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Homework 4

1. Consider the category of proofs of a natural deduction system with
disjunction introduction and elimination rules. Identify proofs under
the equations
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foranyp: A— C,q: B— C,r: AVB — C, by passing to equivalence
classes of proofs with respect to the equivalence relation generated by
these equations (i.e. two proofs are equivalent if you can get one from
the other by removing all such “detours”). Show that the resulting
category does indeed have coproducts.

2. Show that the equalizer two homomorphisms of abelian groups f, g :
G — H is the kernel of the difference homomorphism (¢— f) : G — H,
i.e. the subgroup of all g € G take by (¢ — f) to 0. Show moreover
that every kernel is an equalizer, and that indeed every subgroup is
a kernel. Finally, show that for arbitrary (not necessarily abelian)
groups G, the equalizers are always normal subgroups N — G, i.e.
those such that n € N implies g-n-¢g~' € N for all g € G.

3. Consider the category of sets.

(a) Given a function f : A — B, describe the equalizer of the func-
tions fopy,fopy: Ax A — B as a (binary) relation on A and
show that it is an equivalence relation (called the kernel of f).

(b) Show that the kernel of the quotient A — A/R by an equivalence
relation R is R itself.

(¢) Given any binary relation R C A x A, let (R) be the equivalence
relation on A generated by R (the least equivalence relation on
A containing R). Show that the quotient A — A/(R) is the
coequalizer of the two projections R = A.

(d) Using the foregoing, show that for any binary relation R on a set
A, one can characterize the equivalence relation (R) generated by
R as the kernel of the coequalizer of the two projections of R.

(e) Prove that Sets has all coequalizers by constructing the coequal-
izer of a parallel pair of functions,
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by quotienting B by a suitable equivalence relation R on B, gen-
erated by the pairs (f(x),g(z)) for all x € A.

4. * Show that the category of monoids has all coequalizers as follows.
1. Given any pair of monoid homomorphisms f,g : M — N, show
that the following equivalence relations on N agree:

a) n ~ n' < for all monoids X and homomorphisms h : N — X,
one has hf = hg implies hn = hn/,

b) the intersection of all equivalence relations ~ on N satisfying
fm ~ gm for all m € M as well as:

! ! ! !
n~nandm~m =>n-m~n -m

2. Taking ~ to be the equivalence relation defined in (1), show that
the quotient set N/ ~ is a monoid under [n] - [m] = [n - m], and the
projection N — N/~ is the coequalizer of f and g.



