows:

(X, τ )
ϕ

(Y, σ ), σ
F(ϕ)

τ, F(ϕ) = hϕ where hϕ(g) = g ◦ ϕ, g ∈ σ.

In fact, since ϕ is continuous, it is easily seen that hϕ is a strong homomorphism.
The aimof the following considerations is to show thatF : Top(3�)→ LQuantop

has a right adjoint functorPt3�
: LQuantop → Top(3�). For this purposewe change

our notation and denote now a left-sided and idempotent quantale by (Q, ∗) and by
pt3�

(Q) the set of all strong homomorphisms Q h C�
3. On pt3�

(Q) we introduce
a three-valued topology τQ as follows. First, for each q ∈ Q, we define a map

pt3�
(Q)

Aq C�
3 by

Aq(h) = h(q), h ∈ pt3�
(Q).

Since all h ∈ pt3�
(Q) are strong homomorphisms, it is easily seen that

τQ = {Aq | q ∈ Q}

is a three-valued topology on pt3�
(Q). Further, let k be a morphism in LQuant —

i.e. a strong homomorphism P k Q. Then k induces a map pt3�
(Q)

ϕk pt3�
(P)

by
ϕk(h) = h ◦ k, h ∈ pt3�

(Q). (2.52)

Since
Ap ◦ ϕk = Ak(p), p ∈P, (2.53)
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ϕk is continuous. Hence we can introduce a functor Pt3�
: LQuantop → Top(3�) as

follows:

Pt3�
(Q, ∗) = (pt3�

(Q), τQ ),

P k Q, Pt3�
(Q, ∗) Pt3� (k)

Pt3�
(P, ∗), Pt3�

(k) = ϕk .

Theorem 2.4.23. The functor Pt3�
is right adjoint to F : Top(3�)→ LQuantop.

Proof. Let (X, τ ) be a three-valued topological space. Since for every x ∈ X the

evaluation at x induces a strong homomorphism τ
δx C�

3 by

δx ( f ) = f (x), f ∈ τ,

there exists a natural transformation η : idTop(3�) → Pt3�
F defined as follows:

η(X,τ )(x) = δx , x ∈ X. (2.54)

In fact, η(X,τ ) is continuous, because A f (δx ) = f (x) for all x ∈ X and all f ∈ τ .
SinceLQuantop is the dual category ofLQuant, we have to show that the following
property is valid:

For every left-sided and idempotent quantale (Q, ∗) and for every continuousmap (X, τ )
ϕ

(pt3�
(Q), τQ ) there exists a unique strong homomorphismQ

�ϕ�
τ such that the following

diagram is commutative:

X pt3�
(F(X, τ ))

pt3�
(Q)

ϕ

η(X,τ )

Pt3� (�ϕ�) (2.55)

(Uniqueness) Let Q �ϕ�
τ be an arbitrary strong homomorphism making the dia-

gram (2.55) commutative. Then for all x ∈ X and q ∈ Q the following holds:

(
ϕ(x)

)
(q) =

(
Pt3�

(�ϕ�)
(
η(X,τ )(x)

))
(q)

= (
Pt3�

(�ϕ�)(δx )
)
(q)

= (
δx ◦ �ϕ�

)
(q)

= (
�ϕ�(q)

)
(x).

Hence Q �ϕ�
τ is uniquely determined by ϕ and the commutativity of (2.55).

(Existence) Motivated by the uniqueness proof we define a map Q k (C�
3)

X by

(
k(q)

)
(x) = (

ϕ(x)
)
(q), q ∈ Q, x ∈ X
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and observe that k(q) = Aq ◦ ϕ holds for all q ∈ Q. Since ϕ is continuous, k is a
strong homomorphism fromQ to τ . Referring again to the definition of k we obtain:

(
Pt�3(k)

)
(δx )(q) = δx ◦ k(q) = (

k(q)
)
(x) = ϕ(x)(q), x ∈ X, q ∈ Q.

Hence k makes the diagram (2.55) commutative. �

Comment. Since the value of a strong homomorphism Q h C�

3 at a two-sided
element q of Q is always two-valued (i.e. h(q) ∈ {⊥,�}), the restriction of the
adjunction of Theorem 2.4.23 to the category Frmop = Loc of locales and to the cat-
egory Top(2) ∼= Top of 2-valued topological spaces coincides with the well-known
adjunction between locales and topological spaces (cf. [58, p. 42]). In this sense,
left-sided and idempotent quantales can be viewed as non-commutative frames and
the adjunction in Theorem 2.4.23 can be considered as a non-commutative extension
of the adjunction between Frmop and Top.

Let Q be a left-sided and idempotent quantale. Since the Q-component of the
counit ε of the adjoint situation F � Pt3�

is the unique arrow FPt3�
(Q) Q in the

sense of LQuantop — i.e. the unique strong homomorphism Q
εQ τQ such that

the diagram

Pt3�
(Q) Pt3�

FPt3�
(Q)

Pt3�
(Q)

1Pt3� (Q )

ηPt3� (Q )

Pt3� (εQ )

is commutative, we conclude from the proof of Theorem 2.4.23 that εQ has the form(
εQ (q)

)
(h) = h(q) where q ∈ Q and h ∈ Pt3�

(Q) — i.e.

εQ (q) = Aq , q ∈ Q.

We are now interested in those left-sided and idempotent quantales Q for which
the counit at Q (i.e. εQ ) is an isomorphism.

Theorem 2.4.24. A left-sided and idempotent quantale (Q, ∗) is spatial if and only

if strong homomorphisms Q h C�
3 separate elements of Q — i.e. for q1, q2 ∈ Q

with q1 �= q2 there exists a strong homomorphism Q h C�
3 with h(q1) �= h(q2).

Proof. (a) Let (Q, ∗) be a spatial, left-sided and idempotent quantale. Then for
q1, q2 ∈ Q with q1 �≤ q2 there exists a prime element p ∈ Q with q2 ≤ p but

q1 �≤ p. Now let Q h C�
3 be the strong homomorphism determined by p (cf. The-

orem 2.4.21). Then we obtain: h(q1) = � and h(q2) ≤ a. Hence strong homomor-
phisms with codomain C�

3 separate elements inQ.
(b) Let (Q, ∗) be a left-sided and idempotent quantale in which C�

3-valued strong
homomorphisms separate elements of Q. We show that prime elements are order
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generating in Q (i.e. (Q, ∗) is spatial). For this purpose we choose q1 ∈ Q \ {�}
and put

q2 =∧{p ∈ Q | p prime in (Q, ∗) and q1 ≤ p}.

Let us assume q1 �= q2 and choose a strong homomorphismQ h C�
3 with the prop-

erty h(q1) �= h(q2). Since q1 ≤ q2 and h is isotone, h(q2) �≤ h(q1) follows. Fur-
ther, let p ∈ Q be the prime element corresponding to h (cf. Lemma 2.4.20) — i.e.
p =∨{q ∈ Q | h(q) ≤ a}. Now we distinguish the following cases.
Case 1: If h(q1) = ⊥ and a ≤ h(q2), then q1 ∗ � ≤ p and q2 ∗ � �≤ p follow. Now
we define an element q0 ∈ Q by q0 =∨{z ∈ Q | z ∗ � ≤ p}. Since q0 ∗ � ≤ p, it
is easily seen that q0 is right-sided (i.e. two-sided) and prime. Now we infer from
q1 ∗ � ≤ p that q1 ≤ q0 holds. Finally, we apply the definition of q2 and obtain:

q2 ∗ � ≤ q0 ∗ � ≤ p,

which is a contradiction to q2 ∗ � �≤ p.
Case 2: If h(q1) = a and h(q2) = �, then the relations q1 ≤ p and q2 �≤ p hold —
a property which is obviously a contradiction to the definition of q2.
We conclude from the previous cases that the assumption is false — i.e. q1 and q2

coincide. Hence (Q, ∗) is spatial. �

The next proposition is an immediate corollary of Theorem 2.4.24 and is a more

precise version of the main theorem in [103].

Proposition 2.4.25. Let (Q, ∗) be a left-sided and idempotent quantale, and σ(Q)

be the set of all prime elements in (Q, ∗). Then (Q, ∗) is spatial if and only if (Q, ∗)
is isomorphic to a subquantale of

(
C�
3

)σ(Q )
.

Corollary 2.4.26. Let (Q, ∗) be a left-sided and idempotent quantale, and εQ be
the counit of F � Pt3�

at (Q, ∗). Then εQ is an isomorphism if and only if (Q, ∗) is
a spatial quantale.

Proof. By definition the homomorphism Q
εQ τQ is surjective. Hence εQ is an

isomorphism if and only if εQ is injective if and only if C�
3-valued strong homomor-

phisms separate elements inQ if and only if (Q, ∗) is spatial. �

A three-valued topological space (X, τ ) is called sober if the unit η of F � Pt3�

at
(X, τ ) is a homeomorphism — i.e. an isomorphism in Top(3�). Since for all x ∈ X
and all f ∈ τ the relationA f (δx ) = f (x) holds, η(X,τ ) is an isomorphism if and only
if η(X,τ ) is bijective.

In order to give a characterization of sobriety we recall Kolmogoroff’s type of
separation axiom —- the so-called T0-axiom.

Definition 2.4.27. A three-valued topological space (X, τ ) is Kolmogoroff separa-
ted (i.e. a T0-space (cf. [99])) if for all x1, x2 ∈ X with x1 �= x2 there exists an f ∈ τ

such that f (x1) �= f (x2) holds.
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Obviously a three-valued topological space (X, τ ) is a T0-space if and only if the
unit of F � Pt3�

at (X, τ ) is injective. Hence (X, τ ) is a three-valued sober space if

and only if (X, τ ) is a T0-space and every strong homomorphism τ h C�
3 is induced

by an element of X — i.e. there exists an x ∈ X with h = δx .

Lemma 2.4.28. For every left-sided and idempotent quantale (Q, ∗) the three-
valued topological space (pt3�

(Q), τQ ) is sober.

Proof. It is evident that (pt3�
(Q), τQ ) is a T0-space. Now let τQ

h C�
3 be a strong

homomorphism. Then the composition p = h ◦ εQ is a strong homomorphism from
Q to C�

3, and hence an element of pt3�
(Q). Obviously the relation

Aq(p) = p(q) = h(εQ (q)) = h(Aq)

holds for all q ∈ Q — i.e. h = δp. Thus h is induced by p. �

To sum up we underline the fact that spatial, left-sided and idempotent quan-

tales and three-valued sober spaces are equivalent concepts. A more categorical
formulation of this situation is the statement that the adjunction formulated in The-
orem 2.4.23 restricts to an equivalence of categories between the subcategory of
three-valued sober spaces and the subcategory of spatial, left-sided and idempotent
quantales.

As application of this result to Example 2.4.8 we obtain that the quantale L(A)

of all closed left ideals of a unital C∗-algebra A can be identified with a three-valued
sober space

(
pt3�

(L(A)), τL(A)

)
. Since A has a unit, it follows from Neuman’s series

that
(
pt3�

(L(A)), τL(A)

)
is compact— i.e. the universal upper bound of τL(A)

∼= L(A)

is compact.
Before we proceed, let us dwell a little bit longer on the topologization problem

of L(A).

Example 2.4.29. Let (A,+, ·, ∗) be a non-commutative, unital C∗-algebra. Then we
know from the theory of C∗-algebras that maximal left ideals can be identified with
pure states. The situation is as follows (cf. [61, 10.2.10 Theorem]):

– A state ρ of A is pure if and only if its left kernel Lρ = {a ∈ A | ρ(a∗ · a) = 0} is
a maximal left ideal.

– For every maximal left ideal I there exists a unique pure state ρ of A such that I
coincides with the left kernel of ρ.

Further, let L(A) be the quantale of all closed left ideals of A. Since every closed left
ideal is an intersection of maximal left ideals (see again [61, 10.2.10 Theorem(iii)]),
it is sufficient to consider only maximal left ideals for the topologization of L(A).
Therefore let p(A) be the set of all pure states of A. For every closed left ideal I we

introduce a map p(A)
AI C�

3 by (cf. (2.51)):
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AI (ρ) =

⎧
⎪⎨

⎪⎩

⊥, I ∗ A ⊆ Lρ,

a, I ∗ A � Lρ and I ⊆ Lρ,

�, I � Lρ,

ρ ∈ p(A).

Then τp = {AI | I ∈ L(A)} is a three-valued topology on p(A) and is isomorphic
to L(A). In this sense we can also understand the three-valued topological space
(p(A), τp) as the topologization of the quantale L(A). Obviously, the sobrification
of (p(A), τp) is isomorphic to

(
pt3�

(L(A)), τL(A)

)
.

We finish this subsection with a property which explains the relationship between
sobriety and stratification of three-valued topological space. For this purpose let a
be the constant map determined by a ∈ C3. A three-valued topological space (X, τ )

is said to be stratified if a belongs to τ .

Proposition 2.4.30. Let X be a nonempty set. Then a three-valued sober space
(X, τ ) is never stratified — i.e. a /∈ τ .

Proof. Let us fix an element x ∈ X and define a two-sided prime element of τ by f0 =
∨{ f ∈ τ | f (x) = ⊥}. Further, let τ h C�

3 be the unique strong homomorphism
corresponding to f0 (cf. Theorem 2.4.21). Because a �≤ f0 the property h(a) = �
follows from (2.51). Moreover, the sobriety of (X, τ ) ensures the existence of an
element z ∈ X such that h = δz holds. If we now assume a ∈ τ , then we obtain
h(a) = a(z) = a, which is a contradiction to h(a) = �. Hence (X, τ ) cannot be
stratified. �

Exercises

2.4.1. (See Exercises 2.2.1 and 2.3.1) Let C3 be the chain with three elements.
Referring to the comment after Exercise 2.3.1 there exists a unique idempotent,
left-sided, but not right-sided quantale and a unique idempotent, right-sided, but not
left-sided quantale on C3. Prove:

(a) On C3 there exists a unique idempotent, but not left-sided and not right-sided
quantale which is necessarily commutative and unital.

(b) On C3 there exists a unique two-sided and idempotent quantale which is neces-
sarily commutative.

(c) OnC3 there exists precisely seven two-sided, but not idempotent quantales. Only
two of them are non-commutative.

2.4.2. Let C3 be the chain with three elements provided with the following multipli-
cations (see (18) and (8) in Exercise 2.2.1):

∗r ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ a a
� ⊥ � �

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ ⊥
� ⊥ a �
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Show

(a) (C3, ∗r ) is a right-sided, idempotent and spatial quantale, but not left-sided.
(b) (C3, ∗) is a two-sided and spatial quantale, but non-idempotent.
(c) The identity 1C3 is neither a strong homomorphism (C3, ∗r )→ C�

3 nor a strong
homomorphism (C3, ∗)→ C�

3.

(d) There exists only a single strong homomorphism (C3, ∗r )
h C�

3.

(e) There exists only a single strong homomorphism (C3, ∗) h C�
3.

(f) Conclude from (d) – (e) that in Theorems 2.4.21 and 2.4.24 neither the assump-
tion of left-sidedness nor the assumption of idempotency imposed on (X, ∗) can
be dropped.

2.4.3. Let X and Y be complete lattices. With every arbitrary map X
f

Y we
associate a tensor f ∈ X ⊗ Y defined by f =∨

x∈X x ⊗ f (x). If additionally (X,∧)

and (Y,∧) are frames, then show that f has the following representation:

f (x) =∨{ f (z) ∧ f (x) | x ∧ z �= ⊥}, x ∈ X \ {⊥}.

(Hint: For x ∈ X observe that x ⊗ f (x) ≤ f and subsequently use Corollary 2.4.13
and the property that the universal bimorphism is meet-preserving.)

2.4.4. Let M2 be the C∗-algebra of all square matrices of order 2 with complex
coefficients. Further, let A be an element of M2 with rank(A) = 1. Show:

(a) If L is the left ideal of M2 generated by A — i.e. L = {B · A | B ∈M2}, then
there exist complex numbers α, β ∈ C such that |α|2 + |β|2 = 1 and the follow-
ing relation holds:

L =
{
α ·

(
a 0
b 0

)

+ β ·
(
0 a
0 b

)

| a, b ∈ C
}
.

(b) Every non-trivial and proper left ideal ofM2 is maximal.

2.4.5. Let (X, ∗) be a factor quantale — i.e. the subquantale of all two-sided ele-
ments of (X, ∗) coincides with {⊥,�}. Show: If (X, ∗) is left-sided and semi-unital,
then (X, ∗) is idempotent and the multiplication ∗ has the following form (cf. Exer-
cise 2.3.10):

x ∗ y =
{
⊥, x = ⊥,

y, x �= ⊥,
x, y ∈ X.

In particular, (X, ∗) is spatial (cf. Exercise 2.3.10 (b)).
2.4.6. Let Mn be the C∗-algebra of all square matrices of order n with complex
coefficients, and let L(Mn) be the quantale of all left ideals of Mn provided with
the ideal multiplication ∗. Show that

(
L(Mn), ∗

)
is a factor and conclude from

Exercise 2.4.5 that the ideal multiplication has the following form:
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L1 ∗ L2 =
{
{0}, L1 = {0},
L2, L1 �= {0}, L1, L2 ∈Mn.

(Hint: Jordan’s Theorem.)

2.4.7. Let c be a nucleus on a quantale (X, ∗) and A = c(X) be its range. Show that
the following assertions are equivalent:

(a) The quotient (A, �) = (X, ∗)/c is a left-sided and idempotent quantale.
(b) The nucleus c satisfies the conditions c(� ∗ x) = c(x) and c(x ∗ x) = c(x) for

all x ∈ X .

2.4.8. Let (C�
3, ∗�) be the left-sided, non-commutative and idempotent chain of three

elements.

(a) Show that (C�
3, ∗�) is spatial and construct the corresponding three-valued sober

space
(
pt3�

(C�
3), τC�

3

)
.

(b) Consider now the singleton {1C�
3
} as a three-valued topological subspace of

(
pt3�

(C�
3), τC�

3

)
(“open subsets” are the restrictions of those in τC�

3
). Show that

the three-valued topology on {1C�
3
} is stratified and isomorphic to (C�

3, ∗�).

2.4.9. Let (C�
3, ∗�) be the left-sided, non-commutative and idempotent chain of three

elements. Further, let X be a set and X
a

C3 be the constant map determined by a,
where a is the unique element of C3 which is different from the universal bounds of
C3.

(a) Show that a is a left-unit in ((C�
3)

X , ∗).
(b) Let (X, τ ) be a three-valued topological space and σ = { f ∨ (g ∗ a) | f, g ∈ τ }.

Show that (X, σ ) is a stratified three-valued topological space.

2.4.10. (Cf. [94]) Let (X,∧) and (Y,∧) be frames. Further, Ant(X, Y ) denotes the

complete lattice of all antitone maps X
f

Y ordered pointwisely — i.e.

f ≤ g ⇐⇒ f (x) ≤ g(x) for all x ∈ X.

On Ant(X, X) we introduce a binary operation ∗ by

(g ∗ f )(x) =∨{g(y) | y �= ⊥, y ≤ f (x)}, f, g ∈ Ant(X, X). (2.56)

Verify the following assertions:

(a) (Ant(X, X), ∗) is a quantale.
(b) The map Ant(X, X) h X ⊗ X defined by (cf. Exercise 2.4.3)

h( f ) = ∨

x∈X
x ⊗ f (x), f ∈ Ant(X, X)
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is surjective and join-preserving (i.e. a regular epimorphism in Sup). If X ⊗ X
is viewed as a subset of Ant(X, X), then the right adjoint map h� of h coin-
cides with the inclusion map.Moreover, for all f, g ∈ Ant(X, X) the associated
closure operator ch = h� ◦ h satisfies the following properties:

(i) ch(g) ∗ f = g ∗ f .
(Hint: Exercise 2.4.3.)

(ii) g ∗ ch( f ) ≤ ch(g ∗ f ).
(Hint: Fix x0, y ∈ X with x0 �= ⊥, y �= ⊥ and x0 ⊗ y ≤ ∨

x∈X
x ⊗ f (x). Since

X is a frame, use again Corollary 2.4.13 and show

x0 =∨{x0 ∧ x | x ∈ X : x ∧ x0 �= ⊥, y ∧ f (x) �= ⊥}.

Further, for x ∈ X with x ∧ x0 �= ⊥ and y ∧ f (x) �= ⊥ observe that

(x ∧ x0)⊗ g(y) ≤ x ⊗ (
(g ∗ f )(x)

)

and then conclude that x0 ⊗ g(y) ≤ ∨

x∈X
x ⊗ (( f ∗ g)(x)).)

(c) The tensor product X ⊗ X is a quantale w.r.t. the multiplication � defined by

g � f = ∨

x∈X
x ⊗ ((g ∗ f )(x)), f, g ∈ X ⊗ X,

where ∗ is the multiplication of the quantale (Ant(X, X), ∗) (cf. (2.56)).
(Hint: Conclude from (b) and Exercise 2.2.3 that the closure operator ch asso-
ciated with h is a nucleus.)

2.4.11. Let M2 be the C∗-algebra of all square matrices of order 2 with complex
coefficients andL(M2) be the quantale of all left ideals ofL(M2) (cf. Example 2.4.8).
Further, let C�

3 be the non-commutative, idempotent, left-sided three-chain C3 =
{⊥, a,�}. Show:
(a) The set σ(L(M2)) of all prime elements in (L(M2), ∗) coincides with the set

{P ∈ L(M2) | P �=M2}.
(Hint: Exercise 2.4.6 and see also Exercise 2.3.10 (b).)

(b) There exists a bijective map between {P ∈ L(M2) | {0} �= P �=M2} and the set
p(M2) of all pure states of M2.
(Hint: Exercise 2.4.4 (b)).

(c) If
(
pt(L(M2)), τL(M2)

)
is the three-valued (i.e. C�

3-valued) sober space corres-
ponding toM2, then the maps of τL(M2) have the following form:

A{0} = ⊥ and AI (P) =
{
�, I �= P,

a, P = I,
where I �= {0}, P ∈ σ(L(M2)).
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2.5 Balanced and Bisymmetric Quantales

The definition of the spectrum of a non-commutative C∗-algebra (see Sect. 2.5.3
infra) forces us to deal simultaneously with left- and right-symmetric quantales (cf.
Lemma 2.4.3 (i)). For this purpose we introduce the following terminology.

A quantale (X, ∗) is bisymmetric if the relation

(x1 ∗ x2) ∗ (x3 ∗ x4) = (x1 ∗ x3) ∗ (x2 ∗ x4)

holds for all x1, x2, x3, x4 ∈ X .
Since the multiplication of quantales is associative by definition, every commu-

tative quantale is bisymmetric. In the case of unital quantales commutativity and
bisymmetry are even equivalent conditions. Hence the bisymmetry axiom will play
a significant rôle in the case of non-commutative and non-unital quantales.

With regard to Lemma 2.4.3 (i) a typical class of non-commutative and bisym-
metric quantales is given by non-commutative, idempotent and left-sided (or right-
sided) quantales (cf. Sect. 2.4). In this section we will encounter more examples of
non-commutative and bisymmetric quantales which are in general not idempotent.

As a first property we show that the tensor product preserves the bisymmetry
axiom in the case of balanced quantales.

Proposition 2.5.1. Let (X, ∗) and (Y, ∗) be balanced quantales. Then (X ⊗ Y, �) is
bisymmetric if and only if (X, ∗) and (Y, ∗) are bisymmetric.

Proof. By Proposition 2.3.14 (i) and (ii) the tensor product transmits the bisymmetry
to its factors. On the other hand, since the relation

(
(x1 ⊗ y1) � (x2 ⊗ y2)

)
�

(
(x3 ⊗ y3) � (x4 ⊗ y4)

)

= (
(x1 ∗ x2) ∗ (x3 ∗ x4)

)⊗ (
(y1 ∗ y2) ∗ (y3 ∗ y4)

)

holds for each x1, x2, x3, x4 ∈ X and y1, y2, y3, y4 ∈ Y , the bisymmetry of (X, ∗)
and (Y, ∗) entails the bisymmetry of their tensor product. �

Example 2.5.2. Let X be a complete latticewith at least three elements. Further, let∗�

and ∗r be binary operations on X (in the sense of Set) given by (see Exercise 2.3.10)

x ∗� y =
{
⊥, x = ⊥,

y, x �= ⊥,
and x ∗r y =

{
⊥, y = ⊥,

x, y �= ⊥,
x, y ∈ X.

Then it follows fromExercise 2.3.10 (a) that X � = (X, ∗�) is a left-sided and idempo-
tent (but not right-sided) quantale and Xr = (X, ∗r ) is a right-sided and idempotent
(but not left-sided) quantale. Hence we conclude from Lemma 2.3.12, Propo-
sitions 2.3.19, 2.5.1 and Theorem 2.4.11 that their tensor product (X � ⊗ Xr , �)

is a semi-unital, semi-integral and bisymmetric, but not idempotent, quantale. A
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typical example of a non-idempotent tensor of X � ⊗ Xr is given by (x ⊗�) ∨
(�⊗ x), where x is an element of X with ⊥ �= x �= �.

The next proposition gives a condition under which the semi-integral regulari-
zation of quantales leads to bisymmetric and even balanced quantales. For this pur-
pose we introduce the following notation.

If (X, ∗) is an arbitrary quantale, then L(X) and R(X) denote the subquantales
of all left-sided elements and all right-sided elements of X .

Proposition 2.5.3. Let (X, ∗) be a quantale. If L(X) is idempotent, then the semi-
integral regularization (X, ) of (X, ∗) is a balanced and bisymmetric quantale
where the multiplication is determined by (cf. (2.42) in Lemma 2.3.18):

x1  x2 = x1 ∗ � ∗ x2, x1, x2 ∈ X.

Proof. SinceL(X) is idempotent, (X, ∗), and a fortiori (X, ), is balanced.Referring
again to the idempotency of L(X), we use the left-symmetry of L(X) (cf. Lem-
ma 2.4.3 (i)) and obtain for each x1, x2, x3, x4 ∈ X :

(x1  x2) (x3  x4) = x1 ∗ � ∗ x2 ∗ � ∗ x3 ∗ � ∗ x4
= x1 ∗ � ∗ x3 ∗ � ∗ x2 ∗ � ∗ x4 = (x1  x3) (x2  x4).

Hence (X, ) is balanced and bisymmetric. �

Motivated by Proposition 2.5.3 and the situation given by C∗-algebras (cf. Exam-

ple 2.4.8) we introduce now the following terminology due to C.J. Mulvey and
J.W. Pelletier (cf. [84]).

Definition 2.5.4. An involutive quantale (X, ∗, ′) is a Gelfand quantale if and only
if the following conditions hold4:

(i) L(X) is idempotent.
(ii) x ≤ x ∗ x ′ for each x ∈ L(X).

In every Gelfand quantale two-sided elements are hermitian, and x = x ∗ x ′ ∗ x
holds for each left-sided or right-sided element x ∈ X . Moreover, if QRL(X) is
the subquantale of a Gelfand quantale (X, ∗, ′) generated by L(X) ∪R(X), then
(QRL(X), ∗, ′) is again aGelfand quantale. It is worthwhile to note that every element
of QRL(X) has the following simple representation:

x = ∨

i∈I
ri ∗ �i , ri ∈ R(X) and �i ∈ L(X). (2.57)

In this sense we are performing the “ideal multiplication” in a “wrong way”. This
intuitive view of the ideal multiplication will play a certain rôle when we formulate

4In [84] C.J. Mulvey and J.W. Pelletier require the existence of a unit — a property which seems
to be superfluous in this context.
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the spectrum of a non-commutative C∗-algebra in Sect. 2.5.3. Nowwe continue with
two important examples.

Example 2.5.5. Let (A, ·,+, ∗) be a unital C∗-algebra with unit e andMAX be the
complete lattice of all closed linear subspaces of A ordered by set-inclusion. If M
and N are closed linear subspaces, then the product M ∗ N is given by the closure of
the set of all finite sums

∑
i∈I ai · bi with ai ∈ M and bi ∈ N — i.e. M ∗ N = M N .

It is easily seen that (MAX, ∗) is a unital quantale where the unit coincides with the
1-dimensional subspace 〈e〉 generated by the unit e of A. Moreover, the involution ∗
on A induces an involution ′ on MAX as follows:

M ′ = {a∗ | a ∈ M}, M ∈MAX.

Then ′ coincides with the formation taking adjoint closed linear subspaces, and the
quadruple (MAX, ∗, 〈e〉, ′) is an involutive and unital quantale.
Since left-sided (resp. right-sided) elements of MAX are closed left (resp. right)
ideals of A and the restriction of ∗ to ideals coincides with the ideal multiplication, it
follows immediately from Corollary 2.4.5 and Corollary 2.4.6 that (MAX, ∗, 〈e〉, ′)
is a unital Gelfand quantale.
Finally, let QRL(MAX) be the Gelfand quantale generated by all closed left ideals
and all closed right ideals of A. Since the unit ofMAX is a 1-dimensional subspace
of A, we conclude from (2.57) that 〈e〉 is not contained inQRL(MAX) provided A
is not 1-dimensional. Hence this property is a further confirmation of an observation
we made at the begining of this section — namely the significant rôle of non-unital
quantales in the ideal theory of non-commutative C∗-algebras.

Now we return to Example 2.3.31 from the perspective of Gelfand quantales.

Example 2.5.6. Let X be a complete lattice with at least two different elements
endowed with an order-reversing involution x �−→ x⊥, and let ([X, X ], ◦, 1X , ′) be
the involutive and unital quantale of all join-preserving self-maps of X (cf. Exam-
ple 2.3.31). Since every left-sided element f of [X, X ] has the form

f (x) = fu(x) =
{
�, x �≤ u,

⊥, x ≤ u,
x ∈ X,

the subquantale L([X, X ]) is isomorphic to X � = (X, ∗�) (cf. Example 2.5.2),
and the isomorphism is given by f �−→ u f =∨{x ∈ X | f (x) = ⊥} for each
f ∈ L([X, X ]). Consequently, L([X, X ]) is idempotent. Further, we observe that

( fu)
′(x) =

{
u⊥, x �= ⊥,

⊥, x = ⊥,
x ∈ X.
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Hence, if f is left-sided, then f ≤ f ◦ f ′ holds if and only if u f = � or u⊥f �≤ u f .
This means that ([X, X ], ◦, 1X , ′) is a Gelfand quantale if and only if (X, ⊥) is a
complete ortho-lattice — i.e. x ∧ x⊥ = ⊥ for all x ∈ X .

With regard to Proposition 2.5.3 we can summarize the previous result as follows.

Corollary 2.5.7. The semi-integral regularization of every Gelfand quantale is a
balanced and bisymmetric quantale.

In order to describe some categorical constructions we introduce now the category
BSQuant of balanced and bisymmetric quantales and strong homomorphisms. Ob-
viously, BSQuant is located between LQuant (cf. Sect. 2.4) and BQuant (cf.
Sect. 2.3.1) and can therefore be considered as a non-idempotent extension of
LQuant (cf. Example 2.5.2). In this context the reader may notice that non-com-
mutative and unital quantales are objects of BQuant, but not of BSQuant.

Theorem 2.5.8. The category BSQuant is a reflective subcategory of BQuant.

Proof. Let (X, ∗) be a balanced quantale. In order to construct the balanced and
bisymmetric reflection (X �, ∗�) of (X, ∗) we proceed as usual and consider the set
F of all nuclei c on (X, ∗) satisfying the following condition:

c
(
(x1 ∗ x2) ∗ (x3 ∗ x4)

) = c
(
(x1 ∗ x3) ∗ (x2 ∗ x4)

)
, x1, x2, x3, x4 ∈ X.

Then the meet c0 of F is contained in F. Consequently the regular quotient
(X �, ∗�) = (c0(X), �) w.r.t. c0 is a balanced and bisymmetric quantale, and the

quotient map X
η

�

X X � is a strong homomorphism. If (Y, ∗) is a further balanced
and bisymmetric quantale and X h Y is a further strong homomorphism, then the
nucleus ch = h� ◦ h associated with h is obviously contained in F. Thus h factors
uniquely through η

�

X — this means that (X �, ∗�) is the balanced and bisymmetric
reflection of (X, ∗). �


It is easily seen that BSQuant is complete, and because of Theorem 2.5.8, the
cocompleteness of BQuant is transmitted to BSQuant. Hence we can summarize
the previous results as follows.

Fact I. The category BSQuant is a complete, cocomplete and monoidal category.

In the following considerationswewill investigate the question towhat extent the ten-
sor product plays a rôle in the construction of coproducts in BSQuant. With regard
to Theorem 2.3.35 it is sufficient to require that the left factor of the tensor product
has a left unit, while the right factor has a right unit. This observation motivates
the following non-commutative version of Theorem 2.3.35 which also generalizes
Theorem 2.4.12.
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Theorem 2.5.9. Let (X, ∗) be a strictly left-sided, bisymmetric quantale, and let
(Y, ∗) be a strictly right-sided, bisymmetric quantale. Then the tensor product
(X ⊗ Y, �) with the embeddings jX and jY as coproduct injections is the coproduct
of (X, ∗) and (Y, ∗) in BSQuant. In particular, the coproduct of (X, ∗) and (Y, ∗)
in BSQuant is semi-unital.

Proof. By Lemma 2.3.12 (ii), Propositions 2.3.14 (i) and (ii) and 2.5.1, the tensor
product (X ⊗ Y, �) is a semi-unital (a fortiori balanced) and bisymmetric quantale,
and the embeddings jX and jY are strong homomorphisms. Let (Z , ∗) be a fur-

ther balanced and bisymmetric quantale, and let X h X Z and Y hY Z be further
strong homomorphisms. We show that there exists a unique strong homomorphism

X ⊗ Y k Z such that hX = k ◦ jX and hY = k ◦ jY hold.

(a) (Uniqueness) Since (X, ∗) is strictly left-sided and (Y, ∗) is strictly right-sided,
we can base our argumentation on the following important relation

(�⊗ y) � (x ⊗�) = (� ∗ x)⊗ (y ∗ �) = x ⊗ y, x ∈ X, y ∈ Y.

If X ⊗ Y k Z is a strong homomorphism satisfying the conditions hX = k ◦ jX and
hY = k ◦ jY , then we obtain:

k(x ⊗ y) = k
(
(�⊗ y) � (x ⊗�)

) = hY (y) ∗ hX (x), x ∈ X, y ∈ Y. (2.58)

Since every tensor is a join of elementary tensors, k is uniquely determined.

(b) (Existence) Let Z ⊗ Z � Z be the binary operation corresponding to the
multiplication ∗ in Z . Motivated by (2.58), we now define a join-preserving map

X ⊗ Y k Z by k = � ◦ cZ Z ◦ (hX ⊗ hY ), where cZ Z is the Z -component of the
symmetry in Sup (cf. Lemma 2.1.15). We show that k is a strong homomorphism.
Since (Z , ∗) is balanced, we obtain

k(�⊗�) = hY (�) ∗ hX (�) = � ∗ � = �

— i.e. k preserves the respective universal upper bounds. Further, let x1 ⊗ y1 and
x2 ⊗ y2 be two elementary tensors in X ⊗ Y . Now we use the bisymmetry of (Z , ∗)
and observe:

k
(
(x1 ⊗ y1) � (x2 ⊗ y2)

) = k
(
(x1 ∗ x2)⊗ (y1 ∗ y2)

)

= hY (y1 ∗ y2) ∗ hX (x1 ∗ x2)

= (hY (y1) ∗ hY (y2)) ∗ (hX (x1) ∗ hX (x2))

= (hY (y1) ∗ hX (x1)) ∗ (hY (y2) ∗ hX (x2))

= k(x1 ⊗ y1) ∗ k(x2 ⊗ y2).
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Since every tensor is a join of elementary tensors, the map k is a strong homomor-
phism. Finally, for x ∈ X and y ∈ Y we obtain:

k( jX (x)) = k(x ⊗�) = hY (�) ∗ hX (x) = hX (�) ∗ hX (x) = hX (� ∗ x) = hX (x),

k( jY (y)) = k(�⊗ y) = hY (y) ∗ hX (�) = hY (y) ∗ hY (�) = hY (y ∗ �) = hY (y).

Thus k satisfies the desired properties. �

The next corollary is a first application of Theorem 2.5.9.

Corollary 2.5.10. Let (X, ∗) be a quantale such that the subquantale L(X) of all
left-sided elements and the subquantale R(X) of all right-sided elements are idem-
potent. Further, let QRL(X) be the subquantale generated by L(X) ∪R(X). Then
the semi-integral regularization of QRL(X) is a regular quotient of the coproduct
(L(X)⊗R(X), �) of L(X) and R(X).

Proof. LetL(X)
qL X andR(X)

qR X be the respective embeddings. Further, let
 be the multiplication in QRL(X) induced by the semi-integral regularization of
QRL(X) — i.e. x  y = x ∗ � ∗ y for each x, y ∈ QRL(X). Then (QRL(X), ) is
balanced and bisymmetric. Referring to (2.58), the unique strong homomorphism

L(X)⊗R(X) h QRL(X) with qL = h ◦ jL(X) and qR = h ◦ jR(X) is given by:

h(�⊗ r) = r  � = r ∗ �, � ∈ L(X), r ∈ R(X).

By (2.57) the homomorphism h is surjective — i.e. a regular epimorphism in
BSQuant. �


In the following we will apply Theorem 2.5.9 to the special setting where there

exists additionally a pair X
ϑX

ϑY
Y of join-preserving anti-homomorphisms between

the strictly left-sided quantale (X, ∗) and the strictly right-sided quantale (Y, ∗) with
the properties ϑY ◦ ϑX = 1X and ϑX ◦ ϑY = 1Y . By Theorem 2.3.33 there exists a
unique involution ′ on X ⊗ Y such that (X ⊗ Y, �, ′) is an involutive quantale and
the relations

(x ⊗�)′ = � ⊗ ϑX (x) and (�⊗ y)′ = ϑY (y)⊗�

hold for each x ∈ X and y ∈ Y . Under these assumptionswe formulate the following:

Corollary 2.5.11. Let (Z , ∗) be a balanced and bisymmetric quantale. Further, let

Z qX X and Z qY Y be strong homomorphisms with the property

ϑX ◦ qX = qY and ϑY ◦ qY = qX .

The pushout of qX and qY in the sense of BSQuant is the coequalizer X ⊗ Y π S

of Z
jX◦qX

jY ◦qY
X ⊗ Y . Moreover, there exists a unique involution ′ on (S, ∗) such that

(S, ∗, ′) is an involutive quantale and π is an involutive homomorphism.
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Proof. Since (X ⊗ Y, �) with jX and jY is the coproduct of (X, ∗) and (Y, ∗) (cf.
Theorem 2.5.9), the first assertion of the corollary is evident. In order to show the
existence of an involution on (S, ∗) transforming the quotient map π into an involu-
tive homomorphism it is sufficient to prove that the nucleus cπ associated with π is
involutive (see Sect. 2.2.2).
Referring to the construction of coequalizers, cπ is the smallest nucleus c on X ⊗ Y
satisfying the following condition

c
(
( jX ◦ qX )(z)

) = c
(
( jY ◦ qY )(z)

)
, z ∈ Z . (2.59)

Now we use the involution on X ⊗ Y and introduce a further nucleus ĉ on X ⊗ Y
by:

ĉ( f ) = (
cπ ( f ′)

)′
, f ∈ X ⊗ Y.

Then the relations

(
ĉ(( jX ◦ qX )(z))

)′ = cπ

(
(qX (z)⊗�)′

) = cπ

(�⊗ ((ϑX ◦ qX )(z))
) = cπ (�⊗ qY (z))

and

(
ĉ(( jY ◦ qY )(z))

)′ = cπ

(
(�⊗ qY (z))′

) = cπ

(
((ϑY ◦ qY )(z))⊗�) = cπ (qX (z)⊗�)

hold for all z ∈ Z . Since cπ satisfies (2.59), we obtain:

ĉ(( jX ◦ qX )(z)) = (
cπ (( jY ◦ qY )(z))

)′ = (
cπ (( jX ◦ qX )(z))

)′ = ĉ(( jY ◦ qY )(z)).

Hence ĉ also satisfies (2.59). In particular, cπ ≤ ĉ follows, which means that cπ is
involutive. �


Let (G, ∗, ′) be a Gelfand quantale. Then we can put Corollary 2.5.11 in concrete
terms as follows. Let I(G) be the subquantale of all two-sided elements ofG,L(G) be
the subquantale of all left-sided elements, and R(G) be the subquantale of all right-

sided elements. Further, let I(G)
qL L(G) and I(G)

qR R(G) be the respective
embeddings. The respective restrictions of the involution ′ on G to L(G) and R(G)

give rise to a pair of join-preserving anti-homomorphisms L(G)
ϑL

ϑR
R(G), which

satisfy the properties ϑR ◦ ϑL = 1L(G) and ϑL ◦ ϑR = 1R(G). Since all two-sided
elements of a Gelfand quantale are hermitian, the relations

ϑL ◦ qL = qR and ϑR ◦ qR = qL

follow. Finally, let (ρL, ρR,P(G)) be the pushout of qL and qR in the sense of
BSQuant and

L(G)⊗R(G)
πG P(G)
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be the coequalizer of I(G)
jL(G)◦qL
jR(G)◦qR L(G)⊗R(G). Hence the following diagram is

commutative:
P(G)

L(G) L(G)⊗R(G) R(G)

I(G)

ρL

jL(G)

πG

jR(G)

ρR

qL qR

(2.60)

By Corollary 2.5.11 there exists an involution on the pushout P(G) transmitting the

coequalizer L(G)⊗R(G)
πG P(G) to an involutive, surjective homomorphism.

Theorem 2.5.12. Let (G, ∗, ′) be a Gelfand quantale. Then the following assertions
hold:

(i) The strong homomorphism ρL = πG ◦ jL(G) is monic, and the range of ρL coin-
cides with the subquantale L(P(G)) of all left-sided elements of P(G).

(ii) The strong homomorphism ρR = πG ◦ jR(G) is monic, and the range of ρR

coincides with the subquantale R(P(G)) of all right-sided elements of P(G).
(iii) The strong homomorphism ρL ◦ qL = ρR ◦ qR is monic, and the range of

ρL ◦ qL coincides with the subquantale I(P(G)) of all two-sided elements of
P(G).

Proof. We restrict ourselves to the proof of (i) (since the verification of assertions
(ii) and (iii) is analogous, we leave it to the reader). By construction, P(G) is semi-
unital. We consider the multiplication on G, which is induced by the semi-integral
regularization of (G, ∗, ′). Hence (G, , ′) is a balanced, bisymmetric and invo-

lutive quantale (cf. Proposition 2.5.3). Finally, let L(G)
ιL G and R(G)

ιR G
be the strong homomorphisms determined by the respective inclusion maps. Since
L(G)⊗R(G) is the coproduct ofL(G) andR(G) in BSQuant (cf. Theorem 2.5.9),

there exists a unique strong homomorphismL(G)⊗R(G) h G with the properties
h ◦ jL(G) = ιL and h ◦ jR(G) = ιR — this means that h is uniquely determined by
the following condition (cf. (2.58)):

h(�⊗ r) = r  � = r ∗ �, r ∈ R(G), � ∈ L(G).

Since (�⊗ r)′ = r ′ ⊗ �′ (cf. (2.43) in the proof of Theorem 2.3.33), it is easily seen
that h is even an involutive homomorphism. Now we observe that

h ◦ jL(G) ◦ qL = h ◦ jR(G) ◦ qR.

Hence h factors through πG — i.e. there exists a unique (involutive) strong homo-

morphism P(G)
h0 G such that h = h0 ◦ πG . Finally, we note that:

h0
(
ρL(�)

) = h
(

jL(G)(�)
) = ιL(�) = �, � ∈ L(G).
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Thus ρL is an injective strong homomorphism.
Further, since strong homomorphisms preserve left-sided elements, it is sufficient
to show that for each left-sided element x ∈ P(G) there exists an � ∈ L(G) with
ρL(�) = x . For this purpose we consider a representation of a left-sided element
x ∈ P(G) having the following form:

x = ∨

i∈I
πG(�i ⊗ ri ), �i ∈ L(G), ri ∈ R(G).

Since P(G) is semi-unital, we obtain:

x = πG(�⊗�) ∗ x = ∨

i∈I
πG

(
(� ∗ �i )⊗ (� ∗ ri )

) = ∨

i∈I
πG

(
�i ⊗ (� ∗ ri )

)
.

Now we use the fact that πG is the coequalizer of I(G)
jL(G)◦qL
jR(G)◦qR L(G)⊗R(G) and

observe that the relation

πG
(
�i ⊗ (� ∗ ri )

) = πG
(
(�⊗ (� ∗ ri )) � (�i ⊗�)

)

= πG
(�⊗ (� ∗ ri )

) ∗ πG(�i ⊗�)

= πG
(
(� ∗ ri )⊗�

) ∗ πG(�i ⊗�)

= πG
(
((� ∗ ri )⊗�) � (�i ⊗�)

)

= πG
(
(� ∗ ri ∗ �i )⊗�

)

holds for all i ∈ I . Hence

x = ∨

i∈I
πG

(
(� ∗ ri ∗ �i )⊗�

) = πG
(

jL(G)

(∨

i∈I
� ∗ ri ∗ �i

)) = ρL

(∨

i∈I
� ∗ ri ∗ �i

)

follows, and assertion (i) is verified. �

We conclude from the previous theorem that for any Gelfand quantale (G, ∗, ′) the
subquantale L(G) is isomorphic to the subquantale L(P(G)) of all left-sided ele-
ments ofP(G). HenceP(G) is again a Gelfand quantale. This observation motivates
us to strengthen the axioms formulated in Definition 1.8 in [55] and to fix the fol-
lowing terminology.

Definition 2.5.13. An involutive, bisymmetric and semi-unital quantale (X, ∗, ′) is
called a quantic frame if and only if (X, ∗, ′) satisfies the following properties:

(a) Every left-sided (right-sided) element of (X, ∗) is idempotent.
(b) Every two-sided element is hermitian.
(c) If L(X) is the subquantale of all left-sided elements,R(X) is the subquantale of

all right-sided elements, and I(X) is the subquantale of all two-sided elements
of (X, ∗), then the following diagram is a pushout square in BSQuant
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X

L(X) R(X)

I(X)

Since the structure of semi-unital and semi-integral quantales is inherited by the
tensor product (cf. Lemma 2.3.12 and Proposition 2.3.19) as well as by regular
quotients inBSQuant, every quantic frame (X, ∗, ′) satisfies the followingproperties
for all x, y, z ∈ X :

– x ∗ x ∗ y = x ∗ y = x ∗ y ∗ y,
– x ∗ y ∗ z = x ∗ y′ ∗ z.

Furthermore, if (G, ∗, ′) is a Gelfand quantale, then it follows from (2.60) and The-
orem 2.5.12 that P(G) is a quantic frame. Hence the Gelfand quantale P(G) is also
called the quantic frame associated with (G, ∗, ′). Obviously, a commutative quantic
frame is always a frame in the traditional sense (cf. [58]).

Further, let X be an arbitrary complete lattice. Referring to Example 2.5.2, we
can construct a non-commutative, left-sided, idempotent quantale X � = (X, ∗�) and
a non-commutative, right-sided, idempotent quantale Xr = (X, ∗r ) on X . Since the
identity 1X induces a pair of join-preserving anti-isomomorphisms between X � and
Xr , there exists an involution ′ on X � ⊗ Xr such that (X � ⊗ Xr , �, ′) is an invo-
lutive quantale (cf. Theorem 2.3.33). Obviously, the subquantale I(X � ⊗ Xr ) of
all two-sided elements is the initial object of BSQuant — namely the Boolean
algebra consisting of two elements. Hence (X � ⊗ Xr , �, ′) is a quantic frame (cf.
Exercise 2.3.10 (d), (e) and Theorem 2.5.9). Moreover, (X � ⊗ Xr , �, ′) is a Gelfand
quantale, because for every x ∈ X with x �= ⊥ the following relation holds for all
non-trivial left-sided elements of X � ⊗ Xr (cf. Exercise 2.3.10 (d)):

(x ⊗�) � (x ⊗�)′ = (x ⊗�) � (�⊗ x) = (x ∗� �)⊗ (� ∗r x) = �⊗� ≥ x ⊗�.

In particular, if X is the three-chain C3, then (C�
3 ⊗ Cr

3, �,
′) is the “smallest” non-

commutative quantic frame (cf. Example 2.3.34).Hencewe understand the involutive
quantale (C�

3 ⊗ Cr
3, �,

′) as the quantization of the two-chain C2.
Since quantic frames are by definition semi-unital and bisymmetric, the previous

results motivate the investigation of the topologization of arbitrary semi-unital quan-
tales. In this context we will show that spatial and semi-unital quantales are always
bisymmetric (cf. Corollary 2.5.19 infra).

2.5.1 Semi-unital Quantales and Strong Homomorphisms

In this subsection we consider strong homomorphisms having the “smallest” non-
commutative quantic frame C�

3 ⊗ Cr
3 as codomain. We maintain here the notation
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from Example 2.3.26 and recall that the quantale C�
3 ⊗ Cr

3 consists of six elements
— i.e. C�

3 ⊗ Cr
3 = ({�, α, λ, ρ, β,⊥}, �).

Since C�
3 is isomorphic to the subquantale L(C�

3 ⊗ Cr
3) of all left-sided tensors

of C�
3 ⊗ Cr

3, the following results can be understood as a generalization of Lem-
ma 2.4.20, Theorems 2.4.21 and 2.4.24. In this context the non-elementary tensor
α = (a ⊗�) ∨ (�⊗ a) of C�

3 ⊗ Cr
3 will play a crucial rôle.

We begin with a refinement of the concept of prime elements. An element p of a
quantale (X, ∗) is strongly prime if p �= � and the following implication holds for
all x1, x2 ∈ X :

x1 ∗ x2 ≤ p =⇒ (x1 ∗ �) ∨ x1 ≤ p or (� ∗ x2) ∨ x2 ≤ p.

It is interesting to note that in the case of two-sided quantales the property of being
strongly prime already goes back to W. Krull 1928 (cf. [69]).

Every strongly prime element is prime, but in general not vice versa (cf. Exer-
cise 2.5.4 (c)). Further, an element p of a quantale (X, ∗) is strongly prime if and only
if p, viewed as an element of the semi-unitalization

(
X , ∗) of (X, ∗) (cf. Sect. 2.3.1),

is prime in
(
X , ∗).

In the case of semi-unital quantales, an element is prime if and only if it is strongly
prime.

Lemma 2.5.14. Let (X, ∗) be a quantale, and X h C�
3 ⊗ Cr

3 be a strong homomor-
phism. Then the element p ∈ X defined by

p =∨{x ∈ X | h(x) ≤ α}

is a strongly prime element of (X, ∗).
Proof. The relation h(p) ≤ α follows from the property that h is join-preserving.
Since h is strong, p is necessarily different from�. Now we choose x1, x2 ∈ X with
x1 ∗ x2 ≤ p. Because of the semi-integrality of C�

3 ⊗ Cr
3 we obtain:

h(x1 ∗ �) � h(� ∗ x2) ≤ h(x1) �� �� � h(x2) ≤ h(x1) � h(x2) = h(x1 ∗ x2) ≤ α.

SinceC�
3 ⊗ Cr

3 is balanced, h(x1 ∗ �) �= � or h(� ∗ x2) �= �. Using again the prop-
erty that h is strong we observe that h(x1 ∗ �) is right-sided and h(� ∗ x2) is
left-sided. Hence h(x1 ∗ �) ≤ ρ or h(� ∗ x2) ≤ λ follows — i.e. x1 ∗ � ≤ p or
� ∗ x2 ≤ p.
Finally, if h(x1 ∗ �) ≤ ρ, then h(x1) �= �— i.e. h(x1) ≤ α. Analogously we verify
that h(� ∗ x2) ≤ λ implies h(x2) ≤ α. To sum up, the relation (x1 ∗ �) ∨ x1 ≤ p or
(� ∗ x2) ∨ x2 ≤ p holds — i.e. p is strongly prime. �

Theorem 2.5.15. Let (X, ∗) be a semi-unital quantale. Then for every prime element

p in (X, ∗) there exists a unique strong homomorphism X h C�
3 ⊗ Cr

3 satisfying the
condition

p =∨{x ∈ X | h(x) ≤ α}. (2.61)
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Proof. (a) (Uniqueness) Let X h C�
3 ⊗ Cr

3 be a strong homomorphism satisfying
(2.61). Since h is join-preserving, the equivalence x ≤ p ⇐⇒ h(x) ≤ α holds for
all x ∈ X . We distinguish the following cases where we refer frequently to the mul-
tiplication table of � (cf. Example 2.3.26):

– If � ∗ x ∗ � ≤ p, then � � h(x) �� ≤ α. Hence h(x) = ⊥.
– If � ∗ x ∗ � �≤ p, x ∗ � ≤ p and � ∗ x ≤ p, then � � h(x) �� = �, h(x) ��
≤ ρ and � � h(x) ≤ λ. Hence h(x) = β.

– If x ∗ � �≤ p and� ∗ x ≤ p, then h(x) �� = � and� � h(x) ≤ λ. Hence h(x) =
λ.

– If x ∗ � ≤ p and� ∗ x �≤ p, then h(x) �� ≤ ρ and� � h(x) = �. Hence h(x) =
ρ.

– If x ≤ p, x ∗ � �≤ p and � ∗ x �≤ p, then h(x) ≤ α, h(x) �� = � and
� � h(x) = �. Hence h(x) = α.

– If x �≤ p then h(x) = �.
Since (X, ∗) is semi-unital, it follows from the previous cases that h is uniquely
determined by (2.61).
(b) (Existence) The cases discussed in the uniqueness proof suggest to define a strong

homomorphism X h C�
3 ⊗ Cr

3 as follows:

h(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

⊥, � ∗ x ∗ � ≤ p,

β, � ∗ x ∗ � �≤ p, x ∗ � ≤ p, � ∗ x ≤ p,

λ, x ∗ � �≤ p, � ∗ x ≤ p,

ρ, x ∗ � ≤ p, � ∗ x �≤ p,

α, x ≤ p, x ∗ � �≤ p, � ∗ x �≤ p,

�, x �≤ p.

(2.62)

Referring to theHasse diagram inExample 2.3.26 it is evident thath is join-preserving
and the relation (2.61) holds. Since p �= � the definition of h implies h(�) = �.
In order to prove the homomorphism property of h — i.e. the preservation of the
respective semigroup operations, we will frequently use the prime property of p and
again the fact that (X, ∗) is semi-unital. For x1, x2 ∈ X we examine the following
cases:

– � ∗ x1 ∗ x2 ∗ � ≤ p ⇐⇒ (� ∗ x1 ∗ � ≤ p or � ∗ x2 ∗ � ≤ p).
Hence h(x1 ∗ x2) = ⊥ = h(x1) � h(x2).

– (� ∗ x1 ∗ x2 ∗ � �≤ p, x1 ∗ x2 ∗ � ≤ p and � ∗ x1 ∗ x2 ≤ p) ⇐⇒
(� ∗ x1 ∗ � �≤ p, � ∗ x2 ∗ � �≤ p, x1 ∗ � ≤ p and � ∗ x2 ≤ p).

Hence we obtain h(x1 ∗ x2) = β, h(x1) ∈ {β, ρ} and h(x2) ∈ {β, λ}. Since

β = β � β = ρ � λ = ρ � β = β � λ,

h(x1 ∗ x2) = h(x1) � h(x2) follows.
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– (x1 ∗ x2 ∗ � �≤ p and � ∗ x1 ∗ x2 ≤ p) ⇐⇒ (� ∗ x2 ≤ p, x1 ∗ � �≤ p and
� ∗ x2 ∗ � �≤ p) — i.e. h(x1) ∈ {λ, α,�} and h(x2) ∈ {β, λ}. Since

λ = λ � β = λ � λ = α � β = α � λ = � � β = � � λ,

h(x1 ∗ x2) = h(x1) � h(x2) follows.
– (x1 ∗ x2 ∗ � ≤ p and � ∗ x1 ∗ x2 �≤ p) ⇐⇒ (� ∗ x1 ∗ � �≤ p, � ∗ x2 �≤ p and

x1 ∗ � ≤ p) — i.e. h(x1) ∈ {β, ρ} and h(x2) ∈ {ρ, α,�}. Since

ρ = β � ρ = ρ � ρ = β � α = ρ � α = β �� = ρ ��,

h(x1 ∗ x2) = h(x1) � h(x2) follows.
– The case � ∗ x1 ∗ x2 �≤ p, x1 ∗ x2 ∗ � �≤ p and x1 ∗ x2 ≤ p is empty.
– x1 ∗ x2 �≤ p ⇐⇒ (x1 ∗ � �≤ p and � ∗ x2 �≤ p) — i.e. h(x1) ∈ {λ, α,�} and

h(x2) ∈ {ρ, α,�}. Since � = λ � ρ, we obtain h(x1) � h(x2) = h(x1 ∗ x2).

To sum up, h is a strong homomorphism satisfying the property (2.61). �

Corollary 2.5.16. Let (X, ∗, ′) be an involutive, semi-unital quantale. Further, let

X h C�
3 ⊗ Cr

3 be a strong homomorphism. Then h is an involutive homomorphism
if and only if the prime element p determined by h is hermitian, where

p =∨{x ∈ X | h(x) ≤ α}.

Proof. Let ′ be the involution on C�
3 ⊗ Cr

3 constructed in Example 2.3.34. Since
α′ = α, λ′ = ρ and β ′ = β, the assertion follows immediately from (2.62). �


We can summarize the previous results as follows.

Fact II. In the case of semi-unital quantales (X, ∗), prime elements of (X, ∗) and

strong homomorphisms X h C�
3 ⊗ Cr

3 are equivalent concepts. Moreover, if (X, ∗, ′)
is an involutive and semi-unital quantale, then strong homomorphisms with codomain
C�
3 ⊗ Cr

3 are involutive if and only if the corresponding prime element is hermitian.

Let (X, ∗) be a strictly left-sided quantale and (Y, ∗) be a strictly right-sided quan-
tale. Since prime elements of the tensor product (X ⊗ Y, �) are determined by prime
elements of its factors (cf. Lemma 2.3.22 and Theorem 2.3.25), it is interesting to
see how this property is reflected by the corresponding strong homomorphisms. For
this purpose we recall that every prime element of (X ⊗ Y, �) has the form

(p ⊗�) ∨ (�⊗ q)

where p is a prime element of (X, ∗) and q is a prime element of (Y, ∗).
Further, let j� = jC�

3
and jr = jCr

3
be the coproduct injections of the coproduct

C�
3 ⊗ Cr

3 (cf. Theorem 2.5.9) and X
jX X ⊗ Y and Y

jY X ⊗ Y be the canonical
embeddings (cf. (2.18)).
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Theorem 2.5.17. Let (X, ∗) be a strictly left-sided quantale, (Y, ∗) be a strictly

right-sided quantale, and let X ⊗ Y h C�
3 ⊗ Cr

3 be a strong homomorphism. Fur-
ther, let (p ⊗�) ∨ (�⊗ q) be the prime element determined by h in the sense of
Lemma 2.5.14 — i.e.

(p ⊗�) ∨ (�⊗ q) =∨{ f ∈ X ⊗ Y | h( f ) ≤ α}.

Then the strong homomorphisms X h� C�
3 and Y hr Cr

3 determined by p and q
(in the sense of Theorem 2.4.21) are the unique strong homomorphisms making the
following diagram commutative:

X X ⊗ Y Y

C�
3 C�

3 ⊗ Cr
3 Cr

3

jX

h� h hr

jY

j� jr

Proof. Obviously, C�
3 is isomorphic to the subquantale L(C�

3 ⊗ Cr
3) of all left-sided

elements of C�
3 ⊗ Cr

3, and Cr
3 is isomorphic to the subquantale R(C�

3 ⊗ Cr
3) of all

right-sided elements of C�
3 ⊗ Cr

3. Since (X, ∗) is strictly left-sided and (Y, ∗) is
strictly right-sided, every elementary tensor x ⊗ y of X ⊗ Y has the form

x ⊗ y = (�⊗ y) � (x ⊗�). (2.63)

Since h is a strong homomorphism, the following relation holds for all x ∈ X :

(
h ◦ jX

)
(x) = h(x ⊗�) = h

(
(�⊗�) � (x ⊗�)

)

= h(�⊗�) � h(x ⊗�) = � �
(
h ◦ jX

)
(x).

Thus h ◦ jX factors through j�. Analogously we verify that h ◦ jY factors through jr .

Hence there exist X h� C�
3 and Y hr Cr

3 such that h ◦ jX = j� ◦ h� and h ◦ jY =
jr ◦ hr . Referring again to (2.63) we obtain for all x ∈ X and y ∈ Y :

h(x ⊗ y) = jr (hr (y)) � j�(h�(x)). (2.64)

Since every tensor is a join of an appropriate family of elementary tensors, the
following relation holds

(p ⊗�) ∨ (�⊗ q) =∨{x ⊗ y ∈ X ⊗ Y | jr (hr (y)) � j�(h�(x)) ≤ α},

where obviously p is a prime element of (X, ∗) and q is prime element of (Y, ∗).
Now let p� be the prime element determined by h� (in the sense of Lemma 2.4.20)

— i.e.
p� =∨{x ∈ X | h�(x) ≤ a}.
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Since h(p ⊗�) ≤ α implies j�(h�(p)) ≤ λ = j�(a), the relation h�(p) ≤ a follows
— i.e. p ≤ p�. On the other hand, we infer from h(p� ⊗�) = j�(h�(p�)) ≤ j�(a) =
λ that

p� ⊗� ≤ (p ⊗�) ∨ (�⊗ q)

holds. Since q �= � the relation p� ≤ p also follows (cf. Exercise 2.1.4 (b)) — i.e.
p = p�. Analogously we verify that q is the prime element determined by hr . �


Since every quantale (X, ∗) is a subquantale of its semi-unitalization, we conclude
from Theorem 2.5.15 that for every strongly prime element p of (X, ∗) there exists
a unique strong homomorphism X h C�

3 ⊗ Cr
3 satisfying the condition:

p =∨{x ∈ X | h(x) ≤ α}.

If we now refer to Lemma 2.5.14, then we can reformulate Fact II as follows:
Strongly prime elements of arbitrary quantales (X, ∗) and strong homomorphisms

X h C�
3 ⊗ Cr

3 are equivalent concepts.
Having made these general comments we now give a characterization of spatial

and semi-unital quantales.

Theorem 2.5.18. A semi-unital quantale (X, ∗) is spatial if and only if strong homo-

morphisms X h C�
3 ⊗ Cr

3 separate elements in X — i.e. for x1 �= x2 there exists an
h with h(x1) �= h(x2).

Proof. With regard to Theorem 2.5.15 the necessity is evident. On the other hand,

we assume that strong homomorphisms X h C�
3 ⊗ Cr

3 separate elements in X and
show that prime elements in (X, ∗) are order generating. For this purpose, we fix an
element x1 ∈ X and define an element x2 ∈ X by

x2 =∧{p ∈ X | p prime in (X, ∗) and x1 ≤ p}. (2.65)

Obviously, x1 ≤ x2. Further, we notice that the following equivalences hold for all
prime elements p in (X, ∗):

x1 ≤ p ⇐⇒ x2 ≤ p, (2.66)

� ∗ x1 ≤ p ⇐⇒ � ∗ x2 ≤ p, (2.67)

x1 ∗ � ≤ p ⇐⇒ x2 ∗ � ≤ p, (2.68)

� ∗ x1 ∗ � ≤ p ⇐⇒ � ∗ x2 ∗ � ≤ p. (2.69)

Trivially (2.66) follows from the definition of x2. If � ∗ x1 ≤ p, then we define a
left-sided prime element q0 ∈ X by

q0 =∨{x ∈ X | � ∗ x ≤ p}.
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Hence x1 ≤ q0 holds, and x2 ≤ q0 follows from (2.66). Since (X, ∗) is semi-uni-
tal, we obtain � ∗ x2 ≤ � ∗ q0 = q0 ≤ p. Hence (2.67) is verified. Analogously we
establish (2.68). Finally, we assume� ∗ x1 ∗ � ≤ p. Now we construct a two-sided
prime element s0 in (X, ∗) by

s0 =∨{x ∈ X | � ∗ x ∗ � ≤ p}.

Hence x1 ≤ s0 holds, and x2 ≤ s0 follows from (2.66). So we obtain � ∗ x2 ∗ � ≤
� ∗ s0 ∗ � = s0 ≤ p, and (2.69) is verified.
In the following considerations we now identify prime elements p in (X, ∗) with
strong homomorphisms X h C�

3 ⊗ Cr
3 and vice versa (cf. Lemma 2.5.14 and The-

orem 2.5.15). Then we infer from formula (2.62) and the equivalences (2.66)–(2.69)

that h(x2) = h(x1) holds for all strong homomorphism X h C�
3 ⊗ Cr

3. Since strong
homomorphisms with codomain (C�

3 ⊗ Cr
3, ∗) separate elements in X , the relation

x1 = x2 follows — i.e. (X, ∗) is spatial. �

Corollary 2.5.19. Let (X, ∗) be a semi-unital quantale and σ(X) be the set of all
prime elements in (X, ∗). Then (X, ∗) is spatial if and only if (X, ∗) is isomorphic
to a subquantale of (C�

3 ⊗ Cr
3)

σ(X) in the sense of BSQuant — i.e. the embedding is
a strong homomorphism. In particular, spatial and semi-unital quantales are bisym-
metric.

Proof. Since C�
3 ⊗ Cr

3 is bisymmetric, the assertion follows immediately from The-
orem 2.5.18. �


2.5.2 Topological Representations of Semi-Unital quantales

If in Sect. 2.4.2 we replace the idempotent and left-sided quantale (C�
3, ∗�) by the

“smallest” quantic frame (C�
3 ⊗ Cr

3, �), then we can describe the concept of six-
valued topologies as follows.

Let X be an arbitrary set and (C�
3 ⊗ Cr

3)
X be the set of all maps

X
f

C�
3 ⊗ Cr

3. Then by analogy with Sect. 2.4.2 we extend the quantale structure of
C�
3 ⊗ Cr

3 pointwisely to (C�
3 ⊗ Cr

3)
X . Hence

(
(C�

3 ⊗ Cr
3)

X , �
)
is again a semi-unital,

semi-integral and bisymmetric quantale.
Now we introduce a six-valued topology on X as a subset τ of (C�

3 ⊗ Cr
3)

X satis-
fying the following conditions (see also [49, p. 150]):

(O1) τ is closed under arbitrary joins in the sense of (C�
3 ⊗ Cr

3)
X —i.e. the inclusion

map τ
ι

↪−→ (C�
3 ⊗ Cr

3)
X is join-preserving.

(O2) The universal upper bound � of (C�
3 ⊗ Cr

3)
X belongs to τ .

(O3) If f, g ∈ τ , then f � g ∈ τ .



156 2 Fundamentals of Quantales

If τ is a six-valued topology on X , then the pair (X, τ ) is called a six-valued topo-
logical space. Obviously, every six-valued topology is a semi-unital, semi-integral
and bisymmetric subquantale of

(
(C�

3 ⊗ Cr
3)

X , �
)
.

Further, let (X, τ ) and (Y, σ ) be six-valued topological spaces. By analogy with

the situation of the three-valued case, a map X ϕ Y is continuous if g ◦ ϕ ∈ τ for
all g ∈ σ . Again six-valued topological spaces and continuous maps form a category
denoted by Top(6).

Now let (Q, ∗) be an arbitrary semi-unital quantale and pt6(Q) be the set of

all strong homomorphisms Q h C�
3 ⊗ Cr

3. For every q ∈ Q we introduce a map

pt6(Q)
Aq C�

3 ⊗ Cr
3 by

Aq(h) = h(q) h ∈ pt6(Q).

Then it is easily seen that
τQ = {Aq | q ∈ Q}

is a six-valued topology on pt6(Q), and the six-valued topological space

Pt6(Q, ∗) = (
pt6(Q), τQ

)

is called the six-valued topological representation of (Q, ∗). Again we have an
adjoint situation between the dual category of semi-unital quantales and the cate-
gory of six-valued topological spaces, which is an extension of the adjoint situation
betweenLQuantop andTop(3�) (cf. Theorem 2.4.23). Every semi-unital and spatial
quantale is equivalent to a six-valued sober space. For details of this situation, the
reader is referred to [52, Sect. 5].

Finally, by construction the six-valued topology τQ is isomorphic to the spatial
reflection of Q. In fact, because of (S) in Lemma 2.3.28 (see also Corollary 2.3.29)
and (2.65)–(2.69) the following relation holds for all q ∈ Q:

Aq(h) = Acs (q)(h), h ∈ pt6(Q).

We finish this subsection with the topological representation of the tensor product
of idempotent quantales. For this purpose we fix a left-sided, idempotent quan-
tale (L , ∗) and a right-sided, idempotent quantale (R, ∗). Since their tensor prod-
uct is the coproduct of (L , ∗) and (R, ∗) in BSQuant (cf. Theorem 2.5.9), for

every strong homomorphism L ⊗ R h C�
3 ⊗ Cr

3 there exist unique strong homo-

morphisms L h� C�
3 and R hr Cr

3 making the following diagram commutative (cf.
Theorem 2.5.17):
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L L ⊗ R R

C�
3 C�

3 ⊗ Cr
3 Cr

3

jL

h� h

jR

hr

j� jr

Hence for every strong homomorphism L ⊗ R h C�
3 ⊗ Cr

3 there exists a unique
pair (h�, hr ) ∈ pt3�

(L)× pt3r
(R) such that the following relation holds (cf. (2.58)):

h(q ⊗ s) = h
(
(�⊗ s) � (q ⊗�)

) = jr (hr (s)) � j�(h�(q)), q ∈ L , s ∈ R.

(2.70)
Since every tensor f ∈ L ⊗ R is a join of an appropriate family of elementary tensors
— i.e. f =∨

i∈I qi ⊗ si , we obtain:

A f = ∨

i∈I
(Asi � Aqi ), qi ∈ L , si ∈ R, (2.71)

where we have identified C�
3 with L(C�

3 ⊗ Cr
3) and Cr

3 with R(C�
3 ⊗ Cr

3).
Hence the topological representation

(
pt6(L ⊗ R), τL⊗R) of (L ⊗ R, �) is the

topological product in the sense of Top(6) of the three-valued topological spaces
Pt3�

(L , ∗) and Pt3r (R, ∗) viewed as six-valued topological spaces. In particular,
the six-valued product topology τL⊗R is the subquantale of (C�

3 ⊗ Cr
3)

pt3� (L)×pt3r (R)

generated by {As � Aq | q ∈ L , s ∈ R} (cf. (2.71)).
We record the following theorem.

Theorem 2.5.20. Let (L , ∗) be a left-sided, idempotent quantale and (R, ∗) be a
right-sided, idempotent quantale. Then the topological representation of their tensor
product (L ⊗ R, �) is the topological product (in the sense of Top(6)) of the three-
valued topological spacesPt3�

(L , ∗) andPt3r (R, ∗) viewed as six-valued topological
spaces.

2.5.3 The Spectrum of a C∗-Algebra and its Topological
Representation

Let (A,+, ·, e) be a unital C∗-algebra and MAX be the unital Gelfand quantale of
all closed linear subspaces of A (cf. Example 2.5.5). Then the spectrum of A is the
quantic frame P(MAX) associated withMAX and is denoted by sp(A). In partic-
ular, sp(A) is a bisymmetric and semi-unital Gelfand quantale. If A is commutative,
then sp(A) coincides with the traditional spectrum of A given by the frame of all
closed (two-sided) ideals of A. If A is not commutative, then we distinguish the
following cases.
Case 1. Let (A,+, ·, e) be a simple C∗-algebra — i.e. the quantale of all closed
two-sided ideals coincides with the Boolean algebra {0, 1}. Then the spectrum of A
is the tensor product of the quantale L(A) of all closed left ideals with the quantale
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R(A) of all closed right ideals of A. Obviously, sp(A) is the coproduct of L(A) and
R(A) in BSQuant.
Case 2. If (A,+, ·, e) is not simple— e.g. theC∗-algebra of all bounded operators on
an infinite-dimensional Hilbert space, then we cannot say much and can only argue
that sp(A) is a certain regular quotient of the tensor product L(A)⊗R(A).

In order to investigate the topologization of sp(A) we first give a characterization
of prime elements of quantic frames.

Lemma 2.5.21. Let (X, ∗, ′) be a quantic frame and L(X)⊗R(X) π X be the

coequalizer of the pair of strong homomorphisms I(X)
ϕL

ϕR
L(X)⊗R(X) defined

by:
ϕL(x) = x ⊗�, ϕR(x) = �⊗ x, x ∈ I(X).

Then an element p ∈ X is prime in (X, ∗) if and only if there exist prime elements
� ∈ L(X) and r ∈ R(X) satisfying the following properties:

(i) π
(
(�⊗�) ∨ (�⊗ r)

) = p.
(ii) For all z ∈ I(X) the equivalence z ≤ � ⇐⇒ z ≤ r holds.

Proof. (a) Let p be prime in (X, ∗). Since π , jL(X) and jR(X) are strong homomor-
phisms, � = (π ◦ jL(X))

�(p) is prime in L(X) and r = (π ◦ jR(X))
�(p) is prime in

R(X). By Theorem 2.3.25 the relation π�(p) = (�⊗�) ∨ (�⊗ r) follows. Hence
the surjectivity of π implies property (i). Further, for every two-sided element z we
obtain the following chain of equivalences:

z ≤ � = (π ◦ jL(X))
�(p) ⇐⇒ π(z ⊗�) = π(�⊗ z) ≤ p

⇐⇒ z ≤ r = (π ◦ jR(X))
�(p).

Hence the property (ii) also holds.
(b) We fix p ∈ X with the property that there exist two prime elements � ∈ L(X)

and r ∈ R(X) satisfying (i) and (ii). Then we consider the strong homomorphism

L(X)⊗R(X) h C�
3 ⊗ Cr

3 corresponding to the prime element (�⊗�) ∨ (�⊗ r)

(cf. Lemma 2.3.22 and Theorem 2.5.15), and we fix z ∈ I(X). Because of the fol-
lowing equivalences

z ≤ � ⇐⇒ z ⊗� ≤ (�⊗�) ∨ (�⊗ r) and z ≤ r ⇐⇒ �⊗ z ≤ (�⊗�) ∨ (�⊗ r)

we conclude from (ii) that h ◦ ϕL = h ◦ ϕR. Hence h factors throughπ —thismeans
that π((�⊗�) ∨ (�⊗ r)) is prime. So, the primality of p now follows from (i). �

Corollary 2.5.22. Let (X, ∗, ′) be a quantic frame and L(X)⊗R(X) π X be the

coequalizer of the pair I(X)
ϕL

ϕR
L(X)⊗R(X) of strong homomorphisms given by:

ϕL(x) = x ⊗�, ϕR(x) = �⊗ x, x ∈ I(X).
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An element p ∈ X is a hermitian prime element if and only if there exists a hermitian
prime element q of (L(X)⊗R(X), �) such that p = π(q).

Proof. Since the right adjoint map of an involutive homomorphism is involutive (cf.
Lemma 2.2.14), the necessity of the condition is evident. On the other hand, let q
be a hermitian prime element of (L(X)⊗R(X), �) with p = π(q). Then there exist
prime elements � ∈ L(X) and r ∈ R(X) such that q = (�⊗�) ∨ (�⊗ r). Since

(�⊗�) ∨ (�⊗ r) = (
(�⊗�) ∨ (�⊗ r)

)′ = (r ′ ⊗ �) ∨ (�⊗ �′),

�′ = r follows. Since every two-sided element z ∈ I(X) is hermitian, we observe that
the elements � and �′ satisfy the condition (ii) of Lemma 2.5.21. Hence we conclude
from Lemma 2.5.21 that π(q) is a hermitian prime element of (X, ∗) where we have
used the property that π is involutive. �


Having made these preparations we are now going to construct the Gelfand topol-
ogy on the quantic frame P(MAX) associated withMAX. For this purpose we fix
a pure state ρ of A and consider its left kernel Lρ . Then Lρ is a maximal left ideal of
A and consequently a prime element of L(A) ∼= L(P(MAX)). Now, we introduce

the following strong homomorphismsL(A)
h� C�

3 andR(A)
hr Cr

3 as follows (cf.
Example 2.4.29):

h�(I ) =

⎧
⎪⎨

⎪⎩

⊥, I ∗ A ⊆ Lρ,

a, I ∗ A � Lρ, I ⊆ Lρ,

�, I � Lρ,

hr (J ) =

⎧
⎪⎨

⎪⎩

⊥, A ∗ J ⊆ (Lρ)′,
a, A ∗ J � (Lρ)′, J ⊆ (Lρ)′,
�, J � (Lρ)′

for each I ∈ L(A) and J ∈ R(A). Further, let L(A)⊗R(A) h C�
3 ⊗ Cr

3 be the in-
volutive and strong homomorphism corresponding to the hermitian prime element
(Lρ ⊗ A) ∨ (A ⊗ (Lρ)

′) (cf. Corollary 2.5.16). Since L(A)⊗R(A) is the coprod-
uct of L(A) andR(A) in the sense of BSQuant, we conclude from Theorem 2.5.17
that h has the following form (cf. (2.64)):

h(I ⊗ J ) = jr
(
hr (J )

)
� j�

(
h�(I )

)
, I ∈ L(A), J ∈ R(A).

Now we invoke Corollary 2.5.22 (see also Lemma 2.5.21) and observe that h factors
through πMAX. Hence for every pure state ρ of A there exists a unique involutive

and strong homomorphism P(MAX)
hρ C�

3 ⊗ Cr
3 such that the following relation

holds:

hρ

(
πMAX(I ⊗ J )

) = jr
(
hr (J )

)
� j�

(
h�(I )

)
, I ∈ L(A), J ∈ R(A), (2.72)

where h� is the three-valued strong homomorphism corresponding to the left kernel
of ρ and hr is the strong three-valued homomorphism corresponding to the adjoint
of the left kernel (i.e. the right kernel) of ρ.
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Finally, let p(A) be the set of all pure states of A. Then every element g of

P(MAX) = {πMAX( f ) | f ∈ L(A)⊗R(A)}

induces a map p(A)
Ag C�

3 ⊗ Cr
3 by

Ag(ρ) = hρ(g), ρ ∈ p(A).

Obviously, τA = {Ag | g ∈ P(MAX)} is a six-valued topology on p(A) and is called
the Gelfand topology of A. Since all strong homomorphisms hρ are involutive, the
Gelfand topology is evidently involutive — i.e.

Ag ∈ τA =⇒ (Ag)
′ ∈ τA.

A list of further features are the following properties of τA:

– If (A,+, ·, ∗) is commutative, then the Gelfand topology τA coincides with the
traditional Gelfand topology.

– In the case of non-commutative C∗-algebras the Gelfand topology is in general a
six-valued topology.

– Every closed left ideal I of A can be identified with a C�
3 ⊗ Cr

3-valued map
AπMAX(I⊗A) and vice versa.

– Every closed right ideal J of A can be identified with a C�
3 ⊗ Cr

3-valued map
AπMAX(A⊗J ) and vice versa.

– {AπMAX(I⊗J ) | I ∈ L(A), J ∈ R(A)} is a join-basis of τA.

The last property of τA motivates us to give amore transparent representation of the
mapAπMAX(I⊗J ). For this purposewe recall the construction ofAI in Example 2.4.29
and the dual formulation of AI for a closed right ideal J :

AJ (ρ) =

⎧
⎪⎨

⎪⎩

⊥, A ∗ J ⊆ (Lρ)
′,

a, A ∗ J � (Lρ)
′, J ⊆ (Lρ)

′,
�, J � (Lρ)

′,
ρ ∈ p(A), J ∈ R(A).

If we now identify elements of C�
3 with elements of C�

3 ⊗ Cr
3 in the sense of j� (e.g.

a with a ⊗�) and elements of Cr
3 with elements of C�

3 ⊗ Cr
3 in the sense of jr (e.g.

a with �⊗ a), then we infer from formula (2.72) that the following relation holds:

AπMAX(I⊗J )(ρ) = AJ (ρ) � AI (ρ), ρ ∈ p(A). (2.73)

Finally, it seems that in general the Gelfand topology comprises more information
about the underlying non-commutative C∗-algebra than the Jacobson topology can
usually offer. For example, in the non-commutative setting primitive ideals do not
distinguish maximal left (right) ideals. Hence the Jacobson topology cannot describe
the mutual interrelationship between pure states. However, in the case of the Gelfand
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topology τA we have the following situation (cf. (2.73)):

AπMAX(I⊗J )(ρ) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

�, I � Lρ, J � (Lρ)
′,

λ, I ⊆ Lρ, I ∗ A � Lρ, J � (Lρ)
′,

ρ, I � Lρ, J ⊆ (Lρ)
′, A ∗ J � (Lρ)

′,
β, I ⊆ Lρ, I ∗ A � Lρ, J ⊆ (Lρ)

′, A ∗ J � (Lρ)
′,

⊥, I ∗ A ⊆ Lρ or A ∗ J ⊆ (Lρ)
′,

where Lρ is the left kernel of ρ. For a further illustration of this situation, the reader
is referred to Exercise 2.5.5.

The reconstruction of a non-commutative C∗-algebra (A,+, ·, ∗) from its Gel-
fand topology τA is an open problem at the moment. One of the obstacles is the
construction of an algebra of “non-commutative functions” defined on p(A).

Exercises

2.5.1. (See Exercises 2.2.1, 2.3.1 and 2.4.1) Let C3 be the chain with three ele-
ments. We recall from Exercise 2.3.1 (i) that there are precisely 9 balanced quantale
structures defined on C3. Show that any quantale on C3 is bisymmetric.

Comment. Exercise 2.5.1 underlines the importance of the bisymmetry axiomwhen
one moves from the two-valued to the many-valued setting.

2.5.2. Let (X, ∗) be a non-commutative and two-sided quantale. Show:

(a) If (X, ∗) bisymmetric, then (X, ∗) is not semi-unital.
(b) The semi-unitalization (cf. Sect. 2.3.1) of (X, ∗) is not bisymmetric.

2.5.3. Show that any non-commutative and unital quantale is balanced, but not
bisymmetric.

2.5.4. Let C3 be the three-chain provided with the following multiplication

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ a
� ⊥ ⊥ �

(see (7) in Exercise 2.2.1). Show

(a) (C3, ∗) is a non-idempotent, non-commutative, bisymmetric, balanced and two-
sided quantale.

(b) (C3, ∗) is spatial, but not semi-unital.
(c) The universal lower bound in (C3, ∗) is prime, but not strongly prime.

(d) There exists a single strong homomorphism (C3, ∗) h C�
3 ⊗ Cr

3, and it satis-
fies

∨{x ∈ C3 | h(x) ≤ α} = a. (Consequently the assumption of (X, ∗) being
semi-unital cannot be dropped in Theorem 2.5.18.)
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(e) The semi-unitalization (cf. Sect. 2.3.1) (C3, ∗) of (C3, ∗) is isomorphic to the
chain C4 consisting of four elements ⊥, a, b and � provided with the multipli-
cation given by the multiplication table:

∗ ⊥ a b �
⊥ ⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ a a
b ⊥ ⊥ b b
� ⊥ a b �

Show that the elements a and b of C4 are two-sided and prime in (C4, ∗) where
b corresponds to the universal upper bound in C3.

2.5.5. Let M3 be the C∗-algebra of all square matrices of order 3 with complex
coefficients. It is well-known that every pure state is a vector state — i.e. for every
pure state ρ of M3 there exists a unit vector eρ of C3 such that ρ(A) = 〈Aeρ, eρ〉
holds for all A ∈M3 where 〈 , 〉 is the usual inner product in C3.

(a) Show that Lρ = {A ∈M3 | Aeρ = 0} is the left kernel of ρ.
(b) Let I be a left ideal and J be a right ideal ofM3 given by:

I =
{
⎛

⎝
0 α −α

0 β −β

0 γ −γ

⎞

⎠
∣
∣
∣ α, β, γ ∈ C

}
, J =

{
⎛

⎝
α β γ

0 0 0
−α −β −γ

⎞

⎠
∣
∣
∣ α, β, γ ∈ C

}
.

Further, let ρ1, ρ2, ρ3 and ρ4 be pure states ofM3 determined by the following
unit vectors:

eρ1 = (1, 0, 0), eρ2 = (0, 1, 0), eρ3 = (0, 0, 1), eρ4 =
1√
3
(1, 1, 1).

Show that AπMAX(I⊗J ) attains the following values:

AπMAX(I⊗J )(ρ1) = λ, AπMAX(I⊗J )(ρ2) = ρ,

AπMAX(I⊗J )(ρ3) = �, AπMAX(I⊗J )(ρ4) = β.

2.5.6. Let M2 be the C∗-algebra of all square matrices of order 2 with complex
coefficients. Further, let L(M2) be the quantale of all left ideals and R(M2) be the
quantale of all right ideals. We know that every non-trivial, proper left (right) ideal
is maximal (cf. Exercise 2.4.4 (b)).

(a) Show that the setσ
(
L(M2)⊗R(M2)

)
of all prime elements of the tensor product

L(M2)⊗R(M2) can be identified with the set

{(P1, P2) | P1 ∈ L(M2), P2 ∈ R(M2), P1 �=M2, P2 �=M2}.
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(b) First we recall C�
3 = (C3, ∗�) and Cr

3 = (C3, ∗r ). If L is a non-trivial left ideal
and R is a non-trivial right ideal, then we consider the corresponding maps

L(M2) \ {M2} AL C�
3 andR(M2) \ {M2} AR Cr

3 having the following form:

AL(P) =

⎧
⎪⎨

⎪⎩

�, L � P,

a, L = P,

⊥, L = {0},
and AR(P) =

⎧
⎪⎨

⎪⎩

�, R � P,

a, R = P,

⊥, R = {0}.

If C�
3 is identified with L(C�

3 ⊗ Cr
3) and Cr

3 with L(C�
3 ⊗ Cr

3), then verify (cf.
(2.73):

AL⊗R(P1, P2) = AR(P2) � AL(P1), P1 �=M2, P2 �=M2.

(c) If L1, L2 and L3 are pairwise distinct, non-trivial and proper left ideals of M2

and R1, R2 and R3 are pairwise distinct, non-trivial and proper right ideals of
M2. Then confirm the following relations:

(i) AL1⊗R1 ∨AL2⊗R2 ∨AL3⊗R3 = AM2⊗M2 .
(ii) (L1 ⊗ R1) ∨ (L2 ⊗ R2) ∨ (L3 ⊗ R3) �=M2 ⊗M2.

Conclude from the previous observations that L(M2)⊗R(M2) is not spatial.

The next Exercises 2.5.7 and 2.5.8 form a preparation for Exercise 2.5.9

2.5.7. Let A be a square matrix of order n and I be the left (right) ideal generated
by A. If rank(A) < n, then show that the linear dimension of I is given by dim(I) =
n · rank(A) and I has a base {Dr q | r = 1, . . . , n; q = 1, . . . , rank(A)} such that
rank(Dr q) = 1 for all r and q.
(Hint: Let A = (a1, . . . , an)with rank(A) = k < n and a j = (ai j )

n
i=1, j = 1, . . . , n.

Without loss of generality, we can assume that {a1, . . . , ak} is linearly independent.
Then for l = 1, . . . , k and p = k + 1, . . . , n there exist dl p ∈ C such that the relation
ap =∑k

l=1 dlpal holds. Further, let B = (bi j )
n
i, j=1 be an arbitrary square matrix of

order n. We put:

ci m =
n∑

j=1
bi j · a j m, i ∈ {1, . . . , n}, m ∈ {1, . . . , n}.

Then cip =∑k
l=1 ci l · dlp follows for p = k + 1, . . . , n. Finally, for r = 1, . . . , n

and q = 1, . . . , k we define Dr q = (gr,q
i j )n

i, j=1 by:

gr,q
i j =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0, i �= r,

0, i = r, j ∈ {1, . . . , k} \ {q},
1, i = r, j = q,

dq j , i = r, j = k + 1, . . . , n.
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Now rank(Dr q) = 1 and
∑n

r=1
(∑k

q=1 cr q · Dr q
) = B · A follow. Since for every

i = 1, . . . , n and for every k-tuple (ci q)
k
q=1 the system of linear equations

n∑

j=1
bi j · a j q = ci q , q = 1, . . . , k

has a solution (bi 1, . . . , bi n), the left ideal I generated by A has dimension k · n.)
2.5.8. Let Mn be the C∗-algebra of all square matrices of order n with complex
coefficients. For every square matrix C of order n with rank(C) = 1 there exists a
left ideal L and a right ideal R such that R ∗ L = {z · C | z ∈ C}.
(Hint: Without loss of generality we can assume that the given matrix C = (ci j )

n
i, j=1

with rank(C) = 1 has the following form:
Let us consider two (n − 1)-tuples (p1, . . . , pn−1) ∈ Cn−1 and (q1, . . . , qn−1) ∈ Cn−1
such that ci j is given by:

ci j =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1, i = 1, j = 1,

pi−1, i �= 1, j = 1,

q j−1, i = 1, j �= 1,

q j−1 · pi−1, i �= 1, j �= 1.

For every vector x = (x1, . . . , xn) ∈ Cn and y = (y1, . . . , yn) ∈ Cn we introduce
matrices Ax = (ai j )

n
i, j=1 and By = (bi j )

n
i, j=1 as follows:

ai j =
{

xi , j = 1,

xi · q j−1, j �= 1,
and bi j =

{
y j , i = 1,

pi−1 · y j , i �= 1.

ThenLq = {Ax | x ∈ Cn} is a left ideal andRp = {By | y ∈ Cn} is a right ideal. Now
we put z =∑n

j=1 y j · x j and observe:

n∑

j=1
bi j · a js =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

z i = 1, s = 1,

pi−1 · z i �= 1, s = 1,

z · qs−1 i = 1, s �= 1,

pi−1 · z · qs−1 i �= 1, p �= 1,

= z · ci s .

Hence Rp ∗ Lq = {z · C | z ∈ C} follows.)
2.5.9. Let n be a natural number with 2 ≤ n, Mn be the C∗-algebra of all square
matrices of order n with complex coefficients, and let (MAX, ∗) be the quantale of
all linear subspaces of Mn (cf. Example 2.5.5). Further, let Ln be the subquantale
of all left ideals of Mn , Rn be the subquantale of all right ideals of Mn , and let Q1

be the set of all linear subspaces of Mn which have a linear base B such that every
matrix C ∈ B has rank 1. Show:
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(a) Q1 is a subquantale of (MAX, ∗).
(b) Q1 coincides with QRL(MAX) — i.e. the subquantale generated by Ln ∪Rn .

(Hint: In order to verify Exercise 2.5.9 (b) use Exercises 2.5.7 and 2.5.8.)

2.5.10. Let Mn be the C∗-algebra of all square matrices of order n and Q1 be the
subquantale ofMAX which consists of all linear subspacesU ofMn satisfying the
following condition

U has a linear base B such that every C ∈ B has rank 1.

If Q̂1 is the semi-integral regularization ofQ1, then show that Q̂1 is a quotient of the
coproduct of L(Mn) and R(Mn) in BSQuant.
(Hint: Exercise 2.5.9 (b) and Corollary 2.5.10.)

2.6 Frobenius Quantales

Let (X, ∗) be a quantale and d be an element of X viewed as join-preserving map

1 δ Xop. Then the right-implication � and the left-implication � of the given quan-

tale induce a pair X
hr

δ

h�
δ

Xop of join-preserving maps by the commutativity of the

following diagrams:

X X ⊗ 1 X ⊗ Xop

Xop

r−1X

hr
δ

1X⊗δ

� (2.74)

X 1⊗ X Xop ⊗ X

Xop

�−1X

h�
δ

δ⊗1X

� (2.75)

Obviously, the pair (hr
δ, h�

δ) forms a contravariant Galois connection on X . In fact,
the following relation holds for all x, y ∈ X :

y ≤ hr
δ(x) ⇐⇒ y ≤ x ↘ d ⇐⇒ x ≤ d ↙ y ⇐⇒ x ≤ h�

δ(y).

The previous relation means that h�
δ is right adjoint to hr

δ provided we view h�
δ

as isotone map from Xop to X . Hence we conclude from Exercise 1.3.2 that hr
δ is
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an isomorphism in Sup if and only if h�
δ ◦ hr

δ = 1X and hr
δ ◦ h�

δ = 1Xop hold — i.e.
x = d ↙ (x ↘ d) and x = (d ↙ x)↘ d for all x ∈ X .

These observations motivate the following definition.

Definition 2.6.1. Let (X, ∗) be a quantale, d ∈ X and 1 δ Xop be the join-
preserving map with δ(1) = d. The triple (X, ∗, δ) is called a Frobenius quantale if

X
hr

δ Xop is an isomorphism in Sup— this means that the following relation holds
for all x ∈ X :

x = d ↙ (x ↘ d) = (d ↙ x)↘ d.

In this context d is called the dualizing element of (X, ∗, δ).
Proposition 2.6.2. Every Frobenius quantale (X, ∗, δ) with δ(1) = d satisfies the
following properties:

(i) x ↘ z = ((d ↙ z) ∗ x)↘ d for all x, z ∈ X.
(ii) z ↙ x = d ↙ (x ∗ (z ↘ d)) for all x, z ∈ X.

(iii) X
hr

δ Xop is meet-preserving — i.e. (
∧

A)↘ d =∨{a ↘ d | a ∈ A} for all
A ⊆ X.

(iv) X
h�

δ Xop is meet-preserving — i.e. d ↙ (
∧

A) =∨{d ↙ a | a ∈ A} for all
A ⊆ X.

Proof. The properties (i) and (ii) follow from the relation (E) in the proof of Theo-
rem 2.3.6 and the following observations:

x ↘ z = x ↘ ((d ↙ z)↘ d) and z ↙ x = (d ↙ (z ↘ d))↙ x .

Since hr
δ is bijective, we infer from Exercise 1.3.2 (a) (iii) that hr

δ � h�
δ implies

h�
δ � hr

δ . Hence (iii) follows. If we view h�
δ as an isotone map from X to Xop, then

we can verify (iv) analogously. �

In the following considerations we will always identify the join-preserving map

1 δ Xop with its dualizing element d = δ(1) of X .

Proposition 2.6.3. Every Frobenius quantale is unital.

Proof. Let (X, ∗, d) be a Frobenius quantale. By Proposition 2.6.2 (i) the relation
((d ↙ d) ∗ x)↘ d = x ↘ d holds for all x ∈ X . Since d is dualizing, (d ↙ d) ∗ x
= x follows — i.e. d ↙ d is a left unit of ∗. Analogously we verify that d ↘ d is a
right unit of ∗. Now we observe:

d ↙ d = (d ↙ d) ∗ (d ↘ d) = d ↘ d.

Hence d ↙ d and d ↘ d coincide and constitute the unit of (X, ∗). �

Left- and right-sided elements (cf. Sect. 2.3) play a special rôle in Frobenius

quantales.
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Lemma 2.6.4. Let (X, ∗, d) be a Frobenius quantale and x ∈ X.

(i) If x ∈ X is left-sided, then x ↘ d = x ↘ ⊥ holds.
(ii) If x ∈ X is right-sided, then d ↙ x = ⊥ ↙ x holds.

Proof. In order to verify (i) we proceed as follows. Let z be a left-sided element of
X with z ≤ d. Then d ↙ z = � holds. Since d is dualizing, z = ⊥ follows from
Proposition 2.6.2 (iii). Now we choose an arbitrary left-sided element x ∈ X . Since
∗ is associative, x ∗ (x ↘ d) is left-sided, and we deduce from x ∗ (x ↘ d) ≤ d
that x ∗ (x ↘ d) = ⊥ is valid. Hence x ↘ d = x ↘ ⊥ follows. —Analogously we
prove (ii). �

Corollary 2.6.5. Every Frobenius quantale satisfies the Frobenius property — i.e.
for each right-sided element x and for each left-sided element y the following hold:

x = (⊥ ↙ x)↘ ⊥ and y = ⊥ ↙ (y ↘ ⊥). (Frobenius Property)

Proof. Let (X, ∗, d) be a Frobenius quantale and x ∈ X be right-sided. Then the
relation d ↙ x = ⊥ ↙ x follows fromLemma 2.6.4 (ii). Since⊥ is the zero element
of (X, ∗), the element⊥ ↙ x is left-sided. Now we use Lemma 2.6.4 (i) and obtain:

x = (d ↙ x)↘ d = (⊥ ↙ x)↘ d = (⊥ ↙ x)↘ ⊥.

If y is left-sided, then y = ⊥ ↙ (y ↘ ⊥) can be verified analogously. �

The next theorem gives a sufficient condition under which the tensor product of

Frobenius quantales is again a Frobenius quantale.

Theorem 2.6.6. Let (X, ∗, dX ) and (Y, ∗, dY ) be Frobenius quantales. If X or Y
is completely distributive, then the tensor product (X ⊗ Y, �) of (X, ∗, dX ) and
(Y, ∗, dY ) is again a Frobenius quantale with the dualizing element d0 determined
by:

d0 = (dX ⊗�) ∨ (�⊗ dY ). (2.76)

Proof. (a) Let d0 ∈ X ⊗ Y be defined by (2.76). In a first step we show that for
x ∈ X and y ∈ Y the following relations hold:

(x ⊗ y)↘ d0 =
(
(x ↘ dX )⊗�) ∨ (�⊗ (y ↘ dY )

)
(2.77)

d0 ↙ (x ⊗ y) = (
(dX ↙ x)⊗�) ∨ (�⊗ (dY ↙ y)

)
. (2.78)

In order to verify (2.77) we choose an elementary tensor u ⊗ v ∈ X ⊗ Y such that

(x ⊗ y) � (u ⊗ v) ≤ d0.

Hence (x ∗ u)⊗ (y ∗ v) ≤ (dX ⊗�) ∨ (�⊗ dY ) follows from the definition of �

and d0. By Exercise 2.1.4 (b) we obtain x ∗ u ≤ dX or y ∗ v ≤ dY — i.e.
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u ⊗ v ≤ (
(x ↘ dX )⊗�) ∨ (�⊗ (y ↘ dY )

)
.

On the other hand we observe:

(x ⊗ y) �
((

(x ↘ dX )⊗�) ∨ (�⊗ (y ↘ dY )
)) ≤ (

dX ⊗ (y ∗ �)
) ∨ (

(x ∗ �)⊗ dY
) ≤ d0.

Hence (2.77) follows. The formula (2.78) can be verified analogously.
With regard to the following considerations it is also worthwhile to consider

the special cases x ⊗� and �⊗ y. Referring to Proposition 2.6.2 (iii) and (iv) we
use the fact that every dualizing element d satisfies the properties � ↘ d = ⊥ and
d ↙ � = ⊥. Hence we obtain from (2.77) and (2.78):

(x ⊗�)↘ d0 = (x ↘ dX )⊗�, d0 ↙ (x ⊗�) = (dX ↙ x)⊗�,

(�⊗ y)↘ d0 = �⊗ (y ↘ dY ), d0 ↙ (�⊗ y) = �⊗ (dY ↙ y).

(b) Let f =∨
i∈I xi ⊗ yi be an arbitrary tensor of X ⊗ Y with a nonempty index

set I , and let P(I ) be the power set of I . Then we conclude from (2.77) and Exer-
cise 2.1.4 (d) that the following relation holds:

f ↘ d0 = ∧

i∈I

(
(xi ⊗ yi )↘ d0

)

= ∧

i∈I

(
(xi ↘ dX )⊗�) ∨ (�⊗ (yi ↘ dY )

)

= ∨

A⊆I

((∧

i∈A
(xi ↘ dX )

)⊗ (∧

i /∈A
(yi ↘ dY )

))

= ∨

A⊆I

(((∨

i∈A
xi

)↘ dX
)⊗ ((∨

i /∈A
yi

)↘ dY
))

.

Now we use (2.78) and the fact that dX and dY are dualizing elements:

d0 ↙( f ↘ d0)

= ((∨

i∈I
xi

)⊗�) ∧ (�⊗ (∨

i∈I
yi

)) ∧ ∧

∅�A�I

(((∨

i∈A
xi

)⊗�) ∨ (�⊗ (∨

i /∈A
yi

)))

= ((∨

i∈I
xi

)⊗ (∨

i∈I
yi

)) ∧ ∧

∅�A�I

(((∨

i∈A
xi

)⊗�) ∨ (�⊗ (∨

i /∈A
yi

)))
.

The aim of the following consideration is to verify d0 ↙ ( f ↘ d0) ≤ f . Without
loss of generality, we can assume that I contains at least two different indices. Now
we apply Exercise 2.1.4 (e) and obtain:

d0 ↙ ( f ↘ d0) =
( ∧

∅�A�I

(∨

i∈A
xi

)⊗ (∨

i∈I
yi

)) ∨
((∨

i∈I
xi

)⊗ ( ∧

∅�A�I

(∨

i /∈A
yi

)))∨

∨ ∨

A⊆P (I )\{∅,I },
∅ �=A�=P (I )\{∅,I }

( ∧

A∈A

(∨

i∈A
xi

))⊗ ( ∧

A/∈A

(∨

i /∈A
yi

))
.



2.6 Frobenius Quantales 169

As a first observation we note that

∧

∅�A�I

(∨

i∈A
xi

) = ∧

i∈I
xi and

∧

∅�A�I

(∨

i /∈A
yi

) = ∧

i∈I
yi .

Hence the following relations

( ∧

∅�A�I

(∨

i∈A
xi

))⊗ (∨

i∈I
yi

) ≤ ∨

i∈I
(xi ⊗ yi ),

(∨

i∈I
xi

)⊗ ( ∧

∅�A�I

(∨

i /∈A
yi

)) ≤ ∨

i∈I
(xi ⊗ yi )

are obvious. Now we fix A ⊆P(I ) \ {∅, I } such that ∅ �= A �=P(I ) \ {∅, I }.
Without loss of generality, we can assume that X is completely distributive and
choose z ∈ X such that z is totally below

∧
A∈A

(∨
i∈A xi

)
—i.e. z '∧

A∈A
(∨

i∈A xi
)
.

Hence for every A ∈ A there exists an i A ∈ A such that z ≤ xi A . Now we distinguish
the subsequent cases:
Case 1: {i A | A ∈ A} = I . Then we have the following estimate:

z ⊗ ( ∧

A/∈A
(
∨

i /∈A
yi )

) ≤ (∧

i∈I
xi

)⊗ (∨

i∈I
yi

) ≤ ∨

i∈I
(xi ⊗ yi ).

Case 2: {i A | A ∈ A} �= I . Then B = I ∩ �{i A | A ∈ A} is nonempty and not con-
tained inA by definition of B — i.e. B /∈ A. Now we obtain:

z ⊗ ( ∧

A/∈A

(∨

i /∈A
yi

)) ≤ ( ∧

A∈A
xi A

)⊗ (∨

i /∈B
yi

) ≤ ∨

A∈A
(xi A ⊗ yi A).

Since the totally below relation ' is approximating, we have shown:

( ∧

A∈A

(∨

i∈A
xi

))⊗ ( ∧

A/∈A

(∨

i /∈A
yi

)) ≤ ∨

i∈I
(xi ⊗ yi ).

Hence the relation d0 ↙ ( f ↘ d0) ≤ f is verified.
Analogously we prove (d0 ↙ f )↘ d0 ≤ f . Thus d0 is a dualizing element of the
tensor product (X ⊗ Y, �). �


A residuated preordered semigroup (X,≤, ∗,↘,↙) (cf. Example 2.3.7) has a
dualizing element d if and only if d ↙ (x ↘ d) = x = (d ↙ x)↘ d holds for all
x ∈ X . In the next theorem we show that the MacNeille completion of a residuated
preordered semigroup with a dualizing element is a Frobenius quantale.

Lemma 2.6.7. Let (X,≤, ∗,↘,↙) be a residuated preordered semigroup with a
dualizing element d and (Dwn(X),�)be the quantale of downclosed subsets induced
by (X,≤, ∗,↘,↙). Then the relation:

↓d ↙ (A ↘ ↓d) = C(A) = (↓d ↙ A)↘ ↓d (2.79)



170 2 Fundamentals of Quantales

holds for all A ∈ Dwn(X), where C = L ◦ U is the nucleus on (Dwn(X),�) asso-
ciated with the MacNeille completion (cf. Example 2.2.13).

Proof. Let us consider two downclosed subsets A and B of X . Then the relation
A � B ⊆ ↓d is equivalent to the property a ∗ b ≤ d for all a ∈ A and b ∈ B. Since
d is dualizing, it is easily seen that the following properties are valid:

A ↘ ↓d =⋃{B ∈ Dwn(X) | A � B ⊆ ↓d} = {c ↘ d | c ∈ U(A)},
↓d ↙ B =⋃{A ∈ Dwn(X) | A � B ⊆ ↓d} = L({d ↙ b | b ∈ B}).

Using again the dualizing property of d we infer from the previous properties:

↓d ↙ (A ↘ ↓d) = ↓d ↙ {c ↘ d | c ∈ U(A)}
= L({d ↙ (c ↘ d) | c ∈ U(A)})
= L(U(A))

= C(A).

Analogously we verify (↓d ↙ B)↘ ↓d = C(B). Hence the assertion follows. �

Theorem 2.6.8. Let (X,≤, ∗,↘,↙) be a residuated preordered semigroup with
dualizing element d. Then the MacNeille completion of (X,≤, ∗,↘,↙) is a Frobe-
nius quantale with dualizing element ↓d.

Proof. Since in the quotient X̂ ofDwn(X) w.r.t.C (cf. Example 2.1.4 (a) and Exam-
ple 2.2.13) the right-implication and left-implication are given by

C(A)↘ C(B) = C(A ↘ C(B)) and C(A)↙ C(B) = C(C(A)↙ B)

for each A, B ∈ Dwn(X), we apply Lemma 2.6.7 and obtain:

↓d ↙ (C(A)↘ ↓d) = ↓d ↙ C(A ↘ ↓d) = C(C(A)) = C(A).

Analogously we verify (↓d ↙ C(A))↘ ↓d = C(A) for all A ∈ Dwn(X). �

In the following considerations we investigate the rôle of cyclic elements of quan-

tales. We begin with a definition.

Definition 2.6.9. An element z of a quantale (X, ∗) is cyclic if the equivalence

x ∗ y ≤ z ⇐⇒ y ∗ x ≤ z

holds for all x, y ∈ X .

As a first trivial property of cyclic elements we have the following:

Lemma 2.6.10. An element z of a quantale (X, ∗) is cyclic if and only if x ↘ z =
z ↙ x for all x ∈ X.
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Since in the case of cyclic elements z the maps ↘ z and z ↙ coincide we
simply write x → z for x ↘ z = z ↙ x .

Example 2.6.11. (a) Every element of a commutative quantale is cyclic.
(b) Let (S, ·) be a semigroup with zero 0. Further, let (P(S), ) be the quantale
given by the power set of S and the Minkowski multiplication induced by ·. If S does
not contain a nilpotent element, then {0} is cyclic element of (P(S), ).
(c) Let (X,≤, ∗) be an preordered semigroup and (Dwn(X),�) be the quantale of
downclosed subsets of X . If z ∈ X is a cyclic element of (X, ∗), then ↓z is a cyclic
element of (Dwn(X),�).

A deeper property of cyclic elements is given in the next lemma.

Lemma 2.6.12. Every cyclic element z of a quantale (X, ∗) induces a nucleus cz on
(X, ∗) by:

cz(x) = (x → z)→ z, x ∈ X.

Proof. Let z be a cyclic element of (X, ∗). It is easily seen that the map cz defined by
cz(x) = (x → z)→ z is a closure operator on X . Further, for x, y ∈ X we obtain:

x ∗ y ∗ ((x ∗ y)→ z) ≤ z =⇒ y ∗ ((x ∗ y)→ z) ≤ x → z

=⇒ y ∗ ((x ∗ y)→ z) ∗ cz(x) ≤ z

=⇒ ((x ∗ y)→ z) ∗ cz(x) ∗ cz(y) ≤ z

=⇒ cz(x) ∗ cz(y) ≤ cz(x ∗ y).

Hence cz is a nucleus. �

Theorem 2.6.13. Let z be a cyclic element of a unital quantale (X, ∗) and cz be the
nucleus induced by z (cf. Lemma 2.6.12). Then z ∈ cz(X) and the regular quotient
(cz(X), �) = (X, ∗)/cz is a Frobenius quantale with the dualizing element d = z. In
particular, z is also cyclic in (cz(X), �).

Proof. Let z be a cyclic element of (X, ∗) and (cz(X), �) be the quotient of (X, ∗)
w.r.t. cz . Since the quantale (X, ∗) is unital (cf. Theorem2.2.11 andCorollary 2.2.12),
the relation cz(z) = z follows. Therefore it is sufficient to show that z is cyclic and
dualizing in (cz(X), �).

Let x and y be elements of X . Since

cz(x) � cz(y) = cz(x ∗ y) ≤ z ⇐⇒ x ∗ y ≤ z,

z is not only cyclic in (X, ∗), but also in (cz(X), �). Since the right-implication and
left-implication in (cz(X), �) have the form

cz(x)↘ cz(y) = cz(x ↘ cz(y)) and cz(x)↙ cz(y) = cz(cz(x)↙ y),

we obtain immediately (cz(x)→ z)→ z = cz(x) for all x ∈ X . �
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The previous theorem motivates the following definition.

Definition 2.6.14. A Frobenius quantale (X, ∗, d) is called a Girard quantale if the
dualizing element d is cyclic.

Theorem 2.6.13 shows that every cyclic element of a unital quantale induces a
Girard quantale. On the other hand, every Girard quantale occurs in this way. In
fact, if we view a Girard quantale (X, ∗, d) as a residuated, preordered and unital
semigroup with a cyclic and dualizing element d, then ↓d is cyclic in the unital
quantale (Dwn(X),�), and we infer from Lemma 2.6.7 that c↓d coincides with the
closure operatorC on (Dwn(X),�). Hence (X, ∗, d) is isomorphic to its MacNeille
completion (cf. Theorem 2.6.8) and is therefore a regular quotient of (Dwn(X),�)

w.r.t. the nucleus induced by the cyclic element ↓d.

Example 2.6.15. Let Mn be the C∗-algebra of all square matrices of order n with
complex coefficients, and (MAX, ∗) be the unital (involutive) quantale of all linear
subspacesU ofM. (cf. Example 2.5.5). Further, the traceMn

tr C is a linear form
onMn and its kernel

D = {A ∈Mn | tr(A) = 0}

is a linear subspace of Mn . Then (MAX, ∗,D) is a Girard quantale.
Since tr(A · B) = tr(B · A), the subspace D is evidently cyclic. In order to see that
D is dualizing we first recall that the trace of matrices induces an inner product 〈 , 〉
onMn by

〈A, B〉 = tr(B∗ · A),

where B∗ is the adjoint matrix of B. Obviously, the following equivalence holds for
all U,V ∈MAX:

U ∗V = lin. hull {A · B | A ∈ U, B ∈ V} ⊆ D

⇐⇒ 〈B, A∗〉 = 0 for all A ∈ U, B ∈ V.

Further, we recall that W′ = {A∗ | A ∈W} is the adjoint subspace of W ∈MAX

(cf. Example 2.5.5), and the orthogonal complement of W w.r.t. 〈 , 〉 is denoted by
W⊥. Then for every subspace U of Mn the relation

U↘ D = D↙ U = U→ D = {A∗ | A ∈ U}⊥ = (U∗)⊥ = (U⊥)∗

holds. Since
((
U∗

)⊥⊥)∗ = U, the subspace D is dualizing.
Finally, as an application of the Frobenius property (cf. Corollary 2.6.5) we obtain
that for each left ideal I and each right-sided ideal J of Mn the following relations
hold (cf. [14, p. 341]):

I = {0} ↙ (I ↘ {0}) and J = ({0} ↙ J )↘ {0}.
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In the following consideration we will focus on a special class of Girard quantales
supported by completely distributive lattices (see also [91]).

Example 2.6.16. Let X be a completely distributive lattice. Further, let ([X, X ], ◦) be
the unital quantale of all join-preserving self-mappings of X provided with the com-

position as multiplication (cf. Example 2.3.2), and let X d X be the join-preserving
map defined by

d(z) =∨{x ∈ X | z �≤ x}, z ∈ X. (2.80)

Then ([X, X ], ◦, d) is a Girard quantale.
In order to see that d is dualizing and cyclic we proceed as follows. First, for

z ∈ X , we define subsets Az and Bz of X by:

Az = {y ∈ X | y �≤ z} and Bz = {x ∈ X | z �≤ x}.

Now we fix z ∈ X and show that

∨

x∈Bz

(∧
Ax

) = z. (2.81)

First we notice that Bz = ∅ ⇐⇒ z = ⊥. Therefore, without loss of generality, we
can assume z �= ⊥. Since z ∈ Ax for all x ∈ Bz , the relation

∨
x∈Bz

(∧
Ax

) ≤ z is
evident. On the other hand, Ax �= ∅ for all x ∈ Bz . Thus for all x ∈ Bz we can choose
some yx ∈ Ax and observe:

z ≤ ∨

x∈Bz

yx . (2.82)

In fact, if we assume z �≤∨
x∈Bz

yx , then x0 :=∨
x∈Bz

yx ∈ Bz and yx0 ≤ x0, which
is a contradiction to the choice of yx0 — namely yx0 ∈ Ax0 . Hence (2.82) holds.
Now we invoke the complete distributivity of X and obtain:

z ≤ ∧

(yx )x∈Bz∈
∏

x∈Bz
Ax

( ∨

x∈Bz

yx
) = ∨

x∈Bz

(∧
Ax

)
.

Hence (2.81) is verified. The dual statement of (2.81) is the following relation:

∧

y∈Az

(∨
By

) = z. (2.83)

Further, for each (x, y) ∈ X × X we introduce a join-preserving map X ϑ
y
x X

by:

ϑ y
x (z) =

{
y, z �≤ x

⊥, z ≤ x,
z ∈ X, (2.84)
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and conclude from (2.81) that the identity map 1X can be represented as a join of the
maps ϑα(x)

x :
1X = ∨

x∈X
ϑα(x)

x where α(x) =∧
Ax . (2.85)

If X
f

X is a join-preserving map and f � is the right adjoint map of f , then the
relation:

ϑ y
x ◦ f = ϑ

y
f �(x)

holds. Hence we conclude from (2.85) that every join-preserving map from X to X
can be written as a join of maps of type ϑ

y
x .

(a) We show that d is cyclic. By the previous argumentation it is sufficient to show
that for all x, y, u, v ∈ X the following equivalence holds:

ϑv
u ◦ ϑ y

x ≤ d ⇐⇒ ϑ y
x ◦ ϑv

u ≤ d. (EE)

First, we establish the implication ϑv
u ◦ ϑ

y
x ≤ d =⇒ ϑ

y
x ◦ ϑv

u ≤ d and distinguish
the following cases.
Case 1. y ≤ u — this means that ϑv

u ◦ ϑ
y
x coincides with the bottom element of

[X, X ]. From (2.80) and (2.83) we obtain

y ≤ u = ∧

z∈Au

d(z),

and the relation ϑ
y
x ◦ ϑv

u ≤ d follows.
Case 2. y �≤ u. Then ϑv

x = ϑv
u ◦ ϑ

y
x ≤ d implies v ≤∧

z∈Ax
d(z) = x . Hence ϑ

y
x ◦ ϑv

u

coincides with the bottom element of [X, X ], and ϑ
y
x ◦ ϑv

u ≤ d holds trivially.
If in the previous argumentation we interchange the rôle of x and u and the rôle of
y and v, then we obtain a proof of the implication ϑ

y
x ◦ ϑv

u ≤ d =⇒ ϑv
u ◦ ϑ

y
x ≤ d.

To sum up, we have confirmed the equivalence (EE).
(b) We show that d is dualizing. First we consider the case f = ϑ

y
x . By (2.83)

the relation g ◦ ϑ
y
x ≤ d is equivalent to g(y) ≤∧

z∈Ax
d(z) = x for all g ∈ [X, X ].

Hence d ↙ ϑ
y
x =∨{g ∈ [X, X ] | g ◦ ϑ

y
x ≤ d} coincides with the elementary tensor

y ⊗ x of the tensor product X ⊗ Xop — i.e.

(d ↙ ϑ y
x )(z) = (y ⊗ x)(z) =

⎧
⎪⎨

⎪⎩

�, z �≤ y,

x, z ≤ y, z �= ⊥,

⊥, z = ⊥,

z ∈ X. (2.86)

In the following considerations, y ⊗ x will be viewed as an element of [X, X ]. Now
we consider an arbitrary map f ∈ [X, X ] and choose a subset {(xi , yi ) | i ∈ I } of
X × X with the property

f = ∨

i∈I
ϑ yi

xi
.
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Then we obtain d ↙ f =∧
i∈I

(
yi ⊗ xi

)
. Since X is completely distributive, we can

describe the meet of join-preserving maps as follows:

(∧

i∈I
(yi ⊗ xi )

)
(u) = ∨

v�u

(∧

i∈I
(yi ⊗ xi )(v)

)
, u ∈ X, (2.87)

where � is the totally below relation. In order to prove (d ↙ f )↘ d = f it is
sufficient to show that for every map ϑ

y
x with the properties

x �= � and
(∧

i∈I
(yi ⊗ xi )

) ◦ ϑ y
x ≤ d (2.88)

the following implication holds for all z ∈ X :

z �≤ x =⇒ y ≤∨{yi | i ∈ I, z �≤ xi }.

Since
(∧

i∈I yi ⊗ xi
) ◦ ϑ

y
x ≤ d, we conclude again from (2.83) that the relation

(∧

i∈I
(yi ⊗ xi )

)
(y) ≤ ∧

z∈Ax

d(z) = x

holds. Now we choose v ∈ X with v � y. From (2.87) and (2.88) we obtain:

∧

i∈I
(yi ⊗ xi )(v) ≤ x .

Since x �= �, the set N = {i ∈ I | v ≤ yi } is nonempty, and the relation

∧

i∈I
(yi ⊗ xi )(v) = ∧

i∈N
xi ≤ x

follows. If z �≤ x , then there exists an i0 ∈ N with z �≤ xi0 . Hence in the case of z �≤ x
we obtain v ≤∨{yi | i ∈ N , z �≤ xi }. Since v � y is arbitrary and the totally below
relation is approximating, we have verified the following implication

z �≤ x =⇒ y ≤∨{yi | z �≤ xi },

which means ϑ
y
x ≤∨

i∈I ϑ
yi
xi = f .

Comment. Let X be a complete lattice. The map X × Xop ϑ [X, X ] defined by
(cf. Example 2.6.16)

ϑ(y, x) = ϑ y
x , y ∈ X, x ∈ Xop

is a bimorphism inSup. Hence there exists a unique join-preservingmap X ⊗ Xop =
[X, X ]op Φ [X, X ] satisfying the condition
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Φ(y ⊗ x) = ϑ y
x , y ∈ X, x ∈ Xop.

If X is completely distributive, then Example 2.6.16 shows that ([X, X ], ◦, d) is
a Girard quantale, where d is determined by (2.80). Now we consider the order

isomorphism [X, X ] hr
δ [X, X ]op induced by 1 δ [X, X ] with δ(1) = d. Since d

is cyclic, hr
δ is determinedby (2.86)—i.e. hr

δ(ϑ
y
x ) = y ⊗ x for all y ∈ X and x ∈ Xop.

Since
Φ ◦ hr

δ = 1[X,X ] and hr
δ ◦Φ = 1[X,X ]op ,

we conclude that the complete lattices [X, X ] and X ⊗ Xop are order isomorphic
(whenever X is completely distributive).

In order to underline the importance of Example 2.6.16 we discuss two special
cases.

Example 2.6.17. (a) Let X = [0, 1] be the real unit interval. By (2.80) the cyclic and
dualizing element of the Girard quantale of all join-preserving self-maps on [0, 1]
coincides with the identity map of [0, 1], which is obviously the unit of the quantale
([[0, 1], [0, 1]], ◦).
(b) Let Ω be an arbitrary set and X =P(Ω) be the power set of Ω . Then the cyclic
and dualizing element d of the Girard quantale ([P(Ω),P(Ω)], ◦) is determined
by:

d({ω}) = Ω \ {ω}, ω ∈ Ω.

If we identify ([P(Ω),P(Ω)], ◦)with the Girard quantale (Re(Ω), ◦) of all binary
relations onΩ , then the cyclic and dualizing relation coincides with the complement
of the diagonal Δ of Ω .

In the next proposition a necessary and sufficient condition is given such that the
map defined by (2.80) is a dualizing element of the quantale of all join-preserving
self-maps on a complete lattice X .

Proposition 2.6.18. Let X be a complete lattice and d be the join-preserving self-
mapping on X defined by:

d(z) =∨{x ∈ X | z �≤ x}, z ∈ X.

Then the following assertions are equivalent:

(i) d is the dualizing element of the quantale ([X, X ], ◦).
(ii) X is completely distributive.

Proof. The implication (ii) =⇒ (i) is shown inExample 2.6.16.Henceweonly verify
(i) =⇒ (ii). For this purpose it is sufficient to show that the totally below relation� is
approximating in X (cf. [36, 96]) — i.e. z =∨{u ∈ X | u � z} for all z ∈ X . Since
[X, X ]op coincides with X ⊗ Xop, it follows that every join-preserving self-map on
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X can be written as a meet of elementary tensors with respect to the partial order on
[X, X ]. Hencewe proceed as follows.Wemaintain the notation fromExample 2.6.16
and choose a subset {(yi , xi ) ∈ X × X | i ∈ I } with the property:

d ↙ 1X = ∧

i∈I
(yi ⊗ xi ).

Since d is dualizing we obtain:

1X =
(∧

i∈I
(yi ⊗ xi )

)↘ d = ∨

i∈I
ϑ yi

xi
.

Hence for all z ∈ X the relation z =∨{yi | i ∈ I, z �≤ xi } holds. In particular, z �≤ xi

implies yi ≤ z — i.e.
yi ≤∧{z′ | z′ �≤ xi }, i ∈ I. (2.89)

Now we refer to the notation in Example 2.6.16 and put Ax = {z′ ∈ X | z′ �≤ x} and
Bz = {x ∈ X | z �≤ x}. By (2.89) we obtain for all z ∈ X :

z ≥ ∨

x∈Bz

(∧
Ax

) ≥ ∨

z �≤xi

(∧
Axi

) ≥∨{yi | z �≤ xi } = z.

Hence the relation (2.81) holds. Finally, we have to verify the following implication
for all z ∈ X :

x ∈ Bz =⇒ (∧
Ax

)
� z.

Let C be a subset of X with z ≤∨
C . If x ∈ Bz , then z �≤ x . Hence there exists a

c ∈ C with c ∈ Ax , which implies
(∧

Ax
) ≤ c — i.e.

(∧
Ax

)
� z. To sum up, we

conclude from the validity of (2.81) that the totally below relation is approximating.
�


Referring to Example 2.6.15 and Example 2.6.16 the reader might conjecture
that every dualizing element is cyclic. But this is not the case. A counterexample is
given in Exercise 2.6.5. Hence there exist Frobenius quantales which are not Girard
quantales.

Exercises

2.6.1. Let C3 be the chain with three elements provided with the following multi-
plication (see (19) in Exercise 2.2.1):

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ a �
� ⊥ � �

Show that (C3, ∗, a) is a Girard quantale.
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2.6.2. Let C3 be the chain with three elements. Show that the Girard quantale of all
join-preserving self-maps of C3 consists of six elements and describe their algebraic
properties.

2.6.3. Let (X, ∗) be a unital quantale and d be an element of X satisfying the fol-
lowing property for all x ∈ X :

d ↙ (x ↘ d) = (d ↙ x)↘ d.

(a) Show that the closure operator c of X defined by c(x) = d ↙ (x ↘ d) for x ∈ X
is a nucleus on (X, ∗).
(Hint: Use Exercise 2.2.3.)

(b) Show that the regular quotient of (X, ∗) w.r.t. c is a Frobenius quantale.
(Hint: First verify c(d) = d and show that for all x ∈ X the relations

x ↘ d = (
d ↙ (x ↘ d)

)↘ d and d ↙ x = d ↙ (
(d ↙ x)↘ d

)

hold. Deduce from these properties:

c(x)↘ d = c(x ↘ d) = x ↘ d and d ↙ c(x) = c(d ↙ x) = d ↙ x . )

2.6.4. Let B be a complete Boolean algebra with at least two different elements.
Then (B,∧) is a frame with the universal lower bound ⊥ as dualizing element.
In this sense (B,∧,⊥) can be considered as a special case of a Frobenius quan-
tale. Further, the tensor product of (B,∧) with itself is again a frame (cf. Corol-
lary 2.4.13). In this context we recall that the universal lower bound in B⊗B has
the form ⊥ = ⊥⊗� = �⊗⊥, and the pseudo-complement of a tensor f in the
sense of B⊗B is given by:

f →⊥ =∨{g ∈ B⊗B | f ∧ g = ⊥}.

On the other hand, let f0 ∈ B⊗B be the tensor determined by the complementation
in B— i.e.

f0(x) = x →⊥, x ∈ B.

Show:

(a) If B is atomless, then f0 →⊥ = ⊥.
(b) Conclude from (a) that the assumption of the complete distributivity in Theo-

rem 2.6.6 is not superfluous.
(c) If B is atomic and X is the set of all atoms of B, then f0 →⊥ = ∨

x∈X
x ⊗ x .

2.6.5. Let X = {⊥, β, a, b, c, α,�} provided with the lattice structure which can be
visualized by the Hasse diagram:
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�
α

a b c

β

⊥

α = a ∨ b = b ∨ c = c ∨ a and β = a ∧ b = b ∧ c = c ∧ a.

Further, we consider a multiplication ∗ on X determined by the following multipli-
cation table:

∗ ⊥ β a b c α �
⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥
β ⊥ ⊥ ⊥ ⊥ ⊥ ⊥ β

a ⊥ ⊥ β ⊥ β β a
b ⊥ ⊥ β β ⊥ β b
c ⊥ ⊥ ⊥ β β β c
α ⊥ ⊥ β β β β α

� ⊥ β a b c α �
Show:

(a) (X, ∗) is an integral and non-commutative quantale.
(Hint: α ∗ α ∗ α = ⊥.)

(b) a ↘ ⊥ = b = ⊥ ↙ c, b ↘ ⊥ = c = ⊥ ↙ a, c ↘ ⊥ = a = ⊥ ↙ b,
α ↘ ⊥ = β = ⊥ ↙ α, β ↘ ⊥ = α = ⊥ ↙ β, � ↘ ⊥ = ⊥ = ⊥ ↙ �.

(c) X
′

X determined by�′ = �, α′ = α, a′ = a, b′ = c, c′ = b, β = β ′,⊥′ = ⊥
is an order-preserving involution on X such that (X, ∗,⊥, ′) is an involutive
quantale.

(d) ⊥ is a dualizing element, but not cyclic.
(e) (X, ∗,⊥) is a Frobenius quantale, but not a Girard quantale.

2.7 Complete MV -Algebras

In this section we consider the construction of Girard quantales from the perspective
of residuated, commutative lattices (cf. [35]). First we need some more terminology.
A Girard algebra is a residuated preordered groupoid (X, ∗,↘,↙), which satisfies
the following additional properties:

– The underlying preordered set is a bounded lattice.
– (X, ∗) is a commutative semigroup.
– The universal lower bound is a dualizing element.
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Hence in every Girard algebra the unit is necessarily the universal upper bound —
i.e. every Girard algebra is integral (cf. Proposition 2.6.3). Since the left- and right-
implications coincide, we simply write (X, ∗,→) instead of (X, ∗,↘,↙). Further,
every Girard algebra satisfies the properties

x → y = (
(x ∗ (y →⊥)

)→⊥ = (y →⊥)→ (x →⊥), (2.90)

(x ∧ y)→⊥ = (x →⊥) ∨ (y →⊥). (2.91)

Therefore an alternative axiomatization of Girard algebras can be given as follows:

(GA1) The partially ordered set (X,≤) is a bounded latticewith the universal bounds
⊥ and �.

(GA2) The pair (X, ∗) is a commutative monoid (in Set) and the unit coincides
with the universal upper bound � in (X,≤).

(GA3) There exists an involution x �−→ x⊥ on the set X such that the following
relation holds for all x, y ∈ X :

x ≤ y ⇐⇒ x ∗ y⊥ = ⊥.

It is easily seen that every Girard algebra satisfies (GA1)–(GA3), where the involu-
tion is determined by x⊥ = x →⊥ for all x ∈ X . On the other hand, if a bounded
lattice, a commutative monoid and an involution with the properties (GA1)–(GA3)
are given, then we define

x → y = (x ∗ y⊥)⊥

and observe that x ∗ y ≤ z ⇐⇒ y ≤ x → z holds for all x, y, z ∈ X . Hence
(X, ∗,→) is a residuated commutative monoid such that x⊥ = x →⊥ holds —
i.e. the universal lower bound ⊥ is the dualizing element of (X, ∗ →). So (GA1)–
(GA3) determine a Girard algebra, and vice versa every Girard algebra satisfies
(GA1)–(GA3).

Before we present the discriminating axiom which distinguishes MV -algebras
from Girard algebras we prove some important chains of equivalences in the realm
of Girard algebras.

Proposition 2.7.1. In any Girard algebra (X, ∗,→) the following assertions are
equivalent:

(i) For all x, y, z ∈ X the relation x ∗ (y ∧ z) = (x ∗ y) ∧ (x ∗ z) holds.
(ii) For all x, y, z ∈ X the relation (x → y) ∨ (x → z) = x → (y ∨ z) holds.
(iii) For all x, y ∈ X the relation (x → y) ∨ (y → x) = � holds.

Proof. We assume (i). Then we apply (2.90) and (2.91) and obtain for x, y, z ∈ X :
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x → (y ∨ z) = x → ((
(y →⊥) ∧ (z →⊥)

)→⊥)

= (
x ∗ (

(y →⊥) ∧ (z →⊥)
))→⊥

= ((
x ∗ (y →⊥)

) ∧ (
x ∗ (z →⊥)

))→⊥
= ((

x ∗ (y →⊥)
)→⊥) ∨ ((

x ∗ (z →⊥)
)→⊥)

= (x → y) ∨ (x → z).

Hence (ii) follows. Since (x → y) ∨ (y → x) = ((x ∨ y)→ y) ∨ ((x ∨ y)→ x),
the assertion (iii) is an immediate corollary of (ii). Finally, if we assume (iii), then it
is easily seen that the relation

(x ∗ y) ∧ (x ∗ z) = (
(x ∗ y) ∧ (x ∗ z)

) ∗ (
(y → z) ∨ (z → y)

)

≤ (
x ∗ (

y ∗ (y → z)
)) ∨ (

x ∗ (
z ∗ (z → y)

))

≤ x ∗ (y ∧ z)

holds. Hence assertion (i) follows. �

It is worthwhile to note that there exist Girard algebras which do not satisfy one

of the equivalent conditions of Proposition 2.7.1 (cf. Exercise 2.7.4 (c) and (d)).
If x and y are elements of a Girard algebra, then it is easily seen that

(x → y)→ y and (y → x)→ x

are upper bounds of {x, y}. On this background the following lemma has some
importance.

Lemma 2.7.2. Let (X, ∗,→) be a Girard algebra. Then the following assertions
are equivalent:

(i) For all x, y ∈ X the relation (x → y)→ y = x ∨ y holds.
(ii) For all x, y ∈ X the relation (x → y)→ y = (y → x)→ x holds.

Proof. Since the binary join∨ is commutative, the implication (i) =⇒ (ii) is obvious.
On the other hand, let us assume that (ii) holds, and let u ∈ X be an upper bound of
{x, y}— i.e. � = x → u and � = y → u. By (ii) the relation

(u → y)→ y = (y → u)→ u = �→ u = u

holds. Hence we apply (2.90) and obtain:

� = (u → y)→ (x → y) ≤ (
(u → y) ∗ (y →⊥)

)→ (
(x → y) ∗ (y →⊥)

)

= (
(x → y)→ y

)→ (
(u → y)→ y

)

= (
(x → y)→ y

)→ u.

Thus (x → y)→ y is the smallest upper bound of {x, y}, and (i) follows. �
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Comment. The assertion (ii) in Lemma 2.7.2 is sometimes called Mangani’s axiom
and corresponds to axiom (A.3) in [100].

Theorem 2.7.3. Let (X, ∗,→) be a Girard algebra. The following assertions are
equivalent:

(i) For all x, y ∈ X the following equivalence holds:

x ≤ y ⇐⇒ ∃z ∈ X such that x = y ∗ z. (Divisibility Law)

(ii) For all x, y ∈ X the relation x ∗ (x → y) = x ∧ y holds.
(iii) For all x, y ∈ X the relation (x → y)→ y = x ∨ y holds. (MV -Property)

Proof. The equivalence of (i) and (ii) is evident. In order to verify the equivalence (ii)
⇐⇒ (iii) we proceed as follows. First we fix x, y ∈ X and assume that (ii) holds.
Then we apply (2.91) and (2.90) and obtain:

x ∨ y = (
(x →⊥) ∧ (y →⊥)

)→⊥
= (

(y →⊥) ∗ (
(y →⊥)→ (x →⊥)

))→⊥
= (x → y)→ y.

Hence (iii) is verified. On the other hand, if (iii) holds, then we apply (2.91) and
(2.90) again and observe:

x ∧ y = (
(x →⊥) ∨ (y →⊥)

)→⊥
= ((

(y →⊥)→ (x →⊥)
)→ (x →⊥)

)→⊥
= x ∗ (x → y).

Hence (ii) is verified. �

An MV -algebra is a Girard algebra in which one of the equivalent assertions of

Theorem 2.7.3 holds. In this context we prefer the divisibility law and understand
MV -algebras as divisible Girard algebras, while in [21] we find Mangani’s axiom
(cf. Lemma 2.7.2 and Theorem 2.7.3 (iii)) as a discriminating axiom for MV -alge-
bras (cf. (MV6) on p. 7 in [21]), where ∗ plays the rôle of the dual binary operation
corresponding to ⊕ in [21].

If we compare Girard algebras with MV -algebras, then it is important to note
that the partial order of a Girard algebra is determined by the multiplication ∗ and
the involution x �−→ x⊥ (cf. (GA3)), while in an MV -algebra the partial order is
completely determined by the multiplication (cf. Theorem 2.7.3 (i)). This observa-
tion has dramatic consequences. In Girard algebras the binary meet (and hence the
binary join) is not completely determined by the given algebraic operations and forms
a separate source of information, while in MV -algebras the divisibility law forces a
complete determination of the lattice-theoretic structure by the corresponding alge-
braic operations. Depending on the point of view this observation has its advantages
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and disadvantages. Of course, the axiom system of an MV -algebra is simpler than
that of a Girard algebra, because the lattice structure is a consequence of the algebraic
operations. However, from a lattice-theoretic point of view the divisibility law can
sometimes play the rôle of an obstacle — e.g. in general the divisibility law is not
preserved under the MacNeille completion.

The aim of this section is to characterize those MV -algebras whose structure
is fortunately preserved under the MacNeille completion. As a corollary we will
show that every simple MV -algebra is an MV -subalgebra of the real unit interval
provided with Łukasiewcz arithmetic conjunction. In this context we will deviate
from the standard proof based on McNaughton functions and give a direct proof
using the MacNeille completion.

We begin with some simple properties of MV -algebras expressed in the language
of Girard algebras.

Corollary 2.7.4. Every MV -algebra (X, ∗,→) satisfies the following properties
for all x, y, z ∈ X :

(i) x ∗ (y ∧ z) = (x ∗ y) ∧ (x ∗ z).
(ii) x → (x ∗ y) = (x →⊥) ∨ y.
(iii) If e is idempotent, then e →⊥ is also idempotent.
(iv) If e is idempotent, then x ∗ e = x ∧ e holds.
(v) x ∗ y ≤ (x ∗ x) ∨ (y ∗ y).

Proof. We apply Theorem 2.7.3 (ii) and obtain:

(x ∗ y) ∧ (x ∗ z) = x ∗ y ∗ (
(x ∗ y)→ (x ∗ z)

) = x ∗ y ∗ (
y → (x → (x ∗ z))

)

= x ∗ (
y ∧ (

x → (x ∗ z)
)) = x ∗ (

x → (x ∗ z)
) ∗ ((

x → (x ∗ z)
)→ y

)

≤ x ∗ z ∗ (z → y) ≤ x ∗ (z ∧ y).

Hence (i) holds. Because of the MV -property and (2.90) the property (ii) follows
from

(x →⊥) ∨ y = (
y → (x →⊥)

)→ (x →⊥) = (
(x ∗ y)→⊥)→ (x →⊥)

= x → (x ∗ y).

Let e be idempotent. Then property (ii) implies� = e → e = (e →⊥) ∨ e. Hence
e →⊥ is idempotent, and property (iii) is verified. On the other hand, it follows
from Theorem 2.7.3 (ii) that

e ∗ x ≤ e ∧ x = e ∗ (e → x) = e ∗ e ∗ (e → x) ≤ e ∗ x

holds for each x ∈ X , and property (iv) is verified. Finally,we conclude fromproperty
(i) that Proposition 2.7.1 (iii) is valid in any MV -algebra. Hence (v) follows from
the following relation:
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x ∗ y = x ∗ y ∗ (
(y → x) ∨ (x → y)

) = (
x ∗ y ∗ (y → x)

) ∨ (
x ∗ y ∗ (x → y)

)

≤ (x ∗ x) ∨ (y ∗ y). �

By the previous corollary the set of idempotent elements of an MV -algebra forms

aBoolean algebrawhich is an MV -subalgebra of the given MV -algebra. In this sense
an MV -algebra can be understood as a non-idempotent version of a Boolean algebra.

An MV -algebra is complete if the underlying lattice is complete. Hence complete
MV -algebras are integral and commutative Girard quantales.

Theorem 2.7.5. In any complete MV -algebra (X, ∗,→) the following properties
hold:

(i) (X,≤) is a frame and a complete Brouwerian lattice (i.e. the dual lattice is a
frame).

(ii) If x ∈ X and A is a nonempty subset of X, then
(∧

A
) ∗ x =∧

a∈A(a ∗ x).

Proof. In order to verify (i) we choose x ∈ X , A ⊆ X and apply Theorem 2.7.3 (ii):

x ∧ (∨
A
) = (∨

A
) ∗ ((∨

A
)→ x

)= ∨

a∈A

(
a ∗ ( ∧

b∈A
(b → x)

)) ≤ ∨

a∈A

(
a ∗ (a → x)

)

= ∨

a∈A
(a ∧ x).

Hence (X,≤) is a frame. Since the universal lower bound is dualizing, (X,≤) is also
a complete Brouwerian lattice.
Now we verify (ii). First we use Corollary 2.7.4 (ii) and subsequently apply the
property that (X,≤) is a complete Brouwerian lattice:

x → (
x ∗ (∧

A
)) = (x →⊥) ∨ (∧

A
) = ∧

a∈A

(
(x →⊥) ∨ a

)

= ∧

a∈A

(
x → (x ∗ a)

) = x → ( ∧

a∈A
(x ∗ a)

)
.

Hence the relation

x ∗ (∧
A
) = x ∗ (

x → (
x ∗ (∧

A
))) = x ∗ (

x → ( ∧

a∈A
(x ∗ a)

)) = ∧

a∈A
(x ∗ a)

follows from Theorem 2.7.3 (ii). �

The next corollary shows that complete MV -algebras have sufficiently many

idempotent elements.

Corollary 2.7.6. Let (X, ∗,→) be a complete MV -algebra. Then for every x ∈ X
the element
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ex = ∧

n∈N
xn

is idempotent where xn = x ∗ n· · · ∗ x denotes the nth power of x.

Proof. By Theorem 2.7.5 (ii), the following relation holds:

ex ∗ ex =
( ∧

n∈N
xn

) ∗ ( ∧

m∈N
xm

) = ∧

n,m∈N
xn+m = ex . �


Comment. The element ex defined in Corollary 2.7.6 is also called the idempotent
kernel of x .

Referring to Theorem 2.6.8 it is evident that the MacNeille completion of any
Girard algebra is an integral commutative Girard quantale. This observation implies
that the MacNeille completion of any MV -algebra is always a commutative and
integral Girard quantale.

The next theorem characterizes the property that the MacNeille completion pre-
serves even the algebraic structure of an MV -algebra.

Theorem 2.7.7. Let (X, ∗,→) be an MV -algebra. Then the following assertions
are equivalent:

(i) The MacNeille completion of (X, ∗,→) is an MV -algebra.
(ii) For all x ∈ X the following implication holds:

∀n ∈ N : xn →⊥ ≤ x =⇒ x = �.

(iii) For all x, y ∈ X the following implication holds:

∀n ∈ N : x ≤ yn =⇒ x ∗ y = x .

Proof. Let Dwn(X) be the complete lattice of all downclosed subsets of X . We
maintain thenotation fromExample2.2.13 andLemma2.6.7 and consider the nucleus

Dwn(X) C Dwn(X) on the unital quantale (Dwn(X),�) determined by

C(A) = L(U(A)), A ∈ Dwn(X)

where U(A) is the upclosed set of all upper bounds of A and L(U(A)) is the down-
closed set of all lower bounds of U(A). The regular quotient of (Dwn(X),�) w.r.t.
C is the MacNeille completion of (X, ∗,→) and is denoted by (X �, �).

(i) =⇒ (ii). Let us assume that (X �, �) is an MV -algebra. Further, we consider an
element x ∈ X such that xn →⊥ ≤ x (or, equivalently, x →⊥ ≤ xn) holds for all
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n ∈ N. Since (↓x)n = ↓xn , the meet of {(↓x)n | n ∈ N} coincides with the down-
closed set I of all lower bounds of {xn | n ∈ N}. In particular, ↓(x →⊥) ⊆ I holds.
Since (X �, �) is an MV -algebra, I is idempotent w.r.t. � (cf. Corollary 2.7.6), and
we conclude from Corollary 2.7.4 (iv) that the relation

↓(x →⊥) = (↓(x →⊥)) � I ⊆ (↓(x →⊥)) � (↓x) = ↓⊥

holds. Hence x = � follows.
(ii) =⇒ (iii). Let us consider x, y ∈ X such that x ≤ yn holds for all n ∈ N. Then
we put z = x → (x ∗ y) and observe y ≤ z. Further, we conclude from Corol-
lary 2.7.4 (ii) and formula (2.91) that the following relation holds:

z →⊥ = x ∧ (y →⊥) ≤ x ≤ yn ≤ zn.

Now we apply (ii) and obtain z = �— i.e. x = x ∗ y.

(iii) =⇒ (i). Let us assume that the assertion (iii) holds. Referring to Theorem 2.7.3
it is sufficient to show that (X �, �) satisfies the divisibility law. For this purpose we
choose A, B ∈ X � with A ⊆ B. Our aim is to construct a downclosed set E ∈ X �

such that A = B � E holds. Firstwe introduce a downclosed subsetC of X as follows:

C = {z ∈ X | ∃u ∈ U(B), ∃x ∈ A : z ≤ u → x}.

(1) Let v be an upper bound of A. Then for z ∈ C we choose u ∈ U(B) and x ∈ A
with z ≤ u → x . We obtain for all y ∈ B:

y ∗ z ≤ u ∗ (u → x) ≤ x ≤ v.

Hence v is an upper bound of B � C — i.e. U(A) ⊆ U(B � C).
(2) In order to verify U(B � C) ⊆ U(A) we consider an element w ∈ U(B � C).
Then we choose an arbitrary element x in A and show that for all u ∈ U(B) the
element u ∗ (x → w) is also an element of U(B). In fact, since every upper bound
of B is also an upper bound of A, we infer from Theorem 2.7.3 (ii) that the relation
u ∗ (u → x) = u ∧ x = x holds for all u ∈ U(B). Hence for all y ∈ B and u ∈ U(B)

the relation

y = u ∗ (u → y) ≤ u ∗ ((
u ∗ (u → x)

)→ (
y ∗ (u → x)

)) ≤ u ∗ (x → w)

follows, where we have used the property that w is an upper bound of B � C . Hence
u ∗ (x → w) is an upper bound of B — i.e. u ∗ (x → w) ∈ U(B). By recursion we
conclude from the previous observation that u ∗ (x → w)n ∈ U(B) for all n ∈ N.
Since A is contained in B, the element (x → w)n is a fortiori an upper bound of A
for all n ∈ N. Hence x ≤ (x → w)n holds for all x ∈ A and n ∈ N. Now we apply
assertion (iii) and obtain x = x ∗ (x → w) ≤ w for all x ∈ A. Thus w is an upper
bound of A and we have verified U(B � C) ⊆ U(A).
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(3) Finally, we use the property that C is a nucleus and obtain the following relation
from (1) and (2):

A = L(U(A)) = L(U(B � C)) = C(B � C) = C(B � C(C)) = B � C(C) = B � E,

where E = C(C) ∈ X �. Thus the divisibility law is verified in (X �, �), and (X �, �)

is a complete MV -algebra. �

Example 2.7.8. (C.C. Chang’s chain (cf. [20])) LetN0 be the set of natural numbers
together with 0. On N0 we consider the usual order. Then we put X = N0 × {1, 2}
and define a linear order ≤ on X by:

(n, 1) ≤ (m, 1) if m ≤ n,

(n, 2) ≤ (m, 2) if n ≤ m,

(n, 2) ≤ (m, 1)
n, m ∈ N0.

Then (X,≤) is a chain with universal bounds � = (0, 1) and ⊥ = (0, 2). On X we
define two binary operations ∗ and→ as follows:

(n, 1) ∗ (m, 1) = (n + m, 1),
(n, 2) ∗ (m, 2) = (0, 2),
(n, 1) ∗ (m, 2) = (m, 2) ∗ (n, 1) = (max(m − n, 0), 2),
(n, 1)→ (m, 1) = (max(m − n, 0), 1),
(n, 1)→ (m, 2) = (n + m, 2),
(n, 2)→ (m, 1) = (0, 1),
(n, 2)→ (m, 2) = (max(n − m, 0), 1),

n, m ∈ N0.

It is a matter of routine to confirm that (X, ∗,→) is an MV -algebra. Hence the
MacNeille completion of (X, ∗,→) is an integral and commutative Girard quantale,
which we denote by (X̃ , �). We show that (X̃ , �) is not an MV -algebra. For this
purpose we write x0 for (1, 1). Then xn

0 = (n, 1) follows from the definition of ∗,
and the following relation holds

xn
0 →⊥ = (n, 1)→ (0, 2) = (n, 2) ≤ (1, 1) = x0,

where⊥ = (0, 2). In particular, the relation x0 →⊥ ≤ xn
0 holds for all n ∈ N. Since

x0 = (1, 1) �= (0, 1) = �, the assertion (ii) of Theorem 2.7.7 is violated. Hence we
conclude from Theorem 2.7.7 that (X̃ , �) is not an MV -algebra.

An MV -algebra (X, ∗,→) is simple if and only if X contains at least two different
elements and {�} is its only (proper) filter (cf. Exercise 2.7.7). Hence an MV -algebra
is simple if and only if⊥ �= � and for every element x ∈ X with x �= � there exists
an n ∈ N such that xn = ⊥ holds.

In the following considerations we prove that every simple MV -algebra is
isomorphic to a MV -subalgebra of the real unit interval provided with Łukasiewicz
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arithmetic conjunction. In contrast to Theorem 3.5.1 in [21] we will not make use
of free MV -algebras and the related concept of McNaughton functions, but we will
give a direct proof based on the MacNeille completion of simple MV -algebras.

Lemma 2.7.9. Every simple MV -algebra is a chain.

Proof. Let (X, ∗,→) be a simple MV -algebra. We assume that there exist
elements x, y ∈ X which are not comparable — i.e. x �≤ y and y �≤ x . Then
we have x → y �= � and y → x �= �. Since (X, ∗,→) is simple, there exists m,

n ∈ N such that (x → y)m = ⊥ and (y → x)n = ⊥. Hence the relation(
(x → y) ∨ (y → x)

)m+n = ⊥ follows, which implies (x → y) ∨ (y → x) �= �.
Now we apply Proposition 2.7.1 and obtain a contradiction to Corollary 2.7.4 (i).
Thus the assumption is false, and (X,≤) is a chain. �

Corollary 2.7.10. The MacNeille completion of a simple MV -algebra is again a
simple MV -algebra.

Proof. Let (X, ∗,→) be a simple MV -algebra. Then its simplicity implies that
(X, ∗,→) satisfies assertion (iii) in Theorem 2.7.7. Hence theMacNeille completion
(X �, �) of (X, ∗,→) is a nontrivial MV -algebra. Moreover, if we choose A ∈ X �

with the property A �= X = ↓�, then U(A) �= {�} follows. Thus A has an upper
bound u with u �= �. Since (X, ∗,→) is simple, there exists an n ∈ N such that
An ⊆ ↓un = {⊥} holds. Hence (X �, �) is also simple. �


The next proposition deals with the cardinality of simple and complete MV -
algebras.

Proposition 2.7.11. Let (X, ∗,→) be a simple and complete MV -algebra, and let
x0 =∨{x ∈ X | x �= �}. If the relation x0 �= � is valid, then the cardinality of X is
finite, and there exists a natural number n ∈ N such that X has the following form

X = {
xm
0 | m ∈ {0, 1, . . . , n}}. (2.92)

Proof. Let us assume x0 �= �. The simplicity of (X, ∗,→) guarantees the existence
of a natural number n ∈ N such that

⊥ = xn
0 < xn−1

0 < · · · < x2
0 < x0 < x0

0 = �.

Since X is a chain (cf. Lemma 2.7.9), for every x ∈ X with x �= � there exists
an m ∈ {1, . . . , n − 1} with the property xm+1

0 ≤ x ≤ xm
0 . Hence x0 = xm

0 → x or
� = xm

0 → x follows. Finally, we invoke the divisibility law of MV -algebras and
obtain x = xm

0 ∗ (xm
0 → x). Thus either x = xm+1

0 or x = xm
0 holds. �


The next important property of a complete MV -algebra (X, ∗,→) is the fact that
the formation of squares (i.e. x �−→ x2 = x ∗ x) is join-preserving. Indeed, because
of Corollary 2.7.4 (v) the relation
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(∨
A
)2 = ∨

x∈A
x2

holds for any subset A of X . Since (X, ∗) is commutative, the formation of squares
also preserves the multiplication. Hence the formation of squares is a strong homo-
morphism from (X, ∗) to (X, ∗), and its right adjoint map x �−→ x1/2 is determined
by

x1/2 =∨{z ∈ X | z ∗ z ≤ x}, x ∈ X.

Since right adjoint maps of homomorphisms between (pre)quantales are closedmaps
(cf. Proposition 2.2.2), the relation

x1/2 ∗ y1/2 ≤ (x ∗ y)1/2

follows immediately for all x, y ∈ X . Moreover, if x ∈ X is a square (i.e. there exists
a y ∈ X with x = y ∗ y), then x1/2 is even the square root of x with respect to ∗,
which means that the additional property x1/2 ∗ x1/2 = x also holds.

The previous observations can be seen as a motivation to characterize those com-
plete MV -algebras in which every element is a square. We shall also say that the
MV -algebra has square roots.

Theorem 2.7.12. Let (X, ∗,→) be a complete MV -algebra and B be the Boolean
algebra of all idempotent elements of (X, ∗). The following assertions are equivalent:

(i) Every element of X is a square w.r.t. ∗.
(ii) If an element x ∈ X satisfies the condition

↓x = {e ∧ x | e ∈ B}, (I)

then x is idempotent.

The proof of Theorem 2.7.12 will be prepared by the following lemmata.

Lemma 2.7.13. Let (X, ∗,→) be a complete MV -algebra such that the assertion
(ii) in Theorem 2.7.12 holds. Then for all x ∈ X with ⊥ �= x there exists a y ∈ X
satisfying the properties:

y �= ⊥ and (y →⊥)2 →⊥ ≤ x .

Proof. Without loss of generality,we can restrict our interest to a non-idempotent ele-
ment x ∈ X . Hence x �= �. Then we conclude from assertion (ii) of Theorem 2.7.12
that there exists an element z ∈ X satisfying the following properties:

z ≤ x and ∀e ∈ B : z �= e ∧ x . (2.93)

Thus z �= ⊥ follows. Finally, we consider the element y = z ∧ (
x ∗ (z →⊥)

) ∈ X .
Step 1.Weclaim y �= ⊥. Let us assume y = ⊥. Then it follows fromProposition 2.6.2
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and Corollary 2.7.4 (ii) that

� = (z →⊥) ∨ (x → z) = z → (
z ∗ (x → z)

)
.

Hence z = z ∗ (x → z), and since ∗ is distributive over nonempty meets (cf. Theo-
rem 2.7.5 (ii)), we obtain:

z = z ∗ ( ∧

n∈N
(x → z)n

)
.

By Corollary 2.7.6 the element e0 =∧
n∈N(x → z)n is idempotent. Now we apply

Corollary 2.7.4 (iv) and obtain the relations

z = z ∗ e0 = z ∧ e0 ≤ x ∧ e0 and e0 ∧ x = x ∗ e0 ≤ z.

Thus z = x ∧ e0 holds — a statement which is obviously a contradiction to (2.93).
Hence y �= ⊥ is verified.
Step 2. We claim (y →⊥)2 →⊥ ≤ x . First we simplify the notation and introduce
the following abbreviation:

2w := (w →⊥)2 →⊥, w ∈ X.

By Corollary 2.7.4 (v) the following relation holds for all w1, w2 ∈ X :

2(w1 ∧ w2) =
(
(w1 →⊥) ∨ (w2 →⊥)

)2 →⊥
= (

(w1 →⊥)2 ∨ (w2 →⊥)2
)→⊥ = (2w1) ∧ (2w2).

After this deviation we refer to Corollary 2.7.4 (i) and Proposition 2.7.1 (iii) and
obtain:

2y = (2y) ∗ ((
(2z)→ x

) ∨ (
x → (2z)

))

= (
(2z) ∧ (

2
(
x ∗ (z →⊥)

))) ∗ ((
(2z)→ x

) ∨ (
x → (2z)

))

≤ x ∨ ((
2
(
x ∗ (z →⊥)

)) ∗ (
x → (2z)

))
.

Now we apply frequently (2.90) and establish the following relations:

2
(
x ∗ (z →⊥)

) = (x → z)2 →⊥ = (x → z)→ (
x ∗ (z →⊥)

)

and

x → (2z) = (z →⊥)2 → (x →⊥) = (z →⊥)→ (x → z).

Finally, we observe:
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2y ≤ x ∨ ((
2
(
x ∗ (z →⊥)

)) ∗ (
x → (2z)

))

= x ∨ ((
(z →⊥)→ (x → z)

) ∗ (
(x → z)→ (

x ∗ (z →⊥)
)))

≤ x ∨ (
(z →⊥)→ (

x ∗ (z →⊥)
)) = z ∨ x = x,

where we have used Corollary 2.7.4 (ii). �

Lemma 2.7.14. Let (X, ∗,→) be a complete MV -algebra such that the assertion
(ii) in Theorem 2.7.12 holds. If x and y are elements of X with the property y2 < x,
then there exists an element z ∈ X satisfying the following conditions:

y < z and z2 ≤ x .

Proof. We put w = x ∗ (y2 →⊥) �= ⊥ and apply Lemma 2.7.13 to w. Hence
there exists a v ∈ X with v �= ⊥ and 2v ≤ w. Since (X, ∗) is integral, the relation
2v ≤ y2 →⊥ follows. Finally, we consider the element z = (v →⊥)→ y ∈ X .
Using again the integrality of (X, ∗) we obtain y ≤ z.
Step 1. We claim z �= y. Let us assume z = y. The relation

� = z → y = (
(v →⊥)→ y

)→ y = (v →⊥) ∨ y

follows immediately from the MV -property (cf. Theorem 2.7.3 (iii)). Now we apply
Corollary 2.7.4 (v) and obtain

� = (
(v →⊥) ∨ y

)2 ≤ (v →⊥)2 ∨ y2.

Hence the relation
v ≤ 2v = (2v) ∧ (y2 →⊥) = ⊥

holds. Since the previous relation is a contradiction to ν �= ⊥, we have verified z �= y.
Step 2. We claim z2 ≤ x . First we observe z2 ≤ (v →⊥)2 → y2 and recall 2v ≤ w.
Then we apply (2.90) and the MV -property:

z2 ≤ (
(2v)→⊥)→ y2 ≤ (w →⊥)→ y2 = (x → y2)→ y2 = x ∨ y2 = x .

Finally, it follows from Step 1 and Step 2 that z satisfies the desired properties. �

Proof of Theorem 2.7.12 (i) =⇒ (ii). We consider an element x ∈ X satisfying con-
dition (I) in assertion (ii). We have to show that x is idempotent. Since every element
of X is a square, there exists a y ∈ X with y2 = x →⊥. Because of the integrality
of (X, ∗) we note that y2 ≤ y. Hence y →⊥ ≤ x follows. Then we apply (I) and
select an idempotent element e ∈ Bwith the property y →⊥ = e ∧ x . In particular,
e →⊥ ≤ y holds. Since e →⊥ is idempotent (cf. Corollary 2.7.4 (iii)), the relation
e →⊥ ≤ y2 follows — i.e. y2 →⊥ ≤ e. Hence we obtain

y →⊥ = e ∧ x = e ∧ (y2 →⊥) = y2 →⊥,
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whichmeans that y is idempotent. Using again Corollary 2.7.4 (iii) we conclude from
x = y2 →⊥ = y →⊥ that x is also idempotent.
(ii) =⇒ (i). Let x �−→ x1/2 be the right adjoint map of the formation of squares
in (X, ∗). Then x1/2 ∗ x1/2 ≤ x follows. Let us assume x �= x1/2 ∗ x1/2. By Lem-
ma 2.7.14 there exists a z ∈ X such that x1/2 < z and z2 ≤ x , which is a contradiction
to the definition of x1/2. Hence the assumption is false and x1/2 ∗ x1/2 = x is valid.
In particular, every element of (X, ∗) is a square. �

Corollary 2.7.15. Every infinite, simple and complete MV -algebra has square
roots.

Proof. Let (X, ∗,→) be an infinite, simple and complete MV -algebra. In order to
show that (X, ∗,→) has square roots, we have to verify that every element of X is
a square w.r.t. ∗. For this purpose it is sufficient to establish assertion (ii) of The-
orem 2.7.12. Therefore we choose x ∈ X satisfying property (I). Since (X, ∗,→)

is simple, the universal bounds are the only idempotent elements of X — i.e. B =
{⊥,�}. Thus we obtain:

↓x = {e ∧ x | e ∈ B} = {⊥, x}.

Hence ↑(x →⊥) = {�, x →⊥} follows. Since X is infinite, we conclude from
Proposition 2.7.11 that x →⊥ = � holds. Thus x = ⊥ is idempotent. �


It is easily seen that the real unit interval [0, 1] provided with Łukasiewicz arith-
metic conjunction (cf. Sect. 2.3.4) is an infinite, simple and complete MV -algebra
whose square roots are given by:

x1/2 = x+1
2 , x ∈ [0, 1].

The aim of the following consideration is to show that every infinite, simple and
complete MV -algebra is isomorphic to ([0, 1], ∗Ł).

For this purpose we first summarize some properties which occur in the case of
complete MV -algebras with square roots.

Theorem 2.7.16. Let (X, ∗,→) be a complete MV -algebra such that every ele-
ment x ∈ X is a square. Then the formation of square roots satisfies the following
properties:

(i) (x → y)1/2 = x1/2 → y1/2 for all x, y ∈ X.
(ii) (x ∗ x)1/2 = ⊥1/2 ∨ x for all x ∈ X.
(iii) The element (⊥1/2 →⊥) ∗ (⊥1/2 →⊥) is idempotent.
(iv) For every nonempty subset {xi | i ∈ I } of X the following relation holds:

(∨

i∈I
xi

)1/2 = ∨

i∈I
x1/2.

(v) If ⊥1/2 = ⊥, then every element of X is idempotent — i.e. (X, ∗) is a complete
Boolean algebra.
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Proof. Since the formation of square roots is a closed map, the relation

(x → y)1/2 ≤ x1/2 → y1/2

is evident. On the other hand we conclude from

x ∗ (
x1/2 → y1/2

)2 = x1/2 ∗ (x1/2 → y1/2) ∗ x1/2 ∗ (x1/2 → y1/2) ≤ y

that x1/2 → y1/2 ≤ (x → y)1/2 also holds. Hence (i) follows.
Because of the MV -property and Corollary 2.7.4 (ii) we conclude from (i) that the
following relations hold:

(x ∨ y)1/2 = (
(x → y)→ y

)1/2 = (x1/2 → y1/2)→ y1/2 = x1/2 ∨ y1/2,

x1/2 → (x ∗ x)1/2 = (
x → (x ∗ x)

)1/2 = (
(x →⊥) ∨ x

)1/2 = (x →⊥)1/2 ∨ x1/2.

Now we invoke the divisibility law and obtain:

(x ∗ x)1/2 = x1/2 ∗ (
(x →⊥)1/2 ∨ x1/2

) = x1/2 ∗ (
(x1/2 →⊥1/2) ∨ x1/2

) = ⊥1/2 ∨ x .

Hence (ii) is verified.
From (i) and Corollary 2.7.4 (ii) it is easily seen that the relation

(⊥1/2 →⊥)1/2 = (⊥1/2)1/2 →⊥1/2

= (
(⊥1/2)1/2 →⊥) ∨ (⊥1/2)1/2

≤ (⊥1/2 →⊥) ∨ (⊥1/2)1/2

holds. Now we apply Corollary2.7.4 (v) and take the 4th power on both sides. Hence

(⊥1/2 →⊥)2 ≤ (⊥1/2 →⊥)4

follows, and the idempotency of (⊥1/2 →⊥)2 is verified.
In order to establish (iv) we consider a nonempty subset {xi | i ∈ I } of X . Then we
conclude from Corollary 2.7.4 (v) and property (ii):

(∨

i∈I
xi

)1/2 = ((∨

i∈I
x1/2

i

) ∗ (∨

i∈I
x1/2

i

))1/2 = ⊥1/2 ∨ (∨

i∈I
x1/2

i

) = ∨

i∈I
x1/2

i .

Finally, for every element x ∈ X the relation x ∧ (x →⊥) ≤ ⊥1/2 holds. If we now
assume that ⊥1/2 coincides with ⊥, then (x →⊥) ∨ x = � follows from (2.91).
Thus x is idempotent, and assertion (v) is verified. �
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Let (X, ∗,→) be a complete MV -algebra having square roots. As a preparation for
the following we first define recursively an element ⊥1/2n

of X for each n ∈ N0:

⊥1/20 := ⊥ and ⊥1/2n := (⊥1/2n−1)1/2
for each n ∈ N.

Then for any dyadic rational number r of the real unit interval [0, 1] we can define

⊥0 := � and ⊥r := (⊥1/2n
)k, r := k

2n �= 0.

In particular, the expression ⊥r is always well defined.

Lemma 2.7.17. Let (X, ∗,→) be a complete MV -algebra such that every element
is a square and the following property is satisfied:

⊥1/2 →⊥ = ⊥1/2. (2.94)

Further, let D be the MV -subalgebra of [0, 1] consisting of all dyadic rational
numbers of [0, 1]. Then the following properties are valid:

(i) For all r ∈ D the relation ⊥r →⊥ = ⊥1−r holds.
(ii) For all r ∈ D the relation (⊥r )1/2 ∗ ⊥1/2 = ⊥ r+1

2 holds.
(iii) If ∗Ł is the Łukasiewicz arithmetic conjunction in D , then for all r1, r2 ∈ D the

relation (⊥r1 →⊥) ∗ (⊥r2 →⊥) = ⊥r1∗Łr2 →⊥ holds.
(iv) If r1, r2 ∈ D , then r1 ≤ r2 if and only if ⊥r2 ≤ ⊥r1 .

Proof. (a) In order to verify (i) we proceed as follows. If r ∈ {0, 1}, then the relation
(i) is obvious. Therefore we assume 1 �= r = k

2n �= 0. Then it is sufficient to prove
the following relation

(⊥1/2n )k →⊥ = (⊥1/2n )2n−k
, k = 1, . . . , 2n − 1, n ∈ N (2.95)

by induction over n and k. In the case of n = k = 1 the relation (2.95) coincides
with (2.94). Now we assume that (2.95) holds for k = 1 and some n ∈ N. Then we
invoke (2.90) and (2.94) and obtain:

⊥1/2n+1 = (⊥1/2n )1/2 = ((⊥1/2n )2n−1 →⊥)1/2

= ((⊥1/2n )2n−1)1/2 →⊥1/2

= ((⊥1/2n+1)2n−1 ∗ (⊥1/2 →⊥))→⊥
= ((⊥1/2n+1)2n−1 ∗ ⊥1/2

)→⊥
= ((⊥1/2n+1)2n−1 ∗ (⊥1/2n+1)2n )→⊥.

Hence ⊥1/2n+1 = (⊥1/2n+1)2n+1−1 →⊥ follows, which means that (2.95) holds for
n + 1 and k = 1.
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Now we fix n ∈ N and assume that (2.95) holds for n and k ≤ 2n − 2. Then we
invoke (2.90) and Corollary 2.7.4 (ii) and obtain:

(⊥1/2n )k+1 →⊥ = (⊥1/2n )k → (⊥1/2n →⊥)

= (⊥1/2n )k → (⊥1/2n )2n−1

= ((⊥1/2n )k →⊥) ∨ (⊥1/2n )2n−1−k

= (⊥1/2n
)2

n−k ∨ (⊥1/2n )2n−1−k

= (⊥1/2n
)2

n−(k+1).

Hence (2.95) also holds for k + 1 and n.
(b) Since the relation (ii) is obvious for r = 0, we put r = k

2n with 1 ≤ k ≤ 2n and
verify (ii) as follows:

(⊥r
)1/2 ∗ ⊥1/2 = (⊥1/2n+1)k ∗ (⊥1/2n+1)2n = (⊥1/2n+1)k+2n = ⊥ r+1

2 .

(c) With regard to (iii) we choose dyadic numbers r1 = k
2n and r2 = �

2m from the unit
interval and apply (i):

(⊥r1 →⊥) ∗ (⊥r2 →⊥) = ((⊥1/2n )2n−k) ∗ ((⊥1/2m )2m−�)

= (⊥1/2n+m )2n+m−2m ·k+2n+m−2n ·�
.

Nowwe distinguish the following cases. If 2m · k + 2n · � ≤ 2n+m , then r1 ∗Ł r2 = 0
and so

(⊥r1 →⊥) ∗ (⊥r2 →⊥) = ⊥ = ⊥0 →⊥ = ⊥r1∗Łr2 →⊥

holds. If 2n+m < 2m · k + 2n · �, then r1 ∗Ł r2 = 2m ·k+2n ·�−2n+m

2n+m and so we apply (i)
again and obtain:

(⊥r1 →⊥) ∗ (⊥r2 →⊥) = ⊥1−(r1∗Łr2) = ⊥r1∗Łr2 →⊥.

Thus we have established (iii).
(d) The implication r1 ≤ r2 =⇒ ⊥r2 ≤ ⊥r1 is obvious. On the other hand, if we
assume ⊥r2 ≤ ⊥r1 , then we apply (i) and (iii) and obtain:

⊥ = ⊥r2 ∗ (⊥r1 →⊥) = (⊥1−r2 →⊥) ∗ (⊥r1 →⊥) = ⊥(1−r2)∗Łr1 →⊥.

Hence (1− r2) ∗Ł r1 = 0 — i.e. r1 ≤ r2. �

Now we are ready to prove the announced characterization.

Theorem 2.7.18. Every infinite, simple and complete MV -algebra is isomorphic to
the real unit interval provided with the Łukasiewicz arithmetic conjunction.
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Proof. Let (X, ∗,→) be an infinite, simple and complete MV -algebra. Then every
element of (X, ∗,→) is a square (cf. Corollary 2.7.15), and the infiniteness and
simplicity of X imply the property ⊥1/2 �= ⊥ (cf. Theorem 2.7.16 (v)). Moreover,
we conclude from Theorem 2.7.16 (iv) that

∨
n∈N⊥1/2n

is idempotent. Hence

∨

n∈N
⊥1/2n = � (2.96)

follows from the simplicity of (X, ∗,→). Now we make use of the property that
(⊥1/2 →⊥) ∗ (⊥1/2 →⊥) is idempotent (cf. Theorem 2.7.16 (iii)), apply Corol-
lary 2.7.4 (iv) and obtain ⊥1/2 ∧ (

(⊥1/2 →⊥) ∗ (⊥1/2 →⊥)
) = ⊥. Since ⊥1/2 �=

⊥ and (X,≤) is a chain (cf. Lemma 2.7.9), the relation

(⊥1/2 →⊥) ∗ (⊥1/2 →⊥) = ⊥

follows — this means
⊥1/2 = ⊥1/2 →⊥. (2.97)

Thus we can apply Lemma 2.7.17 and define an order-preserving and order-reflec-

ting map D
ψ

X from the MV-algebra D of all dyadic rational numbers of [0, 1]
to X by ψ(r) = ⊥r →⊥ for all r ∈ D (cf. Lemma 2.7.17 (iv)). Obviously, ψ is an
embedding which preserves the respective multiplications and residuals (cf. Lem-
ma 2.7.17 (i) and (iii)) and satisfies the following important property:

ψ(r)1/2 = (⊥r →⊥)1/2 = (⊥r )1/2 →⊥1/2 = (
(⊥r )1/2 ∗ ⊥1/2

)→⊥ = ψ( r+1
2 ).

If r1 ≤ r2 with r2 − r1 ≤ 1
2n for some n ∈ N, then it is easily seen that the property

(
ψ(r1)→⊥) ∗ ψ(r2) ≤ ψ( 1

2n ) i.e. ψ(r2) ∗ ⊥1/2n ≤ ψ(r1)

holds. Because of (2.96) the previous relation implies thatψ is join-preserving (resp.
meet-preserving) as far joins (resp. meets) exist inD . Therefore we can extend ψ to

an injective join- and meet-preserving map [0, 1] ψ
X by

ψ(t) =∨{ψ(r) | r ∈ D, r < t} =∧{ψ(q) | q ∈ D, t < q}, t ∈ [0, 1].

Again ψ preserves the algebraic structure. We prove the surjectivity of ψ . For this
purpose we fix x ∈ X . Since X is a chain, we infer from (2.96) that there exist
dyadic numbers u, v ∈ D with ψ(u) ≤ x ≤ ψ(v). Now we construct recursively
two sequences (rn)n∈N and (qn)n∈N of dyadic rational numbers such that (rn)n∈N is
increasing, (qn)n∈N is decreasing and the following property holds:

ψ(rn) ≤ x ≤ ψ(qn) and 0 ≤ qn − rn ≤ 1
2n−1 , n ∈ N. (2.98)
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Step 1. r1 = u, q1 = v, ψ(r1) ≤ x , x ≤ ψ(q1), 0 ≤ q1 − r1 ≤ 1.
Step 2. Let rn and qn be defined such that (2.98) holds. Since X is a chain, we dis-
tinguish the following cases.
If ψ(

rn+qn

2 ) ≤ x , then we put rn+1 = rn+qn

2 ≥ rn and qn+1 = qn .
If x ≤ ψ(

rn+qn

2 ), then we put rn+1 = rn and 0 ≤ qn+1 = rn+qn

2 ≤ qn .
Hence we obtain ψ(rn+1) ≤ x ≤ ψ(qn+1) and qn+1 − rn+1 = qn−rn

2 ≤ 1
2n — this

means that rn+1 and qn+1 again satisfy (2.98).
Now we return to the general argumentation. From qn ∗Ł (1− 1

2n−1 ) ≤ rn we obtain:

ψ(qn) ∗ ψ(1− 1
2n−1 ) = ψ(qn) ∗ ⊥1/2n−1 ≤ ψ(rn), n ≥ 2.

Hence we conclude from (2.96) and (2.98) that the relation

∨

n∈N
ψ(rn) = x = ∧

n∈N
ψ(qn)

holds. Finally, we put supn∈N rn = t0 = infn∈N qn . Then the definition of ψ and
the previous relation imply ψ(t0) = x . Hence the surjectivity of ψ is verified. In
particular, ψ is an isomorphism between (X, ∗,→) and the real unit interval [0, 1]
provided with Łukasiewicz arithmetic conjunction. �

Corollary 2.7.19. Every simple MV -algebra is isomorphic to an MV -subalgebra
of [0, 1].
Proof. Let (X, ∗,→) be a simple MV -algebra. If X has n elements, then (X, ∗,→)

is isomorphic to { k
n−1 | k ∈ {0, 1, . . . , n − 1}} (cf. (2.92)). If X is infinite, then we

can construct theMacNeille completion of X (cf. Corollary 2.7.10) and subsequently
apply Theorem 2.7.18.

Since the only MV -algebra automorphism of [0, 1] is the identity map, we can
also express the previous corollary as follows: Every simple MV -algebra admits
exactly one monomorphism to [0, 1].

Exercises

2.7.1. Show that every dualizing element of a Girard algebra coincides with the
universal lower bound.

2.7.2. Let C3 = {⊥, a,�} be the chain with three elements.

(a) Show that on C3 there exists a unique structure of a Girard algebra whose mul-
tiplication ∗ is determined by (see (9) in Exercise 2.2.1):

∗ ⊥ a �
⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ a
� ⊥ a �
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(b) Show that the Girard algebra (C3, ∗) in (a) is an MV -algebra which is isomor-
phic to the MV -subalgebra {0, 1

2 , 1} of [0, 1] provided with the Łukasiewicz
arithmetic conjunction.

2.7.3. Let C4 = {⊥, a, b,�} be the chain with four elements such that a < b.

(a) Show that on (C4, ∗) there exists only two different Girard algebra structures
whose multiplication tables are given as follows:

∗1 ⊥ a b �
⊥ ⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ ⊥ a
b ⊥ ⊥ b b
� ⊥ a b �

and

∗2 ⊥ a b �
⊥ ⊥ ⊥ ⊥ ⊥
a ⊥ ⊥ ⊥ a
b ⊥ ⊥ a b
� ⊥ a b �

(Hint: Use the fact that there exists a unique order-reversing involution on C4.)
(b) Show that (C4, ∗1) is the semi-unitalization of the two-sided quantale (6) in

Exercise 2.2.1 and (C4, ∗1) is not an MV -algebra.
(c) Show that (C4, ∗2) is the semi-unitalization of the two-sided quantale (2) in

Exercise 2.2.1 and (C4, ∗2) is an MV -algebra.
(d) Show that (C4, ∗2) is isomorphic to the MV -subalgebra {0, 1

3 ,
2
3 , 1} of [0, 1]

provided with Łukasiewicz arithmetic conjunction.

2.7.4. Let (C3, ∗) be the MV -algebra considered in Exercise 2.7.2 (see also Exer-
cise 2.2.1 (9)), and let (C3 ⊗ C3, �) be the tensor product of (C3, ∗)with itself. Recall
from Example 2.3.26 that C3 ⊗ C3 consists of six elements:

� = �⊗�, α = (a ⊗�) ∨ (�⊗ a), λ = a ⊗�, ρ = �⊗ a, β = a ⊗ a,

⊥ = ⊥⊗⊥ = ⊥⊗ a = a ⊗⊥,

and its lattice structure is determined by the following Hasse diagram:

�
α

λ ρ

β

⊥

(a) Show that the multiplication table has the form
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� ⊥ β λ ρ α �
⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥
β ⊥ ⊥ ⊥ ⊥ ⊥ β

λ ⊥ ⊥ ⊥ β β λ

ρ ⊥ ⊥ β ⊥ β ρ

α ⊥ ⊥ β β β α

� ⊥ β λ ρ α �
(b) Verify the relations β →⊥ = α, α →⊥ = β, λ→⊥ = λ and ρ →⊥ = ρ.
(c) Conclude from (a) and (b) that (C3 ⊗ C3, �) is a commutative integral Girard

quantale which is the coproduct of the MV -algebra (C3, ∗) with itself in the
category of commutative and unital quantales (cf. Theorem 2.3.35).

(d) Verify the relation λ→ ρ = α = ρ → λ and conclude from this property that
(C3 ⊗ C3, �) is not an MV -algebra.

2.7.5. Deduce from Proposition 2.7.1 (iii) and Corollary 2.7.4 (i) and (v) that in any
MV -algebra (X, ∗,→) the relation (x ∨ y)p = x p ∨ y p holds for all x, y ∈ X and
p ∈ N. If in addition (X, ∗,→) is complete, then show that the correspondence
x �−→ x p is join-preserving for all p ∈ N.

2.7.6. Let (X, ∗,→) be a complete MV -algebra. Show that for every element x ∈ X
with x �= � there exists a natural number n ∈ N such that (xn →⊥)→ x �= �
holds.
(Hint: If x �= �, then first verify that

(
(x →⊥)→ ( ∧

n∈N
xn

)) �= �.)

2.7.7. A filter on an MV -algebra (X, ∗,→) is an upclosed and nonempty subset F
of X satisfying the following additional properties:

(F1) x, y ∈ F =⇒ x ∗ y ∈ F .
(F2) ⊥ /∈ F .

On the set F(X) of all filters on (X, ∗,→) we consider the set-inclusion⊆ as partial
order. Verify the following properties:

(a) The partially ordered set (F(X),⊆) has maximal elements.
(Hint: Zorn’s Lemma.)

(b) A filter U on (X, ∗,→) is maximal if and only if for every z /∈ U there exists a
natural number n ∈ N such that zn →⊥ ∈ U .

(c) Everymaximal filterU ∈ F is prime— i.e. x ∨ y ∈ U =⇒ (x ∈ U or y ∈ U ).
(d) Let U be a maximal filter on (X, ∗,→). If x /∈ U , then there exists a natural

number n ∈ N such that (xn →⊥)→ x �= �.
2.7.8. Let x be an element of an MV -algebra (X, ∗,→) with the property that
there exists an n ∈ N such that (xn →⊥)→ x �= � holds. Show that there exists a
maximal filter U on (X, ∗,→) with x /∈ U .
(Hint: Deduce from Exercise 2.7.5, Proposition 2.7.1 (iii) and Corollary 2.7.4 (i) the
relation
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(
(xn →⊥)→ x

)p ∨ (xn+1 →⊥)p = �.

Now invoke the hypothesis (xn →⊥)→ x �= � and conclude that

F = {z ∈ X | ∃p ∈ N : (xn+1 →⊥)p ≤ z}

is a filter on (X, ∗,→). Finally, apply the axiom of choice, construct a maximal filter
U containing F and show that x /∈ U .)

2.7.9. Let (X, ∗,→) be an MV -algebra. An equivalence relation C on X is called
a congruence on (X, ∗,→) if for (x1, y1) ∈ C and (x2, y2) ∈ C the following addi-
tional properties are valid:

(x1 ∗ x2, y1 ∗ y2) ∈ C,
(
x1 → x2, y1 → y2

) ∈ C and (⊥,�) /∈ C.

Show:

(a) Every congruence C on (X, ∗,→) induces a filter FC = {x ∈ X | (x,�) ∈ C}
(cf. Exercise 2.7.7).

(b) Every filter F ∈ F(X) induces a congruence CF on (X, ∗,→) by:

CF = {(x, y) | (x → y) ∧ (y → x) ∈ F}.

(Hint: y1 ∗ (x1 → x2) ∗ (y1 → x1) ∗ (x2 → y2) ≤ y2.)
(c) The quotient of (X, ∗,→) w.r.t. a filter F (i.e. w.r.t. the congruence CF ) is an

MV -algebra and the corresponding quotient map q is an MV -algebra homomor-
phism — i.e. q preserves finite joins, the universal upper bound and the binary
operations ∗ and→.

(d) The quotient of an MV -algebra w.r.t. a filter U is simple if and only if U is a
maximal filter. Moreover, the range of the quotient map w.r.t. a maximal filter
is always isomorphic to an MV -subalgebra of the real unit interval (cf. Corol-
lary 2.7.19).

2.7.10. Let (X, ∗) be a complete MV -algebra. Then for every x ∈ X with x �= �
there exists a maximal filter U on (X, ∗) such that x /∈ U .
(Hint: For x �= � choose n ∈ N with (xn →⊥)→ x �= � according to Exer-
cise 2.7.6 and then apply Exercise 2.7.8.)

Comment. Exercise 2.7.10 says that every complete MV -algebra (X, ∗) is semi-
simple and is therefore isomorphic to an MV -subalgebra of [0, 1]I , where I is the
set of all maximal filters on (X, ∗) (cf. Exercise 2.7.9 (d) and [48, Sect. 4]). In this
context it is worthwhile to note that the property

∀x ∈ X \ {�} ∃n ∈ N : (xn →⊥)→ x �= �



2.7 Complete MV -Algebras 201

is equivalent to condition (ii) in Theorem 2.7.7, which can also be rewritten as an
infinitary inference rule for the infinite-valued Łukasiewicz predicate calculus (cf.
[46]).

Notes

The fact that the category Sup of complete lattices and join-preserving maps is
isomorphic to the Eilenberg–Moore category of the power set monad (cf. [74, p. 57–
58]) was already well-known to the Zürich school in the mid 1960s. In this sense
Sup has a long history. A detailed account of the categorical properties of Sup
can be found in [59], also where the importance of closure operators for quotient
constructions in Sup is mentioned. The tensor product in Sup goes back to the
Ph.D. thesis of D.G. Mowat (cf. [81]) and appears for the first time in a general
accessible publication in 1974 (cf. [106, Lemma 1.7]). Only two years later the mon-
oidal categorySup found its appropriate place in the literaturewhenB.Banaschewski
and E. Nelson (cf. [6]) reveal the categorical principles guiding the tensor product
construction. The investigation of permanence properties of the tensor product inSup
— e.g. the preservation of complete distributivity or continuity of complete lattices
— is due to Z. Shmuely and H.-J. Bandelt (cf. [7, 106]). In this context it might be
interesting to add that the tensor product also exists for join semilattices (cf. [58]),
but this construction is not an extension of the construction given in Theorem 2.1.8
(cf. [33]).

Prequantales/quantales already occur under the name cl-groupoid/cl-semigroup
with zero in the third edition of G. Birkhoff’s book on lattice theory (cf. [14,
Corollary 1 on p. 327]). The simple fact that the multiplication of a prequantale
/quantale is a bimorphism inSup—i.e. every prequantale/quantale is amagma/semi-
group in Sup—has been largely ignored in the literature. Only in [59] we do find the
information that commutative and unital quantales are commutativemonoids inSup.
This observation immediately leads to the insight that the tensor product of commu-
tative and unital quantales is their coproduct (cf. [59]). In the category of semi-unital
and bisymmetric quantales the proof of this fact has a non-commutative extension to
the tensor product of strictly left-sided quantales with strictly right-sided quantales
(cf. Theorem 2.5.9). An analysis of the tensor product of arbitrary quantales is given
in [43]. Here operations defined according to Zadeh’s extension principle (cf. [113])
and the compositions τ∗ of probability distributive functions (cf. [104]) have been
revealed as special instances of the tensor product construction.

The topological representation of left-sided, idempotent quantales and balanced,
bisymmetric quantales goes back to U. Höhle, who realized that in this context
the tensor product of the left-sided, non-commutative, idempotent three-chain with
the right-sided, non-commutative, idempotent three-chain can be understood as the
“smallest” non-commutative quantic frame and acts therefore as the quantization of
1 = {0, 1} (cf. [51, 52]).

The treatment of the law of double negation for quantales is fragmentary in more
than one respect. For example, the question whether the law of double negation
can be expressed in terms of the monoidal category Sup remained open in the lit-
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erature, but has been solved in Sect. 2.6 of this book. Further, we have Frobenius
monoids (cf. [14]), but not Frobenius quantales. L.P. Belluce was the first to inves-
tigate complete MV -algebras from the perspective of semi-simplicity (cf. [11]),
but he did not show that (complete) MV -algebras are divisible and commutative
Frobenius monoids (quantales). The fact that the MacNeille completion preserves
the MV -algebra structure if and only if the given MV -algebra is semi-simple (see
also Theorem 2.7.7) is due to U. Höhle 1995 (cf. [48]).



Chapter 3
Module Theory in Sup

In the following sections we give some applications of the theory of quantales.
Traditionally, this is the field of abstract ideal theory (cf. [14]), but here we will
focus on the impact of the category Sup. Since Sup is a monoidal category and
quantales are semigroups in Sup, the most natural applications of quantales arise in
the theory of left (right) modules on unital quantales. With regard to many-valued
logics it is interesting to see that the left implication plays the rôle of a left action,
while the right implication operates as a right action. In fact, the dual lattice of a
unital quantale1 Q is always aQ-bimodule. As a second important example we refer
to the fact that the algebra of “fuzzy subsets” of a set X (cf. [53, 111]) constitute
the free module generated by X on the real unit interval provided with Łukasiewicz
arithmetic conjunction. Hence it is not surprising that left (right) Q-modules are
Q-valued complete lattices (see Sect. 3.3).

Further, in the setting of commutative and unital quantales Q the category of
Q-modules has a tensor product which is a quotient of the tensor product in Sup.
This important property opens the perspective of Q-algebras — a theory which
is not developed as yet with the exception of some well-known results related to
descent theory (cf. [59]). Therefore we will draw our attention to non-commutative
applications of left (right) modules.

As a typical field we choose the theory of C∗-algebras. It is remarkable to see
that irreducible representations of a C∗-algebra A can be rephrased as irreducible
and involutive left modules on a specific involutive and unital quantale given by all
closed linear subspaces of A. The link between this observation and the spectrum of
C∗-algebras as a quotient of the tensor product of the quantales of closed left ideals
and closed right ideals (cf. Sect. 2.5.3) is an interesting question which has not been
deeply investigated as yet. In this context Exercise 3.2.8 (b) can be considered as a
first step.

1Since in this chapter elements of unital quantales are acting on complete lattices, from now on
arbitrary unital quantales will always be denoted by (Q, ∗, e).
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This chapter finishes with a small section on automata in Sup showing that every
automaton gives rise to a right module over the free unital quantale generated by its
input alphabet.

3.1 Modules on Unital Quantales

In anymonoidal categoryC the concept ofmodules is available— these are objects of
C providedwith a left or right action w.r.t. somemonoid inC (cf. [73]). Here we recall
the axioms of a left module, right module and bimodule in the special setting where
the monoidal category is given by (Sup,⊗,1, a, c, �, r) (cf. Fact II in Sect. 2.1).

Let (Q, ∗, e) be a unital quantale with the corresponding binary operation

Q⊗Q
�

Q

determined by the multiplication ∗. A left action on a complete lattice X w.r.t.

(Q, ∗, e) is a join-preserving map Q⊗ X � X such that the following diagrams
commute (cf. [73]):

(Q⊗Q)⊗ X Q⊗ X

Q⊗ (Q⊗ X) Q⊗ X X

aQQX

�⊗1X

�
1Q⊗� �

(3.1)

1⊗ X Q⊗ X

X
lX

e⊗1X

� (3.2)

A pair (X,�) is a left Q-module if X is a complete lattice and� is a left action on
X w.r.t. (Q, ∗, e). Right Q-modules are defined analogously — these are complete

lattices X with right actions X ⊗Q
� X .

Because of the universal property of the tensor product inSupwe can simplify our
notation and identify left (resp. right) actions with their corresponding bimorphisms.
Hence instead of �(α ⊗ x) (resp. �(x ⊗ α)) we also write α � x (resp. x � α).

Since every tensor is the join of an appropriate family of elementary tensors, the
commutativity of the diagrams (3.1) and (3.2) is equivalent to the following axioms:

(M1�) If α, β ∈ Q and x ∈ X , then α � (β � x) = (α ∗ β)� x .
(M2�) If e denotes the unit of Q, then e � x = x for all x ∈ X .
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If we consider the transposed version of the previous axioms, then X ⊗Q
� X is

a right action if and only if the following axioms are satisfied:

(M1r ) If α, β ∈ Q and x ∈ X , then (x � α) � β = x � (α ∗ β).
(M2r ) If e denotes the unit of Q, then x � e = x for all x ∈ X .

A left Q-module homomorphism is a join-preserving map X h Y such that

h(α � x) = α � h(x)

holds for each α ∈ Q and x ∈ X , which can be expressed by the commutativity of
the following diagram:

Q⊗ X Q⊗ Y

X Y

�

1Q⊗h

�
h

As usual, left Q-modules and left Q-module homomorphisms form a category
denoted by Mod�(Q). Right Q-module homomorphisms and the category Modr (Q).
are defined analogously.

Even though we essentially restrict our interest to leftQ-modules in this section,
we begin with an interesting interrelation between left and right Q-modules.

First we recall that the transposed multiplication of ∗ is given by α ∗τ β = β ∗ α

for all α, β ∈ Q. Then Qτ = (Q, ∗τ , e) is the transposed unital quantale of Q, and
every leftQ-module (X,�) can be read as a rightQτ -modulewhere the right action�

is determined by x � α = α � x for each x ∈ X and α ∈ Q. Moreover, the following
important properties are valid.

Proposition 3.1.1. (a) If (X,�) is a right Q-module, then the join-preserving map

Q⊗ Xop � Xop determined by

α � x = ∨{z ∈ X | z � α ≤ x}, α ∈ Q, x ∈ X (3.3)

is a left action on Xop — i.e. (Xop,�) is a left Q-module.

(b) If (X,�) is a left Q-module, then the join-preserving map Xop ⊗Q � Xop

determined by

x � α = ∨{z ∈ X | α � z ≤ x}, α ∈ Q, x ∈ X (3.4)

is a right action on Xop — i.e. (Xop,�) is a right Q-module.
(c) Let (X,�) be a right Q-module. If � is the left action on Xop determined by �,
then the right action � on X determined by � coincides with �.
(d) Let (X,�) be a left Q-module. If � is the right action on Xop determined by �,
then the left action � on X determined by � coincides with �.
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Proof. Since (b) and (d) are the transposed statements of (a) and (c), respectively,
we only verify (a) and (c).

(a) For this purpose we fix x ∈ X and α, β ∈ Q. Evidently the correspondence
(α, x) �−→ α � x is a bimorphismwhich uniquely determines a join-preserving map

Q⊗ Xop � Xop.Hencewehaveonly to verify (M1�) and (M2�).By (3.3) and (M2r )
the condition (M2�) is obvious. In order to prove (M1�) we first apply (M1r ) and
obtain:

(
α � (β � x)

)
� (α ∗ β) = ((

α � (β � x)
)
� α

)
� β ≤ (β � x) � β ≤ x .

Hence α � (β � x) ≤ (α ∗ β) � x follows. On the other hand we conclude from

((
(α ∗ β) � x

)
� α

)
� β = (

(α ∗ β) � x
)
� (α ∗ β) ≤ x

that
(
(α ∗ β) � x

)
� α ≤ β � x and consequently (α ∗ β) � x ≤ α � (β � x)holds.

Hence (M1�) follows.
(c) We fix now α ∈ Q and x, z ∈ X . Then the following chain of equivalences holds:

z � α ≤ x ⇐⇒ z ≤ α � x ⇐⇒ α � x ≤op z

⇐⇒ x ≤op z � α ⇐⇒ z � α ≤ x .

Hence � and � coincide. �

Corollary 3.1.2. Let (Q, ∗, e) be a unital quantale. Then the following assertions
hold:

(a) If (X,�) and (Y,�) are rightQ-modules and X h Y is a rightQ-module homo-
morphism, then (Xop,�) and (Y op,�) are left Q-modules and the right adjoint map

Y op h� Xop of h is a left Q-module homomorphism.

(b) If (X,�) and (Y,�) are left Q-modules and X h Y is a left Q-module homo-
morphism, then (Xop,�) and (Y op,�) are right Q-modules and the right adjoint

map Y op h� Xop of h is a right Q-module homomorphism.

Proof. Since (b) is the transposed situation of (a), we only verify (a). By Proposi-
tion 3.1.1 it is sufficient to prove that the right adjoint map h� is a left Q-module
homomorphism. For this purpose we choose α ∈ Q, x ∈ X and y ∈ Y . Then the
following chain of equivalences hold:

x ≤ α � h�(y) ⇐⇒ x � α ≤ h�(y) ⇐⇒ h(x � α) = h(x) � α ≤ y

⇐⇒ h(x) ≤ α � y ⇐⇒ x ≤ h�(α � y)

Hence α � h�(y) = h�(α � y) — i.e. h� is a left Q-module homomorphism.

We record the following general fact.
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Fact I. There exists a contravariant isomorphism Modr (Q) F Mod�(Q) acting
on objects and morphisms as follows:

F(X,�) = (Xop,�), X h Y, Y op h� Xop, F(h) = h�.

Nowwe continuewith a characterization ofQ-moduleswhich also plays a significant
rôle from the perspective of applications.

Proposition 3.1.3. Let (Q, ∗, e) be a unital quantale, X be a complete lattice, and
let [X, X ] be the unital quantale of all join-preserving self-maps of X provided with
the composition as multiplication. Further, let [X, X ] ⊗ X evX X be the evaluation
arrow — i.e. evX ( f ⊗ x) = f (x) for all f ∈ [X, X ] and x ∈ X. Then there exists
a bijective map between the set of all left actions � on X in the sense of Sup and

the set of all unital homomorphisms Q h [X, X ] making the following diagram
commutative:

Q⊗ X [X, X ] ⊗ X

X
�

h⊗1X

evX

Proof. Since Sup is monoidal closed (cf. Theorem 2.1.12) and ev = (evX )X is the
counit of the adjoint situation ⊗ X � homX (cf. Sect. 2.1.2), the homomorphism
h coincides with the monoidal adjoint of the left-action�. The fact that h is a unital
homomorphism if and only if � is a left action can be easily verified by a diagram
chase or by a simple calculation using the axioms (M1�) and (M2�) directly. �

The previous proposition says that left Q-modules X can be characterized sim-
ply by unital homomorphisms from Q to [X, X ]. This situation also opens a new
perspective, linking an important and application-oriented interpretation to left
Q-modules.

Remark 3.1.4. Let us consider elements of a complete lattice X as states of proper-
ties of some given physical system. The partial order on X reflects a certain hierarchy
among states, and the join operation expresses the superposition of states. The tran-
sition of states is coherent with respect to the given hierarchy and is represented by
join-preserving self-maps of X — so-called transition maps. On this basis Proposi-
tion 3.1.3 says that a left Q-module describes a specific dynamic of some physical
system. Each element of the unital quantaleQ refers to a specific transition map, and
the composition of transition maps is expressed by the multiplication in Q. In this
context the unit of Q corresponds to the identity map 1X changing nothing.

For the sake of completeness we also present a version of Proposition 3.1.3 for
right Q-modules.

Proposition 3.1.5. Let (Q, ∗, e) be a unital quantale, Qτ be its transposed uni-
tal quantale, and let X be a complete lattice. Further, let X ⊗ [X, X ] εX X be
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the evaluation arrow (cf. the Comment after Theorem 2.1.12). Then there exists a
bijective map between the set of all right actions � on X (w.r.t. Q) in the sense of

Sup and the set of all unital homomorphisms Qτ h [X, X ] making the following
diagram commutative:

X ⊗Qτ X ⊗ [X, X ]

X
�

1X⊗h

εX

Before we investigate the general properties of the category Mod�(Q), we first
give some interesting examples of left Q-modules. For this purpose we need some
further terminology.

A triple (X,�,�) is called a Q-bimodule if (X,�) is a left Q-module, (X,�)

is a right Q-module, and the associative law holds, which can be expressed by the
commutativity of the following diagram:

(Q⊗ X)⊗Q Q⊗ (X ⊗Q)

X ⊗Q X Q⊗ X

�⊗1Q

aQXQ

1Q⊗�

� �

(3.5)

Due to the associativity of the tensor product in Sup (cf. Lemma 2.1.13), a triple
(X,�,�) is a Q-bimodule if and only if the following property holds

(α � x) � β = α � (x � β), α, β ∈ Q, x ∈ X. (3.6)

Example 3.1.6. Let (Q, ∗, e) be a unital quantale. Due to the associativity of its
multiplication, Q can always be considered as a Q-bimodule with the left action �
and the right action � on Q determined by the following relations for all α, β ∈ Q:

α � β = α ∗ β and β � α = β ∗ α.

If we apply Proposition 3.1.1 to (Q,�,�), then it is easily seen that (Qop,�,�)

is also a Q-bimodule. In this context the left action � can be characterized by the
left-implication, while the right action � plays the rôle of the right-implication (cf.
Sect. 2.2.1) — i.e.

� = � ◦ cQQop and � = � ◦ cQopQ,

where cQQop and cQopQ are the respective components of the symmetry in Sup.

A small, but interesting modification of the previous example is the following.

Example 3.1.7. Let (Q, ∗) be an arbitrary non-unital quantale and (Q̂, ∗̂) be its uni-
talization (cf. Exercise 2.2.2). Then the underlying complete lattice Q̂ has the form
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Q̂ = Q× {0, 1} and (Q, ∗) can be identified with a subquantale of (Q̂, ∗̂). In this
contextQ can be provided with the structure of a Q̂-bimodule (Q,�,�) as follows
(see again Exercise 2.2.2):

(α, 0)� x = (α, 0) ∗̂ (x, 0) = α ∗ x, (α, 1)� x = (α, 1) ∗̂ (x, 0) = (α ∗ x) ∨ x,

x � (α, 0) = (x, 0) ∗̂ (α, 0) = x ∗ α, x � (α, 1) = (x, 0) ∗̂ (α, 1) = (x ∗ α) ∨ x .

The next example shows that the structure of a left Q-module can be extended
pointwisely.

Example 3.1.8. Let (X,≤) be a preordered set and (Y,�) be a left Q-module. On

the set P(X, Y ) of all antitone maps X
f

Y we introduce a partial order by

f ≤ g ⇐⇒ f (x) ≤ g(x) for all x ∈ X.

Then P(X, Y ) is a complete lattice, and the left action on P(X, Y ) (which is also
denoted by �) is given by:

(α � f )(x) = α � f (x), α ∈ Q, f ∈ P(X, Y ), x ∈ X. (3.7)

Hence (P(X, Y ),�) is again a left Q-module.
If the leftQ-module (Y,�) coincides with (Q,�) (i.e. the left action is given by

α � β = α ∗ β for each α, β ∈ Q (see Example 3.1.6)), then we simply write P(X)

for P(X,Q).

For each unital quantale (Q, ∗, e) it is well-known that the forgetful functor
U1 : Mod�(Q) → Sup has a left adjoint functor F1 : Sup→ Mod�(Q) sending a
complete lattice X to Q⊗ X where the left action � on Q⊗ X is defined for each
α ∈ Q and for each elementary tensor β ⊗ x ∈ Q⊗ X by

α � (β ⊗ x) = (α � β)⊗ x = (α ∗ β)⊗ x,

which can also be expressed by the commutativity of the diagram (cf. [73]):

Q⊗ (Q⊗ X) (Q⊗Q)⊗ X

Q⊗ X

�

a−1
QQX

�⊗1X
(3.8)

For the sake of completeness we recall the proof of this property.

Lemma 3.1.9. Let (Q, ∗, e) be a unital quantale and X be a complete lattice. Then

the join-preserving mapQ⊗ (Q⊗ X)
� Q⊗ X determined by (3.8) is a left action

on Q⊗ X.
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Proof. Since tensors inQ⊗ X are joins of elementary tensors, we restrict our atten-
tion to elementary tensors and choose x ∈ X and α, β, γ ∈ Q. Since ∗ is associative,
we obtain:

α � (β � (γ ⊗ x)) = α � ((β ∗ γ )⊗ x) = (α ∗ (β ∗ γ ))⊗ x

= ((α ∗ β) ∗ γ )⊗ x = (α ∗ β)� (γ ⊗ x).

Hence (M1�) is verified. The axiom (M2�) is evident. �

Addition. For α ∈ Q and f ∈ Q⊗ X the expression α � f is explicitly given by
α � f = ∨

β∈Q(α ∗ β)⊗ f (β) where we have made use of (2.17).

AcombinationofLemma3.1.9withExample 3.1.8 leads to the following theorem.

Theorem 3.1.10. Let (X,≤) be a preordered set, Dwn(X) be the complete lattice
of all downclosed subsets of X, (Q, ∗, e) be a unital quantale, and let P(X) be
the left Q-module constructed in Example 3.1.8. Then there exists an isomorphism

P(X) Φ Q⊗ Dwn(X) in the sense of Mod�(Q) satisfying the condition

Φ( f ) = ∨

x∈X
f (x)⊗ ↓x, f ∈ P(X). (3.9)

Proof. We define a map P(X) Φ Q⊗ Dwn(X) by:

Φ( f )(α) = {x ∈ X | α ≤ f (x)}, f ∈ P(X), α ∈ Q.

Since X
f
Q is antitone,Φ( f )(α) is a downclosed subset of X for all α ∈ Q. Obvi-

ously Φ( f ) is join-reversing — i.e. Φ( f ) ∈ Q⊗ Dwn(X). Further, let us consider

a map Q⊗ Dwn(X) Ψ P(X) defined by:

Ψ (g)(x) = ∨{α ∈ Q | x ∈ g(α)}, g ∈ Q⊗ Dwn(X), x ∈ X. (3.10)

The following relations hold:

∨{
α ∈ Q | x ∈ Φ( f )(α)

} = ∨{
α ∈ Q | α ≤ f (x)

} = f (x),
{

x ∈ X | α ≤ Ψ (g)(x)
} = {x ∈ X | x ∈ g(α)} = g(α),

where we have used the property that g is join-reversing. Hence Ψ ◦Φ = idP(X)

and Φ ◦ Ψ = idQ⊗Dwn(X) follow. Since Φ is isotone, Φ is an order isomorphism.

In order to verify (3.9) we have to show that Φ( f ) is the join of

B f = { f (x)⊗ ↓x | x ∈ X}
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inQ⊗ Dwn(X). Since x ∈ Φ( f )( f (x)), we obtain↓x ⊆ Φ( f )( f (x)) for all x ∈ X
—thismeans thatΦ( f ) is an upper bound ofB f . If g ∈ Q⊗ Dwn(X) is an arbitrary
upper bound ofB f and α ≤ f (x), thenwe obtain x ∈ ↓x ⊆ g( f (x)) ⊆ g(α). Hence
Φ( f )(α) ⊆ g(α) follows for all α ∈ Q, and (3.9) is verified.

Finally, we show thatΦ is a leftQ-module homomorphism. In fact, the following
relation holds (cf. Example 3.1.8):

α �Φ( f ) = α � ( ∨

x∈X
f (x)⊗ ↓x

) = ∨

x∈X
α � ( f (x)⊗ ↓x) = ∨

x∈X
(α ∗ f (x))⊗ ↓x

= ∨

x∈X
(α � f )(x)⊗ ↓x = Φ(α � f ).

�

Theorem 3.1.11. Let X be a complete lattice, (Q, ∗, e) be a unital quantale

and X
ηM

X Q⊗ X be the join-preserving map determined by ηM
X (x) = e ⊗ x for all

x ∈ X.2 Then for every left Q-module (Y,�) and for every join-preserving map

X h Y there exists a unique left Q-module homomorphism Q⊗ X h�

Y making
the following diagram commutative:

X Q⊗ X

Y
h

ηM
X

h� (3.11)

Proof. (a) (Uniqueness). Let h� be a leftQ-module homomorphism making the dia-
gram (3.11) commutative. Then for all x ∈ X the relation h�(e ⊗ x) = h(x) follows.
By (3.8) (cf. Lemma 3.1.9) we obtain for α ∈ Q and x ∈ X :

h�(α ⊗ x) = h�((α ∗ e)⊗ x) = h�(α � (e ⊗ x)) = α � h�(e ⊗ x) = α � h(x).

Since every tensor inQ⊗ X is a join of elementary tensors, h� is uniquely determined
by the commutativity of the diagram (3.11).

(b) (Existence). We define a join-preserving map Q⊗ X h�

Y by

h� = � ◦ (1Q ⊗ h). (3.12)

Then for every α ∈ Q and for every elementary tensor β ⊗ x in Q⊗ X the relation

h�(α � (β ⊗ x)) = h�((α ∗ β)⊗ x) = (α ∗ β)� h(x)

= α � (β � h(x)) = α � h�(β ⊗ x)

2The superscript M refers to the monad defined below Corollary 3.1.12.
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holds. Since h� is join-preserving and every tensor is a join of elementary tensors,
h� is obviously a left Q-module homomorphism.

Finally, since e is the unit of Q, we conclude from (3.12) that the relation

h�(e ⊗ x) = e � h(x) = h(x)

holds for all x ∈ X . Hence h� makes the diagram (3.11) commutative. �

Referring to Lemma 3.1.9 and Theorem 3.1.11, there exists a functor

F1 : Sup→ Mod�(Q)

acting on objects and morphisms as follows:

F1(X) = (Q⊗ X,�), X h Y, F1(h) = (ηM
Y ◦ h)� = 1Q ⊗ h. (3.13)

Corollary 3.1.12. If U1 : Mod�(Q) → Sup is the forgetful functor, then F1 is left
adjoint to U1 — i.e. F1 � U1.

Proof. The assertion follows immediately from Theorem 3.1.11. �

Let M = (M, ηM, μM) be the monad on Sup induced by the adjoint situation
F1 � U1 (cf. Sect. 1.2). Obviously, M and μM have the following explicit form:

M(X) = Q⊗ X, X h Y, M(h) = 1Q ⊗ h, μM
X = � = (�⊗ 1X ) ◦ a−1QQX .

From the diagrams (3.1) and (3.2), it is not difficult to see that the Eilenberg–Moore
category SupM coincides with Mod�(Q). Hence the completeness of Mod�(Q) is
inherited by the completeness ofSup. An explicit description of colimits inMod�(Q)

is given in the next subsection.

Since the forgetful functor Sup U Preord also has a left adjoint functor,
namely Dwn (cf. Sect. 1.3.1), we can compose the adjoint situation in Corol-
lary 3.1.12 with Dwn � U and immediately obtain the following result.

Corollary 3.1.13. The forgetful functor from U0 : Mod�(Q) → Preord has a left
adjoint and is given by F0 = F1 ◦ Dwn.

ThemonadP = (
P, ηP, μP

)
induced by the adjoint situationF0 � U0 is called the

monad of Q-enriched presheaves3 on Preord. If we make use of the isomorphism

P(X) Φ Q⊗ Dwn(X) satisfying (3.9) (cf. Theorem 3.1.10), then the details of
P = (

P, ηP, μP
)
are given explicitly as follows:

3Anticipating Sect. 3.3.2 we view antitone maps X f
Q as Q-enriched covariant presheaves

Xop f
Q.
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P(X) = P(X), X h Y, P(X)
P(h)

P(Y ), X
ηP

X P(X),
(
P(h)( f )

)
(y) = ∨{ f (x) | y ≤ h(x)}, f ∈ P(X), y ∈ Y,

ηP
X (x) = Φ−1(e ⊗ ↓x) =: 1x , 1x (z) =

{
e, z ≤ x,

⊥, z �≤ x,
z, x ∈ X,

(
μP

X (F)
)
(x) = ∨

f ∈P(X)

F( f ) ∗ f (x), F ∈ P(P(X)), x ∈ X.

Before we proceed, we confirm the previous formulas. If X h Y is an isotone map,
then for f ∈ P(X) and y0 ∈ Y we observe:

(
P(h)( f )

)
(y0) = Φ−1(1Q ⊗ Dwn(h)(Φ( f ))

)
(y0)

= Φ−1( ∨

x∈X
f (x)⊗ ↓h(x)

)
(y0)

= Φ−1( ∨

y∈Y

(∨{ f (x) | y ≤ h(x)})⊗ ↓y
)
(y0)

= ∨{ f (x) | y0 ≤ h(x)}.

The description of the unit ηP
X follows immediately from (3.9) and (3.10). In order

to confirm the formula for the multiplication μP, we recall that

P(P(X))
μP

X P(X)

is the extension of the identity 1P(X) of P(X). In fact, the extension

Dwn(P(X))
1�

P(X)
P(X)

of 1P(X) to Dwn(P(X)) is given by the formation of arbitrary joins — i.e.

1�

P(X)(A) = ∨
A, A ∈ Dwn(P(X)).

Then the extension of the join-preserving map 1�

P(X) to a left Q-module homomor-

phism Φ(P(P(X))) = Q⊗ Dwn(P(X))
(1�

P(X))
�

P(X) is given in part (b) of the
proof of Theorem 3.1.11, where we use the left action on P(X) (cf. Example 3.1.8).
Hence we obtain the following relation for F ∈ P(P(X)) and x ∈ X :

(
μP

X (F)
)
(x) = (

(1�

P(X))
�(Φ(F))

)
(x) = (

(1�

P(X))
�
( ∨

f ∈P(X)

F( f )⊗ ↓ f
))

(x)

= ∨

f ∈P(X)

(
F( f )� 1�

P(X)(↓ f )
)
(x) = ∨

f ∈P(X)

F( f ) ∗ f (x).
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Theorem 3.1.14. The Eilenberg–Moore category PreordP of the monad P
of Q-enriched presheaves on Preord is isomorphic to Mod�(Q).

Proof. (a) Let (X,�) be a left Q-module. Then we define a join-preserving map

P(X)
ξ X by

ξ( f ) = ∨

x∈X
f (x)� x, f ∈ P(X) (3.14)

and show that (X, ξ) is aP-algebra. The unit axiom ξ ◦ ηP
X = 1X follows immediately

from (M2�). Nowwe apply (M1�) and notice that for all F ∈ P(P(X)) the following
relation holds:

(
ξ ◦ P(ξ)

)
(F) = ∨

x∈X

(
P(ξ)(F)

)
(x)� x

= ∨

x∈X

(∨{F( f ) | f ∈ P(X), x ≤ ξ( f )})� x

= ∨

f ∈P(X)

F( f )� ξ( f )

= ∨

x∈X, f ∈P(X)

F( f )� ( f (x)� x)

= ∨

x∈X, f ∈P(X)

(F( f ) ∗ f (x))� x

= (
ξ ◦ μP

X

)
( f ).

Hence the associativity axiom also holds. So (X, ξ) is a P-algebra.
Further, let (X,�) and (Y,�) be leftQ-modules with the corresponding P-alge-

bras (X, ξ) and (Y, ζ ), and let X h Y be a left Q-module homomorphism. Then

(h ◦ ξ)( f ) = ∨

x∈X
f (x)� h(x) = ∨

y∈Y

(∨{ f (x) | x ∈ X, y ≤ h(x)})� y = (ζ ◦ P(h))( f )

for each f ∈ P(X). Thus h is a P-homomorphism.

(b) Let (X, ξ) be a P-algebra. Then (X,≤) is a preordered set, and P(X)
ξ X is

an isotone map. Since ξ ◦ ηP
X = 1X , the preordered set (X,≤) is antisymmetric and

hence a partially ordered set. Further, let Dwn(X)
ζ X be the restriction of ξ to

Dwn(X) — i.e. ζ(A) = ξ(1A), where 1A = Φ−1(e ⊗ A). Explicitly 1A is given by:

1A(x) =
{

e, x ∈ A,

⊥, x /∈ A,
x ∈ X, A ∈ Dwn(X).

Since ζ(↓x) = x for all x ∈ X , we conclude from Lemma 1.3.3 and Theorem 1.3.4
that the partially ordered set (X,≤) is a complete lattice. In particular, the join of a
subset A of X is given by ζ(↓A). We show that ξ is join-preserving. For this purpose
we choose a subset B of P(X) and define an element F of P(P(X)) by:
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F( f ) =
{

e, f ∈ ↓B,

⊥, f /∈ ↓B,
f ∈ P(X).

Then we observe:

ξ(
∨

B) = (
ξ ◦ μP

X

)
(F) = (

ξ ◦ P(ξ)
)
(F) = ξ(1↓{ξ( f )| f ∈B}) = ∨

f ∈B
ξ( f ).

Hence ξ is join-preserving.
After these preparations we define the structure of a left Q-module on X as

follows:
α � x = ξ(α ∗ 1x ), α ∈ Q, x ∈ X.

Since ξ is join-preserving, the operation � is evidently join-preserving in its first
variable. In order to show that � is also join-preserving in its second variable, we

chooseα ∈ Q and A ⊆ X and introduce the following antitonemapsP(X)
F1,F2 Q:

F1 = α ∗ 11↓A and F2 = 1↓{α∗1x |x∈A}.

Explicitly F1 and F2 have the form:

F1( f ) =
{

α, f ≤ 1↓A,

⊥, f �≤ 1↓A,
and F2( f ) =

{
e, ∃x ∈ A : f ≤ α ∗ 1x ,

⊥, ∀x ∈ A : f �≤ α ∗ 1x .

Then we observe μP
X (F1) = α ∗ 1↓A = μP

X (F2). Further, we note:

∨

x∈A
α � x = ξ

(
1↓{α�x |x∈A}

) = (
ξ ◦ P(ξ)

)
(F2),

α � (∨
A
) = ξ(α ∗ 1∨

A) = (
ξ ◦ P(ξ)

)
(F1).

Hence
∨

x∈A α � x = α � (∨
A
)
follows from the associativity axiom. To sum up,

we have shown that � is a bimorphism.
The axiom (M2�) is evident. In order to verify (M1�) we choose α, β ∈ Q and

x ∈ X . Now we consider an antitone map P(X) F Q defined by:

F( f ) =
{

β, f ≤ α ∗ 1x

⊥, f �≤ α ∗ 1x ,
f ∈ P(X).

Since μP
X (F) = (β ∗ α) ∗ 1x , we conclude again from the associativity axiom that

the relation

(β ∗ α)� x = (
ξ ◦ μP

X

)
(F) = (

ξ ◦ P(ξ)
)
(F) = ξ(β ∗ 1α�x ) = β � (α � x)

holds. Hence (X,�) is a left Q-module.
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Finally, let (X, ξ) and (Y, ζ ) be P-algebras and X h Y be a P-homomorphism.
Then it is easily seen that the following relations hold for all α ∈ Q, x ∈ X and
A ⊆ X :

h(
∨

A) = h(ξ(1↓A)) = (
ζ ◦ P(h)

)
(1↓A) = ζ(1↓h(A)) = ∨

h(A),

h(α � x) = (h ◦ ξ)(α ∗ 1x ) = (ζ ◦ P(h))(α ∗ 1x ) = ζ(α ∗ 1h(x)) = α � h(x).

Hence h is a left Q-module homomorphism. �

Remark 3.1.15. By Theorem 3.1.14 the left Q-module (P(X),�) (cf. Example
3.1.8) is the free left Q-module generated by the preordered set X . If we identify
arbitrary sets X with discrete ordered sets, then P(X) and QX coincide. Therefore
QX is the free left Q-module generated by the underlying set X (cf. p. 10 in [59]).
From the point of view of fuzzy set theory the free leftQ-moduleQX is understood
as the algebra ofQ-fuzzy subsets of X (cf. [39]). Hence, in general, fuzzy set theory is
module theory in Sup. As a confirmation of this insight we point out the well-known
fact that every left Q-module (X,�) is a quotient (see Fact II infra) of the free left
Q-module QX (cf. [59] and Exercise 3.1.9).

3.1.1 Linear Closure Operators and Colimits in Mod�(Q)

The construction of coproducts in Mod�(Q) is straightforward. Indeed, let
F = {(Xi ,�i ) | i ∈ I } be a family of left Q-modules. Then we provide

∏
i∈I Xi

with the following left action:

α � ((xi )i∈I ) = (α �i xi )i∈I , α ∈ Q, (xi )i∈I ∈ ∏

i∈I
Xi ,

and consider the coproduct injections X j
q j ∏

i∈I Xi determined by:

q j (x j ) = (zi )i∈I , zi =
{

x j , i = j,

⊥, i �= j,
x j ∈ X j

where ⊥ is the universal lower bound in Xi . Evidently, (
∏

i∈I Xi , (qi )i∈I ) is the
coproduct of F in Mod�(Q).

Since surjective left Q-module homomorphisms are always epimorphisms, the
next proposition can be seen as a characterization of epimorphisms in Mod�(Q).

Proposition 3.1.16. Let X h Y be an epimorphism in the sense of Mod�(Q). Then
h, viewed as map, is surjective.

Proof. (a) By Example 3.1.6 the left-implication on Q can be considered as a
left action � on Qop determined by α � β = β ↙ α. Further, each element y ∈ Y
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induces a left Q-module homomorphism Y
hy

Qop as follows:

hy(z) = ∨{
α ∈ Q | α � z ≤ y

}
, z ∈ Y.

In fact, hy is join-reversing, and the relation hy(z)� z ≤ y holds. Further, we
observe:

(hy(α � z) ∗ α)� z = hy(α � z)� (α � z) ≤ y.

Hence hy(α � z) ∗ α ≤ hy(z) follows — i.e. hy(α � z) ≤ hy(z) ↙ α. On the other
hand, we obtain:

(hy(z) ↙ α)� (α � z) = ((hy(z) ↙ α) ∗ α)� z ≤ hy(z)� z ≤ y.

This means hy(z) ↙ α ≤ hy(α � z). So, we have verified that hy is a leftQ-module
homomorphism.

(b) Let X h Y be an epimorphism in Mod�(Q) and h� be its right adjoint map. Then
for all α ∈ Q, x ∈ X and y ∈ Y we obtain the following chain of equivalences:

α ≤ (hy ◦ h)(x) ⇐⇒ h(α � x) = α � h(x) ≤ y

⇐⇒ α � x ≤ h�(y)

⇐⇒ α � x ≤ (h� ◦ h ◦ h�)(y)

⇐⇒ α � h(x) = h(α � x) ≤ (h ◦ h�)(y)

⇐⇒ α ≤ (h(h◦h�)(y) ◦ h)(x).

Hence hy ◦ h = h(h◦h�)(y) ◦ h follows for all y ∈ Y . If h is an epimorphism, then hy

and h(h◦h�)(y) necessarily coincide. In particular, we obtain e ≤ hy(y) = h(h◦h�)(y)(y)

and e ≤ h(h◦h�)(y)

(
(h ◦ h�)(y)

) = hy((h ◦ h�)(y)), which means (h ◦ h�)(y) ≤ y
and y ≤ (h ◦ h�)(y). Hence a left Q-module homomorphism h is an epimorphism
if and only if h ◦ h� = 1Y if and only if h is surjective (cf. Exercise 1.3.2 (a)). �

The next property can be derived from general principles of category theory (cf. [47,
Proposition 21.16]), but we give here a direct proof.

Proposition 3.1.17. Let (X,�) h (Y,�) be an epimorphism inMod�(Q). Further,

let (P,�)
p
q (X,�) be the kernel pair of h. Then the diagram

P X

X Y

p

q

h

h

is a pullback square and a pushout square — i.e. a pulation square.
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Proof. By definition, the diagram is a pullback square. In order to verify that it is

also a pushout square we choose a pair (X,�)
k
l (Z ,�) of left Q-module homo-

morphisms with k ◦ p = l ◦ q. Since the forgetful functor from Mod�(Q) to Sup
preserves pullbacks, we conclude from Theorem 2.1.2 that there is a unique join-
preserving map Y π Z such that k = π ◦ h = l holds. We have to show that π

preserves the respective left actions. For this purpose we fix α ∈ Q and y ∈ Y . Since
h is surjective (cf. Proposition 3.1.16), there exists an x ∈ X with h(x) = y. Now
we obtain:

π(α � y) = π(α � h(x)) = π
(
h(α � x)

) = k(α � x) = α � k(x) = α � π(y).

Hence π is a left Q-module homomorphism. �

As an immediate corollary we obtain from Proposition 3.1.17 that every epimor-
phism in Mod� is the coequalizer of its kernel pair. Hence we can summarize the
previous results as follows.

Fact II. Surjective left Q-module homomorphism, epimorphism and regular epi-
morphism are equivalent concepts in Mod�(Q).

A closure operator c on a left Q-module (X,�) is linear if c is compatible with
the left action in the following sense:

α � c(x) ≤ c(α � x), α ∈ Q, x ∈ X. (3.15)

Obviously, every linear closure operator c on a left Q-module (X,�) determines a
left action � on the quotient (c(X), �) of X w.r.t. c by

α � c(x) = c(α � c(x)) = c(α � x), α ∈ Q, x ∈ X

such that the quotient map X π c(X) is transmitted to a left Q-module homomor-
phism.

Proposition 3.1.18. The coequalizer of every pair of parallel left Q-module homo-
morphisms exists in Mod�(Q).

Proof. If we replace nuclei by linear closure operators, the proof of Theorem 2.2.6
can be repeated verbatim. �

Further, the associated closure operator ch = h� ◦ h of every left Q-module homo-

morphism X h Y is linear. In fact, the following relation holds:

α � ch(x) ≤ ch(α � ch(x)) = h�(h(α � (h� ◦ h)(x))) = h�(α � (h ◦ h� ◦ h)(x))

= h�(α � h(x)) = (h� ◦ h)(α � x).
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Hence every left Q-module homomorphism X h Y has a decomposition

X ch(X)

Y
h

πh

mh

into an epimorphism πh of Mod�(Q) determined by ch and followed by a monomor-
phism mh of Mod�(Q) defined on ch(X) by mh(x) = h(x) for all x ∈ ch(X). Since
this decomposition is unique up to isomorphism,Mod�(Q) is an (epi,mono)-category.
Hence the class of quotient objects of a left Q-module (X,�) is a partially ordered
set and is order isomorphic to the complete lattice of all linear closure operators on
(X,�).

To sum up, we record the following important fact.

Fact III. The category Mod�(Q) of left Q-modules is a complete and cocomplete
(epi, mono)-category. The same results hold for right Q-modules.

Since the forgetful functor from Sup to Set has a left adjoint functor given by
the power set functor, we derive the following important result from the previous
Facts II and III and Proposition 3.1.18.

Corollary 3.1.19. The category Mod�(Q) (resp. Modr (Q)) is algebraic.

3.1.2 Annihilators and Generators in Left Q-Modules

Let (X,�) be a left Q-module and x be an element of X . The annihilator ann (x)

of x is an element of Q defined by

ann (x) = ∨{α ∈ Q | α � x = ⊥}.

Obviously, any annihilator of some element of a left Q-module is left-sided.
An element x ∈ X is said to be invariant if �� x ≤ x holds. Obviously the

universal bounds of a left Q-module are invariant. Moreover, if c is a linear closure
operator on (X,�), then c(⊥) is always invariant.

A leftQ-module (X,�) is called irreducible if the subset of all invariant elements
of X coincides with {⊥,�}. Every linear closure operator c on an irreducible left
Q-module is either trivial (i.e. c(⊥) = �) or satisfies the property c(⊥) = ⊥.

Finally, an element x of a left Q-module (X,�) is a generator of (X,�) if the
following relation holds

X = {α � x | α ∈ Q}.

Theorem 3.1.20. Let (Q, ∗, e) be a unital quantale and x be a generator of a left
Q-module (X,�). If ann (x) is a maximal left-sided element of Q, then (X,�) is
irreducible.
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Proof. Let us choose an invariant element z ∈ X with z �= ⊥. Since x is a generator of
(X,�) there exists an α ∈ Q such that z = α � x . Then the property z �= ⊥ implies
� ∗ α �≤ ann (x). In fact, we have (� ∗ α)� x = �� z ≥ e � z = z �= ⊥.

Since the annihilator of x is a maximal left-sided element of Q, it follows that
� = (� ∗ α) ∨ ann (x). Now, we use again the property that x is a generator of
(X,�) and obtain:

� = �� x = (
(� ∗ α) ∨ ann (x)

)� x = (� ∗ α)� x = �� z.

Hence an invariant element z ∈ X with z �= ⊥ necessarily coincides with �. �
The aim of the following considerations is to explain the rôle of annihilators in

some more detail. For this purpose we first need an example.

Example 3.1.21. Let (X,�) be a left Q-module and x be an invariant element of
X . Then x induces a linear closure operator cx with cx (z) = z ∨ x for all z ∈ X , and
the quotient of (X,�) w.r.t. cx coincides with the upsegment ↑x equipped with the
following left action:

α �x z = (α � z) ∨ x, α ∈ Q, z ∈ ↑x . (3.16)

Obviously, the corresponding quotient map X πx ↑x has the form πx (z) = z ∨ x
for all z ∈ X .

Further, we recall that the underlying unital quantale can always be considered
as a left Q-module where the left action is determined by the multiplication in Q
(cf. Example 3.1.6). Then we can make the simple observation that every element

x of a left Q-module (X,�) induces a left Q-module homomorphisms Q hx X

by hx(α) = α � x . Further, let ann (x) be the annihilator of x and Q
πx ↑ann (x)

be the quotient map constructed in Example 3.1.21 — i.e. by abuse of notation πx

has the form πx (α) = α ∨ ann (x). Since hx(α ∨ ann (x)) = α � x = hx (α), it is
easily seen that hx factors though πx — i.e. there exists a unique left Q-module

homomorphism ↑ann (x)
kx X making the following diagram commutative:

Q ↑ann (x)

X

πx

hx
kx

(3.17)

Finally, we determine the image of hx . For this purpose we construct the closure
operator chx corresponding to hx . Since the right adjoint map h�x of hx has the form

h�x (y) = y ↙ x = ∨{α ∈ Q | α � x ≤ y}, y ∈ X,

the image of hx (i.e. the quotient ofQ w.r.t. chx ) is the leftQ-module (Z , �̂), where
the underlying set
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Z = {(α � x) ↙ x | α ∈ Q}

is provided with the partial order inherited by Q and the left action �̂ is given by:

β �̂ (
(α � x) ↙ x

) = (
(β ∗ α)� x

) ↙ x, β ∈ Q.

By diagram (3.17) the leftQ-module (Z , �̂) is a quotient of the upsegment ↑ann (x).
If in addition x is a generator of (X,�) — this means that hx is an epimorphism (cf.
Proposition 3.1.16), then (Z , �̂) is isomorphic to (X,�).

3.1.3 Modules on Involutive and Unital Quantales

In this subsection we always assume that Q is an involutive and unital quantale
(Q, ∗, e, ′). If X is a complete lattice, then every left action � on X induces a right
action � on X by:

x � α = α′ � x, α ∈ Q, x ∈ X. (3.18)

Analogously, every right action � on X also induces a left action on X by:

α � x = x � α′, α ∈ Q, x ∈ X. (3.19)

Obviously, these observations give rise to isomorphisms Mod�(Q)
T� Modr (Q)

and Modr (Q)
Tr Mod�(Q) which leave morphisms invariant, but act on objects as

follows:
T�(X,�) = (X,�) where � is determined by (3.18),
Tr (X,�) = (X,�) where� is determined by (3.19).

Hence we conclude from the previous Fact I that Mod�(Q) and Modr (Q) have self-
dualities given by S� = FT� and Sr = F−1Tr . In particular, S� and Sr have the
following explicit form:

S�(X,�) = (Xop,�op) where α �op x = ∨{z ∈ X | α′ � z ≤ x}, (3.20)

Sr (X,�) = (Xop,�op) where x �
op α = ∨{z ∈ X | z � α′ ≤ x}, (3.21)

X h Y, Y op h� Xop, S�(h) = h�, Sr (h) = h�.

The next example is a first simple application of the formulas (3.20) and (3.21).

Example 3.1.22. Let (Q, ∗, e, ′) be an involutive and unital quantale. Then the
involution and the left- and right-implications of Q induce the structure of a
Q-bimodule on Qop by:
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α �op β = α′ ↘ β and β �
op α = β ↙ α′, α ∈ Q, β ∈ Qop.

Referring to Example 3.1.6 it is easily seen that the involution ′ is a Q-bimodule

isomorphism (Qop,�,�)
′

(Qop,�op,�op). In fact, because of (2.35) the follow-
ing relations hold:

(α � β)′ = (β ↙ α)′ = α′ ↘ β ′ = α �op β ′,
(β � α)′ = (α ↘ β)′ = β ′ ↙ α′ = β ′

�
op α.

The next example reveals thatQ-bimodules determine contravariant endofunctors
of Mod�(Q) (resp. Modr (Q)).

Example 3.1.23. Let (Q, ∗, e, ′) be an involutive and unital quantale. Further, let
(X,�) be a leftQ-module, and let (Y,�,�) be aQ-bimodule. Then the set [X, Y ]
of all left Q-module homomorphisms X

f
Y is a complete lattice with respect to

the pointwisely defined order. Since Y is a Q-bimodule, we can introduce the left
action � on [X, Y ] as follows:

(α � f )(x) = f (x) � α′, α ∈ Q, f ∈ [X, Y ], x ∈ X. (3.22)

In fact, if f is a leftQ-module homomorphism, the associativity axiom (3.6) implies:

(α � f )(β � x) = (
f (β � x)

)
� α′ = (

β � f (x)
)
� α′

= β � (
f (x) � α′

) = β � (α � f )(x)

for each β ∈ Q and x ∈ X . Hence α � f is again a leftQ-module homomorphism.
The proof of the left action axioms (M1�) and (M2�) is obvious. Thus ([X, Y ],�) is
a left Q-module.

Finally, on this basis it is easily seen that every Q-bimodule (Y,�,�) induces a
contravariant endofunctor GY of Mod�(Q) as follows:

GY (X) = [X, Y ],
(X2,�) h (X1,�), [X1, Y ] GY (h) [X2, Y ], GY (h)( f ) = f ◦ h, f ∈ [X1, Y ].

In the following considerationswewill show that theQ-bimoduleQop constructed
in Example 3.1.22 is a dualizer in Mod�(Q).

Lemma 3.1.24. Let (X,�) be a leftQ-module. Then for every leftQ-module homo-

morphism X h Qop there exists a unique element zh ∈ X such that the following
relation holds:

h(x)′ = ∨{α ∈ Q | α � x ≤ zh}, x ∈ X, (3.23)

where ′ is the involution in Q.
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Proof. (a) (Uniqueness) If z1 and z2 are elements of X such that the relation (3.23)
holds, then we obtain e ≤ h(z1)′ and e ≤ h(z2)′, where e is the unit ofQ. Hence the
relation z1 = e � z1 ≤ h(z1)′ � z1 ≤ z2 follows. Interchanging the rôle of z1 and z2
we also have z2 ≤ z1. Thus z1 and z2 coincide.

(b) (Existence) For every left Q-module homomorphism X h Qop we define an
element zh ∈ X by

zh = ∨{y ∈ X | e ≤ h(y)}.

Since h, viewed as map from X to Q, is join-reversing, e ≤ h(zh) holds. Now
we choose x ∈ X and put βx = ∨{

α ∈ Q | α � x ≤ zh
}
. Since βx � x ≤ zh , we

obtain e ≤ h(zh) ≤ h(βx � x). Since X h Qop is a leftQ-module homomorphism,
e ≤ βx �op h(x) = β ′

x ↘ h(x) follows — this means βx ≤ h(x)′.
On the other hand,we observe e ≤ h(x)↘h(x)=h(x)′ �op h(x)=h

(
h(x)′ � x

)
.

Then the definition of zh implies h(x)′ � x ≤ zh . Hence h(x)′ ≤ βx holds. To sum
up,we have shown h(x)′ = βx for all x ∈ X . Thismeans that zh satisfies the condition
(3.23). �
Lemma 3.1.25. Let (X,�) be a left Q-module. Then every element z ∈ X induces

a left Q-module homomorphism X hz Qop by

hz(x) = ∨{α ∈ Q | α′ � x ≤ z}, x ∈ X. (3.24)

Proof. Evidently, X
hz Q is join-reversing— i.e. X

hz Qop is join-preserving. In
particular, hz(x)′ � x ≤ z for all x ∈ X . Now we fix α ∈ Q and observe:

(α �op hz(x))′ � (α � x) = (α′ ↘ hz(x))′ � (α � x) = (hz(x)′ ↙ α)� (α � x)

= ((hz(x)′ ↙ α) ∗ α)� x ≤ hz(x)′ � x ≤ z.

Hence α �op hz(x) ≤ hz(α � x) follows. On the other hand, the relation

(hz(α � x)′ ∗ α)� x = hz(α � x)′ � (α � x) ≤ z

implies (hz(α � x)′ ∗ α)′ ≤ hz(x) — i.e. hz(α � x)′ ∗ α ≤ hz(x)′. Therefore we
obtain hz(α � x)′ ≤ hz(x)′ ↙ α — i.e.

hz(α � x) ≤ (hz(x)′ ↙ α)′ = α′ ↘ hz(x) = α �op hz(x).

Hence hz is a left Q-module homomorphism. �
Theorem 3.1.26. Let S� be the self-duality of Mod�(Q) and GQop be the contrava-
riant endofunctor induced by the Q-bimodule Qop. The correspondence z �−→ hz

determined by (3.24) is a natural isomorphism Γ = (ΓX )X : S� → GQop .

Proof. (a) Let (X,�) be a left Q-module. With regard to Lemma 3.1.24 and Lem-

ma 3.1.25 we know already that the map Xop ΘX [X,Qop] defined by
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ΘX (z) = hz, hz(x) = ∨{α ∈ Q | α′ � x ≤ z}, x, z ∈ X

is bijective. Now we show that ΘX is a left Q-module homomorphism. Obviously,
ΘX is join-preserving, which means in this context:

h∧
Z (x) = ∨{α ∈ Q | α � x ≤ ∧

Z} = ∧

z∈Z
hz(x), Z ⊆ X.

Now let �op be the left action on Xop (cf. (3.20)). Then for α ∈ Q we obtain:

α′ � (hα�op z(x)′ � x) ≤ α′ � (α �op z) ≤ z, x ∈ X.

Hence α′ ∗ hα�op z(x)′ ≤ hz(x)′ follows — i.e.

hα�op z(x) ≤ (α′ ↘ hz(x)′)′ = hz(x) ↙ α = (α � hz)(x), x ∈ X

(cf. Example 3.1.22 and (3.22) in Example 3.1.23). On the other hand we observe:

α′ � ((α′ ↘ hz(x)′)� x) = (α′ ∗ (α′ ↘ hz(x)′))� x ≤ hz(x)′ � x ≤ z.

Then (α′ ↘ hz(x)′)� x ≤ α �op z holds, and the following relation follows:

(α � hz)(x) = hz(x) ↙ α = (α′ ↘ hz(x)′)′ ≤ hα�op z(x).

Thus we have shown α � hz = hα�op z —i.e.ΘX is a leftQ-module homomorphism.

(b) In order to verify the naturality of (ΓX )X we consider a further left Q-module

(Y,�) and a left Q-module homomorphism X k Y . If k� is the right adjoint map
of k, then for all α ∈ Q, x ∈ X and y ∈ Y the equivalence

α′ � k(x) = k(α′ � x) ≤ y ⇐⇒ α′ � x ≤ k�(y)

holds. Hence we obtain hy(k(x)) = hk�(y)(x) for all x ∈ X and y ∈ Y — this means
the commutativity of the following diagram:

Xop Y op

[X,Qop] [Y,Qop]
ΘX

k�

ΘY

GQop (k) �

As an immediate corollary of Theorem 3.1.26 we record the following:
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Fact IV. In the case of involutive and unital quantales theQ-bimoduleQop defined
in Example 3.1.22 is the dualizer in the category Mod�(Q) of left Q-modules. An
analogous result holds for Modr (Q).

3.1.4 The Tensor Product in Mod(Q)

In this subsection (Q, ∗, e) always denotes a commutative and unital quantale. Due
to the commutativity of Q left Q-modules can always be viewed as Q-bimodules.
Thus we will only speak of Q-modules and Q-module homomorphisms and the
corresponding category is denoted by Mod(Q). In this context we will always apply
actions as left actions. Moreover, the left- and right-implication of Q coincide and
are denoted by→.

The aim of the following considerations is to show that, in the case of commutative
and unital quantales, the tensor product ofQ-modules (X,�) and (Y,�) exists and
is given by the Q-module [X, Y op]op of join-reversing Q-module homomorphisms
up to an isomorphism. Referring to Example 3.1.23, we first recall the action � on
[X, Y op]:

(α � f )(x) = α �op f (x), α ∈ Q, f ∈ [X, Y op], x ∈ X,

where �op denotes the action on Y op and is given by (3.20). Now we apply (3.20)
again and note that the action on [X, Y op]op attains the following form:

α �op f = ∧{g ∈ [X, Y op]op | f ≤ α � g}, α ∈ Q, f ∈ [X, Y op]op. (3.25)

Further ⊗ always denotes the tensor product in Sup. Since meets in [X, Y op]op

are computed pointwisely, [X, Y op]op is obviously the quotient of X ⊗ Y w.r.t. the
closure operator c0 on X ⊗ Y defined by:

c0( f ) = ∧{g ∈ [X, Y op]op | f ≤ g}, f ∈ X ⊗ Y. (3.26)

We begin with a characterization of Q-module homomorphisms in X ⊗ Y .

Lemma 3.1.27. Let (X,�) and (Y,�) be Q-modules. Further, let f be a tensor of
X ⊗ Y . Then the following assertions are equivalent:

(i) X f Y op is a Q-module homomorphism — i.e. f ∈ [X, Y op]op.
(ii) For all x ∈ X, y ∈ Y and α ∈ Q the following equivalence holds:

(α � x)⊗ y ≤ f ⇐⇒ x ⊗ (α � y) ≤ f.

Proof. (i) =⇒ (ii). Since X
f

Y op is a Q-module homomorphism, the following
chain of equivalences hold for all x ∈ X and y ∈ Y :
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(α � x)⊗ y ≤ f ⇐⇒ y ≤ f (α � x) = α �op f (x)

⇐⇒ α � y ≤ f (x)

⇐⇒ x ⊗ (α � y) ≤ f.

(ii) =⇒ (i). Let us fix x ∈ X and α ∈ Q. Because of (ii) we conclude from
(α � x)⊗ f (α � x) ≤ f that x ⊗ (

α � f (α � x)
) ≤ f holds. Consequently we

obtain α � f (α � x) ≤ f (x). In particular, the relation f (α � x) ≤ α �op f (x)

follows.
On the other hand, it is easily seen that x ⊗ (

α � (
α �op f (x)

)) ≤ x ⊗ f (x) ≤ f
holds. Now we apply (ii) again and obtain (α � x)⊗ (α �op f (x)) ≤ f .
In particular, α �op f (x) ≤ f (α � x) follows. Hence we have verified
f (α � x) = α �op f (x). �
Definition 3.1.28. Let (X,�), (Y,�) and (Z ,�) be Q-modules. A bimorphism

X × Y b Z in Sup is a bimorphism in Mod(Q) if b satisfies the following property

b(α � x, y) = α � b(x, y) = b(x, α � y), α ∈ Q, x ∈ X, y ∈ Y

— this means that b is a Q-module homomorphism in each variable separately.

A pair
(
b0, (M,�)

)
is called a tensor product of (X,�) and (Y,�) if (M,�) is

a Q-module and X × Y b0 M is a bimorphism in Mod(Q) such that the following
universal property holds:

For every Q-module (Z ,�) and every bimorphism X × Y b Z in Mod(Q) there exists a

unique Q-module homomorphism M hb Z making the following diagram commutative:

X × Y M

Z

b0

b
hb

Comment. The tensor product of Q-modules is unique up to isomorphism. In this
context b0 is called the universal bimorphism in Mod(Q).

In order to prove the existence of the tensor product ofQ-modules we begin with
an example showing that universal bimorphisms inSup induce specific bimorphisms
in Mod(Q).

Example 3.1.29. Let (X,�) and (Y,�) be Q-modules. Since � = α �op �, the
universal upper bound�⊗� is always aQ-module homomorphism. Further, let c0
be the closure operator on X ⊗ Y determined by (3.26). Then for all (x, y) ∈ X × Y
we define an element x ⊗Q y of [X, Y op]op by:

x ⊗Q y = c0(x ⊗ y) = ∧{ f ∈ [X, Y op]op | x ⊗ y ≤ f }. (3.27)

Since ⊗ is a bimorphism in Sup, the correspondence (x, y) �−→ x ⊗Q y is also
a bimorphism in Sup. We show that (x, y) �−→ x ⊗Q y is even a bimorphism in
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Mod(Q). For this purpose we fix (x, y) ∈ X × Y and α ∈ Q and conclude from
Lemma 3.1.27 and (3.25) that the following relation holds:

(α � x)⊗Q y = ∧{ f ∈ [X, Y op]op | (α � x)⊗ y ≤ f }
= ∧{ f ∈ [X, Y op]op | x ⊗ (α � y) ≤ f }
= x ⊗Q (α � y)

= ∧{ f ∈ [X, Y op]op | α � y ≤ f (x)}
= ∧{ f ∈ [X, Y op]op | y ≤ α �op f (x)}
= ∧{ f ∈ [X, Y op]op | x ⊗ y ≤ α � f }
= ∧{ f ∈ [X, Y op]op | x ⊗Q y ≤ α � f }
= α �op (x ⊗Q y).

Hence the correspondence (x, y) �−→ x ⊗Q y is a bimorphism inMod(Q). By abuse
of notation we also denote this correspondence by ⊗Q.

Theorem 3.1.30. If (X,�) and (Y,�) areQ-modules, then ([X, Y op]op,⊗Q) is the
tensor product of (X,�) and (Y,�).

Proof. Let (Z ,�) be a further Q-module and X × Y b Z be a bimorphism in
Mod(Q). Since the quotient map from X ⊗ Y to [X, Y op]op is join-preserving, every
element f ∈ [X, Y op]op is a join of an appropriate family {xi ⊗Q yi | i ∈ I }. Hence
the uniqueness of theQ-module homomorphism [X, Y op]op hb Z with the property
b(x, y) = hb(x ⊗Q y) is evident. In order to verify the existence of hb we proceed as
follows. Since b is also a bimorphism in Sup, there exists a unique join-preserving

map X ⊗ Y kb Z such that b(x, y) = kb(x ⊗ y) for all (x, y) ∈ X × Y . Let ckb be
the closure operator associated with kb — i.e. ckb = k�b ◦ kb. Since every tensor of
X ⊗ Y is a join of elementary tensors, the closure operator ckb has the following
form:

ckb( f ) = ∨{x ⊗ y | b(x, y) ≤ kb( f )}, f ∈ X ⊗ Y.

We show that ckb( f ) is a Q-module homomorphism from (X,�) to (Y op,�op) for
all f ∈ X ⊗ Y . In fact, the following chain of equivalences holds for α ∈ Q, x ∈ X
and y ∈ Y :

(α � x)⊗ y ≤ ckb( f ) ⇐⇒ kb
(
(α � x)⊗ y

) ≤ kb( f )

⇐⇒ b(α � x, y) = b(x, α � y) ≤ kb( f )

⇐⇒ x ⊗ (α � y) ≤ ckb( f ).

Thus we conclude from Lemma 3.1.27 that ckb( f ) ∈ [X, Y op]op. Hence c0 ≤ ckb

follows. This means that kb factors through the quotient map X ⊗ Y [X, Y op]op —

i.e. there exists a (unique) join-preserving map [X, Y op]op hb Z such that kb( f ) =
(hb ◦ c0)( f ) holds. In particular, the subsequent relation follows:
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b(x, y) = kb(x ⊗ y) = hb(c0(x ⊗ y)) = hb(x ⊗Q y), x ∈ X, y ∈ Y.

In completing the proof we show that hb is a Q-module homomorphism. Therefore
we choose α ∈ Q and f ∈ [X, Y op]op and consider a family {xi ⊗Q yi | i ∈ I } with
the property f = ∨

i∈I xi ⊗Q yi . Then we obtain:

hb(α �op f ) = hb
(∨

i∈I
α �op (xi ⊗Q yi )

)

= ∨

i∈I
hb

(
(α � xi )⊗Q yi

) = ∨

i∈I
b(α � xi , yi ) = ∨

i∈I
α � b(xi , yi )

= α � (∨

i∈I
b(xi , yi )

) = α � (∨

i∈I
hb(xi ⊗Q yi )

) = α � hb( f ).

Hence hb is in fact a Q-module homomorphism. �

Motivated by the previous theorem we introduce the following notation and ter-
minology.

Notation. TheQ-module [X, Y op]op is denoted by X ⊗Q Y and is called the tensor

product of the Q-modules (X,�) and (Y,�). In this context X × Y ⊗Q X ⊗Q Y
is called the universal bimorphism in Mod(Q). Further, every element of X ⊗Q Y is
said to be a tensor, and tensors of the form x ⊗Q y with x ∈ X and y ∈ Y are called
elementary tensors. In this context we note the important fact that every tensor is a
join of an appropriate family of elementary tensors.

In the following considerations we briefly describe algebraic properties of the
tensor product in Mod(Q).

By the universal property of the tensor product the object function
(X, Y ) �−→ X ⊗Q Y can be completed to a bifunctor, also denoted by ⊗Q. In fact,

for every pair of Q-module homomorphisms X1
h1 Y1 and X2

h2 Y2 there exists
a unique Q-module homomorphism

X1 ⊗Q X2
h1⊗Qh2 Y1 ⊗Q Y2

making the following diagram commutative:

X1 × X2 X1 ⊗Q X2

Y1 × Y2 Y1 ⊗Q Y2

h1×h2

⊗Q

h1⊗Qh2

⊗Q

We show that for every Q-module (X,�) the endofunctor X ⊗Q of Mod(Q) has
a right adjoint functor. For this purpose, we fix (X,�) and introduce an endofunctor
homX of Mod(Q) as follows:
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homX (Y ) = [X, Y ],
Y1

h Y2, [X, Y1] homX (h) [X, Y2], homX (h)( f ) = h ◦ f, f ∈ [X, Y1].

Corollary 3.1.31. For every Q-module (X,�) the functor homX is right adjoint to
the functor X ⊗Q .

Proof. Let (X,�) be a fixed Q-module. Then for every further Q-module (Y,�)

there exist a Q-module homomorphism Y
ηY [X, X ⊗Q Y ] defined by:

ηY (y)(x) = x ⊗Q y

for all x ∈ X and y ∈ Y . It is easily seen that η = (ηY )Y is a natural transformation
from idMod(Q) to homX ◦ (X ⊗Q ). We show that η is the unit of the adjoint situ-
ation (X ⊗Q ) � homX . For this purpose we first notice that for every Q-module

(Z ,�) everyQ-module homomorphism Y h [X, Z ] can be identifiedwith a bimor-

phism X × Y bh Z in Mod(Q) as follows:

bh(x, y) = h(y)(x), x ∈ X, y ∈ Y.

By the universal property of the tensor product in Mod(Q) (cf. Definition 3.1.28
and Theorem 3.1.30) the proof of Theorem 2.1.12 can be transferred to the setting

of Q-modules. Hence the unique Q homomorphism X ⊗Q Y �h� Z making the
diagram

Y [X, X ⊗Q Y ]

[X, Z ]
h

ηY

homX (�h�)

commutative is the unique extension of bh to a Q-module homomorphism. �

Let (X,�), (Y,�) and (Z ,�) beQ-modules. For x ∈ X , y ∈ Y , z ∈ Z andα ∈ Q
it is easily seen that the following relation holds:

x ⊗Q

(
y ⊗Q (α � z)

) = x ⊗Q

(
α �op (y ⊗Q z)

) = α �op
(
x ⊗Q (y ⊗Q z)

)
.

Hence by analogy with Lemmas 2.1.13 and 2.1.15 we conclude from the univer-
sal property of the tensor product ⊗Q (cf. Definition 3.1.28 and Theorem 3.1.30)
that the bifunctor ⊗Q is associative and symmetric. Finally, by Theorem 3.1.26 the
Q-module Q is obviously the unit object of ⊗Q.

To sum up, we have established the following important

Fact V. If (Q, ∗, e) is a commutative and unital quantale, then the category
Mod(Q) is a symmetric and monoidal closed category provided with a self-duality
turning Mod(Q) into a star-autonomous category.
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By Fact V we can apply the constructions in Sect. 1.1 to Mod(Q). Hence in the
case of commutative and unital quantales we have (free) magmas inMod(Q)—these
are ( free) algebras — and semigroups in Mod(Q) — these are associative algebras.
Even though the study of these structures is beyond the scope of this book, we finish
this subsection with an example related to the ideal theory of C∗-algebras.

Example 3.1.32. Let (A,+, ·) be a unital C∗-algebra, R(A) be the quantale of all
closed right ideals of A, and I(A) be the subquantale of all closed two-sided ideals
of A (cf. Sect. 2.5.3). Then R(A) is obviously an I(A)-module. In particular, the
corresponding left action� and right action� are given by I � R = R � I = R ∗ I ,
where ∗ denotes the idealmultiplication. Since the idealmultiplication of closed right
(left) ideals is idempotent (cf. Corollary 2.4.5),R(A) is right-symmetric and I(A) is
a frame (cf. Lemma 2.4.3). Thus the following relation holds:

(R1 ∗ R2) � I = R1 ∗ (R2 � I ) = (R1 � I ) ∗ R2, I ∈ I(A), R1, R2 ∈ R(A).

This means that the ideal multiplication inR(A) is a bimorphism in the sense of the
category Mod(I(A)). Hence there exists a unique extension of ∗ to the tensor product
of I(A)-modules making the following diagram commutative:

R(A)×R(A) R(A)⊗I(A) R(A)

R(A)

∗

⊗I(A)

�

We can summarize the previous observations in the following statement: The pair
(R(A),�) is an idempotent and in general not commutative semigroup inMod(I(A))

— i.e. a non-commutative I(A)-algebra in Sup. For more details on right (left)
Q-modules, we refer to Sects. 3.3.3 and 3.3.4.

Exercises

3.1.1. Let X be a complete lattice and [X, X ] be the unital quantale of all join-
preserving self-maps of X provided with the multiplication given by the composition
ofmaps. Show that the evaluation arrow induces the structure of a left [X, X ]-module
on X .
(Hint: Proposition 3.1.3.)

3.1.2. Let C3 = {⊥, a,�} be the chain with three elements and C�
3 = (C3, ∗l) (resp.

Cr
3 = (C3, ∗r )) be the non-commutative, idempotent and left-sided (resp. right-sided)

quantale on C3 (cf. Example 2.3.26). Then 1C3 is an anti-isomorphism between C�
3

and Cr
3 — i.e. C�

3 is the transposed quantale of Cr
3. Further, let Ĉ�

3 be the unitalization
of C�

3, Ĉr
3 be the unitalization of Cr

3 (cf. Exercise 2.2.2), and let ([C3, C3], ◦, 1C3) be
the unital quantale of all join-preserving self-maps of C3 (cf. Example 2.3.31).

(a) Show that there exist exactly six unital homomorphisms Ĉ�
3

h [C3, C3].
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(b) Conclude from (a) that there exist exactly six right Ĉr
3-modules on C3 (cf. Prop-

osition 3.1.5). Describe explicitly the corresponding right actions on C3 with
respect to Ĉr

3.

3.1.3. Let (X,�) be a leftQ-module, and X ι X be an order-preserving involution

on X . Show that Q⊗ X �̃ X given by

α �̃ x = ι(α � ι(x)), α ∈ Q, x ∈ X

is again a left action on X .

3.1.4. Let Q be a frame (i.e. ∗ = ∧) and α �−→ α⊥ be an order-reversing

involution on Q. Further, let Q⊗Qop � Qop be a join-preserving map given by
α � β = α⊥ ∨ β for all α, β ∈ Q. Show that (Qop,�) is a left Q-module.

Comment. If Q = [0, 1] and α⊥ = 1− α, then the left action � is also known as
Kleene–Dienes implication.

3.1.5. Let (Q, ∗, d, ′) be an involutive Frobenius quantale. Further, let (Q,�) and
(Qop,�op) be the leftQ-modules constructed in Examples 3.1.6 and 3.1.22, respec-

tively. Show that the join-preserving map Q δ Qop given by δ(β) = β ′ ↘ d for
each β ∈ Q is a left Q-module isomorphism.

3.1.6. Let (Q, ∗, e) be a unital quantale viewed as a left Q-module (cf. Exam-
ple 3.1.6). Further, we choose a left-sided (i.e. invariant) element z ∈ Q and con-
sider the leftQ-module ↑z constructed in Example 3.1.21. Show that x = z ∨ e is a
generator of ↑z and its annihilator coincides with z.

3.1.7. Let M2 be the C∗-algebra of all square matrices of order 2 with real coeffi-
cients, and let (MAX, ∗, 〈e〉, ′) be the involutive and unital quantale of all linear
subspaces of M2 (cf. Example 2.5.5). We view MAX as a left MAX-module (cf.
Example 3.1.6) and consider a left ideal L and a linear subspace U ofM2 defined as
follows:

L =
{(

a 0
b 0

)
| a, b ∈ R

}
, U =

{(
a 0
b c

)
| a, b, c ∈ R

}
.

Show that the following properties hold:

(a) IfW ∈ ↑L with L �= W �=M2, then there exists a unique real numberα ∈ [0, π)

such that W = L + Vα , where the 1-dimensional linear subspace Vα of M2 is
given by:

Vα =
{
λ ·

(
0 cosα

0 sin α

)
| λ ∈ R

}
.

In particular, L ∨ L∗ = L + L∗ = L + V0 and U = L + V π
2
.

(b) Let ↑L be the left MAX-module with the left action �L defined by (3.16) —
i.e.

M �L W = (M ∗ W ) ∨ L , M ∈MAX, W ∈ ↑L
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(cf. Example 3.1.21). Show that the linear subspaceU is a generator of (↑L ,�L)

and its annihilator ann (U ) coincides with L (cf. Exercise 3.1.6).
(c) Deduce from (b) that the left MAX-module (↑L ,�L) is irreducible.

(Hint: Exercise 2.4.4 (b).)

3.1.8. Let (Q, ∗, e) be a commutative and unital quantale. Further, let (X,�) and
(Y,�) be Q-modules. Show that every tensor f ∈ X ⊗Q Y satisfies the following
property:

f (x) = ∨{y ∈ Y | x ⊗Q y ≤ f }, x ∈ X.

(Hint: If X
f

Y op is a leftQ-module homomorphism, then bydefinition of the tensor
product⊗Q the equivalence x ⊗ y ≤ f ⇐⇒ x ⊗Q y ≤ f holds for all x ∈ X and
y ∈ Y .)

3.1.9. Let (Q, ∗, e) be a unital quantale, (X,�) be a leftQ-module, and let (X,≤)

be the underlying partially ordered set of X . Show that (X,�) is a quotient of the
free left Q-module (P(X),�) generated by (X,≤) in the sense of Mod�(Q) (cf.
Remark 3.1.15). More precisely, show that the following diagram is commutative:

QX P(X) X

X

π ξ

ηX
ηP

X 1X

where ηX and the epimorphisms π and ξ in Mod�(Q) are determined as follows:

(
ηX (x)

)
(z) =

{
e, z = x,

⊥, z �= x,
x, z ∈ X,

(
π( f )

)
(x) = ∨{ f (z) | x ≤ z}, x ∈ X, f ∈ QX ,

ξ( f ) = ∨

x∈X
f (x)� x, f ∈ P(X).

3.1.10. (Cf. [86]) Show that in Mod�(Q) the amalgamation property holds — this
means that for any monomorphism (Y,�) m (X,�) in Mod(Q) the pushout square

Y X

X P

m

m

ϕ2

ϕ1

is also a pullback square.
(Hint: First notice that Proposition 3.1.17 also holds for right Q-modules and

subsequently apply Fact I in Sect. 3.1.)
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3.2 Involutive Left Q-modules

3.2.1 2-Forms in Sup

Let⊗ be the tensor product in Sup and 1 be the unit object in Sup (cf. Sect. 2.1.2).

A 2-form on a complete lattice X is a join-preserving map X ⊗ X ϕ
1. A 2-form

ϕ on X is symmetric if
ϕ(x1 ⊗ x2) = ϕ(x2 ⊗ x1)

holds for each x1, x2 ∈ X , which can be expressed by the commutativity of the
following diagram:

X ⊗ X X ⊗ X

1
ϕ

cX X

ϕ

where cX X is the X X -component of the symmetry in Sup (cf. Fact II in Sect. 2.1.2).
In order to give a characterization of 2-forms we recall that 1op is the dualizing

object of Sup (cf. Lemma 2.1.14). Since 1 and 1op are isomorphic in Sup, for

every complete lattice Z there exists a join-preserving bijective map Zop ϑZ [Z ,1]
determined by:

ϑZ (z) = h ⇐⇒ h(u) =
{
0, u ≤ z,

1, u �≤ z,
z ∈ Z .

In the case of X ⊗ X this means that for every 2-form X ⊗ X ϕ
1 there exists

a unique join-reversing map X
fϕ X (i.e. fϕ ∈ [X, Xop]) such that the following

relation holds for all x1, x2 ∈ X

x2 ≤ fϕ(x1) ⇐⇒ x1 ⊗ x2 ≤ fϕ ⇐⇒ ϕ(x1 ⊗ x2) = 0. (3.28)

A 2-form ϕ is symmetric if and only if the pair ( fϕ, fϕ) is a contravariant Galois
connection — i.e. x1 ≤ fϕ(x2) ⇐⇒ x2 ≤ fϕ(x1) for all x1, x2 ∈ X .

Definition 3.2.1. A pair (X, ϕX ) is called a symmetric lattice if X is a complete
lattice andϕX is a symmetric 2-form on X . Now let (X, ϕX ) and (Y, ϕY ) be symmetric

lattices. A join-preserving map X h Y is said to be orthogonal if

ϕY (h(x1)⊗ h(x2)) = ϕX (x1 ⊗ x2)

holds for each x1, x2 ∈ X , which can be expressed by the commutativity of the
following diagram:
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X ⊗ X Y ⊗ Y

1
ϕX

h⊗h

ϕY

Symmetric lattices and orthogonal and join-preservingmaps constitute a category
which we denote by O(Sup).

Before we proceed, we first give a characterization of orthogonal maps in terms
of the category Sup.

Lemma 3.2.2. Let (X, ϕX ) and (Y, ϕY ) be symmetric lattices with the correspon-

ding join-reversing maps X
fϕX X and Y

fϕY Y in the sense of (3.28). Further, let

X h Y be a join-preserving map and h� be its right adjoint map. Then the following
assertions are equivalent:

(i) The map h is orthogonal.
(ii) The following diagram is commutative:

X Y

Xop Y op

fϕX

h

fϕY

h�

Proof. It follows from (3.28) that a join-preserving map X h Y is orthogonal if and
only if the equivalence

x2 ≤ fϕX (x1) ⇐⇒ h(x2) ≤ fϕY (h(x1))

holds for all x1, x2 ∈ X . If we now apply the right adjoint map h� of h to the previous
relation, then we obtain for all x1, x2 ∈ X :

x2 ≤ fϕX (x1) ⇐⇒ x2 ≤ (h� ◦ fϕY ◦ h)(x1).

Hence the assertion follows. �

In order to construct the tensor product of 2-forms, we need the isomorphism

1⊗ 1
�1 1 and the isomorphism (X ⊗ Y )⊗ (X ⊗ Y )

ΘXY XY (X ⊗ X)⊗ (Y ⊗ Y )

interchanging the second and third factor in the tensor product (cf. Appendix A.2).

Hence we proceed as follows. If X ⊗ X ϕX 1 and Y ⊗ Y ϕY 1 are 2-forms, then
ϕX⊗Y = �1 ◦ (ϕX ⊗ ϕY ) ◦ΘXY XY is a 2-form on X ⊗ Y and is called the tensor
product of the 2-forms ϕX and ϕY .

Lemma 3.2.3. Let (X, ϕX ) and (Y, ϕY ) be symmetric lattices. Further, let X
fϕX X

and Y
fϕY Y be the join-reversing maps corresponding to ϕX and ϕY in the sense

of (3.28). Then (X ⊗ Y, ϕX⊗Y ) is again a symmetric lattice and the join-reversing
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map X ⊗ Y
fϕX⊗Y X ⊗ Y corresponding to ϕX⊗Y attains the following values on

elementary tensors:

fϕX⊗Y (x ⊗ y) = (
fϕX (x)⊗�) ∨ (�⊗ fϕY (y)

)
, x ∈ X, y ∈ Y. (3.29)

Proof. Since every tensor is a join of elementary tensors, the symmetry of ϕX⊗Y

follows immediately from that of ϕX and ϕY . Further, the join-reversing map corre-
sponding to the tensor product ϕX⊗Y of ϕX and ϕY is given on elementary tensors
x ⊗ y as follows:

fϕX⊗Y (x ⊗ y) = ∨{u ⊗ v ∈ X ⊗ Y | �1
(
ϕX (x ⊗ u)⊗ ϕY (y ⊗ v)

) = 0}.

Since

�1
(
ϕX (x ⊗ u)⊗ ϕY (y ⊗ v)

) = 0 ⇐⇒ (
ϕX (x ⊗ u) = 0 or ϕY (y ⊗ v) = 0

)
,

the relation (3.29) follows. �

The next proposition shows that the tensor product of orthogonal maps is again
orthogonal.

Proposition 3.2.4. Let (Xi , ϕXi ) and (Yi , ϕYi ) (i = 1, 2) be symmetric lattices. If

X1
h X2 and Y1

k Y2 are orthogonal maps, then h ⊗ k is orthogonal with respect
to the tensor product of the respective 2-forms — i.e. with respect to ϕX1⊗Y1 and
ϕX2⊗Y2 .

Proof. Let X1
h X2 and Y1

k Y2 be orthogonal maps. Since the exchange of the
second and third factor of the tensor product is a natural transformation (see (1.13)),
the following diagram is commutative:

(X1 ⊗ Y1)⊗ (X1 ⊗ Y1) (X2 ⊗ Y2)⊗ (X2 ⊗ Y2)

(X1 ⊗ X1)⊗ (Y1 ⊗ Y1) (X2 ⊗ X2)⊗ (Y2 ⊗ Y2)

1⊗ 1

1

ΘX1Y1X1Y1

(h⊗k)⊗(h⊗k)

ΘX2Y2X2Y2

ϕX1⊗ϕY1

(h⊗h)⊗(k⊗k)

ϕX2⊗ϕY2

�1

Hence h ⊗ k is orthogonal. �

The previous results can be summarized as follows. The tensor product of sym-
metric lattices exists always. Moreover, in the presence of symmetric lattices the
components of the natural isomorphisms occurring in the coherence conditions of
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Sup are orthogonal (cf. Exercise 3.2.1). HenceO(Sup) is a symmetric andmonoidal
category.

Since Sup is monoidal closed (cf. Theorem 2.1.12), every 2-form ϕ on X can be

identified with its monoidal adjoint map X �ϕ� [X,1], which is obviously deter-
mined by

(
�ϕ�(x1)

)
(x2) = ϕ(x1 ⊗ x2) for each x1, x2 ∈ X . This way of looking at

2-forms suggests to introduce the following terminology.
A symmetric 2-form ϕ on X is

– dense if its monoidal adjoint map preserves the respective universal bounds— i.e.
�ϕ�(�) = �.

– faithful if its monoidal adjoint �ϕ� is a monomorphism in Sup — this means an
injective and join-preserving map.

Proposition 3.2.5. Let X be a complete lattice, ϕ be a symmetric 2-form on X and

X
fϕ X be its corresponding join-reversing map. Then the following hold:

(i) ϕ is dense if and only if fϕ(�) = ⊥.
(ii) ϕ is faithful if and only if fϕ is an involution on X — i.e. fϕ ◦ fϕ = idX .

Proof. Let X �ϕ� [X,1] be the monoidal adjoint map of ϕ. Since the chain of
equivalences

(
�ϕ�(x1)

)
(x2) = 0 ⇐⇒ ϕ(x1 ⊗ x2) = 0 ⇐⇒ x1 ⊗ x2 ≤ fϕ ⇐⇒ x2 ≤ fϕ(x1)

holds for all x1, x2 ∈ X , we can express �ϕ� in terms of fϕ as follows:

(
�ϕ�(x1)

)
(x2) =

{
0, x2 ≤ fϕ(x1),

1, x2 �≤ fϕ(x1),
x1, x2 ∈ X. (3.30)

Obviously ϕ is dense if and only if fϕ(�) = ⊥. Since ( fϕ, fϕ) is a contravariant
Galois connection, we obtain fϕ ◦ fϕ ◦ fϕ = fϕ . Hence �ϕ� is injective (i.e. ϕ is
faithful) if and only if fϕ is an involution. �

By Proposition 3.2.5 (i), a symmetric 2-form ϕ on a complete lattice X is dense
if and only if for all x ∈ X the implication

ϕ(�⊗ x) = 0 =⇒ x = ⊥

holds. Obviously every faithful 2-form is dense.
Referring again to Proposition 3.2.5 (i) it follows immediately from formula (3.29)

that the density of symmetric 2-forms is preserved under their tensor product. How-
ever, in the case of faithful and symmetric 2-forms the situation changes, and we
refer to the following:

Warning. In general the tensor product does not preserve faithful and symmetric
2-forms (see: Exercise 3.2.5).
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The next result goes back to P. Resende [97] and is an immediate corollary of
Proposition 3.2.5 (ii).

Corollary 3.2.6. Let X be a complete lattice. There exists a bijective map between
the set of all symmetric and faithful 2-forms ϕ on X and the set of all order-reversing
involutions x �−→ x⊥ on X such that the following condition is satisfied

ϕ(x1 ⊗ x2) = 0 ⇐⇒ x2 ≤ x⊥1 , x1, x2 ∈ X.

From the previous corollary we gain the important understanding that order-
reversing involutions on complete lattices are not only related to non-classical nega-
tions, but they play also an important geometric rôle expressed by the so-called
orthogonality relation:

x1 ⊥ x2 ⇐⇒ x2 ≤ x⊥1 , x1, x2 ∈ X. (3.31)

Further, let (X, ϕX ) be a symmetric lattice, and X
fϕX X be the join-reversing

map corresponding to the 2-form ϕX in the sense of (3.28). Using again the
fact that ( fϕX , fϕX ) is a contravariant Galois connection it is easily seen that ϕX

induces a closure operator cϕX on X by cϕX (x) = fϕX ( fϕX (x)) for each x ∈ X . Since
fϕX ◦ fϕX ◦ fϕX = fϕX , the map fϕX restricts to an order-reversing involution on the
quotient cϕX (X) of X w.r.t. cϕX . Hence the quotient map is obviously orthogonal, and
the quotient of (X, ϕX ) w.r.t. cϕX is a symmetric lattice with a faithful 2-form.

In the next proposition we present some properties of orthogonal and join-
preserving maps.

Proposition 3.2.7. Let (X, ϕX ) and (Y, ϕY ) be symmetric lattices and let X
fϕX X

and Y
fϕY Y be the join-reversing maps corresponding to ϕX and ϕY in the sense

of (3.28). If X h Y is a join-preserving map, then the following assertions are valid:

(i) If h is orthogonal and ϕX is faithful, then h is injective (i.e. a monomorphism
in Sup).

(ii) If h is injective and preserves the respective join-reversing maps — i.e. h ◦ fϕX =
fϕY ◦ h, then h is orthogonal.

(iii) If h is surjective (i.e. an epimorphism in Sup) and orthogonal, then h preserves
the respective join-reversing maps fϕX and fϕY .

(iv) If ϕX is faithful and h is surjective and orthogonal, then h is an order isomor-
phism.

Proof. Let h� be the right adjoint map of h. If h is orthogonal and ϕX is faithful
(i.e. fϕX is an order-reversing involution), then we infer from Lemma 3.2.2 that
the relation 1X = fϕX ◦ fϕX = fϕX ◦ h� ◦ fϕY ◦ h holds. Hence h has a left inverse
map and assertion (i) is verified. Further, since the injectivity of h is equivalent
h� ◦ h = 1X (cf. Exercise 1.3.2 (a)) and h preserves the respective join-reversing
maps fϕX and fϕY , we apply Lemma 3.2.2 and conclude from
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fϕX = h� ◦ h ◦ fϕX = h� ◦ fϕY ◦ h

that assertion (ii) holds. Finally, since the surjectivity of h is equivalent to h ◦ h� = 1Y

(cf. Exercise 1.3.2 (a)) and h is orthogonal, we apply Lemma 3.2.2 again and obtain
the following relation:

h ◦ fϕX = h ◦ h� ◦ fϕY ◦ h = fϕY ◦ h.

Hence assertion (iii) follows. Since every injective and join-preserving map reflects
the order — i.e. h(x1) ≤ h(x2) implies x1 ≤ x2, the assertion (iv) is an immediate
corollary of assertion (i). �

Example 3.2.8. LetH be a Hilbert space andP(H ) be the complete lattice of all
closed linear subspaces ofH . Then the orthogonal complement determines an order-
reversing involution ⊥ and consequently a faithful symmetric 2-form onP(H ). It is

not difficult to verify that every surjective and unitary transformation H U H in

H induces an orthogonal order isomorphismP(H )
hU P(H ) by the formation

of (direct) images — i.e.

hU (W ) = {U (w) | w ∈ W }, W ∈P(H ).

The next example shows that there exist orthogonal order isomorphisms between the
ortho-lattices of closed linear subspaces of Hilbert spaces which are not induced by
unitary/orthogonal transformations.

Example 3.2.9. Let R2 be the 2-dimensional real Hilbert space and P(R2) be the
complete lattice of all linear subspaces of R2. Then every 1-dimensional linear sub-
space W can be identified with a unit vector (cosα, sin α) such that α ∈ [0, π). More
precisely, for each α ∈ [0, π) we define

Wα = {r(cosα, sin α) | r ∈ R}.

Now let [0, π
2 )

f [0, π
2 ) be a bijective self-map of [0, π

2 ). Then f determines a
bijective self-map g of [0, π) as follows:

g(α) =
{

f (α), α ∈ [0, π
2 )

π
2 + f (α − π

2 ), α ∈ [π
2 , π),

α ∈ [0, π).

π
2

π
2

0

f

π

π

0

g
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We introduce an order isomorphism P(R2)
h f

P(R2) in the following way:

h f ({0}) = {0}, h f (R
2) = R2 and h f (Wα) = Wg(α) for each α ∈ [0, π).

Obviously, h f is isotone and surjective. We verify that h f is orthogonal. Since
h f ({0}) = {0} and h f (R

2) = R2, it is sufficient to consider 1-dimensional subspaces
Wα and Wβ with α, β ∈ [0, π). First we make the trivial observation:

Wα ⊥ Wβ ⇐⇒ |β − α| = π
2 . (3.32)

If Wα ⊥ Wβ , then without loss of generality we can assume α < π
2 and β = α + π

2 .
Hence the relation g(β) = π

2 + f (α) = π
2 + g(α) holds — i.e. h f (Wα) ⊥ h f (Wβ).

On the other hand, if h f (Wα) = Wg(α) ⊥ Wg(β) = h f (Wβ), then we conclude
from (3.32) that |g(β)− g(α)| = π

2 . Without loss of generality we can assume
g(α) < π

2 and g(β) = π
2 + g(α). Then α < π

2 ≤ β and so

f (α) = g(α) = g(β)− π
2 = f (β − π

2 ).

Since f is injective, we obtain α = β − π
2 , and Wα ⊥ Wβ follows from (3.32).

To sum up, we have verified thatP(H )
h f

P(H ) is an orthogonal order iso-
morphism. If f �= 1[0,π/2), then h f is not induced by some orthogonal transformation
in R2 (cf. Example 3.2.8).

3.2.2 Involutive Left Q-Modules

Let (Q, ∗, e, ′) be an involutive and unital quantale. We enrich left Q-modules by
symmetric 2-forms (cf. [97]).

Definition 3.2.10. A triple (X,�, ϕX ) is called an involutive left Q-module if
(X, ϕX ) is a symmetric lattice, (X,�) is a left Q-module and the following rela-
tion holds for all α ∈ Q and x1, x2 ∈ X :

ϕX
(
(α � x1)⊗ x2

) = ϕX
(
x1 ⊗ (α′ � x2)

)
. (3.33)

Before we proceed, we first give a characterization of property (3.33) in terms of
left Q-module homomorphisms.

Lemma 3.2.11. Let (X,�) be a left Q-module and ϕX be a symmetric 2-form on
X. Further, let fϕX be the join-reversing map corresponding to ϕX in the sense of
(3.28). Then the following assertions are equivalent:

(i) The relation ϕX
(
(α � x1)⊗ x2

) = ϕX
(
x1 ⊗ (α′ � x2)

)
holds for all x1, x2 ∈ X

and α ∈ Q.



240 3 Module Theory in Sup

(ii) The join-reversing map fϕX is a left Q-module homomorphism X
fϕX Xop

where the left action �op on Xop is defined in (3.20).

Proof. Let x1 and x2 be arbitrary elements of X . Since (i) is equivalent to the following
chain of equivalences

x2 ≤ fϕX (α � x1) ⇐⇒ α′ � x2 ≤ fϕX (x1) ⇐⇒ x2 ≤ α �op fϕX (x1), (3.34)

the assertion follows. �

Example 3.2.12. Let (Q, ∗, e, ′) be an involutive and unital quantale and δ be a
hermitian element of Q — e.g. δ = ⊥. Then we introduce a join-reversing map

Q
f
Q by f (β) = β ′ ↘ δ for all β ∈ Q. Since the relation

β ≤ (δ ↙ β) ↘ δ = (δ′ ↙ β ′′) ↘ δ = (β ′ ↘ δ)′ ↘ δ = f ( f (β))

holds, f determines a symmetric 2-form ϕQ onQ with the following explicit form:

ϕQ(β ⊗ γ ) =
{
0, β ′ ∗ γ ≤ δ,

1, β ′ ∗ γ �≤ δ,
β, γ ∈ Q. (3.35)

Hence (Q, ϕQ) is a symmetric lattice. Further, we consider Q as a left Q-module
with the left action α � β = α ∗ β (cf. Example 3.1.6). Then it follows immediately
from (3.35) that (Q,�, ϕQ) is an involutive left Q-module.

If (Q, ∗, e, ′, d) is an involutive Frobenius quantale with a hermitian dualizing
element d, then d induces even the structure of an involutive left Q-module on Q
with a faithful 2-form (cf. Examples 2.6.17, 2.6.5 and Exercise 2.6.5 (c) and (e)).

The next proposition explains that Example 3.2.12 describes all possible involu-
tive left Q-module structures on (Q,�).

Proposition 3.2.13. Let (Q, ∗, e, ′) be an involutive and unital quantale viewed as a
left Q-module (Q,�) in the sense of Example 3.1.6. Further, let ϕQ be a symmetric
2-form on Q and fϕQ

be the join-reversing map corresponding to ϕQ. Then the
following assertions are equivalent:

(i) (Q,�, ϕQ) is an involutive left Q-module.
(ii) fϕQ

(e) is hermitian and fϕQ
has the following representation:

fϕQ
(α) = α′ ↘ fϕQ

(e), α ∈ Q. (3.36)

Proof. Let �op be the left action on Qop according to Example 3.1.22 (see also
(3.20)). With regard to Lemma 3.2.11, the triple (Q,�, ϕQ) is an involutive left

Q-module if and only ifQ
fϕQ Qop is a leftQ-module homomorphism. In partic-

ular, this means that the following relation holds:
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fϕQ
(α ∗ β) = α′ ↘ fϕQ

(β) α, β ∈ Q. (3.37)

Now let us assume that (i) holds. Then (3.37) obviously implies (3.36). In order to
verify that fϕQ

(e) is hermitian we refer to (3.36) and observe:

e ≤ fϕQ

(
fϕQ

(e)
) = (

fϕQ
(e)

)′ ↘ fϕQ
(e).

Hence
(

fϕQ
(e)

)′ ≤ fϕQ
(e) follows.

On the other hand, if (ii) holds, then for all α, β ∈ Q we obtain:

fϕQ
(α ∗ β) = α′ ↘ (β ′ ↘ fϕQ

(e)) = α �op fϕQ
(β).

Hence fϕQ
is a left Q-module homomorphism. �

Example 3.2.14. Let (X, ϕX ) be a symmetric lattice, (Q, ∗, e, ′) be an involutive and
unital quantale provided with the left action α � β = α ∗ β, and let (Q,�, ϕQ) be
the involutive left Q-module introduced in Example 3.2.12.

Now we consider the tensor product (Q⊗ X, ϕQ⊗X ) of the symmetric lattices
(X, ϕX ) and (Q, ϕQ) (cf. Lemma 3.2.3) and observe that the underlying complete
lattice is the free left Q-module generated by X (cf. (3.8)). In this context we recall
that the left action on Q⊗ X has the form

α � (β ⊗ x) = (α ∗ β)⊗ x, α, β ∈ Q, x ∈ X.

Since (Q,�, ϕQ) is an involutive left Q-module, (Q⊗ X,�, ϕQ⊗X ) is also an in-
volutive left Q-module. In fact, for all α, β1, β2 ∈ Q and for all x1, x2 ∈ X the
following relation holds:

ϕQ⊗X
(
(α � (β1 ⊗ x1))⊗ (β2 ⊗ x2)

) = ϕQ⊗X
(
((α ∗ β1)⊗ x1)⊗ (β2 ⊗ x2)

)

= �1 ◦
(
ϕQ

(
(α ∗ β1)⊗ β2

)⊗ ϕX (x1 ⊗ x2)
)

= �1 ◦
(
ϕQ

(
β1 ⊗ (α′ ∗ β2)

)⊗ ϕX (x1 ⊗ x2)
)

= ϕQ⊗X
(
(β1 ⊗ x1)⊗ ((α′ ∗ β2)⊗ x2)

)

= ϕQ⊗X
(
(β1 ⊗ x1)⊗ (α′ � (β2 ⊗ x2))

)
.

Morphisms between involutive leftQ-modules are orthogonal leftQ-module ho-
momorphisms, and the associated category of involutive left Q-modules is denoted
by I(Mod�(Q)).

Referring to the self-duality S� of Mod�(Q) (cf. Sect. 3.1.3) we infer from
Lemmas 3.2.2 and 3.2.11 that morphisms h in I(Mod(Q)) are characterized by the
commutativity of the following diagram in Mod�(Q):
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X Y

Xop Y op

fϕX

h

fϕY

h�

where fϕX and fϕY denote the join-reversing maps corresponding to the respective
symmetric 2-forms in the sense of (3.28).

It follows immediately from Example 3.2.14, Proposition 3.2.4 and (3.13) that
there exists a functor F : O(Sup) → I(Mod�(Q)) defined by:

F(X) = Q⊗ X, X h Y, F(h) = 1Q ⊗ h.

In this context the symmetric 2-form ϕQ on Q is determined in Example 3.2.12
where the hermitian element δ is chosen as the universal lower bound — i.e. δ = ⊥.

If U : I(Mod�(Q)) → O(Sup) is the forgetful functor, then there exists a natural
transformation idO(Sup) → UF (cf. Exercise 3.2.2), but in general U is not right
adjoint to F (cf. Exercise 3.2.3). We leave the details of this situation to the reader
and return to general properties of involutive left Q-modules.

Let fϕ be the join-reversing map corresponding to a symmetric 2-form ϕ in the
sense of (3.28). If (X,�, ϕ) is an involutive leftQ-module, then we infer from Lem-
ma 3.2.11 that the closure operator cϕ (i.e. cϕ = fϕ ◦ fϕ) is linear (cf. Sect. 3.1.1).
Hence the quotient of (X,�, ϕ) w.r.t. cϕ is again a left Q-module and a symmetric
lattice (cf. Sect. 3.2.1). Obviously, the quotient map is a morphism of I(Mod�(Q)).
Since the 2-form on the quotient of (X,�, ϕ) w.r.t. cϕ is faithful, this approach
always leads to involutive leftQ-modules with a faithful 2-form. A characterization
of this type of module is given in the next theorem, which is a refinement of Propo-
sition 3.1.3.

Theorem 3.2.15. Let x �−→ x⊥ be an order-reversing involution on a complete
lattice X and ([X, X ], ◦, 1X , ′) be the involutive and unital quantale of all join-
preserving self-maps of X constructed in Example 2.3.31. Further, let ϕ be the 2-form
on X determined by the same order-reversing involution (cf. Corollary 3.2.6).

(i) If� is a left action on X such that (X,�, ϕ) is an involutive left Q-module, then

there exists a unique involutive and unital homomorphism Q h [X, X ] making
the following diagram commutative:

Q⊗ X [X, X ] ⊗ X

X
�

h⊗1X

evX

where evX is the evaluation arrow.
(ii) If Q h [X, X ] is an involutive and unital homomorphism, then h induces a left

action � on X by the following diagram
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Q⊗ X [X, X ] ⊗ X

X
�

h⊗1X

evX

such that (X,�, ϕ) is an involutive left Q-module.

Proof. Let � be a left action on X . Referring to the proof of Proposition 3.1.3 it is
sufficient to show that � satisfies (3.33) if and only if the monoidal adjoint map of
� is an involutive (unital) homomorphism.

(i) Let us assume that � satisfies (3.33) and h is the monoidal adjoint of �. We
maintain the notation of Example 2.3.31. Then we obtain the following chain of
equivalences for all α ∈ Q and x1, x2 ∈ X :

x1 ≤
(
h(α)�

)
(x⊥2 ) ⇐⇒ α � x1 = h(α)(x1) ≤ x⊥2

⇐⇒ ϕ(x1 ⊗ (α′ � x2)) = ϕ((α � x1)⊗ x2) = 0

⇐⇒ h(α′)(x2) = α′ � x2 ≤ x⊥1
⇐⇒ x1 ≤

(
h(α′)(x2)

)⊥
.

Hence
(
h(α)�

)
(x⊥2 ) = (

h(α′)(x2)
)⊥

follows for all x2 ∈ X . Since x �−→ x⊥ is an
involution, h is involutive.

(ii) Let us assume thatQ h [X, X ] is an involutive and unital homomorphism. Since
the left action � on X is determined by (cf. Proposition 3.1.3):

α � x = h(α)(x), α ∈ Q, x ∈ X, (3.38)

we obtain for all α ∈ Q and x1, x2 ∈ X :

ϕ
(
(α � x1)⊗ x2

) = 0 ⇐⇒ h(α)(x1) = α � x1 ≤ x⊥2
⇐⇒ x1 ≤

(
h(α)�

)
(x⊥2 ) = (

h(α′)(x2)
)⊥

⇐⇒ α′ � x2 = h(α′)(x2) ≤ x⊥1
⇐⇒ ϕ(x1 ⊗ (α′ � x2)) = 0.

Hence (X,�, ϕ) is an involutive left Q-module. �

We finish this subsection with a special construction of involutive leftQ-modules
which will play a prominent rôle in the theory of irreducible representations of
C∗-algebras.

Theorem 3.2.16. Let (Q, ∗, e, ′) be an involutive unital quantale and q be a max-
imal left-sided element of Q with the property q ∨ q ′ �= �. Further, let �q be the
left action on the upsegment ↑q constructed in Example 3.1.21. Then the 2-form

(↑q)⊗ (↑q)
ϕ

1 determined on elementary tensors by
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ϕ(x1 ⊗ x2) =
{
0, x ′2 ∗ x1 ≤ q ∨ q ′,
1, x ′2 ∗ x1 �≤ q ∨ q ′,

x1, x2 ∈ ↑q

is symmetric and dense. Moreover, (↑q,�q , ϕ) is an involutive left Q-module.

Proof. It is evident that ϕ is a symmetric 2-form and (↑q,�q , ϕ) is an involutive
leftQ-module. Therefore we only show that ϕ is dense. For this purpose we choose
x ∈ ↑q such that ϕ(�⊗ x) = 0 holds — i.e. x ′ ∗ � ≤ q ∨ q ′ which is equivalent
to � ∗ x ≤ q ∨ q ′. Let us assume x �≤ q. Then � ∗ x is left-sided, and � ∗ x �≤ q
holds, because Q is semi-unital. Now we invoke the maximality of q and obtain

� = (� ∗ x) ∨ q ∨ q ′ ≤ q ∨ q ′,

which is a contradiction to q ∨ q ′ �= �. Hence the assumption is false and x ≤ q
follows — this means that x coincides with the universal lower bound in ↑q. �

3.2.3 Representations of C∗-Algebras and Involutive Left
Modules

Let H be a Hilbert space and P(H ) be the complete lattice of all closed linear
subspaces of H . On P(H ) we always consider the 2-form corresponding to the
order-reversing involution induced by the orthogonal complement. Further, let L(H )

be the C∗-algebra of all bounded linear operators onH in which the involution ∗ is
determined by the formation of adjoint operators.

A pair (π,H ) is a representation of a unital C∗-algebra (A,+, ·, e) if H is a
Hilbert space and A π L(H ) is a ∗-homomorphism (cf. Sect. 2.4). Further, let
(MAX, ∗, 〈e〉, ′) be the involutive and unital quantale of all closed linear subspaces
of A (cf. Example 2.5.5), and let ([P(H ),P(H )], ◦, 1P (H ),

′) be the involu-
tive and unital quantale of all join-preserving self-maps of P(H ) constructed in
Example 2.3.31. We show that every representation (π,H ) of a unital C∗-algebra
induces an involutive and unital homomorphism MAX

hπ [P(H ),P(H )].
Since A π L(H ) is continuous and linear, every closed linear subspace U of A

determines a join-preserving map P(H )
fU P(H ) as follows:

fU (P) = top. hull (lin. hull {π(a)(x) | a ∈ U, x ∈ P}), P ∈P(H ). (3.39)

Further, π is a continuous algebra homomorphism. Hence the following relations
hold:

f〈e〉 = 1P (H ), fV∗U = fV ◦ fU , V, U ∈MAX. (3.40)

Finally, we prove that for any closed linear subspaceU of A the relation ( fU )′ = fU ′

holds. First we compute the right adjoint map f �U of fU . For this purpose we denote
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the inner product ofH by 〈 , 〉 and recall U ′ = {a∗ | a ∈ U }. Since π is a ∗-homo-
morphism, we obtain for P ∈P(H ):

f �U (P⊥) = ∨{S ∈P(H ) | fU (S) ⊆ P⊥}
= {y ∈H | ∀a ∈ U, ∀x ∈ P : 〈π(a)(y), x〉 = 0}
= {y ∈H | ∀a ∈ U, ∀x ∈ P : 〈y, π(a∗)(x)〉 = 0}
= (

fU ′(P)
)⊥

.

Hence ( fU )′(P) = fU ′(P) follows.We summarize the previous results in the follow-
ing lemma, which goes back to C.J. Mulvey and J.W. Pelletier (cf. [84]).

Lemma 3.2.17. Let (π,H ) be a representation of a unital C∗-algebra (A,+, ·, e).

Then the map MAX
hπ [P(H ),P(H )] defined by

hπ (U ) = fU , U ∈MAX (3.41)

is an involutive and unital homomorphism.

Now we apply Theorem 3.2.15 and construct a left action �π onP(H ), which
is determined by the following commutative diagram:

MAX⊗P(H ) [P(H ),P(H )] ⊗P(H )

P(H )
�π

hπ⊗1P (H )

evP (H )

Hence (P(H ),�π , ϕ) is an involutive left MAX-module. Since in the following
considerations we need a special name for this module, we call (P(H ),�π , ϕ)

the canonical left MAX -module associated with the representation (π,H ). In this
context the 2-form ϕ is always determined by the orthogonal complement inP(H ).

It is easily seen that for all closed, linear subspaces U of A and all closed, linear
subspaces P ofH the left action �π is explicitly given by

U �π P = fU (P) where fU is defined in (3.39) . (3.42)

In order to explain the rôle of involutive left modules in the representation theory
of C∗-algebras we need some more terminology.

Definition 3.2.18. Let (π,H ) be a representation of a C∗-algebra (A,+, ·) with
unit e. A vector x ∈H is called cyclic if the topological closure of {π(a)(x) | a ∈ A}
coincides withH . A representation is called cyclic if there exists a cyclic vector. A
representation is called irreducible if every non-zero vector is cyclic.

Theorem 3.2.19. Let (π,H ) be a representation of a unital C∗-algebra. Further,
let (P(H ),�π , ϕ) be the canonical left MAX-module associated with (π,H ).
Then the following assertions hold:
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(i) The representation (π,H ) is cyclic if and only if there exists an atom P of
P(H ) such that��π P = �, where� denotes the respective universal upper
bound in MAX and P(H ).

(ii) The representation (π,H ) is irreducible if and only if the canonical left MAX-
module (P(H ),�π ) is irreducible.

Proof. First we note that P(H ) is a complete atomic lattice. In particular, atoms
of P(H ) coincide with 1-dimensional linear subspaces of H , which we denote
by 〈x〉. In this context x plays the rôle of some unit vector of H generating the
corresponding 1-dimensional subspace.

Further, it follows immediately from (3.42) that the equivalence

��π 〈x〉 = P ⇐⇒ f A(〈x〉) = P (3.43)

holds for all closed linear subspaces P of H . Hence with regard to (i) and (ii) it is
sufficient to establish the following properties:

(1) A non-zero vector x ∈H is cyclic if and only if ��π 〈x〉 = �.
(2) The canonical left MAX-module is irreducible if and only if every non-zero

vector x ∈H is cyclic.

In fact, (1) is a direct corollary of (3.43). With regard to (2) we can argue as follows.
If every non-zero vector is cyclic, then we infer from (1) that (P(H ),�π ) is irre-
ducible. On the other hand, let us assume that (P(H ),�π ) is irreducible. Then we
choose a non-zero vector x ∈H and consider the following closed, linear subspace
P = ��π 〈x〉. Since ��π P = (� ∗ �)�π 〈x〉 = P , the closed subspace P is
invariant. Since (P(H ),�π ) is irreducible, P = � follows. Hence x is cyclic. �

In the next subsection we recall some fundamental constructions and properties
of C∗-algebras.

3.2.4 Sketch of the Gelfand–Naimark–Segal Construction

Let (A,+, ·) always be a C∗-algebra with unit e. A linear functional A ρ
C is

said to be positive if 0 ≤ ρ(a) holds for all positive elements a of A (cf. [60, p. 44
and p. 255]). A positive linear functional is a state of A if ρ(e) = 1. In the case of

A = L(H ) every unit vector x ∈H induces a state L(H )
ωx C by:

ωx (T ) = 〈T (x), x〉, T ∈ L(H ).

Moreover, since ∗-homomorphisms preserve positive elements ofC∗-algebras, every
representation (π,H ) of a unital C∗-algebra A and every unit vector ofH induces
a state of A by ρ = ωx ◦ π — i.e. ρ(a) = 〈π(a)(x), x〉, a ∈ A.
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In what follows we show that the converse situation also holds — i.e. for every
state ρ of A there exists a cyclic representation (πρ,Hρ) and a cyclic vector xρ forπρ

such that ρ = ωxρ
◦ πρ holds. This construction is known as the Gelfand–Naimark–

Segal construction or GNS construction for short. For details the reader is referred
to [60]. In what follows we give only a sketch of this method and begin with the
observation that the self-adjoint element a∗ · a is positive for every a ∈ A (cf. [60,
Theorem 4.2.6 ]). Hence every state ρ of A induces a semi-scalar product 〈 , 〉 by

〈a, b〉 = ρ(b∗ · a), a, b ∈ A

on A — this means that 〈 , 〉 is a hermitian bilinear form satisfying the condition
0 ≤ 〈a, a〉 for all a ∈ A. It is well-known that for every semi-scalar product the
Cauchy–Schwarz inequality holds. Hence every semi-scalar product induces a semi-

norm A
p

R by
p(a) = 〈a, a〉1/2, a ∈ A.

Lemma 3.2.20. Let ρ be a state of a unital C∗-algebra (A,+, ·, e). Then the left
kernel Lρ = {a ∈ A | ρ(a∗ · a) = 0} of ρ is a closed left ideal of A.

Proof. Let 〈 , 〉 be the semi-scalar product on A induced by the given state ρ. Then
Lρ coincides with the kernel of the associated semi-norm p — i.e. Lρ = p−1({0}).
Hence Lρ is a linear subspace of A. In order to show that Lρ is a left ideal, we
conclude from the Cauchy–Schwarz inequality that for all b ∈ A and a ∈ Lρ the
relation ρ(b∗ · a) = 0 holds. If we now replace b by the expression b∗ · b · a in
ρ(b∗ · a) = 0, then we obtain 0 = ρ((b∗ · b · a)∗ · a) = ρ((b · a)∗ · (b · a)). Hence
b · a ∈ Lρ follows, and Lρ is a left ideal. Since ρ is continuous, Lρ is obviously
closed. �

Corollary 3.2.21. Let (π,H ) be a representation of a unital C∗-algebra and x be a
unit vector of H . Further, let 〈x〉 be the 1-dimensional subspace of H generated by
x and (P(H ),�π ) be the canonical left MAX-module associated with (π,H ).
Then the left kernel of the state ρ = ωx ◦ π coincides with the annihilator ann (〈x〉).
Proof. Sinceπ is a∗-homomorphism,weobtain the following relation for an element
a of the given C∗-algebra A:

ρ(a∗ · a) = 〈π(a∗ · a)(x), x〉 = 〈(π(a)∗ ◦ π(a))(x), x〉
= 〈π(a)(x), π(a)(x)〉
= ‖π(a)(x)‖22.

Hence {a ∈ A | ρ(a∗ · a) = 0} = {a ∈ A | π(a)(x) = 0} follows. �

Now we fix a state ρ of the unital C∗-algebra and consider its left kernel Lρ and
the associated semi-scalar product 〈 , 〉. Then the quotient A/Lρ of A w.r.t. L p is a
pre-Hilbert space with the norm
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‖q(b)‖2 = ρ(b∗ · b)1/2, b ∈ A,

where A
q

A/Lρ denotes the quotient map. Further, every element a ∈ A deter-

mines a linear operator A/Lρ
Ta A/Lρ by

Ta(q(b)) = q(a · b), b ∈ A. (3.44)

As a next step we compute the completion of A/Lρ . This approach leads to a Hilbert
space Hρ . Because of

‖Ta(q(b))‖2 ≤ ‖a‖ · ‖b‖2, a, b ∈ A,

every operator Ta has a unique extension to a bounded operator T̂a onHρ . As a result
of this construction we obtain a map sending an a ∈ A to the operator T̂a — i.e.

πρ(a) = T̂a, (3.45)

which is in fact a ∗-homomorphism A
πρ L(Hρ). Hence (πρ,Hρ) is a represen-

tation of (A,+, ·). In particular, if e is the unit of A, then the vector xρ , viewed as
the vector q(e) in the completion Hρ , is a cyclic vector. To sum up, (πρ,Hρ) is a
cyclic representation of A, and the following relation holds

(ωxρ
◦ πρ)(a) = 〈πρ(a)(xρ), xρ〉 = 〈Ta(e), e〉 = 〈a · e, e〉 = ρ(a), a ∈ A.

The representation (πρ,Hρ) with the cyclic vector xρ of πρ is also called the cyclic
representation produced by the GNS construction and is one of the basic tools in the
theory of C∗-algebras.

The next theorem explains, in what sense the GNS construction is essentially
unique.

Theorem 3.2.22. (cf. [60, 4.5.3]) Let ρ be a state of a unital C∗-algebra (A,+, ·, e)
and (π,H ) be a cyclic representation with some cyclic vector x ∈H such that
ρ = ωx ◦ π holds. Further, let (πρ,Hρ) be the cyclic representation of A produced
by the GNS construction with the cyclic vector xρ . Then there exists an isomorphism

— i.e. a surjective and unitary transformation Hρ
U H such that the following

properties hold:

x = U (xρ) and π(a) = U ◦ πρ(a) ◦U ∗, a ∈ A.

Motivated by the previous theorem we introduce the following terminology. Two
cyclic representations (π1,H1) and (π2,H2) of a unital C∗-algebra (A,+, ·, e) are

equivalent if there exists an isomorphism H1
U H2 such that

π2(a) = U ◦ π1(a) ◦U ∗
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holds for all a ∈ A. Then the previous theorem means the following property.

Every cyclic representation (π,H ) with a cyclic vector x ∈ H is equivalent to the cyclic
representation produced by the GNS construction from the state ρ = ωx ◦ π .

If we consider a C∗-algebra A as a Banach space, then the set S (A) of all states
of A is a convex and weak* compact subset of the topological dual space of A. By
the Krein–Milman theorem S (A) is the closed and convex closure of its extreme
points. In this context extreme points of S (A) are called pure states.

In what follows we summarize some fundamental properties of pure states and
their various relationships to irreducible representations. The proofs of the following
results can be found in [61, Sect. 10.2]

– The representation produced by the GNS construction from a state ρ is irreducible
if and only if ρ is pure.

– If (π,H ) is an irreducible representation, then for all unit vectors x ∈H the
state ρ = ωx ◦ π is pure.

– The left kernel of a state ρ is a maximal left ideal if and only if ρ is pure.
– For everymaximal left ideal L there exists a unique pure state such that L coincides
with the left kernel Lρ of ρ.

– Let Lρ be the left kernel and Nρ be the kernel of ρ — i.e. Nρ = ρ−1({0}). If ρ is
a pure state, then the following properties hold:

(a) Nρ = Lρ ∨ L ′
ρ .

(b) The quotient A/Lρ is complete — i.e. the pre-Hilbert space A/Lρ is already a
Hilbert space.

The previous property (b) motivates us to study the topology on the (pre-)Hilbert
space A/Lρ in some more detail.

Lemma 3.2.23. Let ρ be a pure state of a unital C∗-algebra A, and let Lρ be its
left kernel. Then the topology on the Hilbert space A/Lρ coincides with the quotient
topology induced by the topology on A.

Proof. Let 〈 , 〉 be the semi-scalar product on A induced by ρ — i.e.
〈a, b〉 = ρ(b∗ · a) for all a, b ∈ A, and let p be the corresponding seminorm — i.e.

p(a) = ρ(a∗ · a)1/2 for all a ∈ A. Further, let ‖ ‖ be the norm on A and A
q

A/Lρ

be the quotientmap.We fix a ∈ A. Then the quotient norm ‖̂ ‖̂ and the norm induced
by p on A/Lρ are given by:

‖̂q(a)̂‖ = inf
u∈q(a)

‖u‖ and ‖q(a)‖2 = p(u) for some u ∈ q(a).

Further, we recall the rôle of the C∗-property and the property that the left ker-
nel Lρ coincides with the kernel of the seminorm p. In particular, the values p(u)

coincide for all u ∈ q(a), and the following relation holds:

‖̂q(a)̂‖ = inf
u∈q(a)

‖u‖ = inf
u∈q(a)

‖u∗ · u‖1/2.
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Hence we obtain

‖q(a)‖2 = inf
u∈q(a)

p(u) = inf
u∈q(a)

(ρ(u∗ · u))1/2 ≤ inf
u∈q(a)

‖u∗ · u‖1/2 = ‖̂q(a)̂‖.

Since the quotient topology induced by a Banach space is always complete and the
completeness of the topology induced by ‖ ‖2 follows from the fact that ρ is a pure
state, we conclude from the Open Mapping Theorem (cf. [77]) in connection with
the previous relation that the Hilbert space topology on A/Lρ coincides with the
quotient topology induced by the topology of A. �
Theorem 3.2.24. Let ρ be a pure state of a unital C∗-algebra (A,+, ·, e) and Lρ

be its left kernel. If (πρ,Hρ) is the cyclic representation of A with the cyclic vector
xρ induced by the GNS construction, then the following assertions hold:

(i) In the sense of I(Mod�(MAX)) the canonical left MAX-module associated
with (πρ,Hρ) is isomorphic to the involutive left MAX-module given by the
upsegment ↑Lρ in MAX (cf. Theorem 3.2.16).

(ii) The 1-dimensional linear subspace 〈xρ〉 generated by xρ is a generator of the
canonical leftMAX-module associated with (πρ,Hρ). Further, the annihilator
ann (〈xρ〉) of 〈xρ〉 coincides with the left kernel Lρ of ρ.

Proof. (a) Let ρ be a pure state of A. By Lemma 3.2.23 we identify A/Lρ withHρ .
In particular, the quotient map q can be viewed as a surjective and continuous map
from A to Hρ . Since for every closed linear subspace U of the upsegment ↑Lρ the

image of U under q is closed, q induces an order isomorphism ↑Lρ
Φ P(Hρ) as

follows:
Φ(U ) = q(U ) := {q(a) | a ∈ U }, U ∈ ↑Lρ.

We show that Φ is an orthogonal left MAX-module isomorphism. For this pur-
pose we first choose U, V ∈ ↑Lρ . Since ρ is pure, the kernel of ρ coincides with
Lρ ∨ (Lρ)

′. Hence we obtain the following chain of equivalences:

q(U ) ⊥ q(V ) ⇐⇒ ∀u ∈ U, ∀v ∈ V : 〈q(u), q(v)〉 = ρ(v∗ · u) = 0

⇐⇒ V ′ ∗U ⊆ Lq ∨ (Lq)
′ ⇐⇒ U ⊥ V .

Thus Φ is orthogonal. In order to verify that Φ is also a left MAX-module homo-
morphism we proceed as follows.

First we choose an atom of MAX and an atom of ↑Lρ — i.e. a 1-dimensional,
linear subspace 〈a〉 generated by some a ∈ A and an element b ∈ A with b /∈ Lρ .
Further, let us consider the 1-dimensional linear subspaces 〈a · b〉, 〈q(b)〉 and
〈q(a · b)〉 generated by a · b, q(b) and q(a · b), respectively. We recall
Ta(q(b)) = q(a · b) (cf. (3.44)) and conclude from (3.39), (3.42) and (3.45) that
the following relation holds:

〈a〉 �πρ
〈q(b)〉 = f〈a〉(〈q(b)〉) = 〈q(a · b)〉 = q(〈a · b〉). (3.46)

Since the left action on ↑Lρ has the form (cf. Example 3.1.21),
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〈a〉 �Lρ

(〈b〉 ∨ Lρ

) = (〈a〉 ∗ 〈b〉) ∨ Lρ = 〈a · b〉 ∨ Lρ,

we obtain from (3.46):

q
(〈a〉 �Lρ

(〈b〉 ∨ Lρ

)) = q(〈a · b〉) = 〈a〉 �πρ
〈q(b)〉 = 〈a〉 �πρ

q
(〈b〉 ∨ Lρ

)
.

Finally, we use the fact that both complete lattices MAX and ↑Lρ are atomic.
In particular, every atom of ↑Lρ has the form 〈b〉 ∨ Lρ where b /∈ Lρ . Since left
actions can be considered as bimorphisms, the previous relation implies that Φ is a
leftMAX-module homomorphism.
(b) In order to show that the 1-dimensional, linear subspace 〈xρ〉 is a generator
of (P(H ),�πρ

) we argue as follows. Since P(H ) is atomic, it is sufficient to
consider a 1-dimensional, linear subspace 〈q(a)〉 generated by q(a) for some a ∈ A.
If we now replace the element b by the unit e of A in (3.46) and recall q(e) = xρ ,
then (3.46) implies:

〈a〉 �πρ
〈xρ〉 = 〈a〉 �πρ

〈q(e)〉 = 〈q(a · e)〉 = 〈q(a)〉.

Hence 〈xρ〉 is necessarily a generator and its annihilator ann (〈xρ〉) obviously coin-
cides with Lρ . So assertion (ii) is verified.

As an immediate corollary of Theorem 3.2.24 (i) we obtain the following im-
provement of Theorem 3.2.16 in the case of the Gelfand quantale (MAX, ∗, 〈e〉, ′).
Corollary 3.2.25. Let L be a maximal left ideal of a unital C∗-algebra. Then the

symmetric 2-form (↑L)⊗ (↑L)
ϕ

1 determined on elementary tensors by

ϕ(U1 ⊗U2) =
{
0, U ′

2 ∗U1 ⊆ L ∨ L ′,
1, U ′

2 ∗U1 � L ∨ L ′,
U1, U2 ∈ ↑L

is faithful.

3.2.5 Irreducible Representations and Irreducible Involutive
Left Modules

In this subsection we consider involutive left MAX-modules having a generator x
such that its annihilator ann (x) is a maximal left ideal. Hence these left modules are
always irreducible (cf. Theorem 3.1.20).

Theorem 3.2.26. Let (X,�, ϕ) be an involutive left MAX-module where ϕ is a
dense 2-form. Further, let x be a generator of (X,�, ϕ) such that its annihilator
ann (x) is a maximal left ideal. Then (X,�, ϕ) is isomorphic to the involutive left
MAX-module given by the upsegment ↑ann (x) in the sense of I(Mod�(MAX)).
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Proof. Let x be a generator of (X,�) and ann (x) be its annihilator. Since ann (x)

is a maximal left ideal, x cannot be the universal lower bound of X — i.e. x �= ⊥.
Now we define a surjective and join-preserving map ↑ann (x)

ζ X by:

ζ(B) = B � x, B ∈ ↑ann (x).

If �ann(x) is the left action on ↑ann (x) (cf. Example 3.1.21), then the relation

ζ
(

A �ann(x) B
) = ((A ∗ B) ∨ ann (x))� x = (A ∗ B)� x = A � (B � x) = A � ζ(B)

holds for all A ∈MAX and B ∈ ↑ann (x). Hence ζ is a leftMAX-module homo-
morphism. In order to show that ζ is an isomorphism in the sense of I(Mod�(MAX))

we proceed as follows. Since ζ is surjective, we conclude from Corollary 3.2.25 and
Proposition 3.2.7 (iv) that it is sufficient to show that ζ is orthogonal.

(a) We choose A, B ∈ ↑ann (x) with A ⊥ B — i.e. B ′ ∗ A ⊆ ann (x) ∨ ann (x)′ (cf.
(3.31) and Theorem 3.2.16). Since (X,�, ϕ) is an involutive leftMAX-module, we
apply (3.33) and obtain:

0 ≤ ϕ(ζ(A)⊗ ζ(B)) = ϕ((B′ � (A � x))⊗ x) = ϕ(((B′ ∗ A)� x)⊗ x)

≤ ϕ(
(
(ann (x) ∨ ann (x)′)� x)⊗ x) = ϕ((ann (x)′ � x)⊗ x)

= ϕ(x ⊗ (ann (x)� x)) = ϕ(x ⊗⊥) = 0.

Hence ζ(A) ⊥ ζ(B) follows.

(b) First we put x⊥ = ∨{z ∈ X | z⊥ x} and define an element D of ↑ann (x) by

D = ∨{C ∈MAX | C � x ≤ x⊥}.

Since x is a generator of (X,�), the relation D � x = x⊥ follows. Now we show

D ⊆ ann (x) ∨ ann (x)′.

Since ann (x) is a maximal left ideal, we first note that there exists a unique pure
state ρ of A such that the left kernel of ρ coincides with ann (x). Hence

ann (x) ∨ ann (x)′

is the kernel of ρ and has codimension 1. If we now assume D � ann (x) ∨ ann (x)′,
then � = A = D ∨ ann (x) ∨ ann (x)′ follows. Hence we obtain:

ϕ((�� x)⊗ x) = ϕ(((D � x) ∨ ((ann (x) ∨ ann (x)′)� x))⊗ x) = ϕ(x⊥ ⊗ x) = 0.
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This means (�� x) ⊥ x . Since (X,�) is irreducible (cf. Theorem 3.1.20), �� x
necessarily coincides with the universal upper bound of X . Hence� ⊥ x holds, and
the density of the 2-form ϕ implies x = ⊥, which is a contradiction to x �= ⊥. Thus
the assumption is false and the property

D ⊆ ann (x) ∨ ann (x)′ (3.47)

holds. Finally, we choose A, B ∈ ↑ann (x) with ζ(A) ⊥ ζ(B) — this means

0 = ϕ((A � x)⊗ (B � x)) = ϕ((B ′ � (A � x)
)⊗ x) = ϕ(((B ′ ∗ A)� x)⊗ x).

Hence we obtain (B ′ ∗ A)� x ⊥ x — i.e. (B ′ ∗ A)� x ≤ x⊥, and B ′ ∗ A ⊆ D fol-
lows. By (3.47) the relation A ⊥ B holds.

To sum up, we have shown that ζ is an orthogonal homomorphism. �

Corollary 3.2.27. Let (X,�, ϕ) be an involutive left MAX-module, and let x be
a generator of (X,�, ϕ) such that its annihilator ann (x) is a maximal left ideal. If
the 2-form ϕ is dense, then ϕ is faithful.

Proof. Since every maximal left ideal is the left-kernel of a pure state, the assertion
follows from Corollary 3.2.25 and Theorem 3.2.26. �

Corollary 3.2.28. Let (X,�, ϕ) be an involutive left MAX-module with a faithful
2-form ϕ. Further, let x be a generator of (X,�, ϕ) such that its annihilator ann (x)

is a maximal left ideal. There exists an irreducible representation (π,H ) of the given
unital C∗-algebra (A,+, ·, e) such that the canonical left MAX-module associated
with (π,H ) is isomorphic to (X,�, ϕ).

Proof. Let ρ be the pure state whose left kernel coincides with the annihilator
of the generator x of (X,�, ϕ). By Theorems 3.2.24 and 3.2.26 the irreducible
representation produced by the GNS construction from ρ satisfies the desired
property. �

The next theorem gives a characterization of equivalent irreducible representa-
tions in terms of involutive left modules.

Theorem 3.2.29. Let (A,+, ·, e) be a unital C∗-algebra. Then two irreducible
representations are equivalent if and only if their associated canonical left MAX-
modules are isomorphic in the sense of I(Mod�(MAX)).

Proof. Let (π1,H1) and (π2,H2) be irreducible representations of A, and let
(P(H1),�π1 , ϕ) and (P(H2),�π2 , ϕ) be the corresponding canonical leftMAX-
modules.

(a) If (π1,H1) and (π2,H2) are equivalent, then there exists a surjective unitary

transformation H1
Φ H2 such that π2(a) = Φ ◦ π1(a) ◦Φ∗ holds for all a ∈ A,



254 3 Module Theory in Sup

where Φ∗ is the adjoint operator of Φ. We define a surjective and join-preserving

map P(H1)
Υ P(H2) by

Υ (P) = Φ(P) = {Φ(x) | x ∈ P}, P ∈P(H1),

and show that Υ is an orthogonal left MAX-module homomorphism. Since Φ is
unitary, Υ is evidently orthogonal. Further, we fix U ∈MAX and P ∈P(H1).
Then we obtain (cf. Sect. 3.2.3):

Υ (U �π1 P) = Υ (top. closure (lin. hull {π1(a)(x) | a ∈ U, x ∈ P}))
= top. closure (lin. hull {Φ(π1(a)(x)) | a ∈ U, x ∈ P})
= top. closure (lin. hull {Φ(π1(a)(Φ∗(Φ(x)))) | a ∈ U, x ∈ P})
= top. closure (lin. hull {π2(a)(y) | a ∈ U, y ∈ Υ (P)})
= U �π2 Υ (P).

Hence Υ is a left MAX-module homomorphism. So we have shown that Υ is an
isomorphism in the sense of I(Mod�(MAX)).

(b) Let P(H1)
Υ P(H2) be an isomorphism in the sense of I(Mod�(MAX)).

Then Υ is an order isomorphism and maps atoms of P(H1) to atoms of P(H2).
Therefore, if we fix a unit vector x ∈H1, then we can choose a unit vector y ∈H2

with y ∈ Υ (〈x〉), where 〈x〉 is the 1-dimensional, linear subspace generated by x .
Since both representations are irreducible, we can consider the following pure states
of A:

ρ1 = ωx ◦ π1 and ρ2 = ωy ◦ π2.

Then we infer from Corollary 3.2.21 that the left-kernel of ρ1 coincides with the
annihilator of 〈x〉 — i.e. Lρ1 = ann (〈x〉), and the left-kernel of ρ2 coincides with
the annihilator of 〈y〉 = Υ (〈x〉) — i.e. Lρ2 = ann (〈y〉). Since Υ is a left MAX-
module isomorphism, the relation ann (〈x〉) = ann (〈y〉) follows — i.e. Lρ1 = Lρ2 .
Hence the pure states ρ1 and ρ2 coincide. Now we consider the irreducible represen-
tation (πρ,Hρ) produced by the GNS construction from the pure state ρ = ρ1 = ρ2.
Then the essential uniqueness of the GNS construction (cf. Theorem 3.2.22) says
that (π1,H1) and (πρ,Hρ) as well as (πρ,Hρ) and (π2,H2) are equivalent, and
consequently (π1,H1) and (π2,H2) are equivalent. �

Let (A,+, ·, e) be a unital C∗-algebra. If we read irreducible representations
up to (unitary) equivalence and involutive left MAX-modules up to isomorphism
in the sense of I(Mod�(MAX)), then the previous results mean that irreducible
representations of (A,+, ·, e) can be identified with involutive leftMAX-modules
(X,�, ϕ) satisfying the following conditions:

(1) The 2-form ϕ is faithful.
(2) (X,�) has a generator whose annihilator is a maximal left ideal of (A,+, ·, e).
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Exercises

3.2.1. Let (X, ϕX ), (Y, ϕY ) and (Z , ϕZ ) be symmetric lattices. In this context �1 is
the 2-form on the unit object 1. Further, let

(X ⊗ Y )⊗ Z aXY Z X ⊗ (Y ⊗ Z), X ⊗ Y cXY Y ⊗ X,

1⊗ X �X X, X ⊗ 1
rX X

be the components of the natural isomorphisms occurring in the coherence condi-
tions of the monoidal category Sup. We recall that the tensor product of symmetric
lattices is constructed as the tensor product in Sup provided with the respective
tensor product of 2-forms. Show:

(a) The isomorphism (X ⊗ Y )⊗ Z aXY Z X ⊗ (Y ⊗ Z) is orthogonal.
(Hint: Apply Proposition A.2.1 in Appendix A.2.)

(b) The isomorphism X ⊗ Y cXY Y ⊗ X is orthogonal.
(Hint: First verify the following relation for objects X and Y in a symmetric
monoidal category

ΘY XY X ◦ (cXY ⊗ cXY ) = c(X⊗X)(Y⊗Y ) ◦ΘXY XY ,

where ΘY XY X and ΘXY XY are defined in Appendix A.2.)

(c) The isomorphism 1⊗ X �X X is orthogonal.

(d) The isomorphism X ⊗ 1
rX X is orthogonal.

3.2.2. Let (Q, ∗, e, ′) be an involutive and unital quantale and (X, ϕX ) be a sym-
metric lattice. We choose the universal lower bound in Q as a hermitian element
— i.e. δ = ⊥, and consider the symmetric 2-form ϕQ on Q constructed in Exam-

ple 3.2.12. Then (Q⊗ X, ϕQ⊗X ) is a symmetric lattice. Further, let X
ηX Q⊗ X

be the X -component of the unit of the adjoint situation between Sup and Mod�(Q)

(cf. Sect. 3.1) — i.e. ηX (x) = e ⊗ x for all x ∈ X . Show that ηX is an orthogonal
map from (X, ϕX ) to (Q⊗ X, ϕQ⊗X ).

3.2.3. Let Q = ([0, 1], ∗Ł) be the real unit interval provided with the Łukasiewicz
arithmetic conjunction. Then ([0, 1], ∗Ł) is a complete MV -algebra (cf. Sect. 2.7)
and an involutive leftQ-module with the order-reversing involution α �−→ 1− α in
the sense of Example 3.2.12 (δ = 0). Further, let ([0, 1] ⊗ [0, 1],�, ϕ[0,1]⊗[0.1]) be
the involutive left Q-module constructed in Example 3.2.14 and

[0, 1] η[0,1] [0, 1] ⊗ [0, 1], η[0,1](α) = 1⊗ α, α ∈ [0, 1]

be the orthogonal embedding (cf. Exercise 3.2.2).
Show that the identitymapof [0, 1]does not have an extension to an orthogonal left

Q-module homomorphism — i.e. there does not exist an orthogonal left Q-module
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homomorphism [0, 1] ⊗ [0, 1] h [0, 1]making the following diagram commutative
in O(Sup):

[0, 1] [0, 1] ⊗ [0, 1]

[0, 1]
1[0,1]

η[0,1]

h

(Hint: By Theorem 3.1.11 the identity map 1[0,1] has a unique extension to a left

Q-module homomorphism [0, 1] ⊗ [0, 1] h [0, 1] such that 1[0,1] = h ◦ η[0,1] holds
in Sup. In particular, h is given by the Łukasiewicz arithmetic conjunction as multi-
plication in [0, 1]— i.e. h(α ⊗ β) = α ∗Ł β. Since the right adjoint map h� of h has
the form h�(γ )(α) = α → γ = min(1− α + γ, 1) (cf. Theorem 2.2.10), h cannot
be orthogonal.)

3.2.4. A 2-form ϕ on a complete lattice is called non-trivial if ϕ(�⊗�) = 1 holds.
Now let (X1, ϕX1), (X2, ϕX2), (Y1, ϕY1) and (Y2, ϕY2) be symmetric lattices with non-

trivial 2-forms and X1
h Y1, X2

k Y2 be join-preserving maps with the property

h(�) = � and k(�) = �. If X1 ⊗ Y1
h⊗k X2 ⊗ Y2 is orthogonal with respect to

ϕX1⊗Y1 and ϕX2⊗Y2 , then show that h and k are also orthogonal.

3.2.5. LetB be a complete Boolean algebra. OnBwe introduce a symmetric 2-form
ϕB as follows:

ϕB(x1 ⊗ x2) =
{
0, x1 ∧ x2 = ⊥,

1, x1 ∧ x2 �= ⊥,
x1, x2 ∈ B.

Further, let ϕB⊗B be the tensor product of the 2-form ϕB with itself. Show:

(a) ϕB is faithful and the corresponding order-reversing involution fϕB
coincides

with the formation of complements in B.
(b) The join-reversing map fϕB⊗B

corresponding to ϕB⊗B coincides with the forma-
tion of pseudo-complements inB⊗B viewed as a frame (cf. Corollary 2.4.13).
(Hint: Lemma 3.2.3 and formula (2.77), resp. (2.78).)

(c) If B is atomless, then the 2-form ϕB⊗B is not faithful.
(Hint: Use Exercise 2.6.4 (a).)

3.2.6. Let (Q, ∗, e, ′) be an involutive and unital quantale and (Q,�, ϕQ) be an
involutive leftQ-module such that α � β = α ∗ β for all α, β ∈ Q. Further, let fϕQ

be the join-reversing map corresponding to ϕQ. Show that ϕQ is faithful if and only
if (Q, ∗, fϕQ

(e)) is a Frobenius quantale (cf. Example 3.2.12).
(Hint: Proposition 3.2.13.)

3.2.7. Let X be a nonempty set and (Q, ∗, e, ′) be an involutive and unital quantale.
We view X as a preordered set provided with the discrete order. ThenDwn(X) is the
power setP(X) of X . Further, we consider the symmetric 2-form ϕQ onQ defined
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in Example 3.2.12 and the symmetric 2-form ϕP (X) onP(X) corresponding to the
complementation in P(X). Then (Q⊗P(X),�, ϕQ⊗P (X)) is an involutive left
Q-module (see Example 3.2.14).

Further, let δ be the hermitian element occurring in the construction of ϕQ (cf.
Example 3.2.12). We introduce a symmetric 2-form ϕQX on the complete latticeQX

corresponding to the following join-reversing map

f �−→ f δ where f δ(x) = f (x)′ ↘ δ, x ∈ X, f ∈ QX .

Finally, we recall the left action� onQX determined by (α � f )(x) = α ∗ f (x) for
all x ∈ X (cf. Example 3.1.8).

(a) Show that (QX ,�, ϕQX ) is an involutive left Q-module.
(b) Show that (QX ,�, ϕQX ) and (Q⊗P(X),�, ϕQ⊗P (X)) are isomorphic in the

sense of I(Mod�(Q)).
(Hint: Apply Theorem 3.1.10, (3.9) and Lemma 3.2.3.)

3.2.8. Let (A,+, ·, e) be a unital C∗-algebra andMAX be the involutive and unital
quantale of all closed linear subspaces of A (cf. Example 2.5.5). We maintain the
notation from Sect. 2.5.3 and recall that the spectrum sp(A) of (A,+, ·) is given
by the quantic frame P(MAX) associated with MAX. Further, let (ϑ,H ) be a

representation of A and MAX
hϑ [P(H ),P(H )] be the involutive and unital

homomorphism determined by (3.41) (cf. Lemma 3.2.17). Show:

(a) The involutive and unital homomorphism hϑ is a strong homomorphism if and
only if (ϑ,H ) is an irreducible representation.

(b) If (ϑ,H ) is an irreducible representation of A, then there exists a unique invo-
lutive homomorphism h from P(MAX) to the semi-integral regularization of
[P(H ),P(H )] satisfying the condition h(πMAX(L ⊗ R)) = hϑ(R ∗ L) for
all closed left ideals L and all closed right ideals R.
(Hint: Let MAX sr and [P(H ),P(H )] sr be the semi-integral regulariza-
tions ofMAX and [P(H ),P(H )], respectively. Then conclude from (a) that
hϑ is also an involutive homomorphism from MAX sr to [P(H ),P(H )] sr.
Further, let I(A)

qL L(A)
ιL MAX sr and I(A)

qR R(A)
ιR MAX sr be

the respective embeddings. Now we infer from the universal property of the
pushout square (cf. Definition 2.5.13 (c), see also the proof of Theorem 2.5.12)

that there exists a unique involutive homomorphism P(MAX)
h0 MAX sr

such that h0 ◦ ρL = ιL and h0 ◦ ρR = ιR hold. Moreover, the relation

h0
(
πMAX(L ⊗ R)

) = R ∗ L , L ∈ L(A), R ∈ R(A)

follows from the construction of h0. Thus h := hϑ ◦ h0 satisfies the desired
properties.)
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3.3 Q-Modules and (Co)Complete Q-Preordered Sets

LetQ = (Q, ∗, e) be an arbitrary unital quantale andQτ be its transposed quantale.
Since every right action over Q can be read as a left action over Qτ , there exists a
(covariant) isomorphism between the category Modr (Q) of rightQ-modules and the
category Mod�(Q

τ ) of leftQτ -modules. Hence this situation suggests to restrict our
interest to one of these categories. We decide to focus first on right Q-modules and
begin with a remarkable theorem.

Theorem 3.3.1. Let (X,�) be a right Q-module. Then the map X × X p
Q

defined by
p(x, y) = ∨{α ∈ Q | x � α ≤ y}, x, y ∈ X (3.48)

satisfies the following properties:

(O1) e ≤ p(x, x) for each x ∈ X, (Reflexivity)
(O2) p(x, y) ∗ p(y, z) ≤ p(x, z) for each x, y, z ∈ X. (Transitivity)

Proof. The property (O1) follows immediately from axiom (M2r ). In order to verify
(O2) we use the rightQ-module axiom (M1r ) and observe that the following relation
holds for x, y, z ∈ X :

x � (p(x, y) ∗ p(y, z)) = (x � p(x, y)) � p(y, z) ≤ y � p(y, z) ≤ z.

Hence (O2) follows from (3.48). �

Amap X × X
p

Q is called aQ-valued preorder on X (orQ-preorder for short)
if p satisfies the conditions (O1) and (O2). A pair (X, p) is a Q -valued preordered
set (or Q -preordered set for short) if X is a set and p is a Q-preorder on X .

If we read preordered sets as thin and small categories, then unital quantales Q
are monoidal biclosed and complete categories (cf. [63]), where the tensor product
is given by the multiplication ∗ in Q. In this sense Q-preordered sets and Q-en-
riched categories (cf. [63]) are equivalent concepts. Obviously, the reflexivity axiom
(O1) means the existence ofQ-enriched identities, and the transitivity axiom (O2) is
equivalent to theQ-enriched composition law in the following sense.With everymap

X × X
p

Q we can associate a map X × X
pτ

Q defined by pτ (x, y) = p(y, x)

for all x, y ∈ X . Then p is transitive (i.e. satisfies (O2)) if and only if pτ satisfies the
following condition for each x, y, z ∈ X :

(O2)′ pτ (y, z) ∗ pτ (x, y) ≤ pτ (x, z). (Q-Enriched Composition Law)

Hence, in the language of enriched category theory, the statement of Theorem 3.3.1
says that every right Q-module has an intrinsic structure of a Q-enriched category.

The aim of this section is to characterize right (left) Q-modules in terms of
Q−preordered sets. For this purpose we make a digression on Q-preorders and
develop Q-valued analogues of some significant properties explained in Sect. 1.3.
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3.3.1 Q-Preorders and Cocompleteness

As a first important observation we note that every Q-preorder p on a set X has an
underlying preorder ≤p given by

x ≤p y ⇐⇒ e ≤ p(x, y). (3.49)

Since this preorder will play an important rôle in the context of p, we introduce a
special name and call≤p the intrinsic preorder underlying p. In order to simplify the
notationwewill sometimes suppress the index p andwill denote an intrinsic preorder
by≤, if a confusion is not possible. From the perspective of enriched category theory
the intrinsic preorder obviously plays the rôle of the underlying ordinary category
(cf. p. 26 in [63]).

A Q-preorder is antisymmetric if its intrinsic preorder is antisymmetric.

Let (X, p) and (Y, q) beQ-preordered sets. Amap X h Y is aQ-homomorphism
(also calledQ-functor (cf. [63])) if h satisfies the following condition for all x, z ∈ X :

p(x, z) ≤ q(h(x), h(z)).

Obviously Q-homomorphisms are always isotone w.r.t. the underlying intrinsic
preorders. Moreover, Q-preordered sets and Q-homomorphisms form a category
denoted by Preord(Q).

It is easily seen that Preord(Q) is topological over Set. Hence Preord(Q) is
complete and cocomplete. But in the general setting of non-commutative and unital
quantales it is an open questionwhetherPreord(Q) is amonoidal biclosed category
(see Exercise 3.3.9 in the case of commutative quantales). Finally, we note that the
category of preordered sets is isomorphic to a full and coreflective subcategory of
Preord(Q). In this sense Preord(Q) is an extension of Preord.

We begin with a property which forces maps to be Q-homomorphisms.

Lemma 3.3.2. Let (X, p) and (Y, q) be Q-preordered sets, and let X h
k Y be a

pair of maps. If h and k satisfy the following property for all x ∈ X and y ∈ Y :

q(h(x), y) = p(x, k(y)), (QAD)

then h and k are Q-homomorphisms.

Proof. Wefix x1, x2 ∈ X and conclude from (O1), (O2) and (QAD) that the following
relation holds:

p(x1, x2) ≤ p(x1, x2) ∗ q
(
h(x2), h(x2)

) = p(x1, x2) ∗ p
(
x2, k(h(x2))

)

≤ p
(
x1, k(h(x2))

) = q
(
h(x1), h(x2)

)
.
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Hence h is a Q-homomorphism. If we interchange the rôle of p and q, then it is
easily seen that k is also a Q-homomorphism. �

Motivated by the previous lemma we make the following definition (cf. [63]). A

pair of Q-homomorphisms (X, p)
h
k (Y, q) is called Q-enriched adjoint if (h, k)

satisfies the condition (QAD) in Lemma 3.3.2. In this context h is left adjoint to k,
k is right adjoint to h, and we write h � k.

A characterization of Q-enriched adjointness is given in the next lemma.

Lemma 3.3.3. Let (X, p) and (Y, q) be Q-preordered sets. Further, let ≤p and ≤q

denote the respective underlying intrinsic preorders. A pair X h
k Y of

Q-homomorphisms is a Q-enriched adjoint pair if and only if the following rela-
tion holds for all x ∈ X and y ∈ Y

x ≤p k(h(x)) and h(k(y))≤q y. (QAD′)

Proof. The properties (O1), (3.49) and (QAD) immediately imply (QAD′). On the
other hand, because of (3.49), the condition (QAD′) is equivalent to the conjunction
e ≤ p(x, k(h(x))) and e ≤ q(h(k(y)), y). Now we apply (O2) and obtain:

q(h(x), y) ≤ p(k(h(x)), k(y)) ≤ p(x, k(y)) ≤ q(h(x), h(k(y))) ≤ q(h(x), y).

Hence (QAD) follows. �

By the previous lemma, Q-enriched adjointness and adjointness in the sense of
the respective intrinsic preorders are equivalent concepts. Hence we suppress the
adjective “Q-enriched” and speakof anadjoint pair of Q-homomorphisms. Referring
to Sect. 1.3, it is evident that adjointQ-homomorphisms are uniquely determined by
each other up to equivalence.

Comment. The connection of Lemmas 3.3.2 and 3.3.3 goes back to a theorem due
to H. Lai and D. Zhang. In this context the superfluous assumption of commutativity
is present (cf. [71, Theorem 2.10]).

Before we can introduce “cocomplete” Q-valued preordered sets, we have to
define the concept of a Q-valued downclosed subset. It is well-known that a down-
closed subset A of a preordered set X can be viewed as a contravariant 2-functor
from X to 1 = {0, 1}. If we replace 1 by Q, then a “Q-valued downclosed subset”
of a Q-preordered set (X, p) is a Q-enriched contravariant presheaf f on (X, p)

— i.e. a map X
f
Q satisfying the following condition:

p(z, x) ∗ f (x) ≤ f (z), x, z ∈ X. (Left Extensionality)

The set of allQ-enriched contravariant presheaves on (X, p) is denoted byP(X, p).
Obviously, every element x of X induces aQ-enriched contravariant presheaf x̃ by:
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x̃(z) = p(z, x), z ∈ X.

The next example describes the structure of a right Q-module on P(X, p).

Example 3.3.4. Let (X, p) be aQ-ordered set. OnP(X, p)we define a partial order
as follows:

f ≤ g ⇐⇒ f (x) ≤ g(x) for all x ∈ X. (3.50)

Then (P(X, p),≤) is a complete lattice. On P(X, p) we introduce a right action �

determined by:

( f � α)(x) = f (x) ∗ α, α ∈ Q, f ∈ P(X, p), x ∈ X. (3.51)

It is easily seen that the Q-preorder d on P(X, p) induced by � in the sense of
Theorem 3.3.1 has the following form for each f, g ∈ P(X, p):

d( f, g) = ∨{α ∈ Q | ∀ x ∈ X : f (x) ∗ α ≤ g(x)} = ∧

x∈X

(
f (x) ↘ g(x)

)
.

Obviously, the intrinsic preorder underlying (P(X, p), d) is antisymmetric and coin-
cides with the partial order defined in (3.50). Moreover, the Q-enriched Yoneda

embedding (X, p)
η(X,p)

(P(X, p), d) is the Q-homomorphism given by:

η(X,p)(x) = x̃ x ∈ X.

In this context, the following relation holds for all x ∈ X and f ∈ P(X, p):

d(η(X,p)(x), f ) = f (x). (3.52)

The next lemma is aQ-valued version of Lemma 1.3.3 and explains under which
condition the Q-enriched Yoneda embedding η(X,p) has a left adjoint
Q-homomorphism.

Lemma 3.3.5. Let (X, p) be a Q-preordered set and P(X, p)
ξ X be a

Q-homomorphism. Then the following assertions are equivalent:

(i) ξ is left adjoint to η(X,p).
(ii) ξ ◦ η(X,p) and 1X are naturally equivalent in the sense of the underlying intrinsic

preorders.

Proof. Let ≤p be the intrinsic preorder underlying (X, p). By Lemma 3.3.3 it is
sufficient to establish the following equivalence:

(∀x ∈ X, x ≤p ξ(η(X,p)(x))
) ⇐⇒ (∀ f ∈ P(X, p), f ≤ η(X,p)(ξ( f ))

)

In order to verify the necessity we choose f ∈ P(X, p) and apply (3.52) and (O2):
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f (x) = d (̃x, f ) ≤ p(ξ(̃x), ξ( f )) ≤ p(x, ξ(̃x)) ∗ p(ξ(̃x)
)
, ξ( f )) ≤ p(x, ξ( f )), x ∈ X.

Hence f ≤ η(X,p)(ξ( f )) follows. In order to show that the condition is also sufficient
we consider the special case f = x̃ = η(X,p)(x) and obtain:

e ≤ x̃(x) ≤ (η(X,p)(ξ(̃x)))(x) = p(x, ξ(̃x)).

Hence x ≤p ξ(η(X,p)(x)) follows for all x ∈ X . �

Motivated by the previous lemma we introduce the following terminology and
notation.

Definition 3.3.6. A Q-preordered set (X, p) is cocomplete (or Q-enriched join-

complete) if theQ-enriched Yoneda embedding X
η(X,p)

P(X, p) has a left adjoint

Q-homomorphism P(X, p)
ξ X . Since ξ is uniquely determined up to equiva-

lence, we also write sup(X,p) instead of ξ and call sup(X,p) the formation of joins of
Q-enriched contravariant presheaves on (X, p).

A join-complete Q-valued lattice is a cocomplete Q-preordered set (X, p) with
an antisymmetric Q-preorder p.

Before we proceed, we give a characterization of cocompleteQ-preordered sets.
For this purpose we need some further terminology.

Definition 3.3.7. Let (X, p) be aQ-preordered set. An element x0 ∈ X is called an
upper bound of a Q-enriched contravaraint presheaf f on (X, p) if f ≤ η(X,p)(x0)
holds. An upper bound x0 of a Q-enriched contravariant presheaf f is called a join
of f if for all α ∈ Q and for all x ∈ X the following additional implication is true:

(∀z ∈ X : f (z) ∗ α ≤ p(z, x)
) =⇒ α ≤ p(x0, x).

From (O2) it is easily seen that an element x0 ∈ X is a join of some Q-enriched
presheaf f on (X, p) if and only if the equivalence

(∀z ∈ X : f (z) ∗ α ≤ p(z, x)
) ⇐⇒ α ≤ p(x0, x) (3.53)

is valid for all α ∈ Q and all x ∈ X . Moreover, if the underlying Q-preorder is
antisymmetric, then joins of Q-enriched contravariant presheaves are unique.

Theorem 3.3.8. For every Q-preordered set (X, p) the following assertions are
equivalent:

(i) (X, p) is cocomplete.
(ii) Every Q-enriched contravariant presheaf on (X, p) has a join.

Proof. Let f be a Q-enriched contravariant presheaf on a Q-preordered set (X, p).
By (3.53) an element x0 ∈ X is a join of f if and only if p(x0, x) = d

(
f, η(X,p)(x)

)
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holds for all x ∈ X . Hence (i) implies (ii).

On the other hand, if (ii) holds, then for everyQ-enriched presheaf f on (X, p) the
setA f of all joins of f is nonempty. By the axiom of choice we now select a choice

functionP(X, p)
ξ X such that ξ( f ) is contained inA f for all f ∈ P(X, p). Since

p
(
ξ( f ), x

) = d
(

f, η(X,p)(x)
)
holds for all x ∈ X and f ∈ P(X, p), we infer from

Lemma 3.3.2 that ξ is aQ-homomorphismwhich is left adjoint to η(X,p). Thus (X, p)

is cocomplete, and (i) is verified. �

The next lemma shows that cocompleteness of Q-preordered sets can be con-
sidered as an enrichment of the traditional concept of complete preordered sets.

Lemma 3.3.9. Let (X, p) be a cocomplete Q-preordered set and ≤p be its under-
lying intrinsic preorder. Then (X,≤p) is a complete preordered set.

Proof. Let sup(X,p) be the formation of joins ofQ-enriched contravariant presheaves
on (X, p). Since for all x1, x2 ∈ X the chain of equivalences

x̃1 ≤ x̃2 ⇐⇒ e ≤ p(x1, x2) ⇐⇒ x1 ≤p x2

holds, we can identify downclosed subsets A of X withQ-enriched contravariant pre-
sheaves f A = ∨

a∈A ã. Hence we can restrict sup(X,p) to Dwn(X). In this situation
the assertion follows from Lemmas 3.3.5, 1.3.3 and Theorem 1.3.4. �

Comment. If we anticipate Exercise 3.3.8, then Lemma 3.3.9 is obviously a special
case of the general property that cocompleteness is inherited under a change of base.

The next example plays a strategic rôle in the theory of join-complete Q-valued
lattices.

Example 3.3.10. Let (X, p) be a Q-preordered set and (P(X, p), d) be the Q-pre-
ordered set of all Q-enriched, contravariant presheaves on (X, p). Then d is anti-
symmetric (cf. Example 3.3.4), and

(
P(X, p), d

)
is a join-completeQ-valued lattice.

In fact, let us consider theQ-homomorphism P
(
P(X, p)

) μ(X,p)
P(X, p) given

by:

μ(X,p)(F)(x) = ∨

f ∈P(X,p)

f (x) ∗ F( f ), F ∈ P(P(X, p), d), x ∈ X. (3.54)

It is easily seen that for every Q-enriched contravariant presheaf f on (X, p) the
relation

(
(μ(X,p) ◦ η(P(X,p),d))( f )

)
(x) = ∨

g∈P(X,p)

g(x) ∗ d(g, f ) = f (x)

holds for all x ∈ X . Hence (P(X, p), d) is a join-complete Q-valued lattice. In
particular, we will also denote μ(X,p) by sup(P(X,p),d).
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As the next step we complete the object function (X, p) �−→ P(X, p) to an end-
ofunctor of Preord(Q) by:

(X, p) h (Y, q), P(X, p)
P(h)

P(Y, q),
(
P(h)( f )

)
(y) = ∨

x∈X
q(y, h(x)) ∗ f (x),

where f ∈ P(X, p) and y ∈ Y .
Having made these preparations the next lemma reveals an important property of

Q-homomorphisms.

Lemma 3.3.11. Let (X, p) and (Y, q) be cocompleteQ-preordered sets. Then every

Q-homomorphism X h Y satisfies the condition:

(
sup(Y,q) ◦ P(h)

)
( f ) ≤ (

h ◦ sup(X,p)

)
( f ), f ∈ P(X, p),

where ≤ is the intrinsic preorder underlying q.

Proof. Let f be aQ-enriched, contravariant presheaf on (X, p). Referring to (3.52)
and Lemma 3.3.5 we obtain for all x ∈ X :

f (x) ≤ p(sup(X,p)(̃x), sup(X,p)( f )) ≤ p(x, sup(X,p)( f )) ≤ q(h(x), h(sup(X,p)( f ))).

Hence the relation

(
P(h)( f )

)
(y) ≤ ∨

x∈X
q(y, h(x)) ∗ q(h(x), h(sup(X,p)( f ))) ≤ q

(
y, h

(
sup(X,p)( f )

))

follows for all y ∈ Y . Since Q-homomorphisms are isotone w.r.t. the underlying
intrinsic preorders, we apply again Lemma 3.3.5 and obtain:

(
sup(Y,q) ◦P(h)

)
( f ) ≤ (

sup(Y,q) ◦ η(Y,q)

)((
h ◦ sup(X,p)

)
( f )

) ≤ (
h ◦ sup(X,p)

)
( f ).

Hence the assertion is verified. �

Motivated by the previous lemma we introduce the following terminology.

Definition 3.3.12. Let (X, p) and (Y, q) be cocompleteQ-preordered sets. Further,

let ≤q be the intrinsic preorder underlying q. Then a Q-homomorphism X h Y is
cocontinuous (or Q-enriched join-preserving) if the following relation holds:

(
h ◦ sup(X,p)

)
( f )≤q

(
sup(Y,q) ◦ P(h)

)
( f ), f ∈ P(X, p).

Lemma 3.3.13. Let (X, p) and (Y, q) be cocomplete Q-preordered sets. Every

cocontinuous (Q-enriched join-preserving) Q-homomorphism X h Y is join-pre-
serving w.r.t. the underlying intrinsic preorders.
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Proof. Let sup(X,p) and sup(Y,q) be the respective formations of joins ofQ-enriched
contravariant presheaves. Since h is cocontinuous, for all A ∈ Dwn(X) the following
relation holds:

h
(
sup(X,p)(

∨

a∈A
ã)

)
≤q sup(Y,q)

(
P(h)

( ∨

a∈A
ã
))

= sup(Y,q)

( ∨

b∈↓h(A)

b̃
)
.

Hence h is join-preserving w.r.t. the underlying intrinsic preorders. �

Comment. There exist join-preserving maps which are notQ-enriched join-preser-
ving (cf. Exercise 3.3.6). Hence cocontinuity is a smoothness property, which is
stronger than join preservation in the traditional sense.

The next theorem is a Q-valued version of Theorem 1.3.7.

Theorem 3.3.14. Let (X, p) and (Y, q) be cocomplete Q-preordered sets, and let

X h Y be a Q-homomorphism. Then h is cocontinuous if and only if h has a right
adjoint Q-homomorphism.

Proof. Every Q-homomorphism (X, p) h (Y, q) induces a further Q-homomor-

phism (Y, q) Φ P(X, p) as follows:

Φ(y)(x) = q(h(x), y), y ∈ Y, x ∈ X.

Since (X, p) is cocomplete, we introduce a Q-homomorphism (Y, q) k (X, p) by
k = sup(X,p) ◦Φ. Since

e ≤ d
(
x̃0, Φ(h(x0))

) ≤ p(x0, k(h(x0))), x0 ∈ X,

the relation x0 ≤p k(h(x0)) follows for each x0 ∈ X , where ≤p is the intrinsic
preorder underlying p.

Let us now assume that h is cocontinuous. It is easily seen that the following
relation holds for all y0 ∈ Y :

h(k(y0))≤q sup(Y,q)

(
P(h)(Φ(y0))

)≤q y0.

Thus k is a right adjoint to h. On the other hand, if h has a right adjoint
Q-homomorphism h�, then we observe

p(x0, x) ≤ q(h(x0), h(x)) = p(x0, h�(h(x))), x0, x ∈ X.

Hence the relation f ≤ P(h� ◦ h)( f ) follows for each f ∈ P(X, p). Now we apply
Lemma 3.3.11 to h� and obtain:

sup(X,p)( f )≤p sup(X,p)

(
P(h� ◦ h)( f )

)≤p h�
(
sup(Y,q)

(
P(h)( f )

))
.
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Using again the right adjointness of h�, we infer from the previous relation that
h
(
sup(X,p)( f )

)≤q sup(Y,q)

(
P(h)( f )

)
holds. Hence h is cocontinuous. �

If a Q-preordered set (X, p) is cocomplete, then we infer from Theorem 3.3.14
that sup(X,p) is always cocontinuous. A further application of Theorem 3.3.14 is the
following proposition.

Proposition 3.3.15. Let (X, p) and (Y, q) be cocomplete Q-preordered sets, and

let X h Y be a Q-homomorphism. Then P(X, p)
P(h)

P(Y, q) is cocontinuous.

Proof. If f ∈ P(X, p) and g ∈ P(Y, q), then it is easily seen that the following
relation holds:

∧

y∈Y

((
P(h)( f )

)
(y) ↘ g(y)

)
= ∧

x∈X

∧

y∈Y

((
q(y, h(x)) ∗ f (x)

) ↘ g(y)
)

= ∧

x∈X

∧

y∈Y

(
f (x) ↘ (

q(y, h(x)) ↘ g(y)
))

= ∧

x∈X

(
f (x) ↘ g(h(x))

)
.

Hence we conclude from Lemma 3.3.2 that the map g �−→ g ◦ h is a
Q-homomorphism which is right adjoint to P(h). Hence P(h) is cocontinuous. �

The composition of cocontinuousQ-homomorphisms is evidently cocontinuous.
Moreover, in the case of antisymmetricQ-preorderswe can characterize cocontinuity
as follows.

Let (X, p) be a cocomplete Q-preordered set and (Y, q) be a join-complete

Q-valued lattice. By Lemma 3.3.11 aQ-homomorphism X h Y is cocontinuous if
and only if the following diagram is commutative:

P(X, p) P(Y, q)

X Y

sup(X,p)

P(h)

sup(Y,q)

h

(3.55)

In the case of h = sup(Y,q) the previous diagram attains the following form:

P
(
P(Y, q)

)
P(Y, q)

P(Y, q) Y

μ(Y,q)

P(sup(Y,q))

sup(Y,q)

sup(Y,q)

(3.56)

which expresses the associativity of sup(Y,q) in the case of join-complete Q-valued
lattices.

The next theorem can be understood as an extension theorem and is a Q-valued
analogue of Corollary 1.3.11.
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Theorem 3.3.16. Let (X, p) be a Q-preordered set and (Y, q) be a join-complete

Q-valued lattice. Then for every Q-homomorphism X h Y there exists a unique co-

continuous Q-homomorphism P(X, p) h�

Y making the following diagram
commutative:

X P(X, p)

Y
h

η(X,p)

h� (3.57)

Proof. (Uniqueness) Let f be aQ-enriched contravariant presheaf on (X, p). Then
f induces a Q-enriched contravariant presheaf Ff on (P(X, p), d) by

Ff (g) = ∨

x∈X
d(g, x̃) ∗ f (x), g ∈ P(X, p).

Then we conclude from the left extensionality of f that the following relation holds

(
sup(P(X,p),d)(F f )

)
(z) = ∨

x∈X
g∈P(X,p)

g(z) ∗ d(g, x̃) ∗ f (x) = ∨

x∈X
p(z, x) ∗ f (x) = f (z)

for each z ∈ X . Hence sup(P(X,p),d)(Ff ) = f follows.
Nowwe assume that h� is a cocontinuousQ-homomorphismmaking the diagram

(3.57) commutative. Since q is antisymmetric, we obtain:

h�( f ) = (
h� ◦ sup(P(X,p),d)

)
(Ff ) =

(
sup(Y,q) ◦ P(h�)

)
(Ff )

= sup(Y,q)

( ∨

x∈X
g∈P(X,p)

q( , h�(g)) ∗ d(g, x̃) ∗ f (x)
)

= sup(Y,q)

( ∨

x∈X
q( , h�(̃x)) ∗ f (x)

)

= sup(Y,q)

( ∨

x∈X
q( , h(x)) ∗ f (x)

)

= sup(Y,q)P(h)( f ).

Hence h� = sup(Y,q) ◦ P(h) follows. Since q is antisymmetric, sup(Y,q) is the unique
formation of joins ofQ-enriched contravariant presheaves on (Y, q). This means that
h� is uniquely determined by h and the commutativity of (3.57).
(Existence) The uniqueness proof and Proposition 3.3.15 suggest to introduce a

cocontinuousQ-homomorphismP(X, p) h�

Y by h� = sup(Y,q) ◦ P(h). Since for
all x ∈ X the relation

(
sup(Y,q) ◦ P(h)

)
(̃x) = sup(Y,q)

(
q( , h(z)) ∗ p(z, x)

) = (
sup(Y,q) ◦ η(Y,q)

)
(h(x))
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holds, h� ◦ η(X,p) = h follows from the antisymmetry of q. Hence h� satisfies the
desired properties. �

Let Sup(Q) be the category of join-complete Q-valued lattices and cocontin-
uous Q-homomorphisms. Then Theorem 3.3.16 means that the forgetful functor
from Sup(Q) to Preord(Q) has a left adjoint functor. The monad on Preord(Q)

induced by this adjoint situation has already appeared implicitly in the previous
considerations and is given by the triple P(Q) = (P, η, μ), where the endofunctorP
is defined before Lemma 3.3.11, the components of the unit η are given by the respec-
tiveQ-enriched Yoneda embeddings (cf. Example 3.3.4) and the components of the
multiplication μ coincide with the formation of joins of Q-enriched contravariant
presheaves (cf. (3.54) in Example 3.3.10). The monad P(Q) is also called the monad
of Q-enriched contravariant presheaves onPreord(Q). Themonad of downclosed
sets is obviously a submonad of P(Q).

It follows immediately from Lemma 3.3.5 and the diagrams (3.55) and (3.56) that
the Eilenberg–Moore category of P(Q) coincides with Sup(Q).

3.3.2 Complete Q-Preordered Sets

In order to introduce a concept of a complete (i.e. Q-enriched meet-complete)
Q-preordered set, we need a Q-valued version of upclosed subsets (cf. Sect. 1.3).
Since in the general, non-commutative setting of unital quantales Q a principle of
Q-valued duality is not available, we can now simply replace Q by its transposed
quantale Qτ and transfer Q-preorders to Qτ -preorders by interchanging their argu-
ments. If in Sect. 3.3.1 we proceed in this way, then 3.3.4 – 3.3.16 can obviously be
rewritten. Hence this approach leads to the following terminology, definitions and
results.

If (X, p) is a Q-preordered set, then a map X
f
Q is called a Q-enriched

covariant presheaf on (X, p) if f satisfies the condition:

f (x) ∗ p(x, z) ≤ f (z), x, z ∈ X. (Right Extensionality)

On the set P†(X, p) of allQ-enriched covariant presheaves we introduce the point-
wise order. Then P†(X, p) is a complete lattice, and the left action � on P†(X, p)

is determined as follows:

(α � f )(x) = α ∗ f (x), α ∈ Q, f ∈ P†(X, p), x ∈ X.

Hence (P†(X, p),�) is a left Q-module. If we now anticipate the formula (3.64),
then the corresponding Q-preorder d† on P†(X, p) is given by

d†( f, g) = ∧

x∈X
( f (x) ↙ g(x)), f, g ∈ P†(X, p).
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Finally, the Q-enriched Yoneda embedding (X, p)
η
†
(X,p)

(P†(X, p), d†) has the
form:

η
†
(X,p)(x) = x̃†, x̃†(z) = p(x, z), z ∈ X.

In this context, the relation d†( f, x̃†) = f (x) holds for each Q-enriched covariant
presheaf f and for each x ∈ X .

A Q-preordered set (X, p) is complete (or Q-enriched meet-complete) if the
Q-enriched Yoneda embedding η

†
(X,p) has a right adjoint Q-homomorphism — i.e.

there exists a Q-homomorphism P†(X, p)
ξ X such that the relation

d†
(
η
†
(X,p)(x), f

) = p(x, ξ( f ))

holds for all x ∈ X and f ∈ P†(X, p). Obviously, ξ is right adjoint to η
†
(X,p) if and

only if ξ ◦ η
†
(X,p) is equivalent to 1X . Since right adjoint Q-homomorphisms of a

given Q-homomorphism are unique up to equivalence, we denote ξ by inf(X,p) and
call inf(X,p) the formation of meets of Q-enriched covariant presheaves on (X, p).

A meet-complete Q-valued lattice is a complete Q-preordered set with an anti-
symmetric Q-preorder.

Definition 3.3.17. Let (X, p) be a Q-preordered set. An element x0 ∈ X is called
a lower bound of a Q-enriched covaraint presheaf g on (X, p) if g(z) ≤ η

†
(X,p)(x0)

holds. A lower bound x0 of aQ-enriched covariant presheaf g is called a meet of g
if for all α ∈ Q and for all x ∈ X the following additional implication is true:

(∀z ∈ X : α ∗ g(z) ≤ p(x, z)
) =⇒ α ≤ p(x, x0).

Again by (O2), an element x0 ∈ X is a meet of a covariant presheaf g on (X, p)

if and only if the equivalence

(∀z ∈ X : α ∗ g(z) ≤ p(x, z)
) ⇐⇒ α ≤ p(x, x0)

holds for all x ∈ X and α ∈ Q— this means the validity of the following equation:

d†
(
η
†
(X,p)(x), g

) = p(x, x0), x ∈ X.

Hence aQ-preordered set (X, p) is complete if and only if everyQ-enriched covari-
ant presheaf on (X, p) has a meet, where we apply of course the axiom of choice.

The next proposition is a Q-valued analogue of Proposition 1.3.5.

Proposition 3.3.18. A Q-preordered set (X, p) is complete if and only if (X, p) is
cocomplete.

Proof. Let us consider the followingQ-homomorphismsP†(X, p) Δ P(X, p) and

P(X, p) Δ†
P†(X, p) defined by
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Δ( f )(x) = ∧

z∈X
(p(x, z) ↙ f (z)), f ∈ P†(X, p), x ∈ X,

Δ†( f )(x) = ∧

z∈X
( f (z) ↘ p(z, x)), f ∈ P(X, p), x ∈ X.

Since x̃ = Δ(̃x†) and x̃† = Δ†(̃x) for all x ∈ X , the assertion follows. �

Because of the previous proposition it is not necessary to distinguish between
completeness and cocompleteness of Q-preordered sets. Hence a complete Q-val-
ued lattice is either Q-enriched meet-complete or Q-enriched join-complete.

An example of a complete Q-valued lattice is
(
P†(X, p), d†

)
. In this context

the formation of meets of Q-enriched covariant presheaves on
(
P†(X, p), d†

)
is

determined by:

μ
†
(X,p)(F)(x) = inf(P†(X,p),d†)(F)(x) = ∨

f ∈P†(X,p)

F( f ) ∗ f (x),

where F ∈ P†(P†(X, p), d†).
At this point it is worthwhile to recall that in a strict sense the formation of meets

ofQ-enriched covariant presheaves is not aQ-valued dual concept of the formation
of joins of Q-enriched contravariant presheaves. We can solve this problem if we
add an involutive anti-endomorphism on the given quantale.

Remark 3.3.19. Let (Q, ∗, e, ′) be an involutive and unital quantale. Thenwith every
Q-preordered set (X, p)we can associate the dual Q-preordered set (X, pop), where
the dual Q-preorder pop is given by:

pop(x1, x2) = p(x2, x1)
′, x1, x2 ∈ X.

Further, we consider Q as a right Q-module (Q,�) in the sense of Example 3.1.6.
Then the Q-preorder on Q coincides with the right-implication↘ of Q. Finally, if

X
f
Q is a map, then its conjugate map X

f ′
Q has the form f ′(x) = f (x)′ for

all x ∈ X . Now we make the following observations:

(i) A Q-enriched contravariant presheaf on (X, p) is equivalent to a Q-homomor-
phism from (X, pop) to (Q,↘) — i.e. f is aQ-enriched contravariant presheaf

on (X, p) if and only if its conjugate map (X, pop)
f ′

(Q,↘) is a Q-
homomorphism.

(ii) The right extensionality of aQ-enriched covariant presheaf f on (X, p) is equiv-

alent to the requirement that (X, p)
f

(Q,↘) is a Q-homomorphism.

Hence f is a Q-enriched contravariant (covariant) presheaf on (X, p) if and only if
its conjugate map f ′ is aQ-enriched covariant (contravariant) presheaf on (X, pop).
Based on this interrelationship we formulate the Principle of Q-Enriched Duality
as follows:
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If P is a property (notion) in a Q-preordered set (X, p), then its Q-enriched dual property
(notion) Pop in (X, p) is the property (notion) P phrased in (X, pop) modulo involution —
this means thatQ-enriched contravariant (covariant) presheaves on (X, p) are expressed by
their conjugate Q-enriched covariant (contravariant) presheaves on (X, pop).

Having made these preparations we are now in a position to prove that joins and
meets of Q-enriched presheaves are Q-valued dual notions.

In fact, let g be a Q-enriched covariant presheaf on a given Q-preordered set
(X, p), and let x0 be a join of its conjugate map — i.e. theQ-enriched contravariant
presheaf g′ on (X, pop). Then x0 is obviously a meet of g, because the following
chain of equivalences holds for all α ∈ Q and x ∈ X :

(∀z ∈ X : α ∗ g(z) ≤ p(x, z)
) ⇐⇒ (∀ z ∈ X : g′(z) ∗ α′ ≤ pop(z, x)

)

⇐⇒ α′ ≤ pop(x0, x)

⇐⇒ α ≤ p(x, x0).

Finally we complete the object function (X, p) �−→ P†(X, p) to an endofunctor
P† of Preord(Q) as follows:

(X, p) h (Y, q), P†(X, p)
P†(h)

P†(Y, q),
(
P†(h)( f )

)
(y) = ∨

x∈X
f (x) ∗ q(h(x), y),

where f ∈ P†(X, p) and y ∈ Y . If (X, p) and (Y, q) are complete Q-preordered

sets, then every Q-homomorphism X h Y satisfies the condition:

(
h ◦ inf(X,p)

)
( f ) ≤ (

inf(Y,q) ◦ P†(h)
)
( f ), f ∈ P†(X, p),

where ≤ is the intrinsic preorder underlying q.

Moreover, aQ-homomorphism (X, p) h (Y, q) is called continuous (i.e.Q-en-
riched meet-preserving) if for all Q-enriched covariant presheaves f on (X, p) the
following relation holds:

(
inf(Y,q) ◦ P†(h)

)
( f ) ≤ (

h ◦ inf(X,p)

)
( f ), f ∈ P†(X, p),

where ≤ is again the intrinsic preorder underlying q.
Every continuous Q-homomorphism is meet-preserving with respect to the un-

derlying intrinsic preorders. As a further important property we point out that a Q-
homomorphism h has a left adjointQ-homomorphism if and only if h is continuous.
Hence inf(X,p) and P†(h) are continuous. Finally, the following extension theorem
holds.

Theorem 3.3.20. Let (X, p) be a Q-preordered set and (Y, q) be a meet-complete

Q-valued lattice. Then for every Q-homomorphism X h Y there exists a unique

continuous Q-homomorphism P†(X, p) h�

Y making the following diagram com-
mutative:



272 3 Module Theory in Sup

X P†(X, p)

Y
h

η
†
(X,p)

h� (3.58)

In particular, h� coincides with inf(Y,q) ◦ P†(h).

By analogy with Sect. 3.3.1 we can summarize the situation as follows. The
triple P†(Q) = (P†, η†, μ†) is a monad on Preord(Q) and is called the monad of
Q-enriched covariant presheaves. The Eilenberg–Moore category of P†(Q) coin-
cides with the category Inf(Q) of meet-completeQ-valued lattices with continuous
Q-homomorphisms.

3.3.3 Right Q-Modules and Join-Complete Q-Valued
Lattices

Theorem 3.3.21. Let (X,�) be a right Q-module and p be the Q-preorder on X
determined by (3.48). Then (X, p) is a join-complete Q-valued lattice and the intrin-
sic preorder underlying p coincides with the given partial order on X. Moreover,
the formation of joins of Q-enriched contravariant presheaves on (X, p) attains the
following form:

sup(X,p)( f ) = ∨

x∈X
x � f (x), f ∈ P(X, p).

Proof. Since x � p(x, y) ≤ y, the intrinsic preorder ≤p coincides with the partial
order ≤ on X . In particular, the intrinsic preorder is antisymmetric. Further, let us

define a map P(X, p)
ξ X by

ξ( f ) = ∨

x∈X
x � f (x), f ∈ P(X, p), (3.59)

and conclude from (3.48) and the relation

∨

x∈X

(
x � f (x)

)
� d( f, g) = ∨

x∈X
x �

(
f (x) ∗ d( f, g)

) ≤ ∨

x∈X
x � g(x)

that ξ is a Q-homomorphism. Further, we observe:

ξ(̃x) = ∨

z∈X
z � p(z, x) = x, x ∈ X,
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where we have used (M2r ) and (3.48). By Lemma 3.3.5 the Q-homomorphism ξ is
left adjoint to η(X,p) — i.e. (X, p) is join-completeQ-valued lattice and ξ coincides
with sup(X,p). �

The next theorem shows that the converse of Theorem 3.3.21 also holds.

Theorem 3.3.22. Let (X, p) be a join-completeQ-valued lattice and≤ be the intrin-
sic partial order underlying p. Then (X,≤) is a complete lattice and there exists a
unique right action � on X satisfying the following properties:

p(x, z) = ∨{α ∈ Q | x � α ≤ z}, x, z ∈ X, (3.60)

supX ( f ) = ∨

x∈X
x � f (x), f ∈ P(X, p). (3.61)

Proof. Let≤ be the intrinsic partial order underlying p, and let sup(X,p) be the forma-
tion of joins ofQ-enriched contravariant presheaves on (X, p). By Lemma 3.3.9 the
pair (X,≤) is a complete lattice, and sup(X,p) is join-preserving w.r.t. the underlying
intrinsic partial orders. Moreover, we know from Sect. 3.3.1 that ((X, p), sup(X,p))

is a P(Q)-algebra of the monad of Q-enriched contravariant presheaves.

Based on these properties we construct the structure of a rightQ-module on X as
follows.
(a) Let us consider a map X ×Q

� X defined by x � α = sup(X,p)(̃x ∗ α) for
each x ∈ X and α ∈ Q. We show that � is a bimorphism in the sense of Sup. Since
sup(X,p) is join-preserving and P(X, p) is a right Q-module (cf. Example 3.3.4), it
is evident that � is join-preserving in its second argument. In order to show that �

is also join-preserving in its first argument we begin with a general property which
is related to the associativity of forming Q-enriched joins.

For each α ∈ Q and for each f ∈ P(X, p) we introduce a Q-enriched con-
travaraint presheaf F( f,α) on (P(X, p), d) by:

F( f,α)(g) = d(g, f ) ∗ α, g ∈ P(X, p).

Then f ∗ α is the join of F( f,α) — i.e. μ(X,p)

(
F( f,α)

) = f ∗ α. Further, we apply the
associativity of sup(X,p) (cf. diagram (3.56)) and obtain:

sup(X,p)( f ∗ α) = (
sup(X,p)( f )

)
� α. (3.62)

Now we distinguish the following cases.

Case 1. Let ⊥ be the universal lower bound in P(X, p). Since sup(X,p) is join-
preserving, sup(X,p)(⊥) is the universal lower bound in (X,≤), whichwe also denote
by ⊥. Then ⊥� α = ⊥ follows from (3.62).
Case 2. Let A be a nonempty subset of X . Then we put f = ∨

a∈A ã and observe
sup(X,p)( f ) = ∨

A. Using again the property that sup(X,p) is join-preserving we
derive the following relation from (3.62):
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∨

a∈A
a � α = sup(X,p)( f ∗ α) = (∨

A
)
� α.

Hence � is also join-preserving in its first argument.
(b) We show that � satisfies the axioms (M1r ) and (M2r ). Because of the unit axiom
of P(Q)-algebras (see also Lemma 3.3.5), the condition (M2r ) is evident. In order
to verify (M1r ) we choose α, β ∈ Q, x ∈ X and f ∈ P(X, p) such that f = x̃ ∗ β

holds. Referring again to (3.62) we obtain:

(x � β) � α = (
sup(X,p)( f )

)
� α

= sup(X,p)( f ∗ α)

= sup(X,p)

(
x̃ ∗ (β ∗ α)

)

= x � (β ∗ α).

Hence (M1r ) is verified, and (X,�) is a right Q-module.
(c)We fix x, z ∈ X and observe that z̃ ∗ p(z, x) ≤ x̃ . Hence z � p(z, x) ≤ x follows
from the isotonicity of sup(X,p). On the other hand, if x � α ≤ y, then we obtain:

x̃(z) ∗ α = d (̃z, x̃ ∗ α) ≤ p(z, x � α) ≤ p(z, x � α) ∗ p(x � α, y) ≤ p(z, y).

Hence the relation α ≤ ∧
z∈X

(
p(z, x) ↘ p(z, y)

) = p(x, y) holds, and (3.60) is
verified. Since every Q-enriched contravariant presheaf f on (X, p) is left exten-
sional, we obtain f = ∨

x∈X x̃ ∗ f (x), and obviously the relation (3.61) follows.
Finally, the uniqueness of � is an immediate corollary of (3.60) and (3.61). �

In the following propositions we investigate the behaviour of certain morphisms
between right Q-modules

Proposition 3.3.23. Let X and Y be complete lattices and X h Y be an isotone
map. Further, let �X and �Y be right actions on X and Y respectively, and let pX and
pY be the corresponding Q-preorders. Then h is a Q-homomorphism from (X, pX )

to (Y, pY ) if and only if h satisfies the following condition for all α ∈ Q and x ∈ X :

h(x) �Y α ≤ h(x �X α). (3.63)

Proof. If h is a Q-homomorphism, then we conclude from

α ≤ pX (x, x �X α) ≤ pY
(
h(x), h(x �X α)

)

that the relation h(x) �Y α ≤ h(x �X α) holds. Hence (3.63) is necessary. In order
to show that (3.63) is sufficient we use the isotonicity of h and observe:

h(x1) �Y pX (x1, x2) ≤ h
(
x1 �X pX (x1, x2)

) ≤ h(x2), x1, x2 ∈ X.

Hence pX (x1, x2) ≤ pY (h(x1), h(x2)) follows. �
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Proposition 3.3.24. Let X and Y be complete lattices and X h Y be a join-
preserving map. Further, let �X and �Y be right actions on X and Y , respectively.
If (X, pX ) and (Y, pY ) are the corresponding join-complete Q-valued lattices (cf.
Theorem 3.3.21), then the following assertions are equivalent:

(i) The relation h
(
sup(X,pX )( f )

) ≤ sup(Y,pY )

(
P(h)( f )

)
holds for all Q-enriched

contravariant presheaves f on (X, pX ).
(ii) The relation h(x �X α) ≤ h(x) �Y α holds for all α ∈ Q and x ∈ X.

Proof. If (i) is valid, then we apply Theorem 3.3.21 and obtain:

h(x�Xα) = h
(
sup(X,pX )(̃x ∗ α)

) ≤ sup(Y,pY )

(
P(h)(̃x ∗ α)

)

= sup(Y,pY )(h̃(x) ∗ α) = h(x) �Y α.

Hence (ii) follows. On the other hand, we choose an Q-enriched contravariant
presheaf f on (X, pX ). If (ii) holds, then we make use of the join preservation
of h and apply again Theorem 3.3.21:

h
(
sup(X,pX )( f )

) = h
( ∨

x∈X
x �X f (x)

) = ∨

x∈X
h(x �X f (x)) ≤ ∨

x∈X
h(x) �Y f (x)

= ∨

x∈X

∨

y∈Y

(
y �Y pY (y, h(x))

)
�Y f (x)

= ∨

y∈Y
y �Y

(
P(h)( f )

)
(y) = sup(Y,pY )

(
P(h)( f )

)
.

Hence (i) follows. �
As an immediate corollary of Propositions 3.3.23 and 3.3.24 we obtain that right

Q-module homomorphisms and cocontinuous Q-homomorphisms are equivalent
concepts. Hence we can summarize the previous results as follows:

Fact I. The category Sup(Q) of join-complete Q-valued lattices is isomorphic to
the category Modr (Q) of right Q-modules. Therefore right Q-modules play the rôle
of join-complete Q-valued lattices.

3.3.4 Left Q-Modules and Meet-Complete Q-Valued Lattices

Let (X,�) be a left Q-module. Then the corresponding Q-preorder p on X attains
the following form:

p(x, y) = ∨{α ∈ Q | α � y ≤ x}, x, y ∈ X. (3.64)

Obviously, the relation p(x, y)� y ≤ x holds for all x, y ∈ X . In this context it is
important to note that the intrinsic preorder underlying p coincides with the dual
order of X .
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Having made these observations we can rewrite 3.3.21 – 3.3.24 as follows. Let
(X,�) be a left Q-module and p be the Q-preorder on X determined by (3.64).
Then (X, p) is a meet-complete lattice and the formation inf(X,p) of meets of
Q-enriched covariant presheaves is given as follows:

inf(X,p)(g) = ∨

x∈X
g(x)� x, g ∈ P†(X, p).

On the other hand, if (X, p) is a given meet-complete Q-valued lattice, then we
introduce on X the partial order ≤ defined by the dual intrinsic order underlying p
— i.e. ≤=≤op

p . Then (X,≤) is a complete lattice. Further, there exists a unique left
action � on (X,≤) such that the following relations hold:

– p(x, y) = ∨{α ∈ Q | α � y ≤ x},
– inf(X,p)(g) = ∨

x∈X
g(x)� x, g ∈ P†(X, p).

Finally, left Q-module homomorphisms and continuous Q-homomorphisms are
equivalent concepts. Hence we can summarize the situation as follows.

Fact II. The category Inf(Q) of meet-complete Q-valued lattices with contin-
uous Q-homomorphisms is isomorphic to the category Mod�(Q) of left Q-modules.
Therefore left Q-modules play the rôle of meet-complete Q-valued lattices.

We finish this subsection with a general remark related to the monadic basis of
right (left) Q-modules.

Remark 3.3.25. The composition of the monad P(Q) of contravariant presheaves
with the monad P†(Q) of covariant presheaves exists and coincides with theQ-val-
ued double power monad. For details the reader is referred to [50, 108], where unital
quantales have already been replaced by quantaloids.

Exercises

3.3.1. Let (Q, ∗, e) be a unital quantale viewed as a left Q-module (cf. Exam-
ple 3.1.6)). Show:

(a) TheQ-preorder p onQ in the sense of (3.64) coincides with the left-implication
of Q. In particular, p is antisymmetric.

(b) If α, β ∈ Q, then α ∗ β is the meet of theQ-enriched covariant presheaf α ∗ β̃†

on (Q, p).

3.3.2. Let M2 be the C∗-algebra of all square matrices of order 2 with real coeffi-
cients, and letMAX be the involutive and unital quantale of all linear subspaces of
M2 (cf. Example 2.5.5). We viewMAX as a leftMAX-module (cf. Example 3.1.6)
and recall the left ideal L introduced in Exercise 3.1.7 — i.e.

L =
{(

a 0
b 0

)
| a, b ∈ R

}
.
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Further, we consider the left MAX-module (↑L ,�L) constructed in the sense of
Example 3.1.21 and maintain the notation from Exercise 3.1.7. We fix real numbers
α, β ∈ [0, π) and define a square matrix Mα of order 2 by:

Mα =
(
0 cosα

0 sin α

)

.

Finally, let Vα be the 1-dimensional linear subspace of M2 generated by Mα — i.e.
Vα = {λ · Mα | λ ∈ R}.
(a) Show that all square matrices of order 2

X =
(

x y
z u

)

satisfying the condition X · Mα ∈ L + Vβ are solutions of the following system
of linear equations:

{
x cosα + y sin α = λ cosβ

z cosα + u sin α = λ sin β
λ ∈ R.

If α �= π
2 , then the solutions (x, y, z, u) of the previous linear equations have the

form: ⎛

⎜
⎜
⎝

x
y
z
u

⎞

⎟
⎟
⎠ = λ ·

⎛

⎜
⎜
⎝

cosβ

cosα

0
sin β

cosα

0

⎞

⎟
⎟
⎠+ μ ·

⎛

⎜
⎜
⎝

− sin α

cosα

0
0

⎞

⎟
⎟
⎠+ ν ·

⎛

⎜
⎜
⎝

0
0

− sin α

cosα

⎞

⎟
⎟
⎠ ,

where λ,μ, ν ∈ R. If α = π
2 , then the solutions attain this form:

⎛

⎜
⎜
⎝

x
y
z
u

⎞

⎟
⎟
⎠ = λ ·

⎛

⎜
⎜
⎝

0
cosβ

0
sin β

⎞

⎟
⎟
⎠+ μ ·

⎛

⎜
⎜
⎝

−1
0
0
0

⎞

⎟
⎟
⎠+ ν ·

⎛

⎜
⎜
⎝

0
0
−1
0

⎞

⎟
⎟
⎠ .

(b) Conclude from (a) that {X ∈M2 | X · Mα ∈ L + Vβ} is a 3-dimensional sub-
space of M2.

(c) Let p be theMAX-preorder on ↑L determined by (3.64). Further, we consider
W1, W2 ∈ ↑L \ {L ,M2}. Show that p(W1, W2) is always a 3-dimensional linear
subspace of M2.
(Hint: Since L is a left ideal, showfirst that the relation X · (L + Vα) ⊆ (L + Vβ)

is equivalent to X · Mα ∈ Vβ . Subsequently use Exercise 3.1.7 (a) and the pre-
vious properties of (a) and (b).)

(d) We recall from Exercise 3.1.7 (b) that U = L + V π
2
is a generator of (↑L ,�L).

If W1, W2 ∈ ↑L \ {L ,M2}, then show that the following properties are valid:
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(i) p(W, U ) = W for all W ∈ ↑L .
(ii) p(W1, W2) ∈ ↑L if and only if W2 = U .

(Hint: First note W2 = L + Vα �= U ⇐⇒ α �= π
2 and then observe:

L · Vα =
{(

0 a
0 b

)
| a, b ∈ R

}
, α �= π

2 .)

3.3.3. Let C2 = {0, 1} be the two-chain and C3 = {⊥, a,�} be the integral quan-
tale on the three-chain satisfying the condition a ∗ a = ⊥ (i.e. (C3, ∗) is the three-
valued MV -algebra — cf. (9) in Exercises 2.2.1 and 2.7.2). On C2 we consider two
antisymmetric C3-preorders p1 and p2 defined by:

pi (0, 0) = pi (0, 1) = pi (1, 1) = �, i ∈ {1, 2}, p1(1, 0) = a, p2(1, 0) = ⊥.

Show:

(a) The intrinsic partial orders of p1 and p2 coincide with the usual partial order on
C2.

(b) The C3-preordered set (C2, p1) is a C3-enriched join-complete lattice.
(c) The C3-preordered set (C2, p2) is not C3-enriched join-complete lattice.

(Hint:Consider theC3-enriched contravariant presheaf f on (C2, p2)determined
by f (1) = f (0) = a and observe that d( f, 0̃) = a, where d is the antisymmetric
C3-preorder on P(C2, p2).)

3.3.4. Let (Q, ∗, e, ′) be an involutive and unital quantale. Further, let (X,�) be a
right Q-module and (Xop,�op) be the dual right Q-module of (X,�), where �

op

is defined by (3.21). If p is the Q-preorder corresponding to (X,�) (cf. (3.48) and
Theorem 3.3.21), then show that the dualQ-preorder pop corresponds to (Xop,�op).

3.3.5. Let (Q, ∗, e) be a unital quantale. On Q we consider the following antisym-
metric Q-preorders π1 and π2:

π1(α, β) = α ↘ β and π2(α, β) = α ↙ β, α, β ∈ Q.

In this context itmight be helpful to point out that the intrinsic partial order underlying
π2 coincides with the dual order of Q.

(a) Show that (Q, π1) and (Q, π2) are join-completeQ-valued lattices. In particular,
verify that the respective formations of joins are given by:

sup(Q,π1)
( f ) = ∨

α∈Q
(α ∗ f (α)), f ∈ P(Q, π1),

sup(Q,π2)
( f ) = ∧

α∈Q
( f (α) ↘ α), f ∈ P(Q, π2).

(b) If (Q,�) is the right Q-module corresponding to the join-complete lattice
(Q, π1), then show that the right action � is given by α � ε = α ∗ ε.
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(c) If (Q,�) is the right Q-module corresponding to the join-complete lattice
(Q, π2), then show that the right action � is given by α � ε = ε ↘ α.

(d) Additionallywe assume that there exists an involution ′ onQ such that (Q, ∗, e, ′)
is an involutive quantale. Further, let π

op
1 be the dual Q-preorder of π1. Show

that the involution is a Q-isomorphism (Q, π
op
1 )

′
(Q, π2).

3.3.6. Let us consider the real unit interval [0, 1] as a complete MV -algebra provided
with the Łukasiewicz arithmetic conjunction ∗Ł. Since ∗Ł is commutative, both types
of implications (i.e. left-implication and right-implication) coincide and are given
by the so-called the Łukasiewicz implication — i.e.

α → β = min(1− α + β, 1), α, β ∈ [0, 1].

Further,we introduce an antisymmetric [0, 1]-preorderπ togetherwith its dual [0, 1]-
preorder πop on [0, 1] as follows4:

π(α, β) = α → β and πop(α, β) = β → α, α, β ∈ [0, 1].

Then ([0, 1], π1) and ([0, 1], π2) are join-complete [0, 1]-valued lattices (see Exer-

cise 3.3.5 (a)). Show that the map [0, 1] h [0, 1] defined by

h(α) = 1− 1
2 · α, α ∈ [0, 1]

is a [0, 1]-homomorphism from ([0, 1], π) to ([0, 1], πop)which is not cocontinuous,
but is join-preserving w.r.t. the underlying intrinsic partial orders.

(Hint: If α, ε, γ ∈ [0, 1] and ([0, 1], π) h ([0, 1], πop) is a [0, 1]-homomor-
phism, then the relation P(h)(̃α† ∗Ł ε)(γ ) = (h(α) → γ ) ∗Ł ε holds.
By Exercise 3.3.5 (a) we obtain sup([0,1],π)(̃α

† ∗Ł ε) = α ∗Ł ε and
sup([0,1],πop)(h(α) → ) ∗Ł ε = ε → h(α). If h now has the form h(α) = 1− 1

2 · α,
then

5
6 = h

(
sup([0,1],p)

(̃
2
3

† ∗Ł 2
3

))
< 1 = sup([0,1],pop)

(
P(h)

(̃
2
3

† ∗Ł 2
3

))

follows. Finally, we use the fact that the intrinsic partial order underlying πop coin-
cides with the dual order of [0, 1].)
3.3.7. Let (X,�) be a right Q-module and (X, p) be the corresponding join-

complete Q-valued lattice. If X
f
Q is an arbitrary map, then the contravariant

hull ↓ f and the covariant hull ↑ f of f are determined as follows:

(↓ f )(x) = ∨

z∈X
p(x, z) ∗ f (z) and (↑ f )(x) = ∨

z∈X
f (z) ∗ p(z, x), x ∈ X.

4Because of the commutativity the involution coincides with the identity 1[0,1].
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Show that the following relations hold:

(a) sup(X,p)(↓ f ) = ∨

x∈X
x � f (x).

(b) inf(X,p)(↑ f ) = ∨

x∈X
x �

( ∧

z∈X
p(x, z) ↙ f (z)

)
.

(c)
∨

x∈X
f (x) ∗ f (x) ≤ p

(
inf(X,p)(↑ f ), sup(X,p)(↓ f )

)
.

(Hint: Proposition 3.3.18.)

Comment. If (X, p) is join-completeQ-valued lattice, then it follows immediately
from Exercise 3.3.7 (a) and (b) that joins and meets of arbitraryQ-valued maps (i.e.
“Q-fuzzy subsets” of X ) exist.

3.3.8. (Change of base) Let (Q, ∗, eQ) and (R, ∗, eR) be unital quantales. Further,

let Q h R be a unital homomorphism and h� be the right adjoint map of h. Verify
the following statements:

(a) If (X, p) is a Q-preordered set, then (X, h ◦ p) is an R-preordered set.
(b) If (X, p) is an R-preordered set, then (X, h� ◦ p) is a Q-preordered set.
(c) If (X, p) is a cocompleteR-preordered set, then (X, h� ◦ p) is also a cocomplete

Q-preordered set.

(Hint. If f is aQ-enriched contravariant presheaf on (X, h� ◦ p) and x0 is a join of
theR-enriched contravariant hull ↓h ◦ f of h ◦ f on (X, p), then use Theorem 3.3.8
and show that the following chain of equivalences holds for all α ∈ Q and all x ∈ X :

(∀z ∈ X : f (z) ∗ α ≤ (
h� ◦ p

)
(z, x)

) ⇐⇒ (∀z ∈ X : (h ◦ f )(z) ∗ h(α) ≤ p(z, x)
)

⇐⇒ (∀z ∈ X : (↓h ◦ f )(z) ∗ h(α) ≤ p(z, x)
)

⇐⇒ h(α) ≤ p(x0, x)

⇐⇒ α ≤ (
h� ◦ p

)
(x0, x).

3.3.9. Let Q = (Q, ∗, e) be a commutative and unital quantale. Since Q is

commutative, we can consider a bifunctor Preord(Q)× Preord(Q)
⊗

Preord(Q) acting on objects and morphisms as follows:

(X, pX )⊗ (Y, pY ) = (
(X × Y ), pX ⊗ pY

)
where

(pX ⊗ pY )
(
(x1, y1), (x2, y2)

) = pX (x1, x2) ∗ pY (y1, y2), x1, x2 ∈ X, y1, y2 ∈ Y,

(X1, pX1)
h (X2, pX2), (Y1, pY1)

k (Y2, pY2),

(h ⊗ k)(x, y) = (
h(x), k(y)

)
, x ∈ X1, y ∈ Y1.

Show that ⊗ induces the structure of a symmetric and monoidal closed category on
Preord(Q).

(Hint: The unit object is a singleton {·} provided with p(·, ·) = e and the inter-

nal hom-object [(X, pX ), (Y, pY )] consists of all Q-homomorphisms (X, pX ) h

(Y, pY ) providedwith theQ-preorderq defined byq(h, k) = ∧
x∈X pY

(
h(x), k(x)

)
.)
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3.3.10. (Cf. [44, Theorem 3.11]). Let (Q, ∗, e) be a unital quantale and (X, p) and
(Y, q) be Q-preordered sets. Further, let (P(X, p), d) be the Q-preordered set of
allQ-enriched contravariant presheaves on (X, p) and (P†(Y, q), d†) be theQ-pre-
ordered set of all Q-enriched covariant presheaves on (Y, q). Finally, a Q-relation
(i.e. a Q-distributor) from (X, p) to (Y, q) is a map X × Y r Q satisfying the
following condition for all x1, x2 ∈ X and y1, y2 ∈ Y :

p(x2, x1) ∗ r(x1, y1) ∗ q(y1, y2) ≤ r(x2, y2).

Show:

(a) Every Q-relation X × Y r Q induces a pair (P(X, p), d)
Φ

Ψ
(P†(Y, q), d†)

of adjoint Q -homomorphisms by

Φ( f )(y) = ∧

z∈X
f (z) ↘ r(z, y), Ψ (g)(x) = ∧

u∈Y
r(x, u) ↙ g(u),

where f ∈ P(X, p) and g ∈ P†(Y, q). In particular, Φ � Ψ holds.

(b) For every adjoint pair (P(X, p), d)
Φ

Ψ
(P†(Y, q), d†) such that Φ � Ψ there

exists a uniqueQ-relation X × Y r Q satisfying the following property for all
f ∈ P(X, p) and for all g ∈ P†(Y, q):

Φ( f )(y) = ∧

z∈X
f (z) ↘ r(z, y), Ψ (g)(x) = ∧

u∈Y
r(x, u) ↙ g(u).

(Hint: Consider a map X × Y r Q determined by

r(x, y) = Φ(̃x)(y), x̃(z) = p(z, x), z ∈ X.

The right extensionality of r is obvious,while the left extensionality follows from
the property that Φ is a Q-homomorphism. Hence r is a Q-relation. Moreover,
the relation f (x) = d (̃x, f ) ≤ d†(Φ(̃x),Φ( f )) implies

Φ( f )(y) ≤ ∧

x∈X
f (x) ↘ Φ(̃x)(y).

On the other hand, using the adjunction we first observe that

r(x, y) = Φ(̃x)(y) = d†(Φ(̃x), ỹ†) = d (̃x, Ψ (ỹ†)) = Ψ (ỹ†)(x),

and then derive the following estimate:

∧

x∈X
f (x) ↘ r(x, y) = d( f, Ψ (ỹ†)) ≤ d†(Φ( f ),Φ ◦ Ψ (ỹ†))

≤ d†(Φ( f ), ỹ†) = Φ( f )(y). )
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Comment. (a) The previous exercise is aQ-valued version of the concept of polari-
ties initiated by G. Birkhoff in the binary case 1 = {0, 1}. In this context orders have
been restricted to discrete orders (cf. [14]).

(b) Given an adjoint pair (P(X, p), d)
Φ

Ψ
(P†(Y, q), d†) with Φ � Ψ , then the

composition Ψ ◦Φ is a linear nucleus on the right Q-module P(X, p) (cf. Prop-
osition 3.3.23) whose regular quotient w.r.t. Ψ ◦Φ can be identified with a join-
completeQ-valued lattice. In the special case when the adjoint pair Φ � Ψ is given

by (P(X, p), d)
Δ†

Δ
(P†(X, p), d†) (cf. Proof of Proposition 3.3.18), the regular

quotient w.r.t. the linear nucleus Δ ◦Δ† can be identified with the Q-valued Mac-
Neille completion of (X, p).

3.4 Theory of Automata in Sup

3.4.1 General Definition

Let C = (C0,⊗,1, a, c, �, r) be a symmetric and monoidal closed category. Further,
we assume that the underlying category C0 is cocomplete.

A quintuple (Z , X, δ, τ, F) is an automaton in C if Z and X are objects of C0,

Z ⊗ X δ Z and 1 τ Z are C0-morphisms and F is a subobject of Z represented
by a monomorphism F m Z . Referring to the standard understanding in Computer
Science, Z is the object of states, X represents the input alphabet, δ describes the
dynamic (or the transitionmap) of the automaton, τ is the initial state and F comprises
the object of final states.

If we now consider the endofunctorF ofC0 defined byF = ⊗ X , then it is easily
seen that the dynamic (Z , δ) of an automaton is an F-algebra in C0. Since C is closed,
F preserves colimits. Hence we conclude from Theorem A.1.1 that every C0-object
A generates a free F-algebra

(
ηA, (A�, δA� )

)
. As a corollary of this observation we

note that the initial state τ always has a unique extension to an F-homomorphism τ �

which can be expressed by the following commutative diagram:

1 1� 1� ⊗ X

Z Z ⊗ X

τ

η1

τ �

δ1�

τ �⊗1X

δ

Finally, we conclude from Theorem 1.1.8 that 1� is the free monoid in C generated
by the object X . Therefore we also write X∗ for 1�.

A language is a subobject L of X∗ represented by a monomorphism L λ X∗.
Given an automaton M = (Z , X, δ, τ, U ), a language L is M-regular if and only if
τ � ◦ λ factors through m — i.e.
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L 1� = X∗

F Z

λ

τ�

m

If C0 has pullback squares, then the largest M-regular language is given by the
pullback of m along τ � and is called the language recognized by M .

We finish this subsection with a brief comment related to Set. In this context the
tensor product coincides with the cartesian product and the unit object is given by
a singleton {·}. Hence the concept of automata in Set, as it has been introduced in
the above sense, coincides with the standard concept of (deterministic) automata (cf.
[56]).

3.4.2 The Situation in Sup

In this subsection we restrict our interest to the category Sup of complete lattices
and join-preserving maps. Hence states have a hierarchy expressed by an order, and
the superposition of states is computed by joins.

An interesting class of automata in Sup is generated by non-deterministic auto-
mata in Set. For this reason we recall the following terminology.

Definition 3.4.1. A quintuple (Z , X,Δ, z0, F) is a non-deterministic automaton if
Z and X are sets, Δ is a relation from Z × X to Z (i.e. Δ ⊆ (Z × X)× Z ), z0 is an
element of Z and F is a subset of Z . In this context we use the following terminology.
The set Z is understood as the set of states, z0 is the initial state, X is the input alphabet,
Δ represents the non-deterministic transition map and F comprises all final states.

Since every relation between two sets can be identified with a join-preserving
map between the respective power sets, it is evident that every non-deterministic
automaton in Set gives rise to an automaton in Sup in the following way. Let
P(X) and P(Z) be the respective power sets of X and Z . Then we identify the

non-deterministic transition map Δ with a bimorphism P(Z)×P(X)
bΔ P(Z)

(i.e. a join-preserving map in each variable separately) as follows:

bΔ(A, B) = {v ∈ Z | ∃(z, x) ∈ A × B : (z, x, v) ∈ Δ}, A ∈ P(Z), B ∈ P(X).

Due to the universal property of the tensor product in Sup (cf. Theorem 2.1.8 and
Fact II in Sect. 2.1.2) there exists a unique join-preserving map

P(Z)⊗P(X) δ P(Z)
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making the following diagram commutative:

P(Z)×P(X) P(Z)⊗P(X)

P(Z)
bΔ

⊗

δ

In this context it is worthwhile to note that the tensor product P(Z)⊗P(X) is
isomorphic to P(X)Z (cf. Example 2.1.9). Further, we identify the initial state z0
with a join-preservingmap1 = {0, 1} τ P(Z) by τ(0) = ∅ and τ(1) = {z0}. Then
M = (

P(Z),P(X), δ, τ,P(F)
)
is an automaton in Sup. Obviously, the dynamic

(P(Z), δ) of M is a functor algebra in Sup w.r.t. the endofunctor ⊗P(X). Now

we consider the extension 1� = (
P(X)

)∗ τ �

P(Z) of τ and make the following
observations:

– The free unital quantale generated by the power setP(X) is the power setP(X∗)
of the free monoid X∗ generated by X (in the sense of Set) provided with the
Minkowski multiplication.

– Since τ � is join-preserving, we can identify τ � with its restriction τ ∗ to the atoms

of P(X∗) — i.e. X∗ τ ∗ P(Z).

A language L is now a complete sublattice of P(X∗) — i.e. the inclusion map is
join-preserving. As an example we consider the power set P(L) of a subset L of
X∗, where L can be considered as a language in the sense of Set. Then P(L) is
M-regular if and only if the restriction of τ ∗ to L factors through P(F). In this
sense we arrive at a new concept of regularity in the framework of non-deterministic
automata.

Now let us address the general situation of automata in Sup. For this purpose
we fix a complete lattice X and consider the endofunctor F of Sup defined by
F = ⊗ X . Further, letT = (T, η, μ)be theF-termmonad (cf.AppendixA.1). Then
with every F-algebra (Y, δY ) we associate the corresponding structure morphism

T(Y ) = Y � ξY Y and identify (Y, δY ) with the T-algebra (Y, ξY ). In particular, we
recall that there exists a natural isomorphism ψ∞ : T → ⊗ 1� (cf. Sect. 1.1.2),
where 1� = X∗ is the free unital quantale generated by X (cf. Theorem 1.1.8).

If M = (Y, X, δ, τ, F) is an automaton in Sup, then the join-preserving map δ

describing the dynamic of M has an extension Y ⊗ X∗ δ∗ Y which is determined
by the following commutative diagram:

Y ⊗ X∗ Y � = T(Y )

Y

δ∗

ψ
r−1
Y∞

ξY

(3.65)

where ψ
r−1

Y∞ denotes the Y -component of ψ∞.
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Theorem 3.4.2. If (Y, X, δ, τ, F) is an automaton in Sup, then (Y, δ∗) is a right
X∗-module, where X∗ is the free unital quantale generated by the complete lattice X.

Proof. Let [Y, Y ] be the complete lattice of all join-preserving maps Y
f

Y pro-
vided with the multiplication given by the composition. Then ([Y, Y ], ◦, 1Y ) is a
unital quantale (cf. Example 2.3.2). Since Sup is a symmetric and monoidal closed

category, there exists a unique join-preservingmap X h [Y, Y ] such that the follow-
ing diagram is commutative:

Y ⊗ X Y ⊗ [Y, Y ]

Y
δ

1Y⊗h

εY

where εY is the evaluation arrow defined on elementary tensors by ε(y ⊗ f ) = f (y)

for all f ∈ [Y, Y ] and y ∈ Y . Moreover, it is not difficult to see that the unique
join-preserving map [Y, Y ] ⊗ [Y, Y ] m [Y, Y ] determined by

Y ⊗ ([Y, Y ] ⊗ [Y, Y ]) Y ⊗ [Y, Y ]

(Y ⊗ [Y, Y ])⊗ [Y, Y ]

Y ⊗ [Y, Y ] Y

1Y⊗m

εY

aY [Y,Y ] [Y,Y ]

εY⊗1[Y,Y ]

εY

(3.66)

acts on elementary tensors as follows:

m( f ⊗ g)(y) = g( f (y)), y ∈ Y, f, g ∈ [Y, Y ].
Hence m is the transposed multiplication of the usual composition — i.e. mτ = ◦.
Nowwemaintain the notation from Sect. 1.1.2 and make the following observations.
Since 1� = X∗ is the free unital quantale generated by the complete lattice X , there

exists a unique unital homomorphism (1�, m1� ) ĥ ([Y, Y ], m) such that ĥ ◦ ηX = h
holds. Thus ĥ is also a unital homomorphism from (1�, mτ

1� ) to ([Y, Y ], ◦).
Because of diagram (3.65) and Proposition 3.1.5 it is sufficient to verify the

commutativity of the following diagram:

Y � Y ⊗ 1� Y ⊗ [Y, Y ]

Y

ξY

ψ
r−1
Y∞

δ∗

1Y⊗ĥ

εY
(3.67)
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We refer to the primitive recursion of the free algebra algorithm and introduce two

sequences of join-preserving maps Zk(Y )
δk Y and Zk(1)

hk [Y, Y ] as follows:

δ1 = δ, δk+1 = δ ◦ (
(δk  1Y )⊗ 1X

)
, h1 = h ◦ �X , hk+1 = m ◦ (

(hk  e)⊗ h
)
,

where k ∈ N and 1 e [Y, Y ] is the unit of ([Y, Y ], m) — i.e. e(1) = 1Y . Further,
we put Uk = Zk(1)  1 and define recursively a third sequence of isomorphisms

Zk(Y )
ϕk Y ⊗ Zk(1) by:

ϕ1 = 1Y ⊗ �−1X , ϕk+1 = aY Uk X ◦
(
(ϕk ⊕ r−1Y )⊗ 1X

)
, k ∈ N.

We show that for all k ∈ N the diagram

Zk(Y ) Y ⊗ Zk(1) Y ⊗ [Y, Y ]

Y
δk

ϕk 1Y⊗hk

εY
(3.68)

is commutative. Since (1Y ⊗ h1) ◦ ϕ1 = 1Y ⊗ h, the case k = 1 is trivial. Since the
relation rY = εY ◦ (1Y ⊗ e) holds, the diagram

Z1(Y )  Y Y ⊗ (Z1(1)  1) Y ⊗ [Y, Y ]

Y
δ1 1Y

ϕ1⊕r−1
Y 1Y⊗(h1 e)

εY

is commutative. Now we apply the endofunctor F = ⊗ X to the previous diagram
and obtain:

Y ⊗ Z2(1) Y ⊗ ([Y, Y ] ⊗ [Y, Y ])

Z2(Y ) (Y ⊗U1)⊗ X (Y ⊗ [Y, Y ])⊗ [Y, Y ]

Y ⊗ X Y ⊗ [Y, Y ]

Y

1Y⊗((h1 e)⊗h)

(δ1 1Y )⊗1X

ϕ2

(ϕ1⊕r−1
Y )⊗1X

a

(1Y⊗(h1 e))⊗h

a

εY⊗1[Y,Y ]

δ

1Y⊗h

εY

Referring to the diagram (3.66) the relation δ2 = εY ◦ (1Y ⊗ h2) ◦ ϕ2 follows. Hence
by means of primitive recursion the commutativity of (3.68) can be verified. Finally,
we pass to the respective direct limits and conclude from (3.68) that the diagram
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Z∞(Y ) Y ⊗ Z∞(1) Y ⊗ [Y, Y ]

Y
δ∞

ϕ∞ 1Y⊗h∞

εY

is commutative. Hence the relation

ξY = δ∞  1Y = εY ◦
(
1Y ⊗ (h∞  e)

) ◦ (ϕ∞ ⊕ r−1Y ) = εY ◦ (1Y ⊗ ĥ) ◦ ψ
r−1

Y∞

holds, and the commutativity of (3.67) is verified. �

Comment. Theorem3.4.2 holds not only inSup, but in any symmetric andmonoidal
closed category with underlying cocomplete category (cf. [41, 42]). If, for example,
Q is a commutative and unital quantale, then we can replace Sup by Mod(Q) (cf.
Fact V in Sect. 3.1.4) and consequently arrive at the concept of automata in Mod(Q).
Referring to Remark 3.1.15, this observation might be the point of departure for a
concept deserving the name “fuzzy automaton”.

Finally, as an immediate corollary of Sect. 3.3.3 and Theorem 3.4.2 we obtain
the important result that every automaton (Y, X, δ, τ, F) in Sup gives rise to a join-

complete X∗-valued lattice Y in which the join of a map Y
f

X∗ can be expressed
by the following element y0 ∈ Y (cf. Exercise 3.3.7):

y0 = ∨

y∈Y
δ∗

(
y, f (y)

)
.

Notes

The theory of modules in the category Sup essentially goes back to A. Joyal and
M. Tierney 1984 (cf. [59]), who have mainly focused on commutative and unital
quantales. With regard to the algebraic foundations of quantale-valued structures the
important fact that QX is the free left Q-module generated by the set X appears
already on p. 10 in [59].

Even though dual modules have been studied in [59, 91], our comprehensive
explanation of the self-duality of the category of left modules on involutive, unital
quantales and its dualizer seems to be new. The concept of involutive left modules
on involutive, unital quantales was invented by P. Resende 2004 (cf. [97]). It was his
observation that various results on the quantization of points obtained by C.J.Mulvey
and J.W. Pelletier 2001 (cf. [84]) permit a more elegant formulation in terms of
irreducible and involutive left modules.

The characterization of the category of right Q-modules by the Q-enriched ver-
sion of the category Sup (i.e. the category of join-completeQ-valued lattices) goes
back to I. Stubbe 2006, who developed this theory in a more general context given
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by quantaloid enriched categories (cf. [107]). In this context, from a historical per-
spective, it is interesting to note that in the case of the real unit interval viewed as
integral quantale the axioms of a many-valued preorder go back to L.A. Zadeh 1971
and S.V. Ovchinnikov 1984 (cf. [88, 112]).

The pathway leading to automata in monoidal closed categories can be summa-
rized as follows. The notion automaton was coined by S.C. Kleene 1951 (cf. [64,
65]) and emerged from the study of nerve nets by W.S. McCulloch and W. Pitts
1943 (cf. [76]). Categorical formulations of automata theory in general monoidal
categories can be traced back to the work of L. Budach and H.-J. Hoehnke 1969/70
(cf. [17, 18]), H. Ehrig and M. Pfender 1972 (cf. [29, 30]) and J.A. Goguen 1971
(cf. [40–42]. A continuation of this development can be found in [3, 4, 74]).



Appendix A

The appendix explains the construction of free functor algebras and the role of coher-
ence axioms in the construction of the tensor product of semigroups in symmetric
monoidal categories. A graphical representation of the vertical and horizontal com-
position of natural transformations with applications to the composition of monads
is also given.

A.1 Free Functor Algebras

LetF be an endofunctor of a categoryC. A pair (X, δX ) is anF-algebra if X ∈ |C| and

F(X)
δX X is a morphism of C. A morphism X h Y of C is an F-homomorphism

from (X, δX ) to (Y, δY ) if h satisfies the additional property h ◦ δX = δY ◦ F(h) —
i.e. if the following diagram is commutative:

F(X) F(Y )

X Y

δX

F(h)

δY

h

EvidentlyF-algebras andF-homomorphisms form a category denoted byAlg(F,C).

Theorem A.1.1. ([1, 3]) Let C be a cocomplete category and F be an endofunctor
of C. If F preserves countable direct limits, then for each X ∈ |C| there exists an

F-algebra (X �, δX � ) and a C-morphism X ηX X � such that the following property
holds:

For every F-algebra (Y, δY ) and for every C-morphism X h Y there exists a unique

F-homomorphism (X �, δX� ) h�
(Y, δY ) such that the following diagram is commutative:

X X �

Y
h

ηX

h� (A.1)

© Springer International Publishing AG, part of Springer Nature 2018
P. Eklund et al., Semigroups in Complete Lattices, Developments
in Mathematics 54, https://doi.org/10.1007/978-3-319-78948-4
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In particular, (ηX , (X �, δX � )) is unique up to F-homomorphism.

Proof. The uniqueness of (ηX , (X �, δX � )) follows immediately from the commutati-
vity of (A.1). In order to verify the existence of (ηX , (X �, δX � )) we proceed as follows.
First we recall the construction of the free algebra algorithm (cf. [1, 3]). For this pur-

pose we fix X ∈ |C| and the coproduct injection X
jX F(X) � X . Then we consider

two countable direct systems (Zk(X), em k)k∈N and (Wk(X), �m k)k∈N defined by:

Z1(X) = F(X), W1(X) = F(X) � X,

Zk(X) = F(Wk−1(X)), Wk(X) = Zk(X) � X, k ≥ 2,

Z1(X)
eX2 1 Z2(X), eX2 1 = F( jX ), W1(X)

�X2 1 W2(X), �X
2 1 = F( jX ) ⊕ 1X ,

Zk(X)
eXk+1 k Zk+1(X), eXk+1 k = F(�X

k k−1),

Wk(X)
�Xk+1 k Wk+1(X), �X

k+1 k = eXk+1 k ⊕ 1X , k ≥ 2,

where � and ⊕ denote the binary operations for the construction of the coproduct of
objects and the construction of the coproduct of arrows in C.
Now we invoke the cocompleteness of C and conclude that the direct limit Z∞(X) of
(Zk, eXm k)k∈N exists. In particular, the corresponding canonical arrows are denoted

by Zk(X)
eXk Z∞(X).

As a next step we form the coproduct Z∞(X) � X and denote the corresponding

coproduct injections by X
ηX Z∞(X) � X and Z∞(X)

j X∞ Z∞(X) � X . Then it is
easily seen that Z∞(X) � X is the direct limit of (Wk(X), �X

m k)k∈N with the canoni-

cal arrows Wk(X)
eXk ⊕1X Z∞(X) � X . Moreover, sinceF preserves countable direct

limits, F(Z∞(X) � X) is the direct limit of
(
F(Wk(X)),F(�X

m k)
)
k∈N. Now we refer

to the construction of (Zk(X), eXm k)k∈N and observe that Zk(X) = F(Wk−1(X)) and
eXm k = F(�X

m−1 k−1) hold for each k ≥ 2. Hence F(Z∞(X) � X) and Z∞(X) are iso-

morphic. In particular, there exists an isomorphism F(Z∞(X) � X)
ϑX Z∞(X) sat-

isfying the following important properties

eX1 = ϑX ◦ F(ηX ) and eXk = ϑX ◦ F
(
eXk−1 ⊕ 1X

)
, k ≥ 2, (A.2)

where we have applied the relations (eX1 ⊕ 1X ) ◦ jX = ηX and F( jX ) = eX2 1. Finally,
we put X � = Z∞(X) � X and δX � = j X∞ ◦ ϑX and show that the F-algebra (X �, δX � )

satisfies the required properties.

(a) (Uniqueness). Let us consider an F-homomorphism (X �, δX � ) h�

(Y, δY ) such
that the diagram (A.1) is commutative. Since δY ◦ F(h�) = h� ◦ δX � , the following
relations hold:

h� ◦ j X∞ ◦ eX1 = h� ◦ δX � ◦ F(ηX ) = δY ◦ F(h�) ◦ F(ηX ) = δY ◦ F(h), (A.3)
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h� ◦ j X∞ ◦ eXk = δY ◦ F(h�) ◦ F(eXk−1 ⊕ 1X ) = δY ◦ F
(
(h� ◦ j X∞ ◦ eXk−1) � h

)
, k ≥ 2.

(A.4)
Now we invoke the universal property of direct limits and observe that the restriction
of h� to Z∞(X) (i.e. h� ◦ j X∞) is uniquely determined by h.

(b) (Existence). With regard to (A.3) and (A.4) we are motivated to introduce a

sequence (hk)k∈N of morphisms Zk(X)
hk Y as follows:

h1 = δY ◦ F(h) and hk = δY ◦ F(hk−1 � h), k ≥ 2. (A.5)

By means of induction the relation hk+1 ◦ eXk+1 k = hk holds for each k ∈ N. Then we
conclude from the construction of direct limits that there exists a unique morphism

Z∞(X)
h∞ Y with the property h∞ ◦ eXk = hk for all k ∈ N. Now we put h� =

h∞ � h and note h� ◦ j X∞ ◦ eXk = hk . Further, we observe:

δY ◦ F
(
h�

) ◦ (
ϑ−1
X ◦ eXk+1

) = δY ◦ F(h∞ � h) ◦ F(eXk ⊕ 1X )

= δY ◦ F(hk � h)

= hk+1

= h� ◦ j X∞ ◦ ϑX ◦ (
ϑ−1
X ◦ eXk+1

)
.

Referring again to the universal property of direct limits we obtain δY ◦ F(h�) =
h� ◦ j X∞ ◦ ϑX = h� ◦ δX � — i.e. h� is an F-homomorphism. ��

If an endofunctor F of a cocomplete category C preserves countable direct limits,
then Theorem A.1.1 means that the forgetful functor U : Alg(F,C) → C has a left
adjoint functor G : C → Alg(F,C). In particular, G is determined by

G(X) = (X �, δX � ), G(h) = (ηY ◦ h)� where X h Y.

In this context (X �, δX � ) is said to be the free F-algebra generated by the object
X ∈ |C|. Moreover, the monad T = (T, η, μ) associated with the adjoint situation
G 
 U is called theF-termmonad. SinceU is the forgetful functor, the multiplication
μ = (μX )X∈|C| has the following explicit form

(X �)�
μX X �, μX = (1X � )�, μX ◦ j X

�

∞ ◦ eX
�

1 = δX � .

Finally, the construction of the F-term functor T can be simplified as follows. If

X h Y is given, then we introduce recursively a sequence
(̂
hn

)
n∈N of morphisms

Zn(X)
ĥn Z∞(Y ) as follows:

ĥ1 = eY1 ◦ F(h) and ĥn = ϑY ◦ F
(̂
hn−1 ⊕ h

)
, n ≥ 2.
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Hence there exists a unique morphism Z∞(X)
ĥ∞ Z∞(Y ) satisfying the con-

dition ĥ∞ ◦ eXn = ĥn for all n ∈ N. Now we put hk = jY∞ ◦ ĥk and observe that
T(h) is given by

T(h) = ĥ∞ ⊕ h.

For some applications we also recall the monadic properties of the F-term monad —
i.e. the associativity axiom and the unit axiom (cf. Sect. 1.2):

μX ◦ μX � = μX ◦ T(μX ) and μX ◦ ηX � = 1X � = μX ◦ T(ηX ). (A.6)

In this context it is worthwhile to note that the Eilenberg–Moore category of
T-algebras is isomorphic to the category Alg(F,C) of F-algebras.

A.2 Coherence Axioms in the Construction of the Tensor
Product of Monoids

Let us fix now four objects X , Y , U and V of a symmetric monoidal category
(C,⊗,1, a, �, r, c) and define morphisms

(X ⊗ (Y ⊗U )) ⊗ V �XYUV (X ⊗ Y ) ⊗ (U ⊗ V )
�∗

XYUV X ⊗ ((Y ⊗U ) ⊗ V )

by the following diagram (see also Sect. 1.1.3):

((X ⊗ Y ) ⊗U ) ⊗ V (X ⊗ Y ) ⊗ (U ⊗ V ) X ⊗ (Y ⊗ (U ⊗ V ))

(X ⊗ (Y ⊗U )) ⊗ V X ⊗ ((Y ⊗U ) ⊗ V )

a(X⊗Y )UV

aXYU⊗1V
�XYUV �∗

XYUV

aXY (U⊗V )

1X⊗aYUV

Because of the pentagonal diagram, the diagram

(X ⊗ Y ) ⊗ (U ⊗ V )

(X ⊗ (Y ⊗U )) ⊗ V X ⊗ ((Y ⊗U ) ⊗ V )

(X ⊗ (U ⊗ Y )) ⊗ V X ⊗ ((U ⊗ Y ) ⊗ V )

(X ⊗U ) ⊗ (Y ⊗ V )

�XYUV �∗
XYUV

(1X⊗cYU )⊗1V

aX (Y⊗U )V

1X⊗(cYU⊗1V )

�−1
XUYV

aX (U⊗Y )V

(�∗
XUYV )−1
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is commutative.
Hence we are in a position to introduce a morphism

(X ⊗ Y ) ⊗ (U ⊗ V )
�XYUV (X ⊗U ) ⊗ (Y ⊗ V )

by

�XYUV = �−1
XUYV ◦ (

(1X ⊗ cYU ) ⊗ 1V
) ◦ �XYUV

= (�∗
XUYV )−1 ◦ (

1X ⊗ (cYU ⊗ 1V )
) ◦ �∗

XYUV

and verify the following proposition.

Proposition A.2.1. Let X, Y ,U, V , K and L be objects of a symmetric andmonoidal
category C. Then the following relation holds:

(aXUK ⊗ aYV L) ◦ �(X⊗U )(Y⊗V )K L ◦ (�XYUV ⊗ 1K⊗L)

= �XY (U⊗K )(V⊗L) ◦ (1X⊗Y ⊗ �UV K L) ◦ a(X⊗Y )(U⊗V )(K⊗L).
(A.7)

Proof. A repeated application of the pentagonal diagram leads to the following com-
mutative diagram:

(
(X ⊗ Y ) ⊗ (U ⊗ V )

) ⊗ (K ⊗ L) (X ⊗ Y ) ⊗ (
(U ⊗ V ) ⊗ (K ⊗ L)

)

(X ⊗ Y ) ⊗ (
U ⊗ (V ⊗ (K ⊗ L))

)

((X ⊗ Y ) ⊗U ) ⊗ (V ⊗ (K ⊗ L))

(
(X ⊗ (Y ⊗U )) ⊗ V

) ⊗ (K ⊗ L)) (X ⊗ (Y ⊗U )) ⊗ (V ⊗ (K ⊗ L))

(
((X ⊗U ) ⊗ Y ) ⊗ V

) ⊗ (K ⊗ L) ((X ⊗U ) ⊗ Y ) ⊗ (V ⊗ (K ⊗ L))

(
(X ⊗U ) ⊗ (Y ⊗ V )

) ⊗ (K ⊗ L)

(X ⊗U ) ⊗ (
(Y ⊗ V ) ⊗ (K ⊗ L)

)
(X ⊗U ) ⊗ (

Y ⊗ (V ⊗ (K ⊗ L))
)

(X ⊗U ) ⊗ (
((Y ⊗ V ) ⊗ K ) ⊗ L

)

(X ⊗U ) ⊗ (
(Y ⊗ (V ⊗ K )) ⊗ L

)
(X ⊗U ) ⊗ (

Y ⊗ ((V ⊗ K ) ⊗ L)
)

a

�XYUV ⊗1K⊗L

1X⊗Y ⊗a

a

a⊗(1V ⊗1K⊗L )

((a−1◦(1X⊗c))⊗1V )⊗1

a

(a−1◦(1X⊗c))⊗(1V ⊗1)

a⊗1K⊗L

a

a

a
1X⊗U⊗a

1X⊗U⊗(a⊗1L )

1X⊗U⊗a

1X⊗U⊗a

1X⊗U⊗(1Y ⊗a)
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Further we observe:

(X ⊗ Y ) ⊗ (
(U ⊗ V ) ⊗ (K ⊗ L)

)

(X ⊗ Y ) ⊗ (
U ⊗ (V ⊗ (K ⊗ L))

)
(X ⊗ Y ) ⊗ (

U ⊗ ((V ⊗ K ) ⊗ L)
)

((X ⊗ Y ) ⊗U ) ⊗ (V ⊗ (K ⊗ L)) ((X ⊗ Y ) ⊗U ) ⊗ ((V ⊗ K ) ⊗ L)

((X ⊗U ) ⊗ Y ) ⊗ (V ⊗ (K ⊗ L)) ((X ⊗U ) ⊗ Y ) ⊗ ((V ⊗ K ) ⊗ L)

(X ⊗U ) ⊗ (
Y ⊗ (V ⊗ (K ⊗ L))

)
(X ⊗U ) ⊗ (

Y ⊗ ((V ⊗ K ) ⊗ L)
)

1X⊗Y ⊗a
1X⊗Y ⊗�∗

UV K L

1X⊗Y ⊗(1U⊗a)

a

(a−1◦(1X⊗c)◦a)⊗1

a

(1X⊗Y ⊗1U )⊗a

(a−1◦(1X⊗c)◦a)⊗1

a

(1X⊗U⊗1Y )⊗a

a

1X⊗U⊗(1Y ⊗a)

We paste the previous diagrams together and arrive at the following commutative
diagram:

(X ⊗ Y ) ⊗ (
(U ⊗ V ) ⊗ (K ⊗ L)

)

(
(X ⊗ Y ) ⊗ (U ⊗ V )

) ⊗ (K ⊗ L) (X ⊗ Y ) ⊗ (
U ⊗ ((V ⊗ K ) ⊗ L)

)

((X ⊗ Y ) ⊗U ) ⊗ ((V ⊗ K ) ⊗ L)

((X ⊗U ) ⊗ Y ) ⊗ ((V ⊗ K ) ⊗ L)

(
(X ⊗U ) ⊗ (Y ⊗ V )

) ⊗ (K ⊗ L) (X ⊗U ) ⊗ (
Y ⊗ ((V ⊗ K ) ⊗ L)

)

(X ⊗U ) ⊗ (
((Y ⊗ V ) ⊗ K ) ⊗ L

)
(X ⊗U ) ⊗ (

Y ⊗ ((K ⊗ V ) ⊗ L)
)

(X ⊗U ) ⊗ (
(Y ⊗ (V ⊗ K )) ⊗ L

)
(X ⊗U ) ⊗ (

(Y ⊗ (K ⊗ V )) ⊗ L
)

1X⊗Y ⊗�∗
UV K L

�XYUV ⊗1K⊗L

a(X⊗Y )(U⊗V )(K⊗L)

a

(a−1◦(1X⊗c)◦a)⊗1

a

�∗
(X⊗U )(Y⊗V )K L 1X⊗U⊗(1Y ⊗(c⊗1L ))

1X⊗U⊗(a⊗1L )

1X⊗U⊗a

1X⊗U⊗((1Y ⊗c)⊗1L )

1X⊗U⊗a
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Further, we observe the commutativity of the following diagram:

(X ⊗ Y ) ⊗ (
U ⊗ ((V ⊗ K ) ⊗ L)

)
(X ⊗ Y ) ⊗ (

U ⊗ ((K ⊗ V ) ⊗ L)
)

((X ⊗ Y ) ⊗U ) ⊗ ((V ⊗ K ) ⊗ L) ((X ⊗ Y ) ⊗U ) ⊗ ((K ⊗ V ) ⊗ L)

(X ⊗U ) ⊗ Y ) ⊗ ((V ⊗ K ) ⊗ L) (X ⊗U ) ⊗ Y ) ⊗ ((K ⊗ V ) ⊗ L)

(X ⊗U ) ⊗ (
Y ⊗ ((V ⊗ K ) ⊗ L)

)
(X ⊗U ) ⊗ (

Y ⊗ ((K ⊗ V ) ⊗ L)
)

1X⊗Y ⊗
(

1U⊗(c⊗1L )
)

a

(a−1◦(1X⊗c)◦a)⊗1

(1X⊗Y ⊗1U )⊗(c⊗1L )
a

(a−1◦(1X⊗c)◦a)⊗1

a

(1X⊗U⊗1Y )⊗(c⊗1L )

a
1X⊗U⊗

(
1Y ⊗(c⊗1L )

)

Now we paste the previous two diagrams together and obtain the commutativity
of the following diagram:
(B1)

(X ⊗ Y ) ⊗ (
(U ⊗ V ) ⊗ (K ⊗ L)

)

(
(X ⊗ Y ) ⊗ (U ⊗ V )

) ⊗ (K ⊗ L) (X ⊗ Y ) ⊗ (
U ⊗ ((V ⊗ K ) ⊗ L)

)

(X ⊗ Y ) ⊗ (U ⊗ ((K ⊗ V ) ⊗ L))

((X ⊗ Y ) ⊗U ) ⊗ ((K ⊗ V ) ⊗ L)

(
(X ⊗U ) ⊗ (Y ⊗ V )

) ⊗ (K ⊗ L) ((X ⊗U ) ⊗ Y ) ⊗ ((K ⊗ V ) ⊗ L)

(X ⊗U ) ⊗ (
((Y ⊗ V ) ⊗ K ) ⊗ L

)
(X ⊗U ) ⊗ (

Y ⊗ ((K ⊗ V ) ⊗ L)
)

(X ⊗U ) ⊗ (
(Y ⊗ (V ⊗ K )) ⊗ L

)
(X ⊗U ) ⊗ (

(Y ⊗ (K ⊗ V )) ⊗ L
)

(X ⊗U ) ⊗ (
((Y ⊗ K ) ⊗ V ) ⊗ L

)

(X ⊗U ) ⊗ (
((K ⊗ Y ) ⊗ V ) ⊗ L

)

(X ⊗U ) ⊗ (
(K ⊗ Y ) ⊗ (V ⊗ L)

)

1X⊗Y ⊗�∗
UV K L

�XYUV ⊗1K⊗L

a(X⊗Y )(U⊗V )(K⊗L)

1X⊗Y ⊗
(

1U⊗(c⊗1L )
)

a

(a−1◦(1X⊗c)◦a)⊗1

�∗
(X⊗U )(Y⊗V )K L a

1X⊗U⊗(a⊗1L )

1X⊗U⊗((1Y ⊗c)⊗1L )

1X⊗U⊗a

1X⊗U⊗(a⊗1L )

1X⊗U⊗((c⊗1V )⊗1L )

1X⊗U⊗a
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In the next step we use the coherence axiom (4) and again the pentagonal diagram
in the instance of four objects given by K , Y , V and L . Then the following diagram
is commutative:

(X ⊗U ) ⊗ (
((Y ⊗ V ) ⊗ K ) ⊗ L

)

(X ⊗U ) ⊗ (
(K ⊗ (Y ⊗ V )) ⊗ L

)
(X ⊗U ) ⊗ (

((K ⊗ Y ) ⊗ V ) ⊗ L
)

(X ⊗U ) ⊗ (
K ⊗ ((Y ⊗ V ) ⊗ L)

)
(X ⊗U ) ⊗ (

K ⊗ (Y ⊗ (V ⊗ L))
)

1X⊗U⊗(c(Y⊗V )K ⊗1L )
1X⊗U⊗(((c⊗1V )◦a−1◦(1Y ⊗c)◦a)⊗1L )

1X⊗U⊗a 1X⊗U⊗(a◦a)

1X⊗U⊗(a⊗1L )

1X⊗U⊗(1K ⊗a)

Now we paste together the previous diagram and (B1) and obtain:
(B2)

(X ⊗ Y ) ⊗ (
(U ⊗ V ) ⊗ (K ⊗ L)

)

(
(X ⊗ Y ) ⊗ (U ⊗ V )

) ⊗ (K ⊗ L) (X ⊗ Y ) ⊗ (
U ⊗ ((V ⊗ K ) ⊗ L)

)

(X ⊗ Y ) ⊗ (U ⊗ ((K ⊗ V ) ⊗ L))

(
(X ⊗U ) ⊗ (Y ⊗ V )

) ⊗ (K ⊗ L) ((X ⊗ Y ) ⊗U ) ⊗ ((K ⊗ V ) ⊗ L)

(X ⊗U ) ⊗ (
((Y ⊗ V ) ⊗ K ) ⊗ L

)
((X ⊗U ) ⊗ Y ) ⊗ ((K ⊗ V ) ⊗ L)

(X ⊗U ) ⊗ (
(K ⊗ (Y ⊗ V )) ⊗ L

)
(X ⊗U ) ⊗ (

Y ⊗ ((K ⊗ V ) ⊗ L)
)

(X ⊗U ) ⊗ (
K ⊗ ((Y ⊗ V ) ⊗ L)

)
(X ⊗U ) ⊗ (

(Y ⊗ (K ⊗ V )) ⊗ L
)

(X ⊗U ) ⊗ (
K ⊗ (Y ⊗ (V ⊗ L))

)
(X ⊗U ) ⊗ (

((K ⊗ Y ) ⊗ V ) ⊗ L
)

1X⊗Y⊗�∗
UV K L

�XYUV ⊗1K⊗L

a(X⊗Y )(U⊗V )(K⊗L)

1X⊗Y⊗
(

1U⊗(c⊗1L )

)

�∗
(X⊗U )(Y⊗V )K L

a

(a−1◦(1X⊗c)◦a)⊗1

1X⊗U⊗(cY⊗V K⊗1L ) a

1X⊗U⊗a

1X⊗U⊗(1K⊗a)

1X⊗U⊗a

1X⊗U⊗((c⊗1V )◦a−1)⊗1L )

1X⊗U⊗(a◦a)

1X⊗U⊗(a⊗1L )
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Further, we observe the commutativity of the following two diagrams:
(C)

(X ⊗ Y ) ⊗ (
U ⊗ ((K ⊗ V ) ⊗ L)

)
(X ⊗ Y ) ⊗ (

U ⊗ (K ⊗ (V ⊗ L))
)

((X ⊗ Y ) ⊗U ) ⊗ ((K ⊗ V ) ⊗ L) ((X ⊗ Y ) ⊗U ) ⊗ (K ⊗ (V ⊗ L))

((X ⊗U ) ⊗ Y ) ⊗ ((K ⊗ V ) ⊗ L) ((X ⊗U ) ⊗ Y ) ⊗ (K ⊗ (V ⊗ L))

(X ⊗U ) ⊗ (
Y ⊗ ((K ⊗ V ) ⊗ L)

)
(X ⊗U ) ⊗ (

Y ⊗ (K ⊗ (V ⊗ L))
)

(X ⊗U ) ⊗ (
(Y ⊗ (K ⊗ V )) ⊗ L

)
(X ⊗U ) ⊗ (

(Y ⊗ K ) ⊗ (V ⊗ L)
)

(X ⊗U ) ⊗ (
((Y ⊗ K ) ⊗ V ) ⊗ L

)
(X ⊗U ) ⊗ (

(K ⊗ Y ) ⊗ (V ⊗ L)
)

(X ⊗U ) ⊗ (
((K ⊗ Y ) ⊗ V ) ⊗ L

)

1X⊗Y⊗(1U⊗a)

a

(a−1◦(1X⊗c)◦a)⊗1

(1X⊗Y⊗1U )⊗a

(a−1◦(1X⊗c)◦a)⊗1

a

a

(1X⊗U⊗1Y )⊗a

a

1X⊗U⊗(1Y⊗a)

1X⊗U⊗a 1X⊗U⊗a

1X⊗U⊗(c⊗1V⊗L )

1X⊗U⊗((c⊗1V )⊗1L )

1X⊗U⊗(a⊗1L )
1X⊗U⊗a

1X⊗U⊗a

(D)

(X ⊗ Y ) ⊗ (
U ⊗ (K ⊗ (V ⊗ L))

)
(X ⊗ Y ) ⊗ (

(U ⊗ K ) ⊗ (V ⊗ L)
)

((X ⊗ Y ) ⊗U ) ⊗ (K ⊗ (V ⊗ L))
(
(X ⊗ Y ) ⊗ (U ⊗ K )

) ⊗ (V ⊗ L)

((X ⊗U ) ⊗ Y ) ⊗ (K ⊗ (V ⊗ L))
(
((X ⊗ Y ) ⊗U ) ⊗ K

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
Y ⊗ (K ⊗ (V ⊗ L))

) (
((X ⊗U ) ⊗ Y ) ⊗ K

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
(Y ⊗ K ) ⊗ (V ⊗ L)

) (
(X ⊗U ) ⊗ (Y ⊗ K )

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
(K ⊗ Y ) ⊗ (V ⊗ L)

) (
(X ⊗U ) ⊗ (K ⊗ Y )

) ⊗ (V ⊗ L)

1X⊗Y ⊗a

a

(a−1◦(1X⊗c)◦a)⊗1

a

a

a⊗1V⊗La

((a−1◦(1X⊗c)◦a)⊗1K )⊗1a

a⊗1V⊗L1X⊗U⊗a

1X⊗U⊗(c⊗1V⊗L )

a

(1X⊗U⊗c)⊗1V⊗L

a



298 Appendix A

In a next step we paste together (B2) and (C) and obtain:
(B3)

(X ⊗ Y ) ⊗ (
(U ⊗ V ) ⊗ (K ⊗ L)

)

(
(X ⊗ Y ) ⊗ (U ⊗ V )

) ⊗ (K ⊗ L) (X ⊗ Y ) ⊗ (
U ⊗ ((V ⊗ K ) ⊗ L)

)

(X ⊗ Y ) ⊗ (U ⊗ ((K ⊗ V ) ⊗ L))

(X ⊗ Y ) ⊗ (
U ⊗ (K ⊗ (V ⊗ L))

)

(
(X ⊗U ) ⊗ (Y ⊗ V )

) ⊗ (K ⊗ L) ((X ⊗ Y ) ⊗U ) ⊗ (K ⊗ (V ⊗ L))

(X ⊗U ) ⊗ (
((Y ⊗ V ) ⊗ K ) ⊗ L

)
((X ⊗U ) ⊗ Y ) ⊗ (K ⊗ (V ⊗ L))

(X ⊗U ) ⊗ (
(K ⊗ (Y ⊗ V )) ⊗ L

)
(X ⊗U ) ⊗ (

Y ⊗ (K ⊗ (V ⊗ L))
)

(X ⊗U ) ⊗ (
K ⊗ ((Y ⊗ V ) ⊗ L)

)
(X ⊗U ) ⊗ (

(Y ⊗ K ) ⊗ (V ⊗ L)
)

(X ⊗U ) ⊗ (
K ⊗ (Y ⊗ (V ⊗ L))

)

(X ⊗U ) ⊗ (
(K ⊗ Y ) ⊗ (V ⊗ L)

)

1X⊗Y⊗�∗
UV K L

�XYUV ⊗1K⊗L

a(X⊗Y )(U⊗V )(K⊗L)

1X⊗Y⊗
(

1U⊗(c⊗1L )

)

1X⊗Y⊗(1U⊗a)

�∗
(X⊗U )(Y⊗V )K L

a

(a−1◦(1X⊗c)◦a)⊗1

1X⊗U⊗(cY⊗V K⊗1L ) a

1X⊗U⊗a

1X⊗U⊗(1K⊗a)

1X⊗U⊗a

1X⊗U⊗(c⊗1V⊗L )

1X⊗U⊗a
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Further we paste together (B3) and (D) and obtain:
(B4)

(X ⊗ Y ) ⊗ (
(U ⊗ V ) ⊗ (K ⊗ L)

)

(
(X ⊗ Y ) ⊗ (U ⊗ V )

) ⊗ (K ⊗ L) (X ⊗ Y ) ⊗ (
U ⊗ ((V ⊗ K ) ⊗ L)

)

(X ⊗ Y ) ⊗ (U ⊗ ((K ⊗ V ) ⊗ L))

(X ⊗ Y ) ⊗ (
U ⊗ (K ⊗ (V ⊗ L))

)

(X ⊗ Y ) ⊗ (
(U ⊗ K ) ⊗ (V ⊗ L)

)

(
(X ⊗ Y ) ⊗ (U ⊗ K )

) ⊗ (V ⊗ L)

(
(X ⊗U ) ⊗ (Y ⊗ V )

) ⊗ (K ⊗ L)
(
((X ⊗ Y ) ⊗U ) ⊗ K

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
((Y ⊗ V ) ⊗ K ) ⊗ L

) (
(X ⊗ (Y ⊗U )) ⊗ K

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
(K ⊗ (Y ⊗ V )) ⊗ L

) (
(X ⊗ (U ⊗ Y )) ⊗ K

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
K ⊗ ((Y ⊗ V ) ⊗ L)

) (
((X ⊗U ) ⊗ Y ) ⊗ K

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
K ⊗ (Y ⊗ (V ⊗ L))

) (
(X ⊗U ) ⊗ (Y ⊗ K )

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
(K ⊗ Y ) ⊗ (V ⊗ L)

) (
(X ⊗U ) ⊗ (K ⊗ Y )

) ⊗ (V ⊗ L)

1X⊗Y⊗�∗
UV K L

�XYUV ⊗1K⊗L

a(X⊗Y )(U⊗V )(K⊗L)

1X⊗Y⊗
(

1U⊗(c⊗1L )

)

1X⊗Y⊗(1U⊗a)

1X⊗Y⊗a

a

�∗
(X⊗U )(Y⊗V )K L

a⊗1V⊗L

(a⊗1K )⊗1V⊗L

1X⊗U⊗(cY⊗V K⊗1L ) ((1X⊗c)⊗1K )⊗1V⊗L

1X⊗U⊗a

1X⊗U⊗(1K⊗a)

(a⊗1K )⊗1V⊗L

a⊗1V⊗L

(1X⊗U⊗c)⊗1V⊗L1X⊗U⊗a

a
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Referring to the definition of (�∗
UKV L)

−1 and �UV K L we can simplify the previous
diagram and add the pentagonal diagram in the instances of X ⊗U , K , Y and V ⊗ L:

(X ⊗ Y ) ⊗ (
(U ⊗ V ) ⊗ (K ⊗ L)

)

(
(X ⊗ Y ) ⊗ (U ⊗ V )

) ⊗ (K ⊗ L) (X ⊗ Y ) ⊗ (
(U ⊗ K ) ⊗ (V ⊗ L)

)

(
(X ⊗ Y ) ⊗ (U ⊗ K )

) ⊗ (V ⊗ L)

(
(X ⊗U ) ⊗ (Y ⊗ V )

) ⊗ (K ⊗ L)
(
((X ⊗ Y ) ⊗U ) ⊗ K

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
((Y ⊗ V ) ⊗ K ) ⊗ L

) (
(X ⊗ (Y ⊗U )) ⊗ K

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
(K ⊗ (Y ⊗ V )) ⊗ L

) (
(X ⊗ (U ⊗ Y )) ⊗ K

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
K ⊗ ((Y ⊗ V ) ⊗ L)

) (
((X ⊗U ) ⊗ Y ) ⊗ K

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
K ⊗ (Y ⊗ (V ⊗ L))

) (
(X ⊗U ) ⊗ (Y ⊗ K )

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
(K ⊗ Y ) ⊗ (V ⊗ L)

) (
(X ⊗U ) ⊗ (K ⊗ Y )

) ⊗ (V ⊗ L)

(
((X ⊗U ) ⊗ K ) ⊗ Y

) ⊗ (V ⊗ L)

(X ⊗U ) ⊗ (
K ⊗ (Y ⊗ (V ⊗ L))

)
((X ⊗U ) ⊗ K ) ⊗ (Y ⊗ (V ⊗ L))

(X ⊗U ) ⊗ (
K ⊗ ((Y ⊗ V ) ⊗ L)

)
((X ⊗U ) ⊗ K ) ⊗ ((Y ⊗ V ) ⊗ L)

1X⊗Y⊗�UV K L

�XYUV ⊗1K⊗L

a(X⊗Y )(U⊗V )(K⊗L)

a

�∗
(X⊗U )(Y⊗V )K L

a⊗1V⊗L

(a⊗1K )⊗1V⊗L

1X⊗U⊗(cY⊗V K⊗1L ) ((1X⊗c)⊗1K )⊗1V⊗L

1X⊗U⊗a

1X⊗U⊗(1K⊗a)

(a⊗1K )⊗1V⊗L

a⊗1V⊗L

(1X⊗U⊗c)⊗1V⊗L1X⊗U⊗a

1X⊗U⊗a

a

a⊗1V⊗L

a

a

1X⊗U⊗(1K⊗a) 1⊗a

a
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Using the definition of (�∗
(X⊗U )K (Y⊗V )L)

−1 and �(X⊗U )(Y⊗V )K L we continue to
simplify the previous diagram:
(B5)

(X ⊗ Y ) ⊗ (
(U ⊗ V ) ⊗ (K ⊗ L)

)

(
(X ⊗ Y ) ⊗ (U ⊗ V )

) ⊗ (K ⊗ L) (X ⊗ Y ) ⊗ (
(U ⊗ K ) ⊗ (V ⊗ L)

)

(
(X ⊗ Y ) ⊗ (U ⊗ K )

) ⊗ (V ⊗ L)

(
(X ⊗U ) ⊗ (Y ⊗ V )

) ⊗ (K ⊗ L)
(
((X ⊗ Y ) ⊗U ) ⊗ K

) ⊗ (V ⊗ L)

(
(X ⊗ (Y ⊗U )) ⊗ K

) ⊗ (V ⊗ L)

(
(X ⊗ (U ⊗ Y )) ⊗ K

) ⊗ (V ⊗ L)

(
((X ⊗U ) ⊗ Y ) ⊗ K

) ⊗ (V ⊗ L)

(
(X ⊗U ) ⊗ (Y ⊗ K )

) ⊗ (V ⊗ L)

((X ⊗U ) ⊗ K ) ⊗ ((Y ⊗ V ) ⊗ L)
(
(X ⊗U ) ⊗ (K ⊗ Y )

) ⊗ (V ⊗ L)

((X ⊗U ) ⊗ K ) ⊗ (Y ⊗ (V ⊗ L))
(
((X ⊗U ) ⊗ K ) ⊗ Y

) ⊗ (V ⊗ L)

1X⊗Y⊗�UV K L

�XYUV ⊗1K⊗L

a(X⊗Y )(U⊗V )(K⊗L)

a

�(X⊗U )(Y⊗V )K L

a⊗1V⊗L

(a⊗1K )⊗1V⊗L

((1X⊗c)⊗1K )⊗1V⊗L

(a⊗1K )⊗1V⊗L

a⊗1V⊗L

(1X⊗U⊗c)⊗1V⊗L

1⊗a a⊗1V⊗L

a



302 Appendix A

In a further step we apply three times the pentagonal diagram and obtain the
following commutative diagram:

(
((X ⊗ Y ) ⊗U ) ⊗ K

) ⊗ (V ⊗ L)
(
(X ⊗ Y ) ⊗ (U ⊗ K )

) ⊗ (V ⊗ L)

(
X ⊗ (Y ⊗ (U ⊗ K ))

) ⊗ (V ⊗ L)

(
(X ⊗ (Y ⊗U )) ⊗ K

) ⊗ (V ⊗ L)
(
X ⊗ ((Y ⊗U ) ⊗ K )

) ⊗ (V ⊗ L)

(
(X ⊗ (U ⊗ Y )) ⊗ K

) ⊗ (V ⊗ L)
(
X ⊗ ((U ⊗ Y ) ⊗ K )

) ⊗ (V ⊗ L)

(
((X ⊗U ) ⊗ Y ) ⊗ K

) ⊗ (V ⊗ L)

(
(X ⊗U ) ⊗ (Y ⊗ K )

) ⊗ (V ⊗ L)
(
X ⊗ (U ⊗ (Y ⊗ K ))

) ⊗ (V ⊗ L)

(
(X ⊗U ) ⊗ (K ⊗ Y )

) ⊗ (V ⊗ L)
(
X ⊗ (U ⊗ (K ⊗ Y ))

) ⊗ (V ⊗ L)

(
X ⊗ ((U ⊗ K ) ⊗ Y )

) ⊗ (V ⊗ L)

(
((X ⊗U ) ⊗ K ) ⊗ Y

) ⊗ (V ⊗ L)
(
(X ⊗ (U ⊗ K )) ⊗ Y

) ⊗ (V ⊗ L)

((X ⊗U ) ⊗ K ) ⊗ (Y ⊗ (V ⊗ L)) (X ⊗ (U ⊗ K )) ⊗ (Y ⊗ (V ⊗ L))

((X ⊗U ) ⊗ K ) ⊗ ((Y ⊗ V ) ⊗ L)

(a⊗1K )⊗1V⊗L

a⊗1V⊗L

a⊗1V⊗L

((1X⊗c)⊗1K )⊗1V⊗L

a⊗1V⊗L

(1X⊗a)⊗1V⊗L

(1X⊗(c⊗1K ))⊗1V⊗L

a⊗1V⊗L

(1X⊗a)⊗1V⊗L

(a⊗1K )⊗1V⊗L

a⊗1V⊗L

(1X⊗U⊗c)⊗1V⊗L

a⊗1V⊗L

(1X⊗(1U⊗c))⊗1V⊗L

a⊗1V⊗L

(1X⊗a)⊗1V⊗L

a⊗1V⊗L

a

(a⊗1Y )⊗1V⊗L

a⊗1V⊗L

a

a⊗1Y⊗(V⊗L)

1(X⊗U )⊗K⊗a
a⊗a
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Now we apply again the coherence axiom (4) and simplify the previous diagram
as follows:
(B6)

(
((X ⊗ Y ) ⊗U ) ⊗ K

) ⊗ (V ⊗ L)
(
(X ⊗ Y ) ⊗ (U ⊗ K )

) ⊗ (V ⊗ L)

(
X ⊗ (Y ⊗ (U ⊗ K ))

) ⊗ (V ⊗ L)

(
(X ⊗ (Y ⊗U )) ⊗ K

) ⊗ (V ⊗ L)

(
(X ⊗ (U ⊗ Y )) ⊗ K

) ⊗ (V ⊗ L)

(
((X ⊗U ) ⊗ Y ) ⊗ K

) ⊗ (V ⊗ L)

(
(X ⊗U ) ⊗ (Y ⊗ K )

) ⊗ (V ⊗ L)

(
(X ⊗U ) ⊗ (K ⊗ Y )

) ⊗ (V ⊗ L)

(
X ⊗ ((U ⊗ K ) ⊗ Y )

) ⊗ (V ⊗ L)

(
((X ⊗U ) ⊗ K ) ⊗ Y

) ⊗ (V ⊗ L)
(
(X ⊗ (U ⊗ K )) ⊗ Y

) ⊗ (V ⊗ L)

((X ⊗U ) ⊗ K ) ⊗ (Y ⊗ (V ⊗ L)) (X ⊗ (U ⊗ K )) ⊗ (Y ⊗ (V ⊗ L))

((X ⊗U ) ⊗ K ) ⊗ ((Y ⊗ V ) ⊗ L)

(a⊗1K )⊗1V⊗L

a⊗1V⊗L

a⊗1V⊗L

(1X⊗cY (U⊗K ))⊗1V⊗L

((1X⊗c)⊗1K )⊗1V⊗L

(a⊗1K )⊗1V⊗L

a⊗1V⊗L

(1X⊗U⊗c)⊗1V⊗L

a⊗1V⊗L

a

(a⊗1Y )⊗1V⊗L

a⊗1V⊗L

a

a⊗1Y⊗(V⊗L)

1(X⊗U )⊗K⊗a
a⊗a
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Now we paste together the diagrams (B5) and (B6) and finally arrive at the fol-
lowing commutative diagram:

(X ⊗ Y ) ⊗ (
(U ⊗ V ) ⊗ (K ⊗ L)

)

(
(X ⊗ Y ) ⊗ (U ⊗ V )

) ⊗ (K ⊗ L) ((X ⊗ Y ) ⊗ (
(U ⊗ K ) ⊗ (V ⊗ L)

)

(
(X ⊗ Y ) ⊗ (U ⊗ K )

) ⊗ (V ⊗ L)

(
(X ⊗U ) ⊗ (Y ⊗ V )

) ⊗ (K ⊗ L)
(
X ⊗ (Y ⊗ (U ⊗ K ))

) ⊗ (V ⊗ L)

(
X ⊗ ((U ⊗ K ) ⊗ Y )

) ⊗ (V ⊗ L)

(
(X ⊗ (U ⊗ K )) ⊗ Y

) ⊗ (V ⊗ L)

((X ⊗U ) ⊗ K ) ⊗ ((Y ⊗ V ) ⊗ L) (X ⊗ (U ⊗ K )) ⊗ (Y ⊗ (V ⊗ L))

1X⊗Y⊗�UV K L

�XYUV ⊗1K⊗L

a(X⊗Y )(U⊗V )(K⊗L)

a

a⊗1V⊗L

�(X⊗U )(Y⊗V )K L

(1X⊗cY (U⊗K ))⊗1V⊗L

a⊗1V⊗L

a

a⊗a

Referring once again to the definition of �XY (U⊗K )(V⊗L), �−1
X (U⊗K )Y (V⊗L) and

�XY (U⊗K )(V⊗L), we conclude from the previous diagram that the relation (A.7) holds.
��

A.3 Graphical Representation of Proofs Involving Monad
Composition

The calculus of natural transformations comprises two compositions, the ordinary
composition (resp. vertical composition) and star composition (resp. horizontal com-
position). Since both compositions sometimes occur simultaneously, e.g., in the con-
struction of the multiplication of composite monads, it is desirable to formulate a
representation making these types of constructions more transparent. In this context
the interchange law suggests to develop a graphically two-dimensional framework.
In fact, the ordinary composition can pictorially be represented as a vertical stacking
of respective building blocks, whereas star composition is depicted as a horizon-
tal sequencing of such blocks. This enables us to unfold one-dimensionally writ-
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ten expressions into two-dimensionally written expressions, which sometimes more
transparently exposes where and how to use commutativity of diagrams in proof
steps.

In order to see this more precisely we may depict a natural transformation
τ : F → G as

F

τ

G

.

Note here that we hide the information about underlying categories. Once we use a
natural transformation τ : F → G it is thereby assumed that the domain category of
the functors F and G is the same, and also that the codomain category of the functors
F and G is the same — i.e. F,G : C → D. The left and right vertical lines in the
building block therefore hide the categories with which they in fact are annotated.
For reasons which will become evident when we compose horizontally, we read the
domain-codomain for functors from right to left — i.e. we correlate F,G : D ← C
with the graphical representation

D

F

τ

G

C

in order to be totally transparent about the notation involving underlying categories.
It is now clearly tempting to attach blocks to one another both vertically as well

as horizontally in such a way that the functors of the attaching horizontal lines of
the blocks match, and the categories of the attaching vertical lines match. In order to
depict these attachment, let τ : F → G, σ : G → H, τ ′ : F′ → G′ and σ ′ : G′ → H′
be natural transformations with F,G,H : C → D and F′,G′,H′ : D → E. We then
have a vertical attachment in

F

τ

G

σ

H

and a horizontal attachment in

F′ F

τ ′ τ

G′ G

.

As we shall see later, the vertical attachment will be defined as the vertical compo-
sition of natural transformations. This then enables us to view the vertical two-block
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attachment as one block, which in turn can be attached vertically or horizontally to
other blocks, as long as the functors and categories, respectively, on the horizontal and
vertical lines continue to match. Similarly, the horizontal attachment will be defined
as the horizontal (or star) composition of natural transformations. This similarly
enables us to view the horizontal two-block attachment as one block, which can be
attached to other blocks.

The construction
F′ F

τ ′ τ

G′ G

σ ′ σ

H′ H

now makes sense from the viewpoint of matching domains and codomains at the verti-
cal and horizontal lines, even if we still haven’t defined what the corresponding single
block natural transformation actually is. Respective functors appear here explicitly,
whereas the underlying categories are hidden. Later on in this Appendix A.3, when
we use blocks to facilitate proofs related to the composition of monads, we will use
endofunctors, and then obviously we have one and the same category underlying the
whole graphical representation.

We now define respective attachment as composition. In the case of vertical com-
position blocks τ : F → G andσ : G → H are built, composed, and defined vertically
as

F

τ

G

σ

H

=

F

σ ◦ τ

H

.

Note how the underlying categories are annotated to the vertical lines from top to
bottom — i.e. we would see it as

D

F

τ

G

σ

H

C = D

F

σ ◦ τ

H

C .
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Mixing notation using expressions and graphical representation could be depicted as

F

τ

G

◦
G

σ

H

=

F

σ ◦ τ

H

showing explicitly how the vertical line corresponds to composition. In these vertical
compositions, we can indeed omit the underlying categories in the graphical repre-
sentation, since there is no danger that compositions may not exist. The definition of
vertical composition ensures that the respective domains and codomains of functors
coincide for natural transformations used in compositions. As said before, in the case
of endofunctors, it is only the information of the common underlying category that is
hidden in a representation without explicitly writing out the categories as annotated
to vertical lines.

In horizontal composition, there is similarly no danger of confusion in the case
of using only endofunctors, but in the more general case, we obviously have to be
more careful concerning what is hidden about underlying categories.

In order to define horizontal attachment of blocks expressing the horizontal com-
position, we first recall the following formulas (cf. [38, p. 269]):

B H C
F
F′ D K E, η : F → F′, 1K � η = Kη and η � 1H = ηH. (A.8)

Then for the horizontal composition of τ ′ followed by τ , denoted by the star product
τ ′ � τ , the following relation holds

τ ′ � τ = (1G′ � τ) ◦ (τ ′ � 1F) = (τ ′ � 1G) ◦ (1F′ � τ) = τ ′G ◦ F′τ = G′τ ◦ τ ′F,

(A.9)
where the fourth equality is known as one of the five Godement rules (see also Sect.
Notes in Chap. 1).

Note how the domain and codomain functors in τ ′ � τ : F′ ◦ F → G′ ◦ G is visu-
ally denoted by the juxtaposition of two building blocks. We can then define the
horizontal block attachment according to

F′ F

τ ′ τ

G′ G

=
F′ ◦ F

τ ′ � τ

G′ ◦ G

.
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We may omit the sign for functorial composition, and simply write

F′ F

τ ′ τ

G′ G

=
F′ F

τ ′ � τ

G′ G

.

Note indeed how the juxtaposition order reflects the syntactic order of τ ′ � τ , as
enabled by the right-to-left reading of domain and codomain of functors. Note also
how the middle vertical line shares the same category for the two boxes — i.e. mixing
notation and using expressions and graphical representation we could write

E

F′

τ ′

G′
D � D

F

τ

G

C = E

F′ F

τ ′ � τ

G′ G

C .

Now we proceed to represent more complex graphical representations involving
vertical and horizontal composition of natural transformations. The star composition
(see (A.9))

τ ′ � τ = (τ ′ � 1G) ◦ (1F ′ � τ) = (1G ′ � τ) ◦ (τ ′ � 1F )

can pictorially be represented by

F′ F

τ ′ � τ

G′ G

=

F′ F

1F′ � τ

F′ G

τ ′ � 1G

G′ G

=

F′ F

τ ′ � 1F

G′ F

1G′ � τ

G′ G

(A.10)

We now see how blocks can be attached vertically and horizontally in any order as
long as the corresponding domains and codomains match. An equation like

1 � (σ ◦ τ) = (1 � σ) ◦ (1 � τ)

can be written as
K F

1K σ ◦ τ

K H

=

K F

1K � τ

K G

1K � σ

K H

,

showing how a horizontality is equated with a verticality.
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As a first example on how this graphical technique can be used to support proofs,
we now see the following procedure

F′ F

τ ′ � τ

G′ G

σ ′ � σ

H′ H

=

F′ F

τ ′ � 1F
G′ F

1G′ � τ

G′ G

1G′ � σ

G′ H

σ ′ � 1H
H′ H

=

F′ F

τ ′ � 1F

G′ F

1G′ � (σ ◦ τ)

G′ H

σ ′ � 1H

H′ H

=

F′ F

τ ′ � 1F
G′ F

σ ′ � (σ ◦ τ)

H′ H

=

F′ F

τ ′ � 1F
G′ F

σ ′ � 1F
H′ F

1H′ � (σ ◦ τ)

H′ H

=

F′ F

τ ′ � 1F
G′ F

σ ′ � 1F
H′ F

1H′ � (σ ◦ τ)

H′ H

=

F′ F

(σ ′ ◦ τ ′) � 1F
H′ F

1H′ � (σ ◦ τ)

H′ H

=
F′ F

σ ′ ◦ τ ′ σ ◦ τ

H′ H

,

i.e. we have used the graphical representation to illuminate the proof of the Inter-
change Law

(σ ′ ◦ τ ′) � (σ ◦ τ) = (σ ′ � σ) ◦ (τ ′ � τ).

Graphically, the Interchange Law can be summarized as

F′ F

τ ′ τ

G′ G

σ ′ σ

H′ H

=

F′ F

σ ′ ◦ τ ′ σ ◦ τ

H′ H

=

F′ F

τ ′ � τ

G′ G

σ ′ � σ

H′ H

showing how blocks with particular positions can be attached vertically and hori-
zontally in any order without altering the resulting transformation.
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Monad conditions can also suitably be depicted in a similar fashion. For a monad
F = (F, η, μ), the unit axiom and associativity axiom can be depicted as

The equality

1F ◦ 1F = 1F

can more explicitly be depicted as

F

1F
F

1F
F

=

F

1F

F

.

Note then how the identity transformation

F

F

can be allowed to represent not just 1F, but indeed also 1F ◦ 1F, 1F ◦ 1F ◦ 1F, and so
on. Similarly, since

1F′ � 1F = 1F′◦F

without explicitly using identity transformations can be depicted as

F′ F

F′ F

=
F′ F

F′ F
,



Appendix A 311

the representation
F′′ F′ F

F′′ F′ F

can also be depicted according to

F′′ F′ F

F′′ F′ F

F′′ F′ F

F′′ F′ F

F′′ F′ F

F′′ F′ F

as required by the context where respective expressions of natural transformations
appear in some proof steps.

In our graphical representations of proofs we apply exclusively the Interchange
Law with the possible exception of given axioms or properties. For the sake of
completeness we include here the depiction of the other Godement rules (cf. [38]).

Remark A.3.1. Among the other three Godement rules, for given functors

K′ : D → D′, K′′ : D′ → D′′, J′ : C′ → C, J′′ : C′′ → C′,

and since the horizontal composition is associative, we have (cf. (A.8))

(K′′ ◦ K′)τ =
K′′ ◦ K′ F

1K′′◦K′ � τ

K′′ ◦ K′ G

=
K′′ K′ ◦ F

1K′′ 1K′ � τ

K′′ K′ ◦ G

= K′′(K′τ)

and

τ(J′ ◦ J′′) =
F J′ ◦ J′′

τ � 1J′◦J′′

G J′ ◦ J′′
=

F ◦ J′ J′′

τ � 1J′ 1J′′

G ◦ J′ J′′
= (τJ′)J′′ .
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The final Godement rule is

K′(σ ◦ τ)J′′ =
K′ F J′′

1K′ � (σ ◦ τ) � 1J′′

K′ H J′′
=

K′ F J′′

1K′ � (σ ◦ τ) 1J′′

K′ H J′′

=
K′ F J′′

1K′ � (σ ◦ τ) 1J′′

K′ H J′′
=

K′ F J′′

1K′ � τ 1J′′

K′ G J′′

1K′ � σ 1J′′

K′ H J′′

=

K′ F J′′

1K′ � τ � 1J′′

K′ G J′′

1K′ � σ � 1J′′

K′ H J′′

= (K′σJ′′) ◦ (K′τJ′′).

Now we finish Appendix A.3 by depicting the proof of Beck’s Theorem (cf. The-
orem 1.2.12) using graphical representations. First we establish the unit axiom. For
this purpose we begin with the graphical representation of the diagrams (A) and (C)
in Sect. 1.2:
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Secondly, we establish the associativity axiom. As a first step we give a graphical
representation of the assertion of Lemma 1.2.13:
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Then we can proceed as follows.
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Comment. In order to prove the associativity axiom of composite monads we have
already seen in Sect. 1.2 that Lemma 1.2.13 plays a strategic rôle. The graphical rep-
resentation of this proof as presented above underlines this fact and shows explicitly
that an application of Lemma 1.2.13 permits us to reverse the proof strategy after
block 8.
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Closure operator, 41
linear ∼, 218

Complete lattice
algebraic ∼, 64
Brouwerian ∼, 184
compact ∼, 64
completely distributive ∼, 64, 68
continuous ∼, 64
meet-continuous ∼, 64

Composition

star ∼, 3, 26, see also horizontal compo-
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o-groupoid
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Preorder, 33
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Presheaf
Q-enriched contravariant ∼, 260
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Principle of duality, 33

Q
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Q-functor, 259
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Q-module

left ∼, 204
generator of a ∼, 219
invariant element of a ∼, 219
involutive ∼, 239
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right ∼, 204
Q-preorder, 258

dual ∼, 270
Q-preordered set, 258

cocomplete ∼, 262
complete ∼, 269
dual ∼, 270
Q-enriched join-complete ∼, 262
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Quantale, 90
balanced ∼, 97
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commutative ∼, 110
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factor ∼, 137
Frobenius ∼, 166
Gelfand ∼, 141
Girard ∼, 172
idempotent ∼, 97
integral ∼, 91
involutive ∼, 107
left-sided ∼, 91

strictly ∼, 97
non-trivial ∼, 91
right-sided ∼, 91

strictly ∼, 97
semi-integral ∼, 101
semi-unital ∼, 97
spatial ∼, 106
transposed ∼, 91, 258
trivial ∼, 91
two-sided ∼, 91
unital ∼, 91

Quantization of the two-chain, 45, 149
Quotient

of an MV -algebra, 200
Q-valued lattice

complete ∼, 270
join-complete ∼, 262
meet-complete ∼, 269

R
Reflection
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right action w.r.t. a unital quantale, 204

S
Self-adjoint, 121
Semi-integral regularization, 101
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Semigroup

in Sup, 90
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Spectrum
of a self-adjoint element, 121
of a unital C∗-algebra, 157

Subquantale, 91

T
T-homomorphism, 19
T-algebra, 19
Tensor, 55

elementary ∼, 55
Tensor product

of 2-forms, 234
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of algebraic lattices, 66
of balanced and bisymmetric quantales,

140
of complete lattices, 53
of completely distributive lattices, 64
of continuous lattices, 64
of frames, 124

of Frobenius quantales, 167
of idempotent quantales, 124
of left-sided quantales, 92
of monoids, 17
of Q-modules, 226, 228
of quantales, 92
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of semigroups, 17

Topology
Gelfand ∼, 123
six-valued ∼, 155, 156
three-valued ∼, 131

Transposed multiplication, 205
2-form, 233

non-trivial ∼, 256
symmetric ∼, 233

dense ∼, 236
faithful ∼, 236

U
Unit object

of a monoidal category, 2
Unitalization

of a magma, 4
of a prequantale, 88
of a semigroup, 91

Upclosed
subset, 36

Upper bound, 36
of a Q-enriched contravariant presheaf,

262
Upsegment, 42
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