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Abstract
Quantifying textures and patterns in physical data is an important but challenging task. Recently,
a novel statistic borrowing ideas from convolutional neural networks (CNNs), called the scattering
transform, has shown its great potential. It is a sweet spot between the power spectrum and
CNNs: it yields a compact set of summary statistics with a simple definition while sharing the high
performance of CNNs. In this thesis I provide intuitive understandings and interpretations for the
scattering transform. I also discuss its connection to and advantages over other common statistics,
in particular the N -point functions. Then, I show promising examples of its applications in physics
research, including rigid parameter inference tasks in weak lensing cosmology and exploratory data
analysis in astronomy and oceanography.
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Forewords
During the Ph.D. study, I have been working on two topics: one in cosmology and the other in
stellar physics. The main narrative of this thesis will focus on the cosmology project. Nevertheless,
I will briefly introduce both projects below and provide a copy of my work about white dwarf stars
in the Appendices.
1) Cosmology: In the past century, cosmology has developed from a highly speculative subject
to a mature field with precise models, shifting the focus of observational cosmology largely into
parameter inference. Our universe in the ‘early time’, based on observations of the cosmic microwave
background, is quite homogeneous. The matter distribution can be well modelled by a Gaussian
random field, for which the power spectrum is the sufficient statistic to describe it. Afterwards,
gravitational interaction of matter leads to both a growth and a non-linear evolution of fluctuations,
producing all kinds of non-Gaussian structures in the universe such as halos, filaments, walls, and
voids, which we see in the current ‘late-time’ universe. Several large-scale cosmology surveys costing
billions of dollars have been built or planned to measure the late-time cosmic matter distribution
through weak lensing and galaxy clustering. In order to better extract information from these
non-Gaussian structures, a statistical tool beyond the power spectrum is desired.
In the cosmology project, I explored the application of a novel statistical estimator called the
scattering transform to extract information from the cosmic density field. By the time I started my
PhD, the scattering transform had never been mentioned in the astrophysics literature. Borrowing
ideas from convolutional neural networks, this estimator is highly efficient in describing complex
structures in physical fields. Moreover, it is robust, compact, and interpretable, which is important
for practical analysis. My work demonstrated that the scattering transform extracts as much
information from weak lensing maps as what convolutional neural networks can do, and its sampling
distribution is much Gaussian than traditional non-Gaussian statistics. One of my papers won the
outstanding paper award of the International Astrostatistics Association in 2020.
In this thesis, I shall first discuss in general the task of extract information from grid data (such
as a field or a time series) and the most widely used mathematical tool, the power spectrum in
chapter 1. Then, in chapter 2, I shall introduce the scattering transform in the language of physicists
and astronomers. After summarising its key features, I shall discuss the understanding of its internal
operations and the interpretation of its coefficients. I argue that the compactness and robustness of
scattering coefficients make them particularly advantageous for probing the non-Gaussian structures
in physics. In chapter 3, I shall show its application to regression problems in cosmology, and in
chapter 4, applications to exploratory data analysis in other areas such as oceanography. Finally, I
shall summarize the main conclusions of this thesis in chapter 5 and present a code for efficiently
calculating the translation-invariant scattering coefficients in an appendix.
2) White dwarfs: In the appendix, I shall also present a copy of my papers about white dwarfs.
v

For this project, I studied the physics and evolution of white dwarf stars, the destiny of most stars in
the universe. White dwarfs have the mass of the sun but the size of the earth. They are extremely
compact objects and ideal laboratory for dense plasma physics. In my work, I measured the age of
white dwarfs with a novel way, using knowledge from Galactic kinematics. Then I compared the
ages measured from the traditional ‘photometric’ and the novel ‘kinematic’ methods and see if they
are consistent.
I first applied this idea to study white dwarf cooling. As star remnants, white dwarfs have no
nuclear reaction inside and just cool down in a cosmic time scale, similar to the cooling of a cup of
hot tea on the table. Cooling models have been established and elaborated during the past fifty
years to a level many believed to be mature. However, by incorporating the kinematic information
obtained from the Gaia satellite, I found that a population of white dwarfs must experience an
extreme cooling delay, unexpected by any current cooling models. Going deeper, I showed that the
missing physics may be the sink of 22 Ne, an important isotope provides in stellar evolution with
more neutrons than protons and thus feeling more downward gravity than upward pressure in a
white dwarf. This explanation has now been accepted by the community. Interestingly, it is also
related to the behavior of freezing (liquid–solid phase transition) of dense plasma, which can only
be probed in the extreme condition of white dwarfs. This discovery is considered one of the major
discoveries of Gaia.
I also applied my method to white dwarf mergers. Measuring the merger rate sets strong
constraints on binary evolution models, and interestingly, white dwarf mergers are also suspected to
be the trigger of type-Ia supernova explosions, which are among the most energetic events in the
universe and have been used as an anchor for cosmological distance measurement. I found that a
significant amount (about 20%) of high-mass white dwarfs do not have consistent ages and must
originate from mergers of to lighter white dwarfs. This fraction and the corresponding merger rate
have been difficult to measure for decades, and my novel method provides the most precise estimate
of them.
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Chapter 1

Introduction
In attempting to understand the laws of Nature, most physicists face the challenge of extracting
relevant information from data, produced by sensors or computer simulations. Different sets of
data analysis tools are used in different disciplines, sometimes motivated by the properties of the
object of study (symmetries, invariants), aspects of the data (noise level) or simply convenience
or habit. Among them, a few are used ubiquitously, such as the power spectrum and correlation
functions. However, being second-order moment analyses, they unfortunately lack the ability to
characterise non-Gaussian structures, which are present in a wide variety of interesting fields.
Figure 1-1 shows a comparison of non-Gaussian and Gaussian field textures with the same power
spectrum. To distinguish them, one needs to go beyond the power spectrum. Over the past
decade, a new type of estimator has gained popularity in virtually all fields of science: convolutional
neural networks (CNNs), a novel paradigm remarkably efficient at extracting certain types of
information from pixelized data but whose properties are not yet fully understood. Compared to the
traditional mathematical tools, neural networks lack transparency, stable mathematical properties
or interpretability, which are crucial to scientific research.
With growing depth, neural networks enjoy a fantastic level of expressivity, capable of capturing
the highly complex sets of varying features produced by the biological world, from the appearance
of cats to human speech. However, when considering a wide range of physical fields, we are in a
different regime. We deal with a level of complexity often substantially lower than that involved in
the typical images or sounds considered in ‘deep learning’ applications. In this thesis, I advocate for
the use of the scattering transform, introduced by Mallat [1] to extract information from physical
fields. I shall show that the scattering transform provides an approach to data analysis that in
many ways conveniently stands in between the power spectrum and CNNs.
The scattering transform has many attractive properties. In particular, it can efficiently extract
information from complex signals while being fully deterministic and not requiring any training. In
addition, understanding the properties of the scattering transform allows one to decipher many key
aspects of the inner workings of CNNs.
The scattering transform was originally introduced in the mathematics literature [1] with followup works that appeared in the signal processing and computer science literature. So far, the
scattering transform has been used primarily in audio/visual signal processing and has been mostly
discussed in the mathematics and computer science literature [e.g., 2–5]. It has already been used in
a number of scientific applications: intermittency in turbulence [6], quantum chemistry and material
science [7–9], graph-structured data [10], geography [11], astrophysics [12–14], and cosmology [15,
1

Figure 1-1. Two fields with the same power spectrum but different textures. The left panel shows a
simulated matter density field of late-time universe, which is highly non-Gaussian. The right panel is a
Gaussian random field.
16]. In several of these applications, the scattering transform reached state-of-the-art performance
compared to the CNNs in use at the time. It has been typically used in the context of classification
tasks but, as we will discuss, if a model is available, it is also powerful in the context of parameter
estimation or regression.

1.1

Goals and challenges of information extraction

Extracting physical information from data means a mapping from the extremely high-dimensional
function space of data to a low-dimensional space that corresponds to a few classes or physical
parameters. To do so, it is convenient and often necessary to first describe the field with a
mathematical vocabulary, which aims at discarding irrelevant variabilities and concentrating relevant
information into a smaller set of descriptors or summary statistics. Finding the best language or
description to extract physical information from data is often the key challenge of data analysis.
In physics, a number of properties are fundamental. Understanding how energy is distributed in
a system is often an important goal. In addition, symmetries and invariants play a major role. For
example, many physical laws are invariant under translation in space and/or time. When relevant,
such properties should be incorporated into the chosen representation to discard the irrelevant
variability. Ideally, the summary statistic should also be robust and compact, which are necessary
requirements for interpretability. Robustness means the stability or continuity of the descriptors
with respect to physically meaningful perturbations of the field, such as additive noise, geometric
(or temporal) deformation, change of physical parameters of the field, potential distortions from the
detector, etc.
In the community of computer vision, a lot of attention has been focused on classification
problems. In physics, parameter inference (regression) and exploratory data mining are equally
2

common and generic as classifications, if not more so, Nevertheless, it is interesting to note that
the requirements for good statistical descriptors turn out to be similar for all those three purposes.
Especially, stability and robustness are extremely important for practical data analysis in all kinds
of research. Computer scientists have put great efforts to guarantee stability when designing a
descriptor. But unfortunately, this point is often less discussed or even omitted in the community of
physicists when we choose our statistical descriptors.
In summary, to extract information from a field, the challenge is often reduced to finding a set of
(statistical) descriptors that are invariant to translation and/or rotation, robust, and compact, while
being physically informative. To better understand how to obtain such properties in a statistical
estimator, we begin by discussing the key aspects and limitations of the most commonly used
summary statistic in physics: the power spectrum. In order to simplify the formalism and discussion,
we restrict our domain to stationary ergodic processes. In other words, we will primarily characterize
textures. We will discuss extensions beyond that domain towards the end of the paper.

1.2

The power spectrum P(k)

The power spectrum is a ubiquitous translation-invariant descriptor in physics and beyond. It is
used from the most formal theoretical studies to exploratory data analyses. It quantifies the variance
of a field as a function of scale. For many fields, it is related to the physical energy of the system:
for example, for fluids, the variance of velocity field is the kinetic energy; for fields described by
wave equations, the variance of field intensity is the potential energy.
Given a field I(x
˛ ), the power spectrum is defined through the Fourier transform of the field,
˛
Ĩ(k ), as
˛ ) © Ĩ(k
˛ )Ĩ(≠k
˛ ) = |Ĩ(k
˛ )|2 ,
P (k
(1.1)
where ˛k is a frequency. Its generic use is motivated by a number of properties:
• Translation-invariance: Defined from Fourier modulus, the power spectrum is translationinvariant and therefore immune to the irrelevant variability introduced by translations.
• Energy extraction and scale separation: The power spectrum is a partition of the
variance or energy density of the field as a function of scale. This is often an important
quantity to measure to extract characteristic scales of a system, the range of scales above/below
which noise contributions dominate and its decay rate as a function of frequency informs on
the regularity of the fluctuations.
• Dimensionality reduction: The power spectrum itself does not compress the data. However,
two common binning schemes can substantially reduce the number of coefficients without
losing much information. 1) Statistical isotropy in many fields allows for an average over
orientations and reducing the power spectrum into a 1D object. 2) In many cases, for example
when long-range correlation is not too strong, the power spectrum turns out to be a smooth
function of scale, enabling a binning in neighbouring scales.
• Asymptotic normality: To perform precise parameter inference, one needs to know the
likelihood. It is desirable to use summary statistics whose PDF can be well approximated
by a Gaussian distribution, because it facilitates likelihood parametrisation. As the binned
power spectrum can be seen as averages of locally measured power spectra at different ˛x, one
expects it to Gaussianize according to the central limit theorem under certain conditions.
3

• Theoretical predictions: Defined through only addition and multiplication, the mathematics of power spectrum are familiar to theoretical physicists. Especially, when the field is in
perturbative regime, the power spectrum can be accurately predicted from the field equation.
Unfortunately, power spectrum-based analyses have a serious limitation. Though it is a sufficient
statistic for Gaussian random fields, it cannot characterise more complicated structures, the so-called
non-Gaussianities or interactions among scales. Such information is largely carried by the Fourier
phases of the field, which do not contribute to the power spectrum. It can be retrieved by measuring
higher-order statistics of the field, but unfortunately, higher-order statistics are plagued with two
main issues:
• Non-robustness/divergence: higher-order statistics are obtained by multiplying groups of
random variables. This process amplifies the distribution tail of the input signal, increasing
the variance and all higher-order moments of the statistics, which reduces the speed towards
asymptotic normality and causes non-robustness of the statistics. In more extreme cases, they
can even diverge.
• Information dilution: the number of higher-order statistics required to describe all possible
configurations increases steeply with the order n, leading to a cumbersome description with
relevant information diluted in many coefficients.
We will elaborate in section 2.6.2 when comparing them to the scattering transform. Both of
those issues make higher-order statistics inefficient in concentrating information and hard to use
in practice. As a result, it remains a fundamental challenge to find a good strategy to extract
information beyond the power spectrum.

1.3

Can we do things differently?

Over the past decades, it has become clear that convolutional neural networks (CNNs) are very
efficient in extracting targeted information from a field. This approach differs from traditional
statistics in two ways. Firstly, it uses different operations. Especially, when compressing data and
constructing representation, CNNs use operations other than the multiplication operation used in
moment-based statistics as its non-linearity. These operations never elevate the power of the input
data. Secondly, CNN’s data representation is usually implicit and is learned from a training set, not
pre-determined. Nevertheless, it is instructive to examine for structural connections between CNNs
and the power spectrum. CNNs involve a series of convolutions with localised kernels (learned
during a training procedure) followed by a non-linear function and a ‘pooling’, i.e., an average or
a Max of neighbouring pixels. The power spectrum, under a revisit, can be defined in real space,
equivalently to its traditional definition, by:
P (k) Ã È|I ı e≠ik·x |2 Í ,

(1.2)

which involves a convolution, a non-linear function, and an average – the three key operations used
in CNNs. Therefore, the power spectrum can be seen as a 1-layer CNN with pre-determined kernels.
A closer look at their differences can inform us on how to push the power spectrum toward a
CNN: Can we use convolution with localised kernels instead of Fourier modes? Can we drop the
square, since modulus is already a non-linearity? Can we add more layers? It can also inform us on
4

how to simplify a CNN: Can we use pre-determined kernels without learning? The answer to all
these questions is: yes, and the scattering transform can be naturally obtained along these lines of
thinking.
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Chapter 2

The scattering transform
The scattering transform was originally proposed by Mallat [1] as a tool for signal processing. It
has started to reveal its great potential in many areas, including audio signal processing [2, 5],
image classification [3], texture classification [4], intermittency in turbulence and finance data [6],
material science [7–9], graph-structured data [10], and astrophysics [12–14] and cosmology [15, 16].
Several of these examples reached state-of-the-art performance compared to the CNNs in use at the
time. In contrast to neural networks, the scattering transform comes with provable mathematical
properties. Interestingly, the scattering transform has also provided key insights into deciphering
the remarkable behaviour and performance of CNNs [3]. A perhaps counter-intuitive feature of
CNNs is that the convolution, though restricting the flexibility of the neural network, dramatically
boosts its performance on many types of data. In addition, a successful CNN architecture can often
be re-purposed for very different tasks. These facts suggest that a certain mathematical structure
enables efficient information extraction from a wide range of complex data. Understanding this
structure may dramatically simplify the costly training process required when using neural networks.

2.1

Definition

Before formally introducing the scattering transform, I shall first present two lines of intuition leading
to its core mathematics: (i) by re-orienting the power spectrum approach and (ii) by simplifying
the principle behind a CNN.

2.1.1

Extending the power spectrum

Instead of defining the power spectrum as P (k) © ÈĨ(k)Ĩ(≠k)Í, which emphasises its being a
two-point multiplication in Fourier space, we can express the power spectrum in real space as
Eq. 2.23. Furthermore, the binned power spectrum can be expressed similarly in real space by
replacing the Fourier kernel with localised kernels Âk :
˛) ©
Pbinned (k

⁄

˛
P w · dk

Ã È|I ı Âk |2 Í ,

(2.1)

˛ ) is the binning window in Fourier space, and the convolution kernel Âk is defined by
where w(k
˛ )0.5 , with the tilde denoting Fourier transform. A comparison between Fourier kernels
Ẫ k = w(k
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and localised kernels is illustrated in the upper panel of Figure 2-1. As a result, the binned power
spectrum can be seen as a one-layer CNN with local kernels, as illustrated in the lower panel of
Figure 2-1
Such re-expressions in real space can be interpreted as follows: the convolution selects fluctuations
and features around a scale; the non-linearity – modulus squared – converts the selected fluctuations
into their local strength; and the average measures the overall intensity, which is a translation-invariant
quantity. In this ‘feature extraction’ interpretation of the power spectrum, two improvements can
be made. First, one can simply drop the square after the modulus to obtain a lower-order statistic,
which has a similar meaning in real space:
È|I ı Âk |Í .

(2.2)

Second, we can repeat the operation I æ |I ı Âk | to go beyond the single-scale analysis and construct
statistics for more complicated structures:
S1 (k1 ) © È|I ı Âk1 |Í

S2 (k1 , k2 ) © È||I ı Âk1 | ı Âk2 |Í
...

(2.3)

This is a new approach to extend the power spectrum and characterise complicated structures in a
field, compared to the higher-order approach. Like the power spectrum, the statistics Sn are all
translation-invariant. The locality of kernels is crucial for this extension, because the higher-order
coefficients with n > 1 only probe the interactions of Fourier modes within the window set by the
previous kernel Âk1 . As illustrated in Figure 2-1, if the kernels are Fourier modes, the field after
convolution and modulus will become constant everywhere, and the ‘scattering’ strategy would not
work anymore.

2.1.2

Simplifying a CNN

The scattering transform can also be obtained by simplifying certain aspects of a convolutional
neural network. The main modification is to use pre-determined kernels for the convolutions instead
of learning them from the training set through the challenging and costly optimisation process. As
pointed out by Bruna & Mallat [3], the key elements found in CNNs can be simplified or replaced
as follows:
• learnable convolutions æ pre-defined wavelet convolutions
• ReLU æ modulus

• pooling æ average

• multi-layer æ hierarchical structure
With such simplifications in mind, the forward-propagation operation done in the first layer of a
CNN can be written as a ‘scattering operation’:
I0 æ I1 © |I0 ı Â| ,

(2.4)

where Â is a pre-determined convolution kernel. An activation amplitude over the entire field can
then be obtained by S1 = ÈI1 Í. The connection of two layers extracting information from two
7

Figure 2-1. Upper panel: comparison between Fourier and localised kernels in 1D. Solid and dashed
curves represent the real and imaginary part of the profiles, respectively. Lower panel: comparison
between Fourier convolution and convolution with localised kernels.
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Figure 2-2. The scattering transform’s multi-layer structure and similarity to CNNs. The scattering
operation is composed of a local (wavelet) convolution and a pixel-wise modulus.
different scales can be obtained by the successive application of the scattering operation for two
kernels
I2 © ||I0 ı Â1 | ı Â2 |

(2.5)

and an activation amplitude over the entire field can similarly be obtained by S2 = ÈI2 Í. Generalizing
this to n layers:
In © ||I0 ı Â1 | ı Â2 |... ı Ân | ,

(2.6)

results in a convolution tree or planar network which outputs a set of coefficients Sn = ÈIn Í, the
scattering coefficients. Forward-propagation into such a simplified CNN is therefore similar to
calculating scattering coefficients. With the insight provided by both the expansion of the power
spectrum and the simplification of CNNs, we now present the full formalism of the scattering
transform.

2.1.3

Formalism

Conceptually, the scattering transform is composed of wavelet convolutions, modulus, hierarchy,
and average. It yields translation-invariant descriptors Sn (j1 , ..., jn ) from an input field I0 (x) by
recursively applying the following operations:
-

-

In≠1 æ In © -In≠1 ı Â j - (the scattering operation)
Sn © ÈIn Í ,

(2.7)
(2.8)

where Â j stands for a wavelet indexed by j, its logarithmic scale. When the signal I(x
˛ ) is higher than
one dimension, an index l for the orientation of wavelet should also be added: j æ j, l. Considering
stationary ergodic processes, the ensemble average can be estimated from an average over the extent
x of a realization.
9

As illustrated in Figure 2-2, successive applications of the scattering operation form a tree
structure, i.e. a planar multi-layer network, with the scattering fields In (x) at its nodes. Each In is
the intensity map of around a scale in the previous-order field In≠1 , which is similar to a local power
spectrum analysis of the previous-order field. The average operation at each node is used to extract
a translation-invariant scattering coefficient. It is similar to the pooling operation in convolutional
neural networks. The 0th-, 1st-, and 2nd-order scattering coefficients can be written explicitly as:
S0 © ÈI0 Í

S1 (j1 ) ©

S2 (j1 , j2 ) ©

ÈI1j1
ÈI2j1 ,j2 Í

(2.9)
Í = È|I0 ı Â |Í
j1

= È-|I0 ı Â j1 | ı Â j2 -Í .

(2.10)
(2.11)

As mentioned before, when I0 (x
˛ ) is higher than one dimension, such as an image, the scale index j
becomes a scale index j plus an orientation index l, and the kernels Â j (or Â j,l ) are chosen to be a
family of wavelets, which are produced by dilating (and rotating) a mother wavelet.
Number of scattering coefficients
The number of scattering coefficients is determined by the number of wavelet combinations. It
is usual to consider a dyadic sequence of scales: 2j , with integer 1 Æ j Æ J which cannot exceed
the length of the signal 2J . With J choices of scales for each wavelet, there are J n available
combinations at the nth order. However, only a subset carries relevant information. As we will
explain in section 2.4.1, the modulus operation extracts the envelope of the signal which scatters
information and energy only into larger scales. As a result, only combinations with j2 > j1 are
significant, which reduces the number of informative coefficients by a factor of 2n≠1 . Thus, the
number of useful scattering coefficients at each order is:
0th order: 1 coefficient,
1st order: J coefficients,
2nd order: J(J ≠ 1)/2 coefficients .
Because J is the logarithm of the dynamical range of scales in the field, the number of scattering
coefficients increases slowly with the field size. They form a relatively compact set of descriptors.
Similar to the power spectrum, the scattering transform also applies to data in higher-than-onedimension space, such as images or 3D physical fields. The only change of scattering transform’s
formalism is that the wavelet would not only be labelled by its scale j, but also its orientation l. As
a result, all the scale indexes should be replaced by that of oriented scales: j æ j, l. The angular
size and angular sampling rate remain a free choice. For example, for the two-dimension case, one
may probe L orientations by using wavelets with angular size ﬁ/L in Fourier space, whose position
angles are ﬁl/L, with 0 Æ l < L. Compared to 1D cases, there are Ln times more coefficients at
the nth order. Fortunately, in many applications, this original set of scattering coefficients can be
reduced.
Reduction of orientations
When considering isotropic fields, there are different levels of orientation reductions. To the simplest
extreme, one can averages over all orientation indexes, which reduces the number of coefficients by
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an order of Ln and creates a much more compact set of statistical descriptors:
s1 (j1 ) © È S1 (j1 , l1 ) Íl1

s2 (j1 , j2 ) © È S2 (j1 , l1 , j2 , l2 ) Íl1 ,l2 ,

(2.12)
(2.13)

where È·Íl denotes an average over orientation indices. As an example, for an image with a 256 ◊
256 pixels size, there are only 29 reduced scattering coefficients (S0 , s1 , s2 ) when the full range of
scales (J = 7) is probed.
However, those reduced coefficients sn (j1 , ..., jn ) only depend on scales and do not provide the
‘shape’ information of the non-Gaussianity, which depends on angles. A less aggressive reduction
for the 2nd-order coefficients is to keep the angular dependence on l2 ≠ l1 and average only over l1 ,
which reduce the number of coefficients by L. An even more informative reduction is to apply the
scattering idea to orientations [4].
Normalization
At all orders, the scattering coefficients possess the units of the input field I0 . It is sometimes
convenient to manipulate dimensionless statistics. In addition, as the coefficients Sn are proportional
to their previous-order field In≠1 , they are correlated. In order to deal with unitless coefficients,
de-correlate them, and ease their interpretation, one can use the normalized scattering coefficients
given by
Sn
sn =
,
(2.14)
Sn≠1
[6]. This is similar to the normalization commonly found in the context of moment statistics, such
as the dimensionless skewness and kurtosis. Note that in the above equation Sn and Sn≠1 should
belong to the same branch of the scattering tree, i.e., having the same {j1 , ..., jn≠1 }. The 1st-order
ratio S1 /S0 is not always necessary, depending on the physical meaning of the field.

2.2

Generative models

To demonstrate the power of the scattering transform, we first show some results of a stochastic
generative model using the scattering coefficients (see Figure 2-3). Technically, we randomly generate
fields with the same translation-invariant scattering coefficients as the input field, which is equivalent
to drawing realizations of images from a micro-canonical ensemble defined by the particular summary
statistics. Using only about 100 scattering coefficients, one can largely reproduce the non-Gaussian
textures present in a wide variety of input fields. For comparison, using the power spectrum would
typically result in Gaussian textures as in the right panel of Figure 1-1.
When it comes to non-Gaussian fields, there is no universal metric to compare different statistical
estimators. In order to show the ability of the scattering transform to characterise a field, it is
informative to build a generative model and check its performance.
A generative model can visualise what an input field looks like in the eye of a summary statistics.
It randomly generates new fields with the same summary statistics as the input field, which form a
‘microcanonical ensemble’ of fields given the particular values of the statistics [see, e.g., 17]. If the
generated fields have similar textures to the input field, or in other words, if the input field is a
representative and typical one in the ensemble, then it means that the statistics capture the main
features of the input field.
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Figure 2-3. Image generation using the scattering statistics. Upper panels are fields from various
disciplines in physics: Turing pattern, Ising model, turbulence revealed by the sea surface temperature,
turbulence revealed by Solar ultraviolet emission, and gravitational collapsing of matter in the Universe.
Lower panels are randomly generated images which have the same scattering coefficients as the upper
counterparts.
As a familiar example, fields generated with the power spectrum statistics are Gaussian random
field. That is to say, fields generated using the power spectrum for the left panel of Figure 1-1
would be like its right panel. For comparison, in Figure 2-3 we show the field generation results
using the scattering statistics for different fields chosen from various disciplines of physics. The
striking similarity between the input and generated fields is strong evidence of the great power of
the scattering statistics to characterise various realistic non-Gaussian textures in physics.
Technically, we built those generative models by starting from a random field and then modifying
it in order to minimise the difference between its summary statistics and that of the input field,
until they became the same. We used the ‘adam’ optimiser in the python package torch.optim to
implement the minimisation. Codes are publically available online1 .
There are several caveats about the generative models to keep in mind. For example, the image
quality somewhat depends on the optimisation’s initial condition and the choice of loss function.
More importantly, the concept of information must always be related to a particular task. In the
image generation case, this task is ‘to distinguish fields under the metric of human eyes and brains’,
which can be different from the task of ‘inferring the underlying physical parameters’. Nevertheless,
in practice, the generation and physical inference abilities are often closely relative, which may
interestingly suggest that the human visual system is a well-evolved and optimised to extract
information from the physical world.
1

https://github.com/SihaoCheng/scattering_transform
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2.3

Key properties

The scattering transform generates a statistical description of a field with a number of attractive
properties for extracting physical information from data. It shares all the desirable properties listed
for the power spectrum in section 1.2, namely: translation invariance, rotation invariance (after
a reduction), dimensionality reduction, scale separation, energy extraction. As we will discuss in
section 2.5, given the interpretability of the scattering coefficients, links to theoretical models are
also possible. Here, we highlight additional properties of this estimator which offer key advantages
for the analysis of physical fields:
• Extraction of non-Gaussian information: The raison d’être of the scattering transform
is its ability to extract non-gaussian information and thus characterize some of the morphology
of structures present in a field. It does so by being able to capture interactions between
neighbouring Fourier modes, in contrast to the power spectrum. The fast convergence of the
energy/information extraction enables one, for a wide range of physical fields, to quantify the
relevant morphological information using only a second-order scattering transform. This is
illustrated in Figures 1-1 and 2-3.
• A novel way to describe energy distribution: energy-preserving representations are often
important to physicists. Similar to the power spectrum, the scattering transform provides an
energy partition of the input field, but it does so with non-linear transforms which enables
the extraction of both energy and non-Gaussian information at the same time. When the
admissible wavelets (meaning that their squared profiles in Fourier space add up to one at all
frequencies) are used, the energy (L2 -norm2 ) is exactly partitioned into scattering coefficients
[1]:
È|I0 |2 Í = ÎSÎ22 = S02 +

ÿ

S12 +

j1

ÿ

j1 ,j2

S22 + · · ·

where S is the set of all scattering coefficients of I0 . Note that with S0 excluded, the others
add up to the total variance of I0 .
At each order of the scattering transform, energy is moved towards lower frequency by the
modulus and some of it is extracted by the average over the field. The remaining part is
further shifted towards lower frequencies by a new application of the modulus of the wavelet
transform. Repeating this process guarantees the extraction of all the energy of the input
field.
Strictly speaking, the partition in Eq. 2.15 conserves energy for an infinite expansion. In
practice, one can only work with a truncated expansion but it is interesting to point out that
one can decompose the energy into a finite set of low-order scattering coefficients together
with the next-order scattering field In+1 :
È|I0 |2 Í = S02 +

ÿ

S12 + ... +

ÿ

j1 ···jn

j1

Sn2 +

ÿ

j1 ···jn

È|In+1 |2 Í .

(2.15)

It is also important to point out that the energy of scattering coefficients with order at least n
comes almost only from higher frequency ranges.
• Stability and asymptotic normality: multiple stability properties make the scattering
transform a robust estimator, which is crucial for both regression and classification problems.
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Ideally, a small perturbation of the input field should yield a small change in the descriptors.
The scattering transform has proven stability to adding noise and to geometrical deformations,
thanks to the ‘low-order’ non-linear operation, modulus, and the logarithmic binning of scales
performed by wavelets. For comparison, higher-order statistics are not stable to additive noise,
which means they are sensitive to outliers. This property is not met by Fourier coefficients,
unless one averages them using logarithmic bins of scales and regular frequency kernels as
opposed to sharp bins using kmin , kmax values. In addition, by using a low-order non-linearity
(modulus), the scattering transform never amplifies the tail of the field pdf. The average over
the field thus gaussianizes quicker than the average involved in the power spectrum, and much
quicker than the higher-order moment-based statistics. This property facilitates likelihood
parameterisation and improves inference robustness.
• Fast convergence and compactness: an extremely useful property of the energy partition is
that, for a wide range of physical fields, the norm of scattering coefficients decays exponentially
fast when their order increases. More precisely, this exponential decay of the coefficients is
guaranteed as soon as the Fourier transform of I decays at least as fast as O(|k|≠1 ), as proved
by Waldspurger [18]. As a result, in many practical applications, the leading orders of the
scattering transform is sufficient to extract relevant information from a field. One can thus
work with a compact yet powerful set of summary statistics. This was shown by Andén &
Mallat with a database of audio signals and Bruna & Mallat [3] with the Caltech-101 image
texture database, applications of the scattering transform indicate that only a sub-percent
fraction of the energy remains to be extracted by orders greater than three. In this paper, we
therefore focus on only second-order scattering transforms. The visual examples displayed in
Figure 2-3, which are all computed using only a second-order scattering transform, convincingly
show that the relevant perceptual information is sufficiently well captured.

2.4
2.4.1

Understanding the operations
An overview on translation-invariant descriptors

Translation invariance is common in physical laws. But, incorporating such invariance into a
descriptor turns out to be non-trivial. In this section, we step back and describe the big picture
behind translation invariant descriptors, which helps to understand the scattering transform and
many other statistical descriptors.
First, one would like to use linear operations alone to construct translation invariant descriptors,
given their simplicity and interpretability. Unfortunately, only one such quantity can be constructed,
that is the global mean of the field. The reason is as follows. Let us consider a field I(x) as a vector
in function space. Translations are orthogonal linear operations of I. They share the same set of
eigen vectors: the Fourier modes e≠ikx , with eigen values e≠ik x . Translation invariance requires an
eigen value of unity, which can only be obtained for k = 0, corresponding to the mean of the field
over x.
Therefore, to extract translation-invariant information beyond the mean, an estimator must
involve non-linearity. A typical paradigm is thus to first non-linearly transform the field and then
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take the mean2 over x:
descriptor © Ètransformed fieldÍ ,

(2.16)

where the role of the non-linear transform is to convert high-frequency information into the k = 0
mode. In addition, the transform must not interfere with the ‘translation invariant’ property, in the
sense that it should commute with translations. For example, pointwise non-linear transforms, such
as the modulus used in the scattering transform and the activation functions in CNNs, satisfy the
commutation requirement. Carefully designed multiplications, such as in the case of higher-order
moment-based statistics, also satisfy this requirement. The power spectrum can be interpreted in
both ways.
As non-linearity is usually awkward to analyse and interpret, one would still hope to use linear
operations as much as possible, so that the non-linear operator is kept as simple as possible:
descriptor © Èlinearly and nonlinearly transformed fieldÍ .

(2.17)

Convolutions, which can be found in the power spectrum, scattering transform, CNNs, etc., are
the only allowed linear operations in the transform because the commutation condition requires
such linear operators be diagonal in Fourier domain. Intuitively, convolutions are used to linearly
decompose the signal or select features in the signal in a translation-invariant way.

2.4.2

The role of wavelet convolution and modulus

The core operation I æ |I ı Â j,l | employed by the scattering transform comprises two steps: a
convolution by a complex-valued wavelet and a modulus operation. In short, the wavelet convolution
selects scales, and the modulus converts fluctuations into their local strength.
Wavelets
Let us discuss the wavelet convolution first. As a wavelet is a band-pass filter, the wavelet convolution
selects Fourier modes around a central frequency and coarsely separates information of different
scales (see Figure 2-4). The wavelet framework provides a regular and systematic way to organise
such kernels with symmetry and other provable mathematical properties.
Locality: Wavelet transform (convolutions) is a linear transform with properties in between the
Fourier and the pixel decomposition, i.e., with partial locality in both real space and Fourier space.
For example, its reaction to translations smaller than the wavelet scale resembles Fourier coefficients
(pure phase shift), whereas for large displacements, it behaves like pixels. These localised, multi-scale
kernels are not an arbitrary choice, but required by the properties of fields in our physical world.
Such wavelet-like kernels have also been found in animal’s vision systems [19] and in the first layers
of CNNs regardless of the training set [20], suggesting a fundamental role played by wavelets. This
is because fields and signals in physical world often involves sparse superposition of local structures
such as peaks, edges, eddies, filaments, patches, etc, or transient features in time series signals.
These structures are revealed much clearer and simpler in the wavelet representation (i.e., the results
of wavelet convolution) than in the Fourier or pixel representations. It has been recognised since
1990s that wavelets in general provide a set of basis that sparsify the representation [e.g., 21]. We
2

Alternatively, one can use non-linear translation-invariant operations such as global maximum or minimum after a
transform, in which case the transform itself need not be non-linear anymore.

15

Figure 2-4. Upper panel: profile of a Morlet wavelet (j = 6, l = 0, image size 512◊512 pixels) in the
real space and another one (j = 1, l = 1) in Fourier space. The centre of the Fourier space represents
zero frequency. Lower panel: radial frequency profiles of a family of wavelets. Dilating/contracting (by
factor of 2) and rotating (by ﬁ/L) one wavelet give the whole family of wavelets used in the scattering
transform.
will come back to sparsity when discussing the interpretation of S2 coefficients. In addition, as
shown in Figure 2-1, localised kernels make a wide selection of scales and leave rich structures in
real space, which makes the iteration in the scattering transform and CNNs possible.
Regularity: Wavelets in a family have the same shape but different sizes and orientations, which
is a desired regularity for physics research. It thus provides a wide, logarithmic ‘tiling’ of the Fourier
space and allows for a logarithmic sub-sampling of scales, which significantly reduces the number of
scattering coefficients to be calculated. Wavelet convolution itself is just a linear decomposition,
but it’s wide logarithmic tiling of scales provides the foundation of deformation stability of the
scattering coefficients.
A common choice is to use wavelets with dyadic scales, whose width in Fourier space is roughly
equal to its central frequency and can be sampled at factor-of-two scales (Figure 2-4). In general,
they provide a good compromise between the need for separating scales and probing scale interactions
in the scattering framework. When the field is higher than 1D, there is usually also a uniform tiling
of orientations.
Also, the scattering transform uses complex-valued wavelets, so after such convolutions, the
field becomes complex-valued. Complex-valued wavelets lie in one side of the Fourier space. Their
relation to real-valued wavelets is similar to that of the complex to real Fourier modes (e≠ikx vs.
sin(kx)). For on real-valued fields, they do not miss any information, but react much more smoothly
to translations and modulus.
Morlet wavelets
In the framework of scattering transform, it is a free to choose which family of wavelet to use. Among
many, the Morlet wavelets provide a good balance for the locality in both real space and Fourier
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space. Morlet wavelets basically have Gaussian profiles. If we simply use a Gaussian envelope to
modulate a plane wave, then we obtain a Gabor function,
1
T ≠1
G(x) =  e≠x ⌃ x/2 eik0 ·x ,
|⌃|

(2.18)

where ⌃ is the covariance matrix describing the size and shape of the Gaussian envelope, and k0
determines the frequency of the modulated oscillation. To keep maximum symmetry, usually ⌃ is
selected to have only 1 eigen-value different from the others, and k0 to be along that eigen-direction.
Thus we denote the eigen-value along k0 by ‡ 2 and the other eigen-value by ‡ 2 /s2 . The parameter
s is also the ratio of transverse to radial width of the wavelet in Fourier space.
The Fourier transform of a Gabor function is simply a Gaussian filter centred at k0 ,
G̃(k) = e≠(k≠k0 )

T ⌃(k≠k

0 )/2

.

(2.19)

Wider envelope in real space makes narrower filter in Fourier space. Note that the product k0 ‡
determines the number of oscillations within ±ﬁ ¥ 3 standard deviation of the Gaussian envelope
and allows for a trade off between spatial and frequency resolution.
Unfortunately, a Gaussian profile in Fourier space does not go to zero at zero frequency. This
contradicts the admissibility of wavelet which requires wavelets to strictly be band-pass filters, not
low-pass filters. Therefore, a small correction is required. A simple solution is to introduce an
offset, —, before the Gaussian modulation. In Fourier space this is equivalent to subtracting another
Gaussian profile centred at 0 to cancel out the 0-frequency contribution. Families of wavelets created
in this way are called Morlet wavelets. Formally,
1
2
1
T ≠1
Â(x) =  e≠x ⌃ x/2 eik0 ·x ≠ — ,
|⌃|

(2.20)

where — = e≠k0 ⌃k0 /2 is determined by the admissibility criterion. Its Fourier transform is
T

Ẫ(k) = G̃(k) ≠ —e≠k

T ⌃k/2

.

(2.21)

For example, a set of parameters for 2D dyadic wavelets is given by the ‘kymatio’ package
(https://www.kymat.io),
‡ = 0.8 ◊ 2j
3ﬁ
k0 =
4 ◊ 2j
s = 4/L ,

(2.22)

where ‡ is in unit of pixels, j is an integer starting from 0, and k0 is between 0 and 2ﬁ. This choice
allow a family of Morlet wavelets best covers the whole Fourier space with a dyadic sequence of
scales (2j ). Examples of the Morlet wavelets we use are shown in Figure 2-4. Within the wavelet
envelope, there are about 2 cycles of oscillations, because k0 ‡ ¥ 2.
Modulus
One key idea of the scattering transform is to generate ‘first-order’ statistics, in contrast to higherorder moments, which multiply an increasing number of field intensities and cause instability to
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outliers. Being a linear operator, the wavelet convolution certainly keeps the ‘first-order’ property.
However, for a homogeneous random field, convolution alone cannot extract information beyond
the mean of the original field ÈIÍ, because the expected value operator commutes with all linear
transformations. Extracting more information requires non-linear operations. For example, in
N -point functions, the multiplication of field intensities plays the role. The scattering transform, on
the other hand, employs the modulus operation, which is a natural choice to preserve the desired
property of working with first-order statistics.
Pointwise modulus is a non-linear operation resulting in a non-negative field. It has two important
properties:
1) intuitively, the modulus of complex-values (also called analytical) wavelets converts fluctuations
into their envelop, i.e., their local strengths. The envelop has in general lower frequencies than
the original fluctuations. So, modulus has the property that it ‘scatters’ information and energy
from high frequencies to low frequencies. This naturally fits into the paradigm of constructing
translation-invariant descriptors for high-frequency information (see section 2.4.1).
2) it keeps norms of the field, which allows the scattering transform to provide an energy (variance)
partition of the field (see section 2.3). This is desired both in terms of physical interpretations and
of stability and robustness.
As the modulus is taken in the real space and is non-linear, its behaviour in Fourier space is not
simple. Nevertheless, we collect some intuitive understandings and present them in section 2.4.4 for
interested readers.

2.4.3

Hierarchy: information extraction beyond the power spectrum

There are a number of similarities between the power spectrum and each single iteration of the
scattering transform. Indeed, the power spectrum can be defined using the formalism of the 1st-order
scattering coefficients S1 = È|I0 ı Â|Í:
P (k) Ã È|I0 ı Â Õ |2 Í with Â Õ = e≠ik·x .

(2.23)

The differences between the two estimators S1 and P (k) are the choice of convolution kernels
(wavelets Â or Fourier modes Â Õ ) and that of the norm (L1 versus L2 ). Therefore, the 1st-order
scattering coefficients have similarity to the power spectrum. Both of them characterize the strength
of fluctuations (or clustering) as a function of scale.
However, in the case of the power spectrum, the convolution kernel (Â Õ = e≠ik·x ) is completely
de-localized in real space. Thus, the power spectrum’s version of I1 fields (|I0 ı Â Õ |2 ) lose all spatial
information. In contrast, the use of localized wavelets in the scattering transform allows I1 to
preserve spatial information, as shown in Figure 2-1. According to the analogy with the power
spectrum, the mean of an I1 field characterizes the average amplitude of Fourier modes selected by
the wavelets, whereas the spatial distribution of fluctuations in I1 , missing in the power spectrum
analogue, in turn encodes the phase interaction between those Fourier modes. This information can
be extracted by applying the scattering operations once again, I1 æ I2 = |I1 ı Â2 | = ||I0 ı Â1 | ı Â2 |,
and then measuring the mean of I2 , i.e., 2nd-order scattering coefficients S2 .
According to the power spectrum analogy, S2 coefficients resemble the power spectrum of I1 fields
and measure clustering properties on I1 . Because I1 fields highlight the regions where fluctuations
around a scale are stronger, the 2nd-order coefficients can be understood as measuring the clustering
of structures highlighted in I1 , i.e., the ‘clustering of (clustered) structures’.
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This leads to an interesting intuition: we need two points to describe the scale of one structure
and an additional two points for another one. Therefore, the 2nd-order scattering coefficients S2 ,
which measure the clustering of sized structures, include information up to about 4-point. In general,
an nth-order scattering coefficient Sn will contain information up to about 2n -point function of
the input field. By this ‘hierarchical clustering’ design, the scattering-transform expansion quickly
includes information from higher-order statistics.
However, it should be noted that there is still a fundamental difference between the scattering
transform and N -point functions. There are mainly two difficulties associated with N -point functions
to characterize a random field: the failure to describe distribution tails and the huge number of
configurations. The first difficulty, related to the multiplication of multiple random variables, leads
to high variances and also prevents the extraction of information from fields whose pdf has a tail
[22]. The scattering transform, which uses modulus and does not enhance the tail, can significantly
alleviate this problem. The second difficulty may be alleviated by an efficient binning. For example,
the hierarchical wavelet transform used in the scattering transform is a binning strategy that can
also be applied to N -point functions. A detailed comparison to higher-order statistics is discussed
in section 2.6.2.

2.4.4

Scattering operations in Fourier space

It is enlightening to collect some intuition of the scattering transform in the Fourier domain. In
general, as a non-linear operator, a modulus in real space will mix Fourier modes and scatter
information among different frequencies. In particular, taking the modulus of I ı Â, where Â has a
single peak in Fourier space, will re-express I’s information around Â’s frequency in forms of lower
frequencies. In other words, the typical frequency of |I ı Â| is lower than I ı Â.

Intuitively, this is because the modulus is converting complex-valued oscillations into its local
strength, namely its envelope. Formally, this can be revealed by first writing |I ı Â| as

(I ı Â)(I ı Â)ú , where ú stands for complex conjugate, and then Taylor expanding the square root
in terms of (I ı Â)(I ı Â)ú ≠ C, where C is the mean of (I ı Â)(I ı Â)ú over all pixels [23]. The
leading term of the Taylor expansion is proportional to (I ı Â)(I ı Â)ú ≠ C itself, which corresponds
to I ı Â’s auto-correlation in Fourier space. When the power spectrum of I is a smooth function,
the frequency distribution of I ı Â is similar to Â. For the Morlet wavelets used in the scattering
transform, the central wavenumber of the wavelet Â is roughly k0 (as defined in section 2.4.2), and
its
1/‡. So, its auto-correlation will have an half-width around
Ô half-width in Fourier space around
Ô
2/‡ and a centroid at 0. As 2/‡ ¥ 0.75k0 < k0 (Equation 2.22), this means that the typical
frequency of |I ı Â| is lower than I ı Â. Therefore, the core operation I æ |I ı Â| re-expresses high
frequency information of In in terms of lower frequency modes including the 0-frequency component
in the next-order fields In+1 . As the 0-frequency component is translation invariant, it can be
directly used as a statistical descriptor of the original field.
Ô

Writing the modulus |x| as |x|2 = x · xú brings an interesting question: what happens if
we replace each modulus by modulus squared? It can be shown that, in this case, the nth-order
scattering coefficients will exactly become some averaged 2n -point-spectra weighted (binned) by
wavelets. Nevertheless, they are not equivalent to any degenerate case of 2n -point functions in either
real or Fourier domain. For example, at the 2nd order, these ‘pseudo’ scattering coefficients become
sss
I˜0 (k1 )I˜0 (≠k1Õ ≠ k2 )I˜0 (k1Õ )I˜0 (≠k1Õ + k2 ) · W · dk1 dk1Õ dk2 , where the weight is determined by the
2
wavelets: W = Â˜1 (k1 )Â˜1 (k1 + k2 )Â˜1 (≠k1Õ )Â˜1 (≠k1Õ + k2 )Â˜2 (k2 ), and the tilde sign denotes Fourier
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conjugate. Although these ‘pseudo’ coefficients may help us understand the connection between
scattering transform and N -point functions in terms of how they organise spatial configurations, the
genuine scattering transform is fundamentally different from N -point functions, because it generates
‘first-order’ estimators, which alleviates the problem of classic moments described in Carron [22]
when dealing with heavy tailed probability distribution. We will discuss this further in section 2.6.2.

2.5

Interpretability

Being mathematically well-defined, the scattering coefficients can be interpreted. As we will
describe below, they can be related to interpretable quantities such as scale, energy, feature sparsity
and shapes. A finite scattering transform expansion does not uniquely determine a signal but
characterizes some of its statistical properties. After having computed the scattering coefficients of
an input field, for example an image, it is not possible to exactly recover it from the coefficients.
However, a perceptually plausible sample of the same texture can be reconstructed, as illustrated in
figure 2-3.

2.5.1

First-order coefficients

The S1 coefficients are qualitatively similar to the power spectrum amplitudes. Both of them
characterize fluctuation strength as a function of scale. They differ only in two aspects: the
scattering transform selects fluctuations using a family of dilated overlapping wavelets rather than
potentially arbitrary and narrow bins in scale. Second, while the power spectrum uses the L2 norm
of the convolved field, the scattering transform uses the L1 norm which does not amplify the extreme
values of the fluctuations.
In Figure 2-5, we apply the scattering transform to a series of two-dimensional random point
processes with densities ranging from very dense to very sparse, with the dense end asymptotically
corresponding to a Gaussian random field. We point out that the majority of physical fields, after a
convolution by a localized kernel representing the typical features, would lie in the intermediate
regime. The upper panels illustrate realizations of these fields and the bottom panels show how the
energy is partitioned through the first, second and higher-order scattering coefficients.
As expected, in the case of a Gaussian random field, most of the energy is carried by the
first-order coefficients. Higher-order coefficients carry only a negligible fraction of the total energy.
In addition, being generated from random points, all these fields possess a power spectrum consistent
with white noise. As a result, the scattering coefficients do not depend on scale. When the density
of the Poisson process decreases, the sparsity of the field increases. The partition of energy now
spreads towards second- and higher-order scattering coefficients. This effect is scale-dependent and
more pronounced on small scales. Indeed, considering large scales is similar to smoothing the field
on those scales, thus reducing the level of shot noise and making the fluctuations closer to Gaussian.
Interestingly, we observe that, in this regime, the fraction of energy carried by scattering coefficients
at orders higher than two is relatively small. It also means the s1 coefficients are approximately just
the square root of a logarithmically binned power spectrum, because of the energy conservation of
the scattering transform:
⁄

P (k)Ẫ (k)dk = (S1j1 )2 +
j1

ÿ
j2
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(S2j1 ,j2 )2 + ...

(2.24)

Figure 2-5. The scattering coefficients and sparsity. Given the same power spectrum, spatially-spread
textures (Gaussian textures) have most energy in S1 coefficients, spatially-sparse textures leak energy
from S1 to higher order scattering coefficients. This provides an intuitive understanding of the reduced
coefficients s21 © S2 /S1 : the sparsity of textures.

21

Figure 2-6. The similarity and difference between power spectrum and 1st-order scattering coefficients.
Here we use 2D fields as examples. It can be seen that when the field structures are not extremely sparse
in real space, the s1 coefficients basically follow the square root of the (logarithmically binned) power
spectrum, such as in the cases of Gaussian fields and random points in large scales. However, when
the structures are very sparse, the s1 coefficients significantly deviate from the square root of power
spectrum.
For fields with significant sparsity, the s1 coefficients may deviate from the power spectrum, as
shown in Figure 2-6. For a very sparse field, most energy will be stored in coefficients with higher
scattering orders.

2.5.2

Second-order coefficients

Second-order scattering coefficients offer deeper insight into some of the statistical properties of a
field. They characterize transient phenomena such as localized structures in space, rapid changes in
time or amplitude modulation. Substantial non-Gaussian information emerges from these coefficients.
In particular, they provide co-occurrence information at the scales j1 and j2 and thus capture
interferences of the field between features selected with two successive wavelets Âj1 and Âj2 . This is
why they are called scattering coefficients.
The second-order coefficients are obtained after applying the scattering operation to the transformed field I1 . They characterize the assembly or clustering of patterns (with a given size or scale
j1 ) by quantifying the strength of their fluctuations mapped in I1j1 as a function of scale j2 > j1 .
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Figure 2-7. The s1 coefficients of random point process and Gaussian white noise, as a function of
scale combinations (j1 , j2 ).

Figure 2-8. Sparsity and structures in a field.
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Figure 2-9. Visual interpretation of scattering coefficients s21 , generated by starting from a nonGaussian field (right panel) and requiring the s21 coefficients to decrease while keeping the power
spectrum unchanged. It can be seen that the s21 measures the spatial sparsity of structures in a field at
various scales.
In other words, this corresponds to the clustering, on a scale j2 , of structures on scale j1 . Being
a function of the two scales j1 and j2 and two orientations l1 and l2 , the second-order coefficients
are more numerous than at first-order. As mentioned above, as they are significantly correlated,
dimensionality reduction techniques can be used to construct a more compact set of summary
statistics, if need be. However, in order to directly interpret some of the coefficients, one can focus
on two particularly meaningful combinations:
• Feature sparsity s21 : the ratio between S2 and S1 coefficients can be interpreted as an
estimate of feature sparsity at various scales, as illustrated in figure 2-9. Intuitively, sparsity
indicates whether fluctuations or structures are concentrated at a few positions or widely
spread. If not relevant orientation information is expected, it is useful to consider the
orientation-averaged ratio
s21 © ÈS2 / S1 Íl1 ,l2 .
(2.25)

This quantity directly informs us on departures from Gaussian random fields. It is sensitive
to the strength of structure or localized features present in the field. If the density of such
features were to increase and start to overlap to the point of becoming ambiguous, the central
limit theorem will apply and the field will Gaussianize. During this process s21 will decrease
and approach unity. Sparsity and structures are related to lower entropy, compared to the level
reachable with the same energy but through a Gaussian random field. Unlike the estimation
of L2 -norm or energy, sparsity estimates are not generic and depend on the chosen basis.
Certain manifestations of sparsity will only be fully revealed by the use of certain bases.
For the ensemble of physical fields, the proper basis set that sparsifies the representation is
usually composed of wavelets. That is why the scattering transform is also based on wavelet
convolutions.

• Shape s22 : When angular information becomes non-negligible, a less aggressive orientation
reduction is needed. As an example, we present here one simple option that also has interesting
interpretations. In the 2nd order, coefficients depend on two orientations l1 and l2 . Information
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Figure 2-10. Visual interpretation of scattering coefficients s22 , generated by requiring the s22 coefficients
changing from below unity to above unity, while keeping the s1 and s21 coefficients as a particular
function of scales. It can be seen that the s22 coefficients contain information about structures described
by combinations of orientations. They differentiate straight lines from swirls.
about the shape of features or fluctuations can be an important aspect of a field. This is
usually the property that allows the identification of textures around us, whose aspects can
vary due to variations in angle, illumination, scale, etc. Shape information is captured by a
number of the S2 (j1 , j2 , l1 , l2 ) coefficients but it is possible to introduce a convenient reduction
which carries valuable information. If rotation invariance applies, the global orientation can be
averaged out but the relative angle between l1 and l2 remains informative. We can probe such
a dependence by selecting two key orientations – parallel and perpendicular – and consider the
ratios of their respective scale-dependent coefficients as a new group of reduced coefficients,
which we tentatively call as
s22 © ÈS2l1 =l2 /S2l1 ‹l2 Íl1 .
(2.26)

This quantity is easily interpretable, as illustrated in Figure 2-10. For s22 < 1 corresponds to
curvy, soft-look patterns like bubbles and swirls, as the anisotropic fluctuations at one scale
(j1 ) are mainly distributed along the orthogonal direction at larger scales (j2 ). For s22 > 1
corresponds to straight, hard-look patterns like long lines, filaments, and origami textures, as
the anisotropic fluctuations are mainly distributed along the same direction.

The visualisation in Figure 2-10 is achieved by randomly generating images with the same
S1 and s21 , i.e., similar power spectrum and feature sparsity, but different s22 coefficients.
Technically, we set the scale dependence of S1 and s21 as power laws (Ã 2aj1 +bj2 ). In each
panel, we set no scale dependence for s22 to acquire the basic intuition. In real world, these s22
coefficients can of course depend on the scale combinations (j1 , j2 ), resulting in rich possibilities
of textures. Note that similar to s21 (a measure of sparsity), s22 also depends only on the two
scales j1 and j2 . So, after including s22 , the set of reduced scattering statistics becomes even
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more powerful while remaining compact.

2.6
2.6.1

Relation to other methods
Difference from wavelet transform

Wavelet transform (an organised set of wavelet convolutions) serves as a crucial part of the scattering
transform. However, the two have different properties and goals, and should not be confused.
Mainly, wavelet transform is a linear transform. Its coefficients are not translation-invariant. In
a sense, it is similar to the Fourier transform. In contrary, the goal of the scattering transform is
to generate translation-invariant coefficients, and non-linearity (modulus) is a crucial part of the
scattering transform. In a sense, it is similar to the power spectrum, though it has multiple layers
of non-linearity to capture characterise complex features.
The advantage of the linear bases (or ‘frames’, when being redundant) provided by wavelets is
that it sparsifies the representation of natural images and physical fields, which means structures
and features in those fields are most clearly seen in such representation. This property of wavelets
transform (wavelet convolutions) is used in the scattering transform. Moreover, it has also been used
to obtain effective approximations, such as in tasks of compression, reconstruction, and de-noising
[e.g., 24].

2.6.2

Relation to higher-order statistics

Higher-order statistics such as N -point functions, moments, and poly-spectra are multiplications
of field variables I(x2 )I(x2 )..I(xn ) and their linear combinations. Despite its close connection to
perturbation theory, it is a beast for data analysis of non-Gaussian fields. It has two practical
problems: 1) the multiplications amplify ‘outliers’ (distribution tail), making the statistics non-robust;
2) the number of statistics explodes with N , so information is diluted quickly.
The scattering transform can be seen as a low-order version of the N -point functions. Both
of them have the ability of separating scales and probing their interactions. Nevertheless, there
are two main differences: 1) the scattering transform replaces the multiplication by a ‘first-order’
non-linearity (modulus), which makes the coefficients stable and robust, and 2) it bins the N -point
configurations by wavelets, which significantly reduces the number of coefficients without losing
much relevant information.
Difference: Don’t amplify the tail. Fold the core.
Higher-order statistics and scattering coefficients employ different non-linear operations to extract
information: successive multiplications versus successive modulus operations. As we will show below,
the former amplifies the tail of the underlying distribution whereas the latter folds the core. While
the former leads to instabilities or even divergence, the latter guarantees stability and convergence.
To compare the two approaches, we use a simple example, using a one-dimensional single-variable
probability distribution p(x). Instead of a specific wavelet convolution, we will simply consider
taking the mean. The insights gained from this idealized experiment will also apply to generic
high-dimensional random fields.
To probe the outskirt of a distribution, moment-based statistics use products of random variable(s)
26

Figure 2-11. Comparison between the moment approach with scattering approach: calculating moments
is equivalent to amplifying the tail of p(x) and then integrating over x. When the tail is heavy, it takes
the risk of divergence. In contrast, the scattering approach is equivalent to folding the core of p(x).
to down-weight the distribution’s cor: it amplifies the tail (see the left panel of Figure 2-11), causing
potential non-robustness and divergence problems. The scattering transform, however, follows
another approach to probe the distribution tail: with repeated modulus, it folds the core instead
of amplifying the tail, as shown in the right panel of Figure 2-11. In single-variable cases, wavelet
convolution is reduced to just a subtraction of the mean, which is similar to the idea of central
moments. Indeed, the single-variable analogue of ‘scattering transform’ can be defined by first
repeatedly transforming the sample through subtracting the sample mean and taking modulus
xn æ xn+1 © |xn ≠ x¯n |:
x0 = original sample
x1 = |x0 ≠ x̄0 |
x2 = |x1 ≠ x̄1 |

(2.27)

...

and then taking the mean of each transformed set Sn © x̄n as the nth-order ‘scattering coefficients’.
Similar to eq. 2.15, these statistics provide a partition of the sample variance, which indicates
stability and robustness.
Below we compare the amount of information extracted by the moment and scattering approaches,
quantified by the Fisher information. With a finite sample drawn from a distribution, there is a limit
of how well one can constrain the distribution parameters, formalised by the Fisher information
matrix and Cramér-Rao inequality. In practice, one usually uses summary statistics instead of
the original sample data points to constrain distribution parameters. The question here is, can
these summary statistics squeeze out all available information and reach the limit set by the Fisher
information matrix? In contrast to what many physicists believe, moments can fail thoroughly even
if all high orders are taken into account. To explore the transition from Gaussian to non-Gaussian
regimes relevant to cosmology, Carron [22] studied a family of log-normal distributions 3 . He
showed that moments fail quickly and completely when it becomes highly non-Gaussian, as shown
in Figure 2-12, a problem well-known to statisticians but overlooked by physicists at times. In
fact, for any distributions with a tail decaying slower than exponential, moments do not form a
3

p(x|µ, ‡) =
heavier.

x‡

1
Ô
2ﬁ

2

x≠µ)
exp(≠ (ln 2‡
). When ‡ is small, it tends to Gaussian; when it is large, the tail becomes
2
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Figure 2-12. The fraction of Fisher information contained in moment
and scattering statistics, respec
tively, of log-normal distributions. The x axis is defined as ‡” © exp(‡ 2 ) ≠ 1, where ‡ is the variance
of the corresponding Gaussian variable, and ‡” is also the ratio of the standard deviation to the mean of
the log-normal distribution. The folding (scattering) strategy works much better in the heavy-tail regime
than traditional moments.
complete set anymore, even if they all exist and are finite. Moreover, the information stored in the
first several orders is diluted quickly [see Figure 2 of 22].
What about the scattering approach? In Figure 2-12, we show results of the same experiment
with the one-variable scattering coefficients defined in eq. 2.27. These repeated-modulus statistics
retrieve much more information in the highly non-Gaussian regime4 . Although they do not form a
sufficient set of statistics, either, they fail much slower than higher-order moments, because the the
modulus does not amplify the distribution’s tail.
Similarity
In section 2.1.1 we obtain the scattering transform by three modifications of the power spectrum:
dropping out the square of modulus, using local kernels, and repetitions (going to deeper layers). If
one insists on using squared modulus while keep the other two modifications, one will obtain exactly
some 2n -point functions. This can be understood by writing the modulus squared as |I|2 = I · I ú ,
which is a 2-point correlator. This subset of 2n -point functions serve as a bridge between the
4

Different from Carron [22], we obtained the derivatives in Fisher matrix numerically instead of using analytical
expressions, as no such expressions exist for the scattering statistics yet. However, we did validate our method by
applying it to moments and confirmed its consistency with the analytical method. There is another difference between
moments and repeated modulus statistics. The repeated modulus statistics is similar to the central moments such
as the variance: the higher-order ones are defined from sample statistics of the lower-order ones. As a result, the
expectation of sample statistics may depend on sample size. However, this is in general not a worry for the scattering
coefficients calculated from a field, because the analogue to ‘sample size’, the number of pixels, is usually huge.
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Figure 2-13. Relations between different translation-invariant descriptors, which are on the route of
deriving the scattering transform from the power spectrum.
scattering transform and n-point functions to explain their similarities and differences. The relations
among these translation-invariant descriptors are illustrated in Figure 2-13. We note that in neither
real domain nor Fourier domain, these corresponding 2n -point functions are equivalent to any
‘squeezed’ limit of higher-order functions. Instead, they are 2n -point functions weighted by the
wavelets Â1 , Â2 , etc. used at each order.
Below I present the detailed derivation. For convenience, let’s call the coefficients obtained from
squared modulus as ‘pseudo scattering coefficients’, and our task is to show that they can be written
as N -point function. First, we note that the pseudo scattering coefficients at each order are defined
from the previous order by
pseudo
pseudo
Sn+1
© ÈIn+1
Í

©
=
=

⁄

|In ı Ân+1 |2 dx

⁄

Pn (k) · Ẫ n+1 (k)2 dk ,

⁄

|I˜n · Ẫ n+1 |2 dk
(2.28)

where Pn (k) is the power spectrum of In . This equation means that each pseudo scattering coefficient
is an averaged power spectrum of the previous-order pseudo scattering field. The derivation makes
use of three properties: (1) Fourier transform is ortho-normal; (2) a convolution in real space is a
multiplication in Fourier space; and (3) wavelets Ân+1 are real-valued band-pass filters in Fourier
space.

Applying the above statement to the first order, we obtain that S1pseudo are averaged (binned)
power spectrum (2-point function) of the input field, weighted by wavelets:
S1pseudo

=

⁄

P0 (k) · Â˜1 (k)2 dk

= averaged (binned) power spectrum of I0 .

(2.29)

Applying it to the second order, S2pseudo are binned power spectrum of the intermediate scattering
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Figure 2-14. The corresponding 2-point and 4-point functions of scattering coefficients when replacing
the modulus operation by modulus squared.
fields I1pseudo , whose Fourier transform is
^
ú
I1pseudo (k) = (I0 ı Â^
1 )(I0 ı Â1 )
=

⁄

I˜0 (k0 )I˜0 (k0 + k)ú · [Â˜1 (k0 + k)Â˜1 (k0 )] · dk0 .

(2.30)

ú

Again, because wavelets are real-valued in Fourier space (Ẫ = Ẫ ), we have
S2pseudo =
=
=

⁄

2
P1 · Â˜2 dk

⁄

ú

2
^ ^
I1pseudo · I1pseudo · Â˜2 dk

⁄⁄⁄

I˜0 (k1 )I˜0 (k1 + k)ú I˜0 (≠k2 )ú I˜0 (≠k2 + k)

Ë

· Â˜1 (k1 )Â˜1 (k1 + k)Â˜1 (≠k2 )Â˜1 (≠k2 + k)Â˜2 (k)2
· dk1 dk2 dk

È

= averaged tri-spectrum of I0 .

(2.31)

The integrand is the product of four Fourier coefficients of the input field. Each coefficient is
weighted by the first wavelet Â˜1 , and their difference k is weighted by the second wavelet Â˜2 . An
illustration of these 4-point configurations in Fourier space is shown in Figure 2-14.
Higher-order cases can be derived in a similar way, revealing that the nth-order pseudo scattering
coefficients S2pseudo are exactly some averaged 2n -point functions. Note that the ‘binning’ or averaging
weights are defined by the wavelets Â1 , Â2 , ... Ân used at each order, so they are not equivalent to
any squeezed limit in either real or Fourier domain.

2.6.3

Scale interactions, cross-correlations and phase harmonic estimator

The scattering transform probes scale interactions within the frequency range of a single wavelet.
There is a natural question regarding interactions of very different frequencies that are not located
in the range of a single wavelet? Another related question is: in addition to two scales, can the
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scattering transform describe interactions of two fields, in the flavor of the cross-spectrum and
cross-correlation function?
In the original design, the scattering transform is only applicable to a single field. Nevertheless,
it may be adapted to two-field applications, which is related to another recently proposed set of
descriptors called the phase harmonic statistics [25].
Both the cross-spectrum (k) © ÈĨ(k)I˜Õ (≠k)Í and cross-correlation function “( x) © ÈI(x)I Õ (x +
x)Í (where I and I Õ are two fields to be studied) have the same limitation as the power spectrum
P (k) © ÈĨ(k)Ĩ(≠k)Í: they treat scales separately and cannot probe scale interactions (because of
the translation-invariance requirement). In the moment-based approach, one has to add more points
to the multiplication (such as 3-point or 4-point statistics) in order to probe scale interactions.

The scattering transform represents a different approach for scale interaction: manipulating
the phase in real space after a local-kernel convolution. In particular, it sets all phases to zero by
taking the modulus, |I ı Âk |. This idea can also be used when cross-correlating two fields at different
scales: È|I ı Âk1 | · |I Õ ı Âk2 |Í, which avoids the requirement that k1 + k2 = 0 in cross-spectrum. Such
technique of cross-correlating the wavelet modulus of different frequency bands has also been used
to characterise complex textures [26].
The phase harmonics extend the way of manipulating phases. In addition to using modulus to
set phases to zeros (in real space), one can also multiply the phases of k1 -band convolution I ı Âk1
by k2 /k1 to match the phase changing rate in the k2 -band convolution I ı Âk2 . This is another way
to ‘cross-correlate’ fluctuations in different frequency bands, for the same field or for two different
fields.
There are several differences between the scattering transform and phase harmonics. Most
importantly, the number of scattering coefficients, especially after the reduction, is much smaller
than that of phase harmonic statistics, which make the scattering transform more compact and
convenient to use. In addition, the scattering coefficients are ‘first-order’ statistics, whereas the
phase harmonics are second-order. Nevertheless, phase harmonics have the advantage that they can
directly be used to explore the relation between two fields.

31

Chapter 3

Applications in cosmology
This section is largely based on three papers:
Cheng, Ting, Ménard, & Bruna, 2020, MNRAS, 499, 5902
Cheng & Ménard, 2021, arXiv:2103.09247 (accepted for publication in MNRAS)
Cheng et al., 2021 (in preparation).
Non-Gaussian fields are ubiquitous in astrophysics and cosmology but challenging to analyze,
as no generic tool such as the power spectrum exists as a sufficient statistic, and therefore the
dimensionality of their description can be arbitrarily high. In addition, there is usually little guidance
on which statistical estimator will be most appropriate for parameter inference. In this chapter, we
explore the application of scattering transform for the analysis of the matter distribution in the
Universe, a highly studied non-Gaussian field in cosmology.

3.1

Parameter inference in cosmology

Our imagination and speculation on the universe has a history as long as human civilization.
However, it is in the past century that we finally found the physical laws that can describe the
evolution of our the universe. After decades of development, cosmology has become a mature
subject with precise models that can explain both the expansion of the universe as a whole and
the formation of structures in it. Accordingly, observational cosmology has also entered an era of
percent-level precision measurements and shifted it focus into precise parameter inference, using
the statistical properties of cosmic density field to infer parameters about the initial condition, the
expansion history, and the composition of our universe [27].
Observations of the cosmic microwave background show that our universe started from a small,
hot, and uniform status with tiny density fluctuations. The cosmic density field at this ‘early-time’
can be well described by a Gaussian random field, for which the power spectrum is the only relevant
statistic. Thus, power spectrum analysis has led to huge successes in cosmology [e.g., 28, 29]. As the
universe evolves, the mean density decreases because of the expansion of space, but the fluctuations
of density grow non-linearly due to local gravitational attraction, producing the structures we see
in the current ‘late-time’ universe, such as halos, filaments, walls, and voids in the density field in
small scales. As a result, cosmological information starts to elude Gaussian statistics such as the
power spectrum and correlation function [30–33]. Figure 3-1 illustrates the formation of all these
non-Gaussian structures in the Millenium Simulation [34]. In the past two decades, large surveys
have revolutionize observational astronomy and cosmology by creating an explosion of homogeneous
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Figure 3-1. The evolution of cosmic density field in the universe in the Millennium Simulation. At
early times (left panel), the density fluctuations are small and Gaussian. As the universe evolves, the
fluctuations grow and becomes non-Gaussian at late times (right panel, the current universe).
observational data suitable for statistical analysis. Thanks to these large-scale, deep surveys, we are
able to probe the structures in the cosmic density field from the observational side and compare
them with simulations. Currently, several new survey instruments are also in construction, such
as the Rubin Observatory, Euclid space mission, and Roman space telescope (Figure 3-2), with
billions of dollars invested. Their unprecedented depth and area will allow the revelation of more
non-Gaussian aspect of the cosmic density field. In this context, it is certainly desired that the
statistical analysis of observational data can extract as much information as possible, i.e., a robust
non-Gaussian statistic that suits for the properties of the ‘late-time’ cosmic structures and optimally
extracts information is desirable.
In many areas of astrophysics and, in particular, in cosmology, extracting non-Gaussian information has been attempted through N -point correlation functions [e.g., 35–38, for weak lensing
applications] and polyspectra, their Fourier equivalents [e.g., 39]. Correlation functions are convenient for theoretical predictions and for measuring weak departures from Gaussianity. However,
being higher powers of the input field, these statistics suffer from an increasing variance and are not
robust to outliers in real data, making them gradually less informative [40]. If the distribution of
field intensity has a long tail, the amount of information accessible to N -point functions will quickly
decrease [22]. In addition, the number of configurations to consider for N -point functions explodes
with the number of points used. As a result, information is highly diluted among coefficients, and
it becomes a challenge to efficiently extract information with N -point functions. Other methods,
including performing a non-linear transformation before calculating correlation functions [41–44],
using topological properties such as Minkowski functionals [45–48], and using biasing properties
such as counts of clusters, peaks, and voids [49–54], have also been considered. However, in the
cosmological context, these excursions into non-Gaussian signal analyses have had limited impact in
improving existing constraints on cosmological parameters so far.
Recently, convolutional neural networks [CNNs, e.g., 55] have claimed supremacy in a wide
variety of applications aimed at extracting information from complex data. They have also shown
promises to efficiently retrieve cosmological information well beyond second-order statistics [e.g.,
56–58]. While the potential of this method is enormous, it also comes with a number of issues. To
precisely and robustly estimate cosmological parameters, CNNs require a large training set. In
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addition, when applied to real data, systematic errors not included in the training process of CNN
can hardly get checked and controlled, whereas for traditional statistics, a simple ‰2 test can do so.
As such, the use of CNNs in real data comes with limitations regarding interpretability and validity.
In this chapter, we advocate using the scattering transform to efficiently and robustly extract
statistical information from non-Gaussian cosmological fields. As discussed earlier in this thesis,
the operations and structure of the scattering transform has close similarities with those built in
CNNs, but the scattering transform does not require any training, and like traditional statistics, it
generates coefficients with proved properties. It can therefore hopefully overcome the aforementioned
limitations encountered with CNNs. I shall show that the scattering statistics outperform the power
spectrum, bispectrum, and peak counts, and is on par with the state-of-the-art CNNs. I shall also
show its application to the real weak lensing data from the Subaru HSC survey.

3.2

Weak lensing cosmology

The cosmic density field carries information about the evolution and composition of the universe.
However, based on various observational evidence including the cosmic microwave background and
galaxy kinematics, we now believe that most matter in our universe is ‘dark matter’, which are
not composed of atoms (baryons) and generally does not emit photons. Fortunately, their gravity
causes distortion of light emitted from background galaxies. This effect is weak for the general dark
matter density fluctuation, thus is called weak lensing. Locally the distortion create two effects:
magnification and shape distortion. Weak magnification is in general more difficult to measure,
because the intrinsic luminosity galaxies ranges many orders of magnitude. Fortunately, the shape
distortion effect, usually called cosmic shear, can be precisely measured by averaging galaxy shapes.
The lensing distortion effect is related to the cosmic density field by mere gravitational theory.
Therefore. cosmic shear is a neat probe of the cosmic density field, and weak lensing has become a
main focus of modern cosmology. Currently, there are three large on-going weak lensing programs:
the Kilo-Degree Survey (KiDS)1 with the 2.6m VLT survey telescope in Chile, the Dark Energy
Survey (DES) 2 with the 4-meter Victor M. Blanco telescope in Chile, and Hyper Suprime-Cam
(HSC) survey 3 with the 8-meter Subaru telescope in Hawaii. Going deeper and wider, the next
generation surveys include the Vera C. Rubin Observatory (LSST) 4 , the Euclid 5 space mission,
and the Nancy Grace Roman Space Telescope (WFIRST )6 . Weak lensing cosmology is one of their
key science goals of those billion-dollar level instruments.
The lensing field is measured in the following way. From a deep galaxy survey, the shape
(ellipticity) of background galaxies are carefully measured. Assuming that there is no preferential
orientations in the Universe, these ellipticities statistically reflects the gravitational shear caused
by the foreground matter. In practice, binning and averaging are usually carried out to reduce
data from large samples of noisy galaxy shapes. One may bin the distance between galaxy pairs to
calculate the 2-point correlation function, or one may bin the position of galaxies and create a shear
“ map. The shear map is a spin-2 field which can be represented by complex numbers. In absence
of artefacts such as masks, the shear map has a simple relation to a real-valued scalar field called
1

http://kids.strw.leidenuniv.nl
https://www.darkenergysurvey.org
3
http://hsc.mtk.nao.ac.jp/ssp/
4
https://www.lsst.org
5
https://sci.esa.int/euclid
6
https://roman.gsfc.nasa.gov
2
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Figure 3-2. The on-going and planned major weak lensing surveys in the next ten years.

Figure 3-3. Left: The 4-meter telescope used for the Dark Energy Survey. Right: The CCD array
contains 74 pieces of CCDs, each being similar to but much more sensitive than the detector used in
digital cameras. The array can cover an area of about 14 moons on the sky.
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convergence Ÿ, which is a weighted projection of 3D matter density field along the line of sight.
Formally, the distortion effect of the background due to lensing of foreground material can be
described locally by the 2D distortion matrix (the Jacobian matrix of the mapping from lensed to
unlensed background image):
A

B

1 ≠ Ÿ ≠ “1
≠“2
≠“2
1 ≠ Ÿ + “2 ,

ˆ— i
Aij = j ©
ˆ◊

(3.1)

where — is the original un-lensed position of a background source, ◊ is the observed position of the
background source, Ÿ is the convergence, and (“1 , “2 ) are the two components of shear. Intuitively,
the convergence Ÿ describes the magnification lensing effect, and the shear “ describes the shape
deformation effect. However, there is only one independent scalar field in the lensing physics,
therefore Ÿ, “1 , and “2 can be unified through a lensing potential . Their relations in Fourier space
is particularly simple:
≠l2 ˜
(l)
2c2
≠lx2 + ly2
˜ (l)
“˜1 (l) =
2c2
≠lx ly ˜
“˜2 (l) =
(l) ,
c2
Ÿ̃(l) =

(3.2)
(3.3)
(3.4)

therefore measuring shears and convergence are in general equivalent. When Ÿ and “ are much
smaller than unity, the lensing potential can be well approximated as the gravitational potential
integrated along the line of sight [59, 60]. Thus, the convergence for a single source can be written
as an weighted integral of the matter density fluctuation ”(x, t) = ﬂ(x, t)/ﬂ(t) ≠ 1 along the line of
sight:
Ÿ(◊, ‰s ) =

⁄ ‰s
0

d‰ q(‰, ‰s ) ”(‰, r(‰)◊) ,

(3.5)

where ‰ is the co-moving distance to the foreground lens, ‰s is the comoving distance to the source,
q(‰, ‰s ) is called the lensing kernel, which peaks roughly in the midpoint between the source and
observer, and r(‰) is the angular diameter distance of lens. The lensing kernel q can be expressed
explicitly as:
q(‰, ‰s ) =
where

m

3 m H02 r(‰)r(‰s ≠ ‰)
,
2c2 a(‰)
r(‰s )

is the ratio of current matter density to critical density

8ﬁGﬂ0
,
3H02

(3.6)
H0 is the current expansion

rate of the universe da(z)/dt
a(z) |z=0 , a(‰) is the scale factor (the size) of the universe at the time when
light travels and reaches the position of the lens at distance ‰. More details about cosmology with
gravitational lensing can be found in the reviews written by Kilbinger [61] and Mandelbaum [62].
To acquire an intuitive sense of lensing fields, we show in Figure 3-4 an example of simulated
lensing convergence fields [63], together with the transformed fields after the scattering operations.
The two lensing fields and a Gaussian random field all have the same power spectrum but differ in
non-Gaussianity. It is clear that after two interactions of scattering operation, the non-Gaussianity
is manifested in the mean (i.e., the 2nd scattering coefficients), which can be trivially extracted.
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Figure 3-4. The scattering transform of three fields (I0 ) with indistinguishable power spectra. Row 1
shows a realization of convergence maps in cosmology ( m , ‡8 ) = (0.292, 0.835), row 2 shows cosmology
( m , ‡8 ) = (0.566, 0.520), row 3 is for a Gaussian random field with the same (2D) power spectrum
as row 1. It can be seen by eye that the average intensity of the 2nd-order scattering fields (the last
column), which corresponds to an s2 coefficient and measures the clustering strength of structures
highlighted by I1 , is significantly different from each other, while their power spectra (the first column)
are indistinguishable.
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Figure 3-5. Images generated with selected sets of summary statistics, including the power spectrum,
bispectrum, and scattering coefficients (S1 , S2 ), showing that the scattering coefficients characterize
the field better. As the image generation is random, one should compare textures, instead of the exact
positions of features, between the input and generated maps.
Before going to the details of cosmological inference, let’s first play again with the image
generation technique introduced in Chapter 2.2 to see how well the scattering statistics perform
on weak lensing convergence maps. Here we add two other statistics, the power spectrum and the
bispectrum, for comparison. As a reminder, the idea of is to randomly generate new images (or, in
other words, to sample from the ensemble of images) that have the same summary statistics as the
target one, and then visually check the texture of the generated images [see, e.g., 17, 64].
To implement it, we start from a random image and modify it in order to minimize the difference
of the summary statistics between the generated and the target images. Technically, we start from
a Gaussian random field that has the same power spectrum as the target image, and then use
the ‘adam’ optimizer in the python package torch.optim to minimize a loss function defined from
the difference of summary statistics between the generated and target image. In the scattering
coefficient and bispectrum cases, we also minimize the difference of their L1 norms and set a lower
bound for all pixels. Our code for image generation is available online7 .
In Figure 3-5, we show the generated images using power spectrum P , bispectrum B, and the
scattering coefficients S. For each set of statistics, four realizations are shown to illustrate the
sampling variance. Compared to the power spectrum and bispectrum, the results from scattering
coefficients look much more similar to a real lensing convergence map (target image), especially in
the textures created by halos on all scales.
7

https://github.com/SihaoCheng/scattering_transform
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3.3

Forecast for clumpiness ‡8 and matter density

m

We now show that the scattering transform can be a powerful tool in observational cosmology
to extract non-Gaussian information from the matter density field. To illustrate this point, we
consider an application with 2-dimensional fields: we show how well cosmological parameters can be
˛ ) or, equivalently,
constrained using the scattering coefficients of weak lensing convergence maps Ÿ(◊
measurements of cosmic shear. Being projections of the density field along the line-of-sight, these
maps present an appreciable level of non-gaussianities on scales smaller than a few degrees, reflecting
the non-linear growth of matter fluctuations.
We explore the use of our reduced scattering coefficients on simulated weak lensing convergence
maps to infer m and ‡8 and compare their performance with that of the power spectrum. We
also compare our results with that of a state-of-the-art CNNs by Ribli et al. [58] and peak count
statistics.

3.3.1

Simulated lensing maps

We use mock convergence maps generated by the Columbia Lensing team8 and described in Zorrilla
Matilla et al. [63] and Gupta et al. [56]. The maps are produced through ray-tracing to redshift z
= 1 in the output of dark-matter-only N -body simulations for a set of -CDM cosmologies. Each
simulation is run in a 240 h≠1 Mpc box with 5123 particles. The cosmologies differ only in two
parameters: the present matter density relative to the critical density m , and a normalization
of the power spectrum ‡8 . Other cosmological parameters are fixed: baryon density b = 0.046,
Hubble constant h = 0.72, scalar spectral index ns = 0.96, effective number of relativistic degrees
of freedom neff = 3.04, and neutrino masses m‹ = 0.0. The dark energy density is set so that the
universe is spatially flat, i.e.,
= 1 ≠ m . For each cosmology, 512 convergence maps with 3.5◊3.5
deg2 field of view are generated from the simulations, allowing us to sample cosmic variance. The
corresponding scales are well suited to probing the non-Gaussianities of the convergence field [61].
These maps were also used by Ribli et al. [58]. To compare our results to Ribli et al. [58], we use the
same resolution as theirs, down-sampling the original 10242 pixel maps to a 5122 resolution with
0.41 arcmin per pixel.
In practice, convergence or shear estimates are obtained from measurements of galaxy shapes,
with a level of noise that depends on the galaxy ellipticity distribution and their number density
on the sky. To first order, background galaxies used for shear measurements have a wide range of
redshifts and are not correlated. The noise can be well approximated as Gaussian white noise. Its
contribution to the convergence maps can be modelled [65] as
2
‡noise
=

‡‘2
,
2ng Apix

(3.7)

where ‡‘2 is the intrinsic variance of ellipticity of galaxies, which is taken to be 0.42 , ng is the
number density of background galaxies, Apix is the area per pixel, which is 0.1682 arcmin2 . For some
on-going surveys such as KiDS, DES, and Subary HSC survey, ng is 10-20 arcmin≠2 [66–68]; for
some upcoming surveys we expect substantially higher densities: ng ≥ 25 arcmin≠2 for the survey
at Vera C. Rubin Observatory (LSST), ng > 30 arcmin≠2 for Euclid, and ng ≥ 50–75 arcmin≠2 for
the planned survey with Nancy Grace Roman Space Telescope (WFIRST ).
8

http://columbialensing.org
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After adding noise, we also smooth the maps. As the power of Gaussian white noise is distributed
mostly at high frequencies, smoothing the convergence maps can help to increase the signal-to-noise
of specific estimators. By default, we do not smooth the noiseless maps, and we perform a ‡ = 1
arcmin (2.44 pixel) Gaussian smoothing on noisy maps.

3.3.2

Statistical descriptors

Scattering coefficients: For each 3.5◊3.5 deg2 convergence field in each cosmology, we apply the
scattering transform up to 2nd order using the ‘kymatio’ python package9 [69] and then calculate
the reduced coefficients (s0 , s1 , s2 ) as defined in Section 2.1.3. To probe the available range of scales,
we set J = 8 and L = 4 in the scattering transform, i.e., we use 8 scales spaced logarithmically with
central wavelengths between 1.2 arcmin and 75 arcmin and 4 azimuthal orientations, resulting in 32
different wavelets used in total.
By default, the ‘kymatio’ package only calculate the 2nd-order coefficients with j2 > j1 , because
the coefficients with j2 Æ j1 is mainly determined by the property of wavelets but not the input
field, as illustrated by the upper-right sketch of Figure 3-6. Intuitively, this is because structures of
a particular size, say j1 , do not have meaningful clustering at scales smaller than their own size.
A mathematical reasoning for this property can also be found in section 2.4.4. To demonstrate
these coefficients’ behaviour, we modified the ‘kymatio’ code to calculate them, and show them
together with the coefficients with j2 > j1 in Figure 3-6. Nevertheless, we checked that they do not
contribute to constraining cosmological parameters, and therefore in our inference analysis, we only
use 2nd-order coefficients with j2 > j1 , which yields an even more compact set of 1 + 8 + 28 = 37
scattering coefficients used for our cosmological inference.
Power spectrum: For the same set of input fields, we also compute the power spectrum and peak
count statistics using the publicly available ‘LensTools’ python package10 [70]. The power spectrum
is calculated within 20 bins in the range 100 Æ l Æ 37500 (corresponding to 0.58–216 arcmin) with
logarithmic spacing, following the setting adopted in Ribli et al. [58].
Peak count: In our analysis, a peak is defined as a pixel with higher convergence (Ÿ) than its
eight neighbors. Then, peaks are binned by their Ÿ values and counted in each bin. We adopt a
binning similar to that in Liu et al. [52]. We use 20 bins in total, including 18 bins linearly spaced
between Ÿ = –0.02 and 0.12, one bin for peaks below –0.02, and one bin above 0.12. For reference, Ÿ
= 0.12 corresponds to a significance of peak ‹ © Ÿ/‡noise around 7 when ng = 30. Although using
more bins for very high peaks (Ÿ >0.12) may enhance the constraining power of the peak count
method, we do not use them in this study, because the count distribution of these rare peaks can no
longer be approximated by Gaussian distribution [e.g., 71].
To obtain constraints on the cosmological parameters, we use the Fisher inference framework
[72, 73], in which we assume the probability distribution of statistical descriptors is a multivariate
Gaussian distribution for a given cosmology. The mean vector and covariance matrix of this Gaussian
distribution are dependent on cosmological parameters and estimated from the 512 realizations
of each cosmology in simulations. Details of our cosmological inference framework are described
in Appendix 3.3.3. Because s1 , s2 , and power spectra must be positive for a non-trivial field,
we consider their logarithm to better satisfy a multivariate Gaussian likelihood. To perform the
cosmological inference analysis with the three methods introduced above, we use
9
10

https://www.kymat.io
https://lenstools.readthedocs.io
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• 37 scattering coefficients
• 20 power spectrum coefficients
• 20 peak count coefficients.

3.3.3

Cosmological inference framework

Here we describe the Fisher forecast formalism used to infer the cosmological parameters in this
ˆ for model
study. According to the Cramér–Rao inequality, the variance of any unbiased estimator ✓
parameters ✓ cannot be smaller than the inverse of the Fisher information matrix I(✓) of the model:
ˆ ) Ø I(✓)≠1 .
cov(✓

(3.8)

Elements of the Fisher matrix is defined as
Im,n (✓) ©

=

ˆln p(x|✓) ˆln p(x|✓)
ˆ◊m
ˆ◊n

>

,

(3.9)

where x is the observable, p is the likelihood function, È·Í is the expectation over x. In our
cosmological case, ✓ represents cosmological parameters, ✓ = ( m , ‡8 ), and x represents the
statistical descriptors such as the scattering coefficients. The function p(x|✓) is called the likelihood
of ✓ when x is fixed, and is called the probability density function (PDF) of x when ✓ is fixed.
In our study, we assume that given any cosmology ✓, the PDF of statistical descriptors x is
Gaussian:
1
1
p(x|✓) Ã  exp[≠ (x ≠ µ)T C≠1 (x ≠ µ)] ,
2
|C|

(3.10)

where C(✓) and µ(✓) are the mean and covariance matrix depending on the cosmological parameters
✓. Thus, elements of the Fisher matrix can be written as
Im,n =

ˆµT ≠1 ˆµ
C
+
ˆ◊m
ˆ◊n
1
ˆC ≠1 ˆC
tr(C≠1
C
),
2
ˆ◊m
ˆ◊n

(3.11)

where the first and second items describe the information from cosmological dependence of µ and
C, respectively. To obtain these items for arbitrary cosmology, we first calculate the sample mean
and covariance matrix of the 512 realizations of each cosmology in the simulations (Section 3.3.1).
The sample mean is an unbiased estimator of the real mean vector, but to unbiasly estimate the
inverse of covariance matrix, C≠1 , a correction factor is needed [74]:
‰
≠1 =
C

N ≠ D ≠ 2 ‚ ≠1
C ,
N ≠1

(3.12)

‰
≠1 is the unbiased estimator in the inverse, N is the number of independent sample used
where C
‚ is the sample covariance before
for the estimation, D is the dimension of each data vector, and C
Bessel’s correction. Then, with a further assumption that µ and C have smooth cosmological
dependence, we use 3rd-order polynomials to fit for the cosmological dependence of µ’s elements
and use 2nd-order polynomials for C’s elements.
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3.3.4

Results

In this section, we examine the distribution and cosmological sensitivity of scattering coefficients,
and present their constraining power for two cosmological parameters, m and ‡8 . We show that
the scattering coefficients provide substantially more information than the power spectrum and is
on a par with CNN.
Cosmological sensitivity of the scattering coefficients
In Figure 3-6, we present the distributions of reduce scattering transform in the noiseless case
together with the power spectrum. In the first row, we show the values for a fiducial cosmology
that has the Planck cosmology of m = 0.309 and ‡8 = 0.816 [75]. The expected values of these
descriptors are estimated by averaging over different realizations of a given cosmology. Error bars,
which are the sample standard deviations of realizations, represent the cosmic variance in this
noiseless case. We can see the similarity between the power spectrum and s1 coefficients, as they
have similar physical meanings. We can also see the different behaviours of s2 coefficients for j2 < j1
and j2 > j1 , as discussed in Section 3.3.2.
Then, we investigate the cosmological sensitivity of the power spectrum and scattering coefficients.
The power spectrum is known to be mostly sensitive to one combination of the cosmological
parameters, namely
4
3
8

© ‡8

m

0.3

a

,

(3.13)

with a around 0.6 [e.g., 61], but can hardly distinguish cosmologies with the same 8 , as illustrated
in the upper panel of Figure 3-6. Breaking this degeneracy requires the extraction of non-Gaussian
information from lensing maps.
In the second row of Figure 3-6, we show the response of coefficients as cosmological parameters
move along (orange curves) and across (blue curves) the 8 degeneracy. Gray areas indicate
cosmic variance of the fiducial cosmology. As expected, the 1st-order scattering coefficients show a
cosmological sensitivity similar to that of the power spectrum, because both of them measure the
strength of fluctuations as a function of scale.

The 2nd-order scattering coefficients, on the other hand, characterize the spatial distribution of
sized fluctuations. To make the 2nd-order scattering coefficients less correlated with the 1st-order
ones, here we present de-correlated 2nd-order coefficients s2 /s1 , as each s2 (j1 , j2 ) is proportional to
the corresponding s1 (j1 ) according to their definitions [6]. These s2 /s1 exhibit particularly high
sensitivity to cosmological change along the 8 degeneracy. In addition, they are indifferent to the
other direction of cosmological change, which means they provide a piece of information roughly
orthogonal to that carried by the 1st-order coefficients s1 or the power spectrum. In noisy cases,
though the information from s2 /s1 is not orthogonal to s1 anymore, we have checked that they
still provide substantial sensitivity along the 8 degeneracy. Due to this additional sensitivity,
the scattering transform can be used to better constrain cosmological parameters than the power
spectrum.
Constraining cosmological parameters
We now present the cosmological constraints set by the scattering coefficients measured from a
single 3.5◊3.5 deg2 field. For reference, we note that LSST will generate about 2,000 times more
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Figure 3-6. Upper-left Panel: The fiducial cosmology (black) and two other cosmologies on the ( m , ‡8 )
plane. Upper-right Panel: Illustration of reduced scattering coefficients s1 (j1 ) and s2 (j1 , j2 ) for a single
j1 scale. Lower Panel: The power spectrum and scattering coefficients for the three cosmologies in
noiseless case. The first row presents coefficients of the fiducial cosmology and of Gaussian random
fields with the same power spectrum, and the second row shows changes of coefficients ( coef.) when
we move from the fiducial cosmology to the other two. Error bars and gray shaded regions show cosmic
variance, i.e., the variability among realizations. The 1st-order scattering coefficients behave similarly
to the power spectrum, while the 2nd-order scattering coefficients can break the 8 degeneracy, along
which non-Gaussianity of weak lensing field changes.
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Table 3-I. Comparison of the constraining power for ( m , ‡8 ) between different methods, with a single
3.5◊3.5 deg2 convergence map. The figure of merit is defined as the reciprocal of the 1‡ confident
area based on Fisher matrix (or the 68% posterior contour, in parentheses) on the ( m ,‡8 ) plane. The
convergence maps are smoothed with ‡ = 1’ Gaussian filter except for the case shown in the last column
with no smoothing. The galaxy density ng is in unit of arcmin≠2 .
Methods
s0 + s1 + s2
s0 + s1
s1 + s2

ng = 10
50
21
39

30
140
55
91

power spectrum P(l)
peak count
CNN [58]

20
30
(44)

40
89
(121)

m –‡8

Figure of Merit
100
329
133
181
67
162
(292)

noiseless
1053
492
446

no smoothing
3367
565
1720

104
170
(1201)

253
667
(-)

data, leading to constraints about 40 times tighter than the numbers presented below. In this study,
we only probe the constraints on m and ‡8 and leave the work of using scattering coefficients
to constrain the dark energy equation of state parameter w or neutrino mass M‹ to future study.
Cosmological inference is just another aspect of the cosmological sensitivity problem examined in
the previous subsection. The Fisher inference formalism we use in this study is described in section
3.3.3.
We first present results in the noiseless case. In Figure 3-7 we demonstrate the 1‡ Fisher forecast
of m and ‡8 using all scattering coefficients (red ellipse) and power spectrum (gray ellipse). The
scattering coefficients provide a dramatically tighter constraint than the power spectrum. We also
show a break-down of this constraining power into contributions from 1st-order (blue ellipse) and
2nd-order (orange ellipse) coefficients alone. As expected, the 1st-order coefficients (s1 ) and power
spectrum set similar constraints. The slight difference of ellipse orientation originates from the
difference between the L1 and L2 norms used by the scattering transform and the power spectrum.
The de-correlated 2nd-order scattering coefficients (s2 /s1 ) provide a strong constraint along the 8
degeneracy, consistent with our cosmological sensitivity discussion in Section 3.3.4.
The 0th-order coefficient s0 is the mean of the 3.5◊3.5 deg2 field. While its expectation value
over the sky is zero, it does carry relevant information on those scales by capturing larger-scale
modulations of the convergence field. We also note that it has strong correlations with other
scattering coefficients (and the power spectrum), which is a sign of being in the non-linear regime of
cosmology [e.g., 76]. Therefore, although the expected value of s0 is identically zero in all cosmology,
combining s0 with other coefficients helps to substantially tighten the constraints on cosmological
parameters. However, this piece of information may not scale as fast with the increasing field of
view as the small-scale information, because in real data each patch of 3.5◊3.5 deg2 fields on the sky
are not independent. The mass sheet degeneracy [e.g., 77] is another problem for using s0 , though
the s0 of small patches may be obtained by inheriting the zero-point solution of the whole survey.
We find that including s0 only improves the constraint of 8 , consistent with the understanding
that it is a leakage of larger-scale fluctuation. Similar improvement is also found when combining s0
with the power spectrum.
To be more quantitative, we compare different methods using the reciprocal of the area of their
1‡ Fisher forecast ellipses on the ( m , ‡8 ) plane as the figure of merit (FoM). In the noiseless case,
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Figure 3-7. The 1‡ Fisher forecast of cosmological parameters from a 3.5◊3.5 deg2 noiseless convergence
map with 0.41 arcmin per pixel resolution. The de-correlated 2nd-order scattering coefficients s2 /s1
provide critical information to break the 8 degeneracy along which the power spectrum cannot distinguish,
therefore drastically improve the constraint.
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Figure 3-8. The 1‡ Fisher forecast of cosmological parameters ( m and ‡8 ) from different descriptors
of a 3.5◊3.5 deg2 convergence map smoothed with ‡ = 1’ Gaussian filter. The scattering coefficients
have comparable performance as a state-of-the-art CNN [58] at all noise levels, and 3–5 times better
than the power spectrum depending on the noise level.
combining all scattering coefficients (s0 , s1 , s2 ) leads to a constraint that is 14 times tighter than
that of the power spectrum, 5 times tighter than peak count statistics, and 3.3 times tighter than
the joint constraint from power spectrum and peak count.
We then compare the performance of the scattering transform to a state-of-the-art CNN analysis
by Ribli et al. [58]. To perform a meaningful comparison, we follow Ribli et al. [58] to use noiseless
convergence maps smoothed with a ‡ = 1 arcmin Gaussian filter. Interestingly, we find that the
scattering coefficients extract a similar amount of cosmological information to the CNN trained in
Ribli et al. [58]. The corresponding figures of merit are shown in Table 3-I. 11
We now consider convergence fields in the presence of galaxy shape noise. As the noise level
increases, small-scale structures, which carry plenty of cosmological information, get erased. As
a result, the constraining power of the scattering coefficients (as well as other methods) degrades.
In Figure 3-8 we show the Fisher forecast of m and ‡8 from a 3.5◊3.5 deg2 convergence map
under three noise levels, using the scattering coefficients and the power spectrum. We also show
the posterior constraints from CNNs trained by [58] on the same simulations. The figures of merit
for these methods, together with the peak count method, are listed in Table 3-I. Again, we find
that the scattering transform not only outperforms the power spectrum and peak count, but also
provides cosmological constraints on a par with state-of-the-art CNNs.
To summarise, we have demonstrated the power of the scattering transform for cosmological
parameter inference with weak lensing data. For simplicity, we focused on the convergence field but
a similar analysis can also be performed on the shear field. In Figure 3-9, we present quantitative
comparisons between the four techniques discussed in our study. It shows the high performance of
the scattering transform over a wide range of noise levels. We therefore advocate using this new
estimator in the analysis of existing and upcoming weak lensing surveys, in observational cosmology,
11
We note that Ribli et al. [58] do include the field mean information in their CNN training. So, a fair comparison
would be s1 + s2 versus power spectrum, and s0 + s1 + s2 versus CNN.

46

Figure 3-9. Dependence of the ( m , ‡8 ) constraints with different methods on galaxy shape noise.
The figure of merit (FoM) is defined as the 1‡ confident area on the ( m , ‡8 ) plane. Note that the
CNN result [58] is reported in terms of posterior, while others are Fisher forecast. For noisy cases the
difference between scattering transform and CNN is not intrinsic but due to the difference between
posterior and Fisher forecast. Peak count’s performance does not increase as fast because it is more
sensitive to smoothing scale than the other methods.
and more generally, in the analysis of stochastic fields encountered in physics.

3.3.5

Discussion

Inference for non-Gaussian fields
In physics, many inference problems concern estimating physical parameters from realizations of
random fields. Ideally, one would like to use the likelihood function of the field itself, but this is often
out of reach except for several simple cases such as some Gaussian random fields. Therefore, for the
inference problem to be feasible, a statistical representation of the data is often used. Statistical
descriptors reduce the dimensionality of the data vector and they tend to Gaussianize according to
the central limit theorem. Both of these properties help to regularize the likelihood. However, it is
still challenging to find a proper representation because in general a random field can be random in
too many different ways. In these cases, a useful characterization must be one that makes use of
known properties of the field.
Viewed in this direction, traditional statistical approaches with their own representation framework may or may not suit the properties of particular fields. For example, the peak count statistic
used in weak lensing cosmology suits the presence of distinct haloes in convergence maps. N -point
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functions, closely related to perturbation theory and convenient for analytical prediction, represent
the field with a series expansion, which makes them good descriptors for fields slightly deviating
from a Gaussian one. A highly non-Gaussian field, however, requires using larger N . As the number
of coefficients and the complexity of configurations increase rapidly with N , N -point functions
quickly become an inefficient and non-robust representation of the input field. On the other hand,
CNNs try to learn the field properties and search for informative representation through a training
optimization.
Fortunately, the non-Gaussian fields that originate from physical interactions do often have
common properties. Such fields typically display localized, coherent structures in multi-scales, and
smaller structures often act as building blocks of larger structures. These properties can be used as
the ‘domain knowledge’ to guide our design or choice of the statistical representation in a general
sense. As we will explain in the next section, the design and operations of the scattering transform
leads to an efficient and robust representation for such fields, because they are tailored for these
properties.
Attractive properties of the scattering transform
Efficiency: All the three elements (wavelet convolution, modulus, and the hierarchical design) play
essential roles to make the scattering transform efficient. The use of wavelets balances the resolution
in real and frequency domain. As a result, the scattering transform can capture localized information
from a large range of scales with only a few coefficients, at each order. After selecting structures of
scale jn in one order, the scattering transform then selects structures ‘assembled’ by these jn -scale
structures in the next order. This hierarchical design allows the nth order scattering coefficients to
quickly access configurations described by about 2n points. Moreover, the ‘low-order’ non-linear
operator, modulus, helps to collect information even beyond the access of 2n point functions.
These strategies concentrate relevant information to a limited set of statistical descriptors, which
is desirable in terms of compactness of the representation and the signal-to-noise ratio of each
estimator. For example, in our case, the scattering transform compresses weak lensing information
into 37 coefficients, a number that is much smaller than typical bi-spectrum descriptors, while
achieving CNN-like constraint on cosmological parameters.
Robustness: All scattering coefficients are ‘first-order’ statistics in the sense that they are
proportional to the input field, and it is proved that the scattering representation is non-expansive,
i.e. the distance between two vectors in the scattering representation never exceeds their distance in
the original pixel-based representation [1, 3]. Therefore, it does not amplify the process variability.
This is in contrast to the N -point correlation function approach, which requires multiplying an
increasing number of field fluctuations and causes high variability. As a result, the scattering
coefficients are low variance descriptors and insensitive to outliers.
The locality of wavelets, which is related to their logarithmic spacing and widths in frequency
space, also introduces stability to deformations [1], which is a desired property of robust descriptors
that classical N -point functions do not have.
Interpretability: the scattering coefficients have a simple and intuitive interpretation. They
describe clustering properties of the field in the following way:
The 1st-order scattering coefficients are similar to a coarsely binned power spectrum, which
characterize the clustering strength at different scales j1 . As the scattering transform uses an L1
norm as opposed to an L2 norm, the ratio between s1 coefficients and the power spectrum provides
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a measure of sparsity of the field. This explains why in Figure 3-7 the constraints from 1st-order
coefficients and the power spectrum are slightly different, and just combining these two can also
provide a stronger constraint on cosmology than using power spectrum alone.
The 2nd-order scattering coefficients characterize the clustering strength of j1 -scale structures
separated by j2 -scales. In other words, these coefficients characterize the clustering of structures
selected over a given frequency range, or the ‘clustering of clustering’. Their departure from their
Gaussian counterparts is a robust measure of the strength of non-Gaussianities. The nth-order
scattering coefficients, though not shown explicitly in this study, can in turn be understood as the
strengths of nth-order hierarchy of clustering of the field at all different combinations of scales.
Comparison to CNNs
The scattering transform and CNNs share a number of properties. Both of them have hierarchical
layers with localized convolution kernels and use a simple non-expansive non-linear operation.
Although CNNs are usually trained to directly map a field to physical parameters, their inside can be
considered as composed of a convolutional part that extracts spatial features and a second part that
learns the mapping from these features to physical parameters. Both parts are trainable and trained
together. The scattering transform, on the other hand, uses preset wavelets as convolutional kernels
and just a few layers (in our case two layers). So it can be viewed as a non-trainable mini-CNN
playing the role of the first part of trainable CNNs. In the scattering transform’s approach, the
second part of trainable CNNs is supplanted by using traditional regression techniques.
The trainable kernels make CNNs more flexible and may lead to a higher performance for finer
classification problems such as classifying different types of rabbits, but in the mean time this
over-parametrization defines a much more brittle statistical model [17, 78]. Our results imply that
compared to CNNs, the scattering transform has enough expressiveness to characterize the matter
density field in the cosmological context while holding provable stability properties. Indeed, as
shown by Ribli et al. [58], a CNN trained on convergence maps internally generates kernels similar
to (azimuthally averaged) Morlet wavelets. Our results also imply that much of the power of CNNs
may be detached from its trainable nature.
Over-parametrized models tend to over-fit, i.e., to ‘remember’ single realizations instead of
comprehending the overall property of the whole training set. Thus the over-parametrized CNNs
require a large number of simulations as training set to alleviate the over-fitting problem. In contrast,
the scattering transform uses preset kernels, thus has no parametrization in the kernels. In addition,
the choice of CNN architecture can modify the results substantially, as can be seen in the comparison
between results of Ribli et al. [58] and Gupta et al. [56]. As such, CNNs usually require much,
and often ad-hoc, fine-tuning. The scattering transform, on the other hand, is not subject to these
sources of variability. It requires the use of simulations only to probe the cosmic variance of the
descriptors. Without learning the kernels, the scattering transform also significantly save calculation
time.
Another view on the over-fitting problem is given by the framework of maximum-entropy
regularized estimation, which looks for the most ‘non-committal’ statistical model under the
constraints of a ‘feature vector’ of sufficient statistics [79]. There is thus a tension in the design of
such vector of sufficient statistics [17]: On the one hand, the features should be descriptive enough
so that they introduce enough constraints, i.e., typical samples from the estimated model should also
be typical in the true distribution; On the other hand, one would like the features to be efficiently
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estimated from the available samples, so that the corresponding statistical model is robust under
resampling. In other words, typical samples from the true distribution should remain typical under
the estimated statistical model.
Finally, when applied to observational data, the scattering transform holds another advantage
over CNNs, namely the possibility to investigate systematic effects. As traditional statistics, the
scattering coefficients can be used to derive not only the best-fitting cosmological parameters, but
also an evaluation of the goodness of fit and therefore a sanity check of the result. In contrast,
although the internal machinery of CNNs can be roughly divided into a feature extraction part and
a regression one, the CNNs are trained as a whole to learn a direct mapping from the data to the
physical parameters. Due to the over-parametrization nature, outputs from intermediate layers (i.e.
the intermediate abstraction of CNN) do not typically have good statistical properties. Therefore,
when using CNN, it is challenging to check for systematic error in real data.
Relation to peak count method
The non-linear gravitational evolution of density fluctuations in the universe gives rise to haloes,
which are virialized systems locally bound by gravity. As highlighted by Ribli et al. [58] in their
Figure 10, a substantial amount of non-Gaussian cosmological information can be extracted from
these features. The peak count method directly captures information in the abundance of haloes.
However, it does not characterize the spatial information including profiles and positions of these
haloes, which is also sensitive to cosmological parameters. The scattering transform implicitly
extracts a comprehensive information of the abundance, profile, and distribution of haloes by first
highlighting structures of particular scales and then characterizing their clustering at other scales.
In the limit of small j1 and large j2 , the 2nd-order scattering coefficients can be understood as
a measure of the ‘two-halo term’ in the halo model at scale j2 , weighted by the halo response to
the first wavelet with scale j1 . This response is related to halo profiles. In general, the scattering
transform provides a non-parametric description of the one-halo, two-halo, and transitional regime
where haloes overlap and form larger haloes.

3.3.6

Conclusions

Characterizing arbitrary non-Gaussian fields is challenging as the dimensionality of their description
can be arbitrarily high. The subset of fields relevant in physics, however, tends to be more constrained
as they typically display localized, coherent structures. In the cosmological context, the matter
density field presents another characteristic property, namely hierarchical clustering. An efficient
statistical descriptor of the cosmological density field would ideally make use of these properties.
In this paper, we advocate the use of the scattering transform [1, 3], which generates statistics
designed to extract information from complex fields with provable stability properties. It involves
operations similar to those found in convolutional neural networks (CNNs): it uses wavelet convolution, which is particularly suitable for characterizing localized structures; it uses modulus as the
non-linear operation; and it iterates these operations. However, in contrast to CNNs, the scattering
transform does not require training. It generates a compact set of robust coefficients, which forms a
representation of the input field and can be used as efficient summary statistics for non-Gaussian
information.
We applied the scattering transform to a parameter inference problem in the context of weak
lensing cosmology. For simplicity, we focused on the convergence field but a similar analysis can
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also be performed on the shear field. We used simulated convergence maps generated by ray-tracing
N -body simulation results [56, 63] and measured their scattering coefficients to infer the cosmological
parameters m and ‡8 . On maps with and without galaxy shape noise, the scattering transform
outperforms the power spectrum and peak counts, and is on par with state-of-the-art CNNs.
As described in section 3.3.5, the scattering transform possesses a series of attractive properties
for parameter estimation. It is efficient, robust, and interpretable. Obtained by iteratively applying
wavelet convolution and modulus and finally taking the expectation value, the scattering coefficients
can be interpreted as the strength of a hierarchy of clustering at various combinations of scales.
Different from N -point functions, all scattering coefficients have the welcome property that they
remain proportional to the input field, thus avoid instability problems and extract much more
information when the field distribution has a long tail. Similar to classic statistical estimators, the
scattering transform requires no training or tuning and offers the possibility to investigate systematic
errors potentially present with real data.
In this chapter we demonstrated applications of the scattering transform in weak lensing data.
Using it with existing and upcoming surveys (e.g. DES, LSST, Euclid, WFIRST ) can be of
great interest to improve constraints and provide consistency checks. Based on its properties and
design, the scattering transform can also be an attractive approach for many other applications: in
observational cosmology, astrophysics, and beyond.

3.4

Forecast for dark energy parameters and neutrino mass M‹

In the last section, we demonstrated the power of the scattering transform by applying it to simulated
weak lensing maps to constrain the m and ‡8 cosmological parameters. In this section, we extend
our analysis to other cosmological dependencies: the dark energy equation of state w0 , wa and the
neutrino mass sum M‹ . Constraining these parameters is one of the key goals of upcoming weak
lensing surveys and they are often used in the figure of merits to compare different survey strategies.
To visualize the power of scattering coefficients, we will first show that one can use them to
generate random images with textures very similar to real lensing maps, to a level not achievable
by traditional moment-based statistics such as the power spectrum and bispectrum. Then, we will
present the constraining power of scattering coefficients for dark energy parameters and neutrino
mass.
To explore the constraining power of the scattering coefficients on cosmological parameters, we
calculate the Fisher forecast [72, 73, 80] and Bayesian posterior of the cosmological parameters, after
building a likelihood emulator for the scattering coefficients using simulated lensing convergence
maps.

3.4.1

Simulated lensing maps

To explore the effects of dark energy and neutrino mass on lensing scattering coefficients, we use
two sets of simulated convergence maps, which were generously made available by the Columbia
lensing team12 . Both datasets were designed for probing the non-Gaussian information in weak
lensing cosmology. The convergence maps were produced through ray-tracing N -body simulations
to certain source redshifts without the Born approximation, using the LensTools python package
12

http://columbialensing.org

51

[70]. All the cosmologies are spatially flat. The first dataset, described in Zorrilla Matilla et al.
[63], Petri [70], and Liu et al. [81], varies dark energy properties and matter density (w0 , wa , and
m ). The convergence is traced to one source redshift (z = 2). The second dataset, MassiveNuS
[82], varies neutrino mass, matter density, and primordial fluctuation amplitude (M‹ , m , and As ,
equivalant to M‹ , m , and ‡8 ), and the convergence is traced to five source redshifts (z = 0.5, 1,
1.5, 2, 2.5). Both datasets contain multiple realizations of convergence maps in multiple cosmologies,
with 3.5◊3.5 deg2 field of view (where non-linear gravitational evolution becomes important) and
512◊512 pixel resolution. Thus these maps cover multipole moments l from 100 to roughly 30,000.
Below we describe these datasets in more detail.
Dark Energy simulations: This dataset contains simulations of 7 w0 wa CDM cosmologies
with different dark energy properties, including the present dark energy density
and the dark
energy equation of state index w(a), parametrized by w0 and wa through w(a) = w0 + (1 ≠ a)wa
[83]. Each simulation was run in a 240 Mpc/h box with 5123 particles and used to generate 1,024
mock convergence maps with 3.5◊3.5 deg2 field of view. The lensing sources were set at redshift z =
2. We down-sampled the original 20482 pixel maps to a 5122 resolution with 0.41 arcmin per pixel,
by averaging adjacent pixels. Besides the dark energy properties, other cosmological parameters
are fixed: baryon density b = 0.046, Hubble constant h = 0.72, scalar spectral index ns = 0.96,
normalization of fluctuation amplitude ‡8 = 0.8, effective number of relativistic degrees of freedom
neff = 3.04, total neutrino masses M‹ = 0.0, and temperature of the cosmic microwave background
TCMB = 2.725 K. The dark matter density is set so that the universe is spatially flat, i.e., m =
1≠
. Pipelines for the N -body simulations and ray-tracing are described in Petri [70], Zorrilla
Matilla et al. [63], and Liu et al. [81]. Specifications of the simulations are also listed on the website
of the Columbia Lensing team.
Neutrino mass simulations (MassiveNuS): Generated by Liu et al. [82], this dataset contains
convergence maps for several source redshifts created from 101 ‹CDM simulations with different M‹ ,
m , and As (equivalent to M‹ , m , and ‡8 ). Other cosmological parameters are fixed:
b = 0.046,
h = 0.70, ns = 0.97, w = –1. Each simulation was run in a 512 Mpc/h box with 10243 particles and
used to generate 10,000 convergence maps with 3.5◊3.5 deg2 field of view and 5122 -pixel resolution.
The fiducial cosmology has parameters (M‹ , m , As ) = (0.1 eV, 0.3, 2.1◊10≠9 ). One cosmology
with massless neutrinos (M‹ , m , As ) = (0 eV, 0.3, 2.1◊10≠9 ) is used to calculate the covariance
matrix of summary statistics. In this study, we will use the convergence maps for 5 source redshifts
(z = 0.5, 1.0, 1.5, 2.0, and 2.5), in 28 cosmologies that are close to the fiducial cosmology, i.e. in the
range of As œ [1.8, 2.7] ◊ 10≠9 , M‹ œ [0.06, 0.60] eV, m œ [0.28, 0.32]. This range of parameters is
enough for estimating the scattering coefficients’ constraining power for cosmological parameters in
a Rubin-observatory-like survey.
In real lensing surveys, the galaxy shape noise will dilute cosmological information on small
scales, acting as a scale cut. For simplicity, we approximate such noise by Gaussian white noise on
2
convergence maps [65], ‡noise
= È‡‘2 Í/ngal Apix , where Apix is the pixel area. We adopt an averaged
2
2
ellipticity squared È‡‘ Í = 0.3 and a number density of background galaxies ngal of 44 per arcmin2
to simulate the weak lensing survey of the Rubin Observatory [84]. The multiple source redshifts
of the MassiveNuS convergence maps also allow us to explore the information gain from redshift
tomography. We consider two situations: (1) only the convergence maps for source redshift z = 1 are
used, with ngal = 44 per arcmin2 ; (2) convergence maps for five source redshifts are used, with ngal
= 8.83, 13.25, 11.15, 7.36, and 4.26 per arcmin2 , respectively. The source densities are derived from
the expected source redshift distribution for the Rubin Observatory survey: n(z) Ã z 2 exp(≠2z)
with a normalization of 50 per arcmin2 [84]. We calculate the galaxy number density in each fiducial
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Figure 3-10. Scale coverage of wavelets used by the scattering transform. We also show the profile of
a 1 arcmin Gaussian filter in frequency space for comparison.
redshift bins by integrating the distribution from z = 0.25 to 2.75 with steps of z = 0.5 as the
bin widths. For noisy maps, we also carry out a smoothing with Gaussian kernel ‡ = 1 arcmin.
Finally, the effects of masks and imperfection in shear-to-convergence conversion [e.g., 85–87], which
are important practical problems for weak lensing cosmology, are not taken into account in this
analysis. Our primary goal is only to compare the statistical properties of different estimators.

3.4.2

Summary statistics

We calculate three sets of summary statistics from the simulated lensing convergence maps:
• the binned power spectrum P(l) which we sample with 30 linear bins of scale,
• the binned bispectrum B(l1 , l2 , l3 ) which we sample with 10 linear bins for each of l1 , l2 , and
l3 in the bispectrum monopole B(l1 , l2 , l3 ), resulting in 125 coefficients, and
• the reduced scattering coefficients sj1 and sj21 ,j2 .
For the scattering coeffcients, we use the same Morlet wavelets as described in Cheng et al. [15],
with 4 azimuthal orientations (L = 4) and 8 dyadic scales (J = 8). The scales correspond to 8
logarithmic bins from l = 100 to 37,000, as shown in Figure 3-10. We average over the azimuthal
orientations and use the 36 reduced scattering coefficients s1 and s2 . On noisy maps, the small-j
(small scale, high-l) scattering coefficients are dominated by noise, and we verify that abandoning
the small-j coefficients does not change the precision of cosmological inference. As a result, the
set of informative scattering coefficients on noisy maps is even more compact than on noiseless
maps, which is desirable for inference analysis. As these scattering coefficients are non-negative, we
also take the logarithm of them. This step helps to Gaussianize their PDF. We have checked the
influence of this step to the cosmological constraints, and found negligible effects.
In summary, for each 3.5◊3.5 deg2 lensing map, we calculate 36 scattering coefficients, 30 binned
power spectrum coefficients, and 125 binned bispectrum coefficients for the cosmological parameter
inference. We have developed a python3 package optimized in speed to calculate the translationinvariant scattering coefficients. The package, together with codes calculating the bispectrum, are
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available online13 . We estimated the power spectrum using the LensTools python package [70].
Before entering the next section, we provide some technical discussion about how we calculated
the binned bispectrum. The bispectrum is the products of three Fourier coefficients,
B(k1 , k2 , k3 ) © ÈĨ(k1 )Ĩ(k2 )Ĩ(k3 )Í

(3.14)

Because of symmetry, it is enough to consider only cases with k1 < k2 < k3 . Under statistical
homogeneity, the coefficients vanish unless k1 + k2 + k3 = 0. To reduce the number of coefficients,
one can use the binned bispectrum mono-pole, which averages the bispectrum according to the
magnitude of k1 , k2 , and k3
Bi,j,k =

⁄ ki+1
ki

dk1

⁄ kj+1
kj

dk2

⁄ kk+1
kk

dk3

(2ﬁ)2 ” (2) (k1 + k2 + k3 ) · Ĩ(k1 )Ĩ(k2 )Ĩ(k3 )

(3.15)

It is not convenient to select ”(k1 + k2 + k3 ) triplets within each bin. Fortunately, expanding
the right-hand side of Eq. 3.15 in real space will simplify the integrant,
Bi,j,k = È(I ı fi )(I ı fj )(I ı fk )Í ,

(3.16)

sk

where fi (x) = kii+1 eik·x dk is the inverse Fourier transform of the binning, an annulus in Fourier
space and a wavelet-like profile in real space. This form of expression, similar to the scattering
coefficients, means that the bispectrum (and other N -point functions) can also be expressed as the
spatial mean of some non-linear transformation of the input field, though it has different properties
from the scattering one.

3.4.3

Likelihood and parameter inference

Parameter inference requires a likelihood function p(x|✓). We first assume that its function form
is Gaussian, i.e., the probability distribution function (PDF) of the summary statistics x is a
multivariate Gaussian distribution for a given cosmology ✓. We also assume the cosmological
dependence of the mean vector of the Gaussian PDF can be approximated by a smooth function
in the range of interest. For the dark energy dataset, we use a linear dependence, because there
are only 7 cosmologies. For the MassiveNuS dataset, we use second-order polynomials. We set the
covariance matrix to be independent of cosmology. The latter assumption is conservative but robust
when the likelihood is not exactly Gaussian [43]. The cosmological dependence of mean vector and
the covariance matrix are estimated using the simulated convergence maps.
Given the likelihood, we use the Fisher matrix and Bayesian posterior to quantify the constraining
power of lensing scattering coefficients for cosmological parameters. The Fisher matrix allows us to
forecast the constraining power using only on the local cosmological dependence of the likelihood.
For the noiseless cases we consider in this paper, it provides almost identical results as the posterior.
However, with increasing noise level, the difference may become non-negligible. We will therefore
use the Bayesian posterior for the results of noisy data. The mathematical formulations of these
two inference frameworks are given below.
13

https://github.com/SihaoCheng/scattering_transform
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For a statistical model of observable x, the Cramér–Rao inequality sets the lower limit of any
unbiased estimators of model parameters obtained from the observable, therefore it can be used to
quantify the uncertainty of parameter inference.
ˆ ) Ø I(✓)≠1 ,
cov(✓

(3.17)

where I(✓) is the Fisher information matrix, whose elements are defined as
Im,n (✓) © ≠

=

ˆln p(x|✓) ˆln p(x|✓)
ˆ◊m
ˆ◊n

>

.

(3.18)

In our case, ✓ is the cosmological parameters, and x is the vector of summary statistics such as the
scattering coefficients. The likelihood is assumed to be Gaussian,
1
1
p(x|✓) Ã  exp[≠ (x ≠ µ)T C≠1 (x ≠ µ)] ,
2
|C|

(3.19)

where C(✓) is the covariance matrix of summary statistics. We further assume C(✓) is cosmology
independent. Thus, the Fisher matrix becomes
Im,n =

ˆµT ≠1 ˆµ
C
.
ˆ◊m
ˆ◊n

(3.20)

We use linear or second-order polynomials to fit the cosmological dependence of the mean vector
‚ estimated from simulations at fiducial cosmologies
µ(✓), and use the sample covariance matrix C
( m = 0.26, w0 = –1, wa = 0 for the dark energy dataset and m = 0.3, M‹ = 0, As = 2.1◊10≠9
for the MassiveNuS dataset) to estimate the inverse of covariance matrix [74]:
‰
≠1 =
C

N ≠ D ≠ 2 ‚ ≠1
C ,
N ≠1

(3.21)

‰
≠1 is an unbiased estimator, N is the number of independent sample used for the estimation
where C
(1,000 for the dark energy dataset and 10,000 for the MassiveNuS dataset), D is the number of
summary statistics used, which is 36, 30, and 125 per redshift bin, for scattering coefficients, binned
power spectrum, and binned bispectrum, respectively.

The Bayesian posterior is another way to quantify the uncertainty of model parameter inference.
Given the likelihood p(x|✓), the posterior probability distribution of model parameter is
p(✓|x) Ã p(x|✓)p(✓) ,

(3.22)

where p(✓) is the prior distribution of ✓. For the noisy cases with MassiveNuS, we use a flat prior
in m œ [0.28, 0.32], M‹ œ [0.06, 0.6] eV, and As œ [1.8, 2.7] ◊ 10≠9 to avoid extrapolation. The
posterior is then sampled using emcee [88], a Markov Chain Monte Carlo (MCMC) sampler. We
used 32 walkers, ran 1,000 steps to burn-in and then 10,000 steps to sample the posterior. Sampling
convergence was checked within and among chains.

3.4.4

Sampling distribution of different summary statistics

Before exploring the constraining power on cosmological parameters, we first present one key
advantage for using the scattering coefficients, namely that their probability density distribution
(PDF) or sampling distribution is well Gaussianized.
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Figure 3-11. Skewness distribution of the (log) scattering and (binned) bispectrum coefficients, measured
from 10,000 realizations of convergence maps at the fiducial cosmology of MassiveNuS simulation set. If
the PDF of these statistical coefficients are Gaussian, then the skewness should be zero.

Table 3-II. Number of directions that are significantly non-Gaussian in the high-dimension PDF of
summary statistics. Values outside and inside parentheses are for noiseless and noisy maps, respectively.
Rows are different criteria to identify non-Gaussianity, which systematically suggest that the scattering
coefficients have nearly-Gaussian PDF, whereas the bispectrum coefficients do not.
summary statistics
number of coefficients
|skewness| > 0.5
|skewness| > 1
kurtosis > 0.5
kurtosis > 1
whitened, |skewness| > 0.5
whitened, |skewness| > 1
whitened, kurtosis > 0.5
whitened, kurtosis > 1

log scattering coefficients
36
0 (0)
0 (0)
1 (1)
0 (0)
0 (0)
0 (0)
0 (0)
0 (0)
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binned bispectrum
125
87 (49)
45 (22)
120 (78)
111 (49)
18 (4)
9 (2)
124 (25)
119 (11)

For many cosmological studies, the typical inference framework assumes a Gaussian PDF for the
statistical estimator. This is the so-called Gaussian likelihood assumption, though strictly speaking,
likelihood is p(x|✓) with the data x fixed, while in practice one usually parametrizes and fits the
PDF (the same expression with the model parameters ✓ fixed) to simulations. So we will call it the
Gaussian PDF assumption. This assumption comes from the central limit theorem when the field of
view tends to infinity. However, with a finite field of view, there is no guarantee for a Gaussian
PDF [e.g., 89–92], and approximating a non-Gaussian PDF with a Gaussian one may introduce
bias and/or underestimation of uncertainty to parameter inference. Therefore, summary statistics
that Gaussianize quickly are favoured. Note that the non-Gaussianity of the field is not the same
as the non-Gaussianity of the summary statistics. Some statistics of a highly non-Gaussian field
can be nearly Gaussian distributed due to central limit theorem. On the other hand, statistics of a
Gaussian random field can have non-Gaussian sampling distribution. For example, the power of
each Fourier mode is expected to have a ‰2 -distribution.
Deviations from the Gaussian PDF approximation are harmful to inference, among which the
most problematic is the presence of a heavy tail. To quantify this effect, we will consider both the
skewness and kurtosis parameters of the 1D marginal distributions. More precisely: we calculate
these parameters for both noiseless and noisy maps, using the fiducial cosmology of MassiveNuS
x 3
simulation with source redshift z = 1. The skewness is defined as È( x≠µ
‡x ) Í for each summary
statistic x, where µ and ‡ are the sample mean and standard deviation calculated from the 10,000
realizations. It measures the asymmetry and tail heaviness of the one-variable PDFs, which is one
possible deviation from a Gaussian distribution. The scattering coefficients14 have much lower
skewness than the bispectrum coefficients. We show the histograms of their skewness parameters in
x 4
Figure 3-11. Similarly, we measure the kurtosis defined as È( x≠µ
‡x ) Í ≠ 3, which is more sensitive to
the tail heaviness. For a 1D Gaussian distribution, given our sample size, the skewness and kurtosis
should be 0 ± 0.03 and 0 ± 0.05, respectively. The measured values for the scattering coefficients
are indeed much closer to these expectations than the values obtained from the bispectrum which,
in some cases, exceed the upper bound by more than two orders of magnitude. The effect of global
whitening (using principle component analysis to remove correlations between dimensions) is also
examined. Under all these metrics, the scattering coefficients show a low non-Gaussianity. In
contrast, many dimensions of the bispectrum data vector are asymmetric or heavy tailed, even on
the noisy maps where the field itself is more Gaussian. This is shown in Table 3-II where we present
the number of coefficients exceeding a given skewness or kurtosis threshold for each estimator. Tests
using the 95-percentile, yet another measure of tail heaviness, show similar results. Assessing the
non-Gaussianity of parameters in high-dimensional spaces can be done from numerous points of
view. For example, Sellentin & Heavens [89] proposed to use all pairs of 2D marginal PDFs. Such
tests will be valuable in future studies aimed at inferring cosmological parameters.
The difference in the types of distributions found for scattering and bispectrum coefficients can
be understood from their respective designs. The bispectrum coefficients are products of three
random variables. The multiplication in general yields a distribution with heavier tail than the
original variables. In contrast, the scattering transform uses a ‘first-order’ modulus which does not
amplify the tail. Therefore, as the field of view increases, the central limit theorem Gaussianizes the
scattering coefficients much quicker than bispectrum coefficients. Moreover, the logarithmic binning
of scales through wavelets combines more Fourier modes, which also helps the Gaussianization
process.
14
We point out that, even without taking the logarithm of the scattering coefficients, the skewness values of the
’raw’ scattering coefficients are still relatively small, typically between 0 and 1.
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Figure 3-12. Fisher forecast with noiseless Ÿ maps (95% confidence ellipses). The scattering coefficients
have remarkably high constraining power for cosmological parameters. Left: Forecast for dark energy
equation of state index w(a) = w0 + (1 ≠ a)wa , from 20,000 deg2 noiseless map with l nominally up
to roughly 30,000 and source redshift z = 2. Right: Forecast for neutrino mass M‹ , from 20,000 deg2
noiseless map with source redshift z = 1.
In summary, we find that the scattering coefficients Gaussianize particularly well, which is
desirable and necessary for accurate cosmological inference.

3.4.5

Results

Having checked the Gaussian likelihood assumption for the scattering coefficients, now we compare
the cosmological constraints obtained by different summary statistics. These constraints were
obtained based on simulated convergence maps with varied cosmological parameters, and 1,000
(for the dark energy simulation set) or 10,000 (for the neutrino mass simulation set MassiveNuS)
realizations for each cosmology.
Because the convergence maps have a long-tailed PDF (approximately log-normal), we do expect
the scattering coefficients to extract more information than the bispectrum. Indeed, we find a
significantly tighter constraint using the scattering coefficients on noiseless maps (when all high-l
modes are included). In Figure 3-12 we show the Fisher forecast of cosmological parameters using
noiseless convergence maps, which corresponds to l from 100 to roughly 30,000. For simplicity,
we only show a plane of two parameters for each dataset. In both panels of Figure 3-12, the
marginalized ellipses are the projection of the three-parameter Fisher ellipsoids onto the plane, while
the conditioned ellipses are their cross-sections.
For dark energy parameters (left panel), the power spectrum constrains w0 well when wa is
known (conditioned), but constrains poorly if wa is also to be constrained (marginalized), meaning
a strong degeneracy between w0 and wa . Compared to the bispectrum, which is known to partly
break this degeneracy [36], the scattering coefficients almost eliminate it in the noiseless case. In
weak lensing cosmology, there is another well-known degeneracy between m and ‡8 , which the
scattering coefficients can also break [15]. However, the dark energy dataset used in this study has
a fixed ‡8 value. So, it remains to be investigated whether or not the scattering coefficients can
break both degeneracies at the same time.
On the noiseless maps, scattering coefficients also provide much tighter constraint on the neutrino
mass sum M‹ than the power spectrum and bispectrum (see the right panel of Figure 3-12). In the
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Figure 3-13. Forecast of cosmological parameters (95% confidence contours) for a Rubin-observatorylike survey with 20,000 deg2 field of view, with M‹ , m , and As (or ‡8 ) to be constrained. Colours
represent results of different sets of summary statistics of lensing convergence (Ÿ). Improvement from
adding redshift tomography is also shown.
parameter space spanned by m , ‡8 , M‹ , the power spectrum’s constraining power comes mainly
from its overall amplitude, which results in a disc-like Fisher ellipsoid. Adding the bispectrum
reduces the disc’s area by partly breaking the m –‡8 degeneracy, whereas adding the scattering
coefficients almost eliminate it, reducing it to a one-dimension instead of two-dimension degeneracy.
This is consistent with the finding presented in the figure 5 of [15]. The ratio between the volumes of
the three-parameter Fisher ellipsoids (i.e., the square root of determinant of the covariance matrix)
shown in the right panel of Figure 3-12 is roughly 20:4:1.
When the galaxy shape noise is taken into account, the constraining power of all summary
statistics weakens due to the loss of small scale (high-l) information. In Figure 3-13 we show the
forecast of neutrino mass sum (M‹ ) for a Rubin-observatory-like survey, using the Bayesian posterior
with fiducial cosmology at (M‹ , m , As ) = (0.1 eV, 0.3, 2.1◊10≠9 ). In spite of noises, there are still
substantial non-Gaussian structures in the lensing convergence maps, thus the scattering coefficients
still set much tighter cosmological constraints (more than two times in M‹ ) than using the power
spectrum alone. In this noisy case, the combination of bispectrum and power spectrum sets a
similar constraint to the combination of scattering coefficients and the power spectrum (though not
shown in the figure). Figure 3-13 also show the effect of redshift tomography. A five-bin redshift
tomography improves the scattering coefficients’ constraint for M‹ by about 40%.
With the same dataset (MassiveNuS), similar explorations were performed for other non-Gaussian
statistics, including the PDF [93], bispectrum [94], peak count [95], starlet peak count [96], minima
count [97], Minkowski functionals [98], and starlet l1 -norm [99]. They all found similar improvement
from redshift tomography for their respective summary statistics.
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3.4.6

Conclusions

In cosmology, substantial information is stored in non-Gaussian structures on small scales, which
requires statistics beyond the power spectrum to extract. Motivated by ongoing and upcoming deep
surveys, we explore the weak lensing application of a novel and powerful non-Gaussian statistics,
called the scattering transform. We extend the constraining forecast of m and ‡8 in Cheng et al.
[15] to more cosmological parameters including the dark energy parameters w0 , wa and neutrino
mass M‹ . To do so, we use mock convergence maps from two publicly available simulation suites
(the dark energy and MassiveNuS sets) made by the Columbia Lensing team.
We first show that using the scattering coefficients, one can generate random images with textures
very close to a simulated lensing map, which cannot be achieved by using the power spectrum and
bispectrum coefficients. Then, we show that the scattering coefficients provide significantly better
constraint for dark energy parameters w0 , wa and neutrino mass M‹ than using power spectrum
alone.
For noiseless maps (when high-l modes are accessible), the scattering transform also outperforms
the bispectrum and power spectrum. This result can be explained by the ‘first-order’ nature of
scattering coefficients which stay proportional to the field intensity, in contrast to higher-order
statistics which amplify the distribution tail. This lower-order nature together with the wavelet
weighting strategy efficiently concentrates cosmological information into a compact set of scattering
coefficients. Moreover, the lower-order nature makes the distribution of scattering coefficients much
more Gaussian and robust than higher-order statistics, which is essential for accurate likelihood
parametrization and parameter inference.
We also provide a forecast of M‹ with a noise level of the Rubin observatory survey, where the
scattering coefficients set a 2 times tighter constraint than using the power spectrum alone, and
redshift tomography improves the constraint by an additional 40%. Similar forecast for the dark
energy parameters is left for future study, due to the redshift limitation of the mock convergence maps.
For noisy maps, although the constraining power of the scattering coefficients is not significantly
better than the combination of bispectrum and power spectrum, we argue that the scattering
coefficients are still preferred, because the PDF of scattering coefficients is much more Gaussian
than bispectrum coefficients.
The scattering transform yields a compact set of lower-order summary statistics that are stable,
powerful, and efficient for characterizing non-Gaussian structures. Together with the previous section,
we have shown that the scattering transform has great potential to serve as the non-Gaussian
summary statistics in observational cosmology.

3.5

Application to observational data

In the previous section, I demonstrated the high constraining power of the scattering transform
on cosmological parameters by showing its forecast based on simulations. In this section, I will
demonstrate that there is no major difficulty in applying the scattering transform to real weak lensing
data. In particular, in real lensing data, the direct observables are the shape of galaxies. In the
process of making a mass map from the shear catalog, several aspects can deviate from the simplified
model used for our forecasts in the previous sections, such as masks, non-Gaussian galaxy shape noise,
non-uniform galaxy density, etc. Nevertheless, these are no fundamental difficulties, because currently
all the inference with the scattering coefficients is based on simulations and forward-modelling,
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Figure 3-14. Left: the design and size of the HSC camera. Right: The CCD array of the Hyper
Suprime-Cam on the 8.2m Subaru telescope. It has 870 Mega pixels in total and covers 1.5 degree
field-of-view in diameter, equal to the diameter of 3 full moons.
given that there is not yet analytical predictions for the scattering coefficients. Forward-modelling
these effects, compared to the traditional approach of ‘de-biasing’ the imperfections, is relatively
straightforward to run and does not increase computation cost substantially, as most of the time
is dedicated to running the cosmology simulations. In this section, I shall apply the scattering
transform to the data from Subaru Hyper Suprime-Cam (HSC) survey [100]. This is an on-going
project with blinding policy to avoid confirmation bias, meaning that project members cannot dig
into cosmological constraints until the whole inference pipeline has finished and has been tested. So
I will not show constraints on cosmological inference and only present results of one field in the
HSC survey for illustration.

3.5.1

HSC weak lensing data

The Subaru Hyper Suprime-Cam (HSC) survey [100] is a wide-field imaging survey on the 8.2m
Subaru telescope at Hawaii. The whole survey consists of three layers, with the wide layer planned
to cover a 1,400 deg2 area over 5-6 years. Figure 3-15 shows the wide-field CCD array of the HSC.
We choose HSC because among the major on-going weak lensing surveys, HSC has the deepest
photometry (5‡ point-source depth of i ≥26) and best seeing (mean i-band seeing of 0".58), therefore
it is expected to reveal the most non-Gaussian structures in the convergence field. Here we use its
first data release [100], refered to as HSC S16A. It covers an area of 136.9 deg2 area split into six
fields: XMM, GAMA09H, GAMA15H, HECTOMAP, VVDS, and WIDE12H. We used the shear
catalog compiled by Mandelbaum et al. [68] with a mean galaxy density around 22 arcmin≠2 , which
is ready for weak lensing cosmology. Because of the blinding policy, I will not analyze the whole
dataset but only focus on one of the six fields, the field WIDE12H, for illustration purpose.
Following the pseudo power spectrum analysis performed by the HSC team [101], we conduct
a conservative cut of redshift between 0.3 and 1.5, which is best suited for the HSC photometry
with a break at 400 nm. The photometric redshifts of source galaxies in HSC survey are estimated
based on photometry in its grizy bands with several different codes [102], including a classical
template-fitting code (Mizuki), a machine-learning code using self-organizing map (MLZ), a neural
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Figure 3-15. A small patch of the HSC survey. Each blob in the figure is a galaxy far away. Their
shapes are measured and averaged to estimate the gravitational lensing effect of the foreground dark
matter. Regions near bright stars (the bright objects with spikes) are masked because of their severe
influence on shape measurements.
network code (Ephor AB), and others. Slightly different from Hikage et al. [101], we apply the
tomographic photo-z cuts on the redshifts determined by the MLZ code, which leads to about 9.5
million galaxies in the six fields and a mean galaxy number density of 20 arcmin≠2 .
The shape of galaxies in the HSC shear catalog Mandelbaum et al. [68] is measured on the
i-band coadded images with the re-Gaussianization PSF correction method [103], where the galaxy
ellipticity is defined as
e = (e1 , e2 ) =

1 ≠ (b/a)2
(cos 2„, sin 2„) ,
1 + (b/a)2

(3.23)

where a and b are the observed length of major and minor axes, „ is the position angle of major
axis in equatorial coordinate system. The shear of each galaxy is estimated by
“ (obs) =

1
e
(
≠ c) ,
1 + ÈmÍ 2R

(3.24)

where R is called responsitivity, m the multiplicative bias, and c the additive bias. The responsitivity
is given by [104, 105]
R = 1 ≠ Èe2rms Í ,

(3.25)

where Èe2rms Í is the weighted average of intrinsic root mean square ellipticity in each direction, and
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Figure 3-16. A set of 100 N -body simulations sampled in the
emulator for scattering statistics.

m

≠ ‡8 plane to build the likelihood

the weight w is defined as
w=

‡e2

1
,
+ e2rms

(3.26)

where ‡e is the measurement error of galaxy shape. The shape error and bias are estimated based on
simulated HSC images of galaxies observed in the COSMOS survey [68], a deep and high-resolution
survey conducted by the Hubble Space Telescope.

3.5.2

Mock data

For theoretical predictions, we use the mock shear catalog generated by Shirasaki et al. [106] for
the first data release of the HSC survey. This mock catalog was generated based on 108 quasiindependent full-sky N -body simulations [107] with the CDM model and WMAP9 cosmological
parameters [108]: cdm = 0.233, b = 0.046, m = cdm + b = 0.279,
= 0.721, h = 0.7, ‡8
= 0.82, and ns = 0.97. The sky footprint of the HSC fields was rotated in 21 angles to take full
advantage of the large volume of each simulation, resulting in a total of 2,269 realizations of mock
HSC lensing maps. Then, mock galaxies were placed at the same positions as the observed galaxies
in each field of view and assigned randomly rotated ellipticities. The observationally estimated
photometric redshifts were also used for calculating the cosmic shear effect on each mock galaxies.
This set of mock data in a fiducial will be used to estimate the cosmic variance of the scattering
coefficients and further to determine the uncertainty of inference of cosmological parameters.
To perform cosmological inference, one also need a likelihood function, which concerns different
cosmologies. We use a set of cosmic-varying simulations (Shirasaki et al. in preparation), which has
50 realizations in each cosmology but samples 100 different cosmologies on the m ≠ ‡8 plane, to
build an emulator for the scattering statistics. The sampling is shown in Figure 3-16.

3.5.3

From shear catalog to mass maps

Similar to other non-Gaussian statistics used for weak lensing, the scattering transform calculates
statistics from a pixelized map instead of a catalog of objects. Therefore, we first generate a pixelized
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shear map by weighted averaging the ellipticity of galaxies within cells of sizes 0.882 arcmin2 ,
according to the galaxy density of the HSC survey. We abandon cells with galaxy density smaller
than half of the mean galaxy density to reduce the influence of their high noise. Thus this shear
maps have missing pixels corresponding to both the masked regions near bright stars where the shear
measurements are not reliable and their neighborhood. For most non-Gaussian descriptors in weak
lensing, such as bispectrum, peak count, Minkowski functional, etc, the next step is to convert the
shear maps into convergence maps, because shear maps are spin-2 maps with redundant information
for weak lensing (the corresponding B-mode), while the convergence maps are scale fields directly
corresponding to the projected mass distribution. Interestingly, the scattering transform can also
actually be applied directly to shear maps, as a spin-2 field can be expressed by a field of complex
numbers. Moreover, in cases with no masks or edge effects, the scattering coefficients of a shear
map is almost the same as the corresponding convergence map. Nevertheless, to be consistent with
other estimators, we sticks to convergence maps in this study. A traditional way to perform the
conversion is by using their simple point-wise relation in Fourier space (eq. 3.4), which is called
the Kaiser-Squires method [85]. This method is ideal without masks or edges but suffers from
edge effect in presence of masks and finite field of view. In principle, as long as one stick to the
forward-modelling approach as treat the mock data in the same way as the real data, there is no
bias introduced by the imperfection of mass map conversion. However, edge effects do reduce the
signal to noise of some descriptors on the mass map if they are not carefully treated. Therefore,
several improved methods have been proposed accordingly to reduce the edge effect by making use
of prior knowledge about the properties of the field. In this study we use an in-painting technique
based on the sparsity property of in discrete cosine transform and suggested for weak lensing mass
maps [86]. An example of in-painted noiseless convergence map is shown in Figure 3-17.

3.5.4

Weak lensing scattering transform

Having obtained the pixelized and in-painted lensing mass map for both observations and simulations,
we then calculate the scattering coefficients of these mass (convergence) maps, which is the first
application of the scattering transform to real cosmological data.
Figure 3-18 shows the reduced scattering coefficients of mass maps in the field WIDE12H. The
scale index j is related to the exponent of wavelet central wavelengths. The scale j=0 roughly
corresponds to a wavelength between 2 to 4 pixels, i.e., a multipole moment l between 1000 and 2000
on the sky. Each increase of j by unity corresponds to a larger scale and thus smaller l by a factor
of 2. The drop of s1 coefficients at small scales is due to a 1 arcmin Gaussian smoothing on the
mass map. The s1 coefficients are the orientation average of the original S1 coefficients, which are
similar to the square root of power spectrum in logarithmically-spaced bins. The orientation-reduced
coefficients s21 and s22 are defined in chapter 2. They characterize non-Gaussian properties of the
mass map.
It can be seen that the curves representing observations and a random realization of simulated
data almost overlap with each other, for both the 1st-order and 2nd-order coefficients, meaning that
the behavior of scattering coefficients in real data is basically expected and under control. There is
an offset of several percent in s1 coefficients at all scales, which should not be the problem of the
scattering coefficients because we confirm that a similar offset is also present in the power spectrum,
which is a well-tested estimator in cosmology. This offset may be caused by cosmic sampling variance,
e.g., the presence of a rare cluster in the field of view, or by the fact that our universe actually has
a different parameter from the fiducial cosmology we used for the simulations. To comply with the
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Figure 3-17. Upper: a mock convergence map for the field WIDE12H without galaxy shape noise,
redshift bin 0.6–0.9. Lower: an in-painted field of the upper panel. The in-painting is conducted from
the corresponding masked shear map.
blinding policy, I will come back to this question only after the likelihood emulator and pipeline
of systematic checks have been built and tested. It is worth mentioning that this offset, either
due to cosmic variance or cosmological dependence of the coefficients, is much smaller than the
expected variance of higher-order statistics. So, based on the consistency of observational data with
simulations, we conclude that the scattering coefficients have expected and controlled behaviors. In
the next step, we will use a set of simulations sampled at various positions in the parameter space
of ‡8 and m to build a likelihood emulator and conduct cosmological inference, which is similar to
the procedures described in the previous two sections.
To summarize, I presented the first application of the scattering transform to observational weak
lensing data, which differ from the simplified situations assumed for a fast forecast in the previous
sections in terms of various observational effects. Nevertheless, as we follow a forward-modelling
approach to build up the inference framework, there is no major difficulty in including these factors
in our model and predicting the behavior of scattering coefficients accordingly. I have shown that the
scattering transform calculated on real data are qualitatively consistent with expectation. Moreover,
its robustness and compactness make it ideal for practical analysis. Right now, we are working on
building and testing the likelihood emulator for the HSC survey, and the first cosmological inference
with the scattering statistics is expected to be published in the near future.
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Figure 3-18. The scattering coefficients measured on real data and on a realization of the corresponding
mock data in the fiducial cosmology. It can be seen that the simulation based forward-modelling approach
can successfully recover the behavior of scattering statistics in real data, which includes a number of
observational effects.
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Chapter 4

Applications in exploratory research
In the literature, the majority of applications of the scattering transform has been targeted to
classification problems, partly because of its computer-vision origin. However, it is by no means
limited to classification. Being a natural extension of the power spectrum, it is suitable for a variety
of problems, including parameter inference (regression) and exploratory data analysis – two types
that are commonly met by physicists.
In the previous section, I showed applications of the scattering transform in regression problems
in the context of cosmology. In this section, I shall show examples where the scattering transform is
used to facilitate data mining and exploration. Interestingly, in many cases the scattering transform
can be used to achieve similar goals to CNNs but with much less computational cost and more
interpretability.

4.1

Sea temperature field

Satellite-borne sensors have been collecting high quality data for oceanography studies since 1990s. In
this section, I shall show an application of the scattering transform to remote sensing oceanographic
images. In particular, I demonstrate how useful it can be to organize cutouts of the ocean temperature
field taken at different place and time.
The sea surface temperature field contains information about the dynamics of ocean currents.
Similar to the cosmic matter density field, it is also non-Gaussian, therefore the power spectrum
alone does not capture the full information stored in the field. Recently, convolutional neural
networks have been trained to find outliers (regions showing field textures significantly different
from the majority of the sample) from the sea surface temperature dataset [109], in addition to other
machine learning applications in oceanographic data [e.g., 110–113]. In this section, I shall show
that the scattering transform can be used to achieve similar goals with much less computational
cost and more interpretability than convolutional neural networks.

4.1.1

Data and preprocessing

We use the nighttime MODerate-resolution Imaging Spectroradiometer (MODIS) Level-2 (L2) 1
sea surface temperature (SST) dataset obtained from the NASA spacecraft Aqua in the year of
1

https://www.ghrsst.org/ghrsst-data-services/products/
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Figure 4-1. An example of ‘cutouts’ of the sea surface temperature dataset from NASA Aqua satellite.
The left panel shows the image from the original Level-2 data product, the right panel shows the result
after in-painting masked pixels and flat field correction.

2015. The NASA Aqua satellite runs in a near polar orbit and works in a double-scanning mode: a
south–north scanning by the orbiting motion of the satellite, and a west–east scanning by a rotating
mirror in the satellite. As a result, with relatively small number of pixels in the detector (10 ◊ 1 to
40 ◊ 1 pixels for each band), the satellite can scan a large area within a short period. Its viewing
swath width (roughly along circles of latitudes) is 2,330 km, which covers the entire surface of the
Earth every one to two days. The MODIS detector contains 36 bands with wavelengths spanning
from 0.4 µm to 14µm (visible light to mid-infrared). The Level-2 sea surface temperature dataset is
mainly based on the 4 and 11 µm infrared emission measurement, with a spatial resolution of 1 km
per pixel.
In the Level-2 data product 2 , pixels are kept as on the scanning track and packed into 5-minute
segments, referred as ‘granules’. Each granules corresponds to a 2000 ◊ 1350 km field of view and
usually includes large fraction of pixels corresponding to lands and clouds, where no meaningful sea
surface temperature can be retrieved. As clouds and lands would introduce patterns not related to
the physics of sea temperature, we follow Prochaska et al. [109] to cut the granules into 128 ◊ 128
pixel (128 ◊ 128 km at the nadir) ‘cutout’ images and use only the cutouts with less than 5 % of
pixels masked as clouds or lands (defined by a threshold of data quality greater than ‘2’). Also,
cutout centres are required to be within 480 pixels from the nadir, so that the geometric deformation
along the scanning direction (roughly west–east) remains less than a factor of two. Slightly different
from Prochaska et al. [109], the cutouts in this study are sampled by first making a square tiling
of the granules and then ‘drizzle’ along both x- and y-axes by 64 pixels to over-sample, instead of
randomly located within the granules. This procedure yields 104,134 cutouts through out the year
of 2015.
Moreover, masked pixels are in-painted using the biharmonic algorithm in the skimage.restoration
python package, which comply with the Navier-Stokes equation. As shown in the left panel of
Figure 4-1, there are clear horizontal patterns present in the field, along the scanning direction
2

https://oceancolor.gsfc.nasa.gov/data/aqua/

68

of the satellite. This is due to issues of the calibration of pixel sensitively, similar to the effect of
‘flat field’ in astronomy. Unfortunately, experiments shows that such flat field of the 10 ◊ 1 pixel
detector varies with time, so it can only be estimated and corrected locally (within each cutout).
Nevertheless, local de-flatting turns out to significantly reduce the stripes without introducing
noticeable noise. By successfully de-flatting the data, we avoid the smoothing and down-sampling
adopted in Prochaska et al. [109], which loses small-scale information. The right panel of Figure 4-1
shows the result of in-painting and the flat field correction.
Turbulence fields, including the sea temperature fields, often have a red power spectrum. In
such cases, the spectrum leakage of low-frequency power due to the window function (field of view)
may cause a severe problem for multi-scale analysis such as the power spectrum and scattering
transform. It can also be understood as the edge effect. To reduce the such effect, we fit the 2D
field with a linear function and remove the slope.

4.1.2

The scattering representation

After pre-processing the data, we now discuss the physical structures in the sea surface temperature
fields. Being a tracer of turbulence, these fields contain rich non-Gaussian structures and morphological information, which is well suited for the scattering transform. To simplify the story, we can
further reduced the scattering coefficients into four indices:
1. s1 power index: the power-law index of s1 as a function of scale. It is derived from the
orientation-averaged s1 coefficients at scales j = 1 and j = 4;
2. amplitude index sj=1
1 : the logarithm of S1 coefficient at scale j = 1 (around 6-pixel wavelength),
averaged over orientations l;
3. feature sparsity index: the averaged logarithmic s21 coefficients over all scale combinations
(j1 , j2 ) except those with j1 = 0 (to reduce the influence of white noise at small scale);
4. texture shape index: the averaged logarithmic s22 coefficients over all scale combinations
(j1 , j2 ) except those with j1 = 0 (to reduce the influence of white noise at small scale).
The first two s1 -related indices are basically the same as the power spectrum at 6-pixel scale
and the power index of power spectrum, which is expected for field with not extremely sparse
features (as discussed in section 2.5.1) and is confirmed for these sea surface temperature fields. The
non-Gaussian information, on the other hand, is mainly extracted by the second-order scattering
coefficients, which can be further reduced to the feature sparsity index s21 and shape index s22 with
interesting intuitive meanings. To demonstrate the power of these quantities, we show in Figure 4-2
some example fields arranged according to these two indices. Fields with different features are
automatically grouped and separated. For example, different regions on the figure correspond to
quiet fields, big eddies, cloud contamination, front of cold and warm currents, etc.
Interestingly, the scattering representation also provides a measure of similarities between
field structures, which is useful for data exploration. For example, Figure 4-3 shows a gallery of
cutout fields (right panel) selected according to the similarity to a given field with a big eddy (left
panel). The scattering transform accurately recognizes the swirl feature in the fields. The principal
component analysis (PCA) of the fields themselves, in contrast, does not work because PCA is not
translation invariant.
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Figure 4-2. Randomly selected sea surface temperature fields (upper) and a set arranged based on their
2nd-order scattering coefficients (lower). The x-axis of the right panel represents an averaged measure
of the feature sparsity (s21 ), and the y-axis represents that of the shape indicator (s22 ).
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Figure 4-3. An interesting sea surface temperature field with an eddy (left) and a gallery of similar
fields selected based on the s22 scattering coefficients (the shape indicator).
Combining the 1st- and 2nd-order scattering coefficients makes it possible to separate the
information contribution from only Gaussian and non-Gaussian structures. Figure 4-4 shows the
distribution of the aforementioned four indices from 1st- and 2nd-order coefficients. It can be seen
that there is some correlation between the 1st- and 2nd-order coefficients. Nevertheless, using
the 1st-order coefficients (or the power spectrum alone) still cannot separate many structures.
Figures 4-5 to 4-7 show the additional non-Gaussian information provided by the s2 -related indices.
They are similar to the right panel of Figure 4-2, but here the fields in each figure are required to
have similar s1 power index, which is equivalent to the power index of power spectrum. These figures
clearly show that with similar power spectrum, the morphology of the sea surface temperature field
can still vary a lot, corresponding to potentially different underlying physics.
Moreover, in addition to the scale separation of energy, the scattering coefficients provide yet
another dimension to describe the energy distribution in the turbulence field, which distinguishes
the spatially concentrated and sparsely distributed energy in the field from the more wide-spread
and uniformly distributed energy in the field.
This set of result is expected to be published in the oceanography literature in the near future.

4.2

Galaxy morphology

In addition to stationary ergodic fields, the scattering transform is also suitable for characterizing
objects in a background. In this section, we discuss the potential of scattering transform to be used
in galaxy morphology classification, a long-standing problem in astronomy. As shown in Figure 4-8,
galaxies look different. In general, they can be grouped into several classes according to their
morphological properties, such as the presence of disk, spiral arms, bar, etc. The development
of galaxy morphology classification is basically in line with all other fields that require vision
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Figure 4-4. The distribution of the ≥100,000 sea surface temperature cutout fields on four reduced
dimensions: the amplitude index, s1 (power spectrum) power index, and two non-Gaussianity indices
based on s2 scattering coefficients. Colour in the left panel represents the feature sparsity index (the
x-axis of the right panel), and the colour in the right panel represents s1 power index (the x-axis of the
left panel).

Figure 4-5. The non-Gaussianity distribution (feature sparsity s21 and texture shape s22 ) for images
with similar s1 power index (i.e., similar shape of the power spectrum). The shown cutouts are randomly
chosen from the corresponding cells. The s1 power index is between –0.1 and 0.1.
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Figure 4-6. Same as the previous figure, but with the s1 power index between 0.35 and 0.45.

Figure 4-7. Same as the previous figure, but with the s1 power index between 0.75 and 0.85.
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recognition. The early work of morphological classification of galaxies dates back to about a century
ago, when Hubble [114] visually inspected 400 galaxies and proposed the famous ‘Hubble sequence’
classification, which is still used today. For a long time, galaxy classification is performed more
or less unchanged in this laborious and somewhat subjective manner. Later in 1990s, as large
extra-galactic surveys started to revolutionize astronomy by creating exploding amount of data,
computer vision techniques were introduced to automatize galaxy classification, but not at the
level of human accuracy. In recent years, following the success of convolutional neural networks in
computer vision, deep learning was also introduced to this area [115].
However, there are a number of issues with using deep neural networks, e.g., they are prone to
over-fitting and usually require a large training set. On the other hand, it is interesting to note
that many heavy, deep networks including a 50-layer residual network (ResNet-50) and a 42-layer
Inception V3 [116] have almost the same performance as a 7-layer network of Dieleman et al. [115]
with built-in rotation invariance. It shows how adding physically-motivated properties can simplify
a network and save computation. It also suggests that the intrinsic complexity of galaxy morphology
may be much lower than those only solvable by deep CNNs and motivates the use of the scattering
transform.
To probe the potential of scattering transform in galaxy morphology classification, we randomly
selected 100,000 images from the database of the Sloan Digital Sky Survey, some of which are shown
in the upper panel of Figure 4-8. Similar to the application to sea surface temperature, we use the
scattering coefficients of galaxy images as a low-dimension representation of the galaxies. In the lower
panel of Figure 4-8, we arrange these galaxies based on their 2nd-order scattering coefficients. Slightly
different from the sea surface temperature application, we use an algorithm called UMAP [Uniform
Manifold Approximation and Projection 117] to further compress the coefficients into 2 dimensions.
Interestingly, galaxies are automatically separated and clustered according to their morphological
properties, as the UMAP space also inherits the morphological meanings and interpretability of
the scattering coefficients. Different from CNNs, there is no training of a single parameter involved
in the scattering transform. For obtaining this morphological arrangement alone, we do not even
need labels from human classification. Therefore, by using the scattering transform, we can bypass
CNNs’ heavy heavy computational requirement and the reliance on large training sets.
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Figure 4-8. A gallery of randomly selected galaxy images (left) and a set arranged based on the
2nd-order scattering coefficients (right). The x- and y-axes of the right panel represent the first two
UMAP projection of the coefficients, which is similar to a non-linear version of the principal component
analysis (PCA).
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Chapter 5

Summary
The complexity of the stochastic fields typically studied by physicists tends to lie between simple
Gaussian random fields and the elaborate systems found in the biological world whose complexity
appears boundless. This intermediate regime calls for an appropriate data analysis tool which goes
beyond a simple power spectrum but does not necessarily motivates the use of deep learning. Deep
learning is certainly a powerful method to extract information from complex data, but it comes
at a high cost: it requires large amounts of data and computation for training, designing deep
convolutional neural networks is a tedious task mainly done empirically, and the networks after
training does not have provable properties or guarantee of regularity.
When extracting information from data, it seems desirable to use a tool or an estimator whose
expressivity is on par with what is present in the data. In this thesis, I advocate for the use of the
scattering transform to extract information from physical fields. This estimator, introduced by Mallat
[1] and Bruna & Mallat [3] in the mathematics and signal processing literature, provides an approach
to data analysis that, in many ways, conveniently stands in between the power spectrum and CNNs.
Interestingly, it possesses the required expressivity to capture the statistical and morphological
properties of a wide range of physical fields.
I aim at motivating this approach to the physics community interested not only in classification
tasks but in the full spectrum of data analysis problems, from exploratory data analysis all the
way to precise regression problems when models are available. I thus present the formalism of the
scattering transform by introducing it from the power spectrum, which most physicists are familiar
with, and only focusing on the aspects of potential interest to physicists. After having demonstrated
the power of this estimator with a number of synthesis examples, I explain its design and discuss the
role of each operation involved in the transform, from both real and Fourier space points of view.
In brief, the scattering transform is a well-defined estimator and a new way extend the power
spectrum. It defines a mathematically-motivated network architecture in contrast to classical deep
convolutional neural networks. It is similar to a shallow CNN with pre-defined kernels. The adoption
of wavelet filters allows a scattering network to have explicit and physically-motivated properties.
With pre-defined kernels, the estimator can be applied without any training, making it directly
usable for a range of tasks: regression, classification, and exploratory analysis. It enjoys a number
of attractive properties for the analysis of physical fields, especially in the context of stationary
ergodic fields:
• like the power spectrum, it is invariant to translation (and possibly rotation) and it preserves
energy.
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Figure 5-1. Different approaches to extract information from a field. Summary statistics can serve
as the representation, while convolutional neural networks (CNNs) usually hide such representation
inside. The scattering transform borrows the ideas of local convolutions, ‘low-order’ operations, and the
hierarchical design, which have proven powerful in CNNs. But, it belongs to the statistical approach and
needs no training.
• in contrast to the power spectrum, it is capable of extracting non-Gaussian or morphological
information. Also, in many cases, a scattering transform up to the second order is sufficient
to extract the relevant morphological information.
• It produces a compact set of informative coefficients or summary statistics which are stable
and robust. These statistics also Gaussianize quickly according to the central limit theorem.
• Last but not least, its coefficients are interpretable. In particular, we showed how two sets of
reduced scattering coefficients are particularly informative:
– a feature sparsity index s21 (j1 , j2 ) which indicates whether fluctuations or structures are
concentrated at certain positions or widely spread.
– a shape index s22 (j1 , j2 ) (defined for two-dimensional fields) which describes the level of
straight versus curved features present in the data.
Using real data from various areas in physics, I showed how useful the scattering coefficients
can be in representing data in a lower-dimensional space, for applications from exploratory data
analysis to parameter estimation. In particular, I explored in depth the application of scattering
transform in cosmology. After development over nearly a century, modern cosmology has entered
an era of high precision, with parametrized models and a large amount of data. Accordingly, a
large fraction of its focus has been paid to inference of cosmological parameters in the model, which
is essential for both understanding the nature of dark energy and dark matter, which have been
parametrized in current models, and discovery of possible new physics not yet included. I argue
that cosmology is a perfect area where the scattering transform can be applied. In particular, I
showed that in the weak lensing context, the scattering transform extracts information as much as
state-of-the-art CNNs, while it can be used just as an ordinary statistical estimator: not only can
we avoid the need for training a huge neural network, but also we are guaranteed with provable
mathematical properties and a mathematical understanding of where the constrains and information
come from. Among different choices of non-Gaussian statistics, the scattering transform is especially
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informative, compact, and robust. These properties are crucial for the simulation-based forward
modelling approach, which is almost unavoidable in cosmology as we enter the highly non-linear
regime with the increasingly deeper surveys.
Beyond cosmology, I also showed other applications of the scattering transform to physical fields,
such as the temperature fields in oceanography and galaxy images. They are just two examples
of a long list of interesting fields where the scattering transform can benefit relevant research, as
non-Gaussian fields are ubiquitous in physics. In recent years, we have observed a fashion of applying
heavy CNNs in research of complex data. Indeed, when the data complexity exceeds what simple
tools can reach, we have only limited options to go forward, and it is tempting to turn to CNNs
given their success in computer vision. However, there is also a growing danger of blindly using, if
not abusing, CNNs. because the goal and situation in computer vision are usually not the same
as that in scientific research. For example, scientists care a lot about understanding, while neural
networks usually provide little understanding of where the information comes from. Also, not every
area in scientific research has the luxury of building large training set as required by deep networks.
The scattering transform may significantly improve such a situation by providing a new powerful
tool to characterize complex structures, and, as shown in my thesis, in many such applications
the scattering transform can reach the level of CNNs, because the complexity of physical field is
usually not high enough to require a specific vocabulary to describe them. Perhaps the scattering
transform cannot classify two sub-types of rabbits well, but the physical fields we usually meet are
much simpler. Therefore, I believe wide variety of studies, including cosmology, interstellar medium,
asteroseismology, galactic dynamics, and studies beyond astrophysics, will benefit from the adoption
of scattering transform.
We are living in a period of revolution. Computational power has been growing exponentially
for decades. So does the amount of data that we create and analyze, in almost all scientific fields
and in human activities as a whole. And, ten years ago, we experienced the revolution of the
convolutional neural net. In such a period, fashion, belief, or even value, are often changing. What
most of us are familiar with today may not prevail in the future. It is interesting to speculate for a
while. How would we do science in the future? In ten years, are we going to continue focusing on
higher-order statistics? Perhaps not as much, because for many cases we have a much better tool
now. Will neural networks dominate and become the optimal choice for most topics of scientific
research? Perhaps not. It seems to me neural networks represent a different paradigm. They are
well suited for efficiently solving many engineering problems, but hardly provide understanding. To
me, they are like well-trained dogs good at doing a particular job, whereas mathematical tools used
in science, including the scattering transform, are the language we use to think and to communicate
our ideas. However, neural network is indeed an interesting object of scientific research, helping us
to understand more about ‘learning’. What about the scattering transform? Will it in ten years
become as popular as the power spectrum today? Perhaps yes. To me, the scattering transform has
all the good reasons to be used in scientific research as a generic mathematical language, just as the
power spectrum. It is powerful, interpretable, and easy to use. However, when I started my Ph.D.,
the scattering transform was not even known to the astronomy and cosmology community. After my
work and others, it has gradually collected attentions and attracted interests in the community. And
now, several teams have started working on it. But, it is still far from being ‘known’, and a large
fraction of the community still has to choose between the power spectrum and a black box when
encountering a somewhat complex dataset. For example, to characterize the fluctuation texture
of galaxy surface brightness, extra-galactic astronomers redirect a deep neural network trained for
recognizing balloons and traffic lights by cutting off the final layers of the network. This application
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of CNN is conceptually identical to using the scattering coefficients, except that the scattering
transform is defined in a much transparent way. Given all these arguments, it is not unreasonable
to imagine the scattering transform will become widely adopted in the future.
There are also several interesting open questions about the theoretical aspect of the scattering
transform, in the context of physics. For example, in physics, we care about analytical predictions.
Is it possible to derive analytical predictions for particular physical fields such as the cosmic density
field under gravitational interaction or the turbulence field? It might be challenging because the
modulus, which is the key of robustness in practical analysis of observational data, is unfamiliar
to most physicists. Nevertheless, it is not impossible. Another question unanswered to me is the
deeper reason behind the informativeness of the scattering transform. This is apparently related to
the sparse representation of wavelet transform, but to me, there is still a missing connection to the
equation of physical fields. Viewed from another direction, the scattering transform is an aggressive
data compression from pixels to a few coefficients. The decrease of dimensionality here is much
more than what geometric invariances require. So, there should be other principles guiding the
information concentration performed by the scattering transform. It seems most of the compression
is applied to high-frequency modes, due to the wavelet binning of high-frequency information. This
logarithmic binning of scale is motivated by some scale-invariance argument about information
distribution in a field. To what extent can we connect this to the equations governing the physical
field (including daily-life images in a broad sense)? I believe the endeavors to address these questions
will bring interesting improvement in our understanding for both physics and computer vision
theory.
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Appendix I: Software implementation
of the scattering transform
In both python and Matlab, there have been packages implementing the scattering transform.
Especially, the “Kymatio” package (https://www.kymat.io) has been developed to take advantage
of GPU acceleration. For a wide variety of applications of the scattering transform, the “Kymatio”
package is a good choice.
In the implementation, the scattering transform uses fast Fourier transform (FFT) to perform
convolution, whose computation complexity is only O(N log N ) with the number of pixel N . The
number of FFT required is roughly equal to that of the scattering coefficients (around J 2 L2 to the
2nd order). With GPU, the computing time often becomes negligible compared to the data transfer
time.
Despite the convenience of the Kymatio software, it has several limitations. So, we wrote our
own code for the scattering transform as made it a publicly available package with example usage
and instructions (https://github.com/SihaoCheng/scattering_transform), which also support GPU
implementation. Compared to the Kymatio package, our package have the following advantages:
it can deal with 2D images with arbitrary size, in addition to base-two side lengths (32, 64, 128,
etc. pixels); for the global (translation-invariant) scattering coefficients, which are more relevant for
physicists, the calculation speed is much faster (depending on the size of data; about a factor of 5
for 256◊256 images); it provides the option to change kernel profiles; and, the code is based purely
on numpy and pytorch and is written in a simpler way, easier to modify and to customize. Other
differences between the two packages can be found on my web page. We believe these packages can
serve as a convenient tool for many physicists.
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Appendix II: Merger products among
white dwarfs
This appendix is a copy of my paper [118] published in Astrophysical Journal.

Abstract
Double white dwarf (double-WD) binaries may merge within a Hubble time and produce high-mass
WDs. Compared to other high-mass WDs, the double-WD merger products have higher velocity
dispersion because they are older. With the power of Gaia data, we show strong evidence for
double-WD merger products among high-mass WDs by analyzing the transverse-velocity distribution
of more than a thousand high-mass WDs (0.8–1.3 M§ ). We estimate that the fraction of double-WD
merger products in our sample is about 20%. We also obtain a precise double-WD merger rate and
its mass dependence. Our merger rate estimates are close to binary population synthesis results
and support the idea that double-WD mergers may contribute to a significant fraction of type Ia
supernovae.

Introduction
During the last few decades, there has been increasing evidence showing that a large number of
double white dwarf (double-WD) systems should merge within a Hubble time [e.g., 119–125]. Many
double-WD mergers are believed to produce new white dwarfs with higher masses [e.g., 126]. So, a
fraction of high-mass white dwarfs in the solar neighborhood are expected to be double-WD merger
products [e.g., 127, 128]. To verify the existence of these merger products, some investigators have
looked for an excess of high-mass white dwarfs [129–131], and others have searched for kinematic
signatures of these merger products [132, 133]. The kinematic method makes use of the following
facts: high-mass double-WD merger products are in general older than singly-evolved white dwarfs
because of their binary evolution, and according to the age–velocity-dispersion relation (AVR) of the
Milky-Way disc [e.g., 134], these older double-WD merger products have higher velocity dispersion.
The former method, based on number counts, is influenced by large systematic errors from the
adopted initial–final-mass relation of white dwarfs and the sample completeness. In contrast, the
kinematic method is less influenced by systematic errors, but it was limited by the sample size of
white dwarfs with kinematic measurements.
Thanks to the European Space Agency Gaia mission [135], the number of stars with precise
kinematic measurements has been enlarged drastically. Cheng et al. [136] selected a deep, homogeneous sample of white dwarfs in a narrow mass range (1.08–1.23 M§ ) from Gaia Data Release 2
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[DR2; 137] to investigate the ‘Q branch’, an overdensity of white dwarfs on the Hertzsprung–Russell
(H–R) diagram, which is caused by a cooling anomaly. As a byproduct of their kinematic analysis,
the fraction of double-WD merger products among white dwarfs in their mass range were inferred
to be about 22%, and they reserved the task of conducting an analysis optimized for detecting
double-WD merger products and the discussion on this topic to this paper.
In this paper, we extend the kinematic analysis of high-mass white dwarfs to a wider mass range
and adopt a more realistic delay-time distribution for binary evolution. We estimate the fractions of
double-WD merger products as a function of mass and calculate the corresponding merger rates.
We then compare our results to predictions from binary population synthesis. We also discuss
the implication of our results for the progenitor problem of type Ia supernovae (SNe Ia), as the
double-WD merger is a promising scenario of type Ia supernova explosions [e.g., 138, 139].

Data
Gaia DR2 provides accurate astrometric [140] and photometric [141, 142] measurements for more
than one billion of stars. To search for the kinematic signature of double-WD merger products
efficiently, we select nearby, high-mass, hot white dwarfs with precise astrometric and photometric
measurements from the Gaia DR2 white dwarf catalog compiled by Gentile Fusillo et al. [143].
Below, we introduce in detail our sample selection and the derivation of white dwarf parameters.
cut

We first impose the same quality cuts as equations (1)–(5) in Cheng et al. [136] and a distance
1/È < 250 pc

(V.1)

to select white dwarfs with high-precision astrometric and photometric measurements. These cuts
do not introduce any explicit kinematic biases to our white dwarf sample.
Then, as the kinematic signature of double-WD merger products most outstanding among
high-mass, hot (young-photometric-age) white dwarfs, we carry out selections on the photometric
mass (mWD ) and age (·phot ) of white dwarfs. These cuts, equivalent to cuts on the H–R diagram,
are designed to both maximize the sample size and minimize contamination from the standard-mass
helium-atmosphere white dwarfs [the ‘B branch’, 144]:
0.8 M§ < mWD < 0.9 M§ ,

0.1 Gyr < ·phot < 0.7 Gyr ;
or

0.9 M§ < mWD < 1.28 M§ ,

0.1 Gyr < ·phot < 1.0 Gyr .

(V.2)

The white dwarf parameters mWD and ·phot are derived in the following way. First, we define
the absolute magnitude MG as MG = G + 5 log(È/mas≠1 ) ≠ 10, where G and È are the G-band
magnitude and parallax. Then, we convert the H–R diagram coordinate into mWD and cooling time
tcool by interpolating a grid of cooling tracks for C/O-core DA (hydrogen atmosphere) white dwarfs
[145] and synthetic colors [146–148].12 For white dwarfs heavier than 1.07 M§ we use cooling tracks
1

http://www.astro.umontreal.ca/~bergeron/CoolingModels/.
We made a python 3 package for this kind of transformation publicly available on https://github.com/
SihaoCheng/WD_models.
2
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Figure V-2. H–R diagram of WDs in Gaia DR2. We show the 250 pc sample of WDs with high-quality
measurements and a grid of WD masses mWD and photometric ages ·phot derived from the combined
O/Ne- and C/O-core WD cooling model. WDs evolve along their cooling tracks, i.e., the constant-mass
curves. The red region includes 1395 nearby, high-mass, hot WDs selected in Section 5.
of O/Ne white dwarfs [149]. Finally, the photometric age ·phot is obtained by adding the cooling
time tcool to the main-sequence age, which we calculate based on an initial–final mass relation
[150] and the relation between pre-cooling time and main-sequence mass from Choi et al. [151] for
non-rotating, solar-metallicity stars.
As shown by Cheng et al. [136], the ‘Q branch’ on the H–R diagram is produced by an anomalous
cooling behavior: some white dwarfs stop cooling and stay on the branch for several billion years,
which creates both an overdensity and a high-velocity excess. To avoid modelling the influence
of this cooling delay on the velocity distribution and only focus on the binary-evolution delay for
double-WD mergers, we exclude the ‘Q branch’ region on the H–R diagram by the cut
MG < 12.7 .

(V.3)

We also apply a color cut at the blue end to control the uncertainty of photometric mass and age
determination
GBP ≠ GRP > ≠0.6 .

(V.4)

The selection region on the H–R diagram and 1395 selected white dwarfs3 are shown in Figure V-2.
We divide our selected sample into five mass bins, based on the aforementioned photometric
mass (assuming C/O-core below 1.07 M§ and O/Ne-core above it). The edges of bins are 0.8, 0.9,
3

A catalog of all selected white dwarfs is available on VizieR and on the website: https://sihaocheng.github.
io/DWDmerger.
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1.0, 1.1, 1.2, and 1.28 M§ . If some white dwarfs heavier than 1.07 M§ are believed to still hold C/O
cores instead of O/Ne cores, such as massive double-WD merger products [e.g., 152], then for those
white dwarfs the mass bins correspond to 0.8, 0.9, 1.0, 1.14, 1.24, and 1.32 M§ . The sample sizes in
these mass bins are 408, 431, 323, 176, and 57, respectively. Because of the absolute-magnitude
cut and blue color limit, the photometric-age ranges for the five samples are different. We estimate
them to be 0.42, 0.82, 0.86, 0.66, and 0.42 Gyr, respectively.
We estimate the completeness of our sample with the completeness–magnitude relation, c(G),
derived in Sollima [153] by randomly selecting 180 regions in the sky and comparing Gaia DR2
and PanSTARRS DR2 catalogs. His estimate is similar to that given by comparing Gaia DR2 and
Hubble Space Telescope images around globular clusters [154]. So, we adopt the relation in Figure
1 of Sollima [153] and calculate for each mass bin the average completeness, 1/c≠1 (Gi ), where Gi
represents the G-band magnitude of a single star. The resulting completeness is 88%, 80%, 79%,
79%, and 80%, respectively. In addition, we find that our quality cuts only exclude less than 5% of
the objects, given the distance and H–R diagram cuts in Equations V.1–V.4.
Finally, we derive the kinematics of white dwarfs, which are related to the true ages of white
dwarfs through the age–velocity-dispersion relation. Because Gaia does not provide radial velocity
information for white dwarfs due to the narrow wavelength coverage of its spectrometer [135], we
focus on the two components of transverse velocity vT = (vl , vb ):
µl ≠ (A cos 2l + B) cos b
,
È
µb + A sin 2l sin b cos b
vb =
,
È
vl =

(V.5)
(V.6)

where µl and µb are the proper motion in the Galactic longitude and latitude directions, and A and
B are the Oort constants taken from Bovy [155].

Model
Our goal is to measure the amount of double-WD merger products among high-mass white dwarfs
using the kinematic information. According to the age–velocity-dispersion relation, a group of stars
with older true stellar age (· ) has higher velocity dispersion. On the other hand, one can derive the
photometric isochrone age (·phot ) of white dwarfs from the H–R diagram. If a white dwarf evolves
in isolation, ·phot should be equal to · , whereas if it originates from a double-WD merger event,
then an age discrepancy,
t © · ≠ ·phot ,
(V.7)
will be created from binary evolution. In general, a white dwarf produced from binary evolution
may have positive or negative t, but for double-WD mergers with high total mass, the discrepancy
is almost always positive [128]. So, for a given ·phot , double-WD merger products are older and
have higher velocity dispersion.
Following Wegg & Phinney [132] and Cheng et al. [136], we assume that the double-WD merger
‘resets’ the white dwarf back to a sufficiently high temperature, so that the real cooling time is equal
to the photometric cooling time. Then, t can also be expressed as the difference of pre-cooling
times between the two evolutionary scenarios, t = (· ≠ tcool ) ≠ (·phot ≠ tcool ), where tcool is
the cooling time, and the first item · ≠ tcool is sometimes called the ‘delay time’ of double-WD
merger. It has been widely used that the distribution of the age discrepancy, p( t), for double-WD
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Table V-I. Measurements of the Double-WD (DWD) Merger Rate and Type Ia Supernovae (SNe Ia)
Rate
Reference
This work

This work (total)
Maoz et al. [124]
Brown et al. [125]
Li et al. [159]

Event Rate
(10≠13 M§≠1 yr≠1 )
0.20 ± 0.06
0.23 ± 0.06
0.32 ± 0.06
0.28 ± 0.07
0.07 ± 0.04
1.1 ± 0.3
6.3 ± 1.0
0.3 ± 0.2
1.0 ± 0.3

Event Type

Based on

DWD mergers with 0.8–0.9 M§
DWD mergers with 0.9–1.0 M§
DWD mergers with 1.0–1.14 M§
DWD mergers with 1.14–1.24 M§
DWD mergers with 1.24–1.32 M§
DWD mergers with 0.8–1.32 M§
All DWD mergers
DWD mergers with ELM WD
SNe Ia in Milky-Way-like galaxies

Merger products
among single WDs

same as above
DWD orbits
DWD orbits
Extra-galactic SNe

mergers with high total masses is approximately a power law, i.e., p( t) ¥ t≠1 [156], because the
binary delay time · ≠ tcool is dominated by the double-WD phase when the orbit shrinks due to
gravitational-wave emission, and the single-star pre-cooling time ·phot ≠ tcool is negligible. However,
in our mass ranges, none of the two statements are valid. So, we use more realistic distributions for
t, with the binary delay-time distribution, p(· ≠ tcool ), obtained from binary population synthesis
(see 5 for details) and the values of ·phot ≠ tcool from Section 5.
We consider our white dwarf sample as a mixture of two populations: singly-evolved white
dwarfs and double-WD merger products4 , with fractions 1 ≠ fm and fm , respectively. If fm is higher,
the tail of the velocity distribution will also be higher, because the double-WD merger products
are on average older. For the velocity distribution, we assume that stars with the same true age ·
have a Gaussian velocity distribution v ≥ N (v0 (· ), (· )) relative to the Sun [e.g., 157]. The size
of this Gaussian distribution is determined by · through the age–velocity-dispersion relation, and
the center of this Gaussian distribution is determined by the solar motion and the age-dependent
asymmetric drift (‡U (· )2 /80 km s≠1 ).
We use the same Bayesian framework as constructed by Cheng et al. [136] to infer the fraction
fm from the photometric age ·phot and transverse velocity vT of each white dwarf. This model uses
the conditional probability of vT given ·phot and other observables as the likelihood function, and
thus it eliminates spatial selection biases. In the model, we set fm and the solar motion as free
parameters and adopt the best-fitting age–velocity-dispersion relation in Cheng et al. [136], a flat
star-formation history in our sample volume, and the delay-time distribution of double-WD mergers
shown in the 5. We do not need to model the ‘extra cooling delay’ included in Cheng et al. [136]
because this delay has no effect in our selected region. We do not include white dwarf kick effects
in our model, because for single-evolved white dwarfs, the kick velocity during the white dwarf
formation is less than 1 km s≠1 [158], and for double-WD mergers, the kick velocity during merger
is a few km s≠1 [e.g., 152], which have only a tiny contribution to the increase of velocity dispersion
compared to the contribution from the binary-evolution delay.
4

The high-mass white dwarfs originating from other types of mergers such as main-sequence and giant star mergers
have much shorter age discrepancy t than that of double-WD mergers. So, in terms of kinematics, we treat the
merger products of other types the same as singly-evolved white dwarfs.
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The binary population synthesis
Here we describe the binary population synthesis that we use in this paper to derive the delay-time
distribution. The models are synthesized using the binary population synthesis code SeBa [160, 161].
The models are identical to the default models used in [127]. We have adopted a Kroupa initial
mass function [162] and a uniform mass ratio distribution between 0 and 1 [163, 164]. Furthermore,
we assume a uniform distribution in the logarithmic semi-major axis up to 106 R§ [165], and a
thermal distribution of eccentricities between 0 and 1 [166].
One of the main sources of uncertainty in the synthetic populations [167] is a phase of unstable
mass transfer, i.e., the common-envelope (CE) phase [for a review, see 168]. Similar to [127], we
apply the ‘“–’ model. This model reproduces the mass ratio distribution [161] and number density
[127] of double-WD systems best. In the ‘“–’ model, we apply the classical (–-)CE that is based on
energy conservation [139], and the (“-)modelling that is based on a balance of angular momentum
[169]. Regarding the former the parameters –⁄ = 2 describe how efficient orbital energy can be used
to unbind the envelope and how strong the envelope is bound to the donor star, and regarding the
latter the parameter “ = 1.75 describes the efficiency of angular momentum usage. The “-modelling
is applied unless the binary contains a compact object or the CE is triggered by a tidal instability.
We note that for our purpose to compare the merger rate, the delay-time distribution of the ‘“–’
model does not significantly differ from that of the model that exclusively adopts the –-CE with
–⁄ = 2 [see 161].
Figure V-3 shows the delay-time distributions in five mass bins, which are used in our kinematic
analysis. For the synthesized merger rates shown in Figure V-6, we in addition assume a 50% binary
fraction of all stars [see also 164, 170].

Results and Discussions
Constraints on the fraction of merger products
With a thirty-time larger sample of high-mass white dwarfs selected from Gaia DR2, we are allowed
to go beyond Wegg & Phinney [132] and set strong constraints on fm . Figure V-4 illustrates the
transverse-velocity distribution of white dwarfs in our sample. The clear velocity excess is strong
evidence for the existence of double-WD merger products. For clarity we only show the distribution
of the whole sample, i.e., the combination of all five mass bins, but similar results can be found in
each single mass bin, too. In Figure V-5, we show our estimate of fm in each mass bin. We find that
the fraction of double-WD mergers in our mass range of 0.8–1.3 M§ varies from 10% to 35%, with
an average of about 20%. This fraction is roughly constant as a function of mass, though declines
at the two end are suggested.
To test the robustness of our results, we check for the influence of sample selection, the adopted
star-formation history, and the adopted age–velocity-dispersion relation in our model. We found
that a different distance cut such as 200 or 300 pc cuts and a linearly decreasing star-formation
history with 5 times higher rate at 11 Gyrs ago have less than 20% fractional influence on the
estimate of fm . For the influence of the age–velocity-dispersion relation, our results are mostly
influenced by the 0–4 Gyr part, where the delay-time distribution is peaked. Adopting the high
velocity dispersion from Just & Jahreiß [171] as used by Wegg & Phinney [132] will reduce fm
by a factor of 2, but given the observational constraints from both main-sequence stars [e.g., 134]
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Figure V-3. Delay-time distributions of double-WD mergers used in our model. These distributions
are generated from binary population synthesis. The x-axis is the delay time of binary evolution, i.e.,
· ≠ tcool for the resulting white dwarf. The y-axis is in linear scale and normalized to their maximum
values. We input to our model the shapes of these five distributions as probability distribution and do
not use the information from their normalization.
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Figure V-4. Velocity distribution of our white dwarf sample. We show the sample of white dwarfs from
all five mass bins (0.8–1.3 M§ ) as an example. vl and vb in the left and right panel of the figure means
the Galactic longitude and latitude components of the transverse velocity. We present the observed
histograms of the absolute values of vl and vb in 20 bins between 0 and 100 km s≠1 and Poisson errors.
We also show the theoretical velocity distributions for fm = 0, 1, and the average of best-fitting values
weighted by the sample size in each mass bin, which is about 0.2. Note that the y-axes are in logarithmic
scale.

Figure V-5. Our estimates for the fraction of double-WD merger products among high-mass white
dwarfs, in five bins of white dwarf photometric mass. The sample sizes in these mass bins, from lower to
higher masses, are 408, 431, 323, 176, and 57, respectively.
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and white dwarfs [136], such high values of velocity dispersion are unlikely. The effect of adopted
delay-time distribution can be seen from the comparison between our results in the mass range of
1.08–1.23 M§ and that of Cheng et al. [136]: adopting a power-law delay-time distribution leads to
a result about 30% lower. So, we estimate the fractional systematic error of our results as 30% (a
factor of 0.7–1.3). Our estimate of fm is consistent with population synthesis results [128].

Double-WD merger rate
The fraction of double-WD merger products (fm ) obtained in Section 5 can be translated into
double-WD merger rates. Because our sample is nearly volume limited, the merger rate in each
mass bin can be estimated by
merger rate =

fm · N
,
mı · ·phot · c

(V.8)

where N is the sample size of each mass bin (listed in the caption of Figure V-5), mı the stellar
mass of the Milky Way within 250 pc. ·phot and c are the photometric-age range and sample
completeness of each mass bin, which are estimated in Section 5. The stellar mass mı is estimated
to be 4.1 ◊ 106 M§ , using the local stellar mass density ﬂı = 0.083 M§ pc≠1 [172] and a scale-height
300 pc of the disc. We list our estimate of the current double-WD merger rate in each mass bin in
Table V-I. The total merger rate in our mass range (0.8–1.3 M§ ) amounts to 1.1◊10≠13 M§≠1 yr≠1 . To
make comparison with other measurements easier, we also divide these values by their corresponding
mass ranges and show the results in Figure V-6. Note that the mass range of each bin here is slightly
different from that in Figure V-5, because we adopt the photometric masses derived from CO white
dwarf models (see Section 5 and Table V-I for details).
There are several factors that may lead us to underestimating the merger rate within our mass
range. For example, we take the mass of the merger products as the total mass of the original
double-WD binary. This is true for CO-CO white dwarf mergers [e.g., 152] but not for He-CO white
dwarf mergers, which may lose significant amount of mass during the R Coronae Borealis phase and
produce white dwarfs with 0.6–0.7 M§ [173]. So, we are likely to underestimate the merger rate of
systems with original mass below 1.0 M§ , where He-CO white dwarf mergers become important.
Similarly, we will miss explosive and disruptive merger events if there be any such events in our
mass range, and events that result in extremely magnetic and faint white dwarfs [174] if there be
such objects produced.
In Figure V-6 we also show the merger rate from binary population synthesis, with a flat
star-formation history assumed. If a decreasing star-formation rate was assumed, as the delay-time
distribution is low for mergers with a long delay time, the synthesis would predict a lower current
merger rate than plotted in Figure V-6. Details of the population synthesis are shown in 5. We
find that the synthesized merger rates are close to our observational estimates without any tuning
of parameters. Note that in our analysis of Gaia white dwarfs, we only use the distribution of the
delay time but never use the total merger rate information from the population synthesis. So, the
match between the observed and synthesized merger rate is not a circular argument but rather a
validation of our understanding of binary evolution.
Then, we compare our results with other estimates of the double-WD merger rate in the
literature. While we count the products of mergers, other estimates are obtained by observing
pre-merger systems and predicting the merger rate. Maoz et al. [124, 175], Badenes & Maoz [123],
and Maoz & Hallakoun [176] extrapolate the orbital distribution of double-WD binaries to estimate
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Figure V-6. A comparison of the observed and simulated double-WD merger rate. The red data points
with error bars are our observational estimates based on double-WD merger products. The histogram
shows binary population synthesis results. Other data points show estimates in the literature based
on the orbital distribution of observed double-WD systems: the light-grey one is an estimate for all
double-WD mergers [124], and the green one is for systems with at least one extremely low-mass (ELM)
WD [125], which provides a lower limit of the merger rate. The blue data point shows the observed SN
Ia rate. Comparisons between a data point and the histogram should be made in terms of the area under
the horizontal ‘error bar’ of the data point and the area under the histogram in the same mass range.
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the total double-WD merger rate, with an up-to-date estimate being (6.3 ± 1.0) ◊ 10≠13 M§≠1 yr≠1 .
Brown et al. [125, 177] estimate the merger rate of double-WD binaries with at least one extremely
low-mass (ELM; <0.3 M§ ) white dwarf to be 2 ◊ 10≠3 yr≠1 in the milky way, corresponding to
0.3 ◊ 10≠13 M§≠1 yr≠1 , with a 110% uncertainty including 70% statistical uncertainty. In Table V-I
we list these values. In Figure V-6 we assign reasonable mass ranges to these measurements and
present the results. For the result from Maoz et al. [124], we assign 0.4–2.3 M§ according to the
mass distribution in our binary population synthesis, and for the result from Brown et al. [125],
we assign 0.7–1.3 M§ according to the mass distribution of ELM binaries [178]. All data points
on Figure V-6 should be understood as the averaged merger rate within the assigned mass range.
As these measurements address the merger rates of systems in different mass ranges, one cannot
compare them directly. But, if we are allowed to use the mass distribution from binary population
synthesis to scale these estimates, we will find that the merger rate obtained by Maoz et al. [124]
is about 2–3 times of our estimates, and the estimate from Brown et al. [125] is consistent with
our results, as illustrated in Figure V-6. As discussed in Maoz et al. [124], if the merger rates are
as high as their estimate, almost all high-mass white dwarfs will need to be double-WD merger
products, which is hard to believe given the velocity distribution we observe. Nevertheless, it is
noticeable that the observational constraints of the double-WD merger rate from different methods
have converged to within a factor of a few.
In summary, our estimates of the double-WD merger rate add significant precision and mass
resolution to our knowledge of the double-WD merger rate and provide a validation for current
binary population synthesis.

Implication for type Ia supernovae
Type Ia supernovae are important distance indicators, element factories, interstellar medium heaters,
and cosmic-ray accelerators, but their progenitors remain unclear [e.g., 179]. The double-WD merger
is a promising scenario of type Ia supernova [e.g., 138, 139, 156, 180–186]. The comparison between
double-WD merger rate and the type Ia supernova rate is a critical test from this scenario. When a
flat star-formation history is assumed, our population synthesis (5) provides a merger rate of about
0.3 ◊ 10≠13 M§≠1 yr≠1 for super-Chandrasekhar double-WD systems, which is about 1/7 of the total
synthesized double-WD merger rate and consistent with previous studies [e.g., 187, 188]. For the
D6 (dynamically driven double-degenerate double-detonation) scenario [e.g., 184], a lower rate is
obtained, because it requires in general higher total mass of the system [see figure 2 of 189].
On the other hand, the observed type Ia supernova rate for a Milky-Way-like galaxy (Sb-Sbc type)
is (1.0 ± 0.3) ◊ 10≠13 M§≠1 yr≠1 [159], or 1.3 ◊ 10≠3 M§≠1 in terms of a time-integrated rate [190].
This is close to, though 2–3 times higher than, the synthesized rate for the super-Chandrasekhar and
D6 double-WD merger scenario. As discussed in Section 5, our estimates of the double-WD merger
rate within 0.8–1.3 M§ are in agreement with population synthesis results. So, if we are allowed to
extrapolate the merger rate to higher masses according to the mass distribution of mergers from
simulations, then
• our measurements support the idea that double-WD mergers can contribute a significant
fraction to type Ia supernovae;
• if all type Ia supernovae come from double-WD mergers, it seems that there exist other
explosion mechanisms whose requirement on the total mass of the binary is lower than that of
the Chandrasekhar- and D6 explosion models.
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Conclusion
The merger of two white dwarfs in a close binary system may result in a new white dwarf with
higher mass. Therefore, among the high-mass white dwarfs observed today, a fraction should come
from double-WD mergers. Experiencing binary evolution, these merger products have older true
ages than their photometric isochrone ages. According to the age–velocity-dispersion relation in the
Milky-Way disc, older stars have higher velocity dispersion. So, the fraction of double-WD merger
products (fm ) can be estimated from the velocity distribution of high-mass white dwarfs.
We select a homogeneous sample of high-mass white dwarfs (0.8–1.3 M§ , d < 250 pc) from Gaia
DR2, which includes 1395 objects. Our sample is about thirty times larger than that of a previous
study with a similar idea [132]. We infer fm in five mass bins using a Bayesian model of white dwarf
transverse velocities. We find
1. about 20% of 0.8–1.3 M§ white dwarfs originate from double-WD mergers;
2. the corresponding double-WD merger rates in our mass range add up to 1.1 ◊ 10≠13 M§≠1 yr≠1 .
We show fm and the merger rate as a function of mass in Figures V-5 and V-6, respectively. We
estimate our systematic error to be within 30%, i.e., a factor of 0.7–1.3. Our results are in good
agreement with the predictions from binary population synthesis (see 5 for setting details).
Our estimates add significant precision and mass resolution to our knowledge of the double-WD
merger rate. If it is allowed to extrapolate the estimates to a higher mass range, our results suggest
that double-WD mergers can contribute to a significant fraction of type Ia supernovae.
In a few years, the increasing astrometric and photometric precision provided by future Gaia
data releases and the radial velocity measurements of white dwarfs by future surveys such as SDSS-V
[e.g., 191] will enlarge the available sample size of high-mass white dwarfs and allow for even tighter
constraints. We are starting to be able to reliably and precisely compare the observed double-WD
merger rates with binary population synthesis, which will shed light upon the progenitor problem of
type Ia supernovae.
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Appendix III: A cooling anomaly of
white dwarfs
This appendix is a copy of my paper [136] published in the Astrophysical Journal.

Abstract
Recently, the power of Gaia data has revealed an enhancement of high-mass white dwarfs (WDs)
on the Hertzsprung–Russell diagram, called the Q branch. This branch is located at the high-mass
end of the recently identified crystallization branch. Investigating its properties, we find that the
number density and velocity distribution on the Q branch cannot be explained by the cooling delay
of crystallization alone, suggesting the existence of an extra cooling delay. To quantify this delay,
we statistically compare two age indicators – the dynamical age inferred from transverse velocity,
and the photometric isochrone age – for more than one thousand high-mass WDs (1.08–1.23 M§ )
selected from Gaia Data Release 2. We show that about 6 % of the high-mass WDs must experience
an 8 Gyr extra cooling delay on the Q branch, in addition to the crystallization and merger delays.
This cooling anomaly is a challenge for WD cooling models. We point out that 22 Ne settling in
C/O-core WDs could account for this extra cooling delay.

Introduction
Until recently, explorations of the white dwarf region in the Hertzsprung–Russell (H–R) diagram
were severely limited by the number of objects with available distance estimates. The European
Space Agency Gaia mission [135] has changed this situation drastically. Gaia is an all-sky survey of
astrometry and photometry for stars down to 20.7 magnitude. The H–R diagram of white dwarfs
generated by Gaia Data Release 2 (DR2) reveals three branch-like features, called the A, B, and
Q branches5 in Figure 13 of Gaia Collaboration et al. [137]. The A and B branches have been
understood as standard-mass white dwarfs (mWD ≥ 0.6 M§ ) with hydrogen-rich and helium-rich
atmospheres, respectively [e.g., 192]. However, the Q branch, as an enhancement of high-mass white
dwarfs (mWD > 1.0 M§ ), is still not fully understood. This is a challenge to current white dwarf
evolutionary models and an opportunity for studying high-mass white dwarfs.
On the H–R diagram, white dwarfs evolve along their cooling tracks. Unlike the A and B
branches, the Q branch is not aligned with any cooling track or isochrone, suggesting that it is
5

Named after the presence of DA, DB, and DQ white dwarfs [137], respectively. DA white dwarfs have hydrogen
lines in their spectr, DB and DQ white dwarfs have helium and carbon lines, respectively.
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caused by a delay of cooling instead of a peak in mass or age distribution. This cooling delay makes
white dwarfs pile up on the Q branch. The Q branch coincides with the high-mass region of the
crystallization branch identified by Tremblay et al. [193]. As a liquid-to-solid phase transition in the
white dwarf core, crystallization releases energy through latent heat [e.g., 194] and phase separation
[e.g., 195–197], which can indeed create a cooling delay. However, the observed pile-up on the Q
branch is higher and narrower than expected from the standard crystallization models [193, figure
4], suggesting that an extra cooling delay may exist in addition to crystallization.
In this paper, we investigate this cooling anomaly using kinematic information of high-mass
white dwarfs in Gaia DR2. In Section 5 we describe our white dwarf sample; in Section 5 we
show strong evidence for the existence of an extra cooling delay on the Q branch; in Section 5 we
build a model for the white dwarf velocity distribution and use our Gaia sample to constrain the
properties of this cooling anomaly; in Section 5 we present the best-fit values of these properties
and as a byproduct of our model of our analysis, the fraction of double-WD merger products among
high-mass white dwarfs; in Section 5 we show that 22 Ne settling in massive C/O-core white dwarfs
is a promising physical origin of this extra cooling delay; in Section 5 we examine other aspects
of the Q brancn, which provide evidence that the extra delayed white dwarfs are also double-WD
merger products; and in Section 5 we conclude on our findings.

Data
We use data from Gaia DR2 [144], which for the first time provides parallaxes È and proper motions
µ that are derived purely from Gaia measurements [140]. Gaia DR2 also provides Vega magnitudes
of three wide passbands [141, 142]: the G band spans from 350 to 1000 nm, and the GBP and GBP
bands are mainly the blue and red parts of the G band, separated at the H– transition [135].

Quality cuts
Gentile Fusillo et al. [143] have compiled a catalog of Gaia DR2 white dwarfs based on the Gband absolute magnitude, Gaia color index, and some quality cuts. To select white dwarfs with
high-precision measurements, we further apply the following quality cuts:
‡GBP ≠GRP < 0.10 ,

‡µ /È < 2 km s

(V.9)
≠1

parallax_over_error > 8 ,

,

(V.10)
(V.11)

astrometric_excess_noise < 1.5 ,

(V.12)

phot_bp_rp_excess_factor < 1.4 ,

(V.13)

1/È < 250 pc ,

(V.14)

where the color error ‡GBP ≠GRP is the combined photometric errors in GBP and GRP bands, the
proper motion error ‡µ is the combined error originating from its two components, and È is the
parallax from Gaia DR2. These cuts are designed to balance data quality and sample size. They do
not introduce explicit kinematic biases, which is necessary for our analysis below. While the main
sample used in our study uses white dwarfs within 250 pc, we will also occasionally use a subsample
of white dwarfs located within 150 pc to clearly show number density enhancements.
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Kinematic and physical parameters of white dwarf
Our analysis requires white dwarf absolute magnitude, color index, and the two components of
transverse velocity vT = (vl , vb ) in Galactic longitude and latitude directions. Except for the color
index GBP –GRP , which is directly read from the bp_rp column in Gaia DR2, we derive the other
quantities in the following way:
MG = G + 5 log(È/mas) ≠ 10 ,
µL ≠ (A cos 2l + B) cos b
vl =
,
È
µB + A sin 2l sin b cos b
vb =
,
È

(V.15)
(V.16)
(V.17)

where G and È/mas are read from Gaia DR2 columns phot_g_mean_mag and parallax, µL and
µB are converted from columns ra, dec, pmra, and pmdec with the coordinate conversion function
in the astropy package [198, 199], and A and B are the Oort constants taken from Bovy [155]. We
do not correct for extinction because within the distance cut, extinction is in general tiny and there
is no accurate estimate for it. To avoid the influence of hyper-velocity white dwarfs, we further
impose a velocity cut:
vT =

Ò

vl2 + vb2 < 250 km s≠1 .

(V.18)

We point out that Gaia does not provide any useful radial velocity information for white dwarfs as
they have no spectral lines in the 845–872 nm wavelength range of Gaia’s spectrometer [135].
We then derive white dwarf photometric isochrone ages and masses from the H–R diagram
coordinates:
(GBP –GRP , MG ) æ (·phot , mWD ) ,
(V.19)

based on a single-star evolution scenario and white dwarf cooling models6 . We estimate the mainsequence (MS) ages with an initial–final mass relation [150] and the relation between pre-WD
time and main-sequence mass from Choi et al. [151] for non-rotating, solar-metallicity stars. For
high-mass white dwarfs, the pre-WD ages are negligible. As for white dwarf cooling, we use a table
of synthetic colors for pure-hydrogen atmosphere [146–148] and a grid of cooling tracks for C/O-core
white dwarfs with “thick” hydrogen layers [145]7 . In order to convert any H–R diagram coordinate
into ·phot and mWD , we linearly interpolate between grid points. Stellar models show that in the
single-star-evolution scenario, white dwarfs with a mass higher than about 1.05–1.10 M§ have
oxygen+neon (O/Ne) cores [e.g., 200, 201]. So, we combine the cooling tracks of mWD Æ 1.05 M§
C/O white dwarfs with the four cooling tracks of mWD Ø 1.10 M§ O/Ne white dwarfs [149].
The O/Ne white dwarf model only gives slightly lower mass estimates than the C/O white dwarf
model (e.g., 1.08–1.23 M§ in the combined model corresponds to 1.10–1.28 M§ in the C/O-only
model), and their estimates of the photometric ages ·phot are similar for the white dwarfs we are
interested in (·phot < 3.5 Gyr). Switching between thick-hydrogen, thin-hydrogen, and helium
atmosphere [202] models does not significantly change the photometric-age estimate of our sample
either.
6
7

We have made this tool a publicly available python 3 module on https://github.com/SihaoCheng/WD_models
http://www.astro.umontreal.ca/~bergeron/CoolingModels/.
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Mass, age, and Q-branch selection
In Figure V-7 we show the selected white dwarfs on the H–R diagram. In the top right panel, we
use the 150 pc sample to show the density distribution with a higher contrast. The Q branch is a
factor-two enhancement at around ≠0.4 < GBP –GRP < 0.2 and MG = 13. In the main panel, we
show our main sample within 250 pc, color-coded by their transverse velocities vT with respect to
the local standard of rest. We adopt (U§ , V§ , W§ ) = (11, 12, 7) km s≠1 [203] to correct for the solar
reflex motion. We emphasize the fast white dwarfs (vT > 70 km s≠1 ) in Figure V-7 with larger dots:
they are very likely thick-disk stars. We also plot a grid of photometric age ·phot and mass mWD
derived from the combined O/Ne-core and C/O-core white dwarf cooling model. Cooling tracks are
the curves with constant mWD . White dwarfs with different birth times form a ‘white dwarf cooling
flow’ on the H–R diagram as they move along their cooling tracks.
We focus on the mass range where the Q branch is most prominent. To maximize sample
size and minimize the contamination from standard-mass helium-atmosphere white dwarfs (the B
branch), we impose the following photometric age and mass cuts:
0.1 Gyr < ·phot < 3.5 Gyr,

(V.20)

1.08 M§ < mWD < 1.23 M§ ,

(V.21)

where mWD is derived from the combined cooling model for O/Ne and C/O white dwarfs. This mass
range corresponds to 1.10–1.28 M§ in the C/O-only cooling model. In total, 1070 white dwarfs
are selected by these criteria8 . In this region, the Q branch divides the white dwarf cooling flow
into three segments: the early, Q-branch, and late segments, as shown in Figure V-7. We define the
Q-branch segment by
|MG ≠ 1.2 ◊ bp_rp ≠ 13.2| < 0.2
(V.22)
in addition to the previous photometric-age and mass cuts.

An extra cooling delay on the Q branch
Evidence from the photometric-age distribution
As argued by Tremblay et al. [193], an enhancement not aligned with mass or age grid, such as the
Q branch, should be produced by a slowing down (and therefore a delay) of white dwarf cooling.
Such a cooling delay creates a ‘traffic jam’ in the white dwarf flow, and the Q branch is a snapshot
of this traffic jam. Is crystallization alone enough to explain the cooling delay on the Q branch?
If it is, then the distribution of photometric age ·phot derived from a cooling model including
crystallization effects should no longer carry signatures of the Q branch. However, observations lead
to the antithesis. In Figure V-8 we show the distribution of ·phot in three mass ranges: there is a
mass-dependent enhancement tracing the Q branch, which is consistent with the observation by
Tremblay et al. [193] that the pile-up is higher and narrower than what the standard cooling model
predicts. Evolutionary delays from binary interactions or a peak in star formation rate cannot
explain this mass-dependent enhancement either. Therefore, an extra cooling delay in addition to
crystallization effects (latent heat and phase separation) must exist.
8

A catalog of all selected white dwarfs is available on the website: https://sihaocheng.github.io/Qbranch
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Figure V-7. The H–R diagram of WDs selected from Section 5. In the top right panel we use the 150
pc sample to show the number-density distribution with a higher contrast. The Q branch is marked by
the red arrow. In the main panel, we show our main 250 pc sample color-coded with transverse velocities
vT . Fast WDs (vT > 70 km s≠1 ) are emphasized by large symbols, and high-mass WDs (> 1.08 M§ )
are emphasized by high symbol opacity. The grid of WD mass and photometric age is also plotted (using
the O/Ne model for high-mass WDs). For the mass range marked by dark blue texts, the first (second)
number corresponds to the O/Ne (C/O) model.
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Figure V-8. The normalized photometric age ·phot distribution of high-mass WDs in three consecutive
mass ranges. The mass-dependent peaks trace the position of the Q branch. Crystallization should not
produce any peak on this plot, because the ·phot is calculated from a model including crystallization
effects; the completeness stays high for at least 1 Gyr after the peaks in each mass range, so these
mass-dependent peaks cannot be explained by a peak in the star formation history or by incompleteness.
Therefore, there must be an extra cooling delay piling up WDs on the Q branch.
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Figure V-9. The fraction of fast WDs in different mass ranges (left panel) and for different velocity
cuts (right panel). There are significantly more fast-moving WDs on the Q branch than both before and
after it in terms of photometric age. According to the age–velocity-dispersion relation (AVR), fast WDs
are old. As argued in Section 5, this high fraction of fast WDs on the Q branch can only be explained by
a subset of WDs experiencing an extra cooling delay on the Q branch.

Evidence from the velocity distribution
Observations show that the velocity dispersion of disk stars in the Milky Way is related to the stellar
age · : older stars have higher velocity dispersion than younger stars [e.g., 204]. So, the transverse
velocity vT derived from Gaia DR2 can be used as a ‘dynamical’ indicator of the true stellar age · .
For the Milky Way thin disk, the dispersion of transverse velocity approximately follows a power
law increasing from about 25 km s≠1 at 1.5 Gyr to 55 km s≠1 at around 6–8 Gyr [e.g., 204]; for the
thick disk, the dispersion is about 65 km s≠1 [e.g., 205]. Given this age–velocity-dispersion relation
(AVR), we observe two anomalous things in the velocity distribution of the Q branch:
• There is a strong excess of white dwarfs with vT > 70 km s≠1 in the Q-branch segment, as
shown in Figure V-7. According to the age–velocity-dispersion relation (AVR) mentioned
above, these fast white dwarfs should be old stars. Given that the photometric age on the Q
branch is only 0.5–2 Gyr, these white dwarfs must have experienced an extra cooling delay
for several billion years. In the left panel of Figure V-9 we show that the excess of fast white
dwarfs in the Q-branch segment is clear for mWD > 1.05 M§ ; in the right panel we show that
this excess is is observed for a variety of velocity cuts.
• The fraction of fast white dwarfs in the late segment is lower than that in the Q-branch
segment. This is anomalous, because white dwarfs in the late segment should be older than
those in the Q-branch segment, as long as all white dwarfs follow the same cooling law. The
only way to create such a reverse of fraction is to have more than one white dwarf population
with distinct cooling behaviors.
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A two-population scenario of the extra cooling delay
The simplest scenario that can explain both the number enhancement and velocity anomaly on the
Q branch is to have an extra-delayed population of white dwarfs in addition to a normal-cooling
population. This scenario requires only two free parameters:
• The fraction fextra of the extra-delayed population, and
• The length textra of the extra cooling delay on the branch.
In Figure V-10 we illustrate this scenario by showing the normal-cooling and extra-delayed populations on the H–R diagram. Before the Q branch, the extra-delayed population has no difference from
the normal-cooling population. On the branch, the extra-delayed population has a slower cooling
rate, which causes two effects: (1) its members pile up there, creating a number-density enhancement,
and (2) the photometric ages ·phot of its members start to seem younger than their true ages · ,
creating an age discrepancy. After the branch, the number-density enhancement disappears, but
the age discrepancy remains. A detailed parameterization of this scenario is presented in the next
section. To create the observed reversal of fast white dwarf fraction in the Q-branch and late
segment, the extra-delayed population must have a high number-density contrast between these two
regions, which requires that the population fraction fextra be small and the delay time textra long.
Parameterization of the extra cooling delay
Figure V-11 shows the parameterization of our extra-cooling-delay scenario on the Q branch. The
observed enhancement Aobs in the photometric-age distribution can be expressed as
Aobs ©

non branch
fextra textra
≠ 1 = fextra A =
,
noff branch
tbranch

(V.23)

where A is the intrinsic enhancement for the extra-delayed population itself. tbranch is the average
width of the Q branch in terms of photometric age, i.e., the time for a normal-cooling white dwarf to
pass through the branch. We directly measure this width from Figure V-7 with just the photometric
ages grid and our definition of the Q-branch segment, finding an average value tbranch = 0.74 Gyr.
White dwarfs with the extra cooling delay will spend much more time passing the branch.
When only the enhancement Aobs is used to investigate the Q branch, there is clearly a degeneracy
between fextra and textra in this two-population scenario. Velocity information helps to break this
degeneracy.

Quantitative analysis
Having shown qualitatively the existence of an extra cooling delay on the Q branch, we now attempt
to quantify its properties. We build a statistical model that (i) includes double-WD mergers, (ii)
uses an anisotropic AVR, and (iii) makes use of the full constraining power of the observations.

Merger products among high-mass white dwarfs
Simulations of binary evolution show that double-WD merger products may account for a considerable fraction of high-mass white dwarfs [e.g., 127, 128]. These merger products also have
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Figure V-10. An illustration of the two-population scenario of the Q branch: a normal-cooling population
(blue dots), and a population with the extra cooling delay (red dots). The number density of WDs on the
H–R diagram is determined by the cooling rate, because WDs accumulate where the cooling rate is low.
Here, we use the best-fitting values (fextra = 6% and textra = 8 Gyr) from our later analysis to generate
this mock H–R diagram. An animated version of this figure is available, where blue dots move with the
normal cooling rate, while red dots (the extra-delayed population) move slowly on the Q branch. Each
second in the animation corresponds to 1 Gyr in physical time, and the duration of this animation is 11
seconds. More animations can be found on the website: https://sihaocheng.github.io/Qbranch.
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Figure V-11. A sketch of the extra-delay scenario. The axes are the same as in Figure V-8. Some WDs
are subject to the extra cooling delay and the rest of them are not, corresponding to the extra-delayed
and normal-cooling population in the figure. We also illustrate the quantities of equation V.23.
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Table V-II. Delay scenarios of the three populations. For each population, the delay types are shown
in the upper part of the table, and the total delay time t = · ≠ ·phot for each segment is shown in
the lower part. t, tmerger , and textra are not single numbers but random variables following their
distributions. They are used to calculate the distributions of true ages · from photometric ages ·phot .
Population
(abbreviation)
merger delay
extra cooling delay
early
Q branch
late

single-star evolution
(s)
no
no
0
0
0

extra-delayed
(extra)
yes or no (setup 1 or 2)
yes
tmerger or 0
( textra + tmerger ) or textra
(textra + tmerger ) or textra

merger, no delay
(m)
yes
no
tmerger
tmerger
tmerger

a discrepancy between their true ages and photometric ages due to binary evolution. Therefore,
in order to use the velocity distribution to quantitatively constrain the extra cooling delay, the
merger population must be modeled simultaneously. Constraining the merger fraction is also of
great interest as its value is still a matter of debate [e.g., 124, 129–132]. Therefore, we include the
double-WD merger products in in our model and set their fraction as a free parameter.

Description of the model
In our model, we consider two evolutionary delays: the extra cooling delay, and the merger delay.
Accordingly, we consider three populations of white dwarfs with different combinations of the two
delays:
• A generic population of singly evolved white dwarfs that follows normal cooling, denoted by
‘s’;
• A double-WD merger population9 with systematic age offsets due to the merger delay and
with a normal cooling, denoted by ‘m’;
• A population with the extra cooling delay, denoted by ‘extra’.
Their delay scenarios are listed in Table V-II. For simplicity, we only explore the two extreme
situations for the extra-delayed population, where
• Setup 1: all members of the extra-delayed population also have the merger delay;
• Setup 2: no members of the extra-delayed population have the merger delay.
The distribution function p(y) of observables y for all white dwarfs can be written as a weighted
average of the distribution for each population:
p(y) = fs ps (y) + fm pm (y) + fextra pextra (y) ,
9

(V.24)

We only consider the double-WD mergers because in our mass range, other merger products such as those from
MS–RG, MS–MS, and MS–WD mergers usually only have < 0.2 Gyr delay and therefore are indistinguishable from
the singly evolved white dwarfs in terms of kinematics.
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where the weight f denotes the fraction of each population, satisfying fs + fm + fextra = 1 .
Our goal is to use observations to constrain two independent population fractions and the delay
time of the extra cooling delay:
fm , fextra , and textra ,
(V.25)
the last of which is encoded in the distribution pextra (y). We have two sets of observables y: the
transverse velocities vT , and the photometric ages ·phot . They are connected by the AVR p(v|· )
and the delay scenario of each population (listed in Table V-II). The delay
t © · ≠ ·phot

(V.26)

includes contributions from the extra-cooling and/or the merger delays. We build a Bayesian model
based on Equation V.24 to constrain the aforementioned parameters. Our model is similar to that of
Wegg & Phinney [132], but we include the extra-delayed population and use a much larger sample.
In addition, to avoid the need for modeling selection effects, we derive our constraints from the
velocity distribution conditioned on observables other than velocity:
p(v|other observables) = p(vT |·phot , mWD , l, b) .

(V.27)

The details of this statistical technique and the Bayesian framework of our model are shown in 5.
The free parameters in our model include the population fractions fm and fextra , the extra delay
time textra , parameters for the AVR, and solar motion. Although constraints on the AVR and solar
motion already exist, treating them also as free parameters can avoid potential systematic errors,
and the comparison of our best-fitting values with the existing values allows us to check the validity
of our method.
Below, we list the main assumptions and simplifications in our model:
1. We assume that upon entering the Q-branch segment, all members of the extra-delayed
population suddenly slow down their cooling by a constant factor, and upon leaving the branch,
the cooling rates suddenly resume, so that this extra cooling delay can be parameterized by
just its length textra and population fraction fextra . The resulting delay-time distribution is
described in Section 5.
2. The velocity distribution of white dwarfs is a superposition of 3D Gaussian distributions as a
function of age · , i.e. p(v|· ) = N (v0 (· ), (· )). The details of this Gaussian velocity model
are shown in 5.
3. The true-age distribution of high-mass white dwarfs within 250 pc is uniform up to 11 Gyr,
i.e. · ≥ U [0, 11 Gyr].
4. For the double-WD merger products, we follow Wegg & Phinney [132] and assume that the
resulting white dwarf is reheated enough that its cooling age after the merger is almost equal
to the photometric cooling age. We also assume a fixed delay-time distribution for double-WD
mergers (see Section 5) and a parameterization of the AVR (see Section 5).

Delay-time distributions
The three white dwarf populations in our model are defined by their different delay signatures t,
which concern the extra cooling delay textra and double-WD merger delay tmerger . The delay
scenario of each population in each segment is listed in Table V-II.
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The extra cooling delay textra is built up on the Q branch. We adopt a uniform distribution
textra ≥ U [0, textra ] of this delay for white dwarfs in the Q-branch segment and a constant value in
the late segment. Note that textra is a random variable with a probability distribution, whereas
textra , as a model parameter to be constrained, is the upper limit of textra . In the Q-branch
segment, we do not further distinguish if a white dwarf has just started or is about to complete their
extra cooling delay, because the uncertainty of H–R diagram coordinate due to different atmosphere
types and astrometric/photometric error is comparable to the width of the Q branch on the H–R
diagram. In this case, a uniform distribution is a good and efficient approximation for textra .
The double-WD merger delay tmerger originates from the binary evolution before the merger.
We refer to binary population synthesis results [e.g., 167] and approximate the delay by
p( tmerger ) Ã

t≠0.7
merger

(V.28)

for tmerger > 0.5 Gyr and zero for smaller tmerger . Unlike the extra cooling delay, we do not set
any free parameter for this merger-delay distribution.

Parameterization of the AVR
We define the U , V , W axes as pointing toward (l = 0¶ , b = 0¶ ), (l = 90¶ , b = 0¶ ), and (b = 90¶ ),
respectively, and assume that the main axes of the Gaussian velocity distribution are aligned with
these directions with dispersion ‡U (· ), ‡V (· ), and ‡W (· ). Observations show that the AVR in each
direction can be fit by a shifted power law. The power index of the in-disk components are around
0.35 and that of the W component is around 0.5 [e.g., 204, 205]. For old stars including thick-disk
members, the AVR is still a matter of debate [e.g., 206, 207]. So, in each direction, we use a shifted
power law to parameterize the AVR of the younger, thin-disk stars:
‡(· ) = ‡ · =0 +

·
‡ 0æ4 ◊ ( )— ,
4

· < 7 Gyr ,

(V.29)

and we use a constant value ‡ thick to represent the velocity dispersion of stars older than 10 Gyr
(thick-disk stars); in between 7 and 10 Gyr, we linearly interpolate the values from the two ends to
reflect the increasing fraction of thick-disk stars. The shape of the AVR with our parameterization is
shown in Figure V-12. The ratio of the two in-disk components ‡V and ‡U should be a constant for
a local sample [e.g., 157], so we set ‡V (· ) = k ‡U (· ). As the assumption for the velocity distribution
to be Gaussian gradually breaks down when ‡U increases, we allow the ratio k to be different for
the thin and thick disks. Thus, we use in total 10 parameters to model the anisotropic AVR: two
· =0 , two dispersion increases
0æ4 between 0 and 4 Gyr, two power
initial velocity dispersions ‡U,W
‡U,W
thick , and two in-disk dispersion ratios k thin and k thick .
indices —U,W , two thick-disk dispersions ‡U,W
The best-fitting values of these parameters can be checked against existing estimates presented in
the literature.

The Bayesian framework and elimination of selection effects
We follow a Bayesian approach to build our model. This means that we can first build a forward
model outputting the likelihood probability density function (PDF) of observables y given the model
parameters ✓:
L © p(y|✓) ,
(V.30)
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Figure V-12. The comparison of AVRs constrained by this work and in the literature. The shaded
regions show the 16th and 84th percentiles of the AVR posterior constrained by our high-mass WD
sample. Symbols with error bars show the AVR measured for main-sequence stars by GCS and RAVE
[204, 205]. In our model, the · < 3.5 Gyr part of the AVR is mainly constrained by the normal-cooling
WDs (population ‘s’ and ‘m’), and the older part by the extra-delayed WDs. Note that the turnings at 7
and 10 Gyr reflect our parameterization of the AVR.
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and then we obtain the posterior PDF of model parameters p(✓|y) from the observed value of y
through the Bayes’ theorem:
p(✓|y) Ã L · p(✓) ,
(V.31)

where p(✓) is the prior PDF of the parameters. Finally, we use the MCMC method to sample
the posterior distribution and estimate the parameters of interest after marginalizing nuisance
parameters. Among these three steps, the key part is to construct the likelihood.
As each white dwarf provides an independent observation, the likelihood L in our model can be
written as the product of the likelihoods of each individual white dwarf:
L=

Ÿ
i

pi (yi |✓) .

(V.32)

To avoid a direct dependence on selection effects, we use the conditional likelihood to let the
constraining power originate only from velocity distributions: we define the individual likelihood pi
as the probability density for the ith white dwarf to have transverse the velocity vT given all other
observables of this white dwarf:
pi © p(vT |{·phot , mWD , l, b}i , ✓) .

(V.33)

We condition on ·phot and mWD because their distributions are influenced by the detection completeness, quality cuts, and white dwarf spatial distribution. Moreover, the mass mWD in equation V.33
model is only used to identify whether a white dwarf is on the Q branch. In order to decompose the
different populations, we derive
p(vT , ·phot , mWD )
p(·phot , mWD )
q
fx px (vT , ·phot , mWD )
= q
,
fx px (·phot , mWD )

p(vT |·phot , mWD ) =

(V.34)

where the sums are taken over x with possible values ‘s’, ‘m’, and ‘extra’ representing different
populations.
To express these observable distributions by the AVR and star formation history, we employ the
probability identity:
p(vT , ·phot ) =
=

⁄
⁄

p(vT |·phot , · ) p(·phot , · ) d·
p(vT |· ) p(·phot , · ) d·

(V.35)

(where the second step is valid because the velocity is only a function of the true age · ) and another
identity:
p(·phot ) =

⁄

p(·phot , · ) d· .

(V.36)

We also assume that the age distribution is uniform, · ≥ U [0, 11 Gyr]. In this way, the likelihood
PDF in Equation V.32 and V.33 can be expressed through the delay distributions p( t) and a
velocity model p(vT |· ).
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The Gaussian velocity model
Here, we describe the PDF of transverse velocities vT and their true stellar ages · using the AVR.
The velocity distribution of disk stars in the solar neighborhood with respect to the local standard
of rest can be approximated as superposition of 3D Gaussian distributions [e.g., 157]:
p(v|· ) =

exp [≠ 12 (v ≠ v0 )T (· )≠1 (v ≠ v0 )]

,
8ﬁ 3 |⌃(· )|

(V.37)

whose mean and covariance matrix are determined by stellar age · . The mean velocity v0 (· ) is
determined by two effects: the solar reflex motion (≠U§ , ≠V§ , ≠W§ ) with respect to the local
2 /80 km s≠1 [e.g., 157]. We set the
standard of rest, and the asymmetric drift in V direction by ≠‡U
solar motion as free parameters and use them to check the validity of our model.
To obtain the distribution of the observable transverse velocity vT = (vl , vb )T , we project the
3D Gaussian distribution p(v|· ) onto the tangential plane for each white dwarf and marginalize
the radial component vR . Because the resulting distribution is still a Gaussian distribution for a
given age · , the only task is to find its covariance matrix and mean vector. Let vXYZ = (U, V, W )
and vLBR = (vL , vB , vR ) be the expressions of the same vector v in the XYZ and LBR coordinate
systems, respectively, and matrix M the rotation transformation matrix between the two systems:
(v ≠ v0 )XYZ = M · (v ≠ v0 )LBR ,

where

S

(V.38)
T

sin l ≠ sin b cos l cos b cos l
W
X
M = Ucos l ≠ sin b sin l cos b sin l V .
0
cos b
sin b

(V.39)

We ignore the small in-disk rotation between the Cartesian coordinate XY Z and the galactic polar
coordinate. Then, we write the 3D Gaussian distribution in both coordinate systems (note that the
Jacobian determinant of rotation transform is unity) and obtain the following relation:
(v ≠ v0 )TXYZ

≠1
XYZ (v

≠ v0 )XYZ = (v ≠ v0 )TLBR

≠1
LBR (v

Substituting equation V.38, we obtain:
LBR

= (M T

where we assume
XYZ

≠1
≠1
XYZ M )

S

= MT

XYZ M

≠ v0 )LBR .

,

T

‡2 0
0
W U
X
2
= U 0 ‡V 0 V .
2
0
0 ‡W

(V.40)

(V.41)

(V.42)

The covariance matrix LB for the 2D Gaussian distribution marginalized along the R direction
is the top left 2◊ 2 sub-matrix of LBR . The mean vector vT0 = (v0 )LB can be derived directly
from vector rotation and projection. Then, the conditional PDF of the two transverse components
vT = (vl , vb ) of v can be written as
p(vT |·, l, b) =

exp [≠ 12 (vT ≠ vT0 )T ⌃≠1
LB (vT ≠ vT0 )]

,
2
4ﬁ |⌃LB |

(V.43)

where the covariance matrix ⌃LB (·, l, b) and mean vT0 (·, l, b) depends on (·, l, b). We use the
condition on (l, b) for each white dwarf to avoid modeling the spatial selection effects and reduce
unnecessary parameters and biases.
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MCMC Settings
In our Bayesian model, we assume uniform distributions for parameter priors. We feed the affine
invariant MCMC sampler emcee [88] with the natural logarithm of the likelihood function defined
in equation V.32. We use 500 walkers to explore the parameter space. After 200 steps of burn-in,
the chains are checked to converge by comparing the percentile values of the parameters in each
chain. Then, we run another 400 steps and use this sampling to represent the posterior distribution
of each parameter. Figure V-13 shows the marginal posteriors of the 10 parameters of the AVR and
their correlations, under the setup 1. Setup 2 leads to similar constraints of the AVR.

Results
To constrain the extra cooling delay properties and merger fraction, we feed our Bayesian model
with the 1070 white dwarfs selected in Section 5. We use the Markov chain Monte Carlo (MCMC)
sampler emcee [88] to obtain the posterior distribution of the parameters. Details of the settings
are described in 5.

Constraints on the main parameters
In Figure V-14 we present the constraints we obtain for the parameters of interest: fextra , textra ,
and fm . We find that the extra-delayed population fraction is
fextra = 6.4+2.3
≠1.5 % (setup 1)

= 9.2+4.4
≠2.7 % (setup 2),

(V.44)

and the length of the extra cooling delay is
textra Ø 8 Gyr (setup 1)

Ø 10 Gyr (setup 2).

(V.45)

These constrains confirm our qualitative conclusion that fextra is small and textra is long in Section 5.
We point out that the difference of textra in the two setups is exactly where the peak of the mergerdelay distribution is located (2 Gyr), which is expected. The lower limit for textra slightly depends
on the parameterization of the AVR: if we adopt a younger thick-disk age [7–11 Gyr instead of
9–11 Gyr, 207], this lower limit will also decrease by about 1–2 Gyr. textra may be overestimated for
the fact that at a high level of dispersion, the velocity distribution is not exactly Gaussian. But it is
unlikely that we overestimate textra too much, because we set the thick-disk dispersion as a free
parameter. We have also checked that reasonable variations of the input delay-time distribution of
the mergers [e.g., 161] do not change these two constraints significantly.
The fraction of merger products without the extra cooling delay is found to be fm = 15+6
≠5 % and
+6
20≠5 % (setups 1 and 2). Therefore, the total fraction of double-WD merger products is
fextra + fm = 22+7
≠5 % (setup 1)
fm = 20+6
≠5 % (setup 2)

(V.46)

among 1.08–1.23 M§ white dwarfs. This total fraction is mainly constrained by the fast white
dwarfs in the early segment (where the two setups do not differ from each other), so the constraints
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Figure V-13. The corner plot of the posteriors of the AVR parameters. We use flat priors for these
parameters within the ranges shown on this figure. We have checked that there are no correlations
between these parameters and the three main parameters fextra , textra , and fm , and the three components
of solar motion in our model.
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Figure V-14. The posterior distribution of the main parameters for setup 1. fextra is the fraction
of extra-delayed population, textra is the length of the extra cooling delay, and fm is the fraction of
normal-cooling double-WD merger products. Note that in setup 1, it is fextra + fm rather than fm that
is the total fraction of merger products.
on this fraction under setups 1 and 2 are similar. A more detailed analysis of the merger products
among high-mass white dwarfs is presented in Cheng et al. [118].
Finally, we calculate the contribution of the extra-delayed population in the Q-branch segment
according to the above fractions:
fextra (textra / tbranch + 1)
1 + fextra textra / tbranch
= (47 ± 8) % ,

Fextra =

(V.47)

where tbranch is the width of the Q branch (see section 5). This fraction, derived purely from
the velocity information, is consistent with the factor ≥2 estimate obtained directly from the
number-density enhancement in Figure V-8, which confirms that our extra-cooling-delay scenario is
a good phenomenological model for the Q branch.
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Validation of the model
To further validate our model and results, we first check our constraints on the nuisance parameters.
For the solar motion we obtain
(U, V, W )§ = (10.3 ± 1.0, 7.3 ± 1.0, 6.7 ± 0.5) km s≠1 ,

(V.48)

which is consistent with the measurement of Rowell & Kilic [208] based on mainly standard-mass
white dwarfs. Our values of U§ and W§ are also consistent with the results of Schönrich et al. [203].
The discrepancy of the V§ measurement comes from the different treatments of the asymmetric
drift and is beyond the scope of this paper.
Figure V-12 shows our constraint on the white-dwarf AVR, which is consistent with the AVR of
thin- and thick-disk main-sequence stars [204, 205]. Removing either the extra-delayed population
or the merger population leads to unreasonably higher AVRs. Before Gaia DR2 came out, Anguiano
et al. [209] reported an unexpectedly high AVR for young white dwarfs (their figures 21 and 22),
without considering the extra cooling delay or merger delay in their age estimate. This unreasonably
high AVR is exactly what we see when we remove the extra-delayed and/or merger population from
our model. Thus, we verify that both the extra cooling delay and the merger delay are necessary.
To check the goodness of fit, we compare the observed and modeled velocity distributions in
Figure V-15. Our best-fitting models (in both setups 1 and 2) provide good characterizations of the
observed velocity distribution in all the early, Q-branch, and late segments. Adopting a different
star formation history introduces no significant changes to our results. We test both a linearly
decreasing star formation rate with a five-time higher star formation rate in the past, and a star
formation history with a bump at 2.5 Gyr ago [e.g., 210], and find that the changes in best-fitting
values are smaller than their uncertainties. This insensitivity to the assumed star formation history
is expected because our model mainly uses the velocity information.
To further argue for our extra-delayed scenario against other explanations of the velocity anomaly,
such as an accretion event of the Milky Way, we run a simple test where the velocities of fast white
dwarfs on the Q branch are parameterized by only one Gaussian distribution. We find that the
mean of the U and W components are consistent with zero, and the mean of V is ≠50 ± 6 km s≠1 .
Moreover, the U component has a dispersion of 60 ± 6 km s≠1 and the ratio between the U and
V dispersion is 0.60 ± 0.08. All of these values satisfy the relations for a disk in equilibrium [e.g.,
2 /(80 km s≠1 ) and dispersion ratio ‡ /‡ = 0.67. It is unlikely for
157]: asymmetric drift V̄ = ≠‡U
V
U
accreted stars to exactly reproduce the disk kinematics.

The physics behind the extra cooling delay:
Ne settling?

22

In previous sections, we showed that a previously unreported cooling delay is required to explain the
velocity distribution of white dwarfs on the Q branch. Physically, this extra cooling delay requires
an energy source satisfying the following conditions:
1. It has a highly peaked effect on the Q branch;
2. It is selective and applies to only fextra ≥ 6% of high-mass white dwarfs;

3. It is powerful enough to create a textra ≥ 8 Gyr delay (in addition to crystallization delay and
merger delay).
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Figure V-15. The observed and modeled velocity distributions. vl and vb are the Galactic longitude and
latitude components of the transverse velocity. For the observed distribution, we present the histogram
between -150 and 150 km s≠1 with 23 bins and the Poisson error of each bin. Note that the y-axis is in
logarithmic scale. The solid and dashed curves, which are not very different, are the velocity distributions
of the best-fitting models under setup 1 and 2, respectively. Both models fit the observations quite well.
The dotted curves are the velocity distributions when no white dwarf has the extra cooling delay or
merger delay. Its discrepancy to observed histograms shows the necessity of the two delays.
These requirements are very demanding. For example, a higher energy release from latent heat or
phase separation is ruled out because their effects are not peaked enough and they are not selective.
Besides crystallization, another possible energy source in a white dwarf is the settling of 22 Ne [211,
212]. Below, we show that 22 Ne settling could account for the extra cooling delay.
Different from the large amount of 20 Ne in O/Ne-core white dwarfs, the neutron-rich 22 Ne is
produced from C, N, and O in the core of the progenitor stars. At the hydrogen burning stage, the
CNO cycle builds up the slowest reactant 14 N, and at the helium burning stage, all 14 N is converted
WD ¥ X star ¥ 0.014 for solar metallicity stars. Due to
into 22 Ne. This leads to an abundance X22
CNO
Ne
the additional two neutrons, 22 Ne nuclei feel more downward force from gravity than the upward
force from the electron-pressure gradient. So, they gradually settle down to the white dwarf center
and release gravitational energy [212].
Now, let us check if 22 Ne settling satisfies the three requirements. We first emphasize that the
delay effect only depends on the fractional contribution of the extra energy source to the white
dwarf luminosity (Lextra /Lsurf , see 5 for details). Therefore, to create a peaked effect, Lextra need
not be also peaked.
22
The luminosity of 22 Ne settling (LNe
extra ) relies on the Ne abundance, mass, and core composition
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Figure V-16. The effective zone of 22 Ne settling for C/O-core DA WDs with D/Ds = 3.5, assuming
no suppression from crystallization. 22 Ne settling significantly delays the WD cooling between the solid
22 Ne abundances of WDs,
and dashed curves, when LNe
extra is close to Lsurf . The colors represent two
corresponding to [M/H] = 0 and 0.15 in their progenitor stars. We observe that the position, trend, and
narrowness of the effective zone of 22 Ne settling match the Q branch quite well.
of the white dwarf, and the inter-to-self-diffusion factor D/Ds , which is of order unity but not
well-determined. As a white dwarf cools down, LNe
extra does not change much, whereas Lsurf drops
quickly with temperature [e.g., Figure 2 of 212]. So, if no suppression of 22 Ne settling, the two
luminosities will meet at some temperature. Around this meeting point is the effective zone of
22 Ne settling, where the white dwarf cooling rate is influenced significantly. On the other hand, the
meeting temperature is a function of white dwarf mass. We derive this temperature–mass relation in
5 and translate it into H–R diagram coordinates. In Figure V-16 we show the results for X(22 Ne) =
0.014 and 0.020 ([M/H] = 0 and 0.15 in the progenitor stars), D/Ds = 3.5, C/O-core white dwarfs.
The effective zone of 22 Ne settling is indeed highly peaked, and it matches the position and shape of
the Q branch well.
Crystallization is a mechanism that may suppress the 22 Ne settling by reducing its mobility in
the plasma [e.g., 212, 213]. Therefore, in order to see a strong effect of 22 Ne settling, LNe
extra must be
high enough to let the meeting point precede crystallization (see 5). Because 22 Ne settling favors
C/O-core and previously metal-rich white dwarfs versus O/Ne-core and/or previously metal-poor
white dwarfs, and crystallization sets in earlier in O/Ne-core white dwarfs than C/O-core white
dwarfs, the delay effect of 22 Ne settling is indeed selective. It is worth noting that high-mass
C/O-core white dwarfs are believed not to be singly evolved [e.g., 200, 201], which means that if the
extra cooling delay is really caused by 22 Ne settling, then the extra-delayed white dwarfs should
originate from double-WD mergers, i.e., our setup 1 is correct.
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The gravitational energy of 22 Ne stored in 1.0 and 1.2 M§ white dwarfs (Z = 0.02) are 6.8 ◊ 1047
and 1.5 ◊ 1048 ergs [212]; the surface luminosity of white dwarfs on the Q branch is 10≠3.2 and
10≠2.7 L§ for the two masses. If crystallization sets in later than this luminosity, 22 Ne settling can
stop their cooling for around 8.9 and 6.2 Gyr, respectively, close to our observational constraint for
the extra cooling delay. Existing numerical simulations [213–216] give shorter delays (0.2–4.1 Gyr) for
white dwarfs with even the highest possible LNe
extra . However, the delay time is sensitive to the choice
of D/Ds and temperature of crystallization, but existing models have only sparsely sampled the
parameter space. Moreover, for the two-component C/O plasma, the updated phase diagram [217,
218] suggests a much lower melting temperature than the widely used phase diagram of Segretain &
Chabrier [219] and the naive prescription of using the same condition as in one-component plasma
( = 178). This low melting temperature means a later crystallization, which can lengthen the delay
of 22 Ne settling.
In summary, we propose 22 Ne settling as a promising candidate for the physical origin of the
extra cooling delay. 22 Ne settling has a more significant effect in C/O-core white dwarfs, which
suggests that the extra-delayed white dwarfs are also merger products. To test our idea, detailed
cooling models of high-mass C/O white dwarfs are needed.

The peak of

22

Ne-settling effect

The delay effect depends on the fractional contribution Lextra /Lsurf of the extra source luminosity
to the surface luminosity of the white dwarf because the more this extra energy contributes, the less
does the white dwarf need to consume its thermal energy and to cool down. The pile-up factor of
this effect can be expressed as
A=

’ ≠1
1
,
≠1 ≠ 1 = L
’0
surf /Lextra ≠ 1

(V.49)

where A is the same as defined in Equation V.23, ’ and ’0 are the cooling rates with and without
the extra energy. Assuming no crystallization suppression, LNe
extra will meet Lsurf at some surface
temperature Teff . If this occurs, 22 Ne settling will stop the white dwarf cooling at this temperature
until 22 Ne is exhausted, creating a peaked delay effect. Here, we estimate the dependence of this
meeting temperature as a function of white dwarf mass, which can be translated into a curve on the
H–R diagram.
According to Bildsten & Hall [212], the energy release of
LNe
extra =

⁄ R
0

22 Ne

settling can be expressed by

F V n(22 Ne)4ﬁr2 dr ,

(V.50)

where F = 2mp gr is the net force felt by each nucleus of 22 Ne, gr is the gravity at radius
Ô
r; V = (D/Ds )18mp gr /(Ze 1/3 4ﬁﬂ) is the drift velocity of the settling,
© (Ze)2 /(akT ) Ã
1/3
2
1/3
ﬂ Z /(T A ) is the Coulomb coupling parameter, D is the inter-diffusion coefficient of 22 Ne,
and Ds is the one-component self-diffusion coefficient, which can be used as a reference value.
Substituting these quantities in Equation V.50, we obtain:
LNe
extra Ã

⁄ R
0

gr ·

D
A0.11
X(22 Ne) 1.67 gr ﬂ≠0.61 Tc0.33 · ﬂr2 dr ,
Ds
Z

(V.51)

where X is the element abundance in mass, Tc is the core temperature. For the main composition
of a white dwarf, the charge-to-mass ratio Z/A = 0.5 is a constant. Assuming the following
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approximations: gr ≥ g ≥ M/R2 , ﬂ ≥ g/R,
LNe
extra Ã

sR
0

dr ≥ R, we obtain

D
X(22 Ne)Z ≠1.56 Tc0.33 g 2.39 R0.61 · R2
Ds

(V.52)

Before the convective coupling between the core and atmosphere, the core temperature Tc scales
with the surface temperature Teff and gravity g as
4
Tc Ã (Teff
/g)0.41 ,

(V.53)

which is obtained empirically from existing white dwarf models [145]. This scaling relation is more
realistic than the one used by Mestel [220]. Substituting Equation V.53 for Tc , we obtain
LNe
extra Ã

D
0.55 2.25 0.61
X(22 Ne)Z ≠1.56 Teff
g R
· R2 .
Ds

(V.54)

We checked the simulation results from Figures 7 and 8 of García-Berro et al. [214] and found that
our scaling relation is accurate to within 10%, which is sufficient for our purpose.
4 · R2 is set equal to LNe , we obtain
When the surface luminosity Lsurf Ã Teff
extra

Teff = K 0.29 g 0.65 R0.18 ,

(V.55)

where K Ã DDs X(22 Ne)Z ≠1.56 is a constant that has no relevance to the white dwarf mass M , and
both g and R are determined by M . The proportional factor within K can be evaluated from an
existing simulation of 22 Ne settling.

Discussion
In this section, we discuss two other observational features of the Q branch: the concentration of
DQ white dwarfs, and the lack of wide-binary systems. Both of them support the idea that the
extra-delayed white dwarfs may also be double-WD merger products, which has been suggested
from the 22 Ne-settling explanation.

Concentration of DQ white dwarfs on the Q branch
The Q branch is named after the presence of DQ-type white dwarfs [137]. To explore this dimension,
we cross-match our white dwarf sample with the Montreal white dwarf database, MWDD [221]10 .
We note that most high-mass DQs are concentrated on the branch (Figure V-17) and the fraction of
fast DQs on the branch is very high (Table V-III). Therefore, all of these Q-branch DQs are likely
to belong to the extra-delayed population. However, not all extra-delayed white dwarfs are DQs.
We estimate the fraction of DQs in the extra-delayed population to be
FDQ = 19/(76Fextra ) = (53 ± 16) % ,

(V.56)

based on the total number of DQs and DAs in Table V-III. Changing the distance limit of the sample
does not influence this result much. It remains unclear but is of further interest to investigate the
reason why half of the extra-delayed white dwarfs are DQs while the other half are DAs.
10

http://www.montrealwhitedwarfdatabase.org
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Figure V-17. A part of the H–R diagram showing the spectroscopically verified WDs, with Q-branch
DQ and hot-DQ white dwarfs marked by red and green open circles. The dots without circles are mostly
DA white dwarfs. We estimate that half of the extra-delayed white dwarfs are DAs, because half of
the fast-moving white dwarfs on the Q branch are DAs. We also mark the known magnetic DQs with
larger black circles. Note that the mass range here (> 0.9 M§ ) is larger than for the sample in our main
analysis (1.08–1.23 M§ ).
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Table V-III. The statistics of velocity and spectral type of white dwarfs on the Q branch. The fraction
of fast DQs is consistent with it belonging purely to the extra-delayed population.
250 pc spectroscopic sample
all vT
vT > 50 km s≠1
vT > 60 km s≠1
vT > 70 km s≠1

all

DQ

DA

76
23
30 ± 6%
16
21 ± 5%
9
12 ± 4%

19
8
42 ± 15%
7
37 ± 14%
2
11 ± 7%

53
14
26 ± 7%
8
15 ± 6%
6
11 ± 5%

The DQs on the Q-branch are anomalous because the convection zone in a normal white dwarf
with similar temperature is not deep enough to dredge up carbon [222]. In a similar way, the
hot-DQ white dwarfs discovered by Dufour et al. [223] are also abnormal. In Figure V-17 we show
the distributions of the Q-branch DQs and hot-DQs on the H–R diagram. Below, we argue that
although these two groups of DQs are observationally different, they may be related through an
evolutionary relation.
The hot-DQs and Q-branch DQs appear to be different in some aspects. Hot-DQ white dwarfs
are characterized by the high temperature (>18,000 K), highly carbon-dominant atmosphere [224],
high rate of having a magnetic field [225, 226], high rate of being variable [e.g., 227–230], and
rarity [e.g., 231]. In contrast, the Q-branch DQ white dwarfs are concentrated on the Q branch,
have helium-dominant atmospheres with 10≠4 –10≠1 carbon [232–234], and have undetectable or no
magnetic field (see Figure V-17; a caveat for the magnetic field is that most hot-DQs have been
examined with high-resolution spectroscopy, so their magnetic fields are more likely to be found).
As for kinematics, hot-DQs are mildly faster than normal white dwarfs, which is an indication
of being merger products [133], whereas Q-branch DQs are much faster, which needs the long
extra cooling delay to explain. Dunlap & Clemens [133] discussed one strange hot-DQ (SDSS
J115305.47+005645.8 or J1153) with a very high proper motion. We note that J1153 has not been
reported to have magnetic field or variability and lies on the Q branch (Figure V-17), which means
that J1153 can be classified as a Q-branch DQ.
We now turn to the similarities between Q-branch DQs and hot-DQs: both of them have
high masses, and both of them might have a merger origin. These two similarities raise a serious
question: are the Q-branch DQs evolved from the hot-DQs? We use number counts to explore
this possibility. Hot-DQs are rare; based on a spectroscopically verified white dwarfs sample (as
shown in Figure V-17), we find that the fraction of hot-DQs is 8/203 = 4.0 ± 1.4 % in the region
earlier than the Q branch (·phot < 0.5 Gyr, mWD > 0.9 M§ ). As a comparison, our estimate of the
extra-delayed population fraction (fextra ) in this region is 6.4% (Equation V.44) and about half
of them are DQs (Equation V.56). So, these number counts are consistent with the scenario that
hot-DQs are the evolutionary counterparts of Q-branch DQs.
In summary, based on the velocity distribution, we argue that all of Q-branch DQs belong
to the extra-delayed population, and they account for 53 ± 16 % of this population. In terms of
observational properties, Q-branch DQs form a new class of DQ white dwarfs in addition to hot-DQs
and the well-understood standard-mass DQs. However, number counts show that hot-DQs may
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evolve into Q-branch DQs, and both of them are likely to originate from double-WD mergers.

Lack of wide binaries on the Q branch
One additional way to test if the extra-delayed white dwarfs are also merger products is to check the
wide binary fraction. The kick velocity of a few km s≠1 [estimated from the results of 152] from a
merger may destroy many wide-separation binaries, making the wide-binary fraction lower. Because
the extra-delayed population is significantly enhanced on the Q branch, if the extra-delayed white
dwarfs are double-WD merger products, one would expect to see a lower wide-binary fraction on
the Q branch.
We cross-match the wide binaries in Gaia DR2 [158, 235] with our high-mass white dwarf sample.
In the early, Q-branch, and late segments, we find 5, 4, and 7 white dwarfs with wide-separation
companions out of 309, 510, and 251 white dwarfs, respectively. So, the wide-binary fraction on
the Q branch is 0.8 ± 0.4 %, 2‡ lower than the value off the branch (2.2 ± 0.5 %). If we assume
that the extra-delayed population contributes no wide-binary system, then the wide-binary fraction
of the normal-cooling populations on the Q branch becomes 4/[510 ◊ (1 ≠ Fextra )] = (1.7 ± 0.8) %,
consistent with the off -branch value 2.2 ± 0.5 % within 1‡. Therefore, the fraction of wide binaries
provides additional support for the idea that the extra-delayed white dwarfs are double-WD mergers
products.

Conclusion
The white dwarf H–R diagram derived from Gaia data has revealed a number-density enhancement
of high-mass white dwarfs, called the Q branch. This branch coincides with the crystallization
branch, but it is more peaked than what crystallization can create. Adding transverse-velocity
information to the H–R diagram, we find a clear excess of fast white dwarfs on the Q branch
(Figure V-7). According to the age–velocity-dispersion relation (AVR) of Milky Way disk stars,
these fast white dwarfs are much older than their photometric isochrone ages. Therefore, both the
number count and velocity distribution suggest an extra cooling delay on the Q branch.
Motivated by these simple observations, we build a Bayesian model to quantitatively investigate
this extra cooling delay. Because double-WD merger products also contribute to high-mass white
dwarfs, we consider in our model both the extra cooling delay and the double-WD merger delay. Our
model includes three white dwarf populations: one with no evolutionary delay, one with only the
merger delay, and one with the extra cooling delay. We explore both situations in which all (setup
1) and none (setup 2) of the extra-delayed white dwarfs also have the merger delay. Our statistical
model uses the discrepancy between the dynamical age inferred from transverse velocity and the
photometric age to constraint the fraction of each white dwarf population and the length of the
extra cooling delay. To eliminate selection effects, we model the conditional probability distribution
of the transverse velocity of each white dwarf given its H–R diagram coordinate and spatial position.
To avoid systematic errors of the model, we fit the solar motion and the anisotropic AVR together
with the main parameters of interest.
We feed the model with 1070 high-mass white dwarfs (1.08–1.23 M§ , 0.1 Gyr < ·phot < 3.5 Gyr,
and d < 250 pc) selected from Gaia DR2. Having checked that the AVR and solar motion parameters
are all in agreement with standard values from the literature and that our best-fitting model provides
a good fit to the observed velocity distribution, we find
119

1. about 6% of the high-mass white dwarfs experience an extra cooling delay that significantly
slows down their cooling and makes them stay on the Q branch for about 8 Gyr;
2. in the Q-branch region, an enhanced fraction (about a half) of the white dwarfs are extradelayed due to the pile-up effect;
3. half of the extra-delayed white dwarfs are DQs;
4. as a byproduct of our analysis, the double-WD merger fraction is estimated to be about 20%
in our mass range.
The results for the two setups are similar.
This previously unreported extra cooling delay on the Q branch is a challenge to the white
dwarf cooling model and our understanding of white dwarf physics. We propose that 22 Ne settling
[212] could be the physical origin of this extra cooling delay. 22 Ne settling favors C/O-core versus
O/Ne-core white dwarfs, suggesting that the extra-delayed white dwarfs are also double-WD merger
products, i.e., our setup 1 is correct. This idea is also supported by the concentration of DQ white
dwarfs and lack of wide-separation binaries on the Q branch also support this idea. To further
investigate the nature of this extra cooling delay, detailed cooling models for mWD > 1.1 M§ C/O
white dwarfs with the 22 Ne settling will be needed.
High-mass white dwarfs have been used to explore the AVR, star formation history, and white
dwarf mass distribution. Given the existence of the extra cooling delay, the relevant results of those
functions in the literature should be reconsidered. In future analyses of these functions, one could
reduce the influence of the extra cooling delay by using only the high-mass white dwarfs above the
Q branch or modeling the extra cooling delay.
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