HANDOUT FOR 1ST LECTURE

AXIOMATIC SET THEORY FALL 2024

1. FORMULATION OF THE CONTINUUM HYPOTHESES

Defn. A <X B iff 3f : A — B that is 1-1.

Defn. A~ B iff 4f : A — B that is 1-1 and onto.

Defn. A< B iff A< B but not B <X A.

Defn. A is finite iff A has n members for some n € N.! Otherwise A is said to be infinite.?
Defn. A is countable iff A < N.

Schréder-Bernstein Theorem. If A < B and B < A, then A ~ B.
Corollary. If A C B and B < A, then A ~ B.

N.B.: Nx N, Z, Q, and {A € Z(N) | Ais finite} are all countable. But Z(N) is un-
countable by:

Cantor’s Theorem. X < Z(X), for any set X.

Proof: Clearly, X < Z(X). Forlet g : X — Z(X) be s.t. for all y € X, g(y) = {y}.
Hence, it needs to be shown that Z(X) £ X. So, assume, contrary to what needs to be
shown, that &(X) < X. By the Schroder-Bernstein theorem, it follows that X ~ 27(X).
Thus, there exists a bijection f : X — Z(X). However, we can show that no map
f:X > Z(X)isonto. Let C ={z € X |z & f(z)}. Suppose C = f(y) for some y € X.
Then

yeC=ydé flyy=y¢C,

while
ygC=yc fly)=yecC.

Thus, y € C iff y ¢ C, which amounts to a contradiction. So, f is not onto. Therefore,
X<2X) 1

11f this does not sound especially rigorous or precise, that’s because it’s not. Here’s a better definition
if, as in ZF, we take a natural number to be the set of its predecessors. In other words, we use the following
definition: 0 = 0; n+ 1 =n U {n}. Then we say that a set A is finite just in case A ~ n for some n € N.
2The first attempt at a definition of an infinite set did not use the natural numbers. According to this
definition, a set is infinite iff A ~ B for some proper subset B of A. A set that is infinite in this sense is
now called Dedekind infinite.
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Claim. R ~ Z(N).
Take this in steps:

(1)

(3)

P(N) ~ S, where S is the set of all infinite sequences of 0’s and 1’s, where an
infinite sequence s of 0’s and 1’s is just a mapping s : N — {0, 1}. This is because
of the following.

For each A C N, the characteristic function x4 of A is the mapping x4 : N — {0,1}
such that for each n € N,

1 ifneAd
xa(n) =

0 otherwise

Clearly for any A C N, there is a unique x4 € S and any s € § is the characteristic
function of some A C N.

By way of notation, let (a,b) be an open interval of the real line, i.e., (a,b) =
{r € R |a <z < b} It’sfairly immediate that (0,1) ~ (0,2) since the function
f(x) = 2z is a bijection. Our strategy now is to inject (0,1) into S, and then
to inject S into (0,2). If we compose that injection with f~!, then we have an
injection of S into (0,1). This establishes in the first instance that (0,1) < S and
in the second that S < (0,1). By the Schréder-Bernstein theorem, it follows that
(0,1) ~ S.

The respective injections are defined as follows. For any given r € (0,1), let r(n)
be the value of the (n + 1)-th place following the “decimal” point in the expansion
of r in base 2. Thus, r = .7(0)r(1)r(2)---r(n)--- But in this form r just is a map
from N to {0,1}, and thus » € S. Thus (0,1) < S.

The injection in the other direction is a little trickier. The reason is that some
elements of (0,1) have more that one representation expressed in binary (or any)
notation. For example, 0.0111111111 - - is the same real number as 0.100000 - - - .
First we need some terminology. A subset X of N is said to be cofinite iff its relative
complement in N, i.e., N\ X, is finite. If X is cofinite, then its characteristic function
xx becomes all 1s after some n € N, and thus as a binary expression picks out a
real number that is also represented by a different sequence of Os and 1s. We must
find some way around this duplicity in representation. The trick is to avoid the
duplicity of representation by injecting &?(N) into (0, 2) as follows. For each A C N,
let

1+ ZneN(XA(TL)/2n+1) if A is cofinite
9(A) =
> nen(xa (n)/27+1) otherwise.
Thus the cofinite sets get mapped into the interval (1,2) while all the rest are
mapped into (0,1). The composite function f~! o g then injects & (N) into (0, 1).
Thus, § ~ Z(N) < (0,1).
(0,1) ~ R. There are many familiar ways to show this.

Continuum Hypothesis (CH): There is no X C R such that N < X < R.
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CH certainly seems to be a well-posed mathematical statement about the reals that is
either true or false. Cantor thought it was true, but couldn’t prove it. Thus, the terminol-
ogy ‘hypothesis’.

2. BIGGER AND BIGGER SETS

Obviously, if we iterate the power set operator on N, we get sets of larger and larger
cardinality:
N<ZN) < 2(Z(N)) <---

Notation. 2°(N) = N; 2"T(N) = 2(2"(N)).
Thus: N < 2(N) < 22(N) < #3(N) < --- Z*(N) < - --
Something bigger? Let Z*(N) = ey Z"(N).

Then,

N<Z(N) << PN) < 2(P“N)) = Z*TI(N) < ... < PT(N) < ... < PT¥(N) = 2“2(N)
Clearly we can iterate the power set operator n times on £“2(N) for arbitrary n € N,

yielding £22%27"(N). Taking the union over all these gives us #%3(N). This combination

of procedures can be iterated over and over, giving us Z“"(N) for arbitrary n € N. Taking
the union over all of these in turn gives us

P9(N) =g 2 (N).
Clearly, we can iterate everything done so far arbitrarily many finite times to get 22" (N)
for arbitrary n € N. Taking the union of all these yields 2% (N). Obviously, we can then
get:
P°N) = 297 (N) < 297 (N) < 29°°(N) = 2“7 (N) < 2 (N).
There’s no end to this iteration, only we run out of notation, and so we set

Zo(N) =g | HZ*(N), 2 (N), 24 (N), ...}

We're hardly done, though, since by iteration of these procedures we can get Z“*(N) for
arbitrary n € N, and so 2 (N), and, with enough work,

9650 (N) < @6650 (N) < (@Eeeeo (N) < ...

until we’re forced to introduce some additional notion again. If we do that systematically
we can union over the iterations from w to €y to the limit of subscripting e, etc., etc., so
we are limited only by our ingenuity of notation (and this is not mathematically limited).

However, you can verify that any given stage of construction, we have generated still
only countably many sets of cardinality greater than w. Can we do better? The answer
is yes. We can construct an a such that 2% (N) < 22%(N) for uncountably many 3’s. To
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find such an « is to construct what’s called an uncountable ordinal. So, we need to lay out
the basics of the theory of ordinals.

3. ORDINALS AND CARDINALS

Defn. We say that R well-orders A iff R linearly orders A and every non-empty subset of
A has an R-least member.

Defn. Say that (A, R) is a well-ordering if R well-orders A.

Defn. A set is transitive just in case every element is also a subset.

Defn. A set « is an ordinal just in case « is transitive and the membership relation €, on
a well-orders a.

You can verify that for any ordinal «, the set a«U{a} is also an ordinal, called the successor
of a. Note that the empty set () is an ordinal. Hence so is its successor {{}, and so on. We
identify this sequence with the natural numbers:

0=190

1= {0} = {0}

2={0,{0}} ={0,1}

3= {Q)v {@}, {Q)v {@}}} = {07 L 2}

so that in general n +1 = nU {n} = {0,...,n}. Thus, the set of natural numbers N ,
a.k.a, the set of finite ordinals, is then defined to be the smallest set S such that § € S
and for any z, if x € S, then x U{z} € S. N is also an ordinal and is just w from above by
another name. Each of the “exponents” of the power set operator P constructed above is
a countably infinite ordinal.

Defn. « is a successor ordinal iff &« = S U {8} for some ordinal 5. An ordinal other
than 0 is said to be limit ordinal iff it is not a successor ordinal.

Examples of limit ordinals from above are: w,w - 2, w?,w¥, €, €1, €w, €ecy -
Representation Theorem: If (A, R) is a well-ordering, then there is a unique ordinal «
such that

(A, R) ~ (, €q),

where ~ indicates order isomorphism.

Notation: Write Type(A, R) for « if (4, R) ~ (a, €q).
Notation. For ordinals, write a < 3 for a € 5.

Lemma: Any set S of ordinals is well-ordered by < on S.

Notation. Let | « | be the least ordinal § such that o ~ 5. E.g., | ¢p | = w.
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To get the first uncountable ordinal, consider the set
R={R € Z(w xw) | R well-orders w}.
For each R € R, Type(w, R) is a countable ordinal, and
S ={Type(w,R) | R € R}

is the set of all countable ordinals. Since (S, <) is a well-ordering, there is an ordinal
B = Type (S,<). But 8 cannot be countable, else 8 € S which is contradictory. So 3 is
an uncountable ordinal, indeed, the smallest uncountable ordinal. As such, it is called a
cardinal.

Defn. An ordinal « is a cardinal iff | o | = «.

Note that w as well as every finite ordinal is a cardinal, but that any other countable
ordinal is not a cardinal.

The procedure we used above for generating from w the smallest ordinal of greater cardi-
nality can be applied to any ordinal «. In general, for any ordinal o, o™ is the smallest
ordinal of greater cardinality than «. We now have a technique for generating ordinals of
larger and larger cardinality.

Notation: Let o be any ordinal and let v be any limit ordinal. Then:
Ny = w
Nop1 = N(J;
R, = [J® In<)

Note that the indices are not restricted to countable ordinals. For example, Xy is the first
uncountable ordinal. Hence, Ny, is an ordinal, in fact the least ordinal with uncountably
many smaller infinite cardinals. We can even construct a cardinal x so large that kK = Nj.
For example:

ko= J{R0, Riggs Ry -+ -}

4. THE CONTINUUM HYPOTHESIS REFORMULATED AND (GENERALIZED

You’ll note that we have developed two sequences of sets of larger and larger infinite
cardinality, on the one hand the 228 (N) sequence and, on the other hand, the R, sequence.
How do they compare? The one fixed point we have is that Z29(N) = w = X,.
Continuum Hypothesis (CH): 2}(N) ~ N;.

Generalized Continuum Hypothesis (GCH): Z¢(N) ~ R,, for arbitrary ordinal
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Now, note that since Ny is well-ordered by the membership relation on itself, CH requires
that R can be well ordered. For if 8; ~ R, there is a bijection f : Xy — R and we can
define a well ordering on R by

1 < 7o iff fﬁl(rl) < fﬁl(rg).

Can you think of a well-ordering of R? Similarly, GCH requires that any &?%(N) can be
well-ordered. Consider the general proposition:

(AC): Any set can be well-ordered.

Can we prove AC? From what? Note that we’ll have problems if we proceed naively,
assuming that any collection whatsoever is a set. For example, consider the Russell “set”
T =g {z | x € x}. It quickly follows that x € T'iff x ¢ T'". To attempt to avoid “paradoxes”
such as this, we had best lay down the assumptions we are allowed to make concerning
sets.

5. THE AXIOMS OF ZERMELO-FRAENKEL SET THEORY (ZF)

The language Ly of ZF has, besides logical symbols, only a single, two-place predicate
e for set membership. In principle, all axioms (and theorems) can be expressed using just
€. Sometimes, though, abbreviations might be used. For example, x C y is short for:

Vz(z €z — z €y).

However, I will state the axioms in English to the extent possible. You should be able to
translate the English into formal notation.

Extensionality: Sets are equal if they have exactly the same members.

Comprehension Scheme: For any set A and any predicate ¢(z) that can be ex-
pressed in Ly, there is a set B = {z € A | ¢p(z)}. [This is called a scheme, since
it gives us an infinite number of axioms, one for each predicate ¢(z).]

Pairing: Given any sets x and y, there is a set that contains both x and y as members.

Union: The union over any set is a subset of some set, i.e., for any set A there is a
set B such that x € B if there exists a C € A such that x € C.

Replacement Scheme: Suppose we have a set A and a predicate ¢(z,y) in the
language Lyp such that for any x € A there exists a unique y such that p(z,y).
Then there is a set B containing each y such that ¢(z,y) for some = € A. [Again,
this is a scheme since there is an axiom for each predicate p(x,y) meeting the
conditions.]

Infinity: There exists a set S such that ) € S and, for any z, if z € S, then zU{z} €
S.

Power Set: For any set X, there exists a set containing every subset of X.

The totality of axioms so far is known as ZF~ to indicate that the following is missing.
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Foundation: Every set has an e-least element. i.e., every non-empty set X has an
element disjoint with X. [This rules out “pathological” cases where membership
is cyclic or regresses infinitely, i.e., cases such as 9 € 1 € -+ € x, € xy Or
c- € X3 € X9 € 11 € X0.]

The full set of axioms is known as ZF. Very often, Foundation is irrelevant, motivating the
consideration of ZF~.

Notation: ZFC = ZF + AC.



